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Using the method of the two-time Green’s function, both static and dynamic properties
of low dimensional spin systems with an anisotropic exchange interaction were investigated.
It was shown that the magnetic behaviours of one- and two-dimensional spin systems are
considerably different from those of the usual three-dimensional systems. That is, the transi-
tion temperature is lower than that expected from the magnitude of the coupling constant
when an anisotropy is small enough. The short range order is developed more remarkably
in the neighbourhood of the transition temperature. The damping constant increases in both
ferro- and antiferromagnet with decreasing temperature owing to the anomalous growth of
fluctuation. At the same time a broad shoulder is developed in the line shape, which may
be considered as indicating quasi-collective modes of motion which persist in the paramag-
netic phase.

§ 1. Introduction

Recently many experiments have revealed the magnetic properties of complex
salts like Cu(NH,), SO,-H,0,”® Cu(CH;COO),-3H,;0¥ and CoCl,:-2H,0%, etc.,
which are considered to have a rather strong magnetic coupling along a particular
axis. Their magnetic behaviours have several features different from those of
the usual three-dimensional spin systems. That is, the transition temperature is
considerably lower than that expected from the magnitude of the coupling constant.
Near the transition temperature the behaviours of susceptibility and specific heat
deviate strongly from that in the simple molecular field theory. Anomalous
relaxation phenomena are found in the vicinity of the transition point.

A number of theoretical works have been devoted to the study of static
properties. However, only in the case of a plane and a linear Ising spin systems
exact solutions have been found for the transition temperature, the specific heat,”
the spin polarization,” and the magnetic susceptibility.””® On the other hand,
on the Heisenberg spin system, only a linear chain system has been investigated

9~ The dynamical properties of low dimensional spin system have

13),14)

extensively.
scarcely been investigated theoretically.

The aim of this paper is to treat both static and dynamic properties and
their relations in the low dimensional spin systems, and to look for the cause
of difference between the lower dimensional systems and the three-dimensional
one.

These problems are investigated here by using the Green’s function method
for two reasons. First, it allows us to treat both static and dynamic behaviours
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Magnetic Properties of Low Dimensional Spin Systems 175
in the same theoretical framework, as was shown in Tomita and Tanaka’s paper.’”*
Secondly, several papers have already succeeded in obtaining reasonable descrip-
tions of the spin systems by means of this method.*>~*”

The response function of a transverse component is identical with the follow-

ing Green’s function'

G (rifrs, ti— 1) =0 (&, — 1) <[ S, 1), Sy, () 1D

=22 |G @l ) exp (gt g exp {—in (6~ )} do,
| (1D

where the step function @ (¢) is defined by

1, >0,

@(Z):%O, £<0,

{--+> is a canonical average and N indicates the total number of spins. Therefore
the Green’s function G~ (q1]qs» ») is directly related to the generalized transverse
susceptibility x*~ (g, w).

In § 2 the transverse static correlation functions are derived and the transi-
tion temperature, the paramagnetic polarization and the susceptibility are inves-
tigated both qualitatively and quantitatively. Also a discussion will be given of
the degree of the short range order on the basis of the sum rule. Section 3 is
devoted to the behaviour of the damping constant. In §4, the line shape of the
magnetic resonance absorption is studied. The approximations employed in this
paper are examined in § 5.

§ 2. Static properties

2.1) Correlation functions

Let us consider a plane system of Heisenberg spins with S=1%, which lies
in the x-z coordinate plane. The Hamiltonian is then given by

H=—=3100(r)S,"+ Z_‘;; J (72— 52) 0 (1 = 52) {S°SS"+ 5 A — ) (8,7 8,™ + 8,78, }

s

-+ 7 L:; J(?",;, - Sa;) 67-, (rz - Sz) {S'rOS.sO + % (1 — CK) (ST'AI— S-sﬁ + ST—S'5'+) } 4 (2 ’ 1)

where the notation §;() means Kronecker’s ¢ function. The first term stands
for the Zeeman energy (w,(r) =yH(r)), and the second and the last terms are
the anisotropic exchange energy of intra- and inter-spin chain, respectively. The
exchange coupling J(x) is assumed to be nonvanishing only between the nearest
neighbouring spins. The parameter 7 denotes the ratio of coupling constants
along two coordinate directions; that is, for =0, the system is reduced to a

*) Hereafter, this paper will be referred to as T-T. (See Appendix I.)
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176 K. Kawasaki

one-dimensional system along z-axis. The notation « is a parameter which in-
dicates the degree of anisotropy in the exchange energy; when « =0, the interac-
tion becomes isotropic, and when a =1, the system is reduced to an Ising model.

Under the Hamiltonian Eq. (2-1), the equations of motion of the Fourier
transformed Green’s functions are given by

0GEF (k|k', 0) = £12(S% £ 3 0, (q) G*F (k— q|k’; »)

i%§D<q,k—q)GOH(k—q,gw;w), 2-2)
where |
D(g, k—q) = (1—a)J(0) (cos g;+7 cos g,) —J(0) {cos (k;—q.) +7 cos(ky—aqu)},
(2-3)

and the Fourier transform is defined by
1 . '
Ap=— 21 A(qg)exp(—igx). (2-4)
N ‘q

The so-called random phase approximation is introduced to close the hierarchy
of the Green’s functions. The nonvanishing component of the polarization ¢ (gq)
=N"'(S%(q) > is nothing but the one including a value of g which is identical with
that of the impressed static field, i.e. g=0 for a uniform field w,(0) and g==
for a fictitious staggered field w,(®).

