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1 Introduction and summary

On flat space, spin-s fields fall into a binary classification; they are either massive or
massless. On curved backgrounds, there is a more intricate structure. The (anti) de
Sitter group possesses exotic irreducible representations which do not have any flat space
analogues. These “partially massless” (PM) fields come in various depths, labelled by t €
{0,1,...,s — 1}, and display gauge invariances which remove helicity components 0,1, ...t
from the massive field, leaving a number of degrees of freedom intermediate between that
of a massless and a massive field [1-11].

Partially massless fields have recently seen renewed interest due to possible connections
between a PM spin-2 field and cosmology (see e.g., [12] and the review [13]). There have
been attempts and no-go’s bearing on the construction of a self-interacting theory of a
partially massless spin-2 [12, 14-17], and extensive exploration of the properties of the
linear theory and other possible nonlinear extensions [16, 18-29].

It was shown in [30, 31], using a non-manifestly covariant 3+1 formulation, that par-
tially massless fields in four dimensions possess a duality invariance in a manner akin to
electric-magnetic duality [32].} Electromagnetic duality, since its origins almost a century
ago [49, 50], has played a central role in many of the advances of modern theoretical physics
(see e.g. the reviews [51-53]), so it is naturally of interest to explore its implications in the
partially massless case.

Our goal will be to see the duality of the partially massless fields in its manifestly
covariant form. In general, accomplishing this requires casting the field equations into a first
order form, which is different from the standard, second order, Fronsdal approach [54, 55].
In particular, the equations of motion are reproduced by taking as the fundamental object
a gauge-invariant curvature. For massless spin-1 and spin-2, these are just the standard
Maxwell field strength and Riemann curvatures respectively, but for massless higher spins
it requires the introduction of new generalized curvatures [56, 57]. (For some reviews of
various aspects of higher spin theory, see e.g. [58-64].) In [23], the duality of [30] was
displayed in covariant form, with manifest de Sitter invariance, for the partially massless
spin-2. Here we generalize this construction to partially massless fields of arbitrary integer
spin and depth.

The duality-covariant equations for a spin-s depth-t field will be formulated in terms
of an (s 4+t + 1)-index tensor with the symmetry type

K e H Q St_l . (1.1)

This tensor is then constrained to satisfy the following Maxwell-like equations,

trx =0, dK =0, (1.2)
tr =0, d*xK =0, (1.3)

1Similarly, it is known that massless and massive spin-s fields on various backgrounds possess such a
duality invariance [33-45], which extends to fields of arbitrary mixed symmetry [46—48].



where the exterior derivative and Hodge star act covariantly on the first tensor factor
of (1.1). The equations (1.2) are Bianchi-like identities and (1.3) are dynamical equations
which together will reproduce the equations of motion of the partially massless field.

The algebraic Bianchi identity restricts the form of the tensor (1.1), projecting away
many of the components and leaving a residual tensor of the symmetry type

which will become the gauge invariant PM curvature.? The second of the Bianchi identi-

ties (1.3) is a differential Bianchi identity, and fits into a differential complex of the form

S
= s | t+i t+1] —— - (L5)

We will use the assumption of trivial cohomology of this complex to write the tensor K
as an appropriately symmetrized (¢ 4 1) derivative of a totally symmetric rank-s gauge
potential.

We will then turn to the equations (1.3), from which we will recover the on shell
equations of motion for the partially massless field. For the higher depths, this involves
generalizing the approach of [34, 35] to the partially massless (A)dS setting. From this
formulation, it is manifest that the equations (1.2), (1.3) are invariant in D = 4 under the
duality rotation 0K = %/, which is the PM analogue of electric-magnetic duality.

The curvature construction for depth-t fields will be strongly reminiscent of that of
a spin-(t 4+ 1) massless field’s. This will reinforce the notion that fields of different spins
but the same depth of partial masslessness have more in common with each other than do
fields which have different depths but the same spin. The arguments for the lower depths
t = 0,1, are somewhat different from those for the higher depths ¢t > 2, so we will treat
them separately, organizing the discussion according to the depth of partial masslessness.

We begin in section 2 by reviewing some salient features of partially massless fields,
including the on-shell equations of motion that we aim to reproduce. We then consider
partially massless fields of depth ¢ = 0 in section 3 and show how their equations of motion
can be reproduced by considering a generalized Maxwell tensor. This is a more-or-less
direct generalization of the story for the PM spin-2 case presented in [23] (see also [26]).
We next consider depth ¢t = 1 fields and perform a similar construction in section 4. Here
the construction follows the pattern of linearized Einstein gravity. Finally, we discuss the
case of depths £ > 2 in section 5. The main difference in this case is that the curvature
tensor has > 3 derivatives, so the second order equations of motion are recovered in a
somewhat subtle way, similar to the massless case for s > 3 [34-36]. In appendix A, we
work out the equations of motion for both partially massless points of a spin-3 field on de

2Note that this tensor has the same symmetry type as the frame-like curvature tensors of Skvortsov
and Vasiliev [10]. Here we provide an alternative metric-like construction of these tensors and show how to
reproduce the on-shell equations of motion for a PM field from these curvatures.



Sitter space from the off-shell Lagrangian starting point. This is provided for convenience
to illustrate the relationship between this standard viewpoint and the formalism which we
adopt in the rest of the paper. We comment on some natural future directions in section 6.

Conventions. We use the mostly plus metric signature. We (anti) symmetrize tensors
with unit weight, e.g., S..) = %(S/w + Syu). We work on de Sitter space of dimension
D and Hubble radius 1/H throughout. The curvature tensors of this de Sitter space are
given by

Rp,upo‘ = H? (g,upgucf - guagl/p) ) R;w = (D - 1)H29uu ) R = D(D - 1>H2-

All of our formulae apply equally well to anti-de Sitter by taking H? — —L72, with L
the AdS radius. We define the depth, ¢, of a partially massless field to be the highest
helicity component removed by a gauge symmetry or, equivalently, the number of indices
on the gauge parameter.® Young tableaux are employed in the manifestly antisymmetric
convention, and on the tensors we use commas to delineate anti-symmetric groups of indices
corresponding to columns of length two or greater. The projector onto a tableau with row
lengths 71,79, -+ is denoted P, ,, .. where the indices to be projected should be obvious
from context. The action of the projector is to first symmetrize the indices in each row,
and then anti-symmetrize the indices in each column, with an overall normalization fixed
so that P2 = Py, ry,... An excellent introduction to Young tableaux can be found in

T1,72,

section 4 of [65] or the book [66].

2 Partially massless equations and complexes

A spin-s field of mass m on (A)dS, is carried by a totally symmetric tensor ¢,,...,, which
obeys the on-shell equations of motion

(O-H*D+(s=2)—(s—1)(s+D—4)] —m?) by, =0, Vpyp, =0,
144 =0. (2.1)

Vg fis
At generic values of the mass, these equations propagate

(D—-3+4+2s)(D—4+s)!

sl(D —3)! (22)

degrees of freedom.

2.1 Partially massless points

These massive fields, at particular values of the mass, can develop a gauge invariance which
removes a subset of the helicity components of the representation. A spin-s field has (s—1)

3Note that this definition of the depth differs from some papers in the literature, which define the depth
by the number of derivatives in the gauge transformation; it is straightforward to convert between these
conventions by sending t +— s — t.



partially massless points, labeled by the depth ¢t € {0,1,...,s — 1} [8, 9], which occur at
the masses

m?=(s—t—1)(s+t+D—4)H?>. (2.3)

The value t = s—1 corresponds to the massless theory. At these special values of the mass, a
depth-t partially massless field possesses a gauge invariance with a t-index totally symmetric
gauge parameter, which removes the components of the massive field with helicity < t.
Combining (2.1) and (2.3), the on-shell equations for a partially massless field of spin-s
and depth-t are [8, 9, 67],

(O-H*D+(s—2)—t(D+t=3)]) by, =0, Vg, =0, & 0,
which has a gauge invariance

s = Vs Virro V&g + 0 (2.5)

s—1

,
PS <H7’L2:1 [v#nvluln+52_t + (2n — 1)2H2.g/14nlln+s2—t:|> f#s—t+1"'ﬂs

for (s —t) even

n+s—t—1 —|— (2n)2H2gﬂnNn+s—t—1 :| > vus_tgus—t+1"'us
2 2
for (s —t) odd.

PS <H;L:21 |:v/‘fn vu

Here the ellipses stand for O(H?) terms with fewer derivatives, which we can write in the
indicated factorized form, with P, a projector onto the totally symmetric s-index part.

The gauge parameter, ,,...,, is a totally symmetric tensor which is itself restricted to
satisfy the on-shell equations

(D FH?[(s—1)(D+5—2) 1] )gm.‘.m —0, V%o =0, & =0, (26)

so that the equations (2.4) are on-shell gauge invariant. The values of the mass in (2.3), as
well as the form of the O(H?) terms in (2.5) and (2.6), are completely fixed by requiring
that the system (2.1) have the partially massless symmetry with the leading derivative part
0lysyopy = v(uz+1v#t+2 T Vﬂsgﬂl'“ﬂt)'

A partially massless field of spin-s and depth-t possesses helicity components {+(t +
1),---,+xs} and propagates

(D—-342s)(D—4+s)! (D—-3+2t)(D—-4+1)!

s!(D — 3)! a tI(D — 3)! 27)

physical degrees of freedom in D spacetime dimensions. These degrees of freedom transform
irreducibly under an exotic representation of the (anti) de Sitter group which has no true
flat-space counterpart.4

“In the flat space limit (H — 0) the partially massless representation becomes reducible and breaks up
into a sum of flat space massless helicity representations {£(¢ + 1), - ,+s}.



