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1 Introduction

In quantum field theory, particles are created by the creation operators af. In contrast,

solitons seem to be very different objects, corresponding somehow to classical solutions

which must be quantum corrected [1].

This treatment of solitons is sufficient in many

weakly coupled theories, but in theories which are strongly coupled in the infrared, it is

no longer clear that classical solutions will be realized in the quantum theory. Conversely,

in strongly coupled theories, objects may be realized in the quantum theory which do not



correspond to classical solutions! but nonetheless carry the same charges. Therefore it
would be desirable to have a description of these quantum objects which may be decoupled
from classical solutions.

There is such a description. Solitons in a quantum field theory are also represented
by operators which create them, just like particles. In the case of classical solutions, these
are the operators which create coherent states [4]. Perhaps the first example of such an
operator was the quantum kink, described by Mandelstam in ref. [5]. This kink leads to
expectation values of the scalar field which reproduce the asymptotic behavior of the kink
solution. However the kink solution itself does not appear, as the operator is singular.

More generally one expects such operators O to satisfy

[H, O]|0) = MO|0) (1.1)

where M is the mass. When the theory is weakly coupled, M should be equal to the mass
of the corresponding classical solution plus quantum corrections.

A general formalism for operators which create states whose form factors (¢(z)) repro-
duce the classical solutions, and who solve (1.1) was described in ref. [6]. The general form
of O is the product of a displacement operator, which fixes the form factor, with another
operator which squeezes and deforms the state to minimize the energy in the displaced
state. This other operator can be calculated in perturbation theory.

We would like to study these operators in weakly coupled theories, in which they
correspond to classical solitons, with the hope that once we understand them in this context
we may create them in strongly coupled theories in which they do not. In the present paper
we take a first step. We will use the formalism of ref. [6] to rederive the leading correction
to the quantum mass of the ¢* kink, first calculated in ref. [7].

Our method is particularly robust. By normal-ordering our theory from the beginning,
we render it finite,? so that divergences are never present in our calculation. This eliminates
the need to compactify and decompactify in the presence of an ultraviolet cutoff, as was
done in [7]. We find the mass by directly diagonalizing the Hamiltonian of the 1-kink
sector. This is done to subleading order in perturbation theory. Our method produces not
only all of the eigenvalues, but also all of the Hamiltonian eigenstates.

In section 2 we show that in the one kink sector, our Hamiltonian problem is equivalent
to the Poschl-Teller problem. Next in section 3 we calculate the Poschl-Teller solutions,
which are the eigenfunctions of our Hamiltonian. These eigenfunctions are used to diago-
nalize the Hamiltonian in section 4, yielding the kink mass. Finally in section 5 we describe
the entire spectrum, the generalization to other classical solutions of other theories and also
how these results may be used to construct the kink operator. The notation is summarized
in table 1.

In fact, even at weak but finite coupling Derrick’s theorem may be violated by quantum corrections [2, 3]
and so unstable classical configurations may correspond to stable quantum states.
2This is always the case with scalar field theories in 1+1 dimensions.



symbol | description

H ¢* Hamiltonian

Hy Free Hamiltonian

Hpr Poschl-Teller Hamiltonian

H Hamiltonian in the kink sector

Ty Poschl-Teller potential term

Q Leading quantum correction to kink mass

Fx Energy of kink state

f(z) Classical kink solution

g(z) Po6schl-Teller eigenfunctions

g(p) Inverse Fourier transform of PT eigenfunctions

C The normalization of g

m V2

g m/2

|£) The two ground states

|K) The kink state

Dy Displacement operator, creating the form factor f(z)
@ Operator O = Dy, that creates the kink state from |—)
ap Annihilation operator for plane waves

by Annihilation operator for continuous PT eigenstates
bo Annihilation operator for odd bound PT eigenstate
beE Annihilation operator for even bound PT eigenstate

Table 1. Summary of Notation.

2 The modified Poschl-Teller potential

2.1 A ground state

We begin with a real scalar field ¢ in 141 dimensions described by the Hamiltonian

11—/@wu@,7&@—1:ﬂ@wuy+;:@m@@¢@y+i:@@ymfwmwwﬁ;

2
(2.1)

where 7(z) is the conjugate momentum to ¢(x) and v and A\ are positive, real numbers.
As the field ¢ is tachyonic when expanded about zero, we will postpone our prescription
for the normal ordering. Note that the theory has two degenerate ground states

+) (2.2)

which satisfy
(£|op(z)|E£) = v. (2.3)

Let us consider for concreteness the ground state |—). We may zero the expectation
value of ¢ in eq. (2.3) with the field redefinition

b— b=+ (2.4)



From now on we will only be interested in gg and so we will drop the tildes. Therefore now

(=lo(2)|-) = 0. (2.5)

In terms of this new field, the Hamiltonian is

H = Hy+ Hy, Hy :/dCCHo(x), H; :/dIﬂl(x)

Ho(x) = % cm(x)mw(z) +% 2 0pp(2)0pp(z) : +M0% 1 ¢ () :

A
Hi(z) = —v: ¢ (z) +Z cot(x) - (2.6)
We can see that the new field ¢(z) has a mass® of
m = V2\v. (2.7)

As we work in 141 dimensions, ¢ is dimensionless and so v is dimensionless while A
has dimensions of m?2. Therefore our perturbative expansion will be in 1/v.
It will be convenient to rewrite the Hamiltonian density in terms of m and A

m2
Ho(z) = % cm(x)m(x) —i—% : 0:0(x)00(x) : +7 ¢ (x) :
Hi(z) = —\/jgb (3 () : +2 cot(x) ;. (2.8)

Now unfortunately our perturbative parameter has disappeared from the problem. How-
ever, as 1/v is equal to V2 /m, our expansion is equivalent to an expansion in VA with m
held fixed.

Although ¢ is not a free field, in the Schrodinger picture we can Fourier transform it
to define oscillator modes a and af

o(x) = /;ii \/;Tp (a; + a_p> e T m(z) = z/ ;ii\/jg (a;r, - a_p> e”PT(2.9)

where
wp = v/m? + p2. (2.10)
The canonical commutation relations
[0(z), m(y)] = i6(z —y) (2.11)
then yield
lap, af] = 276 (p — q). (2.12)
Finally we can define our normal ordering prescription: all a! are placed on the left of all a.

The |—) state can be calculated in perturbation theory in A in terms of the ground
state of the free theory Hp, which is annihilated by all a,. It satisfies

H|-) = Eo|-) (2.13)

where Fj is of order A\. The state |—) can be constructed from the free ground state by
acting with an operator which is equal to the identity plus corrections of order v/\.

30ur m differs by a factor of v/2 from that of ref. [7], who instead defined it to be the tachyonic mass
of the unshifted vacuum.



2.2 The kink

A single, time-independent, kink at rest corresponds to another state |K) which is also an
eigenstate of the Hamiltonian
H|K) = Eg|K). (2.14)

We will refer to this equation as a Schrodinger equation,* and the quantity
My = Ex — Ey (2.15)

as the kink mass, as it is the minimal energy cost of creating a kink.

Following the general arguments of ref. [6], the kink state can be constructed as a
coherent state by acting on |—) with the operator O. What do we know about O?

