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S U M M A R Y
Mantle convection models require an initial condition some time in the past. Because this
initial condition is unknown for Earth, we cannot infer the geological evolution of mantle
flow from forward mantle convection calculations even for the most recent Mesozoic and
Cenozoic geological history of our planet. Here we introduce a fluid dynamic inverse problem
to constrain unknown mantle flow back in time from seismic tomographic observations of
the mantle and reconstructions of past plate motions using variational data assimilation. We
derive the generalized inverse of mantle convection and explore the initial condition problem
in high-resolution, 3-D spherical mantle circulation models for a time period of 100 Myr,
roughly comparable to half a mantle overturn. We present a synthetic modelling experiment
to demonstrate that mid-Cretaceous mantle structure can be inferred accurately from fluid
dynamic inverse modelling, assuming present-day mantle structure is well-known, even if an
initial first guess assumption about the mid-Cretaceous mantle involved only a simple 1-D
radial temperature profile. We also demonstrate that convecting present-day mantle structure
back in time by reversing the time-stepping of the energy equation is insufficient to model
the mantle structure of the past. The difficulty arises, because such backward convection
calculations ignore thermal diffusion effects, and therefore cannot account for the generation
of thermal buoyancy in boundary layers as we go back in time. Inverse mantle convection
modelling should make it possible to infer a number of flow parameters from observational
constraints of the mantle.
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1 I N T R O D U C T I O N

Mantle convection is a time-dependent process as evidenced by the large-scale reorganizations of plate motions observed in geological
reconstructions of the lithosphere (Gordon & Jurdy 1986; Lithgow-Bertelloni & Richards 1998). Indeed, looking at continents geologists
recognized such plate reorganizations early on as continental drift (Wegener 1912). The breakup of Gondwanaland, the long-lived southern
supercontinent which had been in existence for more than 400 million years (Myr) by the time it rifted apart early in the Cretaceous, offers
one of the best examples to study the large-scale dispersal of continental plates (Norton & Sclater 1979; Scotese 1991; van der Voo 1993).
For oceanic lithosphere, a casual inspection of past plate motion maps reveals similarly dramatic surface velocity variations occurred in the
ocean basins. In fact, even during the late Mesozoic and Cenozoic history of our planet, that is during the past 100 Myr, Earth witnessed
such significant events as the creation and destruction of large areas of the ocean floor. This is illustrated by tectonic reconstructions of the
lithosphere over the past 120 Myr, a time period for which reliable plate reconstructions are available (see Fig. 1).

Oceanic lithosphere is the upper thermal boundary layer of mantle convection. Unfortunately our relatively detailed reconstructions of
past plate-motion are not matched by equivalent knowledge of the flow history in the underlying mantle. It has long been suspected that
changes in surface plate-motion are accompanied by changes in mantle flow. Anderson (1982) noted the correlation of the prominent African
geoid high with the location of the Mesozoic supercontinent Pangea, while Chase & Sprowl (1983) showed that modern geoid lows correspond
closely to areas of subduction some 125 Myr ago. In a remarkable paper, Davies (1984) explained this somewhat surprising lag between
surface tectonics and mantle flow as the consequence of mantle convection, reflecting the fact that mantle up and downwellings effectively
preserve a memory of earlier plate tectonic regimes. Despite these early efforts nearly twenty years ago to comprehend the flow history of
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Figure 1. Plate boundary maps for Mesozoic and Cenozoic plate stages from Lithgow-Bertelloni & Richards (1998) with Cenozoic plate motion compiled
from the global reconstructions of Gordon & Jurdy (1986). Arrows indicate the direction of plate motion. Their length is proportional to the plate speed. AF:
Africa; AN: Antarctica; AR: Arabia; AU: Australia; CA: Caribbean; CO: Cocos; CR: Chatham Rise; EU: Eurasia; FA: Farallon; IN: India; KU: Kula; NA:
North America; NZ: Nazca; PA: Pacific; PL: Philippine; PH: Phoenix; and SA: South America. In the Mesozoic the ancient Izanagi (IZA), Farallon (FA), Kula
(KU) and Phoenix (PH) plates occupy most of the Pacific basin. Today these plates have largely disappeared. In the Cenozoic the Pacific (PA) plate is inferred
to undergo a rapid change from predominantly northward to westward motion at about 43 Myr.

Earth’s mantle, we still lack a rigorous understanding of past mantle flow even for the most recent Cenozoic and Mesozoic geological history
of our planet.

There are numerous important reasons for trying to model the flow history of Earth’s mantle. Continental platform stratigraphy and
marine inundations are controlled in large part by time variations of Earth’s dynamic topography in response to mantle convection (Gurnis
1990, 1993). The current topographic highstand and relative lack of continental shelf area in southern Africa (Nyblade & Robinson 1994)
is indicative of tectonic uplift, and probably supported by lower mantle flow (Lithgow-Bertelloni & Silver 1998; Gurnis et al. 2000). A
dynamic origin of southern Africa topography is entirely consistent with independent tomographic evidence that the most significant deep
mantle seismic low velocity anomaly is located under southern Africa (Su et al. 1994; Li & Romanowicz 1996; Grand et al. 1997; Ritsema
et al. 1998). Equally important evidence for deep mantle circulation comes from palaeomagnetic observations of so-called ‘True Polar
Wander’ (TPW), defined with respect to some global reference frame, e.g. hotspots or no-net lithospheric rotation. TPW is often taken to
represent motion of the rotation axis with respect to the deep mantle (Jurdy 1981) arising from changes in Earth’s inertia tensor in response
to large-scale reorganizations of mantle density anomalies (Ricard et al. 1992). Geophysical modelling indicates the amount and rate of TPW
inferred by palaeomagnetists (Courtillot & Besse 1987) is consistent with density variations associated with subduction (Ricard et al. 1993).
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TPW estimates for Earth are also in general agreement with TPW calculated from computer simulations of vigorous 3-D spherical mantle
convection (Richards et al. 1999). In addition to the long-standing TPW problem, there is yet another reason to attempt to better understand
the flow history of Earth’s mantle. Recent magneto hydrodynamic simulations of the core suggest the geodynamo is sensitive to variations in
Core–Mantle Boundary (CMB) heterogeneity (Glatzmaier et al. 1999; Bloxham 2000). Palaeomagnetists have long speculated about possible
causes for the Cretaceous Normal Superchron (CNS), a remarkable time period lasting from approximately 120 Myr to 85 Myr ago, when the
geodynamo occupied a single magnetic polarity. It appears entirely plausible that the great stability of the geodynamo in the mid-Cretaceous
occurred in response to heterogeneity variations at the CMB associated with Mesozoic mantle convection. While these examples illustrate the
influence of mantle convection on the evolution of our planet, they also demonstrate clearly that we cannot hope to investigate these events
without a better knowledge of the temporal character of mantle flow.

We can understand why it is difficult to infer mantle flow at some previous time by recalling that convection is an initial value problem
in addition to being a boundary value problem, implying that mantle convection is uniquely determined by an initial condition some time in
the past. Stated in mathematical terms, the equations that govern the temporal evolution of the mantle (see, for example, Jarvis & McKenzie
1980) are derived from considerations of conservation of mass, momentum and energy. If we express the upper surface of the mantle by S,
its lower surface at the CMB by C, then the mantle is contained in the volume V with boundaries ∂V = S ∪ C . Denoting the time interval of
interest I = (t0, t1), where t1 is the present-day and t0 is some point in the past, say 100 Myr ago, the governing equations for x ∈ V, t ∈ I
are given by:

0 = ∇ · u (1)

0 = −∇ p + ∇ · (ν∇u) + R(T̄ − T )k̂ (2)

∂T

∂t
+ u · ∇T = ∇2T + h (3)

Here u is the velocity, p is the pressure, T is the temperature, T̄ is the radial temperature profile, ν is the (non-dimensional) kinematic viscosity
(assumed here for simplicity to be Newtonian), k̂ is the unit vector in gravitational direction and h is the internal heating rate. The parameter
R is the Rayleigh number given by:

R = βd3αg

ν0κ
, (4)

where d is the depth of the mantle, α and κ are the coefficients of volume expansion and thermometric conductivity respectively, g is the
acceleration due to gravity, β is a parameter to nondimensionalize temperature (θ = βT ), and ν0 is a parameter to nondimensionalize viscosity
(ν∗ = ν0ν). For purely bottom heated Rayleigh–Bénard convection, β is the temperature difference between the boundaries. The first equation
is a condition to conserve mass which collapses into a volume conservation (∇ · u = 0), if we make the simplifying assumption that the
mantle is incompressible. The second equation is the momentum equation. The momentum equation balances forces that either induce or
inhibit convective motion. In the mantle the main force balance is between viscous (∇ · (ν∇u)) and buoyancy (R(T̄ − T )k̂) forces. Pressure
gradient forces (∇ p) are relatively minor, and one can safely assume the pressure distribution is nearly hydrostatic. We note the lack of inertial
forces in the momentum equation. The absence of inertial effects in (2) is characteristic for the creeping flow regime of the mantle reflecting
the fact that convective flow velocities and temporal variations of u are small. The momentum balance therefore is instantaneous. The time
dependence of convection is introduced through the energy eq. (3). In this equation temperature variations (∂T /∂t) are governed by heat
advection (u · ∇T ) and diffusion (∇2T ) in addition to heat production from, say, radioactive decay (h). We supply boundary conditions by
specifying the temperature at the surface, S and the CMB, C:

T (x, t)|S = TS(x, t) x ∈ S, t ∈ I (5)

T (x, t)|C = TC (x, t) x ∈ C, t ∈ I (6)

Here TS and TC are constants. Appropriate boundary conditions for the vector velocity field u are free-slip at the CMB and, for example,
no-slip at the surface with specified velocities through time from, say, plate motion reconstructions, together with a no-penetration condition
at either surface:

u(x, t) = US(x, t) x ∈ S, t ∈ I (7)

∇u · n̂(x, t) = 0 x ∈ C, t ∈ I (8)

u(x, t) · n̂ = 0 x ∈ ∂V, t ∈ I. (9)

To study the temporal evolution of the system, we need an initial condition on the temperature at t0:

T (x, t0) = TI (x) x ∈ V̄ . (10)

Eq. (10) presents us with an insurmountable obstacle to studying mantle flow back in time. This is because while we may constrain present-day
mantle structure from seismic tomography, the structure of the mantle some time in the past is necessarily unknown. It is this lack of initial
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condition information that ultimately dictates that a predictive mantle convection model capable of reproducing the temporal evolution of the
mantle over the past 100 Myr is in a sense inescapably doomed to failure.