2.2 Differential complex

Central to the arguments that follow will be the following sequence of first order differential
operators mentioned in the introduction,

a8t a(st qlst) S ‘
= [ ==y~ Lt — @8

where the d®*) operators act as

s,t
<dg )€> X V(i Virga  Via&p o) T (2.9)
11+ hs

s

—t
Py <Hn21 [vﬂnvNTH_szt + (2n — 1)2H29ﬂnl~"n+52t:|> 5H57t+1"'#s

for (s —t) even

X )
s—t—1
PS <Hn21 [Vﬂnvﬂn_'_ 57571 + (2n)2H2-g/an,U4n+57%71 :| ) v#sftgiufsfbkl”',ufs
for (s —t) odd
<dg87t)£) X Ps,t+1vu1 T vl/tJrlg,Ull"',UJs +-- (210)
K1V, s ot 1 V41,0t 4+2 " s
t+1
Py 41 <1‘[n2:1 {vynvy v+ (2n—1)%H?%g,,, t“D Uy, for t odd
n+-—5-= n+-—5-
X 9

t

Py 1 (Hﬁl [Vynv,,n+% + (2n)2H2gynVn+§)} Vi byy s for t even

(s:t)
<d3 K HAVLP,H2V2, it 1 Ve 1ol 427 N R e 211)
) P ) s

Here the P are projectors onto the Young tableaux that appear in (2.8), and the ellipses
are lower derivative terms proportional to H? which can be written in the indicated fac-
torized form.

The key property of this sequence of operators is nilpotency,

dt oM =, i=1,2,-, (2.12)

which makes it into a differential complex. The O (H 2) terms in the d(t) operators are
uniquely fixed by the requirement (2.12).°

5We may gain more insight into the form of these operators by considering embedding space. Given a
(D + 1)-dimensional Minkowski space with coordinates X“ and metric, nap = diag{—1,1,1,---}, dSp is

realized as the surface nABXAXB = H? (the AdSp case follows similarly, only with a two-time embedding

A
s
each D-dimensional tensor, T}, ....,., on dSp (here T is either the gauge parameter, gauge field or gauge

space). Letting e, =

be the projectors onto the dSp with intrinsic coordinates z*, we can assign to

field strength, with r the number of indices) a corresponding (D + 1)-dimensional tensor, TAI...A,,,, in the
embedding space, which satisfies a homogeneity and scaling condition

XA0aTa, . .a, =(s—141)Tayn,, X Taa,.a, =0. (2.13)



This complex generalizes the de Rham complex on (A)dS (which appears as the special
case s = 1, t = 0) and contains, from the left to right respectively, the gauge parameters,
gauge fields, field strengths and Bianchi identities of the partially massless spin-s field of
depth t. It generalizes to (A)dS,, and to higher spin the complexes of [23, 46, 72]. In
particular, (2.12) implies that if the curvature tensor is written in terms of a gauge field as
K= dgs’t)ﬁ, then it is gauge invariant under 0¢ = dgs’t)g .

We will assume that the cohomology of this complex is trivial.® This implies, for
example, that if K is annihilated by the operator dés’t), it may be written in terms of a
spin-s potential £, and so we have a two way implication,

MK =0 <= K=d"e. (2.16)

2.3 Field strength and equation of motion

The field strength of a spin-s depth-t¢ partially massless field will start out as an (s+¢+1)-
index tensor K with the following symmetry type,

s—1
]CulVll,U«QVQ:”':l/ft+1l/t+17al"'as—l—t € H ® ? (2‘17)

It is anti-symmetric in its first two indices, and in its remaining indices it has the symmetry

of the two-row Young diagram with rows of length s —1 and ¢. It has no symmetries among
the first two indices and the rest, and no constraints on traces.

We will show that under the assumption of trivial cohomology for the complex of
section 2.2, the equations of motion (2.4) for a depth-t PM field of spin-s are equivalent to

The dSp tensor is then recovered from the embedding space tensor by pulling back to the dSp surface,
o ﬁf(sflft) Ap An
Tyioopr =VX €url ey, TAy- A (2.14)

The expressions (2.9), (2.10), (2.11) descend from simple Young projections of flat derivatives,

(dgsng)Al“.A X Ay 0444 "'8A55~A1»-»At) )

d(s’t)g) X Ps+4+10B, -+ 0B, 1 £A, A, , 2.15
( 2 A1B1, A1 Big1, A2 As ' ! e ( )

(s5t) & c
(dB K A BLCASB A B A 4 X Pst+1,100K 4, By .- VAtp1 By, ApqoAs
1B1C,A2Bg, -, Ay y1Bey1,Ap o As

The property (2.12) is now manifest, and so it must reproduce the intrinsic dSp expressions upon reduction.
See [68-71] for more on the embedding space formulation of partially massless fields.

SFor appropriate boundary conditions on a patch of trivial topology it should be possible to prove trivial
cohomology in a manner similar to [46, 72-74]. It would also be interesting to investigate the consequences
of a non-trivial cohomology due to the presence of non-trivial boundaries, topologies, or PM monopoles
such as those of [25].



the following Maxwell-like set of equations for the tensor K,

trx =0, dKX =0, (2.18)
trk =0, d*K=0. (2.19)

Here the Hodge star and exterior d operator act only with respect to the first set of indices,”

1 o

_ = P
(*IC)#lVl,Bl"'5D72‘/—’42V2,"',,UltJertJrhal”'asfl—t - 26M1V161"'6D72 ]CPU|M2V27"'7I»¢t+1Vt+1»a1"'Ols—l—t’
(2.20)
(dlc)ﬂmm\,uz'/m'“,Mt+1uz+1,a1~~as—1—z - 3V[PKM1V1]|M2V27'“7Mt+1l’t+170¢1"'as—1—t’ (2.21)

and the trace is between one index in the first set and the first index in the second set,

(tr K) = KF (2.22)

v1|va, e i p 1V 41,00 01—t V1|py2, e M p 1V 41,00 0 —1—t

The equations (2.18) consist of two Bianchi-type identities; the first is an algebraic
Bianchi identity, which will restrict the symmetry type of the tensor K, while the second is
a differential Bianchi identity which will tell us that I can be written as the field strength
of a gauge field. The equations (2.19) will then become field equations which reproduce
the equations of motion for the spin-s field. This is the generalization of the story for
electromagnetism or for PM spin-2 [23].

2.4 Duality

In the case D = 4, *K and K have the same number of indices and carry the same
representation. In this case, the equations (2.18), (2.19) are symmetric under rotations
mixing the field strength tensor with its dual,

5K =« K. (2.23)

The Hodge star operation acts to implement duality, interchanging the roles of the Bianchi
identities and the field equations. The dual gauge field is also a totally symmetric s-index
tensor, non-locally related to the original gauge field. This is the same phenomenon as
electric-magnetic duality in electromagnetism, and holds for all values of s and t.

Though our arguments formally demonstrate duality invariance of the equations of
motion of PM fields, this by itself is not sufficient to establish duality invariance of the
action. This requires, instead, an explicit action of duality on the canonical variables of
the theory (or the fundamental fields), which leaves the action invariant. An instructive
example is that of Yang-Mills, where the action appears superficially duality-invariant,
but this duality cannot be implemented via field transformations [32]. However, duality
invariance of PM theories has already been demonstrated in [30] using a 3+1 decomposition.
The price of this approach is that it obscures the symmetries of the theory, which are
manifest in our formalism. The two approaches are therefore complimentary.

"However, it is to be understood that the Christoffel symbols associated with the covariant derivative
are to included for all the indices, i.e., the equations are (A)dS covariant.



3 Deptht=0

We begin by considering the simplest case, that of depth ¢ = 0 partially massless fields
(often referred to as “maximal depth” in other references). These fields possess every
helicity component except their scalar polarization. They are the most direct generaliza-
tion of electromagnetism and the partially massless spin-2 theory. Here we construct the
gauge-invariant curvature tensor for spin-s > 1, ¢ = 0 and show how it reproduces the equa-

8

tions of motion.® These tensors are also constructed in [26, 75], and are the higher-spin

generalizations of the Maxwell field strength tensor and the PM spin-2 curvature of [76].
The curvature starts out as the (s + 1)-index tensor,

Koo € H ® [=1]. (1)

which is explicitly antisymmetric in its first two indices, explicitly symmetric in its last
s — 1 indices, and has no other symmetry or trace conditions imposed. We want to show
show that the equations of motion (2.4) for a depth ¢ = 0 PM field of spin-s are equivalent
to the equations (2.18), (2.19) for the tensor K.

3.1 Bianchi identities

We first consider the Bianchi identities (2.18). When we decompose the tensor K
into irreducible GL(D) representations we find the components

H@@jl @F. (32)

The algebraic Bianchi identity is the equation tr * K = 0, which in components reads

puvlag a1

(xK),, p e

1 up—3p| azas—1 x 6MI“‘MD—Q

po|Bag---as_; = 0- (3.3)

Stripping off the epsilon symbol, we find that X vanishes if we try to antisymmetrize it
over three indices

’C[MV|041]042"'04571 =0. (3.4)

s—1

This means that the component of K with the symmetry type vanishes, and thus C

S
Konans € ? (55)

Next, we consider the differential Bianchi identity d/C = 0, which in components reads

has the on-shell symmetry

(d) ppuvsas-+ave1 X VpKpngareasy =0 - (3.6)

8The s = 1 case is the well-known Maxwell case. Its analysis is straightforward but doesn’t quite fit the
general pattern we consider in this section, so we omit it and consider s > 1 in the following.



