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ABSTRACT: Recent developments have indicated that in addition to out-of-time ordered
correlation functions (OTOCSs), quantum chaos also has a sharp manifestation in the ther-
mal energy density two-point functions, at least for maximally chaotic systems. The man-
ifestation, referred to as pole-skipping, concerns the analytic behaviour of energy density
two-point functions around a special point w = i\, k = i\/vp in the complex frequency
and momentum plane. Here A and vp are the Lyapunov exponent and butterfly velocity
characterising quantum chaos. In this paper we provide an argument that the phenomenon
of pole-skipping is universal for general finite temperature systems dual to Einstein gravity
coupled to matter. In doing so we uncover a surprising universal feature of the linearised
Finstein equations around a static black hole geometry. We also study analytically a
holographic axion model where all of the features of our general argument as well as the
pole-skipping phenomenon can be verified in detail.
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1 Introduction

Over the last few years there has been exciting progress in characterizing chaotic be-
havior in quantum many-body systems using out-of-time ordered correlation functions
(OTOCs) [1-20]. For instance, for a large class of systems, it has been observed that!

(V(t, D)W (0)V (t, D)W (0))g, = 1 — e A7/vB) (1.1)

where V' and W are generic few-body operators, Sy = 1/T is the inverse temperature,
and € is a small parameter inversely proportional to the number of degrees of freedom.

We have normalized V and W so that at t = 0, the correlator is 1. Some variances of (1.1) have also
been observed. For example, A can be zero in some systems and different spatial profiles have also been
seen. See for example [19] for a survey.



The exponential growth of (1.1) is reminiscent of the diverging trajectories of two initially
infinitesimally separated particles in classical chaotic systems. Thus A is often referred
to as the quantum Lyapunov exponent, and vp, which describes the speed at which the
growth propagates in space, as the butterfly velocity. For later purposes, let us note that
the equation (1.1) has the form of a plane wave

(V(t, D)W (0)V (t, D)W (0)) g, ~ 1 — ee” @+ . (1.2)

with purely imaginary values of both frequency w and momentum k:

A
w:i)\, k:iko, k():f. (1.3)
UB

The quantum nature of (1.1) is highlighted by the fact that A has an upper bound
A < Amax = 22 [5] (henceforth h = kp = 1), which is saturated by a variety of systems

1iBo
including holographic theories, two-dimensional conformal field theories (CFTs) in the large

central charge limit, and strongly coupled SYK models. Below we will refer to systems
which saturate the bound as maximally chaotic systems.

At the classical level, chaos is believed to provide the microscopic dynamical mechanism
for macroscopic phenomena such as transport and thermalisation (for example see [21, 22]).
It remains an outstanding open question whether chaos plays a similar role for quantum
many-body systems. It is thus a welcome development that there have been various tanta-
lising hints indicating that (1.1) is inextricably connected to transport and hydrodynamic
behavior [14-16, 23-32].

In particular, two recent developments showed that in addition to (1.1), quantum chaos
also has a sharp manifestation in the thermal energy density two-point functions [27, 28].
The manifestation, referred to as pole-skipping in [28], was first observed numerically in
a holographic system in [27], and then derived as a general prediction of an effective field
theory (EFT) for chaos [28]. More explicitly, it was proposed in [28] that the chaotic
behavior (1.1) can be captured by the propagation of an effective chaos mode, which, at
least for maximally chaotic systems, coincides precisely with the hydrodynamic mode for
energy conservation. The phenomenon of pole-skipping is a direct consequence of the same
mode playing the dual role of capturing both energy conservation and chaos. The EFT
description of chaos also provides a simple explanation for connections between (1.1) and
energy diffusion observed in previous literature [14, 15, 23-28]; they correspond to the
behaviour of a single effective mode, albeit at different scales: the OTOC (1.1) at the
scale given by (1.3), and transport at scales of w, k < 1/8y. They are related by an O(1)
extrapolation.

Pole-skipping can be checked to hold for the SYK chains studied in [14]. And it has
also been verified in two-dimensional CFTs in the large central charge limit [33].

The purpose of this paper is to provide further support for the generality of the man-
ifestation of quantum chaos in energy density correlation functions. We show that the
pole-skipping phenomenon is universal in general holographic systems described by the
Einstein gravity coupled to matter fields, thereby generalising the analysis of [27] for the
Schwarzschild black hole in AdS;. We will provide a general analytic derivation of this



phenomenon and elucidate its gravitational origin. We will also make a connection with
the gravitational shock wave analysis of (1.1), thus directly establishing that the behaviour
of an OTOC and pole-skipping have the same gravitational origin. In doing so we will un-
cover a surprising universal feature of the linearised Einstein’s equations coupled to matter
around a static geometry. A hint of this universal feature came from the analysis of [27]
which initiated the study of linearised gravitational perturbations at the special point (1.3).
We emphasise that for a general gravity system there is no near-horizon SL(2, R) symmetry
(as there is in AdSs or the BTZ black hole). This makes it clear that pole-skipping is a
phenomenon that occurs more generally than just in highly symmetric cases.

Before summarising the main contents of the paper, let us first review the phenomenon
of pole-skipping in the energy density two-point functions. The simplest example which
exhibits this phenomenon is the SYK chain of [14] for which the energy density retarded
two-point function has the form

iw (47 +1)

R
Grooqoo(w, k) = O 255

(1.4)
where C' is some constant and Dpg is the energy diffusion constant. For this system the
Lyapunov exponent A = A\pax and v = v/ AmaxDg. Equation (1.4) has a line of diffusion
poles at w = —iDgk?. Now, analytically continuing w and k to imaginary values, we see
that the pole line precisely passes through the special point (1.3). But at that point, the
numerator of (1.4) is zero, so at the special point the would-be pole skips. It has been
argued in [28] that this is a generic phenomenon for maximally chaotic systems. More
generally, writing

b(w, k)
a(w, k)’

G oogon(w, k) = (1.5)
it follows from energy conservation that G should exhibit hydrodynamic poles at small
w, k, i.e. a(w, k) should have a line of zeros at

csk+...
w = wp (k) :{ ke (1.6)

where in the second equality we have performed a small k expansion with the upper (lower)
line for a system with (without) momentum conservation. Now the statement of pole-
skipping is:

1. When analytically continued to imaginary w and k, (1.6) passes precisely through
the special point (1.3);

2. b(w, k) has a line of zeros which also passes through the special point (1.3).

