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Abstract: Already in the cornerstone works on astrophysical black holes published as early as in the
1970s, Ruffini and collaborators have revealed the potential importance of an intricate interaction
between the effects of strong gravitational and electromagnetic fields. Close to the event horizon of
the black hole, magnetic and electric lines of force become distorted and dragged even in a purely
electro-vacuum system. Moreover, as the plasma effects inevitably arise in any astrophysically
realistic environment, particles of different electric charges can separate from each other, become
accelerated away from the black hole or accreted onto it, and contribute to the net electric charge of
the black hole. From the point of principle, the case of super-strong magnetic fields is of particular
interest, as the electromagnetic field can act as a source of gravity and influence spacetime geometry.
In a brief celebratory note, we revisit aspects of rotation and charge within the framework of exact
(asymptotically non-flat) solutions of mutually coupled Einstein-Maxwell equations that describe
magnetized, rotating black holes.

Keywords: black holes; electromagnetic fields; general relativity; microquasars; supermassive
black holes

1. Introduction

Classical black holes are described by a small number of parameters; in particular,
the mass, electric and magnetic charges, and the angular momentum (spin) [1,2]. As a
model of cosmic black holes, these objects are spatially localized and they lack any surface;
the resulting spacetime has, by assumption, no material content in the form of fluids that
could contribute as a source of the gravitational field. These objects do not support their
own magnetic field: just the gravito-magnetical component is induced by rotation [3]. The
interacting magnetic field to which astrophysical black holes are embedded is of external
origin (Ruffini and Wilson [4]), although it may naturally interact with the Kerr-Newman
intrinsic charge [5].

This approach was employed by a number of authors to address the problem of elec-
tromagnetic effects near a rotating (Kerr) black hole. On the other hand, self-consistent
solutions of coupled Einstein-Maxwell equations for black holes immersed in electromag-
netic fields have been studied only within stationary, axially symmetric electro-vacuum
models. It soon appeared that the test electromagnetic field approximation was fully
adequate for modeling astrophysical sources; however, the long-term evolution of magneto-
spheres of rotating black holes and the consequences of strong gravity remained still open
to further work [6,7]. To explore the latter, the intriguing effects of ultra-strong magnetic
fields, we employ an axially symmetric solution that was derived originally in the 1970s in
terms of magnetization techniques [7,8].

Although the main aim and the motivation of our present contribution is to briefly
summarize some of the aspects of magnetized black holes that have been explored over
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six decades of intensive research, and where the honoree and his collaborators published
a number of widely cited discoveries, we will mention also some interesting features of
the induced electric charge that occur in this regime and are explored to date. In fact, the
generation of magnetic fields goes hand in hand with the creation of corresponding electric
fields which always arise in moving media and, for that matter, they appear once a rotating
body is involved.

2. Magnetized Kerr—-Newman Black Hole in Charge Equilibrium

We can write the system of mutually coupled Einstein-Maxwell equations (Chan-
drasekhar 1983 [1]),
Ryv - %Rg;w = 87TT;41// 1)

where the source term T}, is of purely electromagnetic origin,

1 1

and *F,, = e uf? Foe. Let us first consider a strongly magnetized Kerr-Newman (MKN)
black hole. This is an electro-vacuum spacetime solution with a regular event horizon
that satisfies the conditions of axial symmetry and stationarity. Hence, it adopts a general
form [9,10]

ds? = f1[e7(dz? + dp?) + p* dg?| — f(dt — wdp)?, 3)

with f, w, and -y being the functions of cylindrical coordinates p and z only because of the
assumed symmetries. Although in the weak electromagnetic field approximation the Kerr
metric gives the line element [11], the case of a strong magnetic field is different, especially
at large values of the cylindrical radius. This is because of the magnetic field curving
the spacetime and changing its asymptotical characteristics into a non-flat (cosmological)
solution (see, e.g., Gal'tsov 1986 [12]).

Christodoulou and Ruffini [13] introduced the magnetic and electric lines of force that
are defined, respectively, by the direction of Lorentz force that acts on electric/magnetic
charges,

dut
dt

In an axially symmetric system, the equation for magnetic lines of force adopts a form
that is fully expected on the basis of classical electromagnetism,

o *Flu?, —— o« F'u’. (4)

dr_ Top o dr Toy 5)

dé  Fy’ dp Fe’
By employing the solution generating technique [14], Garcia Diaz 1985 [15] gave a very
general and explicit form of the exact spacetime metric of a strongly magnetized black hole:

ds? = |A]2S (A*l dr + d6? — AA~! dtz) + A5 T Asin0(dg — wdt)?,  (6)

