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ABSTRACT: We perform a detailed analysis of a large class of effective holographic models
with broken translations at finite charge density and magnetic field. We exhaustively
discuss the dispersion relations of the hydrodynamic modes at zero magnetic field and
successfully match them to the predictions from charged hydrodynamics. At finite magnetic
field, we identify the presence of an expected type-B Goldstone boson Re[w] ~ k2, known
as magnetophonon and its gapped partner — the magnetoplasmon. We discuss their
properties in relation to the effective field theory and hydrodynamics expectations. Finally,
we compute the optical conductivities and the quasinormal modes at finite magnetic field.
We observe that the pinning frequency of the magneto-resonance peak increases with the
magnetic field, in agreement with experimental data on certain 2D materials, revealing the
quantum nature of the holographic pinning mechanism.
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1 Introduction

Since the beginning of physics,
symmetry considerations have provided
us with an extremely powerful and
useful tool in our effort to understand
nature. Gradually they have become
the backbone of our theoretical
formulation of physical laws.

Tsung-Dao Lee

This quote by Tsung-Dao Lee nicely summarizes the fundamental role of symmetries in
nature and more importantly in its theoretical description pursued by Physics. Surpris-
ingly enough, the power of symmetries is also extended to situations where symmetries
appear to be spontaneously broken [1] — non-linearly realized, and softly broken [2] (see



Figure 1. Left: Soft explicit breaking of parity symmetry. The arcs are slightly asymmetric —
soft explicit breaking. Right: Spontaneous breaking of parity symmetry. A day with clouds breaks
the parity symmetry of the landscape.

figure 1). In these cases, the imprints left by the (broken) symmetries are encoded in the
appearance of new, dynamical low energy excitations, known as Goldstone and pseudo-
Goldstone modes, respectively. The original argument behind the Goldstone theorem goes
back to 1961 and reads: “if there is continuous symmetry transformation under which the
Lagrangian is invariant, then either the vacuum state is also invariant under the transfor-
mation, or there must exist spinless particles of zero mass” [3]. This idea has been verified
and exploited in all possible branches of physics starting from the well-known BCS theory
for superconductivity [4] and ending with the physics of the God particle — the Higgs
Boson [5-7].
Importantly, the theorem itself only ensures the existence of a gapless mode:

li k 1.1
lim w(k) = 0, (1.1)

with w and k the frequency and wave-number, respectively. Only the addition of the
following assumptions:

1. Poincaré Invariance,
2. Internal continuous global symmetries,
3. Non dissipative systems,

implies a stronger version, which can be formulated as: “the breaking of an internal con-
tinuous global symmetry guarantees the existence of gapless modes; the number of those
modes coincides exactly with the number of broken symmetry generators and their disper-
sion relation is linear w(k) ~ k”. Within this stronger scenario, the number of Goldstone
modes is given by the dimension of the coset space G/H, where G is the broken group and
H the preserved one:

ngg =dimG/H = dim G —dim H . (1.2)

This number is nothing else than the counting of the “flat directions” of fluctuations of the
order parameters.



Clearly, there is a plethora of physical systems which do not satisfy the requirements
above. This leads to very interesting phenomena, which can be summarized as:

e The number of Goldstone modes appearing is less than that of broken generators.
e The dispersion relation of the Goldstone modes is not linear.
e The Goldstone modes are not propagating but rather diffusive.

Let us briefly give some explicit examples for each of these situations (see also figure 2).
One setting in which the number of Goldstone modes are less than the broken generators is
that of spacetime symmetries [8], where this anomaly is technically due to what is known
as the Inverse Higgs Constraint [9, 10]. In simple words, this phenomenon arises since
the would be independent Goldstone modes may actually be written as derivatives of other
Goldstones and we may integrate them out from the effective low energy description. From
a more general point of view, a reduced number of Goldstones, compared to the number
of broken generators, is due to the fact that the broken generators Q,, Qs commute with
the Hamiltonian but not with one another:

[H7 Qa] =0, [Ha Qﬁ] =0, but [Qavgﬁ] 7& 0; (13)

thus the symmetries cannot be thought of as independent. The emblematic case is the
simultaneous breaking of spacetime rotations and translations. The broken generators
obey the Poincaré algebra:

[Jm s Pn] = i €mnk P, (1.4)

which forces them to not commute. This effect has important consequences, and it is
exactly the reason why we do not observe any Goldstone mode for rotations in a crystal.!
Other simple examples are: (I) a plane in a fixed position in 3-dimensional space, 3 broken
generators but only one Goldstone (panel a) of figure 2); (II) the breaking of conformal
invariance in 4-dimensional spacetime, 5 broken generators but only one Goldstone —
the dilaton.

The second situation (which is strongly connected to the first) refers to physical systems
in which the Goldstone bosons have a dispersion relation of the type:

w(k) ~ k", with n # 1, (1.5)

where, in other terms, the Goldstone modes are not linear. These kind of Goldstone bosons
are typical of non-relativistic systems and they have been recently rigorously classified and
labelled as type-II or type-B Goldstone modes [12-16]. The fundamental point in this
discussion is that the effective low energy description can be written as [17]:

1 1 1
L= 3 Pab Oymm® + 3 Jab OOy — 3 Gap VT - vl 4+ ..., (1.6)

!There is an interesting analogous story with the Goldstones for boosts. In the same way, they are
“almost never” observed. Apparently, if they were, they would be quite different from standard ones (i.e.
a continuum) [11].



I are the Goldstone fluctuations, and Jap and gqp are symmetric with respect to a

where 7
and b. The pgp is an anti-symmetric matrix referred to as the Watanabe-Brauner matrix
and the corresponding first term in (1.6) cannot appear in Lorentz invariant systems [17].

More fundamentally, such matrix is given by the commutator of the broken generators:

Pab = —1 [Qa, Q] - (1.7)

The rank of such matrix determines the number of the different types of Goldstone bosons:

wk)=k""1  TYPEA, (1.8)
w(k) = k2", TYPE B, (1.9)

2

where n is an integer.” Within this scenario, the naive counting in eq. (1.2) is violated.

More precisely
1 1
n:nGB—§rankp, nBzirankp, na =ngp —rankp. (1.10)

For an introductory review about this generalized counting criterion see [18]. The most
famous example in this category is that of the ferromagnet, in contrast to the antiferromag-
net. Both systems break SO(3) —+SO(2) but in the first case we have only one Goldstone
mode — the magnon — which is quadratic, while in the second case two standard linear
Goldstones. The difference is due to the fact that a ferromagnet has a ground state with
all the spins aligned and a finite spin density, and it can be explained exactly with the
formalism illustrated above (namely the rank of the Watanabe-Brauner matrix being # 0).

The last case, that of diffusive Goldstones, is more recent. It has been noticed, and
then formalized using out-of-equilibrium effective field theory (EFT) methods [19-21], that
in dissipative systems (e.g. open systems) diffusive Goldstone modes can appear:

w=—iDk?. (1.11)

These modes can be explained using the same effective field theory formalism as in eq. (1.6),
and they are apparently observed in several physical systems [22].3 More exotic subdiffusive
modes (e.g. w = —i Dk*) can arise within the hydrodynamic theory of fractons [27].

As hydrodynamics and effective field theory, holography, in particular its bottom-up
version, is founded on symmetry principles and the slogan that “the global symmetries of
the dual field theory corresponds to gauge symmetries / isometries in the bulk gravitational
description” [30]. Simultaneously, the spontaneous and pseudo-spontaneous symmetry
breaking has been discussed and studied in several holographic models, starting from the
famous holographic superconductor setup [31] to the more recent holographic systems with
broken translations [32]. The topic of anomalous Goldstone bosons has also been investi-
gated in the context of type B modes in [33] and in that of diffusive Goldstones in [23].

2Beforehand, the two type of excitations were labelled with “type I” and “type II”.
3Recently, diffusive goldstone bosons have been also observed in holographic models [23-25]. The nature
of such modes is still unclear [26].
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Figure 2. Three different cases of “anomalous Goldstones”. a) A plane in a fixed position in
3-dimensional space. There are three broken generators but only one Goldstone mode. b) The case
of a ferromagnet. There are two broken generators and only one Goldstone which is quadratic. The
data shown are taken from [28]. ¢) A flock of birds. The Goldstone boson has a diffusive dispersion
relation [29)].

In this work, we aim at studying a different situation using holographic techniques.
In particular, we consider the dynamics of magnetophonon resonances — Goldstone
bosons which appear in systems with spontaneously broken translations at finite mag-
netic field [34, 35]. The interest is twofold; first, these modes are interesting per se because
they are another example of type B Goldstone modes with dispersion relation:

W~ k2. (1.12)

In particular, by switching on a magnetic field B we can observe the hybridization between
the two linearly propagating Goldstone bosons — the longitudinal and transverse phonons:

WL =)Lk, (1.13)

to a single quadratic mode — the magnetophonon.

On the other side, from a condensed matter perspective, the physics of magnetophonon
resonances is particularly appealing in the presence of small explicit breaking of trans-
lations. In such case, at zero magnetic field, the would be phonons acquire a pinning
frequency wp, which follows the Gell-Mann-Oakes-Renner (GMOR) relation [36]. This pin-
ning frequency manifests itself in a mid-IR peak in the longitudinal conductivity Re[o,]
(the typical case is that of pinned charge density waves, see [37]). At finite (and large)
magnetic field, the pinned magnetophonon peak can survive at very low frequencies even in
presence of a strong pinning mechanism [38]. Using classical hydrodynamic arguments [34],
the position of the peak in large magnetic fields gets shifted to

w2

Wyl ~ 2 (1.14)

We

where w, ~ B is the cyclotron frequency. Hence, its position decreases linearly with 1/B,
as observed experimentally in certain (but importantly not all) compounds [38].