The same phenomenon is also present in G%OTOi,G%iTOi

identities. For the rest of paper we will simply focus on G?OOTOO.

as they are related by Ward



An immediate consequence of having zeros of a(w, k) and b(w, k) passing through the
0
0’
not have a well defined value at that specific w and k! More explicitly, let us consider

same point (1.3) is that there, G¥00T00 = and thus the energy density two-point does

w =i\ + dw, k =1iko + 6k. (1.7)
Then, as dw, 0k — 0, we find

Dwb(iX, iko) 5% + Dkb(iN, iko)
Dwa(iX, iko) 52 + dpaliX, iko)

Gfoogoo (w, k) = (1.8)

In other words, the function becomes infinitely multiple-valued at (1.3), depending on the
slope dw/dk at which the point is approached. Thus if the gravity analysis is to reproduce
the pole-skipping phenomenon, something special must be happening to the linearised
Einstein’s equations at (1.3). We will see this indeed to be the case.

We now summarise the main results of the paper on holographic systems.

In section 2 we study the linearised Einstein’s equations around a general black brane
geometry in ingoing Eddington-Finkelstein coordinates, and demonstrate that precisely
at (1.3) these equations exhibit a remarkably universal behaviour near the horizon. Specif-
ically, we will show that one component of the near-horizon Einstein’s equations becomes
trivial at the point (1.3), and hence one finds an extra ingoing mode near (1.3). As a
result, in the neighbourhood of (1.3) we find a family of different ingoing modes that de-
pend on the slope dw/dk with which one approaches (1.3), precisely mirroring the situation
of (1.8). By choosing this slope one can find a normalisable mode that passes through the
location (1.3) and hence there must be a pole in the energy density two-point correlator
passing through (1.3). Likewise, by choosing a different slope one can also find a different
ingoing solution corresponding to a line of zeroes passing through (1.3).

To illustrate the general discussion of section 2, in section 3 we proceed to study
this phenomenon in detail in a specific holographic model which describes a class of three-
dimensional strongly coupled field theories with broken translational symmetries [34]. More
explicitly, the model has a continuous parameter m. For m = 0, it reduces to a transla-
tionally invariant black brane in AdS; describing a three-dimensional CFT at a finite
temperature. For m # 0, spatial momenta are not conserved, with dimensionless param-
eter mfy controlling the strength of momentum dissipation. We choose this model as it
exhibits rich transport behaviour as one varies m (see ref. [35]), thus allowing us to demon-
strate explicitly the insensitivity of the pole-skipping phenomenon to the long distance
transport properties of a system (as long as energy is conserved). Yet the model is simple
enough to allow us to calculate the energy density two-point functions analytically, which
in turn enables us to exhibit all features of the general argument of section 2 as well as
the pole-skipping phenomenon in great detail. In appendix B we show that the same an-
alytic discussion can also be applied to the Schwarzschild black hole of AdSs, dual to a
four-dimensional CFT at a finite temperature. In section 4 we conclude with a discussion
of future directions.



2 Near-horizon Einstein’s equations and pole-skipping

In this section, we will demonstrate a remarkably universal property of the linearised
FEinstein’s equations coupled to general matter content. We will then use this property
to argue that in general, the retarded energy density two-point correlator of holographic
theories with Einstein gravity exhibits pole-skipping at the location of eq. (1.3). This prop-
erty also enables us to make a connection with the gravitational shock wave analysis [2—4]
of (1.1), thus establishing that the behaviour of the OTOC and pole-skipping have the same
gravitational origin. The discussion of this section is general, thus somewhat abstract. In
the next section we will then examine a family of examples very explicitly.

2.1 Setup

Let us start by considering Einstein’s equations that arise from a bulk action of the form

S = /d‘”%ﬂ(R — 20+ L), (2.1)

where A = —d(d + 1)/2L?, Ly is the matter Lagrangian and L is the AdS radius that
henceforth we set to 1. We will allow for a rather general matter Lagrangian Ly, but will
assume that the theory admits an equilibrium configuration corresponding to a homoge-
neous and isotropic black brane. We write the background metric as

dr?

P21

ds* = —r? f(r)dt* + + h(r)dz®, (2.2)
where f(r) is the emblackening factor which vanishes at the horizon f(ro) = 0. The
Hawking temperature is given by T = 73 f'(ro)/(47).

Note that for a metric of this form the special frequency and momentum in (1.3)
are extracted by constructing the Dray-‘t Hooft shock wave describing a gravitational
perturbation dgyy = ¢(z)d(V') where V is the ingoing Kruskal-Szekeres coordinate. In the
presence of an infalling matter perturbation with energy F thrown into the black hole at
time t = —t,,, the V'V component of Einstein’s equations leads to a decoupled equation for
c(x) [2-4, 23, 36]

(V2 — dnTh (ro))e(x) ~ e w/P B (z) (2.3)
where Sy = 1/T is the inverse temperature. Solving this equation gives an exponential

profile for ¢(x) that leads to the form (1.1) with the Lyapunov exponent and butterfly
velocity given by

A=2rT,  ki=-"—""=dnTh'(r). (2.4)

Here we wish to study the retarded energy density correlation function G¥00T00 (w, k)
near (2.4). This correlation function can be extracted from solving the linearised grav-
itational perturbation equations around (2.2) subject to ingoing boundary conditions at



the horizon. It is therefore convenient to introduce ingoing Eddington-Finkelstein (EF)
coordinates (v, r,z) with 2! = 2 and

drs 1
— bt - , 2.5
vt dr r2f(r) (25)
in terms of which the background metric (2.2) is
ds® = —r? f(r)dv?® 4 2dvdr + h(r)dz> . (2.6)

To calculate the energy density correlation function we then need to study the perturbation
equations of the metric §gy, (7, v, ) = gy (r)e ™V together with all the other metric
perturbations and matter fields that couple to this mode. The fields that couple in this
channel are dgyv, 09rr, 0Gvzs OGur, 0Gmizgi, 0gry and dp, where dp schematically represents
any matter fields that couple to these perturbations.?
2.2 Near-horizon expansion

The retarded Green’s function of energy density G%OTOO is governed by solutions of the

gravitational and matter perturbation equations that are regular at the horizon in ingoing
EF coordinates. It is therefore useful to expand these perturbations near the horizon as

dgu(r) = 5g£()y) + 5g$)(r —ro)+ ...,
So(r) = 6@ + 6o (r —rg) + ... . (2.7)

After inserting the expansion (2.7) into Einstein’s equations one can construct the most
general solution to the perturbation equations as an expansion about the horizon.

Since the special location (1.3) (with parameters there given by (2.4)) depends only on
the background metric at the horizon, then if there is to be any universal behaviour near
this point it must arise from the near-horizon behaviour of these equations. To examine this
we simply insert (2.7) into the perturbations equations and evaluate them at the horizon,
which gives a set of constraints that relate the near-horizon coefficients in (2.7) to each
other. The full details of these equations are quite complicated and are not necessary for
our purposes. Thus, in order to illustrate the key point it is enough to proceed by dividing
them into two classes: the vv component of Einstein’s equations FE,, = 0 and all other
perturbation equations, which we schematically write as X = 0.