where X(r,0) = r*> +a?cos? 0, A(r) = r* —2Mr +a®> + 2, A(r,0) = (r* +a?)? — Aa*sin® @
are the well-known metric functions from the Kerr-Newman solution. The event horizon
exists for a? + ¢? < 1. In the magnetized case, because of the asymptotically non-flat nature
of the spacetime, the parameters a and e are not identical with the black hole total spin
and electric charge [16]. Moreover, because of the asymptotically non-flat nature of the
spacetime, the Komar-type angular momentum and electric charge (as well as the black
hole mass) have to be defined by integration over the horizon sphere rather than at radial
infinity [17]. The magnetization function A = 1+ P — 1B2€ is given in terms of the Ernst
potentials ®(r,0) and £(r,6),
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Y® = earsin?0— e (rz + a2> cos 6, (7)
Y& = —Asin?0—¢? (az + 2 cos? 9)
+23a [Z (3 — cos? 6) + a?sin* @ — re? sin® 6} cos 6. (8)

The components of the electromagnetic field with respect to orthonormal LNRF com-
ponents are

Hi) +iE, = A Y2sin 0@, )
Hg +iEg = —(A/A)Y?sin10@, (10)

where @/ (r,0) = A~! (Cb —1pe ) , and the total electric charge Qpy is

Qu = —|Ao[> Sm®'(r,0). (11)

The magnetic flux ®p, () across a cap placed in an axisymmetric position on the

horizon is then [18]

D = 271| Ag |2 Re & (1, B) ’220, (12)
where Ag = A(0 = 0). In Figure 1, the surface plot of the magnetic flux F across the
hemisphere 6 = 7t/2 is shown as a function of spin parameter 2 and the electric charge
parameter e. The surface on the horizon is defined on the circle a® + ¢ < 1.

The definition interval of the azimuthal coordinate in the magnetized solution needs
to be rescaled by a factor Ay (not to be confused with the cosmological term) in order
to avoid a conical singularity on the symmetry axis [16], which effectively leads to the
increase in the horizon surface area, and thereby also the total magnetic flux threading the
event horizon [19]. Let us note that cosmic magnetic fields are limited in strength only by
quantum theory effects. In highly magnetized rotators the energy of the magnetic field can
be converted into high-energy gamma rays, but such mechanisms require over 10'? tesla;
we shall not consider this ultra-strong magnetic field in the rest of the paper.

The above-discussed electro-vacum solutions need to be extended by including an
electrically conducting plasma. Once this is introduced into the MKN system, one needs to
clarify to what extent the newly emerging role of the A term affects the characteristics of the
flow of material. This can be investigated in terms of plasma horizon and the guiding centre
approximation, which was originally introduced in the context of accreting black holes
by Ruffini [20], Damour et al. [21], and Hanni and Valdarnini [22]. Surfaces of magnetic
support were further extended to the case of a black hole that is moving at constant
velocity [23,24]. Although these authors considered the case of weak (test) magnetic
field in Kerr metric, in a subsequent analysis by Karas and Vokrouhlicky [25] we verified
that, for astrophysically realistic values of magnetic intensity, the approximate flow lines
coincide almost precisely with those constructed for the exact MKN system; they are
indistinguishable for practical purposes.

The energy density contained in astrophysically realistic electromagnetic fields turns
out to be far too low to influence spacetime noticeably. Test-field solutions are thus adequate
for describing weak electromagnetic fields, even those around magnetized neutron stars
and cosmic black holes that are currently known.
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Figure 1. Surface plot of the magnetic flux function, F(a, e), across a hemisphere bounded by 6 = 77/2
and located on the MKN black hole horizon. A fixed value of the magnetization parameter § = 0.05
has been selected. Projected contours are also shown for improved clarity of the plot. The surface
is restricted by the condition for the emergence of the event horizon, a*> + ¢ < 1. Four circles of
\f(az + 82) = 0.25, 0.5, 0.75, and 1.0 are shown to guide the eye. The yellow band on the surface,
denoted by “Z”, indicates where the total electric charge is zero. Note: Unlike the case of a weakly
magnetized black hole, the moment of vanishing charge does not coincide with zero of the charge
parameter, ¢ = 0. On the other hand, Q(4, e = 0) does not vanish and its graph is shown by a solid
curve “Q”. This is the feature of the exact MKN metric, where the two nulls do not generally coincide,
as further detailed in [17] (this figure has been reproduced with permission from Physica Scripta
article ref. [18]).