Unfortunately, there is no consensus on the scaling of w,, as a function of B, and several
scalings are indeed seen in experiments [39]. Moreover, it is not a universal fact that the
magnetophonon frequency wy, always decreases with the magnetic field B. As we will see,
holography is indeed one of the cases where this does not happen. More interestingly and
broadly, the dynamics of the magnetophonon peak as a function of the magnetic field can
reveal the fundamental nature of the “disorder” responsible for its pinning [39-45], and it
thus encodes a very valuable insight into the system at hand. In the following section 2,
we will provide more details about the physics of magnetophonon resonances.

In summary, in this work, we utilize the recently discussed homogeneous holographic
models with broken translations [46, 47] to study the dynamics of magnetophonon res-
onances. First, we study the appearance of this mode and its type B nature, and we
compare the holographic results with the hydrodynamic predictions. Secondly, we intro-
duce a small source of explicit breaking. We study in detail the longitudinal and transverse
conductivities, and the magnetophonon peak as a function of the magnetic field, charge
density and translational breaking strength. As we will describe in detail, our analysis and,
in particular, the dependence of the magnetophonon peak frequency as a function of the
external magnetic field B could shed light on the nature of the “disorder” introduced by
the homogeneous holographic models such as the well-known “linear-axions model” [48].
Despite a lot of work on this model and generalizations [24, 46—69], the physical nature of
the dual field theories is still not well understood.*

Structure of the paper. The paper is organized as follows: in section 2 we review the
fundamental features of magnetophonon resonances from an EFT and condensed matter
point of view; in section 3 we briefly present the holographic model which we consider
throughout this work; in section 4 we discuss the hydrodynamic description of our holo-
graphic model in presence of the spontaneous breaking of translations and finite charge
density and zero magnetic field; in section 5 we analyze the dispersion relation of the mag-
netophonons in the absence of pinning, and in particular we focus on their type-B nature;
in section 6 we study the electric conductivities and the dynamics of the pinned magne-
tophonons in the presence of a small source of explicit breaking of translations; finally, in
section 7 we conclude and discuss the importance of our results and the comparison with
experimental data. In addition, in appendix A we review the hydrodynamic framework
of [34] and in appendix B that of [71, 72], and in appendices C and D we provide further
technical details on the computations.

2 A brief history of magnetophonons

In this section, we review the fundamental aspects of magnetophonon resonances. For an
excellent and more detailed discussion see [39].

The history of magnetophonons started in the late 70s when the authors of [73, 74]
suggested that the presence of a strong magnetic field B in two-dimensional structures

4See, for example, the controversy about the hydrodynamic description of the dual viscoelastic field
theory in [25, 70] and the discussion in [26].
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Figure 3. Experimental data for a 15nm wide AlGaAs/GaAs/AlGaAs quantum well (QW) taken
from [39]. The behavior as a function of the magnetic field is highlighted. Measured data, and in
particular the scaling w,r(B) indicate that the disorder that dominates the pinning in this material
is most likely some dilute disorder. We will come back to this point in the conclusions, section 7.
The data and the figure are taken and adapted with permission from [39].

would facilitate the formation of Wigner Crystals which are ordered electronic structures
appearing at low temperature and low density due to the strong Coulomb interactions.
Most of the interest has now shifted to the study of the so called “pinning mode” reso-
nance, which has been experimentally observed in a plethora of pinned solid phases of two
dimensional electron system (2DES) [39] (see figure 3 for one concrete example). For a
summary of all the experimental observations see references in [38].

The first point that we should clarify is why the magnetophonon resonances have a
quadratic dispersion relation. The reason is simple. In absence of any magnetic field,
B = 0, the momenta (intended as operators), obey the standard Poincaré algebra:

P, P =0, (2.1)

and they commute. This is the reason why longitudinal and transverse phonons decouple.
On the contrary, in the case of a finite magnetic field, the algebra is modified and it becomes:

[P, Pj]=—ie;; BQ, (2.2)

where Q is the electric charge operator. At the level of the effective action for the Goldstone
fluctuations 7!, the presence of a finite magnetic field allows the appearance of a new term:

;C:tfijﬂ'iatﬂ'j-f-... s (23)



exactly like the one in the formalism of [17]. In two spatial dimensions, this implies that
the corresponding Watanabe-Brauner matrix p;; is now non-trivial, and in particular has
rank(p) = 2. Following the counting rules explained in the previous section, we immediately
obtain that:

ng=0, ng=1, <+— magnetophonon. (2.4)

Importantly, as we will show explicitly in our holographic theory, the appearance of
a type-B goldstone mode is always accompanied by the presence of the so-called “gapped
partner”. More precisely, at finite magnetic field, the two linear propagating sound modes
— Goldstones of translations — combine into a type-B mode, the magnetophonon, and
a gapped mode sometimes referred to as the magnetoplasmon. Interestingly, under some
non-degeneracy assumptions, the number of type-B phonons and the number of gapped
partners (sometimes called “almost-Goldstone bosons”) sum up to the number of broken
generators [75]. In our case, the broken generators are the two momenta, P, P,. At zero
magnetic field, we have two type-A linear Goldstone bosons. At finite magnetic field, we
have one type-B magnetophonon and one gapped partner. Either ways, 1 +1 = 2. Out
of curiosity, a very similar situation arises in the context of vortex-lattices in superfluid,
where the quadratic mode is known as the Tkachenko mode and the gapped partner as the
Kohn mode (see figure 2 in [76]).

At this point, we can go a step further and try to understand the dispersion relation of
the magnetophonon resonance using hydrodynamic methods [34, 38]. We review the basics
of the hydrodynamic description in appendix A. Here we limit ourselves to present only
the main results necessary for our discussion. At finite magnetic field, the transverse and
longitudinal phonons couple together, in a way that the resulting frequencies become [35]:

1 1 2
2 2 2 2
wiZQ(wc+w”+%>i2\/(w3+wﬁ+wi) ~ 46} o, (2.5)
where w. is the cyclotron frequency and w, | the frequencies of the linear decoupled
phonons. At zero momentum, k =0, w; || = 0 and we are left with two modes:
w_ =0, Wy = We. (2.6)

The root with the negativ sign is the massless type-B magnetophonon, while the root
with the plus sign is the gapped partner — the magnetoplasmon. At small momentum,
k/T < 1, we get:

(v2 +v?)
T 2y Refw )= =gz (2.7)

R —
elwy] =we + 2. w0

and we observe the quadratic behavior which we have mentioned.
In the presence of small explicit breaking (e.g. impurities), the dispersion relation of
the magneton-phonon gets modified into:

\/ (@ + w3 (1)) (w§ +wi(h)
Re[w_ (k)] = : (2.8)

We




with wg the pinning frequency. This mode acquires a finite gap w_(k = 0) = wpr. We will
come back to these dispersion relations in much more detail in section 5.

A last fundamental point, from a more phenomenological perspective, is related to the
dependence of the magnetophonon peak wy, with respect to the external magnetic field
B. This observable has a privileged role since it is the easiest to measure accurately and
since it can give important information on “the type” of disorder in the material. Using
hydrodynamics [34, 35], we can infer that the position of the resonance peak is given by:

w2

wpk = —2 . (2.9)

We
This means that a classical treatment of the pinning mechanism [34, 35] would lead to:

1
Wpk ~ - (2.10)

Unfortunately or interestingly, recent experimental results [77] are in disagreement
with this prediction. They instead observed a peak increasing with the magnetic field (see
one example in figure 3). In order to understand these experimental results, in which the
peak increases with the magnetic field (and it decreases with the density) one needs to
go beyond the “classical treatment”. To this end, some of the most famous models are
those of [78-80]. Very interestingly, the scaling of wy;, with the magnetic field B depends
crucially on the nature of the disorder which produces the pinning, and it can be used as
an efficient tool to disentangle various types of disorder. In more detail, the dependence
is very sensitive to whether the system is in a classical or quantum regime. This can be
quantified using the concepts of magnetic length I, = y/h/eB and disorder correlation
length &. In terms of these quantities:

ly>¢ quantum regime, (2.11)
Iy <& classical regime. (2.12)

Note that the result wyy ~ 1/B holds only in the classical regime. In the opposite regime,
the results can be very different and the peak can increase with the magnetic field. As an
example, in the quantum regime, a model for dilute disorder would give wp, ~ B [78], and
if specific corrections are taken into account (mainly via numerical simulations) the theory
predicts a sublinear increase of the peak frequency:

wpe ~ B, with  0<~y<1. (2.13)

For more options and theoretical models see [39, 81-88] and references therein.

In the following, we will consider a specific holographic model which contains mag-
netophonon resonances. We will study their features in the case of spontaneously broken
translations, and once the mode becomes pinned.



3 The holographic model

We consider the large class of holographic models introduced in [46, 47] and defined by the
following four-dimensional bulk action:

3

- V(X) - Lp2| (3.1)

S:Ml%/d4x\/jg[];+ 1

where X = %g““ 01 0,¢" and F? = F,, F* with the field strength being F = dA. The
AdS radius ¢ and the Planck mass Mp will set to be unity. Given the large amount of
works discussing this model, we will be brief (see [30, 52] for more details and [89] for an
introduction to holography).