As we approach the point (1.3) the perturbation equations X = 0 remain well defined
and, together with the perturbation equations away from the horizon, impose non-trivial
constraints that must be satisfied by the solution (2.7). In contrast, the behaviour of the vv
component of the Einstein equations is highly singular near (1.3). In particular, evaluating
this equation at the horizon we find that

iyt

<—i;lwh'(m) + k2) 6900 — (27T + iw) [wég(o) + 2k5g£96)}

= —2h(ro) [Tw(ro)agg) — (5Tw(ro)] , (2.8)

2This requires that 6T, i, 6T, 6T,1,:, 0T, .+ all vanish, with i # 1 and j # k # 1.



where T}, (o) is the bulk stress-energy tensor of the background matter fields supporting
the black brane (2.2) and 07),,(r9) describes the matter perturbations. A priori, (2.8)
therefore depends on the matter content of the theory, i.e. the precise form of Ly in (2.1).
However, for a large class of black brane solutions that we examined, including AdS gravity
coupled to scalar and gauge fields, we find that the identity

T (r0)69%) — 6Ty (ro) | =0, (2.9)
holds automatically for any value of w and k as a consequence of regularity at the horizon.
In particular, in appendix A we show that the identity (2.9) holds for the commonly
studied Einstein-Maxwell-Dilaton-Axion gravity theories. As such, in all these theories the
vv component of Einstein’s equations at the horizon takes a remarkably universal form
that depends only on the metric perturbations

rixt

<—i£2iwh/(ro) + k:2> 690 — i (27T + iw) w5g(0) +2k6g0 | =0. (2.10)

2.3 Solutions at special point

From (2.10) we can now see that the location (1.3) in Fourier space is indeed very special.
In particular, note that for general w and k equation (2.10) provides a non-trivial constraint

that relates the parameters 591(,9,), 59752), 599(;3;1' of the near-horizon solution to each other.

However, when w = 27T then all other fields decouple at the horizon from 591(,9)). The
equation (2.10) then reduces to

(dxTh (ro) + k*)dg(Y) =0, (2.11)

which remarkably has the same form as the equation that determines the spatial profile of
the Dray-‘t Hooft shock wave (2.3). For generic k this equation sets 597(,%) = 0, however for
k = ikg then this component of Einstein’s equations is automatically satisfied. This means
that precisely at the special point (1.3), equation (2.10) is identically zero, and hence does
not impose any constraint on the near-horizon expansion parameters 591(,%), 5g,(,g) or 699(5935 i
In other words, precisely at (1.3) there is one fewer equation to solve at the horizon than
at a generic value of w and k.

As a consequence we can deduce that at the location (1.3) there exists an extra linearly
independent ingoing solution to Einstein’s equations. For the specific cases of AdS, gravity
or the axion model that we study in detail in section 3 we can check this by explicitly
constructing the solutions (2.7) by solving the equations of motion order-by-order in the
expansion (2.7). For instance, in AdSy gravity then, after fixing radial gauge, we find that
the most general ingoing solution to Einstein’s equations is specified at generic w and k by
4 parameters in this near-horizon expansion. These can be chosen to be the parameters

(597()(;), (599, 5g752/) and 5g3(,? (where 22 = y). However, precisely at (1.3), we find that there

is an extra independent parameter, which can be chosen to be the metric component 591()?,)
at the horizon. In total the most general solution to the equations of motion then has 5

independent parameters in the near-horizon expansion at (1.3).



The consequences of having such an extra linearly independent solution at (1.3) are
dramatic. With a slight risk of oversimplifying the problem, but in aid of conceptual clarity,
let us use a single scalar field as an illustration of the implications this extra solution. Recall
that a scalar field ¢ has the following expansion near the boundary r — oo:

o(r,w, k) = A(w, k)r~ ' 4+ B(w, k)r= 2, a < oz, (2.12)

where the A-term (B-term) is the non-normalisable (normalisable) term and corresponds
to the external source (expectation value). The dual retarded Green’s function is then
given by G = B/A with ¢ obeying ingoing boundary conditions at the horizon [37]. For
generic w and k, at the horizon, ¢ has an ingoing and an outgoing mode. When we choose
the ingoing mode, the ratio of B over A becomes completely fixed, and so does the retarded
Green’s function. Suppose now that at the special point (1.3), we have an extra ingoing
mode at the horizon, which means that both independent solutions of ¢ are now allowed
at the horizon. Then, there is no constraints on A or B, and the retarded Green’s function
becomes infinitely multiple-valued, depending on one free parameter which determines the
linear combination of two near-horizon solutions. In particular, we can always choose a
combination so that there is only the normalisable term near the boundary (i.e. A = 0),
which then leads to a pole in Ggr. Similarly, there exists another combination such that
the normalisable term is absent (i.e. B = 0), which then corresponds to a zero of Gg.
The present situation with metric perturbations is a bit more complicated, but the

essence is the same: the extra freedom in dg,, at the horizon should generically lead to

R
T0070

slightly away from the special point, the free parameter can be taken to be the slope dw/dk

one free parameter in G o at the special point. We will shortly see that when we move
approaching the point, thereby precisely mirroring the situation of equation (1.8). In fact,
after fixing all the bulk gauge freedom and solving the constraints, the sector of metric
perturbations associated with dg,, always reduces to a single scalar degree of freedom [38].
On the boundary theory side this can be understood as a result of Ward identities for
G?ooToo s G¥00T01 , G?O(L‘TQI >
single scalar function. We will see this explicitly in the example studied in the next section.

whereby all of these two-point functions are proportional to a

To close this subsection, we note that the fact that at this special point the metric
component 5959) can be tuned independently of the other fields at the horizon resonates
with the analysis of [27] which found a special null ansatz solution to Einstein’s equations
at (1.3). The solution constructed in [27] i?O)indeed (&(t))special case (Oo)f our general ingoing

vigi = 09z = 0 and dgyy non-zero. However,
we emphasize that from the point of view of the present analysis the key feature of (1.3) is

solutions corresponding to the case with dg

not that ingoing solutions with only (591(,9)) # 0 at the horizon exist at (1.3), but rather that
such a solution represents an additional independent solution to the equations of motion.