The classical equations of motion for the field ¢ are

2 2 2 °
) ¢>gt(2w,t) 0 ¢513§f’t) _ % (%(x,t) _ \/%) 0 <¢d(x,t) - \/%) . (2.16)

One solution is the time independent kink

dalz,t) = f(z),  flz)= \% (1+ tanh (%)) . (2.17)

This classical solution corresponds to a state in the quantum theory with

(Kl|p(z)|K) = f(x) (2.18)

plus quantum corrections. How does one obtain such a state?

2.3 The displacement operator

Still following ref. [6], we may obtain the form factor (2.18) using the dispacement operator

D; = exp (—z’ / do f(x)ﬂ(x)) . (2.19)

In this subsection the function f(z) will be arbitrary, not necessarily a solution of the
equations of motion.
The commutator with ¢(z) may be obtained from

[ s o] = [ st mw). o] = -is ) (220)
As the right hand side is a scalar, it commutes with everything and so one easily obtains

Dy, ¢(y)] = —f(y) Dy (2.21)

From here one solution to eq. (2.18) is apparent. If one defines

/) =Dyl=) (2.22)

4We hope that this terminology does not cause confusion, as we are working in quantum field theory

and not quantum mechanics.



then

(flo(@)If) = (—IDhé(2)Ds|-) = (=|D}[o(x), Dyl|-) + (—|D}Dyo()|-)
= (—DIDsf(2)|-) + (—|o(@)|—) = f@)(—|-) + 0= f(z)  (2.23)

where we have assumed the state |—) to be normalized to unity and we used the unitarity
of D f-
We have not shown that O = Dy but merely that D; would yield the correct form
factor (2.18). More generally
O =D;0, (2.24)

where O is another operator whose effect is subdominant in /).

Any change in the normal ordering prescription will affect the kink mass, and so we
need to study the action of Dy on the normal ordering carefully. Let us define the Fourier
transform of f(x) by

F(v) = / da f(z)e= P, (2.25)

The commutators of the exponentials in eq. (2.19) are

[/da:f( ] / [a;,aq}z—i %f{q). (2.26)
[ ssnal] =i [\ [apal] = iy Ri0. )

Again the right hand side is a scalar in both cases, and the commutators with the full

and

exponential (2.19) are easily calculated

Df> aq \/7]0 va [Df7 a2;1| =—1 %f(_qypf' (2.28)

We will need to move products of a, and aj] past Dy. From the commutators one finds
that this is done by shifting a, and aé

a,Dy = Dy (aq + \/?f(q)> ,  alDy=Dy <a; + ﬁf’(q)) . (2.29)

Note that any normal ordered product will remain normal ordered when pushed past Dy,
as the substitution of a, or a:S by a scalar leaves all a on the left. For example

. F(a},a,): Dy =Dy : F (a; + \/?f(—q),% + ‘*;’”f(r)) : (2.30)

where F' is any function of two variables. Similarly, as 7 and Dy commute,

F (n(x),6(x)) : Dy =Dy : F(w(z), d(x) + f(x) - (2.31)

Recall that the normal ordering prescription is always that of the decomposition of ¢ with
mass m into a' and a as in eq. (2.9). The identity (2.31) was derived without assuming
that f satisfies the equations of motion.



2.4 Shifting the Hamiltonian

To solve eq. (2.14) for Ex, we will need to apply the identities in egs. (2.30) and (2.31) to
the Hamiltonian given in egs. (2.6) and (2.8). Let us push H past D; one piece at a time

dp dp ~
H()Df = /%Wpa;appf = Df/Qﬂ'wp <CL;+ ?p > ( \/?f >
dp w?
e (HO +/ \ﬁf (ah+ams) + /2 5 )

—Df(H0+T1+T0 232)

where T and Tp are the two terms in the previous expression. Using

Gt W) = [ dee (- 32) f(a) (2.33)
and
-+ asy = 2 [ dyd(y)e™ (2:31)
we can simplify the second term in eq. (2.32)
= / ded(z) (m® — 02) f(x). (2.35)
Similarly (2.33) simplifies the third term to
m? — 8%
Ty — / o ()™ % f(a). (2.36)

Next we need to treat the interaction terms

H\Dy = /da: (—\;%n : ¢3(1‘) : —i—% : ¢4($) :) Dy

-y [do (—@” (6la) + 1@ 45 (9(e) + S(@)" )

=Dy (Hi+Ty+ T + T + T3) (2.37)

where T is of order ™. These are each easily evaluated

! m !
Ty = /d:z N (2) <_N'( S VA AN+ S N)!2f4N> (2.38)

13— N) 2 NI(4—

where it is understood that only terms with strictly positive powers of f are included.

Putting Hy and H; together, we are now ready to move the entire Hamiltonian past Dy

HDf :Df (H+T0+T1+T2+T3) (2.39)



where
Ty =Ty +Tn

is of order ¢VV. Eq. (2.38) yields the new interaction term Ty

T3 =T} = A/dmf(a:) L3 (x) ;.

The scalar term is

Toz/d;r ["jﬂ(x) f” \[ () + f4( )]-

Using the kink solution (2.17) one finds

3
~ m
Ty = 2
EED

which is the well-known formula for the classical energy of the kink.
The term linear in ¢ is

T = / dzg(x) [m2f<x> — f"(z) ~ 3\/§mf2<m) T Af3<x>] .

As usual, the fact that f(z) satisfies the classical equations of motion

fay =" (f (=)= \/%> ! <f(x) ) “727)3

implies that the linear term vanishes
Ty = 0.

The most interesting term is the quadratic term

ng/da: ¢*(x) [\/>f +3Af2()]

Again using the solution (2.17) one finds

Finally we may assemble our result
HDf:DfHI, H,:Ecl—l-HpT—l—H[

where the classical energy is

the interaction terms are

Hy=H; +T3:/da: [(— m+)\f(:c)> :¢>3(:c):+%:¢4(x):

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)



and the remaining terms are

. /dx[:ﬁ;a:)I . :3x¢($)23x¢(33)1 . (ﬂj_g(j)QseChZ ("’f)) :¢2<x>(:2 :]52)

The mass term is space-dependent. However it takes the form of the exactly solvable
modified Péschl-Teller (PT) potential.

2.5 A new problem
We wish to solve the Schrodinger equation (2.14) for the kink state

IK) = DOy |-). (2.53)
We can now reorganize this equation using (2.49)

H|K) = HD;O,|-) = DyH'O,|-)
= Ex|K) = DyExgO|-). (2.54)

Identifying the last term on each line, and using the fact that Dy is invertible, one finds
H'O1]-) = ExO4|-). (2.55)
Subtracting the scalar F from both coefficients this yields our new problem
(Hpr + Hy) O1]-) = (Exg — Eq)O1|-). (2.56)

We have reduced the problem (2.14) of finding the kink state to a new problem (2.56).

What is this new problem? It is a Schrodinger equation for the state Oi|—). As Dy is
gone, there is no kink. As a result, if desired, one could compactify the theory on a circle
with periodic boundary conditions. As we are searching for the kink ground state, the
goal is to solve the eigenvalue problem such that EFp is minimized. Of course the global
minimum would be to include D_; so as to remove the kink. To remove such a spurious
solution, one should specify that the boundary conditions of (¢(z)) are to be kept fixed
during this minimization, which would be automatic were the theory compactified.

The H; operator may be treated using an ordinary perturbative expansion in v/A. This
is straightforward and will be done in a future work. In the present paper we will solve the
truncated problem

HprO1|-) = (Ex — Eq)O1|-) (2.57)

which is sufficient to give the O(m) contributions to Ex. Therefore it will allow us to
calculate Fx to the same order as ref. [7]. In this truncated problem the D_j solution is
not present.