In order to work in a 2+1 dimensional field theory at finite temperature, we consider
a black bran in an asymptotically AdS4 bulk geometry. The metric reads in infalling
Eddington-Finkelstein coordinates

1

ds® = — [~ f(u)dt® — 2dt du + da® + dy?] | (3-2)

with u € [0, up] the radial holographic direction ranging from the boundary u = 0 to the
horizon, f(upn) = 0. The bulk profile for the scalars is

o' = ral, (3.3)

which is trivially a solution of the system because of the global shift symmetry ¢! — ¢! +b!
of the action (3.1). We introduce both a finite charge density p and an external magnetic
field B via the gauge field A, in radial gauge A, = 0:

B B
Ar=p—pu, sz—gy, Ay:§x. (3.4)

We furthermore require the temporal component of the gauge field to vanish at the horizon,
which implies in the case up, = 1 that p = u. The emblackening factor takes the simple form:

Uh k2 2 2 2
f(u):u?’/u dv [;—V(U4 ) _ _;B) . (3.5)

The corresponding temperature of the dual theory reads:

4m 87 uy, ’ '

while the entropy density is simply s = 27/u? (from now on, M, = 1). In section 4 and 5,
we consider potentials of the form

V(X)=m?X?, (3.7)

corresponding to spontaneously broken translations in the dual field theory [32]. In sec-
tion 6, we will consider the polynomial potential:

V(X)= aX + @\)fj . (3.8)

explicit  spontaneous

~10 -



The first part of such potential corresponds to an explicit breaking of translational invari-
ance [48, 59], while the second part implements its spontaneous breaking [32, 70, 90-93].
The combination of the two terms allows to study the pseudo-spontaneous regime, where
the breaking is mostly spontaneous [56, 61, 94]. More rigorously, we will always work in
the limit:

pseudo-spontaneous regime: a << 1, 8> «. (3.9)

For completeness, let us write down the temperature of the field theory considered under
this choice of potential:
3 (p* +B*)u; B ar?up + BrOuf

T=—
47 8 47 up

(3.10)

Before proceeding, let us summarize our dimensionless parameters:

p K B
{11277—‘711270[75}- (3]_1)
Notice that the results in the explicit regime, where 8 = 0, or eventually 8 < «, can be
found in [95], and they represent a very good check for our numerics.

4 A hydrodynamic warm-up

Before proceeding to the main points of our paper, we consider a simpler problem which to-
date remains still unsolved. More precisely, we investigate the hydrodynamic description
of our homogeneous holographic model with spontaneously broken translations at finite
charge density. At zero charge density (or alternatively zero chemical potential u = 0), the
problem was recently solved in [25] after realizing explicitly in [70] that the hydrodynamic
description of [96-99] was lacking fundamental terms to match the holographic results.” In
this section, we plan to check explicitly if the improved hydrodynamic description of [71]
matches the holographic results from our model in the presence of finite charge density.
Skipping the technical details which can be found in the original paper [71] and are sum-
marized in our appendix B, we immediately jump to the hydrodynamic modes which are
expected in the system. To avoid any confusion, in the rest of the paper, we will indicate
with the suffix | the quantities (e.g. hydrodynamic modes) which belong to the transverse
sector (transverse with respect to the choice of the wave-vector k) and with || those in the
longitudinal spectrum.

Under these assumptions, our system will exhibit the following hydrodynamic modes:

transverse sector: w, =v k— %FJ_ k> , (4.1)

longitudinal sector:  w = vk — %F” K2, wyz =—i D!Q K. (4.2)

®In order to avoid any misunderstanding, let us be precise and explain this in detail. The hydrodynamic
framework of [96-99] considered systems which are thermodynamically favored, i.e. the crystal pressure
P = 0. This is the main reason of the disagreement found in [70]. However, even in unstrained configurations
with P = 0 the temperature derivative of P(T), neglected in [99], is fundamental to achieve the correct
hydrodynamic description [25].

- 11 -



In the transverse sector we have a single propagating shear sound mode with speed v
together with its attenuation constant I'}. The longitudinal sector is more complicated.
We have a longitudinal propagating sound mode with speed v) and attenuation constant

I and two additional diffusive modes w!’Q with diffusion constants Dyg. These last two
modes are a combination of the crystal diffusion D, discussed in [25, 26] and the standard
charge diffusion D, (see, for example, [100]).

According to the results of [71], for conformal field theories, the various transport
coefficients may be written as:

G n G112
2 f
¥ =—" T,=-4 : 43
L X Xar | OX2n (43)
1 12 G?
vﬁzg—i—vi, FH:L—I-%, (4.4)
X 0 Xo7r VT,

while the diffusion constant D!z can be found as solutions of the quadratic equation:
oI GB-P < ED o, )
o QXﬂW’L)ﬁ (Hf—l—Hl) 2 (Hf—i-Hl) T2

D (srq —qrs Srqr—qr s !
_ P (ssa—ars o Fa=arse v (4.5)
o Iy + 1I T Iy + 1I T

Let us explain one by one all the terms entering into the equations above. We define the

hydrodynamic pressure p, the energy density ¢, the lattice pressure P, and the momentum
susceptibility X as:

p=—Q, e=(T", P=(T")=p, Xur= (T")+(T"), (4.6)

where 2 is the free energy density, and T"” the stress-energy tensor. The shear modu-
lus G, the shear viscosity 7, and the dissipative parameter o can be extracted using the
Kubo formulas:

1
. . R . . R
G =l fi ReGflwrs 0= =l fig 1 Gt
2
7(6 +2p) = ¢ = lim lim wIm G%;, (4.7)
OXnn w—0k—0

where ® is the Goldstone operator dual to the bulk scalars ¢.5 Moreover, we can use the
results of [101] to obtain a horizon formula for ¢ (and thus for ), given by:

‘- 4m(e+p)?  u?

_ , 48
TNz, L (4.8)

which is valid for potentials of the form V(X) = m2?X", and correctly reproduces the
results at zero chemical potential presented in [25]. The expected behavior of the (®®)
correlator is shown in figure 4 together with a numerical confirmation of formula (4.8).

SWe are not indicating any I, L index because we are interested only at the limit & — 0 where such
distinction does not make any sense anymore.

- 12 —
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Figure 4. The analysis of the (®®) correlator for a benchmark potential V(X) = m2?X? at
zero magnetic field. The structure follows the hydrodynamic expectations shown in eq. (4.7). For
simplicity we show only one set of data where we keep m = 1,u, = 1 fixed. Left: Comparison
between the momentum susceptibility X, extracted from the numerical correlator (blue dots) and
the hydrodynamic formula (orange line). Right: Comparison between the dissipative coeflicients
& (which relates to o) extracted from the numerical correlator (blue dots) and the hydrodynamic
formula (orange line).

The bulk modulus 28 can be derived using the following relation:

oP oP
T — — =3P -2% 4.9
which holds due to the conformal symmetry.

In order to derive other parameters, we use the definitions of [71]:

Op oP dp oP
it - = £ = 4.10
Sf T’ Sl T’ qf a'u y  dl 8,“1 ) ( )
together with
My =e+p=sT+qrp, Ij=g+P=s5T+qp. (4.11)

One can check explicitly that sy and gy are nothing but the entropy density s and charge
density p of our system (3.2), respectively. Additionally, because of the conformal invari-

ance we have:

e=2p+P), g=2(P—-B). (4.12)

Interestingly, we find that s; < 0 for any choice of monomial potentials.
Finally, the remaining coefficients =, 04, 7,7’ can be obtained from

= D500 05y Oy (4.13)

and from the low frequency expansion of the following Green’s functions:

2
G ~ ~
gih:fxf —iwdy, GRy =-—d 15, gR, =Y 15 (4.14)

T LW Xrm (2% X
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where

_ 1 (¢ P P

Og=0g+ — (w—'y) <qf+’y’> ; (4.15)

. I ar P

P <’Y_ : ) 7 (4.16)
o \Xrer Xs

LNy (A P

v (L2, (417)
o \Xrr | Xis

We have checked numerically the structure of the JJ, J®, ®J correlators and found perfect
agreement with the expressions in eq. (4.14). Moreover, we have verified numerically that

F=—-4 = ~y=—, (4.18)

which comes simply from the fact that our system is invariant under time-reversal and it
is imposed by so-called Onsager constraints.
Following [24], one can derive simple formulas for the parameters 4 and &4:

p(m? +sT)  2mppp+sT)

5= : 4.19
. N (4.19)
e —up)? | 270 (Xgm —pp—sT)? 19
O0q = 2 + 2 24N ) ( . O)
Xﬂ'ﬂ' Xﬂ'ﬂ'm S

which are valid for potentials V(X) = m2X N assuming the scalars profile to be simply
¢! = 2.7 Our results are shown in figure 5, where we verify the expressions presented
in (4.14), and plot the behavior of the parameters 64,7 as a function of u/T" and m/T.
Finally, we check numerically that the analytic formulas (4.20) are indeed correct.

After discussing the various Green’s functions and hydrodynamic predictions, we move
to a concrete and complete check of the hydrodynamic framework. To simplify the discus-
sion, we will focus on a specific potential:

V(X)=m?X3, with ¢ =z, (4.21)

which we take as a benchmark model. We start in figure 6 by comparing the hydrodynamic
formulas with the numerical data regarding the propagating transverse sound. The numer-
ical values extracted from the quasinormal modes (QNMs) are in good agreement with hy-
drodynamics for all values of m/T and u/T. The presence of a finite charge density always
decreases the speed of propagation of transverse sound. This can be easily understood from
the fact that the momentum susceptibility Y r grows with the chemical potential ~ u?.
In other words, sound is slower because the “mass density” (the non-relativistic analogous
of the momentum susceptibility) is larger. The dynamics of transverse sound attenuation
is more elaborated. Even though the finite density decreases the sound attenuation con-
stant ') at small m/T, the effect is reversed at large m /T, where the finite charge density
decreases the lifetime of transverse sound. For the longitudinal sound mode, we show our
results in figure 7. The results from hydrodynamics and holography match perfectly.