2.4 Solutions near special point

As we have seen, (2.10) becomes trivial at (1.3) and leads to an extra ingoing solution
precisely at this point. As a result the Green’s function G¥00T00 is ill defined precisely
at (1.3), and is infinitely multivalued. To understand physically what this means for the



retarded Green’s function, we can consider tuning w and k slightly away from (1.3). That
is we consider Einstein’s equations with w = i\ + edw and k = iko + edk, for |¢| < 1. Then
at leading order in € the solution must satisfy the smooth equations X = 0 together with
an extra non-trivial constraint arising from (2.10)
( - géwh'(ro) + 2k05k> 599 + 6w |:27TT(59S2251- + 2kodg0 | = 0. (2.13)

Note that even though we have only moved slightly away from the special point, Einstein’s
equation (2.13) now imposes a non-trivial constraint on the near-horizon expansion that
must be satisfied by the ingoing mode (in addition to those coming from the smooth limits
of X =0). As such for a fixed dw/dk there is no longer an extra solution. However, the
singular nature of (1.3) is reflected in the fact that the constraint (2.13) depends on the
slope dw/dk with which we move away from (1.3). This means that near (1.3) then, even
after fixing the usual independent parameters in the near-horizon expansion, we have a
family of different ingoing modes parameterised by dw/dk. The slope dw/dk now acts as
an extra parameter in the near-horizon solution and can be tuned to match the ingoing
solution onto different asymptotic solutions at the boundary.

In particular, by choosing dw/dk appropriately, we can ensure that we have an ingoing
mode that matches continuously onto the normalisable solution at the boundary. This can
be achieved by choosing dw/dk to satisfy

ow _ 2koSgs)
ok gh/(ro)@z(;%) - 277T6g$) -~ 2koogld)

i

(2.14)

where 59&9,) corresponds to the near-horizon expansion of the normalisable solution.

We therefore deduce that if we move away from the special point (1.3) along the
slope (2.14), then we will see a line of poles in the energy density correlation function that
passes through (1.3) (as well as in the correlation functions of the operators dual to the
fields that couple to dgy,). Furthermore, given knowledge of the normalisable solution of
the perturbation equations then (2.14) gives a prediction for the slope of this line of poles
in terms of the metric components of this mode. Note that we could also choose a different
slope so that the ingoing mode matches onto a solution with different asymptotics at the
boundary. In particular one can choose the slope to instead match to a solution with the
expectation value (Too(w, k))g, = 0, from which we also deduce the existence of a line of
zeroes in the dual Green’s functions passing through (1.3), with a different slope that is
again related to the metric components of this solution through the same equation (2.14).

Whilst the above discussion gives a simple gravitational argument for the phenomenon
of pole-skipping for a broad class of black brane solutions, it is somewhat abstract. In
particular, although the existence of an extra parameter in the ingoing solution should
generically result in an extra parameter in the asymptotic behaviour of dg,.,, the precise
dependence of the asymptotic dg,, on the extra parameter (i.e. the slope dw/dk) depends
on the details of the specific gravitational theory. To show how the argument works more
directly, in the next section, we examine in detail a holographic model in which we can



analytically study the energy density two-point Green’s function. We will see explicitly
all the features mentioned above, and confirm the prediction (2.14). Note that the above
discussion applies in the vicinity of eq. (1.3), thus only showing that a line of poles passes
through (1.3). It is not clear that the line of poles actually goes over to those that corre-
spond to hydrodynamic excitations at small w and k. This will be checked by using explicit
examples in the next section.

3 Energy density Green’s function near special point

In this section, we study the connection between chaos and the energy density correlator in
a specific holographic model [34, 35], which has a free parameter m controlling the strength
of momentum dissipation. We choose to study this example because it provides a simple
and soluble model, which nevertheless exhibits a wealth of transport behaviour as one
varies m, thus allowing us to demonstrate explicitly the insensitivity of the pole-skipping
phenomenon to long distance transport properties of a system. Remarkably, in this model,
we will be able to analytically compute the retarded energy density correlator near the
special point (1.3) in Fourier space. This will allow us to demonstrate explicitly how the
general considerations of section 2 are borne out in a specific example. In particular, we will
be able to prove that both the line of poles and the line of zeroes of G?OOTUO (w, k) always pass
through (1.3) in these models. Moreover, we will be able to derive an analytic expression
for the slope of the line of poles (of the dispersion relation w(k)) as it passes through
the point (1.3), which we find to be in perfect agreement with a numerical calculation of
the same quantity. In appendix B, we show that the same analytic discussion can also be
applied to the Schwarzschild black hole of AdSs, dual to a four-dimensional CFT at a finite
temperature and studied initially in [27].

Here, we focus on the 2 4+ 1 dimensional boundary theories dual to 3 + 1 dimensional
gravity coupled to massless scalar (‘axion’) fields with action

2
S = /d4x\/—g (R +6— % Zau@i3“¢i> ) (3.1)
i=1

In ingoing EF coordinates, this action has the black brane solution [34]

2

ds? = —r?f(r)dv® + 2dvdr + rda;dz’ f(r)=1- mo(1- m—2 ﬁ
’ 2r2 2r3) 37 (3.2)

w; = mzx'.

When m = 0, (3.2) is simply the Schwarzschild-AdS, solution and our results in this limit
are identical to those that would be found in the absence of matter. Increasing m causes
the scalar fields to backreact on the metric, and in the extreme limit m/T" — oo the metric
near the horizon becomes AdSs x R2.

The parameter m sets the strength of the source of a scalar operator gbz(o) = mx;
that explicitly breaks the translational symmetry of the dual field theory. This symmetry
breaking radically alters how energy is transported over long distances, resulting in a much
richer variety of energy dynamics than in the translationally invariant case [35].

~10 -



As we have explained, our goal is to study the energy density correlator of these
theories near the point (1.3) in Fourier space. Explicitly, the location of this point is (see
equations (1.3) and (2.4))

r f'(ro)

w =1\, A=27T = ,
2

k =ik, k3 =r3f'(ro), (3.3)
and depends explicitly on the dimensionless parameter m/T.

We emphasise that all of our results hold even in the translationally invariant m = 0
case. We allow for m # 0 simply to illustrate the generality of the pole-skipping phe-
nomenon, and its insensitivity to the long distance transport properties of the theory.
Analogous results to those we will present can also be found in higher dimensions, and
in appendix B we outline how to obtain these for the Schwarzschild-AdSs solution. This
solution was studied numerically in [27], and our analysis provides an explanation of the
results found there.