Taking inspiration from electromagnetism and the spin-2 case, we want the operator d to
be part of a differential complex with zero cohomology. The needed complex is the ¢ = 0
case of the complex (2.8)

4(5:0) 4(s:0) 4(:0) S
«— : S — (3.7)

|

where the d9) operators maps between the various tensors as

s,0
(@) s = Vi oo Vg - (3.8)
P (szl [VMLV“H% + (2n — 1)2H29unun+%]> ¢ for s even
_ s=1
= P < n2:1 [vﬂnanJrs—l + (2n)2H29unun+s_1>:| vu5€ )
2 2
for s odd
s,0
(dg )E)/W,al'"as—l = 2v[u£u]o¢1~~-a5,1a (39)
s,0
(di(’, )K:)/U/P,al'”as—l = 3v[plcu1/],oc1--~oas_1 ) (310)

Here ¢ is a scalar function — which will be the gauge parameter — and ¢,,..., is a totally
symmetric tensor which will be the fundamental spin-s PM field. The first line, (3.8), is the

action of the scalar gauge symmetry on £. The derivative operator so defined is nilpotent,
d¥Vod®W =0,  i=1,2,--. (3.11)

As mentioned, we assume the sequence is exact, in which case the differential Bianchi
identity of (2.18), which becomes dgs’o)lC = 0 in light of (3.5), implies that we may write
KC as the antisymmetric derivative of a totally symmetric tensor ¢ as in (3.9),

IC/JZI,Oél---a371 = 2V[,u,€1/]al~--a571 ; (312)
which is invariant under a gauge transformation of the form (3.8),
0
sy = (A7) s = Vg - V- (3.13)
with a scalar gauge parameter, &.

3.2 Field equations

Now that we have the expression (3.12) for the curvature K in terms of a symmetric
tensor, ¢ (which will become the PM field), we want to show that the field equations (2.19)
reproduce the equations of motion (2.4) for a depth ¢ = 0 field. We first consider the
algebraic field equation tr JC = 0, which in components reads

K = 0. (3.14)

P
up, Qa2-Qs—1

~10 -



Upon using (3.12) this becomes

\ W P — VP ppoycrey = 0. (3.15)

Qs 1pP

This equation has two irreducible components, a fully symmetric part and a mixed sym-
metry part. Projecting onto the mixed symmetry part by antisymmetrizing over p and apg
we obtain

Viiog) s 1p = 0- (3.16)

Comparing this equation to (3.9) tells us that the déS_Q’O) operator, a member of the
complex (3.7) with s — s — 2, annihilates the trace of ¢: dgs_Q’O) tr/ = 0. This, under
the assumption of trivial cohomology, implies that tr £ is pure gauge, so we can write it as
d(87270)

1 of some scalar function y,

¢ P = a0\ = Vi Vo X+ (3.17)

o0 2p

The relation (3.17) is important because it will allow us to set tr/ = 0 via a gauge
choice. Generically, a scalar gauge freedom would not be expected to be enough to set the
trace, a symmetric rank s — 2 tensor, to zero.? To set the trace to zero, we would have to
find a gauge parameter ¢ that solves

fal..,a572pp + 5€o¢1~--a572pp =0. (3'18)
However, explicitly evaluating 64q,...a, ,," given the gauge transformation (3.13), we find
that the trace of ¢ transforms as dgs—2,0) of a second-order scalar operator [1+- - - acting on &,
Oy o = (72 O+ H2(s = 1)(D + 5 - 2)] €) . (3.19)

apQs—2

We now see, using (3.17) and (3.19) in (3.18), that the traceless gauge can be reached if
we have

AP0 [y 4 (O+ HY(s — 1)(D+5—2)) &] = 0. (3.20)

Invoking the trivial cohomology of (3.7), this is satisfied if and only if the term in brackets,
X + (D + H?*(s —1)(D+s— 2)) &, vanishes. Thus, we can make ¢ traceless by taking £ to
satisfy this equation. This leaves a residual gauge symmetry satisfying the homogeneous
equation [0+ H?(s — 1)(D + s — 2)] £ = 0, which is the ¢ = 0 case of (2.6).

Next we consider the differential equation of motion d * K = 0, which upon taking
another Hodge star and writing in components becomes

VV,C,uu,almas_l =0. (321)
Using (3.12), this can be written as

VY Kuvaras_r & [0 = H*(D + (s = 2))] bpagwae_y + (5 = DIH? g0, P

[e5] 062“'065—1)/)

=~ VuVpll o, = 0. (3.22)

1

9The exception is the spin-2 case, in which the trace can be gauged directly to zero.

11 -



Now, in the traceless gauge where (n,..q, ,,/ = 0, the symmetric part of (3.15) tells us
that ¢ is transverse. The traceless and transverse conditions along with (3.22) yield the
following system of equations,

(D ~H*D+s— 2))%1...%_1 =0, ¢ P=0,  Vaya,, =0, (3.23)

Qag-Qis—1p

which match (2.4) for a depth ¢ = 0 PM spin-s, along with the residual gauge invariance
that preserves the gauge tr ¢ = 0, which restricts £ to satisfy

<D +H*(s—1)(D+s— 2))5 =0, (3.24)

matching (2.6) in the case t = 0.

Finally, note that there is a second trace of the curvature tensor we could have taken,
Kuv,p” ageay - This trace is equal to (3.16), so it is automatically constrained to be zero by
the original trace requirement tr X = 0. The curvature tensor is thus completely traceless
on-shell.

3.3 d+ 1 decomposition

Another way to understand the presence of duality is by looking at how the field strength
breaks up under a D — d + 1 decomposition into space and time components. This is
analogous to breaking up the Maxwell field strength into electric and magnetic fields. On
shell, the field strength tensor has the symmetry type (3.5) and is completely traceless.
Upon reducing D — d + 1, it breaks up into d-dimensional fully traceless tensors as (this
decomposition follows from the branching rules for the orthogonal groups)

T T
T T @Fs‘l & - @H
o] el o] 6

where the superscript T indicates that the tableaux are fully traceless. The spatial tensors

in the top line of the right hand side of (3.25) are analogous to magnetic fields, and those
in the bottom line are analogous to electric fields.

In D = 4, so that d = 3, we can dualize the magnetic fields by contracting the
anti-symmetric index pair with the spatial epsilon symbol, €;;, after which they become
ordinary traceless symmetric tensors,

? —[ s | ®-1] @[] (3.26)
@T@T@---@D, D=4

The electric and magnetic fields now carry the same representation, and the action of

duality is to rotate them into each other. One can think of the magnetic fields as carrying
the physical helicity components: s,s — 1,---,1 of the depth ¢ = 0 PM field, and the
electric fields as carrying their canonical momenta.
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3.4 Example: s=3,t=0

The previous discussion was somewhat abstract, so here we work things out explicitly in
an example. The spin-2 version was worked out in [23], so we will do here the next simplest
example, spin-3. (For comparison, we have worked out the standard off-shell Lagrangian
approach to PM spin-3 in appendix A.)

The starting point is to consider a 4-index tensor, which is antisymmetric in the first
two indices and symmetric in the last two,

Kylonas € H @[] (3.27)

This contains the following components,

Horm- e 0. .

Bianchi identities. Following the general procedure outlined above, we first consider
the algebraic Bianchi identity, tr x X = 0, which implies that the curvature tensor vanishes
if we try to antisymmetrize over three indices,

(tr * /C) P pgﬁlcpg‘gag =0 = K[uwz\m]az =0. (3.29)

uiup—sp| a2 X €pypip_s

This means that the part of X with the symmetry of the three row Young tableau on the
right hand side of (3.28) vanishes, and so K has the symmetry type a0, €
Next, we consider the differential Bianchi identity d/C = 0, which in components reads

VipKu)ara: =0 (3.30)

This mapping fits into the s = 3 case of the complex (3.7)

] 430 a3 | ]« ] - (3.31)

where the d operator acts as

3,0
(dg )§)H1H2H3 = (v(m vuzvus) + 4H29(u1u2vu3)) £, (3~32)
3,0
(dg )e)ulm,amz = Qv[meuz],maz ) (3‘33)
(dg&O)’C)muzug,amz = 3v[u1 Kung],a1a2 ) (3‘34)

One can check straightforwardly that with these definitions, including the O(H?) terms
in (3.32), the operators satisfy

B30 o 430 _ 0, i=1,2---. 3.35
i+1 )
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As above, we proceed under the assumption that the sequence (3.31) is exact. Then, (3.30)
becomes d:(;”o)/C = 0 which implies that we can write K as an exact form as in (3.33) with
some symmetric rank-3 tensor ¢,'°

]Cmm,oqaz = QV[meuz}alaz : (336)

The identity dg&,o) odgs,o) = 0 then tells us that this curvature tensor is invariant under the
gauge symmetry
uspnns = (Vi Vo Visg) + 4H?G (05 V ) € (3.37)

for some scalar gauge parameter &.

Field equations. Next we consider the field equations (2.19). The first, algebraic, equa-
tion is tr & = 0, which in components reads

Icuppa X Vugapp - vpgp,ua = 07 (3.38)

while the second, differential, equation d * I = 0 becomes, upon using (3.36),

VU,CVM,OHOZZ =0 = (D B HQ(D+ 1))611041042 - V,uvugy ol +2H2g,u( ¢ )VV =0. (3‘39)

a1

Taking the antisymmetric part of (3.38), we find

Vit V=0, (3.40)

Hraly
which, using the complex (3.7) in the case s = 1 (which is nothing but the ordinary de
Rham complex), tells us that ¢ 4 can be written as the gradient of a scalar x:

b’ = VX . (3.41)

This is enough to see that we can choose a gauge where ¢, = 0; to fix this gauge we
see from the form of the gauge symmetry (3.37) that we need to find a gauge param-
eter ¢ such that £,/ + V(0 + 2H?*(D + 1)¢) = 0, which upon using (3.41) becomes
Vu (D§ +2H?(D +1)¢ + X) = 0. Again using the trivial cohomology of our complex (3.7)
in the case s = 1, the only solution to this is (¢ + 2H?(D + 1)¢ + x = 0, which is solved
by a particular solution for &, leaving a homogeneous solution which becomes a residual
gauge invariance satisfying [0 + 2H?(D + 1)]¢ = 0.