The solution of Eq. (2-2) can easily be obtained as follows:"

Ag (7?’, k— 71')
Vd,(k—n, w) 4, (k, 7)

G (k| —k; 0) =i0 ()

1 1 ]
X : + N
[w—\/do(is——fz,m)do(k, w) o+ (k—m, ®) 4k, 7)
for a staggered field, (g=w) (2-5)
_ 20(0) N
w— Ao (Iyﬁf, 0)
for a uniform field, (g=0) (2-6)

where

4o (k, q) = w0 (q) +0 (@) Dk q) -

Transforming this solution into an ordinary correlation function the transverse
static correlation function is found to be

13 ={Sk* S %)
1

. ¥7N0‘<77) Ao <i‘i - 73',72’) U , :
N Vi (k—m, %) 4, (k, ®) coth 2%k ;T v 4, (b—m, m)dy(k, m)
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Magnetic Properties of Low Dimensional Spin Systems 177

for g=mw, (2-7)
=2N0g (0) /{1 —exp(— 4o (k, 0) /ksT") }
for g=0. (2-8)

In the same way, the other transverse static correlation function can be easily
obtained as

Tie6=T% % for g=m, (2-9)
=77 7%~ 20 (O) N for ¢=0. (2-10)

In the paramagnetic region 0(q)/ksT is small enough compared with unity, so
that

20 (q)
tio =17 = NeaT s (2-11)

0
under the external wavy field characterized by the vector q.
2.2) Transition temperature

In order to get the transition temperature, the sum rule for S=4%
1 _ -
— 20Ukt re ) =1 (2-12)
N %

is now invoked. Inserting Eq. (2-11) into the above relatidn, the transition
temperature 7y (or T'x) is determined by requiring that the polarization ¢ (0Q)
(or 0(w)) is nonvanishing when the applied field w,(0) (or w,(®)) on the fer-
romagnet (or antiferromagnet) is reduced to zero.

|JO) [ (A +7) /45T w=1J(0) | (1 +7) /4ksT o,

1 1 .
“Nzlc'J 1— ((A—a)/A+7)) (cos k,+7 cos ky) (2-13)

If the summation in Eq. (2-13) may be replaced by a corresponding integration,

the following formula is easily obtained,

|J0) | (1 +7) /4ksT o= §1—§&, 1 2

L ek BN /07 2-14
VA-H9E) v @ 2 ( )

where
o=0-a)/A+7),
£a=[{1—- Q=)0 =V {10 —7) 0P —47°0"1 /290,
g€ = @oé—10"=0",
Vi=—gE)/9¢&), #=Q0Q-8&)/AQ-8D, =g/,
and F(k) is the elliptic integral of the first kind.® This is a fundamental
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178 K. Kawasaki

relation between the transition temperature and the parameters « and 7.
Let us now look into several extreme cases with respect to the value of
parameters. In the linear system (7=0), Eq. (2-14) is rewritten as

|J(O) | /4ksTo=1/Y1— (1—a). (2-15)

When the exchange interaction becomes isotropic, i.e. =0, this expression is
consistent with the theorem that a linear spin system has no critical point.’”
In the case of nonvanishing «, however, according to the present formula, the
linear spin system exhibits a transition point. The transition temperature is
proportional to the square root of «a in the vicinity of =0 and it is the same
as that of the molecular field theory in the Ising limit a=1.

In the planar system with 7=1, the transition temperature is obtained in

the form

|J(0)|/2ksT o= (4/ 1—a)) Vo (@) - (2/m)F(w(x)), (2-16)

where

The transition temperature tends to zero as the anisotropic parameter « is de-
creased, and it vanishes for ¢=0. It becomes

|J(0)|/2ksT =140 (ax) /4, (2-17)

in the nearly Ising case (a=1).
The more quantitative relation between the transition temperature and pa-
rameters « and 7 is shown in Fig. 1.

2.3) The spin polarization
The paramagnetic spin polarization is now discussed in the presence of a

uniform external field. From Egs. (2-11) and (2-12) the following equation
can be obtained:

_ 1 ¢ |J(0) | 0, (0)
1/2—“0)1\]%”&1[ 2eyT <1+77){]J(0)|(1+77)

16 (0) (1—11;0; (cos &y +1 cos k))}] (2-18)

where the upper sign refers to a ferromagnet and the lower sign to an antiferro-
magnet. The argument of coth is nothing but the product of (|J(0)|/2k5T")
X (147) and the excitation energy from the ground state, which should not be
negative as far as only stable solutions are concerned. Therefore the condition
cO=1/C+a)) (@) /|JO)|(1+7)) is derived for the antiferromagnetic spin
polarization,* under which Eq. (2-18) determines the spin polarization uniquely