3.1 Master field perturbation equations

In order to calculate the energy density correlation function we need to study the lin-
earised gravitational perturbation equations about the spacetime (3.2). In a general
theory, studying these linearised perturbation equations is rather complicated, since at
non-zero frequency w and momentum k there are many coupled fields. For instance,
if one aligns the momentum in the z direction then for this axion model, the correla-
tor G?OOTOO (w, k) can be extracted from solving the equations of motion for the ‘longitu-
dinal’ perturbations {0gvy, 092z, 09yy: 99rr, 0Gvz, 0Gzr, 0Gur, 01} after Fourier transforming
59;u/ — 5QMV(T)6_iWU+ik$-

Fortunately, in the simple model (3.1) the dynamical equations for the perturbations
can be decoupled by working with suitable gauge-invariant ‘master field’ variables [35]. In
particular, the energy density correlation function is simply related to the dynamics of the
following variable

d 5m$+5 w 2ik 6’1}27
wETZLf{dT[ggyy]_(5gmw+59yy)_73<6g$T+ g )

2 =y 2 f
2 1 k3 f!
- 2Tf <5grr + Wégvr + r4f259vv> - T5f6gyy}
(B2 +7r3f") mr (m
s — 6g,,) — 2ikbpn ), 4
(k’2 + m2) 92 (7,,2 (59 5gyy) ¢ 6@1) (3 )

which obeys the equation of motion

d [( r2f

dr k2+r3f’)2¢,] B (/-c2+r3f’)

2iw o Qw, k)
2 72 (k2 + T3f’)

s =0, (3.5)

where primes denote derivatives with respect to » and we have defined

Qw, k) = (2r2 — m?)3irow + k2 (k* + m?). (3.6)
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The retarded two-point Green’s function of the energy density Tyo is determined by solv-
ing (3.5) subject to ingoing boundary conditions at the black hole horizon. From the
near-boundary expansion of the solution 1) = 1) +Mr=1 4 one can then read off the
retarded Green’s function using the usual holographic dictionary as

O (w, k)

R 1212 2
Groopoo(w, k) = K= (K +m7) s O k)

(3.7)

up to contact terms.

As motivated earlier, we are particularly interested in demonstrating that there is
always a line of poles w(k) in (3.7) that passes through (1.3). Since we are working in
terms of the master field (3.4), which is related to metric components in a complicated
way, the usual notion of normalisable and non-normalisable modes is a bit subtle in terms
of ¥. However, we can see that (3.7) will have a pole when there is an ingoing solution
with ¥ (w, k) # 0 and v (w, k) + iwp©(w, k) = 0. It can be checked that a solution
with these properties corresponds to a normalisable metric perturbation, and we will refer
to it as a normalisable mode ,,.

Likewise, there will be a line of zeroes passing through (1.3), if near (1.3) we can show
there is an ingoing mode with no normalisable component: 1(°)(w, k) =0 and ™) (w, k) #0.
For (3.7) to have both a line of poles and zeroes arbitrarily close to (1.3) we therefore require
there to be two different ingoing solutions as we approach (1.3). In section 2 we argued
that indeed there is not a unique ingoing solution near (1.3). We will now show how this
same phenomenon can be seen directly from solving the equation of motion (3.5) for the
gauge invariant field .

3.2 Solutions at special point

The existence of multiple different solutions near the special location (1.3) in Fourier space
can be understood clearly by examining the near-horizon behaviour of (3.5) at (1.3). First,
let us consider the near-horizon behaviour of (3.5) at generic k. Then taking the near-
horizon limit of (3.5) one finds the following power law solutions to (3.5):

Ww

. — 0. 38
o (3.8)

Y =aim +agne, ma2=(r—ro)*? as (r—ro), a1 =
At a generic value of w, k there is therefore a single regular solution in ingoing coordinates,
corresponding to the (r — )" power law. The power law (r — 7‘0)% is the corresponding
outgoing solution.

However, we can see from (3.5) that at the special value k? = —k2 the near-horizon
behaviour of (3.5) changes since (k2 +r3f ) now vanishes at the horizon. Taking the
near-horizon limit of (1.3) one now instead finds power law solutions of the form

w

o —1. (39
T @ (3.9)

Y =aim +am, ma=(r—r9)*? as (r—rg), o3 =1

The indices are shifted by one at this special value of k. For a generic w it is clear that
there is still one regular solution in ingoing coordinates corresponding to the (r —1r) power
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law. However, one can now see that something special occurs when we also set iw = —27T
in (3.9). In this case we have power law solutions

Y =aim + a2, ma2=(r—ro)*?* as (r—rg), a1 =0, az=1. (3.10)

As such, precisely at the location (1.3) it appears that both near-horizon solutions for
are regular in ingoing coordinates.

The existence of two regular solutions for ¥ at this point can be seen more directly from
the fact that in this simple example we can exactly solve (3.5) at the special point (1.3).
At this location Q(w, k) = 0 and hence (3.5) simplifies considerably to
d r?f / r5f'(ro)
dr [(—k% +r3f’)2w} R

This is a first-order equation for 7/’ and so it is straightforward to find the general solution,

s¢' = 0. (3.11)

(3.12)

exp _ i3 tan~1 | —2rtro
w(r) e te r q rm/3r(2]—2m2 \/3r§—2m2
-l 2 " 2 N _ 2 ’
o r\/Q(r +rrg+15) —m

Note that the integral in (3.12) is regular as r — ro. We therefore manifestly have regular
solutions near the horizon for any values of ¢, co, and these solutions can be expanded as

ex _misng tan~!| —=2ro__
F( ) b rm/3r(2)72m2 \/37"8721712
o) = .
r0y/ 613 — m?
(3.13)

So precisely at (1.3) there is indeed an extra regular solution for 1. That is, there are

Y(r)=c1+ caF(ro)(r—m9) + ...,

two linearly independent solutions to (3.11) that are both regular at the horizon and as
such we can always choose ¢; and ¢z independently in (3.12). Expanding the solution (3.12)
near the boundary, it is clear that 1/1(1)/ ) the ratio of coefficients that determines the
Green’s function (3.7), depends on ¢z /c; and thus is not uniquely fixed by imposing ingoing
boundary conditions at the horizon. By appropriately choosing c3/¢; one can find both
normalisable and non-normalisable solutions that are regular at the horizon. In order to
resolve this non-uniqueness, it is necessary to move slightly away from the location (1.3),
at which point the near-horizon behaviour reduces to (3.8). We will do this shortly.

We note that the considerable simplification Q(w,k) = 0 that occurs at the loca-
tion (1.3) does not generalise to higher dimensions. It is this simplification that allowed us
to write down the exact expression (3.12) for the general solution for ¢. However, we em-
phasize that a simplification like this is not necessary to realise the key property that there
are two independent solutions for 1 that are regular at the horizon. In appendix B, we
discuss the case of Schwarzschild-AdSs and illustrate this property by constructing regular
series solutions for ¢ near the horizon.