"Taking the more generic profile ¢! = kz?, it is easy to realize that for monomial potentials of the form
V(X) = m2X?" the x parameter is redundant and it can be re-asborbed in the definition of m?.
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Figure 5. Top Left: The real part of the JJ correlator (red dots) compared to the hydrodynamic
formula for qj% /Xrr (blue line). We fixed m = up = 1. Top Right: The imaginary part of the
mixed J® correlator (purple dots) compared to the hydrodynamic formula for g7 /xr» (orange line).
We fixed m = uj, = 1. Bottom Left: The parameter &, as a function of p/T for several values of
m/T. The lines are the analytic formula (4.20), while the dots are the numerical values extracted
from the JJ correlator. Bottom Right: The parameter 4 as a function of /T for several values of
m/T. The lines are the analytic formula (4.20) and the dots the numerical values extracted from
the J& correlator.

We now discuss the two diffusive modes present in the longitudinal sector. We compare
hydrodynamics and the holographic results in figure 8. The hydrodynamic predictions are
satisfied in our holographic model. Both diffusion constants decrease with the dimensionless
chemical potential p/T.

Finally, we discuss the bound [24]

7 < o€, (4.22)

which follows from the positivity of the entropy production in the hydrodynamic theory
of [99]. All the quantities involved in this bound can be obtained analytically in our
holographic model. Hence, it is immediate to verify the inequality (4.22) as a function of
the parameters p/T and m/T. We plot our results in figure 9. The bound in eq. (4.22) holds
at any temperature. Moreover, it is saturated exactly in the limit m/T" — oo, T/ — 0.
In summary, we conclude this section by celebrating a perfect agreement between the
hydrodynamic framework of [71] and the results obtained from our holographic theory.
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Figure 6. The predictions from hydrodynamics for the benchmark potential V(X) = m2X? and
various values of u/T. Left: The speed of transverse sound. The smileys indicate the numerical
values obtained by fitting the real part of the quasinormal modes Re[w] = vy k. Right: The
transverse sound attenuation constant. The smileys indicate the numerical values obtained by
fitting the real part of the quasinormal modes Im[w] = —%1" 1 K2
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Figure 7. The predictions from hydrodynamics for the benchmark potential V(X) = m2X? and
various values of u/T. Left: The speed of longitudinal sound. Right: The longitudinal sound
attenuation constant.
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Figure 8. The predictions from hydrodynamics for the benchmark potential V(X) = m2X? and
various values of u/T. The diffusion constants are obtained by solving the coupled equation (4.5).
Left: The diffusion constant Dy which in the limit ¢ — 0 corresponds to the crystal diffusion.
Right: The diffusion constant Dy which in the limit g — 0 corresponds to the charge diffusion.
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Figure 9. The combination 52/0,¢ as a function of T'/u for various values of m/T. This figure
has to be compared with figure 4 of [24].
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5 The magnetophonon as a type-B Goldstone

In this section, we add a finite magnetic field to the setup of the last section and continue
to consider the case in which translations are spontaneously, but not explicitly broken. In
terms of the parameters of our system (3.11), this corresponds to the choice « = 0. In ab-
sence of magnetic field, the presence of the following hydrodynamic modes has been verified:

transverse sector: w, =v k— % I, k?, (5.1)
longitudinal sector: w=vk— %F” k2, wie = —1 D!,z k2 (5.2)

where the two modes w, || are the expected phononic vibrational modes whose speeds are
set by the shear and bulk elastic moduli [25]. The additional longitudinal diffusive modes
are a combination of the crystal diffusive mode, emerging because of the spontaneous
breaking of the global symmetry ¢ — ¢ + b [23, 26], and the standard charge diffusion
mode (see previous section 4).

At zero magnetic field, the two sectors are decoupled and the longitudinal /transverse
phonons represent indeed a pair of linearly propagating (type A) Goldstone bosons, cor-
responding to the breaking of translations in the z,y spatial directions.® As explained in
section 2, at finite magnetic field the two sectors couple, and one expects the presence of a
type-B mode and a gapped partner:

Relw] =C + BE?, magnetoplasmon ,
Relw] = AK?, magnetophonon, (5.3)

where these dispersion relation can be derived formally using hydrodynamics [38].

Before continuing, let us remind the reader which are the expectations from hydrody-
namics and field theory. The real part of the two modes, at small momentum, should follow:
(Uﬁ +v7) 9 _uL

k4., Refw_] = E 4., (5.4)

R =
elws] =we+ 2w, We

where the cyclotron frequency w. [102] is defined as

pB
We = — . 5.5
7 Xor (5:5)
Additionally, the magnetoplasmon mode w4 displays a damping term:
~ B2
Im[wy] = —vB, with g = %q , (5.6)

T

which is valid in the limit of small magnetic field B/T? < 1 [102]. A full analysis of
our numerical results would necessitate a complete hydrodynamic theory in the presence

8 As expected, no additional Goldstone modes for broken rotations appear due to the Inverse Higgs mech-
anism.
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Figure 10. The fate of the two propagating hydrodynamic sound modes under increasing the
magnetic field. The red lines show the results at B = 0 and the two linear sound modes. We fix
w/T =1 and m/T = 1 moving B/T? = 0.01 (orange), 0.1 (pink), 1 (green), 2 (cyan) and 4 (blue).
The circles indicate the magnetophonon mode while the stars the magnetoplasmon mode. For
simplicity we do not show the behavior of the diffusive modes. Left: The real part of the dispersion
relations. Cyan and blue stars are not shown as the gap becomes very large. Right: The imaginary
part. The rest of the magnetoplasmons data (corresponding to green, cyan and blue stars) are not
shown since the damping becomes very large.

of lattice pressure P, spontaneously broken translations, and finite charge density and
magnetic field. To the best of our knowledge, such theory has not been built yet.

The aim of this section is to verify the dispersion relation in eq. (5.3) and to compare
them with the hydrodynamic formulas in eq. (2.7). For simplicity, we focus on a single case:

VX)=m*X®, ¢'=al, (5.7)

as a prototype for spontaneous symmetry breaking of translations. First, we show in
figure 10 the dynamics of the sound modes by increasing the magnetic field. At B = 0,
we can identify two linear propagating sound modes (solid lines). After turning on the
magnetic field, the modes combine forming the gapped magnetoplasmon (stars) and the
quadratic type-B magnetophonon (circles). As evident from figure 10, the gap of the
magnetoplasmon grows with B, while the coefficient of the k? scaling of the magnetophonon
decreases with it.

Next, we focus more in detail on the dispersion relation of the two modes. First, in
figure 11, we consider the magnetoplasmon gapped mode. We plot both the real part (the
gap) and the imaginary part (the damping) of its dispersion relation, and we verify that
the hydrodynamic formulas (5.4) and (5.6) are valid. We find that at small magnetic field,
B/T? < 1, the numerical data are in very good agreement with those formulas. At large
magnetic field, the real part clearly shows a different scaling, Re [w] ~ B2 Interestingly,
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the numerical prefactor is completely independent of /T and m. It is tempting to connect
this behavior to the fact that at very large magnetic field the physics is purely quantum
and is controlled by the lowest Landau level:

wrrr ~ VB. (5.8)

In any case, we are able to recover the large B behavior using simple arguments. Let us
start with the definition of the magnetic length:

YL 5.9
i oo

which can be converted into a frequency using the relation | = v/w; in units h = e = 1, we
obtain w = /v v/B. Now, in the large B limit, B/T? < 1, we approach the conformal UV
fixed point for which the characteristic speed is given by the conformal value v = 1//2.
This means that the resulting frequency is given by

1
w = W\/ENO.M\/E. (5.10)

This estimate is in perfect agreement with the numerical data shown in figure 11. Increasing
the mass of the graviton m/T, the universal behavior is reached at larger values of the
magnetic field. Note that a v/B-like behavior of the real part of the QNMs for large
magnetic fields was also observed in [103-105].

We proceed with discussing the dynamics of the magnetophonon mode — our type-B
Goldstone. The real part of the dispersion relation is consistent with a quadratic scaling
w = Ak?. At the same time, we observe that the imaginary part is compatible with a
quadratic diffusive behavior. In summary, we observe that the dispersion relation of the
type-B Goldstone mode at small momentum is of the type:

OJTYPE_BZA/ﬂQ—Z"Dk‘2+... . (5.11)

These results are in agreement with what observed in the context of SU(2)—U(1) symmetry
breaking in [33]. Interestingly, a diffusive damping for type-B Goldstone is not envisaged
from EFT methods [106]. Field theory approaches predict a ~ k* imaginary part for
quadratic type-B Goldstone modes manifesting the quasiparticle nature of the excitation.
To ensure a quasiparticle excitation in our present case (5.11), we have to require D < A
which, in general, is not guaranteed in our holographic theory. The presence of a particle-
hole continuum in the holographic model — the so called incoherent sector — can be a
possible mechanism behind the ~ k? imaginary term observed.? The continuum is not taken
into account in the EFT description and it is known to have already important consequences
in other situations, such as Fermi liquid theory [107] and holographic models [108-110].