* In the ferromagnetic cases, the argument of coth is always positive. Therefore there is no
condition for spin polarization. ~
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Muagnetic Properties of Low Dimensional Spin Systems 179

as a function of temperature and field.®

Equation (2-18) must be solved nu-
merically except a few limiting cases men-
tioned in the following. When ,(0)/
kzT>1, the spin polarization is generally
given by

7(0) =1 tanh (0, (0) /2kzT), (2-19)

which is exactly the same formula®™ as
that found for an independent spin system.
In the opposite limit, i.e. w,(0)/kzT <1,

0 1 @ the spin polarization is proportional to
0 05 10 o (0) /ksT.
Fig. 1. The transition temperature as a func- 2.4) The paramagnetic susceptibility
tion of @ and 7 in the plane Heisenberg '
magnet. T denotes the transition tem- Using Eq. (2-18) and the relation

perature |J(0)|(1+%)/4kp, given by the % (1) =lim , (4= (0 (0) /0o (0)), the para-
molecular field theory. magnetic susceptibility x(7") is determined
from the following equation:

|JO) | (X +) /4kesT
Ll 1

N T 1/1JO) [ A+7) 2 (T) £ {1— (A—a)/(A+7)) (cos k+7 cos k) }
(2-20)

where the upper sign refers to ferromagnet and the lower sign to an antiferro-
magnet. A useful relation is derived from the above equation, i.e.

1/(JO A+, (1)) =1/(JO) [ A+ %a(T)) -2, (2-21)

where, %;(1") and x,(71') are the ferro- and antiferromagnetic susceptibilities,
respectively.

Replacing the summation by the corresponding integration, we can easily
calculate the right-hand side of Eq. (2-20)

y §1—6, 1 2
J 4] BY = et —— ~— L1 () .
|J(0)| (X +7) /4k Ja EYIORE. (k) (2-22)

where &, &, and g(§) are redefined as follows:

*) For example, we investigate a linear spin system with a=0 at absolute 0°K. Replacing the
summation in Eq. (2-18) by the corresponding integration, the following results are obtained.

A ferromagnetic linear chain system has no spontaneous spin polarization. On the other
hand, for an antiferromagnet, ¢(0) =1/2 for we(0)/|J(0)|=1, and ¢ (0) = (w0 (0)/|J (0)|) (1 +sinz/4e(0))
for wy(0)/1J(0)|<<1. There is an infinite series of solutions, namely, for wy(0) =0, the relation ¢(0) =
1/6n (n=1, 2, ---, o) satisfies Eq. (2-18), but from the above condition, only ¢(0)=0 must be
regarded as a real solution. .
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180 K. Kawasaki

Era=[K3(T) — A=) 0" =V (KI(T) — Q=7 0 =47’ 0’ Ko (1) 1 /290K, (T,
g (&) = (et —K,(T))Y —¢°

and
K, (T)=1+1/1J00) | A +9) %, (T). (2-23)

After a straightforward calculation the Curie-Weiss formula is found in the high
temperature limit,

tor =g (2-24)
where

C=1/4ky
and

6 =|JO)| (1+7)4dks.

If we replace &,(7") by unity, Eq. (2-22) coincides with Eq. (2-14) which
determines the transition temperature. Therefore, at the transition point, the
susceptibility for an antiferromagnet |J(0)|(1+79)%.(T) is one half and for a
ferromagnet %,(7") is divergent. Near the critical point, the paramagnetic sus-
ceptibility decreases in proportion to (7T'—7). Its coeflicient is (4kz/|J(0)])

The 7 and the temperature dependences of the susceptibilities with various
values of the anisotropic parameter are shown in Fig. 2 for the antiferromagnet.

It is interesting to compare the present results with those of the molecular

IT(ONX(T)
i molecular field theory
ITION(1+7) X, (T) astl_ |
@=0 > '\ present result
- —-a=05 i N Bulaevskii =
0.5~ ? I\),\ ——— = O4r dpysy X ond Inowoshiro on%)Kc’rsur%“
\\\ ‘molecular field theory b3/ O\ Bonmer-Fisher
\\\ \\\ 0'3‘—)‘/ ’;‘_h AN
N S BN
04+ Ozut/;:jiGri:‘ffifhs'ZC) \\\
’ ¥mec:n value Tl
e [
03k  ontiferromagnet . oIl
L {N:10}
’ /TMC ! 0 ! : . L ,T/TMC \
0 1.0 20 0 10 20 30 40 50
Fig. 2. Antiferromagnetic susceptibility versus the Fig. 3. Antiferromagnetic susceptibilities

temperature 7/7Tye  The solid lines represent
the case of =0 and the broken lines a=0.J5.

of an isotropic linear chain in various
theories.

*) If @=0, the paramagnetic susceptibility decreases in proportion to (T—7T¢)%
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9),12a)~12¢)

field theory and other previous theories. As to the linear Heisenberg

spin system this comparison is made in Fig. 3.

2.5) Short range order

Although there is no long range order in the paramagnetic region, the short
range order is persisting mear the transition temperature. The behaviour of this
short range order is investigated on the basis of the sum rule indicating the
total spin conservation Eq. (2-12).