The work of Hager & O’Connell (1979) showed the initial condition problem can be at least partially overcome through data assimilation.
By including, i.e. assimilating, present-day plate motion as a velocity boundary condition into analytic flow calculations Hager & O’Connell
(1979) computed global mantle flow consistent both with their model and with plate motions observed today. Hager & O’Connell (1981)
went one step further with the data assimilation problem by adding the buoyancy forces from subducted slabs to their model. Simply put, the
purpose of data assimilation in a mantle convection model can be described as follows: using all available information determine as accurately
as possible the state of mantle flow. The available information consists first of the observations proper, plate motions or buoyancy forces in
the case of Hager & O’Connell (1979, 1981). The second source of information is the dynamic model, and more generally the physical laws
governing the flow. These physical laws are fundamentally the principles of conservation of mass, momentum and energy, and a computational
model is nothing else than a numerically usable statement of these principles.

From an algorithmic point of view data assimilation is usually implemented in one of two forms: sequential filtering and global smoothing
(Wunsch 1996). In sequential filtering the model is integrated forward in time for the period for which observations have been made. Whenever
an instant is reached where observations are available, the model is ‘updated’ or ‘corrected’. The amplitude of the correction may be determined
in an optimal sense, such as the Kalman filter (Wunsch 1996), or it may be derived suboptimally by guessing (often called ‘nudging’). The
model is then restarted from the updated state and the process repeated until all available information has been used. Bunge et al. (1998) used
the nudging method to compute mantle circulation models. Starting from assumed initial conditions for the late Cretaceous mantle (necessarily
an approximation for ‘true’ Cretaceous mantle heterogeneity, which is, of course, unknown) they assimilated the record of Mesozoic and
Cenozoic plate motion into high resolution 3-D spherical mantle convection calculations. They performed the assimilation by updating
surface velocities in their simulation with plate motions reconstructed for the past 120 Myr. Bunge et al. (1998) found the present-day mantle
heterogeneity structure predicted from sequential assimilation of past plate motion agrees quite well with mantle heterogeneity mapped by
seismic tomographers (Li & Romanowicz 1996; Grand et al. 1997).

An appealing aspect of sequential filtering is the constant updating it performs on the convection model: each new observation is used
for correcting the latest model state. This makes sequential data assimilation well adapted to mantle convection studies. There is, however, a
fundamental drawback. Precisely because of the sequential character of the assimilation each individual observation is used only once, and
influences the model state only at later times. Information propagates from the past into the future. But no information is carried back into
the past. This limitation is of great disadvantage in mantle convection studies, where our knowledge of the mantle today is infinitely more
detailed than knowledge of the mantle at some earlier time. It is therefore advantageous to explore algorithms capable of carrying information
explicitly back in time. Arguably the most important information on mantle convection comes from tomographic imaging studies of Earth’s
interior (e.g. Su et al. 1994; Masters et al. 1996). Steinberger & O’Connell (1997) explored an unusual approach to include (i.e. assimilate) this
tomographic information into mantle convection studies. Taking the present-day mantle heterogeneity as an ‘initial condition’ and reversing
the time-stepping of the energy equation in their mantle flow model, they ‘advected’ mantle heterogeneity back in time. Thermal diffusion
is, of course, unconditionally unstable when one reverses the time-stepping in a mantle convection model. Thus they ignored it altogether.
Remarkably Steinberger & O’Connell (1997) found reasonable agreement between the amount and rate of TPW predicted from advecting
seismic mantle heterogeneity back in time and TPW estimates inferred for Earth (Courtillot & Besse 1987).

Clearly it is an approximation to ignore thermal diffusion processes in the mantle, which is why Steinberger & O’Connell (1997) limited
their approach to flow of the past 64 Myr and estimated the associated error in Steinberger & O’Connell (1998) (see their appendix A2).
Therefore we should not have any mathematical expectation that running a mantle convection code into the past provides us with reliable
approximations of ‘true’ mantle heterogeneity at some earlier time. The results of Steinberger & O’Connell (1997), however, do suggest
the adverse effects of thermal diffusion are probably minor outside of thermal boundary layers (where diffusion per definition is important),
as long as we restrict our attention to time-periods of less than one mantle overturn, i.e. to time-periods of less than 100–200 Myr. More
importantly, Steinberger & O’Connell (1997) motivates us to seek out algorithms capable of projecting information into the past that are
mathematically correct. One such approach is global smoothing based on fluid dynamic inverse theory. Derived from a variational approach,
the method relies on a formal Adjoint-Model in conjunction with the forward code (Le Dimet & Talagrand 1986; Talagrand 1997). Looking
at the initial condition problem, the task is to compute an optimal initial state consistent with observations of the present state. By computing
sensitivities of a performance measure with respect to changes in the initial state, the initial condition can be modified to achieve this optimal
state. The adjoint model allows us to calculate the sensitivities of the performance measure in an efficient way, and to infer an optimal flow
initialization in a least squares sense. Essentially one fits the mantle convection model to optimal initial conditions, not unlike the inverse
problem of finding optimal seismic velocity structures faced by seismologists (Backus & Gilbert 1968; Tarantola 1987).

Exploring adjoint fluid dynamic inverse theory for mantle circulation models is the main theme of this paper, which we organize as
follows: first we present the basic theory. In the process we derive the generalized inverse of mantle convection from a variational approach.
We present a set of equations, known as the ‘Euler–Lagrange’ equations, that includes the ‘adjoint equations’ of mantle convection. We
then turn our attention more specifically to the initial condition problem. We present a simplified formulation of the inverse problem with
a simplified set of the adjoint equations aimed at constraining unknown mantle heterogeneity of the past from observations of the present
state. We use these simplified adjoint equations in numerical mantle convection simulations to explore the method, and conclude for relatively
simple mantle convection models that unknown initial conditions can be inferred back in time for at least 100 Myr.
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2 T H E G E N E R A L I Z E D I N V E R S E O F M A N T L E C O N V E C T I O N

We begin this section by introducing an inverse problem for mantle convection. The method is familiar in oceanography and meteorology
(see Bennett (1992) and Wunsch (1996) for aspects related to oceanography, and Courtier et al. (1993) for an annotated bibliography of the
meteorological literature). But it is novel in mantle convection studies. Consequently we present the basic theory first, before we proceed to
the initial-condition problem. For the sake of completeness we derive the most general system of a set of equations known as the Euler–
Lagrange equations. These equations consist of the adjoint equations coupled to the forward equations. Solutions of the Euler–Lagrange
equations are called the generalized inverse of mantle convection and represent the optimal fit between a model solution and observational
data in a least squares sense. Unfortunately the generalized inverse presents a formidable computational challenge and is not easily solved in
practice. We will demonstrate that the generalized inverse can be simplified considerably for the initial condition problem.

The generalized inverse is derived from a variational approach to assimilation (Talagrand & Courtier 1987; Courtier & Talagrand 1987).
We seek optimal parameters that minimize the difference between model predictions and some observable in a weighted least squares sense.
We pose the problem as a control problem, where the control variables are model errors and data misfits. The misfit, or performance measure,
is defined through a functional, J , often called the objective functional. (In finite dimensional applications it is simply an objective function.)
J maps model and measurement residuals to a scalar through a sum of integrals. To minimize the objective functional we apply the calculus of
variations. The necessary condition for a minimum of J , that ∇ J = 0, is satisfied by solutions to the Euler–Lagrange (EL) equations. In the
process of deriving the EL system we define a set of adjoint variables. The adjoint variables may be thought of as responses to measurements
similar to Green’s functions (sensitivities), and obey a set of adjoint equations (adjoint with respect to the forward equations through an inner
product defined by the performance measure, cf. Talagrand & Courtier 1987) nearly identical to the forward model except for forcing terms.
The EL system consists of a coupled set of the adjoint and forward equations. Iterative techniques are generally required as a solution method
for the EL system. In Section 3 we make some simplifying assumptions to introduce the initial condition inverse problem. The forward and
adjoint equations in the EL system for the initial condition problem remain coupled, but in a less complicated way. An iterative scheme for
the initial condition problem is shown to be equivalent to a gradient algorithm. A simple gradient algorithm for finding the minimum of J
may then be applied. The close correspondence of forward and adjoint equations makes the adjoint approach so attractive in minimizing J
because essentially the same computer code can be used to solve the adjoint system as is used for the forward system.

Our discussion of the objective functional starts by breaking J into three components representing respectively model errors, data misfit
and the misfit of parameters. Model errors are relatively easy to understand. They arise because the mathematical model equations themselves
tend to idealize a physical system. This is evident from the continuity eq. (1). It is easy to see that the assumption of perfect incompressibility
in (1) is an approximation, albeit a fairly good one for the mantle. A somewhat more subtle example is apparent from the energy eq. (3).
Here the slow decay of radioactive elements inside the Earth results in a time-dependent heat source function (h). Time variations of h have
been incorporated into some mantle convection studies (Daly 1980; Christensen 1985). But for the sake of simplicity geodynamicists usually
take h to be a constant. Model errors also arise from numerical inaccuracies of the convection model, and are part of any computational
approximation to mathematical model equations. We acknowledge such model errors collectively as non-zero terms in the forward mantle
convection equations and include divergence, momentum and temperature residuals in the equations below:

∇ · u = D(x, t) (11)

∇ · (ν∇u) + R(T̄ − T )k̂ − ∇ p = M(x, t) (12)
∂T

∂t
+ u · ∇T − ∇2T − h = �(x, t) (13)

Here D(x, t) is the divergence residual, M(x, t) is the momentum residual, and �(x, t) is the temperature residual. The model error part, Jeq,
of the objective functional J is the weighted space-time integral over the squared residuals:

Jeq =
∫

I
dt

∫
V

dx

∫
I

dt ′
∫

V
dx ′ D(x, t)WD(x, t, x ′, t ′)D(x ′, t ′) +

∫
I

dt

∫
V

dx

∫
I

dt ′
∫

V
dx ′ M(x, t)T WM (x, t, x ′, t ′)M(x ′, t ′)