We examine the behavior of the coefficients A, B appearing in the dispersion relations
in eq. (5.3). We have confirmed numerically that the hydrodynamic formula:

(Uﬁ +0?) R

1
_ _ 2 _ = 2 _
B— 2wc s A— e s U” = 2+'UJ_, C—Wc, (512)

9We thank C.Hoyos for suggesting this point to us.
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Figure 11. The cyclotron frequency w. and the cyclotron damping ~vp extracted from the disper-
sion relation of the magnetoplasmon mode at zero momentum. The parameters are {u/T, m/T} =
{{0.001,0.001}, {0.01,0.001}, {0.1,0.001}, {1,0.001}, {5,0.001}, {0.001,5},{1,5},{1,10},{10,1}}
(blue, magenta, orange, yellow, red, green, brown, gray, pink). Left: w. as a function of B/T?
varying other parameters. The dashed lines are the formula for w,. (5.5) valid at small magnetic
field. The solid lines are the numerical data. The inset shows the large B behavior consistent
with w/T ~ 0.84/B/T?. Right: The damping y5. The dashed lines are the small B analytic
formula (5.6). The inset is the large B limit.

fit very well the scalings obtained from the numerical data. In absence of a complete

hydrodynamic framework, we plot our results from the numerical data. More precisely,

in figure 12 and figure 13, we show the behavior of these the coefficients appearing in the

dispersion relations as a function of the parameters of our system /T, m/T and B/T?.
The results are compatible with hydrodynamics. In particular:

e Both parameters A and B decrease with the magnetic field. This is due to the fact
that both the parameters are inversely proportional to the cyclotron frequency w.:

A~wt B~wt, (5.13)

and w. grows linearly with the magnetic field at small B. Indeed, our numerical

results are compatible with a ~ 1/B decay of both the parameters at small magnetic
field.

e Both the parameters grow with m/T. This is due to the fact that both are propor-
tional to the speed of transverse of sound. Let us remind that

v ~m, A~vy, B~uvl. (5.14)

As expected, we observe that AT ~ m/T and BT ~ m?/T? at small m/T. This is
another proof that the hydrodynamic formulas are correct.
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Figure 12. The coefficient A extracted from the dispersion relation of the type-B magnetophonon
Re [w] ~ Ak? as a function of the parameters of the system. Left: As a function of the dimensionless
magnetic field B/T? fixing m/T = u/T = 1. The inset shows the dispersion relation of the

magnetoplasmon increasing the magnetic field (from green to pink). Center: As a function of the
graviton mass m/T fixing pu/T = 1 and B/T?

0.5. The inset shows the dispersion relation of
the magnetoplasmon increasing m /T (from green to pink). The dashed line shows the low m linear
scaling compatible with the hydrodynamic formula.

Right: As a function of the dimensionless
chemical potential ;/T fixing m/T = 1 and B/T? = 0.5. The inset shows the dispersion relation of

the magnetoplasmon increasing the chemical potential (from green to pink). The dashed line shows
the ~ 1/u scaling compatible with the hydrodynamic formula.
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Figure 13. The coefficient B extracted from the dispersion relation of the type-B magnetoplasmon
Re[w] ~ C + Bk? as a function of the parameters of the system. Left: As a function of the
dimensionless magnetic field B/T? fixing m/T = u/T = 1. The inset shows the dispersion relation
of the magnetoplasmon increasing the magnetic field (from orange to black). Center: As a function
of the graviton mass fixing /T = 1 and B/T? = 0.5. The inset shows the dispersion relation of the

magnetoplasmon increasing m /T (from orange to black). The dashed line shows the low m quadratic
scaling compatible with the hydrodynamic formula. Right: As a function of the dimensionless
chemical potential /T fixing m/T = 1 and B/T? = 0.5. The inset shows the dispersion relation
of the magnetoplasmon increasing the chemical potential (from orange to black). The dashed line
shows the ~ 1/u scaling compatible with the hydrodynamic formula.
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e Both parameters decrease by increasing the chemical potential (or equivalently the
charge density). This is expected from hydrodynamics since:

A~w t B~wt, We ™~ p L. (5.15)
Our numerical results fully support this scaling.

In summary, the results shown in figure 12 and figure 13 confirm the hydrodynamic behav-
ior:

(v +0v?)
> RG[MZM

B+ ... 5.16
2o RLAREEEE (5.16)

Re[wt] = we +

and suggest that the physics of our holographic model is indeed captured by such effective
description.

To confirm even further the EFT description, we continue our analysis by checking the
dispersion relations of the magnetophonons and magnetoplasmons at large momentum.
We do expect that at larger momenta the two modes decouple, and thereby a pair of
linearly propagating sound modes verified in our theory without a background magnetic
field. More precisely, the magnetophonon is expected to follow the original transverse
phonon dispersion relation:

Re[w|(k) = v, k, (5.17)

while the magnetoplasmon that of the longitudinal phonons:
Re[w](k) = v k. (5.18)

This decoupling at larger momenta is typical of interacting modes, and appears also in the
context of plasmons, induced by Coulomb interactions (see [110, 111] for the same effect in
holography systems with Coulomb interactions). We confirm these predictions in figure 14,
in which we see both the modes approaching the decoupled phonon dispersion relations as
discussed in section 4.

Finally, we show in figure 15 the dynamics of the coupled charge and crystal diffusive
modes by increasing the magnetic field B. Interestingly, even in presence of a strong
magnetic field both the modes remain gapless and diffusive; no damping appears. The
diffusion constant of the modes which connecting to crystal diffusion (red dots in the right
panel of figure 15) is almost unaffected by the presence of the small magnetic field. Its
diffusion constant grows very slowly by increasing B/T? (see inset in the right panel of
figure 15). It reaches a maximum around B/T? ~ 2.7 and then slowly decreases. On the
contrary, the diffusion constant of the mode related to charge diffusion (blue dots in the
right panel of figure 15) is strongly modified by the magnetic field, and displays a similar,
but much more pronounced, non-monotonic behavior. It shows a maximum around the
same position B/T? ~ 2.7, and then decreases to zero at large B.

6 The magnetophonon peak and the effects of the magnetic field

In this section, we introduce a small external source of explicit breaking parametrized by
the dimensionless parameter a. We will always consider the pseudo-spontaneous regime
defined in (3.9).
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Figure 16. Comparison between the numerical conductivities at w = 0 (markers) and the DC
formulas in equations (6.3) (lines). For simplicity we fixed up = 1. The agreement is excellent.

We focus our analysis on the electric conductivities:

Ji = 045 By, (6.1)

and [112], in particular, on the longitudinal conductivity o,,(w) and the Hall conductivity
Ozy(w), defined via the following Kubo formulas:

Oz (W) Uzy(w)

i i
Cw Cw
Both correlators above may be computed using the standard holographic techniques (see
appendix C for details).
The DC (w = 0) values of such conductivities can be obtained using the methods
of [113] and they read
po_ K2V gua (B* + K2V’ gow + p?)

rr

’ O'DC:B,O (B2+2H2V/g$x+p2) ‘
B2 p? + (B? + K? gz V’)2 un’ Y B2 p? + (B? + K? g4y V’)2 un’
(6.3)

generalizing the expressions in [51, 114]. Recall that x determines the coupling of the linear
axions to gravity (3.3) and that we fixed m = 1 throughout this section. In the limit where
translations are not broken (i.e. K — 0), we recover the standard result

p

Ope =0, amyZEEy,

(6.4)

which was already found in [115], with v = p/B being the filling fraction. As a warm-up,
we check our numerical results with the DC formulas provided in (6.3). The comparison is
shown in figure 16 for a random sample of data. The agreement is very good, confirming
that our numerics are reliable.

Next, we turn into studying the effects of the magnetic field on the pseudo-phonon
peak manifesting in the electric conductivities. At zero magnetic field, the structure of
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the low-lying transverse excitations in the system is well described by the hydrodynamic
expression

(iw+T) ((w+ Q) +wi =0, (6.5)
as confirmed numerically in [61, 94]. T is the momentum relaxation rate, corresponding to
the explicit breaking of spacetime translations x — x + a. Analogously, 2 is the “phase
relaxation” rate, associated to the explicit breaking of the internal shit symmetry ¢ — ¢+b.
wp is the already mentioned pinning frequency which is responsible for the off-axes peak in
the electric conductivity.

We present the effects of the magnetic field B on the electric conductivities in figure 17.
We start from a choice of parameters which exhibit a clear pseudo-phonon peak at B = 0,
visible as the blue line of figure 17, and then increase the value of the dimensionless magnetic
field B/T? until very large values. We observe that the position of the peak, expressed as
the maximum of the longitudinal conductivity Re[o,,],'” increases monotonically with the
magnetic field B. On the contrary, the width of the peak, which determines the lifetime
of the associated resonance, becomes first sharper and then starts increasing again at very
large magnetic fields.

In order to confirm our results, we compute the quasinormal modes of the system at
finite charge density and magnetic field. Our results are displayed in figure 18. The motion
of the QNMs is consistent with what already found in the electric conductivities. The
real part of the lowest QNM increases monotonically with the strength of the magnetic
field, corresponding to the peak moving continuously to higher frequency in the electric
conductivities. More interestingly, the imaginary part of the lowest pole is non-monotonic.
The lifetime of the QNMs first becomes longer as a function of B/T?, and then decreases
at larger values of the magnetic field. This is again consistent with the width of the peak
in the conductivity first becoming smaller and then increasing with B. Notice that this
non-monotonic behavior of the imaginary part as a function of the magnetic field is quite
typical, and has been observed also in the absence of translations breaking [102].

