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Abstract Magnetic fields appear to be ubiquitous in astrophysical environments. Their exis-
tence in the intracluster medium is established through observations of synchrotron emission
and Faraday rotation. On the other hand, the nature of magnetic fields outside of clusters,
where observations are scarce and controversial, remains largely unknown. In this chapter,
we review recent developments in our understanding of the nature and origin of intergalactic
magnetic fields, and in particular, intercluster fields. A plausible scenario for the origin of
galactic and intergalactic magnetic fields is for seed fields, created in the early universe, to
be amplified by turbulent flows induced during the formation of the large scale structure. We
present several mechanisms for the generation of seed fields both before and after recom-
bination. We then discuss the evolution and role of magnetic fields during the formation of
the first starts. We describe the turbulent amplification of seed fields during the formation
of large scale structure and the nature of the magnetic fields that arise. Finally, we discuss
implications of intergalactic magnetic fields.
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1 Introduction

In the highly successful �CDM cosmology, the large scale structure (LSS) forms through
a process known as hierarchical clustering in which small-scale objects collapse first and
merge to form systems of ever-increasing size. This scenario leads to a “cosmic web” of
structure where galaxies reside mainly along filaments while galaxy clusters arise at the
intersections of two or more filaments (see, e.g., Bond et al. 1996). Furthermore, a picture
of a multi-phase intergalactic medium (IGM) has emerged. A hot phase, often referred to as
the intracluster medium (ICM) because it is found inside and around clusters and groups of
galaxies, has a temperature T > 107 K and is observable via X-ray emission. The warm-hot
intergalactic medium (WHIM) (105 < T < 107 K) is found mainly in filaments of galaxies
(Cen and Ostriker 1999; Kang et al. 2005). Gas in the IGM is heated by cosmological shocks
which arise as objects in the hierarchy form. (Ryu et al. 2003; Pfrommer et al. 2006; Kang
et al. 2007; Skillman et al. 2008; Vazza et al. 2009).

Magnetic fields are observed in galaxies of all types and in galaxy clusters. Moreover,
there is some evidence that they permeate the filaments of the cosmic web. Various scenar-
ios for the origin of galactic magnetic fields are discussed in Widrow (2002) and Widrow
et al. (2010) of this issue. The basic idea is that weak fields, generated either by an exotic
early universe mechanism or some astrophysical process, are amplified to µG strength dur-
ing galaxy formation and by dynamo action during the subsequent quiescent phase of galaxy
evolution. Similarly, weak seed magnetic fields can be amplified into the intergalactic mag-
netic field (IGMF) by turbulent flow motions during the formation of the LSS through a
process known as small-scale turbulence dynamo. In a turbulence dynamo, kinetic energy
of the fluid in converted to magnetic energy through stretching, twisting, and folding of the
field (see, e.g., (Subramanian 1999; Cho and Vishniac 2000; Haugen et al. 2004a, 2004b,
2004c; Schekochihin et al. 2004; Brandenburg and Subramanian 2005; Cho et al. 2009;
Brandenburg and Subramanian 2010), this issue). In addition, feedback from the black hole
regions in active galactic nuclei (AGNs) can also contribute and amplify magnetic fields in
the IGM.

This chapter will explore the structure formation-magnetic field connection. In particular,
we will address two interrelated questions. First, can the structure formation itself generate
new magnetic fields and amplify existing ones? Second, what role do magnetic fields play
in structure formation and in other astrophysical processes? An outline of the chapter is
as follows: In Sect. 2, we briefly review the observational evidence for magnetic fields in
the clusters and filaments of the cosmic web. In Sect. 3, we describe various astrophysical
mechanisms for the generation of seed magnetic fields, which would later be maintained
and amplified within galaxies and clusters. In Sect. 4, we discuss the evolution and role of
magnetic fields during the first star formation: their stabilization due to a non-zero ioniza-
tion degree as well as their potential implication for star formation. We then describe how
magnetic fields are amplified during structure formation in Sect. 5. We discuss the effects
of magnetic fields on the propagation of cosmic rays in the IGM and also the Faraday rota-
tion measure (RM) induced by magnetic fields in Sect. 6. Section 7 presents something of
a departure from the more phenomenological and astrophysical discussion as it provides a
formal treatment of the evolution of density perturbations in the presence of magnetic fields.
Finally, a brief summary follows in Sect. 8.

2 Observational Evidence for Magnetic Fields in Clusters and Filaments

The existence and strength of the IGMF has been deduced from observations of synchrotron
emission and confirmed directly from observations of RM (see, e.g., Carilli and Taylor 2002;
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Govoni and Feretti 2004, for review). Synchrotron emission from a galaxy cluster was first
discovered by Large et al. (1959) who surveyed the Coma cluster in the radio. Since then,
it has been observed in numerous clusters, either as radio halos or as radio relics (see, e.g.,
Govoni and Feretti 2004; Cassano et al. 2008, and references therein). The diffuse radiation
from radio halos is mostly unpolarized, and is thought to emerge from turbulent magnetic
fields in the ICM. The radiation from radio relics is highly polarized and is believed to be
emitted from shocked regions in the ICM. The strength of the magnetic field in radio halos
is estimated to be ∼ 1 µG, while stronger fields are found radio relics. These estimates
either assume equipartition (also known as the minimum energy argument) or incorporate
measurements of inverse-Compton emission.

Observations of the IGMF based on Faraday rotation have also been done, though mostly
for magnetic fields in the ICM (see Carilli and Taylor 2002, and references therein). An
RM map of the Coma cluster, for example, reveals a field with a strength ∼ µG and a
coherence length of order ∼ 10 kpc (Kim et al. 1990). For Abell clusters, the typical RM
is ∼ 100–200 rad m−2 which indicates an average field strength of ∼ 5–10 µG (Clarke et
al. 2001; Clarke 2004). RM maps of clusters can be used to determine the power spectrum
of turbulent magnetic fields in the ICM. For instance, a Kolmogorov-like spectrum with a
bending at a few kpc scale is found in the cooled core region of the Hydra cluster (Vogt
and Enßlin 2005), and spectra consistent with the Kolmogorov spectrum were reported in
the wider ICM for the Abell 2382 cluster (Guidetti et al. 2008) and for the Coma cluster
(Bonafede et al. 2010).

The nature of the IGMF in filaments, on the contrary, remains largely unknown, be-
cause the studies of synchrotron emission and RM outside clusters are still scarce and
controversial. Although faint radio emission has been observed in the outskirts of clus-
ters (see, e.g., Kim et al. 1989), there are no confirmed observations of synchrotron emis-
sion from filaments. Such measurements present a challenge for current facilities. As well,
the removal of the galactic foreground is a non-trivial task (see, e.g., Brown et al. 2010).
At present there is an upper limit of ∼ 0.1 µG for the strength of the IGMF in fila-
ments based on the observed limit of the RMs of background quasars (Ryu et al. 1998;
Xu et al. 2006).

Recently, Neronov and Vovk (2010), Aleksić et al. (2010) reported a lower bound for the
strength of the magnetic field in voids. Their claim, if true, is significant as it would rep-
resent the first evidence for magnetic fields in such low-density regions and on such large
scales. The basic idea is that an IGMF will deflect charged particles that arise in an elec-
tromagnetic cascade whose source is the very high energy γ -rays produced in an AGN.
A non-observation of γ -ray secondaries coincident with VHE γ -rays, is then taken as evi-
dence of magnetic deflection along the path from the source to the observer. Neronov and
Vovk (2010) quote a lower bound of B ≥ 3 × 10−16 G based on observations by the Fermi
and the High Energy Stereoscopic System (HESS) telescopes. A similar analysis was per-
formed by Aleksić et al. (2010) using data from the MAGIC telescope though they are more
cautious in presenting their conclusions and model dependencies. Note that Neronov and
Vovk (2010) assume continuous emission of gamma-rays for 106 years, or longer which
may not be realistic. If this assumption is relaxed, then one obtains a more conservative
lower bound (Dermer et al. 2011).

The detection of the IGMF in filaments, if it exists, might be made with the next gen-
eration radio facilities. These facilities include the Square Kilometer Array (SKA), and up-
coming SKA pathfinders, the Australian SKA Pathfinder (ASKAP) and the South African
Karoo Array Telescope (MeerKAT), as well the Low Frequency Array (LOFAR) (see, e.g.,
papers in Carilli and Rawlings 2004).
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For discussions on magnetic fields in the ICM and cluster outskirts, see Schekochihin et
al. (2010) and Brüggen et al. (2010) of this volume.

3 Plasma Physics Mechanisms for Seed Fields

3.1 Biermann Battery

The Biermann battery is a promising mechanism for the creation of astrophysical magnetic
fields. The mechanism arises in an ionized plasma whenever baroclinity exists, that is, when
isodensity surfaces do not coincide with isobaric surfaces. This situation leads to an extra
pressure gradient term in Ohm’s law which drives currents. These currents, in turn, generate
magnetic fields at a rate given by

dB

dt
∼ mec

e

∇ρe × ∇pe

ρ2
e

, (1)

where ρe and pe are the electron density and pressure, respectively (Biermann 1950).
Though the mechanism was originally studied in the context of stars (Biermann 1950),
it may arise during structure formation in cosmology whenever the electron pressure
and density gradients are not aligned, as often occurs in shocks (Pudritz and Silk 1989;
Kulsrud et al. 1997; Davies and Widrow 2000; Xu et al. 2008).

We note that vorticity, ω, is generated when the total pressure and density gradients are
not aligned (baroclinity of flows – see (23) below). In an ionized plasma, a simple order of
magnitude estimate yields

B ∼ mpc

e
ω ≃ 3 × 10−21

(

ω

km s−1 kpc−1

)

Gauss. (2)

Since the present-day vorticity in the IGM is of order ∼ a few km s−1 kpc−1 (see Sect. 5.1
below), the seed fields from the Biermann battery will be rather small (∼ 10−20 G). However,
vorticity, and hence seed fields, were almost certainly larger at early times. The following
argument, based on dimensional analysis, suggests that for the objects which dominate the
structure hierarchy at a given epoch the ratio of the vorticity to the Hubble parameter, H ,
is roughly constant and of order a few hundred. Once an object collapses, M ≃ v2R/G

where M , v, and R are the characteristic mass, velocity and size of the object. The spherical
collapse model, which serves as a useful toy-model for structure formation in an expanding
universe, predicts that the mean density within an object is a factor fc ≃ 200 times the
critical density, ρc . Moreover, objects tend to follow the mass-size relation M ∝ R2. If we
put all this together and use the fact that the critical density scales as the square of the Hubble
parameter, we find that ω ≃ 300H ∝ (1 + z)3/2. Thus, we expect larger seed fields at early
times. Similarly, the dynamical time for objects formed in the early universe is shorter than
for objects today and hence the amplification of the magnetic fields by dynamo action will be
more rapid. In short, the Biermann battery-dynamo amplification process may well operate
at all stages of the structure-formation hierarchy.