3. Weak Magnetic Field and Particle Acceleration

For the strong influence of the external magnetic field on the spacetime structure of
the black hole, its intensity has to be enormously high, comparable with

Ber = 10t
GR M

[G]. (13)

Realistic magnetic fields in astrophysical situations are strongly under this limit, even
in the case of fields near magnetars, reaching B ~ 10'> gauss. Therefore, for the astrophys-
ical processes, we can usually put the magnetic spacetime factor A = 1 and the electric
charge ¢ = 0, using the canonical, asymptotically flat Kerr metric. As for the electro-
magnetic term, an asymptotically uniform magnetic field, orthogonal to the spacetime
equatorial plane, can then be determined by the electromagnetic 4-vector potential taking
the form

B B
A = E(gt(p +2agtt) - %gtt - %/ A‘P = E(g‘P‘P +2agt¢) - %gt‘l” (14

where the induced electric charge of the black hole Q is also introduced. For non-charged
black holes there is Q = 0, and the maximal induced black hole charge generated by
the black hole rotation takes the Wald value Qw = 2aB (or Qw = 2aBM if we keep the
mass term)—see [10]; the influence of the induced so-called Wald charge on the spacetime



Universe 2023, 9, 267

50f 10

structure could be also abandoned [26,27]. For black holes with the maximal Wald charge
we arrive at the electromagnetic potential

B Qw B
Ap = Egt(p T Ap = ngiu/)- (15)

It is crucial that even in this case the A; component remains non-zero and can lead
to a very strong acceleration mechanism for sufficiently massive black holes and strong
magnetic fields [28]. The significant role of the electromagnetic fields in processes near a
black hole horizon was for the first time presented in a series of works of Ruffini and his
collaborators in [29]. It could be well demonstrated for the charged test particle motion in
the case of ionized Keplerian disks [28].

The motion of an electrically charged test particle with charge g and mass m is deter-
mined by the Lorentz equation

—— —grfw 1
m T qryu-, (16)

where 7 is the particle proper time, and F/' is the Faraday tensor of the electromagnetic field.
For the Kerr—-Newman black holes, the Lorentz equations can be separated and given in
terms of first integrals, governing thus fully regular test particle motion [1,30,31], whereas
for magnetized Kerr black holes, the separability is impossible implying a generally chaotic
character of the motion [28,32-34].

Nevertheless, due to the symmetries of the magnetized Kerr black holes with the
uniform magnetic field lines orthogonal to the equatorial plane of spacetime, we can
introduce Hamiltonian in the form

H= %g"‘ﬁ(m—qAa)(rclg—qAﬁ)—l—%mz, (17)

where the canonical four-momentum 7# = p# + gA* is related to the kinematic four-
momentum p* = mu! and the influence of the electromagnetic field reflected by gA*. The
motion is then governed by the Hamilton equations

dx* _ , 9H dm,  9H.

& T T At T e (18

the affine parameter is related to the particle proper time as { = 7/m.

Due to the background symmetries, we can introduce two constants of the motion:
energy E and angular momentum L as conserved components of the canonical momen-
tum read

—E=m =gup' +gipp” + A, (19)

L =1y = gpop? + gotP' + Ay (20)

Introducing the specific energy £ = E/m, the specific axial angular momentum
L = L/m, and the magnetic interaction parameter B = qB/2m, we obtain Hamiltonian
with two degrees of freedom, and the four-dimensional phase space {r, 6; p, pg } in the form

H = 3¢" p? + 1g% p% + Hp(r,9), (21)

enabling the introduction of the effective potential of the radial and latitudinal motion. The
energy condition relates the specific energy to the effective potential as

€ = Vegt(r,0) (22)

where

_ /BT —
Vest(r,0) = Pt Zli 4“7, (23)
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with
B=2[8"(L—GAy) —&"GA],  a=—g", (24)

and
v =—8"(L - §Ay)* — g"F AT + 280 GALL — GAp) — 1. (25)

The effective potential defined here is properly chosen for the region above the outer
horizon of the black hole, governing the regions allowed for the motion of a charged particle
with a fixed value of the axial angular momentum.

Study of the motion of charged particles applied to the case of ionized Keplerian
disks (see [28] for a review) demonstrates that the fate of the ionized disks depends on
the magnetic interaction parameter. In the so-called gravitational regime when gravity
is suppressing the role of the electromagnetic field (B < 1), the motion of the particles
of the ionized Keplerian disks can be considered as being in quasi-circular harmonic
epicyclic motion of regular character, enabling explanation of high-frequency quasi-periodic
oscillations of X-rays observed in microquasars and some active galactic nuclei [35]. In
the so-called gravity-magnetic regime when the role of both fields is comparable (B ~ 1),
the motion is fully chaotic, leading generally to toroidal configurations. In the so-called
magnetic regime (B > 1), the role of the magnetic field is decisive, and the motion could
have finally a regular character governed by the Larmor precession frequency.

In the case of B > 1 a special effect of chaotic scattering can be relevant [36,37] when
the ionized particle can be accelerated along the magnetic field lines after a period of chaotic
motion that decreases with increasing magnetic parameter [38]. In such situations, the
magnetic Penrose process could be realized with extremely high efficiency. The tentative
magnetic Penrose process (MPP; see [39]) is a local decay process; its energy balance is
governed by the local value of the electromagnetic field (potential)—for this reason, the
simple approximation of asymptotically uniform magnetic field aligned with the rotations
axis can be well applied [28].