For the sake of simplicity, let us confine ourselves to the case of isotropic
Heisenberg ferromagnet (a¢=0) and 7 is zero or unity. Using the long wave
approximation, Eq. (2-12) is rewritten as follows:

1= AksT  c(d) J ’ L kb
JO)[(A+7) a° Do K(T)—1+F/2d

L AT oD (T .
JO) | Aty 7 ﬁ”(@d ’ (2-25)

where 7 (k) indicates the number density with the k-mode, ‘d’ the dimension of
a system and c¢(d) the integration of the angular part.

At high temperature, 2(k) slowly varies with %, while near the transition
temperature , as shown in Fig. 4, it has a fairly sharp peak at a certain value
of wave number denoted by ky. When the temperature reaches the transition
point, only the uniform mode may exist.

It is easy to calculate the value of £y in one- and two-dimensional systems

near the critical point, i.e.
0 for the one-dimension, .
k= R . o (2-26)
~ (T —Ty for the two-dimension.®

The reciprocal value of k; may be

.0 — a rough measure of the size of the
o di Sl o 2-dim ithin whi
= 1-dim =l short range order within which the

spin arrangement is considered spa-

O tially uniform." In other words, the

04 Q3 short range order is more developed

49 . when the temperature is lowered or
04 . . . .

| Ur the number of dimensionality is

0 O.l 02 ) d.l 0'2 smaller. The same discussion can

Fig. 4. The number density n(q) of spins with be app%led to th.e an‘tlferrf)magnet
g-mode. The numerals on the curve indicate and their £;’s are identical with those
the temperature 4kz7/|J(0)|(1+%). At the

absolute zero degree only the uniform mode o ) )
(¢g=0) is allowed. a deviation from its Bragg point.

of ferromagnet if % is regarded as

* When @40, ky=[(4/0—a)) la+ Ckg/|JO))V1—(1—a)? (T—Tg}1/% for the two-dimen-
sion.
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182 K. Kawasaki

§3. Damping constant

Now, let us discuss the damping constant in one- and two-dimensional spin
systems in the paramagnetic region. According to 7-7" (see Appendix I), the
general expression of the damping constant is given by

'r 1 @@k, q) Pk, q) (0—4i(q, 0))
Lk 0)=y5 5 . { b, q) 5D (k, q) }

((D—‘ AO (% @)>2
<o |- g |

where the notations a® (k, q), 6% (k, q) and ¢ (k, q) are the same as those listed
in Table III of the paper 7-T" except that D(g, q") should be replaced by Eq.
(2-3) and C(g,q") should be defined by the following formula:

(3-1)

Clg,q") =51 —a)J(0) {(cos g:+7 cos g,) — (cos ¢, + 7 cos ¢.”) } - (3-2)

On the right-hand side of Eq. (3-1), the term involving ¢® (k, ¢) is neglected,
for the quantity ¢® (%, g) involves the three-spin correlation, which is much
smaller than two-spin correlation at least in the paramagnetic phase. In the
usual case the wavelength of an applied field is long enough compared with
the sample dimension. Therefore, the special case k=0 corresponds to the
response of a system.

In the case of the plane spin systems with anisotropic exchange coupling,
the damping constant of resonance absorption is rewritten in terms of the
generalized susceptibilities™

I'(o, ovmm%;w(q), (3-3)
where
_ ] ART 1@ 1) 2/[ 1f [ 120"
v(@) A~/1J<0>1<1+»o>< @ h(q)) TL(q)NZg*(“/TH(q—q’)
_ Jrilg=¢DY 1/ 1.0 _T||(q+q’)>2] ,
T.L(q,) >+“f1|(41)N%’.:< 7l|(q+q’> TJ.(q/> » (3 4)
r.(q) =K (T) F iga (cos gz +7 cos ¢,)
+7
and (3-5)
TH(q):Ko(T):Fliv(COquvL??cosc_/a;),

the upper sign refers to a ferromagnet and the lower one refers to an antifer-
romagnet. As was pointed out by Tomita,'”” the damping constant consists of
two factors, i.e. the configuration disparity 7, (0) and the torque imbalance
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Magnetic Properties of Low Dimensional Spin Systems 183

2.q¢(g). In the high temperature limit, the damping constant is of common
to ferro- and antiferro magnetic spin systems, i.e.

7?,: 1 < Dz(q’ Mq)
= M*”Z-J' — ' ’
Fm(O;O) /\/2 N q\/ZJq"{D2<q,>q_—q/>+4C2(q,’ q—q,)}/N (3 6)

This is essentially proportional to the square of anisotropic parameter. The

temperature dependence of the damping constant will be discussed in more details
in the following section.