Note that (2.57) cannot be treated simply by perturbing about Hy and expanding
in powers of v/, because there will be contributions with arbitrary numbers of mass
terms T which all contribute at the same order. We have attempted this, and found that
convergence is at best quite slow. Instead, we will use the exact eigenfunctions of Hpr to
exactly diagonalize the Hamiltonian Hpr.



3 Classical solutions to the Poschl-Teller problem

The PT theory is a free theory, in the sense that all terms in the Hamiltonian are at most
quadratic in ¢. However, due to the space-dependent mass term Ty, the solutions of the
classical equations of motion are not plane waves.> To solve the problem (2.57) it will
be convenient to decompose the field ¢(z) into the basis of PT solutions with constant
frequency. In this way we will introduce creation and annihilation operators b' and b which
create and annihilate PT solutions. The field ¢(x) is the same quantum operator as it was
in the previous section, the role of this new basis is simply to reorganize its projections so
that the Hamiltonian is of the form bfb. This is useful because it implies that the ground
state O1|—) in (2.57) is the unique state annihilated by all operators b. As this condition
already completely characterizes the state, we will not need to find an explicit example of
the operator O;.

In this section we will calculate the inverse Fourier transforms of the eigenfunctions of
the Poschl-Teller wave equation. The reader who is not interested in this derivation may
simply note that the answers are given in eq. (3.23) for the continuum states and egs. (3.31)
and (3.36) for the even and odd bound states respectively.

3.1 General solutions

The classical equation of motion derived from Hpr in (2.52) is

O} pa(w,t) — Bda(z,t) = (—4B* + 68%sech?(B)) dai(, t) (3.1)

where for convenience we have defined
m

= —. 3.2
p=" (32)
As we are looking for eigenstates of Hp, the time-dependence should be of the form e~**
and so we search for solutions of the form
ba(x,t) = fr(z)e W, (3.3)
The functions fi then satisfy the equation
0= 02 fr(z) + (wi — 4B8% + 63%sech?(Bz)) fr(x). (3.4)

This can be recognized as the wave equation for a field in a well of width 1/3. The 6 in (3.4)
characterizes the depth of the potential well, and corresponds to the third reflectionless PT
potential. We will see how the fact that the potential is reflectionless affects the structure
of the leading quantum correction to its mass. The fact that it is the third means that
there will be precisely two bound states.
The term w,% — 42 is just energy squared minus mass squared, and so one would like
it to be
wi — 467 = k2. (3.5)

As so far we have not defined our parametrization k, we will fix it by demanding (3.5). In
general there will be two solutions with each value of k2, one even and one odd.

5They are however plane waves asymptotically, as the mass term becomes constant far from the origin.

~10 -



3.2 Continuum states

After a change of variables
y = cosh?(Bx) (3.6)

and dividing fi, by y*/? our wave equation (3.4) becomes the hypergeometric equation and
it has even and odd solutions [8]

Yi(x) = cosh®2(B2) F (3 LRSS LRI sinhmm)) (3.7)
¥9(z) = cosh®?2(Bz)sinh(Bz)F (4 +;”€/ﬁ 4o ;k/ﬁ; g - Smh2(5a:)>

where F' are ordinary hypergeometric functions o F; which are calculated in the appendix.
Substituting (A.19) into (3.7) we find the solutions

Yi(x) = <1 — Mtanh%,@x)) cos(kx) — kgigﬁltanh(ﬂx) sin(kz)  (3.8)
k?/8% + 1 — 3tanh?(Bx . 3
Yp(x) = < /B(k;_/ﬁ2 ; Z)k/ﬂ(ﬁ )> sin(kz) + mtanh(ﬁx) cos(kx).

The function ¢ agrees with ref. [9] while ¢° differs by a factor of (k?/3? 4 4) in the first
term. We have checked that our functions satisfy the wave equation (3.4) and so we believe
that our result is correct. When §|x| > 1 the coefficients of sin(kx) and cos(kz) in eq. (3.8)
are constant, and so the solutions are plane waves with wave number k, as expected far
from the sech? potential well.

The even and odd functions have different normalizations. This can be fixed with a
simple rescaling

Ui(x) — (K82 + Vg, vple) — (K2/8% + 4)k/ By (3.9)
which yields

Vi(z) = (k*/B% — 2+ 3sech?(Bx)) cos(kz) — 3k/B tanh(Bz) sin(kx) (3.10)
Y(z) = (k*/B% — 2+ 3sech?(Bz)) sin(kz) + 3k/B tanh(Bz) cos(kz).
The normalizations are now identical. As these are eigenstates of a Hermitian Hamiltonian

with distinct eigenvalues, the ¥ (z) at distinct k are orthogonal. The normalization can
be obtained from the f|z| > 1 region, where all coefficients are constant

/ dat, ()l (2) = 76TCE 3y — ka), C =B+ DRZIF +4), ij € {e,0}.
(3.11)

In the case of plane waves, the normalization constant analogous to C} was equal to unity.
We will need the inverse Fourier transforms of the wave functions. As our answer
differs from that obtained using Mathematica by some Dirac delta functions, we will derive

- 11 -



our answer systematically here as we believe it to be correct. Let us begin by decomposing
1y into three pieces

Vi(z) = Ag(2) + Bi(2) + Ci(w),  Ai(z) = (k*/5% — 2) cos(ka)
B{(x) = 3sech?(Bz) cos(kx), Ci(z) = —3k/B tanh(Bx)sin(kx). (3.12)

Contour integration, using Cauchy’s theorem with residues evenly spaced along the
imaginary axis, yields the inverse Fourier transform

/dIL‘ tanh(Bz)e* = gicsch <7T> (3.13)

whose derivative is

/da: sech?(Bz)e” = TP csch <7Tp> . (3.14)

We will also need the identities

/dxf(x) cos(kz)eP” = ;/dxf(x) (ei(’”k)x + ei(p_k)x) = (3.15)

/dxf(a:) sin(kz)e* = % /dwf(g:) (ei(p+k)x _ e%’@*’ﬂ)ﬂf) — flp+k) 2‘@ flp—Fk)

where we have defined the inverse Fourier transform f of an arbitrary function f to be

fo) = [ dzpayer (3.16)
Combining these identities one finds the desired inverse Fourier transforms. First
AS(p) = (K*/5% - 2) /dm cos(kz)e* = (K*/6% = 2)m (6(p+ k) + 6(p — k)) (3.17)

captures the asymptotic behavior of the eigenfunctions, which are just the same plane
waves that one would find in a free theory. Next using (3.14) and (3.15)

Bi(p) = S/dm sech?(Bx) cos(kx)e®

_ 23;2 [(p + k) esch (W) + (p — k) csch <7T(702;k)ﬂ . (3.18)

Finally combining (3.13) and (3.15)
Ci(p) = —3k/ﬂ/dm tanh(Sx) sin(kx)eip‘”

- ?2’7;’; [Csch (W) — csch <7T(p2;k)>] : (3.19)

In contrast Mathematica finds additional Dirac delta functions in (3.19), as its calculation of
Fourier transforms does not appear to respect (3.15) which follows from the shift invariance

- 12 —



of the integral. The same steps applied to 1} yield the Fourier transforms
Aip) = (K*/5% = 2)mi (8(p — k) — 6(p + k) (3.20)
. 3 —k k
Bi(p) = 2—‘;1 [(p — k) csch <7T(1726)> — (p+ k) csch <7T(p2—g)>]
- k —k k

We would like to simultaneously diagonalize Hpr and the momentum k, and so we
will assemble these even and odd real solutions into complex solutions

gr(x) = ¢y () — i (z). (3.21)

The same decomposition into A, B and C' may be applied to g and its inverse Fourier
transform, which by linearity of the inverse Fourier transform yields

Ax(p) = Ag(p) — iA%(p) = (K*/5% — 2)276(p — k) (3.22)
3 = 3T cse mp—k)

Bi(p) = ﬂQ(p k) h< 23 >

~ 3k m(p—k

Ci(p) = chch ((1?25)> .