Various alternatives have also been considered. For example, Lazarian (1992) considered
a battery driven by electron diffusion. Subramanian et al. (1994) considered the Biermann
effect during the epoch of reionization when ionization fronts sweep through the medium
generating currents and magnetic fields. The fields are again fairly modest, but could be
large enough to seed a dynamo which then amplifies them to an astrophysically interesting
strength.
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3.2 Thermal Fluctuations

At finite temperatures, a plasma exhibits a finite (though possibly low) level of thermal fluc-
tuations at all scales L = 2π/k and frequencies ω. Differences in the thermal motions be-
tween the different charges generate micro-currents and hence electromagnetic fields which,
on average, provide a noisy electromagnetic background. In the early universe, the gas is
both hot and dilute. For example, the gas temperature is T ∼ eV both at the recombination
epoch and after reionization but before the formation of LSS. Therefore, the cosmic gas
constitutes a classical plasma to which the classical fluctuation theory (Sitenko 1967) can
be applied.

According to this theory, the power spectral density of magnetic field fluctuations b at
wavenumber k and frequency ω is obtained from the spatial correlation function of the
fluctuating magnetic fields and is given by

〈bibj 〉kω√
2π

= μ0T

ω

(

δij − kikj

k2

)

n2Im ǫ⊥

|n2 − ǫ⊥|2 . (3)

Here, the fluctuating field is designated by lower case letters, i, j = 1,2,3, n2 = k2c2/ω2 is
the index of refraction and ǫ⊥(ω,k) is the complex transverse dielectric response function
of the isotropic plasma. The latter, in (nonrelativistic) thermal equilibrium, is given by

ǫ⊥(ω,k) = 1 −
∑

e,i

ω2
e,i

2ωk2

∫

v × (k × v)F ′
0,e,i(v)

k · v − ω
dv3, (4)

where the sum is over negative (e) and positive (i) charges, ωe,i , the respective plasma
frequencies, and F ′

0 ≡ ∂F0/∂v, the derivative of the equilibrium distribution F0 which is
assumed to be Maxwellian. The response function becomes

ǫ⊥ = 1 − ω2
e

ω2

[


(̟) + θ̂

M

(M̟) − i̟

√
π

(

e−̟ 2 + θ̂

M
e−M2̟ 2

)]

. (5)

Here, M2 ≡ (mi/me)θ̂ , and 
(̟) ≈ 2̟ 2 + · · · is the Gordeyev integral of ̟ =√
3/2(ω/kcs) with c2

s = 3Te/me , the square of the sound speed, and θ̂ = Te/Ti . Only at
very large ion temperature Ti ≫ Te do the ions contribute to the imaginary part.

Seed fields for a turbulence dynamo arise from the zero frequency contribution, ̟ → 0
(index 0 in the following equation), which yields the magnetic power spectral density

〈bibj 〉0k√
2π

≈ μ0 mec
2

4ωe

̂1/2 kλe

(k2λ2
e − me/mi)2

≃ 10−37

LkpcN[cm−3]

√

TeV
V2 s3

m
, (6)

where ̂ ≡ Te/mec
2 is the normalized temperature Te and Te[eV] is temperature in eV,

λe = c/ωe ≃ 6/N1/2 is the electron inertial length, N is the number density, and N[cm−3]
the density in cm−3. To obtain the last equality we have ignored the term k2λ2

e which is neg-
ligible on galactic and extragalactic scales. The magnetic spectral energy density thus grows
linearly with wavenumber k, i.e. it decreases with the scale L.

For comparison, a B = 1 µG field has the spectral energy density 〈B2
1 µG〉0k ≈ 4.3 ×

10−14 V2 s3/m. Were we to have integrated over all frequencies ̟ , we would have obtained
the equipartition between magnetic and electron thermal energy densities 〈b2〉k = 2μ0 Te

which holds in thermal equilibrium. Evidently, the thermal fluctuation level in (6) is quite
low. In order to obtain a B = 1 µG field, the spectral energy density must be amplified by
the large factor of ∼ 5 × 1023LkpcN[cm−3]/

√
TeV.
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3.3 Filamentation Instability

Dynamos on galactic or cluster scales need seed fields on comparably large scales to get
them started. Moreover, large-scale dynamos require turbulence and/or helicity which may
not exist at adequate levels. Recently, the so-called filamentation (or Weibel) instability
(Weibel 1959; Fried 1959) has been discussed as a generator of the IGMF (Gruzinov and
Waxman 1999; Gruzinov 2001; Medvedev and Loeb 1999) and a possible alternative to
dynamos on galactic and extragalactic scales. The Weibel instability does require a strong
departure of the plasma state from thermal equilibrium, which can be provided by fast beams
on the plasma background (Achterberg and Wiersma 2007; Fried 1959; Sakai et al. 1999) or
temperature anisotropies. The latter can be caused by pressure anisotropies (Weibel 1959;
Treumann et al. 2010), shock waves (Jaroschek et al. 2005; Nishikawa et al. 2009), or thin
current sheets. Turbulence, if it exists in the early universe, leads to thin current sheets
which can accelerate particles by second-order Fermi acceleration (Jaroschek et al. 2008;
Jaroschek and Hoshino 2009), the local electric field which is generated in the current sheets,
or by reconnection. Here, we discuss the possibility that the instability is driven by kinetic
pressure/temperature anisotropies in the absence of magnetic field, as a mechanism to create
seed fields.

Pressure and temperature anisotropies are probably superior to the beam for driving
the instability for the simple reason that beams are highly unstable with respect to high-
frequency plasma instabilities (Langmuir and Buneman modes). If the beams have velocity
Vb and are current-compensated (i.e., the velocities of particles with different charges are the
same) then the two-stream instability is excited with growth rate γts ≃

√
3(Nb/2N)1/3ωe .

Current-compensated beams arise in the symmetric counter-streaming configurations found
in shocks. For the reasonable beam density Nb ∼ 0.1N we find γts ≈ 0.6ωe ∼ few kHz
with a wavenumber is kts ∼ ωe/Vb . If the beams are not current compensated, which is the
case in turbulence where a multitude of thin current sheets is generated, then the Bune-
man instability is excited with growth rate γB ∼ 0.03ωe ∼ 102 Hz, if the current velocity
Vc = Ve − Vi > ve exceeds the electron thermal speed ve . Otherwise, for Vc < ve , the ion
sound will be excited with growth rate roughly γia ∼ ωpi ∼ few 102 Hz. All these instabili-
ties grow very fast and readily deplete the beams/streams, heating the electron plasma in the
direction of flow and thus causing the pressure or temperature anisotropy of electrons with
higher temperature along the flow direction, i.e. ‖ to Vc . If this is assumed to be the (read-
ily achieved) final microscopic state, then the temperature anisotropy A = Te‖/Te − 1 > 0
becomes unstable with respect to the Weibel thermally anisotropic mode. The temperature
anisotropy corresponds to a pressure anisotropy Pe = N [Te‖ + (Te‖ − Te)VcVc/V 2

c ]. One
should note that only the electrons, because of their large mobility, are important; the ions
are much less active on these microscopic time scales and thus do not contribute.

In this thermally anisotropic case, the electrons obey a bi-Maxwellian equilibrium distri-
bution function

fe(v⊥, v‖) = (me/2π)3/2

Te

√

Te‖
exp

[

−mev
2
⊥

2Te

−
mev

2
‖

2Te‖

]

, (7)

and the Weibel instability takes over with the linear electromagnetic dispersion relation n2 =
ǫ⊥ and the transverse dielectric response function

ǫ⊥ ≡ 1 − ω2
e

ω2
{1 − (A + 1) [1 + ζZ(ζ )]} − ω2

i

ω2
= n2. (8)
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Fig. 1 The growth rate γ = γW

of the anisotropic-thermal Weibel
instability normalized to the
maximum growth, γ /γm , as a
function of the normalized
wavenumber k/k0 (see the text
for the definition of k0). The
vertical line indicates the position
of the maximum growing
wavenumber km/k0 = 1/

√
3

Here, Z(ζ ) is the plasma dispersion function, ζ = ω/k⊥ve , and ve =
√

2Te/me is the elec-
tron thermal speed perpendicular to current. The Weibel instability grows in the plane per-
pendicular to the direction of higher thermal velocity, which in our case has been assumed
as the parallel direction. Hence, k ≡ k⊥. The contribution of the resting ions has been re-
tained for completeness; because of the smallness of the ion plasma frequency ω i ≪ ω e ,
being much less than the electron plasma frequency ω e , it plays no role in the instability but
is important in the discussion of the thermal level.

At zero real frequency, ω = iγ , and the instability γ (k⊥) > 0 sets on for phase velocities
ω/k⊥ ≪ ve and wavenumbers k⊥ < k0 with growth rate

γW

ωe

≃
√

2

π

ve⊥

c

k⊥

k0

(

1 − k2
⊥

k2
0

)

(A + 1)(k0λe)
3, (9)

vanishing at infinite wavelength k⊥ = 0, where k0λe =
√

A. The growth rate maximizes at
wavenumber kmλe = k0λe/

√
3 =

√
A/3 (see Fig. 1), where its value is

γm ≈ 34
√

N[cm−3]Te[eV]A
3/2(A + 1) Hz. (10)

A substantial growth can be achieved and stationary (purely growing) non-fluctuating, short-
wavelength magnetic fields are produced. The maximally growing wavelength is indeed
very short. For a plasma density of N ≈ 0.01 cm−3, the wavelength is only of the order
of λ = (2πc/ωe)

√
3/A ∼ 50

√
3/A km. Even very weak anisotropies of A ∼ 10−4 give

λm ∼ 104 km. Galactic or intergalactic scales L are far longer. For a realistic anisotropy of
A <∼ 1, at these large scales the growth rate scales with L as

γW ≃ 4A

√

π̂(c/L) ≃ 10−13A
√

TeV/Lkpc Hz (11)

The above tells that mostly magnetic fields of small scales are excited and saturated by
the instability, and those of galactic or intergalactic scales would not be substantial. Yet for
A ∼ 0.1 and T ∼ eV, the growth rate is γW ∼ 10−14 Hz on kpc-scales which is quite large.
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Magnetic fields of ∼ 10−16 G on kpc-scales would arise in ∼ 107 years or so provided the
fields on smaller scales do not saturate the instability.