3.1) Linear spin systems (7=0)
Replacing the summations in Eq. (3:3) by the correspondmg integral, the
damping constant is easily obtained as follows:

r0,0) =alJ0) |7, (0) H (s ks T)/ (VP(T) 1)

x| R KT (5 m)} F ()

+ Ko(T) (= 2) {co/@ff (o, &) —Euf {(1— 04)51“}2 T, >}]
3-7)

where IT(V%, £*) is the elliptic integral of the third kind,”™ and the upper sign
refers to a ferromagnet and the lower ones to an antiferromagnet. The deriva-

1000

100

) ] ) I
00l 0.l 1.O 10.0 100.0
Fig. 5. The damping constant of a linear magnetic chain with various anisotropy. The notation
I’ (0, 0) indicates that in the high temperature limit. The solid lines represent the ferromagnet
and the broken lines the antiferromagnet,
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184 K. Kawasaki

tion of the above equation and various notations used in it are described in Ap-
pendix II. The temperature dependence of the damping constant for linear spin
systems with various values of anisotropic parameter was computed by using
Eq. (3-7) and the results are shown in Fig. 5. The normalized damping constant
1'(0,0)/I',(0, 0) of the ferromagnet grows monotonically with decreasing tem-
perature, while in the antiferromagnet it has a minimum value in some cases and
then becomes increasing toward the transition temperature. If the parameter «
approaches to unity, the difference between damping constants of ferromagnet
and antiferromagnet disappears. In the neighbourhood of the transition tempera-
ture, the long wave approximation should be valid because the terms with the
smaller ¢ becomes dominant. In this approximation the damping constants are
easily calculated as (see Appendix III)

(0,0 =«|J(0)|/¥4T for a ferromagnet
and (3-8)
=Ja@2—a)|J0)|/VA4T for an antiferromagnet,
where
AT=(T-Ty/T¢. (3-9)

When the temperature approaches the critical point, the torque fluctuation in-
creases in proportion to (7'—Ty)™"* both in ferro- and antiferromagnets and 7, (0)
becomes « for the former and 2—« for the latter.

100

|
1.0 0.0

Fig. 6. The y-dependence of the damping constant. The solid lines represent the ferromagnet
and broken lines the antiferromagnet. The numerals on the curve indicate the value of the
parameter_2.

1
0.l
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3.2) Plane spin systems

Since the g-integration in Eq. (3:3) is analytically impossible in this case,
it was computed numerically. There seems to be little difference in the a de-
pendence of the line width between the linear and planar spin systems. It is
rather instructive to note how the line width is affected by the magnitude of
the interaction between chains. The 7 dependence of the damping constant is
shown in Fig. 6 for the system with a=0.01.

As is easily seen, the characteristic behaviours of the line width of the
linear chain are weakened by increasing 7. That is, when 7 becomes unity,
the damping constant of the ferromagnet shows the thermodynamical slowing
down in the range T=27y and then grows up below 27 The antiferromagnets
have no dip at any temperature and increase monotonically with decreasing
temperature as is- well known in the three-dimensional case.'?®

3.3) Physical situation

It is interesting to compare the present results with those of the three-
dimensional spin systems. In the usual ferromagnet with a uniaxial anisotropy,
the resonance line width shows thermodynamical slowing down except in the
neighbourhood of the critical temperature while in the antiferromagnet it grows
monotonically with decreasing temperature. In the one-dimensional systems with
an anisotropic exchange, as was described in the previous sections, the line widths
of both ferro- and antiferromagnet show different features. This is essentially
due to the dimensionality of the system for the following two reasoms. First,
it is shown that the line width caused by the uniaxial anisotropy also has the
same tendency as that caused by the anisotropic exchange, therefore difference
does not seem to arise from the character of the interaction. Secondly, when
the system is changed into a plane system from a linear chain, the damping con-
stant approaches gradually to that of the three-dimensional case.