In this traceless gauge, (3.38) tells us that ¢ is also transverse, and then the equations
of motion (3.39) become

(O D+ VE) s =0, Pl =0, 4,7 =0, (342)

10Note that the spin-3 field that appears in (3.36) is not the same PM field that appears in the action (A.1),
but is rather a trace-shifted version of it. The field here may be written in terms of that field as

3 o
Luvp = buvp + mg(uvbp)a :

Ultimately, the trace is constrained to vanish on-shell, so both fields satisfy the same equations of motion
at the end of the day.
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which has the residual gauge freedom
Opspans = (Vs Vs Visg) + 40290, V)) €, where (O+2(D +1)H?)€ = 0. (3.43)

These are precisely the same equations as (A.37), (A.38), which describe an on-shell depth
t =0 PM spin-3.

4 Deptht=1

The next simplest case to consider is depth ¢ = 1. We construct the gauge-invariant
curvature tensor for spin-s > 2, t = 1 and show how it reproduces the equations of motion.!!
The depth ¢t = 1 case will have a curvature tensor construction similar to that of a massless
graviton, just as the ¢ = 0 case behaved as a suitably generalized massless photon.

For ¢t = 1, the fundamental object is an (s + 2)-index tensor which has the symme-

try type
s—1
ICM1V1|#2V2,C¥1"~%72 € ® . (4'1)

It is manifestly antisymmetric in the first pair of indices, and the remaining s indices have

the symmetry of a tableau with rows of length s — 1 and 1, with no additional symmetries
or trace conditions.

4.1 Bianchi identities

We begin by considering the restrictions that the Bianchi identities (2.18) place on the
tensor (4.1). The tensor representation (4.1) breaks up into the following GL(D) irreducible
pieces,

H@ Ak P Si@j’s@§. (4.2)

The first equation of (2.18), the algebraic Bianchi identity tr x IC = 0, gives

B _ _
€1B1--Bp_o pUICPU|f3V2’0‘1"'O‘s—2 =0 = ]C[ulm\w]l/z,ar"as—z =0. (4-3)

This equation implies that IC vanishes if we try to antisymmetrize 3 indices, which means
that the components on the right hand side of (4.2) with 3 or more rows vanish. This
restricts the symmetry type of K to be

S

" The construction for the massless flat space spin-2 (¢ = 1) case is nicely reviewed in [46], and the curved

space generalization in [40, 43]. It proceeds slightly differently from the general case we consider in this
section, so we omit it from the analysis and consider s > 2 in the following.
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From this we will see that the two pairs of antisymmetric indices are actually equivalent,
i.e., K is symmetric under permuting one pair with the other.?
The second equation of (2.18), the differential Bianchi identity dK = 0, reads
V[p/C =0. (4.5)

H1V1] 22,00 02

This equation fits into the ¢t = 1 case of the complex (2.8),

(s,1) (s,1) (s,1) ?‘
O ) L I T e

where the operators act as

s,1
(dg )ﬁ)m---us =V vus_lgus) 4. (4.7)
( s—1
Py (Hn21 [vunvun+521 + (2n — 1)2H29unun+s21]> Eus

for s odd
p—y ﬁ 5

P (Hnil [Vunvun+322 + (2”)2H29unun+s22}> Vs 18us

for s even

s,1
(dg )E)mm,uzm,wsmvs = Py (vmvuz + H29u1u2) L (4.8)
s,1

(dg )K)uwlp,uwz,w"'l’s = 3V oK uavavs vy » (4.9)

The operators defined in this way satisfy

d(sul) o d(&l) =0

i+l 04 , i=1,2,---, (4.10)

and as before, we will assume that the cohomology of this complex is trivial. With this, the
Bianchi identity (4.5) implies that K can be written as d of an s-index symmetric tensor

Cpyvvopiss

s,1
Ky pavawsvs = Ps2 (vmvuz + H2gu1M2) by = (dg )E) ) (4.11)

H1V1,[2V2,V3 Vs

and is invariant under the gauge transformation

0Ly pigeeopss = (dgs’l)f) - = v(m "'vus—lfus) IR (4.12)

12YWe can now see that it is unnecessary to introduce a second Hodge star or d operator acting on the
antisymmetric indices in the factor in (4.1). The second operator would be equivalent to permuting

the indices and then using the first operator.
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4.2 Field equations

Having constrained the form of the tensor X in terms of ¢ by employing the Bianchi
identities (2.18), we now want to show that the evolution equations for the PM field ¢
are reproduced by (2.19). We will see that only the equation tr = 0 is necessary. This
equation is already second order in derivatives of £. The other equation, d x K = 0, is
third order in ¢, and will become an identity which vanishes by virtue of the second order
equations of motion.

We therefore first consider the algebraic equation, tr = 0, which in components reads

Kr = 0. (4.13)

V1,pV2,001 Qs —2

Using (4.11), this can be written as

v 2 v v
K W1, V2,1 s X Dﬁﬂl"'#s + (D - 2)H Zm---#s - VVVMEM H3pa s v#l Vil M3 pa s
+ Vs Vil + HGuapin gy’ = 0. (4.14)

This equation has components of two different symmetry types: a completely symmetric
part, and a part with the symmetry of the Young diagram'3 (with the indices p1, po
in the bottom two boxes). If we project (4.14) onto this latter symmetry structure, we find
that the first line vanishes, and the second line becomes the expression for the curvature

tensor of the spin-(s — 2), t = 1 field which is the trace (tr£€),,...0, = €750

a2V (tre) = 0, (4.15)

where the d(25_2’1) is as in (4.8) with s — s — 2. Therefore, using the complex (4.6) in the
case s — s — 2, tells us that tr £ is pure gauge, and thus can be written as d of some vector
Xy, as in (4.7) with the replacement s — s — 2,

s—2,1
Cironnns” = @) e = Vi Vi Xpa o)+ - (4.16)

We next calculate the change in the trace of ¢ under a gauge transformation (4.12),

and we find two terms,

5—2/ (s—21
5o’ = —= (dg O+ H[(s—1)(D+5—2) — 1])€)u1~~u572
2 S—
L2 <dg 2,1) vV €]> : (4.17)
s M1 s —2

The first term looks like a spin s —2, ¢ = 1 gauge transformation where the gauge parameter
is a the operator [J + --- acting on ¢, while in the second term the gauge parameter is
V.,V - & Comparing to (4.16), and invoking the trivial cohomology of the complex (4.6)
in the case s — s — 2, we see that we can gauge fix the trace of ¢ to zero if and only if we
choose &, to satisfy

s—2
s

O+ H?[(s—1)(D+5—2)—1])¢, + %vuv £+ xu=0. (4.18)

13With the exception of s = 3, where it becomes a hook. See section 4.4.
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This leaves a residual gauge invariance with &, satisfying
(s =2) O+ H?[(s —1)(D+s—2) = 1]){, + 2V, V- £ =0. (4.19)

Inserting the tracelessness condition back into (4.14) and then anti-symmetrizing over
1 and p3 we obtain

V[mvygua}uzuzxmusflu =0. (4.20)

This implies, using the complex (3.7) in the case s — s — 1, that the divergence of ¢ can
be written in terms of a scalar 1 as

v o (s—1,0)
Vil Bip2fls—1 <d1 1[))#111«2'“#5—1 . (4.21)

Now, under a gauge transformation (4.12), the divergence of ¢ transforms as a depth-0 field
of spin-(s — 1) with gauge parameter V - &:

v (s—1,0)

6 (Volt gy ) < (407109 5)#%_.%_1, (4.22)
where we have kept in mind that the gauge transformations are now restricted to satisfy
the residual equation (4.19) and used it to eliminate [J¢, in favor of V,V - {. Comparing
with (4.21), we see that we can use the residual gauge freedom that remains after gauge
fixing tr ¢ = 0 to gauge-fix the divergence of £ to be zero as well, by solving V - ¢ « 1. This
leaves a residual gauge symmetry where the gauge parameter is divergenceless, V - £ = 0,
in addition to satisfying (4.19).

Using the fact that V, V.0, " i = Vo Vil Y s + (D4 (s = 2))H? 0y, +
trace terms as well as the divergenceless gauge condition V¥/,,,..,, = 0, we obtain

(O—sH?){,,...., = 0 from (4.14) so that the equations of motion become

(O —sH?) ly.p, =0, Vypyeps =0, s = 0 (4.23)

where there is a residual gauge invariance of the form (4.7) with the gauge parameter
satisfying
(O+H?[(s—1)(D+s—2)—1])€, =0 V,Eh=0. (4.24)

These equations agree with (2.4), (2.6) for ¢t = 1.

There is also the second equation of motion in (2.19), d * L = 0, which in components
becomes

VNIKM1V17N2V27041"'(X5—2 =0. (4‘25)

Upon inserting (4.11), this turns out to be identically satisfied given the equations (4.23).
Finally, we note that the field strength X is totally traceless once the equations of motion
are satisfied.
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4.3 d+ 1 decomposition

As we did with the ¢ = 0 case in section 3.3, we can understand the presence of duality
by breaking up the field strength into space and time components, analogous to breaking
up the Maxwell field strength into electric and magnetic fields. Upon reducing D — d+1,
the traceless on-shell field strength tensor breaks up as

T T T T
S — S S s—1 DD

®[s ] ®[s-1] @@ ] (2

In general D we now have three kinds of spatial field in (4.26), not just electric and
magnetic fields. In D = 4, however, the representations in the first line of the right
hand side of (4.26) carry no independent components and thus are not present, and the
representations in the second line can be dualized by contracting the anti-symmetric index
pair with the spatial epsilon symbol €;;, after which they become ordinary symmetric
tensors. This leaves

T
— S e e 0[] 07
o] @] @[], p=2s

The two lines now carry the same representation, and the action of duality is to rotate them

into each other. One can think of these fields as carrying the physical helicity components
and canonical momenta for the helicities s,s — 1,--- ,2 of the depth t = 1 PM field.
4.4 Example: s=3,t=1

It may be helpful to see the construction of the previous section worked out in an explicit
example. The simplest field which admits a depth ¢ = 1 partially massless point is a spin-3.
We will work out this case in this section. We have worked out the off-shell Lagrangian
approach in appendix A for comparison.