+
∫

I
dt

∫
V

dx

∫
I

dt ′
∫

V
dx ′�(x, t)W�(x, t, x ′, t ′)�(x ′, t ′), (14)

where we perform the integration over the model space (V ) and the assimilation period (I ) with appropriate weighting functions W . The
weighting functions W could be chosen as the inverse of a covariance C in the sense of (Tarantola 1987):∫

I
dt ′

∫
V

dx ′W(x, t, x ′, t ′)C(x ′, t ′, y, ξ ) = δ(x − y, t − τ ) (15)

Our attention next turns to the data misfit component of J . This part of the objective functional measures how much our mantle convection
model departs from a particular set of observations. It is thus at the heart of the assimilation procedure. In order to derive the misfit functional,
we must relate model variables to observations that are obtained often from a complicated measurement process. Here we do this by defining
measurement functionals that act on the model variables. To make things plain, we focus on two kinds of observables available for data
assimilation in mantle convection studies: present-day mantle heterogeneity provided through seismic tomography, and reconstructions of
past plate motion histories, discrete in time and non-uniform in space. Looking first at the assimilation of seismic data, we require the
mantle convection model to pass within some tolerance of present-day mantle heterogeneity, and express the misfit between model and
observation by:
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Jtemp =
∫

V
dx

∫
V

dx ′εT (x)WT (x, x ′)εT (x ′), (16)

εT (x) = Td (x) − T (T (x)) (17)

Here Td (x) is a measure of mantle temperature ‘observed’ from seismic tomography. Td (x) could be obtained by relating mantle seismic
velocity variations to temperature heterogeneity using, for example, the available experimental data on the temperature sensitivity of seismic
sound velocities for mantle silicates (Duffy & Ahrens 1992). The remaining terms are T (x), the model computed mantle temperature, and
T , a tomographic operator. T is a linear measurement operator that accounts for the spatial filtering of mantle structure by seismic models,
while εT (x) is the data misfit. We perform the integral over the present-day, the only period for which tomographic observations are available,
and include a weighting function WT (x, x ′), which could be the inverse of a tomographic covariance operator CT (e.g. Tarantola 1987).
WT (x, x ′) expresses our ‘confidence’ in tomographic observations for different regions of the mantle. Indeed, precisely because tomography
performs a complex spatial filtering on mantle structure, we don’t force the mantle convection model to interpolate the tomographic data. In
other words, WT (x, x ′) allows for differences between model solution and observation. Constraints from reconstructions of past plate motion
are assimilated into mantle flow in much the same way. We require surface velocities of the convection model to pass within some tolerance of
discrete plate motion data U i

d (x). As in tomography, we express our ‘confidence’ in plate motion reconstructions through a weighting function
Wu(x, x ′). Generally speaking, we expect that Wu(x, x ′) decreases from the present to the past, reflecting the increasing uncertainties of
plate reconstructions as we go back in time. Similarly to tomography we also include a measurement operator, which we may call a tectonic
measurement operator here. The operator acts on the surface velocities u(x, t) computed from the convection model and accounts for the
spatial and temporal filtering effects associated with reconstructions of Earth’s plate motion history:

JSvel =
∫

S
dx

∫
S

dx ′[εu(x)]TWu(x, x ′)εu(x ′), (18)

Each component of the velocity data misfit εi
u(x) is of the form:

εi
u(x) = U i

d (x) − U i (u(x, t)), (19)

and is either a u-component or a v-component of the ith discrete plate velocity measurement, i.e. the plate motion stage. The weight Wu(x, x ′)
is a 2 × 2 matrix with weighting functions for elements representing the inverses of velocity error covariances. Eq. (18) is just a shorthand
notation for the weighted sum of squares of surface velocity misfits. The sum includes each velocity component at each measurement time.
Temperature and velocity data portions of the objective functional together give us the performance of the total data misfit:

Jdata(u, T ) = Jtemp + JSvel (20)

Any other observable is introduced into the cost function through the same procedure.
We complete our discussion of J with two components related to uncertainties in initial conditions, JI , and uncertainties in plate motion

histories Jbc. We introduce these two components, so that we may treat initial conditions and past plate motion histories as model parameters
that are given but poorly constrained. In other words, we may regard initial conditions and the history of surface velocities computed from a
mantle convection model as model parameters that can be optimized based on observations, for example, of present-day mantle heterogeneity.
We begin with JI . To see how this component enters the objective functional, we take the ‘first guess’ temperature initial condition TI (x)
as given but poorly known, and represent the difference between ‘first guess’ field and the optimal model field through the initial condition
residual i(x):

JI (T (x, t0)) =
∫

V
dx

∫
V

dx ′ i(x)Wi (x, x ′)i(x ′) (21)

i(x) = T (x, t0) − TI (x) x ∈ V̄ (22)

The integral is, of course, nothing other than a distance measure from the ‘first guess’ field in some weighted (Wi (x, x ′)) least squares sense.
The component Jbc is introduced to represent the uncertainties of plate motion histories as we go back in time. Indeed, precisely because
past plate motions are difficult to reconstruct the further we go back in time (due in large part because reconstructions are dependent upon
the magnetic isochron record of sea-floor spreading, which is limited to the characteristic maximum age for oceanic lithosphere), we could
take a ‘first guess’ plate motion history US(x, t), and allow for corrections based on tomographic observations of subducted oceanic slabs. The
distance between ‘first guess’ plate motion history and subsequent surface velocity updates is measured through a surface velocity residual,
vs(x, t), in an integrated least squares sense:

vS(x, t) = u(x, t) − US(x, t) x ∈ S, t ∈ Ī . (23)

Jbc =
∫

I
dt

∫
S

ds

∫
I

dt ′
∫

S
ds ′ vS(x, t)∗WvS (x, t, x ′, t ′)vS(x ′, t ′) (24)

US(x, t) is the ‘first guess’ plate motion history, u(x, t) is the surface velocity computed from the circulation model, vS(x, t) is the distance
from the ‘first guess’ velocity field, and the spatial integration is carried over the model surface (S). Of course, other boundary condition
errors can be added to the cost function in a similar way. Indeed, any unknown model parameter is introduced to the cost function through
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this procedure, and we could, for example, estimate an optimal radial mantle viscosity profile from adjoint mantle circulation modelling. We
add model, data and parameter residuals to obtain the total objective functional:

J (u, T ) = Jeq + Jdata + JI + Jbc (25)

To simplify the cost function, we introduce the adjoint variables χ (x, t), φ(x, t) and τ (x, t):

χ (x, t) =
∫

I
dt ′

∫
V

dx ′ WD(x, t, x ′, t ′)D(x ′, t ′) (26)

φ(x, t) =
∫

I
dt ′

∫
V

dx ′ WM (x, t, x ′, t ′)M(x ′, t ′) (27)

τ (x, t) =
∫

I
dt ′

∫
V

dx ′ W�(x, t, x ′, t ′)�(x ′, t ′) (28)

as weighted integrals over the model error and rewrite J :

J (u, T ) =
∫

I
dt

∫
V

dx(∇ · u)χ (x, t) +
∫

I
dt

∫
V

dx[∇ · (ν∇u) + R(T̄ − T )k̂ − ∇ p]Tφ(x, t)

+
∫

I
dt

∫
V

dx

(
∂T

∂t
+ u · ∇T − ∇2T − h

)
τ (x, t) +

∫
V

dx

∫
V

dx ′ εT (x)WT (x, x ′)εT (x ′)

+
∫

S
dx

∫
S

dx ′[εu(x)]TWu(x, x ′)εu(x ′) +
∫

V
dx(T (x, t0) − TI (x))

∫
V

dx ′ Wi (x, x ′) (T (x ′, t0) − TI (x ′))

+
∫

I
dt

∫
S

ds

∫
I

dt ′
∫

S
ds ′ vS(x, t)T WvS (x, t, x ′, t ′)vS(x ′, t ′) (29)

The first variation of J , δ J , with respect to the unknown model parameters is given by the following expression, where we assume the weighting
functions are symmetric:

2δ J =
∫

I
dt

∫
V

dx(∇ · δu)χ (x, t) +
∫

I
dt

∫
V

dx[∇ · (ν∇δu) − RδT k̂ − ∇δp]Tφ(x, t)

+
∫

I
dt

∫
V

dx

(
∂δT

∂t
+ δu · ∇T + u · ∇δT − ∇2δT

)
τ (x, t) +

∫
V

dx

∫
V

dx ′ δT (x, t1)WT (x, x ′)εT (x ′)

+
∫

S
dx

∫
S

dx ′[−M (δu)(x, t)]TWu(x, x ′)εu(x ′) +
∫

V
dx(δT (x, t0))

∫
V

dx ′ Wi (x, x ′) (T (x ′, t0) − TI (x ′))

+
∫

I
dt

∫
S

ds

∫
I

dt ′
∫

S
ds ′[δu(x, t)]T WvS (x, t, x ′, t ′)vS(x ′, t ′) (30)

Here we denote variations of temperature and velocity with the prefix δ, while the expression M(δu) represents measurements of the variation
of model computed surface velocities. We integrate δ J by parts in space and time to isolate terms involving δu and δT , and to rearrange the
differential operators to act upon the adjoint variables. The formal criterion δ J = 0 at a minimum of the cost function implies that forward
and adjoint variables must satisfy a set of so-called Euler–Lagrange equations, consisting of adjoint equations coupled to the forward model
through error estimates. (We note that deriving the Euler–Lagrange equations is somewhat tedious. As an example of the formalism, we
include a detailed derivation of the adjoint energy equation in the Appendix.) Solutions to the Euler–Lagrange equations are candidates for
minima of J , and constitute the generalized inverse of mantle convection. We write the adjoint equations for x ∈ V and t ∈ I below:

∇ · φ = 0 (31)

∇ · (ν∇φ) + τ∇T = ∇χ (32)

−∂τ

∂t
− ∇ · (τu) + Rk · φ = ∇2τ + δ(x, t − t1) (Td (x) − T (T (x))), (33)

where δ(x) is the Dirac delta function, and u and T are forward velocity and temperature that couple the adjoint to the forward system. The
adjoint variables also satisfy the following adjoint boundary conditions:

φ =
∫

I
dt ′

∫
S

ds ′[U (δ)]∗Wu(x, t, x ′, t ′)εu(x ′, t ′) x ∈ S, t ∈ I (34)

∂φ

∂n
= 0 x ∈ ∂C, t ∈ I (35)

φ · n̂ = 0 x ∈ ∂V, t ∈ I (36)

χ = 0 x ∈ ∂V, t ∈ I (37)

τ (x, t) = 0 x ∈ ∂V, t ∈ I (38)

The forward system of the Euler–Lagrange equations for x ∈ V and t ∈ I are the usual mantle convection equations plus boundary conditions,
coupled to the adjoint estimates on the divergence, momentum and energy residual (see eqs 11–13):
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Table 1. Adjoint variables and their relationship to model residuals.