4 Magnetic Fields after Recombination

If magnetic fields were created before or during recombination they could have had a sig-
nificant impact on the thermal and chemical evolution of gas during the dark ages, on the
formation of first stars and galaxies, and on the epoch of reionization (e.g., Sethi and Subra-
manian 2005; Tashiro and Sugiyama 2006; Sethi et al. 2008; Schleicher et al. 2008, 2009)
(see also Widrow et al. 2010, of this issue). On the other hand, the first stars and galaxies
may have been a source of magnetic fields. Our discussion should be viewed with a critical
eye since the existence, strength and scale of early universe fields is highly uncertain (see
e.g. Grasso and Rubinstein 2001) as is the efficiency of dynamo action at early times.

4.1 Magnetic Fields During the Dark Ages

The dark ages designate the period between recombination and reionization, during which
no astronomical objects exist. The only radiation produced during this epoch is the 21 cm
line of neutral hydrogen. The primordial gas consists of about 75% hydrogen and 25%
helium, as well as traceable amounts of lithium and beryllium (both of the order 10−9) (see,
e.g., Kolb and Turner 1990). The ionization degree freezes out at about 10−4 (Peebles 1968;
Zeldovich et al. 1969; Seager et al. 1999). Though this ionization degree may seem rather
low, it is significantly higher than the typical ionization degree in present-day molecular
clouds (Myers and Khersonsky 1995). More to the point, it is high enough to prevent non-
ideal magnetohydrodynamic (MHD) processes such as ambipolar or Ohmic diffusion from
dissipating the magnetic fields.

The more relevant question is whether magnetic fields can be sustained during gravita-
tional collapse when both the density and recombination rate increase and hence the ion-
ization degree decreases. Gravitational collapse occurs on length scales where the thermal
pressure can no longer balance the gravitational force. The critical length scale is given by
the Jeans length

λJ =
(

πc2
s

Gρ

)1/2

, (12)

where cs is the thermal sound speed and ρ the mass density. Previous studies by Maki and
Susa (2004) and Glover and Savin (2009) followed the chemical evolution during gravita-
tional collapse. Their one-zone model takes into account the density evolution in the central
core, where the collapse takes place on the free-fall timescale tff ∼ 1/

√
Gρ. As is well-

known from analytic solutions and numerical simulations, the density in the central core
is roughly homogeneous on the scale of the Jeans length λJ (Larson 1969; Penston 1969;
Abel et al. 2002; Bromm and Loeb 2003; Yoshida et al. 2008).

The calculations of Maki and Susa (2004) and Glover and Savin (2009) showed that
the ionization degree evolves roughly as ρ−1/2 until a density of ∼ 109 cm−3 is reached.
At this stage, the recombination rate becomes so high that the proton abundance becomes
negligible. However, the presence of lithium and the low recombination rate of Li+ stabi-
lizes the ionization degree at a level of ∼ 10−10, and it stays roughly constant even at higher
densities.
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In order to assess the implications of this result, Schleicher et al. (2009) combine the
chemical network of Glover and Savin (2009) with a state-of-the-art model for ambipolar
and Ohmic diffusions, based on the work of Pinto et al. (2008) and Pinto and Galli (2008).
In their multi-fluid approach, the ambipolar diffusion rate is given as

LAD = ηAD

4π
|(∇ × B) × B/B|2 , (13)

where the B denotes the magnetic field. The ambipolar diffusivity ηAD is given as

η−1
AD =

∑

i

η−1
AD,i, (14)

with ηAD,i denoting the ambipolar diffusivity due to an ionized species i. Similarly the
Ohmic diffusion rate is given as

LOhm = ηO

4π
|∇ × B|2 , (15)

with the Ohmic resistivity ηO given as

η−1
O =

∑

i

η−1
O,i . (16)

The ambipolar resistivities ηAD,i and the Ohmic resistivities ηO,i due to ionized species i are
calculated from the momentum-transfer coefficients as described in the appendix of Pinto et
al. (2008).

To guide the physical intuition, we briefly summarize their results for the case of two
charged fluids, e.g. electrons and positive ions, but note that the more detailed multi-fluid
approach has been adopted in the calculations. The key quantities that regulate non-ideal
MHD effects are the Hall parameters βsm, defined as

βsn =
(

qsB

msc

)

ms + mn

ρn〈σv〉sn
. (17)

Here, qs denotes the charge of the species s, ms its mass, mn the mass of the neutrals, ρn

the neutral mass density, c the speed of light and 〈σv〉sn the momentum-transfer coefficients
between the ions and the neutrals (for the expressions, see Pinto and Galli (2008) and the
discussion below). As shown by Pinto et al. (2008), the ambipolar and Ohmic resistivities
are then given as

ηAD =
(

c2

4πσ

)

β+n|β−n|
β+n + |β−n

|, (18)

ηO =
(

c2

4πσ

)

1

β+n + |β−n|
, (19)

where β+n, β−n denote the Hall parameters for the positively and negatively charged species,
and σ is given as

σ = q+ρ+c

m+B
. (20)

In the latter expression, q+ denotes the positive charge, and ρ+ the mass density of the
positively charged species.
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Fig. 2 Diffusion length scales
during gravitational collapse. The
solid line denotes the Jeans
length as a function of central
core density. The ambipolar
diffusion scale for the
equipartition magnetic field is
given by the dashed line, while
the dashed-dotted line

corresponds to the scale for a
weaker field (the magnetic
energy equals 1/60 of the kinetic
energy). The dotted line gives the
Ohmic diffusion scale, which is
independent of the magnetic field
strength. In all cases, the
dissipation scales are smaller
than the Jeans length

For collisions involving protons and electrons, the momentum-transfer coefficients of
Pinto and Galli (2008) are adopted. For collisions involving Li+, the momentum-transfer
coefficients using the polarization approximation are calculated, as described by Schleicher
et al. (2009). This is indeed justified for collisions with helium (Cassidy and Elford 1985)
and H2 (Dickinson et al. 1982; Røeggen et al. 2002). For collisions with atomic hydrogen,
no detailed theoretical or experimental measurements are currently available. This process
is of minor importance, however, as Li+ becomes the dominant ionized species at densities
when molecular hydrogen is the dominant neutral species.

Equations (13) and (15) show that the dissipation rates depend on the magnetic field
strength itself, and we note that also the ambipolar resistivities increase with increasing field
strength (Pinto et al. 2008). During gravitational collapse, an initially weak field, for instance
due to the Biermann battery (Xu et al. 2008), may be amplified both due to gravitational
compression as well as turbulence dynamo (Schleicher et al. 2010). If the amplification due
to turbulence dynamo is efficient, saturation may occur at equipartition or a somewhat lower
level (see, e.g., Subramanian 1999; Cho and Vishniac 2000; Haugen et al. 2004a, 2004b,
2004c; Schekochihin et al. 2004; Brandenburg and Subramanian 2005; Cho et al. 2009). As
ambipolar and Ohmic diffusions are stronger for stronger fields, we will initially focus on
equipartition magnetic fields and show that magnetic fields can be sustained. The same is
then true also for weaker magnetic fields.

To have a definite model, we assume Kolmogorov turbulence, and thus that the equipar-
tition field strength scales as l1/3. This is a good approximation for subsonic turbulence
where compressional effects are of minor importance, and it is this type of turbulence that
is expected in the first star-forming systems (Abel et al. 2002). The Ohmic and ambipolar
diffusion scales are calculated as a function of the central core density and compared them to
the Jeans length (see Fig. 2). For clarity, the Ohmic/ambipolar diffusion scales are defined as
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the length scales on which the Ohmic or ambipolar diffusion time equals the eddy-turnover
time. The calculation assumes that the turbulent velocity and the magnetic field follow a
typical scaling law as expected for Kolmogorov turbulence. During collapse, the increased
densities lead to a more efficient coupling between the ions and the neutrals, which largely
compensates for the decreasing ionization degree. At a density of 109 cm−3, the ambipolar
diffusion scale increases due to a drop of the ionization degree at these high densities, but
still stays an order of magnitude below the Jeans length. The Ohmic diffusion scale always
stays orders of magnitude below the Jeans length. The figure also shows that when the mag-
netic field strength is below the equipartition value, the ambipolar diffusion scale is even
small. The Ohmic dissipation scale, however, stays on the same low level, as the Ohmic
dissipation rate scales roughly with the magnetic energy.

Numerical calculations suggest that the ionization degree may even be higher than ex-
pected from one-zone models, in particular due to the presence of shocks of Mach number
∼ 1 (Clark et al. 2011; Turk et al. 2009). So we safely conclude that during the dark ages,
the magnetic fields up to the equipartition strength can be sustained even at high densities in
collapsed regions.

4.2 Magnetic Field Evolution in First Star-Forming Halos

We now turn to the amplification of magnetic fields during the formation of the first stars.
The halos that harbor the first stars at redshifts of z ∼ 20 − 30 typically have a total mass of
106 M⊙, consist of primordial gas with a temperature of ∼ 3000 K, and have a spatial extent
of ∼ 100 pc. Turbulence is expected to be present, but on a subsonic level (Abel et al. 2002;
Bromm and Loeb 2003; Yoshida et al. 2008). Such turbulence may create strong magnetic
fields in the first galaxies and around them (Ryu et al. 2008; Arshakian et al. 2009; de Souza
and Opher 2010; Schleicher et al. 2010).

Consider a simple model in which magnetic fields are amplified and saturate at a level
corresponding to an energy 1/60 of the equipartition energy on an eddy turnover time teddy.
We assume that turbulence is injected during the virialization phase on the length scale of the
system (i.e., ∼ 100 pc) with the velocity of the order of the sound speed. Both Kolmogorov
and Burgers turbulences are considered; for Kolmogorov turbulence the velocity depends on
the length scale as l1/3, while for Burgers turbulence the scaling accords to l1/2.