The starting point is to consider the tensor

KM1V1|M2V2704 € H ® ‘7 (4-28)

which has the following GL(D) decomposition

|
o[- o Y i
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Bianchi identities. We first consider the constraints that the Bianchi identities place
on the form of the tensor (4.28). The algebraic Bianchi identity tr = L = 0 implies (after
stripping of an epsilon) that K vanishes if we try to antisymmetrize over the first three of

its indices,

Kl lpzlvn.a = 0. (4.30)

Therefore the components of the decomposition (4.29) with more than two rows vanish, so
that the tensor K has the symmetry type

K | (4.31)

vt |pova,a €

Next, we consider the differential Bianchi identity d/C = 0, which in components reads
V[PICMVlLuzm,a =0. (4.32)

This identity fits into the complex

a(D a@ aD

— D:I:‘ —_— (4.33)

where the differential operators act as

3,1
(dg )f)uwzug = v(mvuzgug) + H29(u1u2€u3) ’ (4‘34)
3,1
(dé )E)mm,uzuz,u:a = P3p (vmvm + H29V1V2) iy papis » (4.35)
3,1
(dé )’C)Mle,sz,m = 3V Ko ) wapas » (4.36)

It is straightforward to check that with these definitions we have

d®Vod®V =0, i=1,2,---. (4.37)

Using this complex and the assumption of trivial cohomology, the Bianchi identity (4.32),
which is dz(,,g’l)lC = 0, implies that we can write K in terms of a potential as

3,1
IC#1V17#21/27#3 - (dé )K)H1V1,H2V2,H3 = P372 (vl’l VV2 + H29V1V2) £M1#2#3 ) (4'38)

(31 5 g3

which, by virtue of d = 0, is gauge invariant under the gauge transformation of

the form (4.34),
s pops =V (in Viog) + H2 9112613 - (4.39)
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Equations of motion. The trace equation tr x = 0 becomes, upon using (4.38),
2
ICMPWQM X (D —3H )6#1#2#3 - QV(va‘p‘ep,uQ),ug + Vi Vmg%p/’
+2H29u1u2£u3pp + H2gu1u3£uzpp =0. (4.40)

This equation has two parts, a totally symmetric part and a part with the symmetry Bj

Projecting (4.40) onto the hook tableau (which amounts to antisymmetrizing over pi, ps),
we obtain the equation

202,00 L, 1.~ Vi Vipl e + Via Vi b, 1 P = 0. (4.41)

P
pslp uslp2 P17 pglp

Under a gauge transformation, the trace of ¢ transforms into
1 2
bup” = Ly + 5 (08 + (14 2D)H?) & + SV, V - €. (4.42)

We may fix the traceless gauge ¢,,” = 0 by setting the above to zero and solving the
resulting differential equation for £.'* This leaves a residual gauge symmetry given by the
homogeneous solution,

(O+ (1+2D)H?) €, +2V,V - £ =0. (4.43)
Using this gauge choice in (4.41) tells us that

V[MVMEPW]M =0. (4.44)

We recognize this as the operator déz,o) in the complex (3.7), annihilating the symmetric

tensor V0 ;. 1,. Using the trivial cohomology assumption, this implies that the divergence

of £ can be written as de’O) of some scalar, ,

2,0
VAE)\/L]_}LQ = (dg )X)NIMQ = (vulvuz + H29M1M2)X‘ (4.45)

Next we examine how the divergence of £ transforms under a gauge transformation,

72
/A1,u2_§

1

N 3

Vin @+ H*(142D)) &y + = (Vi Ve — 3H?guip,) V-6 (4.46)

We would like to fix the divergence to be zero using only the residual gauge symmetry
satisfying (4.43). Using (4.43) in (4.46), we find that the divergence of ¢ transforms as

VAL i = VA i — (Vi Vi + H2gu0,) V- &, (4.47)
under this residual gauge symmetry. Therefore, using (4.45), and the trivial cohomology
assumption of the complex (3.7), we see that we can also gauge-fix V¢* uipe = 0 if and

MNote that this is somewhat simpler than the general case, where there would be another projection
of (4.40) which would tell us that we have enough gauge freedom to fix tr £ = 0. In this case, no such
argument is needed because the trace is a vector, which can directly be fixed to zero with our vector gauge
symmetry.
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only if V- £ = x. Once we have fixed this gauge, there is still a residual gauge freedom,
where ¢ is divergenceless V - £ = 0, and satisfies the equation (D + H?(1+ 2D)) §u=0.
e = 0 and £,,,” = 0 into (4.40) we obtain
the wave equation (D —-3H 2) Luspsps = 0. Thus the equations of motion following from
tr /I =0 are

After inserting the two conditions Vy¢*

(O = 3H?) Ly pgps = 0 €, =0 Valr,, =0, (4.48)

which are invariant under the residual gauge symmetry
o = V (uy Vioug) T H2G(unpnCpis) » Where  (O+ H*(1+2D)) &, =0, V- & 4019)

These is precisely the s = 3, ¢ = 1 case of the partially massless on-shell equations (2.4)
and on-shell gauge symmetries (2.6).

One can check directly that the remaining equation d *KC =0 == V* 41 oo,z =
0 does not provide any new information, but is satisfied identically once (4.40) is satisfied
(this is true even without fixing a gauge, as can be seen by using the trace of (4.41) to
eliminate (¢, in V - K, after which the result is proportional to (4.40)). Finally, it can
be checked that the field strength is fully traceless once (4.48) are satisfied.

5 Depth t > 2

We have seen that for higher spins, the depth ¢t = 0 case is reminiscent of the structure of a
massless spin-1 field in the sense that the field strength tensor K is first order in derivatives
and the second order equations of motion follow from the one-derivative equation d */C = 0.
The depth ¢t = 1 case shares many of the features of a massless spin-2 field, in which the
field strength tensor X is second order in derivatives and the second order equations of
motion follow from the zero-derivative equation tr K = 0. We therefore suspect that a
depth-t PM theory will behave similarly to a massless spin-(¢ + 1) field. But in this case,
the curvature tensor has > 3 derivatives and it naively seems impossible for the second
order equations to arise from either of the dynamical equations (2.19). They do in fact
arise, but the equations of motion will be implemented via gauge fixing, similar to the way
in which the equations for a massless spin-s appear in [34-36, 77| (reviewed in [58, 59]).

Here we sketch how the construction works for depth-t PM theories,'® with ¢ > 2,
t < s — 1. The starting point is an (s + ¢t + 1)-index tensor K with the symmetry type:

s—1
K B1VL |2V, 1 V41,00 - Qs —t— 1 H ® ? (5'1)

The Hodge dual and exterior d operations are again defined with respect to the antisym-

metric pair of indices in the first factor on the right hand side of (5.1),'6 as described in

15WWe restrict to s < s — 1 because t = s — 1 is the massless case, for which the details are somewhat
different and which is a straightforward curved space generalization of what has been done before in the
flat case.

16 As mentioned in a previous footnote, there are in principle multiple ways that we could dualize the
tensor K, but they will all end up being equivalent. Choosing to only dualize along the first antisymmetric
indices makes contact with the frame-like formulation of [10]. Similarly, we could introduce ¢+ 1 differential
operators and consider IC as a multiform, but this is not necessary for our construction.
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section 2.3. The tensor K is the PM version of the curvature tensors considered in [34-36],
which are based on the higher-spin curvatures constructed in [56, 57].

5.1 Bianchi identities

We first explore the consequences of the Bianchi identities for the structure of the tensor

KC. The trace constraint, tr * K = 0, becomes in components

PrIC =0.
(5.2)

=0 = ’C[M1V1|M2}V2"'

po|Bra, 1V 1,01 st 1

€ ’ : V1,00 Qg—p—
m1p1Bp_2 W1V 1,00 Qs —t—1

The representation (5.1) decomposes under GL(D) as

s—1 5 ‘ s—1 ‘ t8+_11 S
H@?: t b t+1 D @E—L

(5.3)
and (5.2) implies that all of the components on the right hand side of (5.3) which have 3
or more rows are zero. The only component which survives this projection is the one with

S

We now turn to the differential Bianchi identity, d I = 0, which reads

the symmetry type'”

v,k =0. (5.5)

HAVL] 202, g 1V 41,00 O —¢—1

This differential operator is dés’t), part of the complex (2.8) with the operators defined as

in (2.9)-(2.11). Again assuming that the cohomology of this complex is trivial, the fact
that K is annihilated by dés’t) implies that it may be written as dgs’t) acting on a totally
symmetric rank-s potential £ as

_ gt
IC.ul"',us,Vl"%H - d2 eﬂl“'ﬂs;lfl'“l/t-&-l x P57t+1vV1 o 'th+1£H1"'Ms +o (5'6)

By virtue of dgs’t) odgs’t) = 0, this curvature tensor is gauge invariant under a transformation
of the form

t
0Ly psy = (dgs )éf),“‘..u Vi Vir  Vis&pgop) T (5.7)
for a totally symmetric ¢ index gauge parameter £. The explicit expressions for the cur-
vatures and gauge transformations, including the sub-leading O(H?) terms are given in
section 2.2.