Adjoint variable Definition Model residual Estimate

Pressure, χ WD • D Divergence, D CD • χ

Velocity, φ WM • M Momentum, M CM • φ
Temperature, τ Wθ • θ Energy, θ Cθ • τ

∇ · u = CD • χ (39)

∇ · (ν∇u) + R(T̄ − T )k̂ − ∇ p = CM • φ (40)

∂T

∂t
+ u · ∇T − ∇2T − h = Cθ • τ (41)

Here we have written the error estimates D(x, t), M(x, t), �(x, t) of the forward eqs (11–13) explicitly in terms of the adjoint variables, χ,φ, τ ,
and covariances, CD, CM , Cθ , exploiting the fact that weights W and covariances C are inverses of each other in the sense of (Tarantola 1987):∫

I
dt ′

∫
V

dx ′ WD(x, t, x ′, t ′)CD(x ′, t ′, y, ξ ) = δ(x − y, t − τ ), (42)

and we simplified the writing by denoting the volume–time integral over V × I by • in the sense of:∫
I

dt ′
∫

V
dx ′CD(x, t, x ′, t ′)χ (x ′, t ′) = CD • χ (x, t). (43)

Using this notation the relationship between model residuals and the adjoint variables is listed compactly in Table 1. The model surface
velocities u satisfy the boundary condition US(x, t) together with an error estimate on the plate motion history:

u(x, t) = US(x, t) +
∫

I
dt ′

∫
S

ds ′CvS ν
∂φ

∂n
x ∈ S, t ∈ I. (44)

The starting condition of the forward system is an initial ‘first guess’ temperature together with an error estimate:

T (x, t0) = TI (x) +
∫

V
dx ′ Ci (x, x ′)τ (x ′, t0), (45)

while the starting condition for the adjoint system is a final time condition on the adjoint variable τ :

τ (x, t1) = 0 x ∈ V (46)

We can understand the physical significance of the Euler–Lagrange equations by closer examination of the adjoint and the forward system.
Looking first at the adjoint energy eq. (33), we note the equation is integrated backward in time from the adjoint final time condition τ (x, t1).
The equation contains a forcing term δ(x, t − t1) (Td (x) − T (T (x))) involving the residual between model temperature T (T (x, t1)) and
observation Td (x) at the final state. The forcing term, in effect, implies that temperature residuals at the final time act as the initial condition
for the adjoint variable τ . This somewhat unusual character of the adjoint energy equation allows us to relate final state residuals of the mantle
convection model to errors in ‘first guess’ model parameters at some earlier time. The adjoint diffusion operator involves the opposite sign
of the forward diffusion operator in the energy equation. This change, of course, makes the adjoint energy equation unconditionally stable
to backward-in-time integration. But otherwise the adjoint energy equation is remarkably similar to the forward energy equation in mantle
convection. The adjoint mass (31) and momentum (32) equations are even more similar to the mass (1) and momentum (2) equations of
forward mantle convection. Here again error information on past plate motion is introduced into the adjoint momentum equation through a
forcing term. The term, however, enters through the adjoint boundary condition on φ driven by residuals of surface velocities in the mantle
convection model relative to the plate motion history. Turning to the forward system of the Euler–Lagrange equations, we see the system also
remains largely unchanged from the equations of forward mantle convection, the main difference resulting from error estimates in terms of
the adjoint variables that couple the forward to the adjoint system.

We summarize the relationship between model residuals, adjoint variables and estimates of the model residuals in terms of the adjoint
variables compactly in Table 1. Error estimates in the forward system in terms of the adjoint variables couple the forward Euler–Lagrange
equations to the adjoint equations. The adjoint Euler–Lagrange equations in turn are related to the forward system through data residuals and
the forward variables. The coupling of forward and adjoint equations in the Euler–Lagrange equations makes the generalized inverse difficult
to solve in practice, although some results have been obtained (e.g. Bennett et al. 1993, 1998, 2000; Hagelberg et al. 1996). It is instructive
to turn our attention to a simplified system of the adjoint mantle convection equations.

3 A D J O I N T E Q U A T I O N S T O E S T I M A T E T E M P E R A T U R E I N I T I A L
C O N D I T I O N S I N M A N T L E C O N V E C T I O N

A computationally more tractable approach for the initial condition problem is obtained if we make the following simplifying assumption:
we ignore all model errors in the objective functional J except for initial condition error. That is, we assume our mantle convection model
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captures all the relevant physical processes and the numerical solution contains at most insignificant error. The assumption amounts to taking
the limit as the relevant model covariances tend to zero (weights in the objective functional become infinite) in the Euler–Lagrange equations
of the generalized inverse (31–41). We also assume that final state errors result only from variations in the initial temperature distribution. In
other words, we choose the temperature initial condition as the only model parameter we want to optimize. We arrive at the Euler–Lagrange
equations for this simplified case by taking the appropriate limits in the generalized inverse, and obtain the following system of adjoint and
forward equations (see also Talagrand & Courtier 1987) for a detailed derivation of the adjoint vorticity equation related to the assimilation
of meteorological observations, and the Appendix for a detailed derivation of the adjoint energy equation of the generalized inverse of mantle
convection). The adjoint equations for x ∈ V and t ∈ I are now given by:

∇ · φ = 0 (47)

∇ · (ν∇φ) + τ∇T = ∇χ (48)

−∂τ

∂t
− ∇ · (τu) + Rk̂ · φ = ∇2τ + δ(x, t − t1) (Td (x) − T (T (x)), (49)

together with their adjoint boundary conditions:

φ = 0 x ∈ S, t ∈ I (50)

∂φ

∂n
= 0 x ∈ ∂C, t ∈ I (51)

φ · n̂ = 0 x ∈ ∂V, t ∈ I (52)

χ (x, t) = 0 x ∈ ∂V, t ∈ I (53)

τ (x, t) = 0 x ∈ ∂V, t ∈ I, (54)

and an adjoint final time condition:

τ (x, t1) = 0, (55)

where the adjoint system is again integrated backward in time from t1 to t0 from the adjoint final time condition on τ , just as we saw earlier
in the case of the generalized inverse. The forward system is the usual forward model:

∇ · u = 0 (56)

∇ · (ν∇u) + R(T̄ − T )k̂ − ∇ p = 0 (57)

∂T

∂t
+ u · ∇T − ∇2T − h = 0, (58)

with boundary conditions, where the error term in the initial temperature condition T (x, t0) remains as in the generalized inverse:

T (x, t0) = TI (x) −
∫

V
dx ′ Ci (x, x ′)τ (x ′, t0) (59)

Here we note, however, that precisely because we ignore all model errors, the forward equations no longer couple to the adjoint equations in
the complicated way seen in the forward eqs (39–41) of the generalized inverse. Instead, the coupling between forward and adjoint systems
occurs now only through the initial condition, which greatly simplifies the solution of the Euler–Lagrange equations. One method of solving
this system is to iterate between forward and adjoint solutions and updating the initial condition error term on each iterate. This procedure is
essentially a gradient descent method, where the estimate of the gradient of the cost functional with respect to the initial condition is given by
−τ (x, t0). The gradient descent algorithm amounts to an iteration on the Euler–Lagrange system in such a way that:

T n+1(x, t0) = TI (x) −
∫

V
dx ′ Ci (x, x ′)τ n(x ′, t0) (60)

If Ci (x, x ′) = δ(x − x ′) (with a weighting function of 1), the expression for the gradient of the objective functional with respect to the initial
temperature field is given by:

δ J

δT0
= −τ (x, t0) (61)

A standard conjugate gradient algorithm (Fletcher & Reeves 1964) allows us to minimize the objective functional. The algorithm proceeds as
follows:

(1) Compute T n(x, t) for t0 ≤ t ≤ t1 using the nth initial temperature estimate from eqs (56–58). The 0th initial temperature estimate
is T 0

I (x) = TI (x), the ‘first guess’ initial condition.
(2) Compute the adjoint τ n(x, t) using τ n(x, t1) = 0, and forcing with Td (x) − T n(x, t1) from eqs (47–55). In effect, τ n(x, t1) is the final

temperature difference between the model estimated temperature, T n(x, t1), and the data Td (x).
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(3) The gradient of the cost function with respect to the unknown initial condition is given by dn(x) = −τ n(x, t0) from eq. (61).
(4) Update the initial temperature to begin the next iteration: T n+1(x, t0) = T n(x, t0) − ρdn(x), where ρ is an arbitrary parameter for

the step size. Optimal conditions for ρ can be computed, but we did not do so for our numerical experiments.

3.1 Numerical modelling results

Physical oceanographers have made great progress in applying sophisticated adjoint theory to circulation studies of the ocean (Bennett 1992;
Wunsch 1996). Adjoint mantle circulation models by comparison are still in their infancy. We begin therefore with a modest adjoint mantle
convection experiment aimed at understanding the initial condition problem in simple mantle flow calculations. Our goal is emphatically
not to present a comprehensive adjoint mantle convection study, but to explore the efficiency of the method in constraining unknown mantle
flow back in time. We use the numerical modelling code TERRA (Bunge & Baumgardner 1995). The code solves for momentum and energy
balance of mantle convection at infinite Prandtl number (no inertial forces) in a spherical shell, with the inner radius being that of the outer
core and the outer radius corresponding to Earth’s surface. TERRA is benchmarked for numerical accuracy (Bunge 1996b; Richards et al.
2001) and has been applied to a range of global mantle flow problems. We cast the momentum and energy equation into their weak form
and represent the primitive variables locally in grid space through piecewise linear finite elements. The elliptic operator associated with
the momentum balance is inverted with an efficient multigrid approach. The method’s key advantage is that computational expense scales
optimally with the number of numerical grid points (Brandt 1977). This makes multigrid competitive in cost with fast transform schemes
(FFT) available for spectral codes. We determine the velocity field u by solving Stokes equation subject to an incompressibility constraint.
Algebraically this is a saddle point problem, where we find solutions to the coupled mass and momentum balance using Uzawa iterations
(Cahouet & Chabard 1988). The scheme solves (2) repeatedly, so as to apply the incompressibility constraint from (1). For the energy balance
we use an explicit second-order accurate version of the Multi Dimensional Positive Definite Advection Transport Algorithm (MPDATA)
(Smolarkiewicz 1984). Our discretization of the mantle is based on the regular icosahedron (Williamson 1968). The icosahedral grid provides
an almost uniform triangulation of the sphere allowing us to avoid the ‘pole-problem’ of conventional latitude-longitude grids. The associated
regular data structure is well suited for modern parallel computers and can readily be mapped onto distributed processor arrays such as in
Beowulf PC clusters via domain decomposition and explicit message passing (Bunge & Dalton 2001). We use 10 million finite elements in
all calculations to follow, resulting in a gridpoint resolution of 50 km throughout the mantle. With this resolution, we are able to resolve a
characteristic thermal boundary layer thickness of order 200 km.