For magnetic fields to be relevant during the formation of the first stars, they must be
amplified within the free-fall time scale tff ∼ 1/

√
Gρ. The number of eddy turnovers is

thus given by the ratio tff /teddy. Here, the eddy turnover time teddy ≡ l/v has a characteristic
dependence on length scale for Kolmogorov and Burgers turbulences. Then, the expected
magnetic field strength is given in Fig. 3 as a function of the length scale of turbulence. The
preliminary calculation shows that magnetic fields of the order 10−9 G can be reached in
the first star-forming halos. For a comprehensive understanding of the strength and structure
of the magnetic fields, the detailed implementation of turbulence dynamo will be required.
Recent numerical MHD simulations suggest that the small-scale dynamo indeed operates
during gravitational collapse, producing magnetic fields during the formation of the first
structures (Sur et al. 2010; Federrath et al. 2011).

Additional amplification may occur after the formation of protostellar disks. In particular,
a large-scale dynamo and the magneto-rotational instability may further enhance the mag-
netic fields in the first star-forming halos (Pudritz and Silk 1989; Tan and Blackman 2004;
Silk and Langer 2006). For simplified field geometries, Machida et al. (2006, 2008) found
that magnetic fields lead to the formation of jets and help to suppress fragmentation in pro-
tostellar disks. Fromang et al. (2004) studied self-gravitating magnetized disks and found
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Fig. 3 The magnetic field strength after a free-fall time. The horizontal axis denotes the length scale of the
turbulent eddies. We assume a power-law scaling relation for the rms turbulence on a given length scale, and
explore the cases of Kolmogorov and Burgers-type turbulence (Schleicher et al. 2010). In this model, the
turbulent injection scale is 100 pc. For every length scale, we show both the maximum field strength that
could be obtained from the small-scale dynamo, as well as our estimate for the actual field strength that might
be produced within a free-fall time. The model suggests the production of strong magnetic fields on small
scales

that the interaction of turbulence created by the magneto-rotational instability may excite
additional modes for the gravitational instability, and that the interaction of these modes re-
duces the accretion rate. This work suggests that magnetic fields may be amplified rapidly
in the first star-forming halos and may become dynamically relevant though more realistic
studies are necessary.

4.3 Seed Fields from Astrophysical Processes

The first stars probably possessed strong magnetic fields and therefore may have provided
seed fields for dynamos in galaxies and in the IGM. If the stars subsequently explode as
supernovae or lose a significant amount of mass through stellar winds, the fields ejected
along with mass will find their way into the interstellar medium (ISM) and spread beyond
galaxies into the IGM through galactic winds. Simple estimates by Syrovatskii (1970) illus-
trate the viability of the process. If there have been some 108 supernovae over the lifetime
of galaxies, each of which spreads material through a (10 pc)3 volume. Using values for the
field strength typical of the Crab nebula, one therefore expects galaxies to be filled by 10 pc
regions with fields of strength ∼ 3 µG. Assuming the same L−3/2 scaling, one finds fields of
strength of ∼ 10−11 G on 10 kpc scales. This value is significantly larger than those from the
processes described in Sect. 3 and in Widrow et al. (2010) of this issue, although the filled
volume is rather small. Recently, Donnert et al. (2009) suggested that galactic outflows dur-
ing the starburst phase of galactic evolution can deposit a substantial amount of magnetic
fields in the IGM.

Seed fields can be produced at cosmological shocks which were induced during the for-
mation of the LSS of the universe (Ryu et al. 2003; Pfrommer et al. 2006; Kang et al. 2007;
Skillman et al. 2008; Vazza et al. 2009) (see Sect. 5.1 for further description of cosmological
shocks). Cosmological shocks are collisionless like shocks in other astrophysical environ-
ments, where CRs are accelerated at the same time as the gas is heated. During the process
of acceleration, it was shown that the upstream magnetic field can be amplified nonlinearly



Magnetic fields in LSS 13

by non-resonant growing modes (Bell 2004). Then, the magnetic field can have the energy
up to

εB ∼ 1

2

Un1

c
εCRs. (21)

With Un1/c ∼ 10−3 and Mach number a few in cosmological shocks (Ryu et al. 2003;
Kang et al. 2007), we get εB ∼ εCRs ∼ εtherm. In addition, the Weibel instability described in
Sect. 3.3 can operate and produce magnetic fields up to the level of εB ∼ 10−3εsh (Schlick-
eiser and Shukla 2003; Medvedev et al. 2006). Here, εsh is the energy density of upstream
flow, and εB , εCRs, and εtherm are the energy densities of downstream magnetic fields, CRs,
and gas random motion, respectively. These processes can potentially produce strong fields
around cosmological shocks, although the volume filling is small and the coherence length
of the resulting fields is expected to be microscopic.

Other mechanisms have been proposed. For instance, recently, Miniati and Bell (2011)
suggested that the return current which is induced by cosmic-rays produced by early super-
novae can deposit seed fields into the IGM.

5 Magnetic Fields in the IGM

With the processes described in Sects. 3 and 4 and also in Widrow et al. (2010) of this
issue, there is no shortage of mechanisms to generate seed fields for the IGMF. Those fields
are expected to be amplified by the turbulent flow motions which were induced during the
formation of the LSS of the universe. The turbulence dynamo not only increases the strength
of magnetic fields, but also produces the magnetic fields of large scales, up to the energy
injection scale, through the inverse cascade. The beauty of the turbulence dynamo in LSS is
that it erases the memory of weak seed fields and produces the IGMF, independent of the
origin of seed fields.

5.1 Turbulence in the LSS of the Universe

Signatures of turbulence have been observed in the ICM. For example, Schuecker et al.
(2004) analyzed gas pressure maps that were constructed from XMM-Newton X-ray data.
They claimed that in the Coma cluster, which appears to be in a post-merger state, pressure
fluctuations are consistent with Kolmogorov turbulence. The turbulence is likely subsonic
but with an energy that is at least 10% of the thermal energy, i.e., εturb > 0.1εtherm. The re-
sults agree with predictions from numerical simulations, namely that the flows in cluster
scales have a power spectrum expected for Kolmogorov turbulence (Kulsrud et al. 1997;
Kulsrud and Zweibel 2008), and even in relaxed clusters the flow motions have εkin ∼
0.1εtherm (Nagai et al. 2007). Turbulence in the ICM was also studied in RM maps of a
few clusters (Vogt and Enßlin 2005; Guidetti et al. 2008; Bonafede et al. 2010).

Recently, Ryu et al. (2008) proposed a scenario in which vorticity is generated directly
or indirectly at cosmological shocks and turbulence in the IGM is induced via the cascade
of the vorticity. Here, we provide an estimate of the turbulence seen in simulations for the
formation of the LSS. The results are based on a simulation described in Cen and Ostriker
(2006) which includes the radiative processes of heating/cooling and feedback from galactic
superwind. The work of Ryu et al. (2008) utilized a simulation, where only the gravitational
and gas dynamical processes are included.

In the simulation of Cen and Ostriker (2006), the WMAP1-normalized �CDM cosmol-
ogy was employed with the following parameters: �b = 0.048, �m = 0.31, �� = 0.69,
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h ≡ H0/(100 km/s/Mpc) = 0.69, σ8 = 0.89, and n = 0.97. A cubic box of comoving size
85 h−1 Mpc was simulated using 10243 grid zones for gas and gravity and 5123 particles
for dark matter. It allows a uniform spatial resolution of �l = 83 h−1 kpc. For detailed
descriptions of input physics ingredients such as non-equilibrium ionization/cooling, pho-
toionization/heating, star formation, and feedback processes, refer Cen et al. (2003) and
Cen and Ostriker (2006). Feedback from star formation was treated in three forms: ion-
izing UV photons, galactic superwinds, and metal enrichment. Galactic superwinds were
meant to represent cumulative supernova explosions, and modeled as outflows of several
hundred km s−1. The input of galactic superwind energy for a given amount of star forma-
tion was determined by matching the outflow velocities computed for star-burst galaxies in
the simulation with those observed in the real world. The simulations were performed using
a PM/Eulerian hydrodynamic cosmology code (Ryu et al. 1993).

In the IGM, vorticity, ω ≡ ∇ × v, can be generated directly at curved shocks and also by
the baroclinity of flows. For uniform upstream flow, the vorticity produced behind curved
shock surface is

ωcs = (ρ2 − ρ1)
2

ρ1ρ2
KU1 × n̂, (22)

where ρ1 and ρ2 are the upstream and downstream gas densities, respectively, U1 is the
upstream flow velocity in the shock rest frame, K is the curvature tensor of the shock surface,
and n̂ is the unit vector normal to the surface. If isopycnic surfaces do not coincide with
isobaric surfaces, vorticity is generated with the rate given by

ω̇bc = 1

ρ2
∇ρ × ∇p. (23)

Shock waves are ubiquitous in the IGM, as in other astrophysical environments. The
spatial distribution and properties of cosmological shocks in the LSS of the universe have
been studied quantitatively using simulations for the formation of LSS (Ryu et al. 2003;
Pfrommer et al. 2006; Kang et al. 2007; Skillman et al. 2008; Vazza et al. 2009). In the cold
dark matter universe with cosmological constant (�CDM), shocks with Mach number up
to a few hundreds and speed up to a couple of thousand km s−1 are present at the present
universe (z = 0). In the left panel of Fig. 4, the spatial distribution of cosmological shocks
is shown. Numerous shocks are found. External shocks exist around sheets, filaments, and
knots of mass distribution, which form when the gas in void regions accretes onto them.
Within those nonlinear structures, internal shocks exist, which form by infall of previously
shocked gas to filaments and knots, and during subclump mergers, as well as by chaotic
flow motions. Due to the low temperature of the accreting gas, the Mach number of external
shocks is high, extending up to M ∼ a few ×100, while internal shocks have mostly low
Mach number of M ∼ a few. The mean distance between shock surfaces is ∼ 3 h−1 Mpc
when averaged over all the universe, or ∼ 1 h−1 Mpc inside nonlinear structures. Internal
shocks of M ∼ 2–4 formed with hot and high-density gas are responsible for most of shock
dissipation into heat and CRs. It was shown that the shock dissipation can count most of the
gas thermal energy in the IGM (Kang et al. 2005).