Summing these we find our final answer for the inverse Fourier transform of the wave

functions

0) = Aulp) + Bulo) + Culp) = (/6% — 2)2m8(p — 1) + 2 csch (”“’Qﬁk)) (3.23)
The first term is the plane wave piece which comes from the fact that the eigenfunctions
of Hpr and Hj are identical asymptotically. The fact that there is no d(p + k) term
results from the reflectionless nature of the Poschl-Teller potential with coefficient equal to
n(n —1)/2 for n an integer. The quantum corrections to the mass of the kink come from
the second term, which has a simple pole at p = k but is nonzero away from the pole.

Using the normalization (3.11) one easily finds

/dxg;;l () g, (x) = 2770,?15(k:1 — k2) (3.24)

where the real and imaginary parts of gi(z) contribute equally. We will also need the
fact that

gr(x) = gi(—x) = g—i(x). (3.25)
As a result of the first equality, gx(p) is real. Also the inverse Fourier transforms satisfy
gk(p) = §—x(—p) (3.26)
and

/;liflkl (P)Gr, (p) = /dar:gk1 () g, (—x) = 271'021(5(]{31 — ko). (3.27)
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3.3 Bound states

As the Hamiltonian is reflection-invariant, the nondegenerate bound states will be even or
odd. They are still given by (3.10), however now the kinetic energy w,% — 452 is negative
and so k is imaginary. Imposing that the wave function is normalizable at |z| — oo yields
only two bound states. There is one even bound state ggg with w = 0 and one odd bound
state ggo with w = $+/3. This is well-known [7, §].
Inserting
wpg = 0, kg = 2if8 (3.28)

into the general solution (3.10) for the even mode % and dividing by —3 one finds the
wave function of the even bound state

gBE(x) = sech?(Bz). (3.29)

This is proportional to the derivative of the classical kink solution (2.17) and so we can
identify it with the expected Goldstone mode corresponding to the translation symmetry
broken by the kink. The normalization is

2
dach x) = C2p, Cgg = —. 3.30
[ deshe(o) = = (3.30)
The inverse Fourier transform is given by eq. (3.14)

gBE(P) = /dmgBE(x)ep -3 csch <25> . (3.31)

Similarly, inserting
wpo = BV3,  kpo=if (3.32)
into the solution (3.10) for the odd mode 17 and rescaling one finds the odd bound state

. sinh(Sz)

= —l——p 3.33
920() Zcoshz(ﬂa:) ( )

whose normalization is

" 2

/ drgpo(r)gho(x) = Cho,  Cso = 35 (3.34)

We included a factor of —i in eq. (3.33) because gpo(z) is odd, and our complex eigenfunc-
tions are constructed from real even parts and imaginary odd parts so that their Fourier
transforms will be real. The inverse Fourier transform of sech can be evaluated by a con-
tour integral whose residues are identical to those appearing in the transform of tanh up
to relative signs and an overall phase, leading to the identity

/dx sech(fz)e* = T sech <7rp) . (3.35)

B 2B
As eq. (3.34) is proportional to the derivative of sech(3x), one finds
~ ipx ™ T
go(p) = /de‘gBo(w)ep = ﬁ—g sech <22) : (3.36)
Note that
gee(—p) = gBE(P),  gBO(—P) = —gBO(P). (3.37)

— 14 —



4 Mode expansion of the Poschl-Teller Hamiltonian

4.1 PT annihilation and creation operators

This paper is about the dynamics of a quantum field ¢(z). The original Hamiltonian was
the ¢* theory, but we found that the problem of finding the mass of the quantum kink is
equivalent to another problem involving the PT Hamiltonian Hpr plus interaction terms,
which we have dropped as they are subdominant in our A expansion. The Hamiltonian Hpr
is not equal to our original Hamiltonian H, but the quantum field is the same operator.
We know that ¢(x) and its conjugate momentum can be expanded in oscillator modes
aL and ag, with an expansion given in (2.9). This is an expansion in plane waves. Our

Hamiltonian Hpr in eq. (2.52) is the sum of two pieces
Hpr = Hy + TQ (41)

where Hy is defined in egs. (2.6) and (2.8) and T is defined in eq. (2.48). While Hy can
be written in the form a'a

dp
Hy = /%wpa;ap (4.2)

the same is not true of T, which contains terms a;r,aip

ground state is probably not annihilated by all of the annihilation operators a,, and so

and apa—_p. As a result the

the Schrodinger equation (2.57) is difficult to solve. The problem of course is that the
expansion (2.9) is an expansion in plane waves, which are eigenfunctions of Hy but not of
Hpr. It is in the basis of the latter that the Hamiltonian is diagonal and so the ground
state corresponds to zero excitations, and so is annihilated by the corresponding annihila-
tion operators.

This motivates us to instead expand ¢(z) in terms of the eigenfunctions of Hpp. We
have seen that there are three kinds of eigenfunctions: continuum eigenfunctions and an
odd and even bound state. Thus we will decompose ¢(z) and 7(x) into three pieces

¢(x) = ¢c(x) + ¢po(z) + ¢Be(z),  w(x) =mc(x) + mo(7) + TBE(2). (4.3)

Now we will define our PT annihilation and creation operators similarly to the free case,
but using the eigenstates g(x) of Hpr instead of the plane wave eigenstates of H

dc(x) = /dk ! (bLer,k) 9:()

27 /2wy, Cy

_ 1 T gBo(x)

Bpo(r) = 5 — (bho — tro) o
¢BE(T) = ¢>oga(§). (4.4)

Note that ¢pg, corresponding to the Goldstone mode, could not be defined similarly to the
others because wgg = 0. Therefore we have defined a new operator ¢g instead of introducing
oscillators b and bf. Also we have chosen a relative minus sign in our definition of bpo.
This is necessary to arrive at the canonical commutation relations for bgg. Intuitively it is
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necessary because gpo(x) is odd in k, and so this is the natural generalization of the sign
choices in the definition of by.
We similarly decompose the conjugate momentum field

fdk |w gr(x
ro(x) = z/%,/; (bL—b_k> kcgk)
o) = i1/%52 (tho + o) 220

WBE(x) = Woém;;(]j) (4.5)

where we have introduced the operator 7y for the momentum of the Goldstone mode. Note
that eqs. (4.4) and (4.5) are merely definitions of the fields b, b, ¢ and 7o as expansions
of the field ¢(z) and its conjugate m(x) in the basis given by the g(z). We have not yet
used the Hamiltonian or the fact that the g are eigenstates.