In order to show how the damping constant depends on temperature, the
contribution of two factors; i.e. the configuration disparity 7, (@) and the torque
imbalance 40 (g)/N, to the damping
constant is investigated in the one-dimen-
sional spin system with small & (=0.01).
In Fig. 7, their relations are shown.
Although the quantity 7, (0) is common
to both magnets in the high temperature
limit, it is reduced with decreasing tem-

~~~~~~ 0,0)x102 .
~(T-Te/ T Y] i perature and has limiting values « and
O0lg——""""5 oor—— 500

2—a for the ferromagnet and antifer-
A ) romagnet, respectivel it
disparity 71(0) and the torque disparity & pectively, at the transition

31,0(9)/N to the damping constant of a temperature. Therefore, the tempera-
linear chain with a=0.01, ture dependence of configuration dispa-

Fig. 7. The contribution of the configuration
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186 : K. Kawasaki

rity is more evident in the former case than in the latter unless « is nearly
equal to unity. On the other hand, the torque imbalance for both magnets in-
creases rapidly with lowering temperature and the rate of change with tempera-
ture is larger than 7, (0) in the neighbourhood of the transition temperature.
Therefore, in one-dimensional system the line width increases with decreasing
temperature. The thermodynamical slowing down can be seen only in the linear
antiferromagnet with small « above a certain temperature. In this temperature
range the torque imbalance of an antiferromagnet is smaller than that of the
ferromagnet while the quantities 7, (0) are almost same value for both system,
i.e. the torque imbalance plays a dominant role to show anomalous behaviours of
the damping constants of the one dimensional spin system.

The remaining points are why the torque imbalance increases more rapidly
with decreasing temperature and why it is larger in a ferromagnet than in an
antiferromagnet. By using Eq. (2:26), torque imbalance will be rewritten in
the following form,

4ksT 1 L1 o
A‘/mﬂ N; ¢ (q) 7? fOZ @f(q) n(—q)f(—q))dq,

where f(q) is considered to be the torque acted on the g-mode of spin moment.
In the case of a linear chain with the small «, f(g) is approximated from Eqg.
(3'4)3

Fl@=+acosq/VEP(T)cos® q—Q(T)cos g+ R(T),

where the upper sign refer to the ferromagnet and the lower one to the anti-
ferromagnet. The g-dependences of f(¢) in ferro- and antiferromagnets are shown
in Figs. 8. Near the transition temperature, their characters are quite different
from each other, ie. f(g) has a maximum at each Bragg point of the magnet;
i.e. at ¢=0 in the ferromagnet and g=x in the antiferromagnet, its value being

fa ferromagnet fa) antiferromagnet
(T-Te)/ Te
. — O

W —— 1.0

0 77 a

Fig. 8. The torque f(g) acted upon the spin moment with g-mode in the case of a
linear chain with «=0.01,
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smaller in the latter than in the former. This tendency may be attributed to
the following facts: we are now concerned with the resonance line width under
the constant external field (w,(0)<|J(0)]). In addition to the internal field due
to the exchange coupling, the spin system is affected by this external one. In
a ferromagnet, these two fields will cooperate to make the system uniform, while
the opposite situation occurs in an antiferromagnet, namely the effect of the
internal field makes the spin antiparallel and is reduced by the external one.
Of course these characters will gradually decrease as the thermal agitation
increases. Furthermore, it is easily seen that the number density 2(¢) for the
ferro- and antiferromagnets reflect each other about ¢g=n/2. Therefore the total
torque (1/7) {7(q) f(¢)dq and its correlation are always larger in the ferromagnet
than in the antiferromagnet and increase with decreasing temperature.

When the dimensionality of the system becomes larger, as is shown in Fig.
4, the g-value contributed dominantly to z(g) shifts to the larger (smaller) g¢-
mode in the ferromagnet (antiferromagnet), and the short range order effect is
reduced. Since the g-dependence of fluctuation has the same tendency as that
of a linear chain, the important g-values in each of n(¢) and f(q) are different
and separated. The torque fluctuation is then reduced as compared with one-
dimensional case. Moreover the thermodynamical slowing down in the plane
antiferromagnetic damping constant is not remarkable because the quantity
7. (0) varies more slowly with temperature than that of a linear chain. Under
these circumstances, the characteristic behaviours of linear chain are made weak-
ened.

Finally let us consider the «-dependence of the damping constant. When
« increases, the torque f(q) becomes large while the number density 7(g) has
a more broadened shape in momentum space. Therefore the effect of the short
range order is reduced. Consequently, although the damping constant itself
becomes large with increasing «, the rate of change of the damping constant
r,0)/I',(0,0) with temperature becomes gradually small and the difference
between ferro- and antiferromagnet vanishes in the limit a—1.

- §4. Line shape of resonance absorption

In order to see the dynamical behaviour in more detail, it is necessary to
study the line shape of the resonance absorption as well as the damping constant.
The line shape function is derived according to the paper T-T™

() = 26 (0) ' (0, w) ’
[o—40,0) T+ [I(0,0)T

(4-1)

where I'(0, ») and 4(0,w) stand for the frequency dependent damping constant
and its shift respectively. Namely
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a® (0 )

I, w>-«/2 NI b0 g (/28O g, (4-2)