3.3 Solutions near special point

In order for the choice of ingoing boundary conditions on 1 to be non-trivial, it is necessary
to move slightly away from the location (1.3) in Fourier space. To do this we will consider
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Uuv

horizon ; : boundary

r—To

Figure 1. Moving slightly away from (1.3) changes the near-horizon behaviour of ¥. To calculate
the Green’s function we solve separately for the solution in the UV region (r —rg) > €/b and an IR
region (r — rg) ~ €/b. The solutions can then be matched by comparing them in their overlapping
regime of validity.

perturbing a small distance € from (1.3) by taking
k> = —k2 +e w =1\ — 2i\eq, (3.14)

where we have introduced ¢ as a convenient parameterisation of the direction dw/dk in
which we move away from (1.3)

— = —q+ O(e). (3.15)
Note that near the horizon, the function appearing in the equation (3.5) for ¢ takes the form

k> +7‘3f’(7‘) =e+b(r—ro)+0O((r —r0)2), b= 37“%f/(7“0) +rgf”(7‘o), (3.16)

and so the effects of € # 0 on the equation become significant in the regime (r —rg) ~ €/b.
In particular for (r — r9) < €/b then the near-horizon behaviour reduces to (3.8) and the
ingoing boundary condition for 1) can be imposed near the horizon in the usual way.?
Our goal now is to construct the form of this ingoing solution as we take ¢ — 0 and
approach the point (1.3). We can do this by dividing the radial direction into two regions
and performing a matching calculation (see figure 1). In particular for (r — rg) > €/b we

3Note that an exception to our analysis is provided by the special case m? = 2r¢. In this axion model
one finds b = (3m? — 6r%)/(2ro) and so the parameter b vanishes for this choice of m. The point m? = 2r3
corresponds to a special point in this model in which there is an enhanced symmetry, and is discussed
separately in section 3.6 and appendix D.
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are free to safely ignore € in (3.5). In this ‘UV regime’ the solutions are then given by
solving (3.5) at w =4\ and k = iko and simply take the form (3.12).

However, close to the horizon (r — rg) ~ €/b the approximation of ignoring e breaks
down. We therefore need to solve separately for the solution in this ‘IR regime’. To do this
we can consider the scaling

(r—rop) = %, (3.17)
and then construct the ingoing solution perturbatively in €
Ur(y) =ho(y) + eu(y) + ... (3.18)

By expanding this solution in the regime y > 1 we will then obtain a solution of the
form (3.10) that can be matched to the UV solution by comparing to (3.13).

Specifically we insert (3.14), (3.17) and (3.18) into the equation of motion for ¢ and
expand in small e. At leading order (3.5) becomes (primes now denote derivatives with

respect to y)

" 2 /
+ —Yy=0. 3.19

The regular solution to (3.19) simply corresponds to a constant

Yo(y) = c1, (3.20)

which we can set to unity ¢; = 1 to normalise our solution. At this order in our expansion
the regular solution therefore only has one of the power laws in (3.10). To match to the
UV we also need to determine the coefficient of the 3! term. This requires us to go to next
order in our expansion (3.18) and solve for ¢1(y). At O(e) we find that the equation of

motion takes the form 5
1

1 )¢l1 = fl(y7m2aQa 7"0), (321)

y(1+y

where the forcing term f;(y, m?, ¢q,70) is determined by expanding the equation of motion
and then inserting the zeroth-order solution 19 = 1. We can then again solve this equation
subject to regularity at the horizon to find ¥;(y). Expanding this solution at large y we
find that the leading behaviour of 1 is

V1(y) = b+(q9)y, (3.22)

where b, (q) is explicitly given by the formula

4(3r2 —m?)
b =by — bo = : . 3.23
+@) =bo—q, 0 3(6r3 — m?2)(2r2 — m?) (3:23)

After transforming back to the radial coordinate r we then find that the ingoing solution
takes the form

Yr(r) =1+ by ()b(r —ro) + ..., (3.24)

in the IR region, where the ... indicate terms that vanish as e — 0.4

4Note that even though the y' power law arose from 1)1 it appears at leading order in (3.24) as it carried
a different y dependence than the zeroth-order solution.
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The key point is that as we take ¢ — 0 the ingoing mode in (3.24) depends at O(€”) on
the direction ¢ at which we approach the special point (1.3). In particular, by varying the
direction ¢ we can generate an arbitrary linear combination of the two solutions in (3.10).
By choosing an appropriate g, we can therefore always match the ingoing solution onto
any UV solution (3.13). Explicitly performing this matching we find that the ingoing
solution (3.24) matches to the UV solution

eXp< me =3 tan—1 —2r£ro) )

roy/3r2—2m? \/3ré—2m?2

7\/2(r2 4 rro +12) — m2)

. (3.25)

- bi()b [" .
dJUV(T) =1+ F(T‘O) [0 d

In particular, since we can match to any UV solution by a suitable choice of ¢, it is
clear that there is always a line of poles passing through the location (1.3): by choosing
the direction ¢ at which we move away from the special point appropriately, we will find
W = 1,98 — 277y = 0) and
there will therefore be a line of poles passing through the point (1.3). Moreover we can use

an ingoing solution which is normalisable in the UV (

our matching procedure to obtain a prediction for the slope of this line of poles passing
through (1.3). To do this we simply expand the normalisable solution 1, as r — 7 as
in (3.13) to find a solution of the form

Yp = a1+ agp(r—ro) + ..., (3.26)

with fixed coefficients a1, and a2, that we display in appendix C. To match v, with our
infrared solution (3.24) then we simply have to choose the slope ¢ = ¢, such that

az.n
bi(gp)b =" (3.27)

a1n

With this choice of ¢ = ¢, we then have that the ingoing mode in (3.24) is normalisable in
the UV. As such if one moves away from (1.3) along this direction then one will see a line
of poles passing through (1.3) with this slope. Combining (3.27), (3.15) and the explicit
forms of a, and ag, from appendix C, we then find an analytic formula for the slope of
the line of poles passing through (1.3):

1 dw  8(3r3 —m?)  4(6r3 —m?) F(ro)ro

o5 0k 3(2rg —m?) " 3(m? — 2r%) N(m,ro)

, (3.28)

where N can be written in terms of the integral of a known function and is defined
through (C.4) and (C.6).

We have focused on describing the matching to v, since this establishes the existence
of a pole passing through (1.3). However, by moving away from the point (1.3) along a
different direction g we could find an ingoing solution that matches to any UV solution. In
particular we could also pick a (different) ¢ = g, to use (3.27) to match to the coefficients
a1,nn and ag,, of a solution which has no normalisable component. As such there will
always also be a line of zeros of the Green’s function passing through (1.3) at a slope
q = q,. For a general ¢ the UV solution is the linear combination of these modes given

~16 —



by (3.25). In appendix C we extract the full Green’s function from (3.25) and verify it

indeed has the form
Sw — 4X3q, /vpdk

dw — 4X2qy, /vpdk’

GT o (W, k) o (3.29)

in which one can explicitly see there are both a line of poles and a line of zeroes passing
through (1.3). Note that the precise slope of the line of zeroes g, could be altered by the
inclusion of contact terms and in this sense, it is less robust than the trajectory of the line
of poles gp.