1"Note that this tensor has the same symmetry type as the projected curvature tensor of [10].
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5.2 Field equations

The combined effect of the Bianchi identities is to restrict the tensor (5.1) to be of the
symmetry type (5.4) written in terms of a spin-s potential as in (5.6). What remains is
to show that we can recover the equations of motion from this curvature using the field
equations (2.19). A priori this is impossible, because the equations of motion are manifestly
second order, whereas the curvature tensor (5.6) has t + 1 derivatives, which is > 3 since
t > 2. However, we will see that similar to [34-36], the equation tr = 0, plus appropriate
gauge fixings, does indeed imply the correct partially massless equations of motion.
We begin by considering the algebraic equation of motion tr I = 0,

Kr = 0. (5.8)

V1,pV2, " s Ht+1Vi41,1 " Os—1—¢

This equation contains three distinct symmetry components

S ‘ s—2 ‘ 5—1‘
trkC D o o, | >, . , (5.9)

and we will get various equations by projecting onto each of these three components (the

second component is absent in the case t = s — 2).
We first consider the projection onto the Young diagram . As it turns out,

(s,t—2)

the result can be written as d, of a totally symmetric rank s tensor Fy,...q,, so that

we have

A r=o. (5.10)

The tensor F is the PM analogue of the Fronsdal tensor, and contains only up to second
derivatives of £. The additional t — 1 derivatives needed to obtain the ¢ + 1 derivative
field strength are all present in the operator dgs’t_z) in (5.10). The relation (5.10) is a
generalization of a similar identity noted in the massless spin-3 case [57].

The goal is to show that F is zero, from which the standard on-shell equations will
follow after appropriate gauge-fixings. Eq. (5.10) implies, using the complex (2.8) with

t — t — 2, that we can write F as dgs’t_z) of some rank ¢t — 2 totally symmetric tensor

Aal"'at—2 )

F=d A, (5.11)

Next, we note that under a gauge transformation (5.6), F transforms as
§F =d" P ire. (5.12)
Comparing with (5.11), we see that we can use the trace of the gauge symmetry to gauge fix
F=0. (5.13)

This is the same mechanism by which the Fronsdal equations of motion are recovered in the
flat-space massless case in [34-36]. This leaves a residual gauge symmetry with a traceless

gauge parameter,
tré = 0. (5.14)
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(Note that the tensor F is invariant under the gauge symmetry (5.6) with a traceless gauge
parameter, just as in the standard Fronsdal formulation of the massless case.)
We next consider the projection of (5.8) onto the Young diagram . The result can
(s—1,t—1)

be written as dy acting on a de Donder-like linear combination of the divergence
(V0 pe s = VPouyp,, and the symmetrized derivative of the trace (Vtrf), ., =
Vit gy _1)s
1 -1
SIS (v S oY Y} 5.15
2 v s_1— tv r ( )

dgs—Lt—l)

The fact that this linear combination is annihilated by implies that we can write

is as dgs_l’t_l) of some rank ¢ — 1 fully symmetric tensor 1)

s—1 (s—1,t-1)
- - = ' ) 1
<V L S_l_tVtM) dj P (5.16)
Under a gauge transformation, this same linear combination transforms as
s—1 _(s—1-1)

so we see that we can use the divergence of the gauge parameter to fix the de Donder type
gauge where
v =1 gueoo (5.18)
s—1—1

This leaves residual gauge transformations where the gauge parameter is transverse
V-&£=0.

Finally, we project the equation of motion (5.8) onto the symmetry structure ,
and we find that the equation becomes

a2 e =0, (5.19)

which implies that the trace of ¢ can be written as dgs_zt) of some rank ¢ fully symmetric
tensor Yy,
tre = dF >y (5.20)

(In the case t = s — 2 we do not have this equation, and we do not need this cohomology
argument for tr ¢, so we define y = tr ¢ in this case, see the example in section 5.4.) Under
a gauge transformation, the trace of ¢ shifts as dtrf = tr dgs’t)f , which upon using that
the gauge parameter is transverse and traceless can be cast as

stre=d > @O+ H2[(s = 1)(D +5—2) —1]) & (5.21)

Comparing with (5.20) and using the trivial cohomology assumption, we can reach the
gauge tr¢ = 0 if we can solve the equation (O+ H?[(s — 1)(D + s —2) —t]) £  x with
a transverse traceless £, which would leave a residual gauge transformation satisfying the
homogeneous equation (O + H?[(s — 1)(D + s —2) — t]) £ = 0.

This will be possible if x is itself transverse and traceless, so we now turn to arguing
that this is indeed the case. Start by plugging (5.20) into the trace of the de Donder
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condition (5.18). The result can be cast as dgsig’tfl) acting on a de Donder-like expression

for y,

s—1 (s—3,t—1) t—1 _
tr <V l S_l_tVtM) o dy (V X+S_1_tVtrx> =0, (5.22)

Thus by the trivial cohomology assumption and (5.18) we have

t—1
Vitrx =0. (5.23)

vV - -
X+s—1—t

Next consider the trace of the Fronsdal tensor, tr 7. Using (5.18) to eliminate divergences
of ¢ and then (5.20) to eliminate traces of ¢, followed by (5.23) to eliminate divergences of
X, we find,

tr F oc dP 2 Pir . (5.24)

Given (5.13) and the trivial cohomology assumption, we thus have tr y = 0, and hence
from (5.23) V- x = 0. We can therefore reach the gauge tr¢ = 0, and then by (5.18)
V-£=0.

Finally, inserting the conditions tr¢ = 0, V - £ = 0 into the Fronsdal-like tensor
recovers the equations of motion (2.4), which are invariant under a residual gauge invariance
reproducing (2.5), (2.6). It can then be checked that the remaining equation of motion
d x I = 0 does not give any additional information, but is implied by the other equations,
and that the field strength IC is fully traceless.

5.3 d+ 1 decomposition

We can also understand the presence of duality in the general case by breaking up the
field strength into space and time components, analogous to breaking up the Maxwell field
strength into electric and magnetic fields. Upon reducing D — d + 1, the fully traceless
on-shell field strength tensor decomposes as

S r s TEB s—1 T@@ t—|—1T
t+1 D—d+1 | t41 t+1 t+1

s g s—1 g t+1 g
B
D S a s—1 DB t+1

o[ o] & ol 6

In general D we now have ¢ 4+ 2 kinds of spatial field in the various lines of the right

hand side of (5.25). In D = 4, the representations in all but the final two lines carry no
independent components and hence are not present. The representations in the second to
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last line can be dualized by hitting the anti-symmetric index pair with the spatial epsilon
symbol €;;1, after which they become ordinary symmetric tensors. This leaves

T
j —[ s | ®[s1 | & ®[tr1] (5.26)
o[- ) e 1] @ el p-u

The two lines now carry the same representation, and the action of duality is to rotate them

into each other. One can think of these fields as carrying the physical helicity components
and canonical momenta for the helicities s,s — 1,--- ,t + 1 of the depth t PM field.

5.4 Example: s =4,1=2

In order to make the previous discussion more concrete, here we work out the details for
the simplest nontrivial case, depth ¢ = 2 spin-4. In this case, the fundamental object is a
7-index tensor

,CH1V1|#2V2,#3V3,0¢ € H X ‘ (5.27)

Bianchi identities. As usual, we begin by considering the constraints that the Bianchi

identities (2.18) place on the form of the tensor (5.27). Decomposing the representa-
tion (5.27), we obtain the components

|
H@ - H@ ® ® ‘.

(5.28)

The algebraic Bianchi identity tr x IC = 0 gives

Apo o o
6V151/82"'5D—2 IC)‘,D|0'V27M3V3=04 =0 = K[M1V1|u2]yg7u3y37o¢ =0 (529)

which means that every component in (5.28) vanishes except for the piece with two rows,

Ky pava psvs,a € ‘ . (5.30)

The differential Bianchi identity dIC = 0 fits into the complex (2.8) with s =4, t = 2,

a{?) a{h?) 442) ‘

S EEEE = G

where the differential operators are given explicitly by

4,2
(dg )5) - v(m Vuzéus/m) + H29(u1u2§u3u4) (5.32)
[ 2 43 4

(dg‘*%) = Pys (Vo Vo Vi + 4H20,10, V1) Loz (5.33)

H1V1,H2V2,U3V3,0

42
(d:(S )’C> = V[PKM1V1],AL2V2,#3V3,0{' (5.34)

H1V1p,[2V2,[43V3,
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and satisfy

A4 od*? =0, i=1,2,---. (5.35)

Using the trivial cohomology assumption, we conclude that the Bianchi identity dg4’2)lC =0
allows us to write,

4,2
ICM1V1,M2V2,M3V3,0¢ = <d§ )€> = P4,3 (V,,l vl/2 st + 4H29V1V2 VV3) €M1M2u3a7
H1V1,[2V2,43V3,C
(5.36)
for some rank-4 symmetric tensor £. By virtue of dg4’2) o dg4’2) = 0, K is gauge invariant
under the gauge transformation
4,2 2
0l popon = (dg )§> = V(m meusm) +H 9(u1u2€u3u4)7 (5.37)
P12 434

for some two index fully symmetric gauge parameter &, ,,.

Field equations. Start with the algebraic equation of motion tr = 0. This trace is a
5-index tensor which contains the symmetry components'®

wr 5> 4L 1 g j (539

If we project onto the first tableau, using indices , we find that we can write the

(4,0)
2

result as d of a 4-index tensor F,

(4,0)

P4,1IC)\ X d2 TF = 28[U1FV3]1/2/L‘3,Q7 (539)

V1,AV2,43V3,0

where

14 8 14
Fuipopsps = Ul popapa + 2V 1y Vol wo o 2V Vil

2
H2™ s g 3 +H (D - 4)€u1u2u3u4
+6H?g(, 1,0

(5.40)

p2p3 )

14
M2  p3pg)v

The tensor F is totally symmetric and is the PM analogue of the Fronsdal tensor.