Using the completeness of the eigenfunctions g(z), these relations can be inverted to
provide explicit definitions of our new operators. For the continuum states

b;r“ - /dm[ %gb(:p) - \/;Eﬂ(m)} 9%5)7 by = /dw[ %ﬁb(x)-l- \/szkﬂ(x) g;gf)
(4.6)

from which the canonical commutation relations (2.11) of ¢(z) and 7 (z) together with the
normalization (3.24) yield the commutation relations of the new oscillators

[br,, b, ] = 2m8(ky — ka). (4.7)

Similarly for the odd bound state

tho = [ [{/2206(e) - It T
bmo = [ de |- [“B20() - —Ln(s)) 2012 ws)

Cgo

which, using the fact that gpo is imaginary, yields

[bBo, bho] = 1. (4.9)
Finally, for the even bound state,
o = / dwp(z) D) / dor(z)2E®). (4.10)
Cgg Cpg

The complex conjugation is not important here as ggg(z) is real. From (4.10) we see that
the field and momentum zero modes satisfy the canonical commutations

[¢0, mo] = 1. (4.11)
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Therefore ¢y and mg, unlike the b operators, do not create and annihilate excitations.
Rather they are the position and momentum operators for the kink.

We would like to rewrite the Hamiltonian in terms of the new oscillators b, b', ¢¢ and
mo. However we cannot simply substitute egs. (4.4) and (4.5) into our formula (2.52) for the
Hamiltonian because the latter is normal ordered in terms of a! and a. The new oscillator
modes will not be normal ordered, and in fact it is precisely this failure of normal ordering
which is responsible for the quantum mass of the kink.

Therefore we will proceed as follows. First we will write the Hamiltonian in terms of
a and af, where the normal-ordering is easily achieved. Then we will rewrite a and af in
terms of the PT oscillator modes. To do this, we note that eq. (2.9) is easily inverted to

obtain
dx [\/7(b 2wp 7(x) eipx’ dx [\/7¢ 2wp (q:)] etz

Cp

(4.12)
We will decompose these into their projections onto PT eigenfunctions
Tt T T _ 4.13
ap = ag, +apg, +apg,,  Gp = acp +aBOp + GBEp (4.13)
which are found by inserting (4.4) and (4.5) into eq. (4.12)
dk g
N \ /wpw

277' 2Ck:
dk g _
ac,—p = /gk(P) Wp kaL L + wg b,
2m 20k \ V@plon Wk
t g0 (p) <w,, twBo, @y~ wno, >

A /wpro BO A /wpro

a =
BO,p QCBO

gBo(p) <wp —WBO Wy T WBO, >

aBO,—p =

2Cgo \ @pwBo °°  /&pWBO
+ gBe(p) | [wp i _ gBe(p) i
a = —= g — Tl , ABE.— o | .
BE,p CBE 2 o A /2wp 0 BE,=p — CBE A /2wp 0

These are essentially Bogoliubov transformations, although they would be of the standard

form only were gi(p) supported on p = +k.

4.2 Continuum state contribution

All that remains to do is insert (4.14) into our Hamiltonian Hpr to rewrite it as a free theory
whose Schrodinger equation we may trivially solve by turning off all b oscillators as well
as the kink momentum my. Let us start by decomposing Hy into parts with contributions

from distinct PT eigenfunctions
Hy= Hcpo+ Hgo,o + HBE,- (4.15)

In principle there may be cross terms, in which for example both aTC and app appear.
However such cross-terms vanish due to the orthogonality of the eigenfunctions g(z).
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Now we can calculate the continuous contribution

dp
Hcp = / wpaTC,paC,p (4.16)

_ / /dk1/dk2 Gk, (P) Gk, (—D)
2 ClekQ wklw;@

[(WQ—Wklwkg)(b b +b klb k2)—|—2(w +wk1wk2)bk1b ko

+(wp — iy ) (p = wig) b1z 0, ]

B /dk1 /dk:2
2T Clek2 wklwk2

X [(Ig(kl, ko) — Ta(kn, k2)) (B, B, + bogabry) + 2(Ta(kn, ko) + Lu(kr, k2))bL b,y

1/dk Is (k)
7| 5-2
4 27 Ckwk

where we have used the ky <+ ko symmetry to simplify the first term. We have defined the

integrals over p

I3(k1, ko) = /;liw]%gkl(p)ﬁ@(—p), Iy(F1, k2) _/;lf_wklwlwgkl(p)glw(_p)
B = [ 52w, ~ 0 3up)an ) (17

where we have used (3.26) to remove two minus signs in I5.
Using the normalization

dp _ _
[ 500 0)ana(-) = 27CE, 801 + o) (418)
one easily evaluates I
Iy(ky, ko) = 27CF wip 8(k1 + k2). (4.19)

The integral I3 may be simplified by Fourier transforming and using the equations of
motion (3.4) which are satisfied by g (x)

hikike) = [ 52 [ do [ dygi g e + ) (4.20)

d .
- / % / dx / dygr, ()i, (y) (487 — 82)eP(=Y)

— / dp / da / dygr, (z)e" (452 — 02) gy, ()

_/dp/d:p/dygk eip(z— y)(w +65ech2(ﬁy))gk2(l/)

[ s, + 68 sect(6)) g, ()91 (o)

= I4(k1, ko) +652/d:c sech?(B2)gr, (2)gr, ().
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Assembling these contributions

i Iy (k) | 3° dky [ dk (@) gr, (z
HC,O = / 52 ﬂ / / ! / 2 5€ M(bl blt +b—k1b—k‘2)
27 Ckwk Ck1 Ck2 /wkliwkg 1 k2

/—wkabk+352/ /dk1 /dk? Mb,ﬁ b, (4.21)
Clekz,/wklwkz 1

The first terms on each line are the kind that we expect. The first term in the first line is a
scalar, and so contributes to the vacuum energy of the model, which is our quantum kink
mass. The first term on the second line is the expected oscillator sum in a free theory.

The other terms should not be present in Hpr as it should also be a noninteracting
theory. However so far we have only calculated the continuous contribution to Hy. We
must also add the continuum contribution to the PT potential T5. We decompose it as was
done for Hy

Ty = Teo + Too2 + ThE.2- (4.22)
The continuum term is
Too = —362/dﬂc sech? (Bz) : ¢p&(x) : (4.23)
3 2 dq sech?(fz) . .
= B / / / q ﬁ (p+q) (aa aTaq—i—aTC’paC,,q—i—aquacﬁp-l-ac’,qac,,p)
VWpWy

_ 35 / / /dq sech®(82) _itpiqpa / dky / dks g, (P)grs(a)
Wpg 21 Ck, Ci, /Wi, Wk,
X [4wszq(b;rﬁbcherb—klb—k2)+2wq<2wp+wk1+sz)bk1b—k2+2wq(2wp*wk1*Wk2)b—k2kal]
= A+B
where A contains all terms with b'b" and bb while B contains the others. Note that A
cancels precisely with the corresponding terms in eq. (4.21). This means that Hc is of

the form b'b plus a constant. This simplification is the reason that we introduced the b
oscillators.