It is worth emphasising that the behaviour of the Green’s function in (3.29) is rather
unusual. Firstly, since there is not a unique ingoing solution at (1.3), the Green’s func-
tion in (3.29) is not uniquely defined at this point. In particular, depending on how we
approach (1.3) we may see a line of zeroes along ¢ = ¢. or a line of poles along ¢ = gp.
The fact that both a line of zeroes and a line of poles cross at (1.3) has been emphasised
in [27, 28] and is referred to as pole-skipping.

3.4 Expansion of 1 at special point in terms of the metric

So far we have seen two different approaches to describing the special nature of (1.3). In
section 2 we used the Einstein equation in ingoing EF coordinates to argue that there was
not a unique ingoing solution near (1.3). In section 3 we explicitly saw this was the case
by solving the equation of motion for the gauge invariant variable ¢ near (1.3). Here we
will use the relationship (3.4) between 1 and the metric to show these two descriptions are
in precise agreement with one another.

To compare these discussions we can simply insert the near-horizon expansion

8 (r) = g% + 6\ (r —ro) + ...,
do1(r) = 5@&0) + (5(,0%1)(7" —ro)+ ..., (3.30)

into the definition (3.4) of the gauge invariant field ¢. This then allows us to construct the
near-horizon behaviour of ¢ in terms of the expansion of a metric (2.7) which is regular
in ingoing coordinates. Upon doing so we find that at the special point (1.3) this gives a
solution of the form

Y =a1+a(r—ro)+..., (3.31)

where a1 and ao are related to the coefficients of the metric and dp; in the near-horizon
expansion (2.7). The coefficient a; has a simple form and can immediately be read off from
the near-horizon expansion of the metric as

ay = — | 2rdgl)) — 27769 — 27T59(%) — 2kodglY) |. (3.32)
Determining the coefficient ag is more complicated as after inserting our expansion (2.7)
into (3.4) one finds it depends on many different coefficients in the expansions of the
near-horizon metric and scalar field. However since we are looking to determine ao for a
solution to the equations of motion we can use Einstein’s equations at (1.3) (the equations
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we schematically denoted X = 0 in section 2) to simplify this. After doing so one finds the
simple result

b
= —_5q0)
as = bobai + 47TT591}U , (3.33)
with by given by the formula in (3.23) and where we have used the explicit expressions

(612 —m?)

27”(]

2 9.2
oy dmi =) (3.34)

ArT =
g 27"0

Now, as we emphasised in section 2, precisely when dw = 0 and §k = 0, the vv compo-
nent of the Einstein equations is trivial and as a result the parameters & gf,%), 1) gg(ﬁ(g)g), 1) gg;), ) gq(,g)
can be chosen independently. As such when we are precisely at the point (1.3) the coeffi-
cients a; and ag in (3.31) are independent of each other. That is, at the special location (1.3)
an arbitrary solution of the form (3.31) can be realised by a regular metric. The fact that
there are two independent regular solutions for 1 can be seen to be a direct consequence
of the fact that (2.10) did not impose a constraint on the near-horizon metric, and hence
we had an extra free parameter in the solution.

However, slightly away from (1.3), we know that these metric components are not in-
dependent, but rather are related through Einstein’s equation (2.10). From our matching
argument we determined the solution (3.24) for ¢ by imposing ingoing boundary conditions
slightly away from the point (1.3). This matching resulted in the value of az/a; being de-
termined by the direction ¢ in which the special point (1.3) is approached: bb;(q) = az/a;.
From using the expressions (3.32) and (3.33) we now see that this expression relates the
coefficients of the near-horizon metric perturbations to the direction ¢ in which we move
away from the special point

1 59\

= (3.35)
AT 27"0(591(,?,) — 27rT6g£) — 27rT5gl(,z) — 2k0591(,23)

where have used the expression for 7" in (3.34). From using éw/dk = 4Akoq one then can
see this is precisely equivalent to the previous prediction (2.14) we derived in section 2 by
imposing the vv component of Einstein’s equations (2.13) close to the special point (1.3)
in Fourier space.

3.5 Comparison to numerics and hydrodynamic poles

In section 3.3, we analytically demonstrated that in the holographic model (3.1) there is
a pole in the energy density correlator passing through (1.3), with a slope determined
by (3.23), for any value of m/T. Furthermore, as a line of zeroes also passes through (1.3),
all of these models exhibit the phenomenon of pole-skipping at the point (1.3). Here
we will confirm these analytical results by comparing them to numerical computations
of the Green’s function poles (the quasinormal modes of the spacetime) in (3.7). These
numerics also allow us to extract the full dispersion relation w(k) of the pole that passes
through (1.3). From this we investigate the behaviour of this same pole at small w, k and
explore the connection with hydrodynamic modes seen in [27, 28].
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In particular, let us recall that in the translationally invariant (pure gravity) case
m = 0, the hydrodynamic limit of the energy density Green’s function (3.7) is dominated
by gapless sound modes. That is, at small w and & it exhibits hydrodynamic sound poles
with dispersion relations [39]

2

k

where vs = 1/4/2 is the speed of sound and ... denote higher-order corrections in k that
in principle can be computed using higher-order hydrodynamics (see e.g. [40]). As for
the analogous AdS; theory studied numerically in [27], we observe that the full dispersion
relation w(k) of the mode which approaches (3.36) (with + sign for Im(k) > 0) at small &k
satisfies the condition w(iky) = ¢A where A and kg = A/vp are independently defined by
the formula (3.3).

Furthermore, we are able to demonstrate that this connection between hydrodynamic
poles of the energy density Green’s function and the location (1.3) is far more general, and
does not rely on the hydrodynamic modes having a sound-like dispersion relation at small
k. At any non-zero m/T, the relaxation of momentum qualitatively changes the nature
of the hydrodynamic modes that propagate over long distances and one instead finds a
diffusive pole in (3.7) at small k [35]

w(k) = —iDgk* + ..., (3.37)

where Dp is the energy diffusion constant. Numerically tracking the dispersion relation
of this pole, we find that for any value of m/T that w(k) continues to pass through the
location (1.3). We emphasise that this is very non-trivial. There are a family of different
dispersion relations w(k), parameterised by m/T, whose qualitative features change dra-
matically as m/T is varied (see figure 2). However, in all cases we find that regardless of
the details of the full dispersion relation it always satisfies the constraint w(ikp) = i\ as
can be seen in the left hand panel of figure 3.