In the right panel of Fig. 4, the distribution of vorticity is shown. It closely matches that
of shocks, suggesting that a substantial portion of the vorticity, if not all, has been generated
at the shocks. As a matter of fact, as was noted in Ryu et al. (2008), the vorticity in the
IGM can be accounted with that generated either directly at curved cosmological shocks
or by the baroclinity of flows. The contributions from the two processes are comparable.
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Fig. 4 Two-dimensional slice of (85 h−1 Mpc)2 showing shock locations with color-coded shock speed (left

panel) and the magnitude of vorticity (right panel) at z = 0. The vorticity is given in units of 10−4 t−1
age , where

tage is the age of the universe

The baroclinity resulted from the entropy variation induced at shocks. So all the vorticity
generation also can be attributed to the presence of cosmological shocks.

For quantification of vorticity, the flow velocity is decomposed into

v = vdiv + vcurl + vunif, (24)

where the divergence and curl components are defined as ∇ · vdiv ≡ ∇ · v and ∇ × vcurl ≡
∇ × v, respectively. That is, vdiv is associated to compressional motions, while vcurl to in-
compressible shear motions. Here vunif is the component uniform across the computational
box, whose magnitude is much smaller than the other two components. The decomposition
is calculated exactly in Fourier space. We note with the above decomposition, locally

vdiv · vcurl �= 0 so
1

2
v2 �= 1

2

(

v2
div + v2

curl

)

. (25)

However, globally

∫

box
vdiv · vcurld

3x = 0 so

∫

box

1

2
v2d3x =

∫

box

1

2

(

v2
div + v2

curl

)

d3x. (26)

The power spectra for the gas velocity and its curl and divergence components at the
present universe are shown in Fig. 5. At long wavelengths, the amplitude of perturbations
are small, so that linear theory applies. That is, Pcurl(k) → 0 as k → 0, while Pdiv(k) follows
the analytic theory expectation, Pdiv(k) ∼ k−1. For wavelengths smaller than a few Mpc,
nonlinearities dominate, and we see Pcurl(k) >∼ Pdiv(k). Pcurl(k) peaks at ∼ 5 h−1 Mpc, and
for k somewhat larger than the peak wavenumber, the spectrum follows a power law of
k−5/3, the Kolmogorov spectrum. Pcurl(k) has most power at ∼ 2–3h−1 Mpc, that indicates
the typical scale of nonlinear structures in the simulation.
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Fig. 5 Power spectra,
∫

Pvdk = 〈(1/2)v2〉, for the gas
velocity and its curl and
divergence components at z = 0.
Two straight lines of slopes −5/3
and −1 are also drawn for
comparison

Fig. 6 Distribution of the magnitude of the vorticity in the IGM (left panel) and the strength of the IGMF

(right panel) in the density-temperature plane at z = 0. The vorticity is given in units of t−1
age

The vorticity in the IGM as a function of gas density and temperature is shown in the
left panel of Fig. 6. The figure exhibits a clear trend that the vorticity is larger in hotter
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Fig. 7 The time evolution of the rms of the vorticity for four temperature phases of the IGM (left panel)
and the time evolution of the averaged strengths of the IGMF for the hot IGM and WHIM (right panel) as a
function of redshift z. The vorticity is given in units of tage(z)

−1, where tage(z) is the age of the universe at z

regions. It is because hotter regions are occupied with the gas that has gone through shocks
of larger speed. The vorticity generated at shocks of larger speed should be on average
larger. Also, there are regions of high density (ρgas/〈ρgas〉<∼ 100) and warm temperature
(T >∼104 K), where the vorticity is large. These regions contain the gas that was heated to
high temperature and subsequently cooled down.

In the left panel of Fig. 7, the root-meas-square (rms) of the vorticity at a few redshifts for
the gas in the four phases of the IGM is shown. Note that the vorticity shown was computed
over the same comoving scales, and normalized with the age of the universe at given z. The
vorticity increases as the universe evolves and the LSS of the universe develops. But over
the period of the time presented in the figure, the vorticity, especially in the hot IGM and
WHIM, has increased just by a factor of a few.

Figures 6 and 7 indicate that at the present epoch, ωrmstage ∼ a few ×10 inside and around
clusters/groups with T >∼ 107 K and ∼ 10 in filaments which is filled mostly with the WHIM.
On the other hand, ωrmstage is on the order of unity in sheetlike structures and even smaller
in voids. Here, tage is the present age of the universe, so ωrmstage represents the number of
eddy turnovers in the age of the universe. It takes a few turnover times for vorticity to decay
and develop into turbulence. So it is likely that the flows in clusters/groups and filaments is
in a turbulent state, while turbulence have not significantly developed in sheetlike structures
and voids.

To estimate the energy associated with the turbulence induced in the IGM via the cascade
of the vorticity, we assume that the energy of vortical motions, (1/2)ρgasv

2
curl, is transferred

to that of turbulent motions. Then, we can regard it as the turbulence energy, εturb. Figure 8
shows the ratio of the turbulence to thermal energies in clusters/groups and filaments as a
function of temperature at the present universe. In clusters/groups with T >∼ 107 K, εturb <

εtherm. Particularly the mass averaged value shows that εturb/εtherm would be ∼ 0.1–0.3 in
cluster cores. The predicted εturb/εtherm is in a good agreement with observation (Schuecker
et al. 2004). Note that Mturb ≡ vcurl/cs =

√
1.8 (εturb/εtherm)1/2, where cs is the sound speed.
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Fig. 8 Turbulence to thermal
energy ratio as a function of
temperature at z = 0. The values
shown are volume-averaged and
mass-averaged over temperature
bins

Therefore, overall turbulence is subsonic in clusters/groups, whereas it is transonic or mildly
supersonic in filaments.

5.2 Amplification of the IGMF by the Turbulence in the IGM

In principle, if simulations for the formation of LSS in the universe includes magnetic fields,
that is, if they are MHD, the amplification of the seed magnetic fields by the turbulent mo-
tions in the IGM should be able to be followed. But, in reality, simulations with the current
capacity of computing power have too low a resolution to reproduce the full development of
turbulence inside nonlinear structures. Also the numerical resistivity is larger than the phys-
ical resistivity by great many order of magnitude. As a result, the growth of magnetic fields
is saturated before dynamo action become fully operative, and the amplification of magnetic
fields can not be followed correctly, as was already pointed in Kulsrud et al. (1997).

In order to reproduce the growth of magnetic fields by dynamo action, a separate three-
dimensional simulation of MHD turbulence in a controlled box was performed; incompress-
ible, driven turbulence with initially very weak or zero magnetic fields was simulated using
a pseudospectral code (Cho and Vishniac 2000). Hyperviscosity and hyperresistivity with
the Prandtl number of unity were used. The advantage of performing incompressible sim-
ulations using a pseudospectral code is that the intrinsic numerical viscosity and resistivity
are virtually zero. And by using hyperviscosity and hyperresistivity, the inertial range can be
maximized. We point that it would take much higher resolution to achieve the same growth
rate in simulations of compressible MHD turbulence.

The top-left panel of Fig. 9 shows the time evolution of kinetic and magnetic energies
for four different simulations: 256H8-B010−3, 256H3-B010−3, 256H8-B00, and 256H8-
B010−6. Simulations are denoted with 256Y-B0Z, where 256 refers to the number of grid
points in each spatial direction, Y refers to hyperdissipation (H) and its order, and Z refers
to the strength of the external magnetic fields. The turbulence was driven at the scale of
L0 ∼ (1/2)Lbox where Lbox is the computational box size, and the driving strength was
set so that the total energy is Etot ≡ Ekin + EB ∼ 1 at saturation. The time is given in
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Fig. 9 Top-left panel: The time evolution of V 2 and B2 for four different runs. Here, the kinetic energy and
magnetic energy densities are V 2/2 and B2/2, respectively. Top-right panel: Time evolution of peak scales
of magnetic field spectrum, LE(k), LkE(k), and LE(k)/k . Bottom-right panel: Time evolution of the energy
equipartition scale, Leq. Bottom-left panel: Time evolution of the integral scale, Lint, and the curvature scale,
Lcurv . �’s are the scales normalized with the energy injection scale L0. See the text for details

units of the eddy turnover time that is defined as the inverse of vorticity at driving scale,
teddy ≡ 1/ωdriving, at saturation. See Cho et al. (2009) for details of simulations.

The amplification of magnetic fields by turbulence dynamo is shown in the figure. It does
not sensitively depend on the initial magnetic field strength once it is sufficiently weak as
well as details of simulations including the dissipation prescription. The evolution of mag-
netic fields goes through three stages: the initially exponential growth when the back reac-
tion of magnetic fields is negligible, then the linear growth when the back reaction starts to
operate, and the final saturation. By fitting the evolution, we model the growth and saturation
of magnetic field energy as

EB =

⎧

⎪

⎨

⎪

⎩

0.04 × exp[(t/teddy − 4)/0.36] for t/teddy < 4,

(0.36/41) × (t/teddy − 4) + 0.04 for 4 < t/teddy < 45,

0.4 for t/teddy > 45.

(27)

Along with the amplification of magnetic field strength, the magnetic fields become co-
herent through the inverse cascade. For the quantification, different characteristic lengths of
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magnetic fields can be defined in MHD turbulence: the peak scale of the spectrum of mag-
netic fields, LE(k), the scale containing the largest energy of magnetic fields, LkE(k), the peak
scale of the spectrum of projected magnetic fields, LE(k)/k , the energy equipartition scale,
Leq(= 2π/keq), defined as

∫ kmax

keq

Ev(k) dk =
∫ kmax

0
Eb(k) dk, (28)

the integral scale, Lint, defined as

Lint = 2π

∫

Eb(k)/k dk
∫

Eb(k) dk
, (29)

and the curvature scale, Lcurv, defined as a typical radius of curvature of field lines.
The rest of Fig. 9 show the time evolution of characteristic lengths of magnetic fields. At

saturation, the peak of magnetic field spectrum, LE(k), occurs at ∼ L0/2, where L0 is the
energy injection scale, while the most energy containing scale, LkE(k) is ∼ L0/5. During the
stage of magnetic field amplification, the energy equipartition scale, Leq, shows a power-law
increase of ∼ t1.5, while the integral scale, Lint, and the curvature scale, Lcurv, show a linear
increase. The equipartition, integral, and curvature scales saturate at ∼ L0, ∼ 0.3L0, and
∼ 0.15L0, respectively. See Cho and Ryu (2009) for further details of characteristic lengths
in MHD turbulence with very weak or zero mean magnetic fields.