Let us simplify B by rewriting the b'b and bb! terms as b'b terms and commutator
terms, which are scalars

dp _ dki [ dka Gk, (P)Jk, ()
B = -3 2 oy h2 zp+q)z/ / 1 2 bT b
5/ / / sech”(Bz)e 27 Oy Cy /@i, ™
352 5 _ dky [ dka  gr, (P)gr,(q)
- h ipra) LT 2 by, b
2 / / / soch”(fz)e / /27T Ck, Ch, wklka[ b b

L3, / / dq sech®(B2) _iprqe /dkl /dkz 9k, (P) ks (9)
4 Wp 27 ClekQ wklka

X (wkl + ka)[b—kw bJ]rgl]
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dky [ dk
- _352/da; sech?(fa) / 1/ 2 96 (D)o@ 4ty

2m Ci, C’kQ N

2 x)gi(x
—Sg/daﬁ sechQ(ﬁx)/Cﬂfgk()gk()

2w C,%wk

362 dq SeCh (BIE) —7, (p+q)z %gk(p)g—k(Q) 4.94
T e E e (420

The b'b term cancels that in (4.21), leaving the last two lines, which are scalars.
Summarizing, the continuum contribution to the Hamiltonian is

dk
He = / %wkbgbk + Qe (4.25)

where the scalar term Q¢ is

_ dk I5(k 3[32 dq sech®(Bx) —itotae [ @k Gx(P)9-k(a)
% =3 sty [ 5 I

27 C’,%wk Wp 2w C?

—??/dx Sechz(ﬁm)/%W' (4.26)

27 C%wk

Let us rewrite Q¢ in a mixed position-momentum form

/dk I5(k 3ﬂ2/ /dpsech (Bz) o—ipe dk gi(p)g—i(x)

Qc = ~

27 ngk 27 C,?
362 2 —ipx dkg k( ) (p)
/ / sech”(fz)e /27r 2 (4.27)
Now the equations of motion imply
662/daﬁ/dpeim sech?(Bx)g_i(r) = /dw/dpelpz( k2 —02)g_1(x) (4.28)
2T 27
= /dm/dp (x)(— 0%)e~ e
ok
N dp 2
= [ [ Lo -1
_ d dp 2 2 1pT
= [ar [ 2y @)}~ R)e
dp _
— [ S sped - o)

This derivation also works with the integrand multiplied by any function of p but not x.
Eq. (4.28) allows us to remove the sech from Q¢

. - wk) W;% - Wi% %3 - wk gk(p)
Qc = + 5
Wp Wi C;

Ry e o
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This is the main result of this subsection. As g is real, it is real. Notice that the integrand
is nonsingular because each gi(p) has a simple pole at k& = p and the total double pole is
cancelled by the double zero in (w, — wy)?. Similarly the delta functions in § only appear
with zero coefficient, whereas a nonzero coefficient may have led to a divergence. Q)¢ is
the contribution to the kink energy of the continuum P7T modes.

The fact that Q¢ is negative is a result of the fact that the PT potential is negative.
This is the first quantum correction to the energy resulting from the existence of a potential
well, and so it must be negative. The w, in the denominator never vanishes due to the
mass gap. On the contrary, had the wy in the denominator of Hc g not been cancelled by
Ty, it would have been a problem later when we consider the Goldstone mode H. BE,0, Which
has w; = 0.

The best feature of this expression is that every trace of the potential sech has disap-
peared. They have disappeared not because of any nice property of the sech function, but
just because we have used the equations of motion to replace them with the momentum
squared. This leads us to believe that had we chosen any other classical solution in a 141
dimensional theory with a canonical kinetic term, we could have done exactly the same ma-
nipulations, replacing the new potential with the momentum squared, and so obtained the
same answer in terms of the eigenfunctions for its potential. Thus we conjecture that (4.29)
applies to all time-independent classical solutions in such theories.

4.3 0Odd bound state contribution

The formulas for the odd bound state are essentially the same as that for the continuum,
but without the index k and with an extra minus sign before every bgo but not bTBO.
Let us start with Hgp . Now we can calculate the continuous contribution

d
HBO,O = /;wpaTBO,paBO:P (430)

_ 1/6&??7130(29)@80(—19)
4 ) 2n C%OLL)BO

X [(wg—w%o)(onon+bBobBo)—2(wg+wl2so)b1§oblao—(wp—wBo)2[bBoa bgo]}

11 1 I
= |(Iy—I))(b b bpobro)—2(To+I1 )bl b .
108 om0 [( 0—11)(bpobpotbBobo) —2(Io+11)byg BO]+4C}%0WBO

We have defined the integrals over p

dp B B dp ~ ~

Iy = / o “pdBo(p)gBo(—p), I = / 5,wB0dB0(P)gRO(—P)
T 2m
d

b= [ 52w, - wn0) g0 (p)gao () (a.31)

where we have used (3.37) to remove two minus signs in Is.
Using the normalization

d

/;QBO@)QBO(_T)) = —Cfo (4.32)
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one finds
I = —Ciowdo. (4.33)

The integral Iy may be simplified as was done above for I3
=[5 [do [ dygno(rgmower s + ) (434)
— [ du(ubo + 66% seck(52)gmo w)gmo )
=1+ 652/d:n sech?(Bz)gpo(z)gpo ().

Assembling these contributions

1 [dk I 332 x T
Hpo,o = 4/2 " B/dxseChQ(ﬂl’)M(z)%O()(bLobLo +bpobro)

2T C]%,OWBO 2 CBOWBO
X X
+wpoblbso — 362 / d sech2(5m)%bgobgo. (4.35)

Again the first terms on the first two lines are scalar contributions to the kink mass and
also the free theory oscillator term respectively, while we expect other terms to be canceled
by the potential term T5.

Next we evaluate the odd bound contribution to Tg

5 332 dq sech?(
To2 = — 6/ / / 4 sech(fz) elrtoT (4.36)

V/WpWy
X aT aT +aT a +aT a +a a
BO,p%B0O,¢ TUBO p¥BO,—¢T 4RO, ¢4BO,—pTUBO,-¢¥BO,—p

_ 352/ / dg sech? (53?) p+q)mgBo( )gBo(9)

2T wpwy C? 50WBO
X [4wpwq(bEObEOerBObBO)72wq(2wp+2wgo)bTBobBO72wq(2wp72wBo)bBob;go
= A+B
where A again contains all terms with b'b" and bb and precisely cancels with the corre-

sponding terms in eq. (4.35).
Let us simplify B as in the continuous case

d _
= 352/ / P /sech2 Bx)e’ p+‘J)“”—gBO< )g80(q) bLObBO

) N
35 / / / sech?(Bz)e!(Pra) gB(é,()gBO(q)[bBO;b]TBO]
BOWBO
352 dq sech?( 535 cilpra)e gso(p)Jso(q) t
TP (2 bgo, b
/ / / G2 om0 (2wB0)[bBO, bR
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= T SecC X
CZowBo BO"BO

2y sty 2O )

CEowso

352 / / /dq sech?(52) i(yq) G0(P)730(4)
IBOMIIBONL (4.37)

2
C’BO

The b'b term cancels that in (4.35), leaving the last two lines, which are scalars.
Summarizing, the odd bound state contribution to the Hamiltonian is

Hgo = weoblobo + Qo (4.38)
where the scalar term Qpo is

]- -[2 352 / / dq SGCh (ﬁﬂ?) i(p+q)x gBO (p)gBO (Q)

—352 / d sechQ(ﬂ:c)—gBo(g)gEO(x). (4.39)

CBOWBO

Qo =

Using the equations of motion one can again remove the sech from Qo

Ono = 1 /dp [( ~wpo)® | W —who @~ wiho | G0 ()
4 w

2 BO wWp WBO C]%O
4 27r wp C3o '

In this derivation we repeatedly used the fact that gpo(p) is odd. Notice that our result
is nearly identical to that in the continuum case (4.29), except that the integral over k is
gone as there is only one state.