a® ( q>

1
4(0, w>—¢2NL ol e (@250, ) |

and

2200 @)

exp(y)dy  (4-3)

Q=w0—4(0,0). (4-4)

The central intensity (£=0) is given by

I(4) =0(0)/1'(0, 0) (4-5)

which is a measure of the line shape.
The temperature dependence and -
and 7-dependence of 7(0) are shown
in Fig. 9 for the linear chain. The
intensity curves have a maximum at
In the high
temperature, ¢(0) is an infinitesimal
small and 77(0,0) becomes constant
owing to the thermal agitation. Both
the spin polarization ¢(0) and the
damping constant 77(0,0) increase
with the decreasing temperature as

a certain temperature.

was seen from previous sections.
Near the transition temperature, the
former has an upper limit (saturated
polarization) while the latter diverges
because of the critical fluctuation.
Therefore there may be a possibility
of the existence of a hump in the
temperature dependence of the central
intensity.

Next, the line shapes are studied
by numerical analysis and are shown
in Fig. 10 for the linear chain with
Paramagnetic
resonance line shape has been

various anisotropy.

conventionally considered to be a

Lorentzian or Gaussian.® The pre-
sent result, however, shows that side
peaks appear with decreasing tem-
perature. It becomes more remarka-

1{0)

(T-Te)/ Tz

1 ' 2 1 1 L 1 t 5 1

O S 0]

Fig. 9. The intensity of the magnetic resonance
absorption for the linear chain with respect to
the reduced temperature (T'—T¢)/T¢. The nu-
merals on the curve indicate the degree of
ansiotropy @. The solid lines correspond to
the ferromagnet and the broken lines to the
antiferromagnet,
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Tiw)
1

antiferromagnetic linear chain

Tl

@ =00 *

Ol
T/TMC=OAOl

0 : = 0 .

0 05->w/IJ0) "0 10 = w/|J(0)

ferromagnetic linear chain

) Tw)
300 50
200
100

0 ' ~ : 0 S

0 00l 002 003 “J(o) 0 05 YOl

Fig. 10. The line shapes of the magnetic resonance absorption for the linear magnetic
chains with various anisotropy .

ble with increase of anisotropy. Near the transition temperature, fluctuations are
fairly developed while spins will arrange almost spatially uniform in the ferromagnet
or alternatively in the antiferromagnet according to the anomalously developed
short range order. In this situation the quasi-collective mode'™ may be seen and
this will correspond to the separate peaks.

Finally, the experimental data are examined. There are several samples
which are considered to be nearly linear magnetic chain. The damping constant
for Cu(C:H;COOQO),-3H,0” has a minimum at a certain temperature if the constant
field is applied in a suitable direction. It grows monotonically in the antifer-
romagnet Cu(NH;),SO,-H,0” with decreasing temperature. These behaviours
may be explained qualitatively within the present theory (see Figs. 5 and 6).
A ferromagnetic chain system is found along c-axis in CoCl,-2H,0. The concept
of the cluster resonance® for an Ising spin is introduced to explain the anomaly
of the intensity for the resonance absorption, However, it seems more appro-

220z 1snbny |z uo1sanb Aq 0990181 /v . L/Z/Z/elonie/did/woo dnoolwspede)/:sdyy woly papeojumoq



190 K. Kawasaki

priate to treat this matter as a Heisenberg spin chain with a strong anisotropy.
From our point of view, the facts that the absorption intensity decreases with
lowering temperature and that double peaks appear in this substance may be
due to the anomalous development of the short range order in this system,

§ 5. Discussion

Although it is an advantage of the Green’s function method that both static
and dynamic quantities can be treated within the same theoretical framework,
several approximations have been invoked in practice. The most important ap-
proximations used in this paper are the following. First, higher order Green’s
functions were decoupled into a sum of products of lower order Green’s functions
and the static average. The truncation of higher order Green’s function leads
to the result that the local fluctuation of spins will be more or less smeared
out. Secondly, in order to derive the damping constant, the torque correlation
was assumed to be Gaussian in its time dependence. The assumption of the
Gaussian decay will be reasonable in the high frequency limit and be enough
to give an overall line spread. However, there is a possibility of improving
this assumption when the line shape is under discussion. Thirdly, the static
correlation functions, in terms of which the damping constant is expressed, were
calculated at the lowest step of the equation of motion, though the third step
is, at least, necessary in derivation of the general expression of the damping
constant. That is, each quantity was obtained in the lowest approximation
respectively. However, the present treatment may involve self-inconsistency
between the static and dynamic quantities.

In spite of these approximations, the present treatment succeeded in ex-
plaining the unusual character of the lower dimensional spin systems; when the
anisotropy is small the transition temperature becomes much lower than that
given by molecular field theory. The effect of the short range order is the most
remarkable in the linear chain. Owing to the anomalous growth of fluctuations
the effect of the thermodynamical slowing down will be upset and the line width
will increase in both ferro- and antiferromagnet with the lowering of tempera-
ture. Line shapes are also calculated, which have broad shoulders in the neigh-
bourhood of the critical temperature. Their peak frequencies are determined by
the anisotropy and the temperature as was described in the previous section.