In figure 19, we plot the position of the peaks wy as a function of the magnetic field
B and the filling fraction v. First, we compare the position of the peak extracted from
the maximum of the longitudinal conductivity with the real part of the lowest QNM. The
precise numerical values do not match as expected since generically

wpr 7 Relwgnm] - (6.6)
Nevertheless, the qualitative trend as a function of the magnetic field B is very similar.
Moreover, at large magnetic field, B/T? > 1, the two almost coincide, meaning that
the contribution of Im[wgnm| to wpr becomes negligible. Interestingly, the position of the
peak seems to saturate to a constant value for large values of the filling fraction, while it
rapidly decreases at small values of v. Qualitatively, our results are in agreement with the
experimental fits obtained in [38] (see the right panel of figure 2 therein).

10Note that the maximum in the conductivities does not coincide with the value of the pinning frequency
wo but it is rather a result of a complicated interplay between the various parameters. However, the
measured peak is not the pinning frequency itself but the maximum of the conductivity [39].
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Figure 17. The evolution of the pseudo-phonon peak increasing the magnetic field. We move the
magnetic field B/T? € [0,5 x 10%] (from blue to red). The other parameters p/T? = 987, k)T =
31.4,a=0.1, 8 = 2 are kept fixed.
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Figure 18. QNMs motion in the complex plane for the same parameters of figure 17. The dynamics
is produced by dialing the dimensionless magnetic field B/T?, while keeping other parameters fixed.
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Figure 19. Dependence of the peak position wyy as a function of the magnetic field B/T? and
the filling fraction v = p/B. The peak is extracted both from the real part of the longitudinal
conductivity (red dots) and from the quasinormal modes spectrum (blue dots).
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Figure 20. Left: Behavior of the peak in the longitudinal conductivity Re[o,,] at large B/T?.
The asymptotic behavior is consistent with a scaling wpy ~ B2 Right: Dependence of the peak
position wyy, as a function of the parameter 3, which determines the strength of the SSB — the shear
elastic modulus. The peak is extracted both from the real part of the longitudinal conductivity.

To make this analysis more precise, we follow the position of the magnetophonon peak
wpk, until very large values of B in the left side of figure 20. The position of the peak is
extracted as the maximum of Re[o,,(w)]. At large magnetic field, a quite robust scaling

Wpk ™~ 31/2 ’ (67)

is identified, which is compatible with dimensional analysis. More precisely, for B > u?
we can neglect the effects of the chemical potential and the only dimensionless constant we
can construct is exactly w/ B1/2. Notice that this scaling is incompatible with the results
of [38], and the idea that at large magnetic field the magnetophonon resonance becomes
light, despite the presence of strong explicit breaking. As we will analyze further in the
conclusions, our results are in agreement with certain experimental results, and suggest
a precise interpretation of the nature of the “disorder” mimicked by these homogeneous
holographic models.

We continue our analysis by studying the effects of the parameter 5 on the magne-
tophonon peak. The parameter § is dimensionless, and it parametrizes the strength of
spontaneous symmetry breaking, or in other words, the rigidity of the dual system [94]. In
figure 21 we show the dynamics of both the longitudinal and Hall electric conductivities by
moving the dimensionless parameter 3 from small to large values. The position of the peak,
given as the maximum of Re[o,,], moves towards higher frequency. The precise motion is
depicted in the right side of figure 20. The scaling is consistent with

wpk ~ /B (6.8)
In our setup, the spontaneous breaking scale (SSB) is indeed proportional to /3 [61, 94].
Using the GMOR relation [36], we also know that w3 ~ (EX B) (SSB) ~ /B, with (EX B)
the explicit breaking scale that is independent of 5. All in all, our numerical data supports
the hydrodynamic prediction that [34]

Wpk ™~ Z% (N \/B) ) (6.9)

C

and reproduces the correct scaling with the rigidity of the system.
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Figure 21. The evolution of the pseudo-phonon peak increasing the shear modulus. We move
the parameter 3 € [1,150] (from black to yellow). Other parameters p/T? = 987, x/T = 31.4,a =
0.1, B/T? = 103 are kept fixed.
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Figure 22. The evolution of the pseudo-phonon peak increasing the charge density. We move the
parameter p/T? € [50,2000] (from black to light blue). Other parameters 8 = 1,x/T = 31.4,a =
0.1, B/T? = 103 are kept fixed.

Finally, we are going to investigate the behavior of the conductivity keeping the mag-
netic field B and other parameters fixed, and dialing only the charge density of the system.
The results for the AC conductivities are shown in figure 22 from small charge density
(black line) to large values (light blue line). Two features are observed: (I) the DC con-
ductivity grows as a function of the charge density, which is expected and in agreement
with the DC formulas (6.3); (II) the magnetophonon peak moves to lower frequencies.

The complete dynamics is shown in figure 23. At large values of the charge density, the
decrease is well approximated by a linear function. The result in figure 23 are consistent
with the one showed in figure 2 of [38], where the frequency of the peak decreases by
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Figure 23. Left: Dependence of the peak position wyy as a function of the charge density p/T?.
The peak is extracted from the real part of the longitudinal conductivity. Right: A log-log plot
for wp,.

increasing the charge of the system p ~ v. We have not been able to find a robust power-
law scaling of w,, as a function of the charge density.

7 Conclusions

In this work, we have made an extensive analysis of a large class of holographic models with
broken translations at finite charge density and magnetic field. Let us briefly summarize
our main results:

e In section 4, we studied in detail the hydrodynamic excitations of our system at
zero magnetic field and in the absence of explicit breaking of translations. We have
identified two propagating sound modes and two coupled diffusive modes, and ex-
amined their dispersion relations as a function of the dimensionless parameters of
the model. We have successfully verified the matching between our results and the
hydrodynamic framework of [71]. We have checked explicitly the structure of all the
correlators, the dispersion relations of the hydrodynamics modes, and the transport
coefficients appearing therein. Finally, we have verified the validity of the universal
bound required by the positivity of the entropy production.

e In section 5, we analyzed the dynamics of the hydrodynamic modes in the presence of
finite charge density, finite magnetic field and spontaneous breaking of translations.
We identified a transition between two type-A Goldstone modes — the transverse
and longitudinal sound modes, to a single type-B quadratic Goldstone mode (the
magnetophonon) and one gapped partner (the magnetoplasmon). To the best of our
knowledge, ours is the first holographic example of a type-B Goldstone mode related
to the breaking of spacetime symmetries (for internal symmetries, this was observed
already in [33]). Additionally, we performed an analysis of the dispersion relations at
small momentum and successfully compared the results with hydrodynamics. Inter-
estingly, as in [33], we observed that the imaginary part of the type-B Goldstone is not
quartic as expected, but it follows a clear diffusive behavior Imw ~ k2. We are not
aware of any explanation for this mechanism in the context of effective field theories
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for type-B Goldstone bosons. Finally, we showed the dynamics of the hydrodynamic
modes as a function of the various parameters of the system, and compared to the
hydrodynamic formulas. Even though the qualitative behavior is compatible with
the expectations, the concrete numerical values do not coincide. The disagreement
increases at large magnetic field, and it is simply the proofs that the hydrodynamics
of [71] needs to be generalized at finite B in order to match our numerical data. Never-
theless, we proved explicitly that the scalings found numerically for small parameters
are totally consistent with the expectations from hydrodynamics given by [34, 35]:

(U2 + Ui) Vv
S g2 +..., Re[wWnagnetophonon) = e .

Re [wmagnetoplasmon] = We+
2 we We

(7.1)
We hope that our work will prompt the construction of a complete hydrodynamic
framework at finite magnetic field to which our results may be compared.

e In section 6, we computed the transport properties of the model in the presence of
a large magnetic field and the pseudo-spontaneous breaking of translation symme-
try. We identified the presence of a pinned magneto-resonance peak in the optical
electric conductivities and studied its dynamics. We observed that the pinning fre-
quency of the peak grows with the magnetic, and at large magnetic field follows an
approximate scaling

wyi ~ BY2. (7.2)

(I) This behavior indicates that our model does not obey the classical arguments
of [34, 35, 38], for which the magneto-resonance peak should decrease with the mag-
netic field. On the contrary, it confirms that the pinning mechanism has a fundamen-
tal quantum nature which cannot be described by the naive classical theory giving
wpr, ~ 1/B (see [39] for more details). (II) The observed scaling (7.2) is consistent
with the experimental observation in certain two-dimensional materials. In figure 24
we have taken some experimental data from [39] and analyzed the scaling using a
log-log plot. The data are indeed qualitatively compatible with our scaling (7.2).
Obviously, this does not imply that our model is describing any specific material, but
rather that the scaling we find is consistent with realistic data, but at odds with the
discussion in [38]. Obviously, by generalizing the holographic action with additional
couplings and fields (e.g. a dilaton-Maxwell coupling) it could be possible to fine tune
the dynamics of the peak to become smaller by increasing B.!!