4.4 FEven bound state contribution

Recall that the even bound state is a Goldstone mode and so has zero frequency wpg.
Therefore instead of oscillator modes satisfying the Heisenberg algebra we introduced zero
modes ¢g and 7y which satisfy the canonical algebra. Their contribution to Hy is

dp
Hpgpo = /%wpaEEmaBE’p (4.41)

1 [ dpgse(p)jse(—p)
_ 2/

w2, (wpdt + 76 + iwplo, mo])

) o
_ 1 [dpgee®)gBE®) ( 20
_2+2/27r C2, (pd0 =)

The first term is the kinetic energy of the kink arising from a plane wave superposition of
kinks with different centers xy and phase proportional to zg times the eigenvalue of mg.
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The contribution from T is

_ 2
TBE’2 _ 3/8 / / / dq SeCh /B.I ’L(erq)iE (442)

/WpWq

T T T i
X (aBE pOBE,q T OBE p3BE,—¢ T ABE ¢UBE,~p 1 ABE,—¢@BO,—p

= 362/ / /sech2 Bzx)e!Pta)e gBE(?ng(Q)
X [4q§%+z’ (cj + - > [qﬁo,ﬂo]]
P q
__apn2 2 gBE(T) @~ —ipx 2
= -38 /dw sech”(fz) 2, /QWgBE(p)e Pr g

3,82/ /dp/sech2 Ba)elPta) §BE(};)§BE(Q)

Chowp

—A+B

where A is the term proportional to gb%

Using the equations of motion

dp _, dp .
GBQ/d:L' / P o —ipa sech?(Bz)gpr(r) = / —prE(—p)wg (4.43)
27 2m
one sees that A cancels the ¢3 term in (4.41).
We are left with
2
v
Hpp = 70 + @BE (4.44)

where

QBE = (1— 2>/dp9BE@§BE@wp

4 2r CEg
1 [ dp gee(p)gBE(P)

_ 1 [dp ) o 4.4
4 / 27 C%E “p (4.43)

It is of the same form as Q¢ in (4.29) and Qpo in (4.40), as wpg = 0.

4.5 Putting it all together

Now we are ready to evaluate the mass of the kink. Classically the mass is E,] as given in
eq. (2.50). The quantum correction Ex — Eq is given by the Schrodinger equation (2.57)
as the minimal eigenvalue of Hpp. We have seen that Hpr is

dk i i 5
Hpr = gwkbkbk + WBObBObBO + ? +Q (4.46)
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where egs. (4.29), (4.40) and (4.45) give

Q = Qc +@so + @BE (4.47)
_ _/ /dp wp —wi)? Gi(p) 1/dp(wp—wso)2 J50(p)
Wp C? 4 ) 2« Wp C%,

1 / dp GEg(p)
2 p
4 ) 2r Chg

which is a scalar.

The lowest energy state O1]|—) is one which satisfies
bO;|—) = mpO1|—) = 0. (4.48)

Of course the eigenstates of my are nonnormalizable plane waves. However normalized
states exist for which the expectation value of 7r§ is as small as desired, although strictly
positive.

The form (4.47) of @ is in line with intuition from second order perturbation theory.
The weight g2(p)/C? is the overlap squared of a PT eigenstate k and a plane wave mo-
mentum p eigenstate. Therefore at each PT state k, this computes the expectation value
of (wp — wg)?/wy, averaged over p

-~ 1 (wp — wi)” >
Q= Zk:< 5 ), (4.49)
where we recall that w is energy. The perturbation is nonvanishing because Hpr has a
potential well. As a result, at first order in perturbation theory the state O;|—) differs
from |—) by of order (w, — wg)/wp. This leads to a shift in energy at second order in
perturbation theory of (w, — wg)?/w,. This intuition will be tested in future work when
we compute O1.
The state |—) is fixed, and so (4.48) is a condition on the operator O;. Any such state
will satisfy
HPT01’_> = Q01|—> (450)

Therefore by (2.57) the kink mass, which is the lowest energy of a kink, is
Ex = FEq+ Q (4'51)

As expected, @ is the quantum correction to the kink mass. In the approximation (2.57),
in which H; has been dropped, it is exact. The inclusion of H; will include corrections
which are subdominant in our v/A expansion.

What is Q7 While we have not been able to perform any of these integrals analytically,
numerically we have found

Qc = —05443,  Qpo = —0.0408,  Qpg = —0.0823, Q= —0.6663 (4.52)

m A
B = 5 = \/gv. (4.53)

where we recall that
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B is equal to m/+/2 in the notation of ref. [7]. Our expression for the total quantum
correction to the energy agrees with theirs to the three-digit numerical precision that we
have obtained, although the three individual contributions differ.

5 Remarks

5.1 Three corollaries

After a long calculation, we have arrived at the same mass found in ref. [7] via a short
computation. What have we gained?

5.1.1 Other solutions

For any (1+1)-dimensional theory of a scalar ¢ with a canonical kinetic term and a potential
V[¢], with a classical solution f(x), we could have done the same calculation. An operator
Dy creates the solution, but leads to a new Hamiltonian H' defined by

HD; = D;H' (5.1)
by shifting the kinetic term by
1
0L =3 V'[f(z)] : ¢ (x) : (5.2)

and modifying the higher order interactions. The fact that f(z) solves the classical equa-
tions of motion guarantees that H’' does not contain any terms linear in ¢. The new
Hamiltonian could be truncated to second order to obtain a new Schrodinger equation
generalizing our eq. (2.57). This new Hamiltonian would have different eigenfunctions g(x)
which define new operators b and bf. However just the same steps could be followed as
above to write H' as a sum of bb terms and a scalar. The V" terms could be eliminated
by the equation of motion, which is the same as above due to the canonical kinetic term.
The formula eq. (4.47) can be written as follows

Q=CQc+)Y Qn (5:3)
I
_ 1 [dk [ dp(wp—wi)® G (p)
Qo = _4/27T/27T Wp Cl%

1 / dp (wp — wBI1)® 35 (P)

@br = 4] 2n Wp C%,

where the index I runs over all bound states. The procedure described above suggests that
this formula yields the quantum correction to the mass of any time-independent classical
solution in any such theory.

In the case treated in this paper, the functions g contained Dirac delta functions, which
occur only at p = k and so do not contribute to (5.3). This in turn is a result of the fact
that scattering in the potential Hpr is reflectionless. Had this not been the case, there
may have been another delta function at p = —k. Such a delta function would also not
contribute, as the prefactor (w, — wy) also vanishes at p = —k.
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5.1.2 The spectrum

The form (4.46) for the Hamiltonian provides the entire spectrum. All mass eigenstates are
created by combinations of the three following actions. First, one may boost the solution
to tune 7T8 to any positive value. This will increase the energy by half the eigenvalue of 778 .
Second, one may act with an arbitrary natural number k£ of bJ]r30> exciting the odd bound
state. This will increase the energy by kwpo, where wpo is given in eq. (3.32). Finally
one may act with any number of bL. Each increases the energy by wy, where wy is given
in (3.5). This completely characterizes the spectrum of the 1-kink sector up to O(m).