We model mantle convection with a Rayleigh number (based on internal heating) of 108, using material values corresponding to the
surface (sublithospheric) values of the relevant parameters in the Rayleigh number. The value is about an order of magnitude smaller than
estimates for the Earth due to computational limitations. Arguably one of the more significant effects of lowering the Rayleigh number is to
increase the importance of irreversible thermal diffusion processes relative to time-reversible advection. To keep things simple in our mantle
convection model, we make the Boussinesq approximation (Boussinesq 1903) by assuming the mantle is incompressible—that is we keep
density constant everywhere except for the buoyancy term of the momentum eq. (2). We also raise the lower mantle viscosity by a factor of
40 relative to the upper-mantle. A significant mantle viscosity increase with depth is suggested by studies of the geoid (Hager & Richards
1989; Ricard et al. 1993) and post glacial rebound (Mitrovica 1996; Lambeck et al. 1998). A high viscosity lower mantle also induces a
long-wavelength convective planform in 3-D mantle convection studies similar to the subduction dominated planform observed for the Earth
(Bunge et al. 1996a; Tackley 1996). We furthermore assume heat in the mantle is generated mostly internally by radioactive decay of Uranium,
Thorium, and Potassium (e.g. Wasserburg et al. 1964), with only a minor component of 10 per cent bottom heating from an isothermal core.
A relatively small component of core heating is consistent with observations of heat transport associated with hotspot volcanism, or mantle
plumes (Morgan 1972), which account for at most about 10 per cent of the total mantle heat flux (Davies 1988; Sleep 1990). These modelling
assumptions roughly constitute a ‘standard model’ for whole mantle convection (Davies & Richards 1992), and their effects have been explored
in previous convection studies (Glatzmaier 1988; Bercovici et al. 1989; Tackley et al. 1994; Bunge et al. 1997; Zhong et al. 2000).

We start our numerical experiment by computing a reference temperature initial condition. The field is derived by running convection
forward in time for ten billion years until the mean surface heatflux variations have dropped below 0.1 per cent. At the upper boundary of
the convection model we impose (assimilate) plate motions corresponding to the mid-Cretaceous (119 Myr) as shown in Fig. 2(c). Plate rms
velocities are scaled such that convective motion is neither increased nor reduced by the imposed surface velocity field, i.e. we reduce the
rms plate velocity to match the rms surface velocity of convection with no assimilated plate motion, thus keeping the model Peclet number
unchanged. The temperature initial condition represents mantle flow in quasi steady-state with mid-Cretaceous plate motion, and in lack of
other information we could regard it as a crude approximation of the large-scale thermal heterogeneity structure in the mid-Cretaceous mantle.
Fig. 2(a) shows a cut-away of the 3-D temperature field. In the western Pacific a mantle downwelling is located at the convergent boundary of
the Izanagi and the Eurasian plate, while near surface temperatures are elevated in a narrow zone adjacent to the palaeo-East Pacific Rise due
to passive mantle upwelling at the Izanagi, Farallon and Phoenix spreading centers. There is a lack of pronounced active mantle upwellings
(plumes) in the deeper mantle as expected from the relatively small amount of bottom heating (10 per cent). Otherwise the overall heterogeneity
character is similar to the mid-Cretaceous initial condition assumed by Bunge et al. (1998). We start from the initial condition, and compute
a simple mantle circulation model by running convection forward in time for 100 Myr. At the surface we impose present-day plate motions
(Fig. 2d) over the entire integration period, scaled to match the convective vigor of the calculation. We could, of course, assimilate a record

C© 2003 RAS, GJI, 152, 280–301

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/article/152/2/280/651726 by guest on 16 August 2022



290 H.-P. Bunge, C. R. Hagelberg and B. J. Travis

Figure 2. (a) Cut-away of the 3-D temperature initial condition field for the reference mantle circulation model (see text) seen from the Pacific hemisphere.
The model is obtained by imposing (assimilating) mid-Mesozoic plate motions (c) until quasi steady-state is reached. Blue is cold, and red is hot and the linear
color scale ranges from 0 to 2300 ◦C. The upper 100 km of the mantle are removed to show the convective planform. Narrow hot zones near the surface reflect
passive mantle upwelling at the Izanagi (IZA), Farallon (FA), Pacific (PA) and Phoenix (PH) spreading centers. The cold downwelling in the cross-sectional
view under the northwestern Pacific results from subduction of the Izanagi and Farallon plates. (b) Same as (a) but after 100 Myr of present-day plate motion
(d) have been imposed. (c) Map of plate boundaries and velocities for the 119–100 Myr stage from Lithgow-Bertelloni & Richards (1998). The ancient Izanagi,
Farallon and Phoenix plates occupy most of the Pacific basin. (d) Same as (c) but for the present-day from Gordon & Jurdy (1986). The Izanagi, Farallon and
Phoenix plates have largely disappeared.

of Mesozoic and Cenozoic plate motions (Lithgow-Bertelloni & Richards 1998) into the circulation model. But we prefer a simple one-stage
plate motion history, in order to avoid any unnecessary complication in our calculation. After 100 Myr the model reaches a final state shown
in Fig. 2(b). A mantle downwelling is now located at the convergent boundary of the Pacific and the Eurasian plate, while the East Pacific
Rise is evident from elevated temperatures near the Pacific and Nazca spreading plate boundary. These mantle heterogeneity variations are
comparable to the overall differences in the plate tectonic regime of the mid-Cretaceous relative to present-day plate motion.

Having defined the reference mantle circulation model we proceed to explore the adjoint method. We compute a ‘perturbed’ mantle
circulation model started from a ‘perturbed’ initial state rather than the reference initial condition in Fig. 2(a). The temperature perturbation
constitutes an error in our first guess at the initial state, and is implemented by lowering the mid-mantle temperatures locally by 1400 ◦C
under the Pacific plate in a cubic region of 1000 km side-length. We choose the amplitude of the anomalous temperature perturbation such
that it is approximately equal in magnitude to the temperature drop across the cold upper thermal boundary layer. The anomalous buoyancy
arising from the temperature perturbation is thus comparable to thermal buoyancy variations associated with subduction. Our modified initial
state represents ‘imperfect’ knowledge of the ‘true’ initial state, and we may regard it as a ‘first guess’ of the reference initial condition. We
run convection forward in time for 100 Myr and arrive at a ‘first guess’ final state, which of course differs from the ‘true’ final state of the
reference calculation. Temperature differences between ‘first guess’ and reference model are shown in Fig. 3, separately for the initial and
the final state. A look at the final state (Fig. 3b) reveals the cubic temperature anomaly (Fig. 3a) has been sheared and thermally diffused
by mantle flow, with most of the advective transport being directed parallel to the motion of the overlaying Pacific plate. The final state
temperature residual (or misfit) is the input for an adjoint backward-in-time integration, as we noted earlier in our derivation of the adjoint
equations. We solve the adjoint equations and compute an updated (or improved) ‘second guess’ initial condition from the gradient of the
cost function J . In other words, we use the adjoint calculation to ‘back-project’ final state temperature residuals to corresponding errors in
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the initial state. Our ‘second guess’ initial state is the starting point for a new forward integration of mantle convection and by implication
another backward-in-time integration of the adjoint system based on the ‘second guess’ final state residual.

We repeat the forward/adjoint calculation one hundred times. The remaining temperature residual after 100 forward/adjoint iterations
is illustrated in Figs 3(c) and (d), where we show the temperature difference between ‘best guess’ and reference model separately for the
initial and the final state. The final-state temperature residual has all but disappeared, while a small temperature residual remains in the
initial state. We recall, however, that the adjoint is driven by temperature errors in the final state. Hence we are not surprised that the small
remaining temperature residual of the final state induces almost no further improvement in the initial condition, implying that mantle flow has
become nearly insensitive to the small remaining initial condition error. It is insightful to monitor the norm of the rms temperature residual
(true-estimate), both for the final state (present-day) and the initial condition as a function of the adjoint iteration. We show this global error
measure in Fig. 7(a). As expected, the residual temperature rms norm drops rapidly, both for initial and the final state in the first 50 adjoint
iterations. Later on the convergence levels out. The final error reduction of the initial state exceeds 60 per cent (the residual temperature rms
norm drops from 13.2 to 5.8 ◦C), while the error reduction in the final state (dropping from 13.4 to 0.7 (◦C) levels off somewhat better at
95 per cent.

Our results are instructive. But there is a pressing question. Does the adjoint approach perform well, because we made a good first
guess? We address this question in a second modelling experiment. Taking a rather extreme view, we pretend to have no knowledge at all
of the initial condition and cast our lack of initial condition information into a 1-D temperature profile, wiping out all lateral temperature
heterogeneity of the reference initial state (Fig. 2a). We note, however, that our 1-D temperature profile preserves the total heat content of the
reference initial condition, allowing us to avoid any artificial secular temperature variation in the calculation. The new ‘first guess’ initial state
is shown in Fig. 4(a). Integrating mantle convection forward in time for 100 Myr with present-day plate motion imposed as in our previous
modelling experiment, we arrive at the ‘first guess’ final state shown in Fig. 4(b). The assimilated present-day plate motion produces mantle
downwellings under subduction zones, as expected. There is, for example, a cold downwelling beneath the northwestern Pacific corresponding
to subduction of the Pacific plate under Japan and the Kuriles islands. The downwelling, however, does not reach into the lower most mantle
indicating the assimilated surface plate motion history (100 Myr) is insufficient to affect large-scale heterogeneity in the deep mantle, which
preserves a memory of our ‘first guess’ initial state. Our poor choice for the initial state results in significant error associated with our ‘first
guess’ calculation. This is evident from inspection of Figs 5(a) and (b), where we show temperature residuals of the ‘first guess’ calculation
relative to our reference model, both for the initial and the final state. Figs 5(a) and (b) reveal our ‘first guess’ model is characterized by large
temperature anomalies concentrated in subduction dominated regions of the circum Pacific, both at the initial and the final state.