The results of the incompressible MHD turbulence simulation were convoluted to the
data of the stimulation for the formation of the LSS of the universe to get the IGMF. For the
estimation of the magnetic field strength, it was assumed that a fraction of the turbulence
energy is converted into the magnetic energy. The fraction was expressed as a function of
the number of local eddy turns over the age of the universe, so

εB = εcurl · φ(ω × tage). (30)

For the fraction φ(ω × tage), the fitting formula in (27) was used. Then, the magnetic field
strength was calculated as (8πεB)1/2.

The resulting magnetic field strength as a function of gas density and temperature is
shown in the right panel of Fig. 6. On average, the IGMF is predicted to be stronger in
hotter and denser regions. It is because with the turbulence energy is larger in hotter and
denser regions. Also the conversion factor, φ, is larger in hotter and denser regions.

In the right panel of Fig. 7, the volume-averaged and rms values of the magnetic field
strength at a few redshifts for the gas in the hot IGM and WHIM are shown. Our sce-
nario predicts that the magnetic field strength would be 〈B〉 >∼ 1 µG inside clusters/groups,
∼ 0.1 µG around clusters/groups, and ∼ 10 nG in filaments at the present universe. The
magnetic fields should be much weaker in sheetlike structures and voids. But as noted in
Sect. 5.1, turbulence is not fully developed there. So our estimation of the IGMF in those
regions should not be applicable.

In each temperature range, the magnetic fields were stronger in the past at z ∼ a few.
Our calculation indicates that the vorticity has not changed much since z ∼ a few (see the
left panel of Fig. 7), nor the vortical component of flow velocity (Ryu and Kang 2008). So
the stronger magnetic fields in the past should be due to the higher density. We point that
clusters were virialized around z ∼ 1 or so, so the density within the virial radius of ∼ 1 Mpc
has not changed much since then. But our estimation of the magnetic field strength for the
hot IGM with T > 107 K also includes the gas in cluster outskirt, which extends far beyond



Magnetic fields in LSS 21

the virial radius, up to several Mpc or even larger (see, e.g. Ryu et al. 2003); the density of
the gas there was higher in the past. We also note that the magnetic fields, when averaged
all over the computational box, were weaker in the past, because the fraction of the strong
field regions was smaller.

Based on a kinetic theory, assuming the Kolmogorov spectrum for turbulence flow mo-
tions, Kulsrud et al. (1997) and Kulsrud and Zweibel (2008) estimated that the magnetic
field strength in clusters would be a few µG. Our result agrees with the previous work. It also
matches well with the observed strength of magnetic fields in the ICM, which is discussed in
Sect. 1. On the other hand, our prediction of B ∼ 10 nG in filaments is within but lower than
the upper limit of ∼ 0.1 µG which is imposed from RMs outside of clusters (Ryu et al. 1998;
Xu et al. 2006).

The characteristic lengths of the IGMF in our scenario can be conjectured. In clusters, tur-
bulence is near the saturation stage with t/teddy ∼ 30 (see Figs. 7 and 9). Then, for instance,
we may estimate that the peak scale of magnetic field spectrum and the integral scale would
LE(k)/L0 ∼ 0.4 and Lint/L0 ∼ 0.2. If we take the energy injection scale L0 ∼ 100 kpc,
which is approximately the scale height of cluster core, LE(k) ∼ 40 kpc and Lint ∼ 20 kpc,
respectively. In filaments, on the other hand, with t/teddy ∼ 10, turbulence is expected to
be still in the linear growth stage, and LE(k)/L0 ∼ 1/10 and Lint/L0 ∼ 1/15. We may take
the energy injection scale L0 ∼ 5 Mpc, which is the typical thickness of filaments. Then,
LE(k) ∼ 0.5 Mpc and Lint ∼ 0.3 Mpc, respectively.

5.3 Contribution from AGNs

There is a possibility that the IGMF is further strengthened by the magnetic fields ejected
through jets from back holes in AGNs (see, e.g., Kronberg et al. 2001). Strong magnetic
fields almost certainly arise in accretion disks surrounding black holes. These fields may
find their way into the IGM via magnetically dominated jets. The potential field strength
due to this process can be estimated as follows (see, e.g., Hoyle 1969). The rotational en-
ergy associated with the central compact objects of mass M which power AGNs can be
parametrized as f Mc2 where f < 1. If we assume equipartition between rotational and
magnetic energies within a central volume Vc , we find

Bc ∼
(

8πf Mc2

Vc

)1/2

. (31)

If this field then expands adiabatically to fill a volume V in the IGM, one finds B ∼
Bc(Vc/V )2/3. Considering the values of M = 109 M⊙, f = 0.1, and V ≃ (1 Mpc)3, we
get B ∼ 10 nG. Note this field strength is comparable to that estimated in filaments with
turbulence dynamo. So this process may enhance the strength of the IGMF by a factor of
two or so.

Although there are some RM observations that indicate strong magnetic fields in some
of jets, however, it is not yet clear whether all jets are magnetically dominated. Also the
details of the population of AGN jets and the volume filling fraction of magnetic fields in
the universe by this process need to be further worked out.

6 Astrophysical Implications of the IGMF

The existence of the IGMF, especially in filaments, can have noticeable implications on
a variety of astrophysical phenomena. In this section, we discuss two: the effect on the
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propagation of ultra-high energy cosmic rays (UHECRs) and the inducement of Faraday
rotation.

6.1 Propagation of Ultra-high Energy Cosmic Rays

UHECRs are known to originate from extragalactic sources. Hence, on their path through
the intergalactic space, the trajectories of UHECRs are deflected by the magnetic fields be-
tween sources and us, the IGMF as well as the galactic magnetic field (GMF). Das et al.
(2008) studied the effect of the IGMF described in Sect. 5 on the propagation of UHECRs.
Under the premise that the sources of UHECRs are strongly associated with the LSS of the
universe, super-GZK protons of E ≥ 1019 eV were injected by AGN-like sources located
inside clusters of galaxies. Then, the trajectories of the protons were followed, while tak-
ing account of the energy loss due to interactions with the cosmic microwave background
(CMB) radiation. Das et al. (2008) found that the deflection of UHECR trajectories is caused
mostly by the IGMF in filaments, rather than the intracluster magnetic field in clusters; it is
because filaments fill a larger fraction of volume, although their magnetic fields are weaker,
than clusters. With the gyroradius of protons

rg = 1 Mpc

(

EUHECR

1019 eV

)(

B

10 nG

)−1

, (32)

that is, with the gyroradius corresponding typical filament size for the magnetic fields typical
in filaments, the deflection due to the IGMF in filaments is expected to be significant. Indeed,
the deflection angle between the arrival direction of super-GZK protons and the sky position
of their actual sources was found to be quite large with the mean value of 〈θ〉 ∼ 15◦ and the
median value of θ̃ ∼ 7–10◦.

The above deflection is much larger than the deflection by the GMF; the deflection angle
due to the GMF was predicted to be a few degree (see, e.g., Takami and Sato 2008). As a
matter of fact, the deflection angle of 〈θ〉 ∼ 15◦ is also much than the angular window of
3.1◦ used by the Auger collaboration in the study of the correlation between their highest
energy UHECR events and nearby AGN (1). Although the deflection angle is large, Ryu et
al. (2010) noticed that in the work of Das et al. (2008), the separation angle between the
arrival direction of super-GZK protons and the sky position of nearest AGNs is substantially
smaller with 〈S〉 ∼ 3.5–4◦, which is similar to the mean angular distance in the sky to nearest
neighbors among AGNs. This mean separation angle is comparable to the angle used in the
correlation study by the Auger collaboration. This is a direct consequence of the fact that
the sources and us, as well as the IGMF, all trace the matter distribution of the universe.
That is, although the IGMF described in Sect. 5 predicts larger deflection of UHECRs, it
is not necessarily inconsistent with the intervening magnetic fields implied in the Auger
experiment.

6.2 Faraday Rotation Induced by the IGMF

The IGMF described in Sect. 5 induces RM. With characteristic lengths smaller than the
dimension of clusters or filaments, the inducement of RM is a random walk process; the
standard deviation of RM is

σRM = 0.81 n̄e B‖rms

√

(

3Lint

4

)

L radm−2, (33)
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Fig. 10 RM map of path length
of L = 100 h−1 in the local
universe o (28 h−1 Mpc)2 area at
z = 0

where ne, B‖rms, and L are in units of cm−3, µG, and pc, respectively (Cho and Ryu 2009).
B‖rms is the rms strength of line-of-sight magnetic field and L is the path length. Here,
the coherence length for RM is given as l = (3/4)Lint. For clusters, with n̄e ∼ 10−3 cm−3,
Brms ∼ a few µG, L ∼ 1 Mpc, and Lint ∼ 20 kpc (see Sect. 5), we get σRM ∼ 100 rad m−2,
which agrees with the observed RM in clusters (Clarke et al. 2001). The magnetic field
strength in filaments quoted in Sect. 5 is 〈B〉 ∼ 10 nG. But the value depends on how it is
averaged; that is, 〈B2〉1/2 ∼ a few× 10 nG, 〈ρB〉/〈ρ〉 ∼ 0.1 µ G, and 〈(ρB)2〉1/2/〈ρ2〉1/2 ∼
a few× 0.1 µ G, in the warm-hot intergalactic medium (WHIM) with T = 105–107 K which
mostly composes filaments. The average value of 〈(ρB)2〉1/2/〈ρ2〉1/2 should be relevant to
RM. With n̄e ∼ 10−5 cm−3, Brms ∼ 0.3 µG, L ∼ 5 Mpc, and Lint ∼ 300 kpc, we get σRM ∼ 1
rad m−2 through filaments.