The equation tr K = 0 therefore implies that dg4’0).7-" = 0. This implies, using the t =0
complex (3.7) where s = 4, that F can be written as gradients acting on some scalar y, as
in (3.8),

F — A = (Vi Vs Vs V) + 10H2G(01 Vs V gy + OH )
pipopsps — 41 TX = ( (V2 Vs V) T I(papz ¥ ps Y pa) I(p1p29usps)) X -
(5.41)
Next, we note that under a gauge transformation (5.37), F transforms as

v

OF i popapa = (v(m Vs Vs Vi) + 10H29( u1u2g;t3u4)) &

= (d§4’0)tr §)

8Note that here tr K only has two symmetry components as opposed to the general case (5.9).

pape Vs V) + 9H49(

, (5.42)
11 12 13 f1a
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which is the depth ¢ = 0 gauge transformation with scalar gauge parameter fﬁ 8 exactly of
the form (5.41). Using the trivial cohomology assumption of the complex (3.7), this implies
that we can gauge-fix F to zero by using the trace of the gauge parameter, tr £. After fixing
F =0 we have a residual gauge freedom given by any traceless gauge parameter, tr & = 0.

Next we project the tr I = 0 equation onto the second factor of (5.38) using the
tableau . We get (after renaming some indices)

Pyo (Vo Vi + H2G010) [v,,zﬂ

ussss = 3V L] =0 (5.43)

H1%paps)p

This equation is nothing but dg)”l) acting on a de Donder-like condition for the gauge field

¢. using the complex (2.8), this implies that we can write

_ (43D
Vol s~ 3V s ) = (dl X>u1u2u3 , (5.44)

with x, some vector parameter. Under a gauge transformation, the de Donder-like combi-
nation which is the left hand side of (5.44) transforms as

3 2 (3.1)
5<Vp£puwzus - 3V(M1£“2H3)2> D) (Vi Vo + H Gl piz) V78300 (dl & 5) it
(5.45)

Comparing this to (5.44), we see that we can fix the de Donder type gauge
Vol tiops — 3V(m€u2“3)£ =0, (5.46)

by solving the equation y o« V-& = 0 for £. This leaves a residual gauge freedom satisfying
V-£=0.
Consider now the gauge transformation of the trace of £. Using the fact that the gauge

parameter has been fixed to be transverse and traceless, we have

Y4 O+ (44 3D)H?) &4y, (5.47)

P — 1 (
Hip2p 6
We want to reach the gauge tr £ = 0, and to do this with a transverse traceless §,,,, we need
to argue that tr ¢ = 0 is itself transverse and traceless, after which we will be able to reach
tr £ = 0 leaving a residual transverse traceless gauge parameter satisfying the homogeneous
equation (04 (4 + 3D)H?) &, = 0.

In fact, the trace of the gauge field is transverse and traceless. Taking a trace of the
de Donder condition (5.46) gives us a de Donder-like condition for tr ¢,

v lr,f, ==V, =0. (5.48)
Taking a trace of the Fronsdal tensor (5.40), and then using the de Donder condition (5.46)
and its trace (5.48) to eliminate all divergences, we find that it becomes

Frims'v =3V Vi + H>Gui) 04,7, (5.49)

~ 99 —



The right hand side is nothing but dgz’o)tr2 £, so the vanishing of the Fronsdal tensor, along
with the trivial cohomology assumption for the complex with s = 2, t = 0 tells us that the

double trace tr2¢ vanishes,
=0, (5.50)

after which (5.48) tells us that tr ¢ is transverse. We can therefore reach the gauge tr ¢ = 0,
after which (5.46) tells us that ¢ is transverse.
Inserting tr ¢ = 0 and V - £ = 0 into F = 0, we obtain the system of equations

(O+ (D —4)H?) Ly pippisps = 0, V' popsps = 0, sy =0, (5.51)

which are the correct on shell equations (2.4) for a PM spin-4 of depth-2. These equations
have a residual gauge symmetry where

55#1#2#3#4 = v(,u1vlﬁ2§u3u4) + H2g(p1u2§p3u4) 5 5111/ = 07 Vyfl/“ = 07
(O+ (4+3D)H?) &y = 0, (5.52)

which are the correct on shell gauge symmetries (2.5) for a PM spin-4 of depth-2. Finally,
it is straightforward to show that upon using (5.51) the remaining equation of motion
d x IC = 0 is automatically satisfied, and that the field strength I is fully traceless.

6 Conclusions

We have seen how the equations of motion for integer spin partially massless fields can be
recovered from imposing equations on gauge-invariant curvature tensors. The benefit of
this formulation is that it allows us to see the D = 4 electric-magnetic-like duality of these
theories in a manifestly local and de Sitter covariant form. However, it should be noted
that writing the equations of motion in duality covariant form, though suggestive, does
not by itself establish duality invariance of the action. The 3+1 formulation of [30], on the
other hand, shows invariance of the action, at the unavoidable price of losing manifest de
Sitter invariance.

Writing the equations in duality covariant form complements the 3+1 analysis, and in
particular paves the way for us to introduce magnetic sources, which cannot be introduced
locally into the action. For massless and massive higher spins, monopole solutions were
constructed in [78-81]. It would interesting to see if the electric and magnetic monopole
solutions of the PM spin-2 case [25] generalize to the higher spins.

There are various extensions and generalizations which naturally present themselves. It
would be interesting to construct gauge invariant actions for higher spin and depth partially
massless fields utilizing these metric-like curvature tensors or Fronsdal tensors. Such a
construction is known for the spin-2 case [76], but it is likely that the higher-spin analogues
will require introduction of auxiliary fields, as the known actions for massive higher spins
require such auxiliary fields. In [10], Skvortsov and Vasiliev give a construction of actions
for similar curvature tensors in the frame-like formulation, which from the point of view of
the metric formulation contains many auxiliary and Stiickelberg-like fields. More generally,
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it would be interesting to further elucidate the relationship between the curvature tensors
constructed here and those of [10]. In particular, the EM duality should act in a very simple
way in the frame-like formulation, by dualizing the form indices of the curvature tensors.

We have considered here only bosonic higher spin fields. There appears to be no ob-
struction to constructing similar gauge invariant curvatures for fermionic partially massless
fields [1, 2, 5, 6, 8, 31], or for mixed symmetry fields [82] which can also possess partially
massless points [4, 11, 83, 84]. Some technical issues that might be interesting to investigate
include proving curved space versions of the generalized Poincaré lemmas of [46, 72, 74].
Additionally, we have not provided an explicit construction of the PM Fronsdal-type [54]
tensors for all depths and spins — an explicit expression for these tensors may shed some
light onto the problem of constructing explicit actions from these curvature tensors.

Moving beyond the linear case, one intriguing possible application is to attempt to
construct non-Abelian theories of partially massless fields. Similar to the construction
of Yang-Mills [85] or the Fradkin-Vasiliev procedure [86, 87] (see e.g., [88, 89]), it might
be possible to construct generalizations of these linear field strengths which are invariant
under non-linear symmetries. Some work along these directions appears in [69, 70, 90, 91].
In the spin-2 case, this does not appear to be possible [29], but the question for higher
spins remains open. It would be interesting to understand what becomes of duality in
interacting situations; some work along these lines has been done in [26], who construct
non-linear equations of motion in the depth ¢ = 0 case, using duality invariance as a
guiding principle. The generalization of these arguments to the higher-depth cases might
be of interest.
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A Off shell spin-3

Here we consider the full off-shell Lagrangian for a spin-3 field propagating on a maximally
symmetric space of nonzero curvature, showing how the on-shell equations of motion (2.1)
and the partially massless points (2.3) arise. The equations of motion and gauge invariances
for this case are also studied in [5, 6, 75]. Spin-3 is the simplest example where the field
exhibits multiple partially massless depths in addition to the ordinary massless point. The
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Lagrangian for a massive spin-3 propagating on a maximally-symmetric space is'?

1 3 5
L=— ivﬂbyaﬁvﬂbl/aﬂ + iv“buaﬁvybyaﬂ o 3v#bmvabﬁ“V + §VubyaaV“b”5ﬁ

3 fel v 1 2 va apuf
+ SV = Sm (Bavab ™ = 30,50

3(D_2) 1% S(D_2)(D_ 1) 2 9 272
op MV, + ToF (VR)* + Jm*h
(D—-1)H? (D -3 ” N
+ 5 1 Dl — B, b — 9h* ) (A.1)

The dynamical variables are the symmetric, trace-ful, spin 3 field b,,,, and a scalar field,
h, which will end up being non-dynamical but is necessary in order to obtain the correct
degrees of freedom for a spin 3.

This Lagrangian possesses 3 special values of the mass, m. The first is m = 0, cor-
responding to a massless spin-3 (¢ = 2). In this case, the scalar field h decouples and we
acquire the Fronsdal gauge symmetry

Sbyvp = V(A (A.2)

vp) s

where the gauge parameter is symmetric and traceless: A, = AJ; = 0. This symmetry
removes the helicity-0, helicity-1 and helicity-2 polarizations, leaving only the massless
helicity-3.

The next special mass value is the ¢ = 1 partially massless point,

m? = DH?. (A.3)

At this point the field has a vector gauge symmetry?’ with gauge parameter o

1

Obuvp =V (uV&p) — Bg(va)vaga + H29(W§p) ;
1
oh =~ VDIV ¢" (A.4)

This symmetry removes both the helicity-0 and helicity-1 polarizations.
The final special mass value is the ¢ = 0 partially massless point

m? =2(D —1)H?. (A.5)
At this value of the mass, there is a scalar gauge symmetry with gauge parameter y, which
acts as
1 2(D —1)H?
Obuvp = V (Vo V)X — BQ(MVVP)DX + Tg(va)x7 (A.6)
1
oh = —5/2(D - 1)H2(D +2(D+1)H?)x, (A7)

and removes the helicity-0 polarization.

9This Lagrangian can be obtained by performing a radial dimensional reduction of a massless spin-3
field in (D + 1)-dimensions [67, 92].

*’Note that in the AdS case where H> — — 2 (with L the AdS radius) the square roots in (A.4), (A.7)
become imaginary. In this case we must also replace h — ¢h, which keeps the Lagrangian real.
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A.1 Stiickelberg and decoupling limit

An elegant way to understand the nature of these partially massless points is to employ
the Stiickelberg trick. The gauge symmetry (A.2) of the massless theory is broken by
the presence of the mass terms in (A.1), but can be restored by introducing Stiickelberg
fields hy., Ay, ¢ (with hy, symmetric and trace-ful), associated to the helicity 2,1 and 0
components respectively, through the replacement?!