In summary, we performed a complete analysis of the hydrodynamic and trans-
port properties of a large class of holographic models with spontaneously and pseu-
do-spontaneously broken translations at finite charge, and to the best of our knowledge
for the first time at finite magnetic field. This study has revealed the presence of inter-
esting features both from a theoretical and phenomenological point of view. Finally, it

11 the same way, [24] fine tuned the system to have a pinning frequency increasing with 7" in a very
small regime of low temperatures.
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Figure 24. Experimental data for a 15nm wide AlGaAs/GaAs/AlGaAs QW sample taken
from [39]. The data are the same as in figure 3 and are taken with permission from [39]. Left:
The motion of the magnetophonon resonance peak as a function of the external magnetic field.
Right: A log-log plot which shows a qualitative ~ B'/? scaling at large magnetic field, in well
agreement with our data shown in figure 20.

represents a new step towards the understanding of the homogeneous holographic models
with broken translations and their application to strange metals and metallic transport in
the absence of quasiparticles. In the future, it would be interesting to extend our studies
at finite magnetic field to more complicated holographic systems which break translations
without retaining the homogeneity of the background such as [116-119]. This would help
to understand to which extent these simpler homogeneous models can be trusted, in which
features they concretely differ from the inhomogeneous setups (e.g. commensurability [120—-
122]) and which phases of matter they are actually describing [26, 123].
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A Hydrodynamics of spontaneously broken translations in external mag-
netic field

In this appendix, we review the original hydrodynamic formulation proposed by Fukuyama
and Lee in 1978 [34]. We consider a periodic charge distribution (charge density wave)

p(F) =n+po [cos(Qr + ¢(7)) + cos(Qy + ¢y(7))] , (A1)

where pg is the amplitude of the charge density wave and ¢, (o = z,y) the dynamical
phase. This structure is periodic with period 27/Q.
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We are interested in the dynamics at scales larger than the lattice spacing:
Véa| < Q, (A.2)

which defines our hydrodynamic limit. For simplicity, we neglect Coulomb interactions for
the rest of this section. Under these assumptions, the Hamiltonian of the system reads

H=Hg+U+V. (A.3)

The first term is simply the kinetic term for the phases:

= o [ (62+48) ar. (A.4)

where n m is the mass density and gﬁa /@ the local velocity in the ay, direction. The second
term of (A.3) is the elastic potential energy. Assuming that the longitudinal speed of sound
is equivalent to the transverse one, such term takes the simple form:

ez /() - 9

In a more realistic case, there would be a non-trivial tensor C,z taking into account the
different shear moduli, and the speeds would be different. Finally, the last term in (A.3)
is the external periodic potential responsible for the pinning, which can be written as

V=eVopn Y [cos(Qai+ 0 (Fi)) + cos(Qui + 0, ()| . (A.6)

where Vy defines the strength of such potential and RZ = (=, y;) denotes the location of
the i, “atom”.

In terms of the momentum density operator P,, which is the canonical conjugate to
¢q, the algebra for our system reads

[Pa(7), ¢5(7")] = =i Q8(F — ) dag (A7)
[P.(7), Ps(F)] = iéé(?— ) 0o (A.8)

where the second commutation rule comes from the presence of an external magnetic field:

The non-commutation of the momentum density operators is the fundamental reason be-
hind the quadratic dispersion relation of the magnetophonon modes. One can understand
this by considering the free Hamiltonian for a system in an external gauge field:

Hy = zz: ﬁ (pi + gAi)Q . (A.10)
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The momentum density can then be written as:
e
P, = (pa‘f'EAa) ) (A'll)

and it is importantly not just p,. Given the standard commutation rule and remembering
that A; = g €ij 27, one can immediately derive the non-commutation of the P,, which
indeed turns to be proportional to the magnetic field B. The commutation rule (A.8),
together with the Hamiltonian (A.3), determines the full dynamics of the system.

Going to Fourier space, the final equation of motions can be written as
Co Q* Q*

¢* Do — wn We €0 Dag = —— (27%) 6(7— §')0ap » (A.12)

2
wi D
”O"B+nm nm

where for simplicity we have dropped also the pinning term proportional to the potential
V. The complete computation can be found in [34]. In the absence of pinning, we can

write down

. Q? 1 wn Wl wnwe
D —»’ —I;,Lw — 27T 2 n y A13
op (@, q n) = (27) nm (w2 +wi)2w? +w?) \ —wywe w%-i—wﬁ ( )

where D,g is the Green’s function matrix (in Matsubara formalism w — iw,). Some
comments are in order. (I) In the absence of magnetic field the matrix would be diagonal,
giving rise to the usual longitudinal and transverse sound modes. (II) The off-diagonal
terms are antisymmetric because of the breaking of parity induced by the magnetic field.
(III) The diagonal entries are not the same because we have re-introduced a difference in
the longitudinal and transverse speeds of sound.

At this point, the excitations of the system are determined by the poles of the Green’s
function matrix:

w=uws, (A.14)

where

1 1 2
w? = 5 (w3+wi+wﬁ) + 2\/<w3+wi+w2) —4wiwﬁ. (A.15)

Note that this formula is slightly more general than the one presented in the original paper
of Fukujama and Lee [34] in the sense that it includes a different speed of propagation
for transverse and longitudinal phonons. This formula can be found in [39]. Expanding
these two eigenfrequencies at small momentum and using w; | = vk, we obtain the
expressions appearing in the main text:

_ ULy

vl 40?2
ALy = k2, (A.16)

W4 = We +
2w, We

where the plus mode is the magnetoplasmon, and the minus one is the magnetophonon. If
one includes the Coulomb interaction, the gap of the magnetoplasmon will increase to

w2

= p A.17
W We + 2wc ) ( )

where w,, is the plasma frequency.
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In the presence of pinning, the equation for the frequencies at zero momentum can be
easily derived and becomes:

1
wi = 3 [w3+2w8 + we y/w? +4w(2)} . (A.18)

In the large magnetic field regime, the two modes simplify to:

2 2
w w

Wy =we + 2 ~we, w_o =2 (A.19)
We We

which are the results mentioned in the main text. Using the same techniques, one can
derive the structure of the magneto-conductivity at low frequencies.

B Charged viscoelastic hydrodynamics

In this appendix, we summarize the hydrodynamic framework of [71], which leads to the
results presented in section 4.

The theory starts with the definition of the scalar fields ¢! which can be understood as
the Goldstone modes for spontaneously broken translations. The indices I, J,... run over
the spatial directions, while u,v,--- = 0,...,d denote spacetime indices. We then write
down the tensor

B = g 9,01 0,07 (B.1)

with its preferred background value h!’ ~ §7. The mechanical deformations of the medium

are described in terms of the strain tensor

hry — hry

ury = 5 (B.2)
The free energy of the medium is given by
fz—/ddar\ﬁgF, (B.3)
with
F=p+P (UII +ulupy) - %B (UI])2 -G (u”uu - % (u11)2> +..., (B.4)

where higher order terms in the strain tensor are neglected. Here, p is the thermodynamic
pressure, P the crystal pressure, B the bulk modulus and G the shear modulus.

In addition to the Goldstone modes ¢!, the dynamics of the system includes also the
stress tensor T"” and the electric current J#, which satisfy the following equations

VT =F"J,,  V,J"=0 (B.5)

where additional external forces are set to vanish. The most general set of constitutive
relations for a charged viscoelastic medium at one-derivative order in the Landau frame
are given by:

JH = qui — PV g9 PV (T@V% . EV) — Pl 00,87 (B.6)

T = (e +p) v"v” + p g — rrs0,0' 9,07 — PIUPIY) pp s PEPPLO Y 4y (BLT)
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where we have defined
PH = g futv”, P =PMo,¢l, E,=F,0". (B.8)

Here ¢ is the charge density, v* the four-velocity, € the energy density, p the thermodynamic
pressure, 77 the elastic tensor, u the chemical potential, and a? 7> MIJKL, V1 dissipative
tensors. In addition, we also have the dynamical equation for the Goldstone modes

0 0 0u0" + 2P (TO, L~ By ) + Y, (racd6™) = 0, (B.9)

where new dissipative tensors U?J,’}/} ; appear. Expanding the last equation around a
background value ¢! = z! — ¢!, one obtains the more standard Josephson relation:

vt 90T = ol — 01000 + ... . (B.10)
Given the most generic expressions, we now focus on the linear regime in which
ol =o4hry, oy =0hry, s =vhi, i =7"his, (B.11)

2
NIJKL = (C 3 77) hrshxr +2nhrxhyr , (B.12)

where oy is the incoherent conductivity, ¢ the bulk viscosity and 7 the shear viscosity, and
the rest are new dissipative parameters. In the linear regime, the constitutive relations and
the Josephson equation become:

JH = (qf—i—ql uﬁ) vt —o PP (T@,,%—EV) —yPho” 0", (B.13)
T = (e—i— €l u)‘)\> vHo + (p—i—Pu)‘)\) P* +P Y —nat” —(P* 0p0° —2Gur
2
— (B—dG> uty (B.14)

ovtd,¢t —n'v, <P8M¢J— <B— 30) ur 0" —2Guﬂ”a,,¢J> +~/PIH <T&,% —E,,) =0,
(B.15)

where gy = p is the charge density of the system and h,, = h]JaugbI@,,ng, Uy =
uy Jauqbl d,¢7. Solving the linear equations in momentum space, we can find the com-
plete set of linear modes admitted by the theory presented in the main text. Notice that
conformality and P7T invariance require the additional constraints:

e=dp—riyh", WY nrgkp = ngkch =0, y=—9". (B.16)
We conclude here our summary and refer to [71] for more details.