Akahori and Ryu (2010) studied in details the RM due to the magnetic fields in filaments
using the IGMF described in Sect. 5. Figure 10 shows a typical RM map in (28 h−1 Mpc)2

area; the spatial distribution of RM traces the large-scale distribution of matter, showing two
clusters and a filamentary structure containing several groups. The resultant RM is domi-
nantly contributed by the density peak along line of sight. The rms of RM through filaments
at the present universe was predicted to be ∼ 1 rad m−2, which agrees with the estimation
above (Cho and Ryu 2009). Figure 11 shows the two-dimensional power spectrum of the
RM in the local universe within 100 h−1 Mpc; PRM(k) ∼ |RM(k)|2k, where RM(k) is the
Fourier transform of RM(x). The power spectrum of RM peaks at k ∼ 100, which corre-
sponds to ∼ 1 h−1 Mpc. In addition, Akahori and Ryu (2010) predicted that the probability
distribution function (PDF) of |RM| through filaments follows the log-normal distribution.
We note that RM ∼ 1 rad m−2 is an order of magnitude smaller than the values of |RM|
toward the Hercules and Perseus-Pisces superclusters reported in Xu et al. (2006). The dif-
ference is mostly due to the mass-weighted path length; the value quoted by Xu et al. (2006)
is about two orders of magnitude larger than ours.

RM ∼ 1 rad m−2 due to the IGMF in filaments is too small to be confidently observed
with currently available facilities. In addition, the galactic foreground of ∼ 10 rad m−2 (to-
ward halo) poses an additional challenge for its observation. The next generation radio in-
terferometers, however, are expected to be able to observe the RM. Particularly, the SKA
could measure RM for ∼ 108 polarized extragalactic sources across the sky with an aver-
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Fig. 11 Two-dimensional power
spectra of RM for 3 × 16
two-dimensional projected maps
from 16 simulations with
different realizations of initial
condition to compensate cosmic
variance. The thick gray line

shows the average

age spacing of ∼ 60 arcsec between lines of sight (papers in Carilli and Rawlings 2004;
Krause et al. 2009), enabling us to investigate the IGMF in the LSS of the universe.

7 Structure Formation and Magnetic Fields

The existence of magnetic fields in the early universe, although probably weak, can have
consequences on the structure formation itself. In this section, we briefly review recent de-
velopments in our understanding of magnetized structure formation.

7.1 The Linear Regime

Studies of magnetized structure formation go back to the late 1960s with the early efforts
based on Newtonian gravity and the relativistic approaches being a relatively recent addition.
All treatments typically work within the ideal MHD approximation and look at the effects of
the magnetic Lorentz force on density inhomogeneities (Ruzmaikina and Ruzmaikin 1971;
Wasserman 1978; Fennelly and Evans 1980; Kim et al. 1996; Battaner et al. 1997;
Tsagas and Barrow 1997; Tsagas and Maartens 2000a). These effects generally come in
the form of scalar, vector and (trace-free) tensor distortions. The former are those com-
monly referred to as density perturbations and represent over-densities or under-densities in
the matter distribution. Vector inhomogeneities describe rotational (i.e. vortex-like) density
perturbations. Finally, tensor-type density inhomogeneities correspond to shape distortions.1

Following (Tsagas and Barrow 1997; Barrow et al. 2007), we define the scalar

� ≡ a2

ρ
D2ρ, (34)

which describes linear density perturbations and corresponds to the more familiar density
contrast δρ/ρ. Note that positive values for � indicate over-densities and negative ones

1It should be made clear that trace-free tensor inhomogeneities (i.e. shape deformations) and pure-tensor
distortions (i.e. gravitational waves) are two different types of perturbations.
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under-densities. Also, a is the cosmological scale factor and D2 = DaDa is the 3-D Laplacian
operator that corresponds to an observer moving with 4-velocity ua .2 In a perturbed, weakly
magnetized and spatially flat Friedmann-Robertson-Walker (FRW) universe, the above de-
fined scalar evolves according to

�̇ = 3wH� − (1 + w)Z + 3

2
c2

a (1 + w)H B, (35)

where over-dots denote proper-time derivatives (relative to the ua-frame). Also, w = p/ρ is
the (constant) barotropic index of the matter, H = ȧ/a is the background Hubble parameter
(with  = 3H there) and c2

a = B2/ρ(1+w) is the square of the Alfvén speed. The variables
Z = a2D2 and B = (a2/B2)D2B2 describe linear inhomogeneities in the smooth Hubble
expansion and in the magnetic energy density respectively. Then, to first order,

Ż = −2H Z − 1

2
ρ� + 1

4
c2

a (1 + w)ρB − c2
s

1 + w
D2� − 1

2
c2

a D2
B (36)

and

Ḃ = 4

3(1 + w)
�̇, (37)

respectively. Note that c2
s = ṗ/ρ̇ is the square of the adiabatic sound speed and we have

assumed that B2 ≪ ρ, given the relative weakness of the magnetic fields.
Equation (35) shows that magnetic fields are generic sources of linear density perturba-

tions. Indeed, even if � and Z are zero initially, �̇ will take nonzero values solely due to the
magnetic presence. Also, (37) ensures that perturbations in the magnetic field energy density
evolve in tune with their matter counterparts (i.e. B ∝ �). Finally, we should emphasize that
only the pressure part of the Lorentz force contributes to the linear relations (35) and (36).3

The system of (35)–(37) has analytical solutions in the radiation and dust eras (Tsagas
and Barrow 1997). Before equipartition, when w = 1/3 = c2

s , H = 1/2t , ρ = 3/4t2 and
c2

a = 3B2/4ρ = constant, large-scale magnetized density perturbations obey a power-law
solution. In particular, on super-horizon scales and keeping only the dominant growing and
decaying modes, one arrives at (Tsagas and Maartens 2000a; Barrow et al. 2007)

� = C1t
−1/2+10c2

a /9 + C2t
1−4c2

a /9. (38)

In the absence of magnetic fields, we recover the standard growing and decaying modes of
� ∝ t and � ∝ t−1/2 respectively. So, the magnetic presence has reduced the growth rate of
the density contrast by 4c2

a/9.

2For an observer with 4-velocity ua (so that uaua = −1), the tensor hab = gab + uaub projects orthogonal

to ua and Da = ha
b∇b defines the covariant derivative operator of the spatial hypersurfaces (gab is the

space-time metric and ∇a the associated covariant derivative).
3The Lorentz force splits as εabcB

bcurlBc = Da/2B2 − BbDbBa , with the former term corresponding
to the magnetic pressure and the latter to the field’s tension. The effects of the B-field on (scalar) den-
sity perturbations propagate via the divergence of the Lorentz force. To leading order, the latter is given by
Da(εabcB

bcurlBc) = D2B2/2 − BbDbDaBa − KB2/a2 , where K = 0,±1 represents the background 3-
curvature index. Given that DaBa = 0 at the ideal-MHD limit, the magnetic tension effects are not included in
this perturbative level, unless the spatial curvature of the FRW model is accounted for (Tsagas and Maartens
2000a, 2000b).
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Well inside the horizon we can no longer ignore the role of the pressure gradients. There,
the k-mode oscillates like a magneto-sonic wave with

�(k) ∝ sin

[

cs

(

1 + 2

3
c2

a

)(

λH

λk

)

0

√

t

t0

]

, (39)

where λk = a/k is the perturbed scale and λH = 1/H the Hubble horizon (Tsagas and
Maartens 2000a; Barrow et al. 2007). Here, the magnetic pressure increases the effective
sound speed and therefore the oscillation frequency. The former makes the Jeans length
larger than in non-magnetized models. The latter brings the peaks of short-wavelength os-
cillations in the radiation density closer, leaving a potentially observable signature in the
CMB spectrum (Adams et al. 1996).

When dust dominates, w = 0 = c2
s , H = 2/3t , ρ = 4/3t2 and c2

a = B2/ρ ∝ t−2/3. Then,
on superhorizon scales, the main growing and decaying modes of the density contrast are
(Tsagas and Barrow 1997; Barrow et al. 2007)

� = C1t
α1 + C2t

α2 , (40)

with α1,2 = −[1 ± 5
√

1 − (32/75)(ca λH/λk)
2
0]/6. In the absence of magnetic fields we re-

cover again the standard solution with α1 = 2/3 and α2 = −1. Thus, as with the radiation
era before, the magnetic presence slows down the growth rate of density perturbations. Also,
since B ∝ � [see (37)], the above describes the linear evolution of the magnetic energy-
density perturbations as well. This means that cosmological magnetic fields trapped inside
an overdense region of the post-recombination universe could grow by approximately two
to three orders of magnitude. Note that the aforementioned increase is different from the
one occurring during the subsequent, nonlinear contraction of a protogalactic cloud (see
Sect. 7.2 below).

The field pressure also leads to a magnetically induced Jeans length, below which density
perturbations cannot grow (Subramanian and Barrow 1998; Sethi and Subramanian 2005).
As a fraction of the Hubble radius, this purely magnetic Jeans scale is (Tsagas and Maartens
2000a; Barrow et al. 2007)

λJ ∼ caλH . (41)

Setting B ∼ 10−9 G, which is the maximum homogeneous field strength allowed by the
CMB (Zeldovich 1970a; Barrow et al. 1997), we find that λJ ∼ 10 kpc. Alternative,
magnetic fields close to 10−7 G, like those found in galaxies and galaxy clusters, give
λJ ∼ 1 Mpc. The latter lies intriguingly close to the size of a cluster of galaxies.

Overall, the magnetic effect on density perturbations is rather negative. Although mag-
netic fields generate this type of distortions, they do not help them to grow. Instead, the
magnetic presence either suppresses the growth rate of density perturbations, or increases
the effective Jeans length and therefore the domain where these inhomogeneities cannot
grow. This negative role of magnetic fields, which was also observed in the Newtonian
treatment of Ruzmaikina and Ruzmaikin (1971), reflects the fact that only the pressure part
of the Lorentz force has been incorporated into the equations. When the tension component
(i.e. the elasticity of the field lines) is also accounted for, the overall magnetic effect can
change and in some cases it could even reverse (Tsagas and Maartens 2000b).