We perform 100 forward/adjoint iterations and show mantle temperatures for our ‘best guess’ case in Figs 4(c) and (d), both for the
initial and the final state. We also show the temperature residuals associated with our ‘best guess’ calculation (Figs 5c and d). It is clear
from inspection of Figs 4 and 5 that the temperature in our ‘best guess’ case corresponds closely to the ‘true’ temperature distribution of the
reference case (Figs 2a and b) even in the deep mantle. The agreement is borne out by the near absence of significant deep mantle temperature
residuals in Figs 5(c) and (d), both for the initial and the final state. Closer to the upper thermal boundary layer, however, where thermal
diffusion per definition exceeds the effects of heat advection, our adjoint calculation is less effective in reducing the initial temperature errors
as indicated by small near surface temperature residuals concentrated at mid oceanic ridges. Again we monitor the norm of the rms temperature
residual, both for the initial and the final state per adjoint iteration (Fig. 7b). The rms drops rapidly for the initial and the final state in the first
50 adjoint iterations. Later on the convergence levels out. The convergence rate is similar to the behaviour we noted earlier in our previous
adjoint experiment. The final error reduction in the initial state approaches 50 per cent (the rms norm of the temperature residual drops from
195 to 102 ◦C), while the error reduction in the final state (where the rms norm of the temperature residual drops from 237 to 17 ◦C) levels
off somewhat better at >90 per cent.

3.2 Backward-in-time convection

The success of the adjoint approach raises an interesting question. Could we achieve similar results simply by running our mantle convection
model back in time? In other words, could we predict the ‘true’ initial state in Fig. 2(a) if we took the ‘true’ final state in Fig. 2(b) as the ‘initial
condition’ for a backward-in-time integration? The question is important, because the adjoint approach requires the repeated evaluation of
the forward model together with the adjoint. Our two modelling experiments above each required 100 forward/adjoint iterations. Thus the
computational expense associated with adjoint sensitivity analysis exceeds the evaluation of a single forward model by a factor of 200. We
examine the question in Fig. 6, where we run mantle convection back in time from the ‘true’ final state by reversing the time-stepping of the
energy equation in our convection model. Thermal diffusion cannot be reversed in time, as we noted earlier. Thus in order to numerically
stabilize the backward problem, we continue to run thermal diffusion from hot to cold. In other words, we arbitrarily reverse the sign of the
diffusion operator. The modified energy equation of the backward problem is given by:

∂T

∂t
+ u · ∇T = −∇2T + h (62)

The predicted initial temperature after we ran mantle convection back in time for 100 Myr from the ‘true’ final state is shown in Fig. 6(a). The
most noticeable result in our backward calculation is a large cold thermal anomaly located under the East Pacific Rise. There is also a lack of
cold downwelling material in the deeper mantle, for example, beneath the northwestern Pacific in the subduction zone beneath Japan. Both
results are easily understood. At the East Pacific Rise the cold thermal boundary layer is artificially forced into the upper-mantle, because the
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Figure 7. RMS temperature residual at the initial and final state for the locally (a) and globally (b) perturbed initial condition case as a function of adjoint
iteration. Temperature residuals decrease rapidly during the first 50 forward/adjoint iterations. Later on the convergence levels off. RMS residual drops from
13.2 to 5.8 ◦C (a) and from 195 to 102 ◦C (b) for the initial condition, and from 13.4 to 0.7 ◦C (a) and from 237 to 17 ◦C (b) for the present-day. For comparison,
the rms temperature initial condition error of the backward calculation (which does not depend on the adjoint iteration) has a much larger value of 318 ◦C (see
text).

spreading process is reversed in our backward calculation. Similarly, reversing the subduction process results in cold slabs rising from the
deeper mantle to the surface. The deeper mantle has no ‘sources’ of new slabs. Therefore, the reversal of the subduction process inevitably
leads to a depletion of slabs in the lower mantle.

The great difficulty to predict past mantle flow from backward convection calculations is borne out in Fig. 6(b). Here we show the
temperature residual of the initial state (true-backward) predicted from backward integration relative to the ‘true’ reference initial condition
in Fig. 2(a). We plot the temperature residual of the backward model on the same isotherm (−400 ◦C) we used for the adjoint experiment
in Fig. 5, in order to facilitate comparison with our ‘best guess’ model. From inspection of Fig. 6(b) it is clear that the backward model
is characterized by very large temperature anomalies, especially in subduction dominated regions of the circum Pacific, as expected. Not
surprisingly in Fig. 7 we find that the large temperature residuals also lead to a large rms temperature residual norm. In fact, the rms norm
of the residual temperature in our backward model (318 ◦C) exceeds the rms norm of our ‘best guess’ model (102 ◦C) in Figs 4 and 5 by
about a factor of three. This large residual temperature rms norm exceeds even the rms norm of our rather poor ‘first guess’ model (195 ◦C) in
Fig. 4(a), although we note that the result would be improved, if we had excluded the thermal boundary layers from our backward calculation
(Steinberger & O’Connell 1997).

4 D I S C U S S I O N

We have derived the generalized inverse of mantle convection, and we have investigated the initial condition problem with simple, numerical,
adjoint mantle circulation models. But we have by no means explored the full potential of the adjoint approach for global geodynamic mantle
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studies. Our parameter choice, using an incompressible equation of state and a simplified mantle rheology with no lateral viscosity variations
arising from lateral variations in temperature and strain rate (e.g. Tackley 1996; Trompert & Hansen 1998; Zhong et al. 2000; Richards et al.
2001) is motivated in part by our desire to keep the numerical modelling experiment as simple as possible, in order to better understand the
efficiency of the adjoint methodology to constrain mantle flow back in time. Our choice is also motivated by computational considerations.
Each adjoint experiment requires 100 evaluations of the forward model together with 100 evaluations of the adjoint code and demands several
weeks of computing time on a large parallel computer (a LINUX based Beowulf PC-cluster, Bunge & Davies 2001). However, our results
are sufficient to infer that the adjoint approach can be applied to constrain unknown mantle flow back in time for at least 100 Myr, assuming
the present-day mantle structure is well known. It is also clear from our results that the adjoint approach is superior to backward-in-time
calculations.

Among the approximations we made for the adjoint experiment, our assumption of ‘perfect’ knowledge of the final state is almost
certainly too optimistic. It is clear that seismologists have made great progress in illuminating the internal heterogeneity structure of the
mantle. As a result of this development new high-resolution seismic images of the mantle allow us to ‘see’ into our planet both globally (van
der Hilst et al. 1997; Grand et al. 1997; Ritsema & van Heijst 2000) and locally (van der Lee & Nolet 1997; Ritsema et al. 1999) with greater
clarity than ever before. However, any seismic inversion invariably imposes a complex spatial filter on mantle structure and must be considered
by geodynamicists who look for tomographic information to constrain mantle flow in time. We can explore the effects of tomography, for
example, by filtering geodynamic models seismically. A number of studies have attempted to invert geodynamic models with seismic tools
(e.g. Johnson et al. 1993; Megnin et al. 1997; Bunge & Davies 2001). These studies show that geodynamic heterogeneity after inversion does
not differ substantially from the input model, suggesting that, although seismic filtering effects are complex and not well understood, their
influence on large-scale mantle structure is probably minor. In addition to seismic filtering, we must also consider the competing effects of
thermal and chemical heterogeneity in tomographic mantle models. There is increasing evidence that substantial heterogeneity, especially
in the deepest mantle, is the result of chemical variations (Ishii & Tromp 1999; van der Hilst & Kárason 1999). Independent geochemical
considerations (Hofmann 1997) and dynamic models (Christensen & Hofmann 1994; Tackley 1998; Kellogg et al. 1999; Coltice & Ricard
1999) support this view. It is not immediately obvious how to best distinguish geochemical from thermal mantle heterogeneity, or for that
matter how to best approach the uncertainty associated with seismic resolution apart from further improving the seismic models. Our results,
therefore, suggest that assimilation of tomographic mantle heterogeneity into geodynamic models must be approached with caution.

We must justify another approximation in our adjoint experiment. In calculating mantle flow we assumed ‘perfect’ knowledge of the
surface plate motion history. Just like our assumption of knowing the final state heterogeneity everywhere in our convection model, this
premise is almost certainly incorrect. When assimilating past plate motion models into mantle convection calculations, it is important to
realize that the tectonic reconstructions of past plate motion, particularly for those plates that have completely disappeared (Izanagi, Phoenix,
Kula) or are in the process of disappearing (Farallon), are only approximate, especially the positions of subduction zones and to a lesser extent
the poles of rotation. As an example for the uncertainty associated with past plate motion we take the ancient Izanagi subduction zone in the
northwestern Pacific. The location of this Mesozoic plate boundary is largely unknown, leading to small but significant differences in mantle
heterogeneity inferred from seismic tomography and geodynamic heterogeneity models predicted from sequential assimilation of past plate
motion (Bunge et al. 1998). The fact that geodynamic heterogeneity structure is sensitive to small variations in the assimilated plate motion
model suggests to use forward sensitivity analysis, to explore the consistency of tomographic and tectonic data-sets (Bunge & Grand 2000).
Indeed, we could include the history of surface plate motions as another parameter into the cost functional J , especially for plate motion data
that is poorly constrained by surface tectonic observations. Our derivation of the generalized inverse of mantle convection shows how to do
this. And it is clear, at least from a theoretical point of view, that an adjoint approach would provide a far better way to explore the uncertainties
of past plate motion models, than a relatively crude forward sensitivity analysis.