5.1.3 The soliton operator

Our kink is created from the vacuum |—) by the operator D;O;. While the displacement
operator is defined by eq. (2.19), we have not found a candidate operator O;. The operator
O, is defined by

HprO1|=) = QO:[-) (5.4)

which is equivalent to the two conditions (4.48). Again dropping interaction terms, |—)
satisfies
ap|—) = 0. (5.5)

Combining egs. (4.48) and (5.5) we find that O; must satisfy
bkol = OlA(CLp), bBOOl = OlB(ap), TF()Ol = OlC(ap) (5.6)

where A, B and C' are arbitrary functions of all of the annihilation operators a,. These
three necessary and sufficient conditions for O; are reminiscent of those for a Bogoliubov
transform from the b to the a, suggesting that O; is a kind of squeeze operator. We will try
to solve (5.6) in future work and compare our answer with the operator found in ref. [10].

5.2 What next?

Why are we interested in scalar field theories in 141 dimensions? Beyond the horizon, our
goal is the monopole in Yang-Mills theory. There is no classical monopole solution, and
so if the 't Hooft-Mandelstam mechanism for confinement [11, 12] is to be realized, the
monopole will be an operator. We would like to find such an operator and use Hamiltonian
methods such as those used here to show that it is tachyonic.

However we are not strong enough to guess this operator from scratch. We need to
guess a good Ansatz, and for this we will first try to solve the corresponding problem in
N =2 SQCD [13], where the monopole becomes tachyonic after a soft breaking to ' = 1.
This case is similar to QCD in that it is strongly coupled and there is no semiclassical
monopole. In the N' = 2 case there is a Higgs field, unlike QCD, however its VEV is small
and the monopole mass is instead dominated by instantons. Here the monopole which
condenses is connected to a semiclassical monopole by a continuous deformation of the
theory in which one turns on a bare mass for the hypermultiplets. In the massive case, the
theory is weakly coupled in the infrared and so we can find the monopole operator using
perturbation theory, as is done for the kink here. Then the key step will be to follow it

—97 —



through the deformation to strong coupling. This may be possible because the monopole
is BPS, and so the equations to be solved are first order and not second order like (2.57).
Nonetheless, we will need to solve these equations exactly, not perturbatively, to obtain
the monopole operator in the regime where it condenses.

To prepare ourselves for this exact calculation, we wish to do the same with the kink.
The ¢* kink studied in this paper also exists in supersymmetric field theories, where it
may be BPS. Therefore, before moving to gauge theories in (3+1)-dimensions, we wish to
try this program on the operator which creates the BPS kink. We intend to first construct
it using perturbation theory, and then attempt to use the BPS equations to follow it to
strong coupling. If we cannot succeed with the kink operator, it is unlikely that we may
succeed with the monopole operator.

A Hypergeometric functions

The solutions of egs. (3.4) are known in terms of the ordinary hypergeometric functions o Fy

441k 4—1
ik ik, §; —sinhQ(z)) . (A.1)

2 72 72

I 3+ik,3—ik;1
2 2 2

;—sinh2(x)> and F<

We leave the subscripts implicit as all hypergeometric functions will be ordinary. Our first
goal is to compute these functions.

Mathematica is able to calculate a simpler function

F (a, 1—a; ;;sin2(z)> _ cos((2a = 1)z), (A.2)

cos(z)

To go from (A.2) to (A.1) we will need an analytic continuation and also Gauss’ contiguous
relations, which allow one to shift the first three arguments by arbitrary integers.

To derive Gauss’ contiguous relations, one uses the definition of the hypergeometric
functions

F(ab;ciy) = My; (A.3)

n=0

where we have used the rising Pochhammer symbol

(@n=qlg+1)---(g+n—1). (A.4)

The derivative of (A.3) is readily computed

oy @a0)n ym Tt ab (@t Do (D4 Dy y™ !
8yF (CL, b, C,y) - Z (C)n (n — 1)' - ? Z (C+ ]-)n—l (n — 1)‘

n=1 n=1

b
:%F(a—i—l,b—i—l;c—i—l;y). (A.5)

~ 98 —



Similarly

yoyF (a,b;c;y) = Zn(azz)(b)" %T: =S (b+n—b) (azz)(b)nz:
n=1 " ’ n=1 n :

n! (©)n n!

- anbn " > anbn"
:Z()(i)ﬂly_bzﬁw Y
n=0 " n=0

=b(F(a,b+1;¢y) — F(a,b;¢;9)) - (A.6)

Thus one may increase the arguments of the hypergeometric functions using the identities

1
Flab+1icy) = Flabiey) + oy, F (a,b;¢9) (A7)

1
Fla+1bicy) = Flabiey) + —yo,F (a,bic;y) (A.8)
Fla+1,b+1¢+ 1;y) = iayF(a,b;c;y). (A.9)

The second identity falls from the first, using the a +> b symmetry of (A.3).
We begin our recursion with (A.8) reexpressed in terms of y

1\  cos((2a — 1)arcsin(\/y))
F(a,l—a,2,y) = =3 . (A.10)
Applying the identity (A.8) yields
1 VY(2a—1) | .
F 1,1 —a;—=; = - " 2a — 1 A1l
(a 1w 2,y> i sin((20 — arcsin( 7)) (A1)

1 y |
! (m 21 - y)3/2> cos((2a — Darcsin(y/y)).

We now make the replacement a — a — 1 to obtain

P <a, 2 a; %; y) - (;Z = 2) 1\@ sin((2a — 3)arcsin(,/5)) (A.12)

(2a —2) — (2a — 3)y
(20— 2)(1 —y)*/2

cos((2a — 3)arcsin(,/y)).

Next we apply (A.7) to obtain the first desired hypergeometric function

F (a, 3—a; %; y) - (2a — ig?ga_?’;ﬁ P sin((2a — 3)arcsin(,/y)) (A.13)
1 3y |
<(1 — )32 (2a—4)(2a — 2)(1 — y)5/2> cos((2a — 3)arcsin(,/y)).
Choosing |
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one finds

3+ik 3—dik 1 ., 3k  sinh(z) .
F ——; —; —sinh = — k A.15
1 3 sinh2($)>
+ - kx).
<cosh3 (r) 1+ k?cosh®(x) cos(ka)
To find the other needed function, one applies the identities
sin((a — 1)x) = — cos(ax) sin(x) + sin(ax) cos(z)
cos((a — 1)x) = cos(ax) cos(x) + sin(az) sin(z) (A.16)
to (A.12) yielding
1 VY . .
F (a, 2 —q 3 y> = 20 _2)(1 ) sin((2a — 2)arcsin(,/y)) (A.17)

1 cos((2a — 2)arcsin(,/y)).

-y

Then the identity (A.9) gives the general form of the desired function
B (2a —1)(2a — 3) + 3y
- 2a(2

F (a +1,3—gq §; Y 57 sin((2a — 2)arcsin(,/y))

2 a—2)(2a —4)/y(1 —y)
~ 2a(2a — 2)(1 — )2 cos((2a — 2)arcsin(y/y)) (A.18)

and so in particular
4+ik 4—i 2 41— 3tanh?
e ( + Zk‘7 zk:; §; —sinh2(3:)> _ < ke + ‘ 3tan (:rl
2 2 2 k(k? + 4) sinh(z) cosh’(z)
3
k2 + 4) cosh*(x)

> sin(kz)

—i-( cos(kx). (A.19)
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