Magnetic fields also induce and affect rotational, vortex-like, density inhomogeneities
(Wasserman 1978; Tsagas and Maartens 2000a). To linear order, these are described by the
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vector Wa = −(a2/2ρ)εabcDbDcρ, with εabc representing the 3-D Levi-Civita tensor. Then,
on an spatially flat FRW background,

Ẅa = −4H Ẇa − 1

2
ρWa + 1

3
c2

a D2
Wa, (42)

after matter-radiation equality (Tsagas and Maartens 2000a; Barrow et al. 2007). Defining
λa = caλH as the Alfvén horizon, we may write the associated solution in the form

W(k) = C1t
α1 + C2t

α2 , (43)

with α1,2 = −[5 ±
√

1 − (48/9)(λa/λk)
2
0]/6. On scales far exceeding the Alfvén horizon,

λa ≪ λk and the perturbed mode decays as W ∝ t−2/3. This rate is considerably slower than
W ∝ t−1, the decay rate associated with magnetic-free dust cosmologies. Well inside λa, on
the other hand, magnetized vortices oscillate like Alfvén waves, with (Tsagas and Maartens
2000a)

W(k) ∝ t−5/6 cos

[

2
√

3

9

(

λa

λk

)

0

ln t

]

. (44)

Thus, the effect of magnetic fields on a given vortex mode is to reduce its standard depletion
rate. Analogous is the magnetic effect on ωa , namely on the vorticity proper. Hence, magne-
tized cosmologies appear to rotate faster than their magnetic-free counterparts. In contrast
to density perturbations, magnetic fields seem to favor the presence of vorticity. This quali-
tative difference should probably be attributed to the fact that the tension part of the Lorentz
force also contributes to (42).

In addition to scalar and vector perturbations, magnetic fields also generate and af-
fect tensor-type inhomogeneities that describe shape-distortions in the density distribution
(Tsagas and Maartens 2000a). An initially spherically symmetric inhomogeneity, for exam-
ple, will change shape due to the magnetically induced anisotropy. All these effects result
from the Lorentz force. Even when the latter is removed from the system, however, mag-
netic fields remain active. Due to its energy density and anisotropic nature, for example,
magnetism affects both the local and long-range gravitational fields. The anisotropic mag-
netic pressure, in particular, leads to shear distortions and subsequently to gravitational-wave
production (Caprini and Durrer 2002; Tsagas 2002; Wang 2010). Overall, magnetic fields
are a very versatile source. They are also rather unique in nature, since they are the only
known vector source of energy. An additional unique magnetic feature, which remains rela-
tively unexplored, is the field’s tension. When we add to all these the widespread presence
of magnetic fields in the universe, it is not unreasonable to say that no realistic structure
formation scenario should a priori exclude them.

7.2 Aspects of the Nonlinear Regime

The evolution of large-scale magnetic fields during the nonlinear stages of structure for-
mation is addressed primarily by means of numerical simulations. The reason is the high
complexity of the nonlinear MHD equations, which considerably hampers analytical stud-
ies, unless certain simplifying assumptions are imposed.

The simplest approximation is to assume spherically symmetric compression. Realistic
collapse, however, is not isotropic. In fact, when magnetic fields are present, their generi-
cally anisotropic nature makes the need to go beyond spherical symmetry greater. Certain
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aspects of anisotropic contraction can be analytically studied within the Zeldovich approx-
imation (Zeldovich 1970b). The latter is based on a simple ansatz, which extrapolates to
the nonlinear regime a well known linear result. The assumption is that the irrotational
and acceleration-free linear motion of dust, also holds during the early nonlinear stages
of galaxy formation. This allows the analytical treatment of the nonlinear equations, leading
to solutions that describe anisotropic (one dimensional) collapse and to the formation of the
well-known Zeldovich pancakes.

Suppose that magnetic fields are frozen into a highly conductive protogalactic cloud that
is falling into the (Newtonian) potential wells formed by the Cold Dark Matter (CDM) sec-
tor.4 Relative to the physical coordinate system {rα}, the motion of the fluid velocity is
uα = 3Hrα + vα , where H = ȧ/a is the Hubble parameter of the unperturbed FRW back-
ground and vα is the peculiar velocity of the fluid (with α = 1,2,3). Then, the magnetic
field induction equation reads (Bruni et al. 2003)

Ḃα = −2HBα − 2

3
ϑBα + σαβBβ, (45)

where ϑ = ∂αvα and σαβ = ∂〈βvα〉 are the peculiar volume scalar and the peculiar shear
tensor respectively.5 The former takes negative values (i.e. ϑ < 0), since we are dealing
with a protogalactic cloud that has started to turn around and collapse. Also note that the
first term in the right-hand side of (45) reflects the background expansion, the second is
due to the peculiar contraction and the last carries the anisotropic effects. Introducing the
rescaled magnetic field Bα = a2Bα , the above expression recasts into

B
′
α = −2

3
ϑ̃ Bα + σ̃αβ B

β , (46)

with primes indicating differentiation with respect to the scale factor. Also ϑ = aHϑ̃ and
σαβ = aHσ̃αβ , where ϑ̃ = ∂α ṽα and σ̃αβ = ∂〈β ṽα〉 (with ṽα = ax ′

α and vα = aHṽα). In the
shear eigen-frame, σ̃αβ = (σ̃11, σ̃22, σ̃33) and (46) leads to

B
′
1 = −2

3
ϑ̃ B1 + σ̃11 B1, (47)

with exactly analogous relations for the rest of the magnetic components. The resulting
system describes the second-order evolution of magnetic fields, which is frozen-in with the
highly conductive matter of a collapsing protogalaxy, within the limits of the Zeldovich
approximation. To obtain analytical solutions, we recall that in the absence of rotation and
acceleration, the peculiar volume scalar is given by

ϑ̃ = λ1

1 + aλ1
+ λ2

1 + aλ2
+ λ3

1 + aλ3
. (48)

At the same time,

σ̃11 = λ1

1 + aλ1
− 1

3
ϑ, (49)

4The Newtonian theory is a very good approximation, since we are dealing with non-relativistic matter and
the scales of interest are well inside the curvature radius of the universe.
5When dealing with purely baryonic collapse, the Zeldovich ansatz only holds during the early stages of the
nonlinear regime, when the effects of the fluid pressure are negligible. Assuming that the contraction is driven
by non-baryonic CDM, means that we can (in principle) extend the domain of the Zeldovich approximation
further.
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while analogous expressions hold for the other two shear eigenvalues. Note that λ1, λ2

and λ3 are the eigenvalues of the initial tidal field that determine the nature of the col-
lapse (Matarrese 1996; Bruni 1996). One-dimensional collapse along, say, the third eigen-
direction is characterized by λ1 = 0 = λ2 and by λ3 < 0. In that case, the pancake singu-
larity is reached as a → −1/λ3. Spherically symmetric collapse, on the other hand, has
λ1 = λ2 = λ3 = λ < 0. Then, we have a point-like singularity when a → −1/λ.

Substituting, (48) and (49) into the right-hand side of (47) we arrive at the solution

B1 = B0
1

[

(1 + a0λ2)(1 + a0λ3)

(1 + aλ2)(1 + aλ3)

](

a0

a

)2

, (50)

for the first of the magnetic components. A similar calculation leads to exactly analogous
equations for B2 and B3. The zero suffix in the above indicates a given time during the pro-
togalactic collapse. The ratio a0/a in parentheses reflects the magnetic dilution due to the
background expansion and the brackets monitor the increase in the field’s strength caused
by the collapse of the protogalactic cloud. According to (50), when dealing with pancake
collapse along the third eigen-direction, the B3-component decays as a−2, while the other
two increase arbitrarily as a → −1/λ3. Alternatively, during a spherically symmetric con-
traction, the magnetic field evolve as

B = B0

(

1 + a0λ

1 + aλ

)2(
a0

a

)2

. (51)

Here, all the magnetic components diverge as we approach the point singularity (i.e. for
a → −1/λ). Comparing the two results, we deduce that the anisotropic (pancake) collapse
leads to a stronger increase as long as λ3 < λ. The later is always satisfied, provided that the
initial conditions are the same for both types of collapse, given that λ3 = ϑ̃0/(1 − a0ϑ̃0) and
λ = ϑ̃0/(3 − a0ϑ̃0) [see expression (48) above].

Our qualitative analysis indicates that magnetic fields trapped in an anisotropically con-
tracting protogalactic cloud will increase beyond the limits of the idealized spherically
symmetric collapse. Also, the amplified magnetic fields will end up essentially confined
to the galactic plane. Quantitatively, the achieved final strength depends on the time the
magnetic back-reaction has grown strong enough to halt the collapse (Zeldovich et al.
1983). Thus, the longer the anisotropic collapse persists, the stronger the residual mag-
netic fields. The analytical study of Bruni et al. (2003), in particular, showed that (re-
alistically speaking) the anisotropy could add one or two orders of magnitude to the
magnetic strength achieved through conventional isotropic compression. These results ap-
pear in very good agreement with numerical studies simulating shear and tidal effects
on the magnetic field evolution in galaxies and galaxy clusters (Roettiger et al. 1999;
Dolag et al. 2002).

8 Summary

The cosmic web, a network of filaments and nodes wherein most galaxies reside, is a predic-
tion of the highly successful �CDM cosmology and appears to be borne out by simulations
and observations. The web is filled with an ionized plasma, the IGM, which is expected to be
permeated by magnetic fields. In this chapter, we reviewed recent developments in our theo-
retical understanding of the nature and origin of IGMF with a special focus on fields outside
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of clusters. We addressed two basic questions: First, “Can the process of structure forma-
tion generate seed magnetic fields and amplify them?” and second, “What role do magnetic
fields play in structure formation and in other astrophysical processes?” We presented sev-
eral plasma physics mechanisms for the generation of seed magnetic fields, and showed that
these fields could be amplified during the first star formation and later during the formation
of the cosmic web. We saw that magnetic fields with a strength of 〈B〉 ∼ 10 nG are expected
in filaments at the present universe, while magnetic fields should be stronger in and around
clusters/groups. We then discussed the effects and implications of magnetic fields on the
formation of the first stars. We also presented a formal treatment of the evolution of den-
sity perturbations in the presence of magnetic fields and their effects on the formation of
structures.

Magnetic fields in the IGM are difficult to be observed, mainly due to the weak nature
of them, as well as due to the diffuseness of the media. However, the next generation radio
interferometers including the Square Kilometer Array (SKA), and upcoming SKA pathfind-
ers, the Australian SKA Pathfinder (ASKAP) and the South African Karoo Array Telescope
(MeerKAT), as well the Low Frequency Array (LOFAR) will enable us to investigate mag-
netic fields outside clusters with high-sensitivity observations of synchrotron radiation and
RM (see, e.g., papers in Carilli and Rawlings 2004).
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