Let us consider the splitting of the 1st particle with energy E; (electrically neutral
or positively charged with charge q1) onto two charged particles, the 2nd one having a
positive charge g, and the 3rd one having a negative charge g3. If one of the particles (say
the 3rd one) has a negative canonical energy E3 < 0, then the second one should have
the canonical energy E, > E; due to an extraction of the black hole energy because of the
capture of the 3rd particle. The process of the split of the 1st particle into the 2nd and 3rd
ones is governed by the conservation laws [39].

The efficiency of the MPP is defined by relating the gained and input energies

E;—Ey —E;
- B E’ (26)
implying the relation [40]
Ay — A
e = x — 14 PRS- @7)

The MPP demonstrates three substantially different efficiency regimes. The low-
efficiency regime corresponds to the original Penrose process involving only electrically
neutral particles (or vanishing electromagnetic field) with efficiency [41]

V2-1
2

PP (max) = ~ 0.207. (28)

The moderate regime of the MPP corresponds to the situation when the electromag-
netic forces are dominant, and the particles are charged, i.e., the condition |%At| > uy| =
|pt| /m is satisfied, with efficiency approximately determined as

2
b ~ ZT -1, (29)
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operating while g, > g;. In this case, the gravitationally induced electric field of the black
hole is neutralized and the moderate regime of the MPP is close to the Blandford—Znajek
process [42]; both processes are driven by the quadrupole electric field generated due to
twisting the magnetic field lines because of the spacetime frame dragging, and restricted by
global neutrality of the plasma surrounding the black hole [3,43]. The extremely efficient
regime corresponds to the ionization of neutral matter and its efficiency is dominated by

the term
i ~ = Ar. (30)
my

In the extreme regime of the MPP, an enormous increase in the efficiency is pos-
sible, giving enormous energy to escaping particles. The efficiency can be as large as
neE, ~ 10 if the magnetic field is sufficiently large and the rotating black hole is super-
massive [40] charging.

Let us note that the mechanism of charging of a boosted black hole in translatory
motion has been revisited very recently, [44,45]; it has attracted renewed widespread
attention because of its tentative relevance for late stages of black hole—neutron star
inspirals and their subsequent mergers. In this context, there is an interesting parallel
between the effects of rotation vs. boost. Along a different line of research, Okamoto and
Song [46] argue that the electromagnetic self-extraction of energy will be possible only
via the frame-dragged rotating magnetosphere. It will be interesting to see if the above-
discussed ideas of magnetic Penrose process, where the energy extraction is explored from
another view angle, will be confirmed with a more accurate and complete description in the
future. It seems to be very exciting that the present-day understanding is still incomplete
and even controversial as the adopted approximations are tentative and await further
verification or disproval [47].

4. Conclusions

The MPP enables acceleration of protons and light ions up to the energy E ~ 10?2 eV,
corresponding to the highest-energy ultra-high energy cosmic rays (UHECR) observed
on the Earth, that can occur around supermassive black holes in the active galactic nuclei
similar to those in the M87 large elliptical galaxy [40]. For accelerated electrons, the
energy could be even higher, but contrary to the case of protons and ions, where the back-
reaction related to the synchrotron radiation of the accelerated particles is negligible, for
electrons the back-reaction is extremely strong, decelerating substantially this kind of light
particles—they thus cannot be observed as UHECR [39].

Our scenario is complementary to highly dynamical situations discussed in a series
of articles by Rulffini et al. [48], who explore the early, prompt phase of gamma-ray burst
sources within a scenario of a baryonic shell interacting with an inhomogeneous medium
(see also further references in [49-53]). Although we do not consider temporal effects on
the black hole’s gravitational field, we do take into account the role of the magnetic field in
shaping the stationary background. It turns out that for astrophysically realistic models,
time dependence may be crucial. On the other hand, the impact that super-strong magnetic
fields may have on the spacetime curvature is relevant with respect to our understanding
of exact solutions of Einstein-Maxwell fields; this can be best revealed by employing
simplified equilibrium models such as the one discussed in our research note.

As a final remark, let us note that the similarity between the problem of a rotating mag-
netized body treated in the framework of classical electrodynamics and the corresponding
black-hole electrodynamics has been widely explored in the literature (e.g., [54,55], and
numerous subsequent papers). The black hole problem seems to be more complex because
we have to consider the effects of general relativity; however, the adopted spacetime rep-
resents an electro-vacuum solution and it is thus idealized with a small number of free
parameters. Intricate relations and numerical analysis are needed in order to determine
material properties if plasma is present.
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