Therefore, their peaks may be concerned with the quasi-collective modes of spin
motion which persists in the paramagnetic phase.” These facts become evident
in the study of inelastic neutron scattering.’®

In order to discuss quantitatively the anomalous behaviours of magnetic prop-
erties near the transition temperature, a more accurate treatment will be needed.

The numerical integration was performed by using the so-called Gaussian
quadrature method.™ The number of division is 96 within the range of the
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wave vector [0,7]. It turned out that this number is large enough to be ac-
curate when compared with analytical results in the case of a linear chain.
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Appendix I

Summary of Tomita and Tanaka’s theory™

In the derivation of the general expression of the damping constant, the
following approximations were used in their paper.
(i) The higher order Green’s functions which were generated in the equation
of motion of the Green’s function, were decomposed into those of the lower
order ones, i.c.

G o (ki koy 0) = G (ki kos 0),
Gt (o, Tyl b 0) = {SED G0 (kol ooy 0) + SEDG M (ky| ko )

1

+ Gcﬂxlbzﬂo (kl, kz‘ ko; (D) ,
G ramatato oy, Iy, Fslbeos 0) = 2 ) (SESED G (Bslheos )

!

eyelie

-+ Z <SI€:>GCA‘2M3//«0 (kz’ kslko, 0)) + Gclbxﬂzl‘aﬂo (kb kz’ ksiko’ w) ;

eyelic

where the cumulant-type Green’s functions, G, (ki k, ky; ), etc., were intro-
duced as a remainder of the decomposition process.

(ii) In the paramagnetic range, the hierarchy of the cumulant-type Green’s func-
tions must be accounted for at least the third step. At first step, a renormalized
spectrum was found. A correction to spin wave spectrum was given at the next
step. While it was shown not to be sufficient for the discussion of the damping
in the paramagnetic range, the correct second moment of the distribution or the
correct initial curvature of the higher order relaxation function is expressed at
this stage. Therefore third step may be termed as a stochastic introduction of
damping. Consequently, the relaxation function was assumed to be the Gaussian
with the initial curvature which was evaluated at the second step.

(iii) After the above procedures, the damping constant was given in terms of
the Fourier transforms of the spatial correlations. In order to obtain the damping
constant definitely, the correlation functions were calculated by means of the
lowest order approximation.
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Appendix II
Derivation of Eq. (8-7)

Let us calculate the damping constant for the linear spin system by putting

7=0 in Eq. (3-3). In this case, the damping constant is given by
I'©, 0) =ald )7, O VAET/IO) < [ A /ri@=1/7.@)

_cosg
“VEP(TYeos a=0(Tcos + R(TY T

=alJ(0) |7, (0) VaksT/J(0)I(T), (II-1)

where

cos ¢

<q>>\/iP(T)cos qg— O(T)cos q+R(T)
P(T)=30.(T) + (1—a) U, (T),

Q(T) = {(12+2) Ku(T) + B=@) | Uu(T) + (A=) (Kol T) + D) U(T),

dq,

(1) =2+ j A/ —1/7s
7 Jo

R(T) =Ko (T) BU(T) + Uo(T)),

Ua(T) —_ ]<0(7>

VE(TY = (1—a)* a2

Hereafter the upper sign refer to the ferromagnet and lower one to the antifer-

romagnet. If we set x=cosgq, from (II-1) we obtain

BN & o 1 1
K== -ldng:'a”{"(”(x:FKocf) <1-a>2<x—T~Ko<T>/<1—a>>>}

V(A—2) (P(T) 2= Q(T) z+R(T))

After the following replacement x= (4iz-+4,)/(z+1), it is found that

(II-3)

1) = =) {5 % Ka(T) (]

—_— i j‘dt 1 >
1-a)o’ = V(9 Q) £ +9 L)) (2 (1) £+ k(1))

1 7o Ta
K, (T 17 Ag } N
PR Q=2 [t )

1
»»»»»» 114
e (9 £+ 9 (22)) (R () £ +h(/12)>} (s

where
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lipg=A{R(T) +1£v R(T) +1y=Q(T)}/Q(T),
02 =L—K,(T)Y/QA—), 71a=0y"/0:%
gD =1-22 and ~rQ)=P(TYXP—-Q(T)’+R(T). (II-5)
Using the following new variables:
p=19 Q) /91, v'=1h(A)/h(A) ],
the integrand of the first term of Eq. (II-4) is rewritten as

1 proeeed 1 B
VG E+g0) RO E+R Q) VIgQ)h Q)]
1 2777 < > le &l
J\/(Zﬂ_ﬁ)‘ (t2 —}-72)2) , QT =4R(T),
X

1

[J(ﬂg_ﬂ)(tg_m (T)>4R(T)

in the ferromagnet and

1 1 1

VGO 29N RO E+hG)  VIg@ R |V (=) (=)

in the antiferromagnet respectively. Therefore, the damping constants are rep-
resented by the elliptic integrals of the first and third kinds and can be easily
calculated. Then Eq. (3-7) results where

H (g, 203 T) = (=) /¥ g Q) ()

and the following notations are used.

Table I.

Ferromagnet for 4R(7T)<<Q(T")

and Antiferromagnet Ferromagnet for 4R(T)=Q(T)

2 v? e

K2 LR/ VE u2/ (2 +v?)
Ca Yo/ (Ya?—p?) 1/7a

Va? YE/ 7P 22/ (1%~ u?)

Appendix ITI
Derivation of Eq. (8-8)

In order to see the damping constant in the vicinity of the transition point,
the long wave approximation is used. Then it is found that in the ferromagnet

10,0 =alT )17 0) 5 T>4%-Bg€%iffzﬁ3‘“ %
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~ ﬁdq {‘AO(Y}) —!—qz—l—la Aa(Tl) +q2}V1—ZB"(qT‘T(}’ (-1
where
A (T) =2(K(T) - 1—))/(1—-a)
and
B(T) = (P(T)—Q(T)/2)/(P(T) —Q(T) + R(T)).

Since A,(T) becomes extremely small in proportion to (T'—Tg) near the tran-

sition temperature

P(T)=(1-af—re, Q(T)=2(1— a)\/ .....

«/ (T
and
1
R(TH= VAT

where
AT =2+ (4ky/J(0)) V1= (A=) (T—To).

Using above relations, 17(0,0) is easily calculated as follows:

I'(0,0) = alJ(0)|4\/AI[1 « M/rwsmh («/1 o m:/
_1Ji‘i§ L V2R e/ -a)] !]m

7N 2 e M T e d—a) ]
~IJ(O>I 4“7 V7. (I11-2)
In the antiferromagnet, we also find that
70,0 =va@—=a)|J )| VAT [(__ﬂ&jﬁ«/a(z )= L sinh \/aZZ “a)n»c/
F«/A’I +”*/1 a a’’? tan_l< '12—;%7%/ 7z2+a0€2/£1cz)7g;~—cz)zﬂ .
~Ja(2—a)|J(0) |7 VT, (1I1-3)

AT

From Eqgs. (III-2) and (III-3) the damping constants are divergent toward the
transition temperature both in ferro and antiferromagnets.
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