Our finding that the present-day mantle structure could be used to infer heterogeneity at some earlier time is of great interest, because
there is much independent support for the view that large-scale mantle heterogeneity changed significantly over the past 100 Myr. One line
of evidence comes from palaeomagnetic studies of the reversal frequency of Earth’s core (Constable 2000; Gallet & Hulot 1997; McFadden
& Merrill 1984). Palaeomagnetists have long speculated about possible causes for the Cretaceous Normal Superchron (CNS), when the
geodynamo occupied a single magnetic polarity. Since the end of the CNS the reversal frequency of Earth’s magnetic field has been doubling
roughly every 20 Myr. It has been proposed that mantle controlled variations in the thermal structure of the CMB might be responsible
for increasing the reversal activity of the dynamo (Hide 1967; Cox 1975). Support for this view comes from core convection calculations
with imposed lateral heatflux variations (Zhang & Gubbins 1992, 1993), as well as numerical dynamo models (Sarson et al. 1997). Lateral
variations in CMB heatflux also increase the reversal frequency of the ‘Glatzmaier–Roberts’ dynamo (Glatzmaier et al. 1999), and could
cause a breakdown of the geocentric axial dipole (GAD) hypothesis as noted recently by Bloxham (2000). From these studies it is evident
that we must seek to improve our understanding of the temporal evolution of the mantle, in order to explore the range of plausible variations
in large-scale CMB heterogeneity. Our poor result in predicting lower mantle structure in the ‘first guess’ model of Fig. 4(b) after 100 Myr
of assimilated plate motion shows quite conclusively that we cannot hope to infer temporal variations of CMB structure from sequential
assimilation of plate motion histories. In fact, even if we were to assimilate the entire record of late Mesozoic and Cenozoic plate motions
into a mantle circulation model, we could probably not model the evolution of deep mantle structure, simply because the lower most mantle
preserves a memory of whatever we may assume as the initial condition for the mid-Cretaceous mantle. The adjoint approach, therefore, offers
an attractive alternative to estimate the evolution of deep-mantle flow over the past 100 Myr.
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There is yet another important reason to pursue studies of variational data assimilation through the adjoint method in mantle convection
models. Geodynamicists are now faced with increasingly detailed observational constraints on large-scale structure and dynamics of the
mantle. New seismic initiatives suggest we will soon be able to image mantle heterogeneity, for example, under North America on a scale
of 100 km or less (Meltzer et al. 1999). This dramatic increase in seismic resolution approaches the resolving power of massively parallel
circulation models of the mantle. Revised reconstructions of past plate motion (Mueller et al. 1993) add further constraints on the temporal
evolution of the mantle. So do bounds of global dynamic topography from the Phanerozoic flooding record (Gurnis 1990). The latter, when
studied in regions with well controlled tectonic uplift rates, provide important information on the radial mantle viscosity structure as shown
recently by Gurnis et al. (2000). It is not obvious how to model these new data sets efficiently with forward geodynamic simulations aside
from performing an enormous range of forward sensitivity studies (Tackley et al. 1994; Bunge et al. 1997; Zhong et al. 2000; Bunge & Grand
2000; Gurnis et al. 2000), effectively computing the gradient of the objective functional J at significant computational cost. It is, however,
clear from theoretical considerations, as we explored in this paper, that the adjoint method compared to simple forward sensitivity analysis is
a far superior way to obtain ∇ J .

5 C O N C L U S I O N

We have introduced an inverse problem for mantle convection and we have modelled mantle circulation with variational data assimilation,
investigating the potential to infer past mantle flow and structure from plate motion histories and seismic tomography using an adjoint
mantle circulation approach. Our results are relatively straightforward: Large-scale mantle structure can be constrained back in time for at
least 100 Myr in simple mantle circulation models, assuming the present-day mantle structure is well known. By comparison, backward
calculations of mantle convection that attempt to predict past mantle structure from reversing the time-stepping of the energy equation and
running circulation back in time from the present-day are unable to model past mantle flow. The failure of backward-in-time convection
studies—in addition to ignoring the effects of thermal diffusion—is primarily a consequence of the fact that such models are unable to infer
the generation of thermal buoyancy in boundary layers as we go back in time. Thus the adjoint approach offers an attractive alternative to
constrain mantle flow into the past. The potential to model the relatively recent Cenozoic and Mesozoic mantle flow history suggests to explore
a broad range of important geophysical and geological problems associated with large-scale mantle flow, including true polar wander, time
variations in Earth’s dynamic topography as well as the temporal evolution of large-scale heterogeneity at the CMB.
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A P P E N D I X A : D E R I V I N G T H E G E N E R A L I Z E D I N V E R S E
F O R T H E E N E R G Y E Q U A T I O N

Although the derivation of the generalized inverse is straightforward, it is somewhat tedious. To explore the approach and to provide an
example of the methodology, we present here a detailed derivation of the generalized inverse of the energy equation. The objective functional
J , consisting of initial condition error (JI), error associated with the model equations (Jeq), and data error (Jdata) is obtained by letting:

JI(T (x, t0)) =
∫

V
dx

∫
V

dx ′ i(x)Wi (x, x ′)i(x ′) with i(x) = T (x, t0) − TI (x) x ∈ V̄ (A1)

be the initial condition error component, and:

Jeq =
∫

I
dt

∫
V

dx

∫
I

dt ′
∫

V
dx ′�(x, t)W�(x, t, x ′, t ′)�(x ′, t ′) (A2)

the model error component, where:

∂T

∂t
+ u · ∇T − ∇2T − h = �(x, t) (A3)

is the model (temperature) residual. Note that because we focus our derivation on the generalized inverse of the energy equation, we include
only error components �(x, t) associated with the forward energy equation. In other words, Jeq ignores error components associated with the
forward momentum and mass conservation equations that we would include otherwise in a full derivation of the generalized inverse of mantle
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convection. We complete the objective functional with a component for the data misfit. We let the finite set of temperature data at the final
time, t1, be given by a linear measurement functional acting on the temperatures:

T k
d = Mk

x (T (x, t1)) + εk
d =

∫
V

dx ′ Mk(x ′)T (x ′, t1) + εk
d (A4)

Here T k
d is the kth temperature datum, εk

d is the kth measurement error, and Mk(x) is the kth measurement kernel. We assume the kernel is a
smoothing kernel. But it could also have the properties of a distribution, such as the Dirac delta. The contribution to the objective functional
J from the temperature data residual is:

Jdata(u, T ) =
∑
i, j

(
T i

d − Mi
x (T (x, t1)

)
W i j

T

(
T j

d − M j
x (T (x, t1)

)
, (A5)

which we write in vector form as:

Jdata(u, T ) = εd
T WT εd = (Td − Mx (T (x, t1))T WT (Td − Mx (T (x, t1)). (A6)

We sum these contributions into the objective functional J = JI + Jeq + Jdata, where Wi and W� are symmetric weighting functions and WT

is a symmetric weight matrix. A sure approach for finding the first variation of J is through a classical perturbation technique. We consider
the functions T (x, t) + εδT and u(x, t) + εδu for admissible functions δT and δu as the argument for J , where ε is a scalar parameter not
to be confused with the data residuals εd from (A4), and note that δT and δu satisfy all required initial and boundary conditions. Taking the
derivative of J with respect to ε and looking at the case where ε = 0, we arrive at the Gâteaux (or directional) derivative of J (Abraham et al.
1983):

J (u(x, t) + ε δu(x, t), T (x, t) + εδT (x, t)) =
∫

V
dx

∫
V

dx ′ (T (x, t0) + εδT (x, t0) − TI (x) )Wi (x, x ′) (T (x ′, t0) + εδT (x ′, t0)

−TI (x ′)) +
∫

I
dt

∫
V

dx

∫
I

dt ′
∫

V
dx ′

[
∂

∂t
(T + εδT ) + (u + εδu) · (∇T + εδT )

− ∇2(T + εδT ) − h
]

(x,t)
W�(x, t, x ′, t ′)

[
∂

∂t
(T + εδT ) + (u + εδu) · (∇T + εδT ) − ∇2(T + εδT ) − h

]
(x ′,t ′)

+
∑
i, j

(
T i

d − Mi
x (T (x, t1) + εδT (x, t0)

)
W i j

T × (
T j

d − M j
x (T (x, t1) + εδT (x, t0)

)
(A7)

Assuming W� and Wi are symmetric in their arguments (e.g. W�(x, t, x ′, t ′) = W�(x ′, t ′, x, t) and W i j
T = W ji

T ), the first derivative of J
with respect to ε is given by:

∂

∂ε
J = 2

∫
V

dx

∫
V

dx ′ δT (x, t0)Wi (x, x ′)(T (x ′, t0) + εδT (x ′, t0) − TI (x ′))

+ 2
∫

I
dt

∫
V

dx

∫
I

dt ′
∫

V
dx ′

[
∂

∂t
(δT ) + δu · (∇T + εδT ) + (u + εδu) · ∇δT − ∇2δT

]
(x,t)

W�(x, t, x ′, t ′)

×
[

∂

∂t
(T + εδT ) + (u + εδu) · (∇T + εδT ) − ∇2(T + εδT ) − h

]
(x ′,t ′)

+ 2
∑
i, j

(−Mi
x (δT (x, t1)

)
W i j

T × (
T j

d − M j
x (T (x, t1) + εδT (x, t0)

)
(A8)

We set ε = 0, to arrive at the first variation of J :

δ J = 2
∫

V
dx

∫
V

dx ′ δT (x, t0)Wi (x, x ′) (T (x ′, t0) − TI (x ′)) + 2
∫

I
dt

∫
V

dx

∫
I

dt ′
∫

V
dx ′

[
∂

∂t
δT

+ δu · ∇T + u · ∇δT − ∇2δT

]
(x,t)

W�(x, t, x ′, t ′)

×
[

∂

∂t
T + u · ∇T − ∇2T − h

]
(x ′,t ′)

+ 2
∑
i, j

(−Mi
x (δT (x, t1)

)
W i j

T × (
T j

d − M j
x (T (x, t1)

)
, (A9)

and define an adjoint variable, τ (x, t), as the weighted residual of the model temperature equation. That is:

τ (x, t) =
∫

I
dt ′

∫
V

dx ′ W�(x, t, x ′, t ′) �(x ′, t ′) =
∫

I
dt ′

∫
V

dx ′ W�(x, t, x ′, t ′)
[

∂

∂t
T + u · ∇T − ∇2T − h

]
(x ′,t ′)

(A10)

Note that if we define the covariance operator C�(x, t, x ′, t ′) to be the functional inverse of W�(x, t, x ′, t ′), that is:∫
I

dt ′
∫

V
dx ′ W�(x, t, x ′, t)C�(x ′, t ′, y, ξ ) = δ(x − y, t − ξ ), (A11)

then from eq. (A10) we establish an estimate of the model residual, �, in terms of the adjoint variable, τ :