3
h —s mh + %¢> +mV A — %ng (A.8)
3
buvp = buvp = 3Vl p) — En(uvvp)h + 3V VA (A.9)
3 1 2

N m
- Bn(Mva)vaA =V ViV — Bn(uvvp)m¢ + 377(va)¢ :

In order to isolate the individual helicity components, we take the decoupling limit

m—0, H—0, %—> fixed . (A.10)
Additionally, we perform the following two field redefinitions to diagonalize the b, A and
h, ¢ mixing:

3 o

buvp — b;“,p — EH I Ap) (A.11)
1+ 28(D +1)
/ 2 3m?2

Py > Ry, —m (D—2) I, (A.12)

and we keep the canonically normalized fields
b~ b, h ~ mh, A~ m?A, b ~m?p, (A.13)

fixed as we take the limit. After all of these manipulations, the Lagrangian (A.1) becomes
a flat space Lagrangian and takes the following form

1 v 3 v (&4 v 3 (&4 v 3 64 v
L== 5 0ubla0"Y a6+§6#b"&58,,b’ B 30,14 050" +50ub e 0" g 0" G0

+ 3m? (—i@AhL,,E)Ah’“" + O\ R — O, O, b + ;mh’éﬁh’)

D+1
DD 2 - D) (9,4, - 0,4,
(D+1) 5 o 2\ (12 2
- — DH —2(D - 1)H)¢O A.14
3y = DH)(m? —2(D ~ DH)o00, (A14)
and is invariant under the linear gauge symmetries:
r_ T T T
0y = Oy, + 00, + OpA,, (A.15)
OR, = O + Oy, (A.16)
0A, = OuA, (A.17)
where )\Zy is a symmetric, traceless gauge parameter.

2Tn this replacement, the auxiliary scalar field becomes the trace of the Stiickelberg field h,,., i.e., what
we are doing is to introduce a traceless symmetric tensor field as a Stiickelberg and then package the
original auxiliary field as the trace of this tensor field. This Stiickelberg replacement emerges naturally
from dimensional reduction, see e.g., [93].
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9 9
m2= 0. t—2 helicitv 0.1.2 absent m = DI, t=1, helicity (1,1 absent

h=0 healthy
h=1 ghost

h=2 healthy

k=0 ghost
h=1 healthy

k=0 healthy

h=1 healthy
k=2 healthy

k=2 ghost

e

— 9 9
" m= 2D1)H , t=0, helicity 0 absent

h=0 ghost

k=0 healthy
h=1 healthy T healthy

k=1 healthy

h=2 healthy

h=2 ghost

h=0 healthy
h=1 ghost

h=2 ghost

Figure 1. Partially massless lines and regions for spin 3. Modes pass between being healthy and
ghostlike as the partially massless lines are crossed.

The action (A.14) is now a flat-space action for massless fields of helicity 3, 2, 1, 0, all
decoupled from each other. We see manifestly the three partially massless points; these are
the points where kinetic terms for the various helicity components vanish. Furthermore,
for any value of 7; we can determine each component’s unitarity/ghostliness from the sign
in front of the kinetic terms. At the depth ¢ = 0 line, m? = 2(D — 1)H?, the scalar degree
of freedom drops out of the Lagrangian. Similarly, at the ¢ = 1 line m? = DH?, both the
scalar and vector polarizations are removed, and at m? = 0 the helicity 0, 1,2 components
are all removed. These points mark the boundaries between healthy and ghost-like regions
for the various helicity components, see figure 1. In particular, we see immediately that on
dS all components are healthy only for m? > 2(D — 1)H? (the Higuchi bound [3] for spin
3), with the exception of the partially massless and massless points, which are also healthy.
On AdS, all components are healthy only for m? > 0; the massless point is healthy and
the partially massless points are ghost-like. In general, for all spins s > 1, the partially
massless cases, t < s — 1, are healthy on dS and ghostly on AdS, whereas the massless
cases, t = s — 1, are healthy on both dS and AdS.

A.2 Equations of motion

Here we derive the equations of motion from the spin-3 Lagrangian (A.1) and show that
they reproduce the general on-shell equations (2.1). Denoting the Euler-Lagrange derivative
of (A.1) with respect to by, as &y, it is convenient to work with the trace-reversed
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equations of motion

3 «
g/“,p = g/“,p - En(ﬂlfgp)a (Alg)
3
2 2 « « 2 a
= (O —m® + ADH?) by + 3V, Vb, = 3V V(b0 — S5m0 g(uby)e
3(D —2)
— S MgV ph = 0.

The trace-free divergence, which vanishes in the massless theory by the Bianchi identity
associated to the gauge invariance, is proportional to the mass in the massive theory

1 (D —-2) 1
2 «@ « af
VPE(ywyy =M <2V(Mby)a -V baW—BgWVab B) + 5™ (VMV,,h—DgWDh>
=0. (A.19)
We also have the h equation of motion:
0L 9/ , 9 3(D—-2) (2(D-1)
=—=- —2(D—-1)H" )h — Oh b, =0.(A.2
=5 2( (D-1) ) 2D D FmVubts ) = 0. (A.20)
Taking the following combination
v7p m2 « m
V V gp(#V)T - 79/1(1 + gqu == 0, (A21)
yields the following constraint equation,
(D+1 L, 2(D-1)
5 ) (m® — DH?) [ m®b,,” + (Dmvuh =0, (A.22)
which implies that (except when m? = DH?)
v 2(D — 1)
b,u,u - —Wvuh . (A23)
Plugging this back into (A.20) we find
g<m2 (D~ 1)H2)h —0, (A.24)

from which we deduce that (except when m? = 2(D — 1)H?)
h=0, (A.25)

and therefore, using (A.23),
b," =0. (A.26)

Using (A.25) and (A.26) in (A.19) implies that (except when m? = 0)

Vb = 0. (A.27)
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Now, putting this all together in G,,, we obtain (note that we have to commute some Vs
to use the divergence-free condition)

(0= m?+ (D = 3)H?) b, = 0. (A.28)
So we see that all together, the equations of motion following from (A.1) are
(O=m2+ (D=3 )by =0, Vb, =0,  b,/=0,  h=0. (A29)

Note that this procedure breaks down at precisely the partially massless and massless
points
m?=DH?, m?=2(D-1)H*, m?>=0. (A.30)

We now proceed to treat the partially massless points separately.

A.2.1 t =0 partially massless point

At the partially massless point m? = 2(D — 1)H?, the procedure outlined above does
not quite work because (A.24) vanishes identically, which is nothing but the Noether
identity associated with the partially massless gauge symmetry (A.6). We can still com-
bine (A.18), (A.19) and (A.20) as in (A.21) to obtain a relation between b,,,” and V h:

y 2(D—-1)
b,uu = _Tvuhu (AS].)
and plug this constraint back into (A.19) and (A.18) to obtain:
(3D -2) o o ar B
Vpéfp(,w)T = mV(#by)a - V%o — mguyv baﬁ =0, (A.32)
Guvp = (D +2(D + DH )by + 3V, Vb, & = 39V (b0 — 3H2g( b, 0 = 0.
(A.33)

Now, we can use the PM gauge symmetry (A.7) to gauge fix h = 0, which leaves a residual
gauge symmetry satisfying

(O+2(D+1)H?*)x=0. (A.34)
In this gauge, we then have from (A.31) that b is traceless,
b =0, (A.35)
and (A.32) then tells us that b is divergenceless,
Vo = 0, (A.36)
so we arrive at the following equations of motion
(O—(D+1)H?) b, =0, Vb =0, b =0, h=0, (A.37)

which are invariant under the residual scalar gauge symmetry
Sbuvp =V, VoV yx +4H?g,, V,yx, with  (O+2(D+1)H?*)x=0.  (A.38)

Note that we have used (A.34) in (A.6) to arrive at (A.38). This recovers the on-shell
equations (3.42) and gauge symmetries (3.43).
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A.2.2 t =1 partially massless point

At the partially massless point m? = DH?, the theory possess the vector gauge invari-
ance (A.4). We first use this gauge symmetry to gauge fix

h=0, (A.39)

by solving the first order equation h + dh = h — %\/DHQV,@” = 0 for &*. This leaves a
residual gauge symmetry which consists of any £ satisfying the homogeneous part of the
equation, V,&# = 0.

Taking the trace of the b,,,, transformation (A.4), and using the residual gauge condi-
tion V,&# = 0, we learn that the trace transforms as

0b,," =

1%

(O+ (14 2D)H?)&,. (A.40)

Lo =

We want to reach a gauge where b,,” = 0. To do this, we must solve b,,” +b,,” =0
for £&# within the space of £ satisfying V,£#* = 0. This can be done, because taking a
divergence, we find the source V#b,,,” which vanishes by the h equation of motion (A.20)
in the gauge h = 0, and so the equation is consistently transverse. Thus, by solving the
wave equation (A.40) for ,, we can reach a gauge where

by” =0, (A.41)

after which there is a residual transverse gauge parameter which satisfies the homogeneous
part of (A.40)

(O+ (1+2D)H?) €, = 0. (A.42)
Plugging the gauge choice (A.41) into (A.19) using the gauge (A.39) then tells us
VP, = 0. (A.43)

Finally, after plugging (A.41), (A.43) into (A.33), we obtain a Klein-Gordon equation
for b,,,,, and the equations of motion reduce to

(O —3H?)byu, =0, b, =0, VPbpuw =0, h=0,  (A.44)
where there is the residual gauge symmetry
Sbuvp = buvp = Vi, Vil + Hgwép), (O+ (1+2D)H?)§, =0, V=0, (A.45)
matching (4.48), (4.49).
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