C Technical details

In this appendix, we provide more technical details about the computations done in
this work.
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C.1 Equations of motion

First, we start by displaying the equations of motions for our system. We define the
following perturbations:

G = Guv +u 200, A=A, +04,, ¢ =o' +34", (C.1)

where the bar quantities are the background values for the fields. We will adopt the
radial gauge:

0A, =0, 0gasu=0, 0guy =0, (C.2)
with u being the radial direction. To simplify the equations, we also introduce
1 1
0gzz = 3 (0g22 + 6g33) » 0Gyy = 5 (6g22 — 6gs3) - (C.3)
Moreover, we perform a Fourier decomposition of every fluctuation as
0¢(u,t,,y) = e” IRV ¢ (u) (C4)

Using these conventions, the equations of motions for the perturbations are:
Maxwell equations :
— i 0gyy + kA, +idAY =0, (C.5)
i Bk gy, — Bdgy, + 6A, (f +2iw) + f6A) — pdg,, —k* 64, =0, (C.6)
Bégi, +0A, (f'+2iw) + f6A) — pndgy, +ikdA; =0, (C.7)
— w8ga + Bkbgie + k fSA, — kju6gy +ik* 5A; +ikwdA, + wdA; =0, (C.8)
Scalar equations :

wf' Sl +u f QL+ 2 fOp, +udg,, + 208G —ikudge, — k> uddyt

+2iuwdl +2iwdp, =0, (C.9)
ikudgss —2ikudgan +uf o¢y, +ufody, +2fo¢, +udg,+
+ 2001y — 3k uddy + 2iuwdg, +2iwdy =0, (C.10)

Einstein equations :

f (u (2 <B2u3+6m2u5fiw>5922+uf'5g§2 —udgy + 409y — 2k dguy

— 121’km2u5(5¢y+2uu3514;> +2iBku*dA, — 1259tt) —|—u<u <2w+if’)

<w5922 —|—k:5gty) + 09t <u3 <32+M2+4m2u2> —uf' A4+ k- 2iw>>

—2u f?85ghy +63gs =0, (C.11)

B u* g — 2B put g1y +2i Bku* §A; +2i Butw 5 Ay, + 2udg, f' —u® fogl+

+2u fOgh, — 6 f Ogra +2put fOA, —iu’wdgl, + K u® 5gi + 4mP ul Sgre — pP ut Sgra

+65gtx+ku2wégxy+6im2u6w5¢x—|—2iuu4w6Az =0, (C.12)

i(iku2wéggg+iku2wéggg —iB*u" gy — 20 Bpu' 6gis — 2 Bu' w A, — 2iudgy, f

+iu? f gy, — 2iu fog;, + 64 f gy —2iput fOA), — ku®Sgj, +2kudgy — u wdg),

—4im2u66gty+iu2u459ty—6i6gty—I—2kuu45At+6m2u6w5¢y+2,uu4w5Ay> =0,
(C.13)
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2B2ut 5gon 4+ u? f' 8ghy — 2u f ghy + 12m2 ub Ggao + 2iu% wdghy — 21 uw Sgon+
+2iBku'§A, — u?dgfy +4udgy — 60gu + ik’ dgj,

—2ikudgy —12ikm*u®d¢, +2uu* A, =0, (C.14)
BQu45gtx—23uu4égty+2inu45At+2iBu4w5Ay+2uégtmf'—u2fég£'m—|—

+2u fOgh, — 6 f Ogia +2pu’ fOA, —iu’wdgl, + K u® g + 4mPul Sgr, — pPu Sgr,
+65gtz+ku2wégxy+6im2u6w5¢m+2iuu4w5Am =0, (C.15)
— B*u" 6gssu® [/ 0gss + 2w f' 5g33 — u® f Ogls + 2u f 5ghs — 6 f Ogss + k7 u” dgss+
+4m?ub 8933 — p? ut dg33 —2iu2wégé3+2iuw5933+65933+B2u46922 —u? f' 6ghy
+2u f' 5gog — u® fOghy + 4w fOghy — 6 f Ogan + k2 u? 6gan + 4m? ub 8goy — p? ut S goy
—2iu2w5g§2+4iuw5922+65ggg—i—2inu45Ax —2udgy, +60gu +2ikudgy+
+2putsA, =0, (C.16)
— B*u" 6gay — u? [ 0ghy + 2ubgay f' — u® £ O, + 2 f O, — 6 f 60y — i ku® 5g),+
2iku(5gtac—2iu2w6g;y+4m2u65gwy—u2u4égzy+2iuwég$y—|—6(59w
—6ikm*u®¢, =0, (C.17)
—2Bu? 6A, — ubgf, + 209, +ikudg,, — 6m>u’ ¢, + 2 pu 6A, =0, (C.18)
i(iku2w6933+iku2w5922—iB2u45gty —2iBputdgi — 2ButwdA, — 2iudgy, f+
iu? fogy, — 2iufdg, +6ifogy —2iput fOA, — ku?dgy +2kudgy — u’wig),
74im2u65gty+ip2u4égtyfﬁiégterQk‘,uu‘léAt+6m2u6w5¢y+2,uu4w514y> =0,

(C.19)
—ikudghy —ikudghy +2BudsA, — udgy, + 209z, —6m2u55¢;+2uu35/1; =0,
(C.20)

where we have shown for simplicity only the case V(X) = m2X? and ¢! = x!. The
full set of equations for a generic potential V(X) is not shown, since it is rather lengthy
and not particular illuminating. We remind the reader that these equations are writ-
ten in Eddington-Finkelstein (EF) coordinates. We also note that one can consistently
set 6g22 = 0.

C.2 Asymptotics and Green’s functions

In Poincaré coordinates, the asymptotic expansion of the various fields at the boundary
u — 0 are given by:

8¢5 = o) + -+ 6P SN L §g, = 00D + -+ 5P WS 4L (C.22)
§A, = 6AD 164Dyt .. 5Ay = 0A) + A u+t .. (C.23)
§A, = 0A" 4645w+ .. g = 09+ 1 8¢, (C.24)
5933zég§§)+---+5g§§)u3+..., 5gm=5gt(£)+---+5gt(f)u3+..., (C.25)
5gty:5g£;)+---+5gt(5)u3+..., 5gxy:59§5)+---+59;§)u3+..., (C.26)

— 38 —



where we have assumed a potential V(X) = m? X" .12 In EF coordinates, the constraint
equations require the absence of the leading term for the ¢f component of the metric,
6g§tL ) = 0, as explained in [124]. This is an artifact of the choice of radial gauge in EF
coordinates and it can be relaxed in a more general gauge.

For the case with N < 5/2, for which the translational symmetry is broken explicitly,
the indexes (¥ and (L) stand respectively for “subleading” and “leading” terms, corre-
sponding to response and source of the corresponding operator. For the scalar fields we
have used (V) and (®) since the role of the two coefficients change depending on N. Using
the holographic dictionary [125], the various retarded Green’s functions defined in Poincaré
coordinates are given by:

o 1 56 n 0AY n 0AY
erér T Ny (2N —5) m?2 5¢§1) u=0’ Jodw — 5A(xL) u=0" Jady = 5A§/L) u=0’
(C.27)
S
BTN 2N =5) m? M) lumo” T 54 lumo” Tl g 5 () o
7 X
(C.28)

It should be pointed out that when N > 5/2, 6@5;(,;2) and 6¢§2) in the UV expansion
become the leading source terms, and the translational invariance does not break explicitly
but rather spontaneously. In this case, the corresponding retarded Green’s functions are

given by
1 5¢(1)
R - I
G0, = N (2N —5) m? 5¢§2) u=0’ (C.29)
g 1 545" gr _ 90 C.30
BTN (N =5) m? 5@ lumo’ TR 540 fuso (€30
J

Notice that reading off the Green’s functions in EF coordinates requires a careful
treatment of the holographic renormalization procedure in order to identify the source
terms and expectation values of the dual field theory operators correctly. For example, in
the language of eq. (C.23), the current-current correlator translates to

GR (= 0) = —iw+ (C.31)
Teta 5A

Finally, let us remark that all the retarded Green’s functions are computed by imposing
ingoing boundary conditions at the horizon which is set to up = 1 without loss of generality.

12Notice that all potentials of the type:
V(X)=X" tax™,

with M > N give the same asymptotic expansion. In other words, the smallest power in the potential
controls the dynamics in the UV.
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Figure 25. The convergence of our numerics for the parameters k/T = 1.676, m/T =

4.189, B/T? = 105.276, u/T = 4.189. The corresponding lowest three QNMs are wy n—41/T =
+0.0804 — 0.0661 ¢, wo y=41/T = —0.2045¢ and ws y=41/T = —0.39264¢. Left: Decay of the ab-
solute value of the Chebychev coefficients corresponding to the eigenfunctions of the lowest QNM
w1 ({0¢z,00y,0As, §AL, 6Ay, Shit, Shig, Ohyy, Ohss, Ohgy}={red, orange, magenta, brown, purple,
cyan, blue, green, black, gray}). Right: Moving of the lowest three QNMs with increasing gridsize
({red, blue, green}={w1, wa,ws}).

D Numerical methods

In this appendix, we briefly outline the numerical methods and check the quality of our nu-
merics. A more detailed introduction may be found in [61, 70, 126]. The numerical methods
used for computing the QNMs and Green’s functions are based on so-called pseudo-spectral
methods (see [127-131] for an introduction). Note that we choose Chebychev polynomials
as basis functions and discretize all functions on a Chebychev-Lobatto grid.

In order to prove that our numerical procedure is convergent, we show the decay of the
Chebychev-coefficients and the moving of the QNMs at large magnetic fields (see figure 25).
We see that even for only 25 gridpoints, the coefficients fall off sufficiently. In the right
side, we show that for N = 25, the QNMSs move less than 10716, for increasing the gridsize.
Increasing the gridsize makes the error exponentially smaller as we expect for spectral
convergence. We furthermore checked that all equations of motion including the constraint
equations outlined in appendix C.1 are satisfied for the obtained numerical solutions.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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