�(x, t) =
∫

I
dt ′

∫
V

dx ′τ (x ′, t ′) C�(x ′, t ′, x, t). (A12)
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We rewrite the first variation of J in terms of the adjoint variable τ :

1

2
δ J =

∫
V

dx

∫
V

dx ′ δT (x, t0)Wi (x, x ′) (T (x ′, t0) − TI (x ′)) +
∫

I
dt

∫
V

dx

[
∂

∂t
δT + δu · ∇T + u · ∇δT − ∇2δT

]
(x,t)

τ (x, t)

+
∑
i, j

( − Mi
x (δT (x, t1)

)
W i j

T

(
T j

d − M j
x (T (x, t1)

)
. (A13)

A necessary condition for a minimum of the performance functional J is that the first variation δ J (A13) be zero at the extremum. The coupled
Euler–Lagrange system and the natural boundary conditions are the result of finding conditions for which δ J = 0. Here we accomplish this
in a term-by-term fashion, in order to isolate products of variations, δT , in the integrals comprising the penalty functional. Lets consider for
a moment just the term involving the time derivative of δT in δ J (A13). We exchange the order of integration and integrate by parts in time,
in order to place the time derivative on the adjoint variable τ , leaving a term multiplied by δT plus some time-boundary terms. That is:∫

I
dt

∫
V

dx

(
∂

∂t
δT (x, t)

)
(τ (x, t)) =

∫
V

dx

∫
I

dt

(
∂

∂t
δT (x, t)

)
(τ (x, t)) =

∫
V

dx

{
[δT (x, t1) τ (x, t1)

− δT (x, t0) τ (x, t0)] −
∫

I
dt δT

∂

∂t
τ (x, t)

}
=

∫
V

dx[δT (x, t1) τ (x, t1) − δT (x, t0) τ (x, t0)] +
∫

I
dt

∫
V

dx δT

(
−∂τ

∂t

)
. (A14)

We will combine the boundary terms from the integration by parts in time with the initial condition term in a moment. Returning to the first
variation δ J (A13) of the performance functional, we now use integration by parts in space (the divergence theorem) for the term containing
∇δT :∫

I
dt

∫
V

dx(u · ∇δT ) (τ (x, t)) =
∫

I
dt

{∫
V

dx[(u · ∇δT ) (τ (x, t))]

}
=

∫
I

dt

{ ∫
V

dx[∇ · (τ δT u)]

−
∫

V
dx[(δT u) · ∇τ + δT τ∇ · u]

}
=

∫
I

dt

{∫
S

dx[(τ δT u) · n] −
∫

V
dx [δT u · ∇τ ]

}
=

∫
I

dt

∫
V

dx[δT [−u · ∇τ ]], (A15)

having used the fact that u · n = 0 on the boundary S and ∇ · u = 0 everywhere. Similarly, we integrate the term in δ J (A13) involving ∇2δT
by parts to obtain:∫

I
dt

∫
V

dx∇2δT (x, t)τ (x, t) =
∫

I
dt

{∫
V

dx∇2δT τ

}
=

∫
I

dt

{ ∫
V

dx ∇2τ δT +
∫

S
dx[τ∇δT · n − δT ∇τ · n]

+
∫

C
dx[τ∇δT · n − δT ∇τ · n]

}
=

∫
I

dt

∫
V

dx ∇2τ δT +
∫

I
dt

∫
S

ds[τ∇δT · n − δT ∇τ · n] +
∫

I
dt

∫
C

ds[τ∇δT · n − δT ∇τ · n].

(A16)

We deduce the following natural boundary conditions for the adjoint variable τ on the core-mantle boundary (C) and the outer surface of the
mantle (S) from (A16). On C, S, where temperatures are specified, i.e. where we assume that δT = 0, τ (x, t) = 0 for x ∈ C, S since ∇δT · n
is arbitrary. We furthermore drop the term containing δu in δ J at this point, since it contributes to the adjoint momentum equation. (We would,
of course, include this term in a full derivation of the generalized inverse of mantle convection.) Collecting terms we have:

1

2
δ J =

∫
V

dx

∫
V

dx ′ δT (x, t0)Wi (x, x ′)(T (x ′, t0) − TI (x ′)) +
∫

I
dt

∫
V

dx

[
−∂τ

∂t
− u · ∇τ + ∇2τ

]
δT

+
∫

V
dx[δT (x, t1) τ (x, t1) − δT (x, t0) τ (x, t0)] +

∑
i, j

(−Mi
x (δT (x, t1)

)
W i j

T × (
T j

d − M j
x (T (x, t1)

)
, (A17)

assuming the natural boundary conditions on τ hold, and neglecting the term containing δu (see above). The variation δT (x, t1) is arbitrary,
which implies that τ (x, t1) = 0 providing the natural “final” time condition for the adjoint variable τ . Under this condition the first variation
of J reduces to:

1

2
δ J =

∫
V

dx

[∫
V

dx ′ δT (x, t0)Wi (x, x ′) × (T (x ′, t0) − TI (x ′)) − δT (x, t0)τ (x, t0)

]

+
∫

I
dt

∫
V

dx

[
−∂τ

∂t
− u · ∇τ + ∇2τ

]
δT +

∑
i, j

(−Mi
x (δT (x, t0)

)
W i j

T × (
T j

d − M j
x (T (x, t1)

)
. (A18)

We next collect the terms containing the initial variation δT (x, t0), that is:∫
V

dx

[∫
V

dx ′ δT (x, t0)Wi (x, x ′) (T (x ′, t0) − TI (x ′)) − δT (x, t0) τ (x, t0)

]

=
∫

V
dxδT (x, t0)

[∫
V

dx ′ Wi (x, x ′)(T (x ′, t0) − TI (x ′)) − τ (x, t0)

]
. (A19)

For arbitrary δT (x, t0) the above term, as part of δ J (A13), is zero if the adjoint variable:

τ (x, t0) =
∫

V
dx ′ Wi (x, x ′) (T (x ′, t0) − TI (x ′)). (A20)
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The above equations imply that the gradient of J with respect to the initial temperature may be thought of as:

τ (x, t0) −
∫

V
dx ′ Wi (x, x ′) (T (x ′, t0) − TI (x ′)), (A21)

where we note that an iterative method that reduces the norm of the gradient is a gradient descent method. Assuming that the weighting
function Wi is defined such that it has a functional inverse Ci in the sense of (Tarantola 1987):∫

V
dx ′ Wi (x, x ′)Ci (x

′, y) = δ(x − y), (A22)

we can invert the weighting operator and solve for the model initial condition T (x, t0). The condition:

τ (x ′, t0) =
∫

V
dx Wi (x

′, x) (T (x, t0) − TI (x)) implies (A23)∫
V

dx ′ Ci (x
′, y)τ (x ′, t0) =

∫
V

dx ′ Ci (x
′, y)

∫
V

dx Wi (x
′, x) (T (x, t0) − TI (x)), (A24)

where the right hand side reduces to:∫
V

dx

∫
V

dx ′ Ci (x
′, y)Wi (x

′, x) (T (x, t0) − TI (x)) =
∫

V
dx δ(x − y) (T (x, t0) − TI (x)) = T (y, t0) − TI (y). (A25)

Exchanging x for y we obtain:

T (x, t0) = TI (x) −
∫

V
dx ′ Ci (x

′, x)τ (x ′, t0). (A26)

Thus, the natural boundary conditions in time emerge as a final time condition on the adjoint variable, τ (x, t1) = 0, and as a correction
(coupling) to the forward model initial condition, T (x, t0), through the solution to the adjoint equation. The performance functional under the
preceding assumptions reduces to:

1

2
δ J =

∫
I

dt

∫
V

dx

[
−∂τ

∂t
− u · ∇τ + ∇2τ

]
δT +

∑
i, j

(−Mi
x (δT (x, t1)

)
W i j

T

(
T j

d − M j
x (T (x, t1)

)
. (A27)

We note that the measurement functional acting on δT can be written in the following way:

M j
x (δT (x, t1)) =

∫
V

dx ′ Mk(x ′)δT (x ′, t1) =
∫

V
dx ′ Mk(x ′)

∫
V

dx δ(x − x ′) δT (x, t1)

=
∫

V
dx δT (x, t1)

∫
V

dx ′ Mk(x ′) δ(x − x ′) =
∫

I
dt

∫
V

dx δT (x, t)M j
y(δ(x − y, t − t1)). (A28)

The performance functional then becomes:

1

2
δ J =

∫
I

dt

∫
V

dx

[
− ∂τ

∂t
− u · ∇τ + ∇2τ +

∑
i, j

(−Mi
y(δ(x − y, t − t1)

)
W i j

T

(
T j

d − M j
x (T (x, t)

)]
δT (x, t)

=
∫

I
dt

∫
V

dx

[
−∂τ

∂t
− u · ∇τ + ∇2τ − (My(δ(x − y, t − t1)))T WT εd

]
δT (x, t). (A29)

For arbitrary variations δT , the integral is zero provided the following adjoint equation holds:

−∂τ

∂t
− u · ∇τ + ∇2τ − My

T (δ(x − y, t − t1))WT εd = 0. (A30)

Gathering the equations that we have derived, along with the natural boundary conditions on the adjoint variable τ , we obtain the coupled
Euler–Lagrange system:

−∂τ

∂t
− u · ∇τ + ∇2τ = My

T (δ(x − y, t − t1))WT εd (A31)

τ (x, t) = 0 on S, C (A32)

τ (x, t1) = 0 (A33)

∂T

∂t
+ u · ∇T − ∇2T = h +

∫
I

dt ′
∫

V
dx ′τ (x ′, t ′)C�(x ′, t ′, x, t) (A34)

T (x, t) = TS(x, t) on S (A35)

T (x, t) = TC (x, t) on C (A36)

T (x, t0) = TI (x) −
∫

V
dx ′ Ci (x

′, x)τ (x ′, t0). (A37)

Alternatively, in many applications in the literature that use the strong constraint formulation for the initial condition, the initial condition
residual is not explicitly included in the functional J . In that case an expression for the gradient of J with respect to the initial condition is
derived and found to be −τ (x, t0). The mathematical manipulations to arrive at that conclusion are essentially the same as those given above.
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