In addition, from the numerical computations of the dispersion relation we can extract
the slope dw/dk of the pole as it passes through the location (1.3) and compare it to the
analytic result (3.28) that we obtained from the matching calculation in section 3. The
analytic formula (3.28) for ‘g—“,: /vp interpolates between roughly 1.09 for the translationally
invariant case m/T = 0 and exactly 2 for m/T — oo. In the right hand panel of figure 3
we plot this formula (red line) and also the numerical values of the slope (black dots)
extracted from the dispersion relation (e.g. those shown in figure 2). The numerical results
agree perfectly with the analytic expression (3.28), validating the details of the matching
argument described in section 3.

As can be seen in figure 2, as m/T is increased, the leading-order hydrodynamic
approximations of the dispersion relations w(k) become a better and better approxima-
tion to the exact dispersion relation near the special point (1.3). Using the fact that
Dgr(m/T — 0o) — v% /A [24], our result that ‘;—“,:/UB — 2 in this limit indicates that the
hydrodynamic approximation to the dispersion relation (3.37) is exact in the vicinity of the
point (1.3) when m/T — oo. This is consistent with the observation that hydrodynamic
collective modes exist even over time scales much shorter than 7! in holographic theories
with an AdSs factor in the near-horizon metric [41].
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Figure 2. These plots show the dispersion relation w(k) of the hydrodynamic pole in (3.7) as a
function of imaginary & for the choices m/T = 1/100 and m/T = 100. The blue lines are the hydro-
dynamic approximations (3.36) (left panel) and (3.37) (right panel) to the small k& hydrodynamic
behaviour. The black dots correspond to the exact dispersion relation extracted from our numerics.
Despite the qualitatively different small & behaviour, in all cases we find this dispersion relation
passes through the special point (1.3) such that w(ikg) = i\ for kg = A/vp.
S/ 6k

2+

. . . . " m/ro C . , , \ ' m/r
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Figure 3. (a) The red line plots the butterfly velocity vg = A/kqy as determined from the analytic
formula (3.3). The black dots correspond to \/k; where k; is extracted as the wavevector for which
the numerical dispersion relation for the hydrodynamic pole satisfies w(ik;) = i\. If the pole passes
through (1.3) then we should have A\/k; = vp which indeed holds for all m/T. (b) The red line
plots the analytic formula (3.28) for the slope of the line of poles in the energy density correlator as
it passes through the point (1.3). The dots correspond to the values of the slope extracted from the
numerical calculations of the dispersion relation. Note that m/T — oo corresponds to m = /67,
which is the upper limit shown on each plot.

3.6 The SL(2,R) x SL(2,R) invariant point

Our analytic discussion in sections 3.2 and 3.3 describes the behaviour of the axion model
near (1.3) at generic values of the parameters m and ro. However for the special choice of
m? = 212 the above discussion in terms of the gauge invariant mode 1 is somewhat subtle,
as a result of the fact the parameter b controlling our matching calculation vanishes for
this choice of m. We perform a detailed analysis of this special case in appendix D. For the
purposes of our discussion in the main text, we simply note that at this value of m/rg, the
theory described by (3.1) dramatically simplifies and has an enhanced SL(2,R) x SL(2,R)
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symmetry [35]. This enhanced symmetry allows one to obtain an analytic expression for
the Green’s function G¥00T00 for any w, k. Here we will use this expression to demonstrate
the pole-skipping phenomenon very explicitly. In particular, for this choice of m? = 27"8
the retarded Green’s function takes the form® (see ref. [35])

1 LW 1 k2 1 LW 1 k2
k:2(k2+2r§)1<1 20 1 1_4%)I<1—2170+1 1—47%)
27 r 3 LW 1 4](:2 3 iw 1 B2\
0 <1 217’0 4 1 r%) F <1 217’0 4 1 r%)

(3.38)
From which we see that the Green’s function has an infinite family of poles w(k) satisfying

G%)OTOU (w, k) = —

1 w1 k2 1 w1 k2

A - 41 -4 = —p, 3.39
1 2 4 iz 12 iz P (3:39)
where n, p are non-negative integers. Expanding the pole with n = 0 gives the hydrody-
namic mode

w=—iDpk? +..., (3.40)

with an energy diffusion constant D = 7 1. As in section 3.5 we can consider tracking
this pole as we increase imaginary k. The full dispersion relation can be readily read
from (3.39):

A 4]€2
w:12< 1—2—1>, (3.41)

which we can see passes through w = i\ = irg precisely at the momentum
k? = —2r3 = K. (3.42)

Furthermore, from (3.41), we can also extract the slope of the pole as it passes through (1.3)
as

1w 4

op ok =3 (3.43)
which lies precisely on the curve derived from our matching argument (3.28) and plotted in
figure 3. Finally, we can see from (3.38) that the Green’s function also has a line of zeroes
at k? = —k3. The simple expression (3.38) therefore exhibits all the expected features of
pole-skipping.

Whilst for the purposes of the main text we have simply focused on using (3.38) to
illustrate this phenomenon, the enhanced symmetry of the theory at m? = 27“(2) means we
can perform a very detailed analysis of the origin of pole-skipping in this example. As we
explain in appendix D, there are subtleties involved in discussing pole-skipping in terms of
the gauge invariant field 1) at this point. Fortunately however this special case is sufficiently
simple that we are able to also explicitly discuss this phenomenon in terms of the family

5For other examples, which allow for exact solutions of holographic Green’s functions at points of en-
hanced symmetry, see e.g. [42-44].
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of ingoing metric solutions discussed in section 2. In particular it is possible for this choice
of m to find exact analytic expressions for the metric solutions at (1.3) everywhere in the
bulk, and hence study their UV asymptotics. As we discuss in appendix D this allows us to
confirm the existence of an extra parameter in the ingoing metric solution, and explicitly
see that this extra parameter gives rise to the phenomenon of pole-skipping according to
the discussion in section 2.

4 Discussion

In this paper we have shown that in general holographic models dual to Einstein gravity
coupled to matter, remarkable signatures of many-body chaos exist in the energy density
two-point correlation functions. A key element for the discussion is the observation that
one of the Einstein’s equations becomes trivial at the horizon at the special point (1.3)
determined by chaos parameters, which leads to a general argument for the phenomenon
of pole-skipping [27, 28]. We then illustrate how the general argument works in a specific
holographic model in great detail.

As emphasised in [28], the phenomenon of pole-skipping can be considered as a
“smoking-gun” for the fact quantum many-body chaos is tied with energy conservation.
The results of this paper give further strong support for this surprising, but likely pro-
found connection (at least for maximally chaotic systems). In particular, from the per-
spective of the hydrodynamic dispersion relation (1.6), the statement that wp, (k) must pass
through (1.3) is a highly nontrivial one. In the Einstein-Axion model we explicitly saw
that this happened regardless of the detailed behavior of the full dispersion relation, which
could vary dramatically as we changed the ratio m/T. The special point (1.3) lies outside
the range of the small w, k expansion and thus the full dispersion relation wy (k) is needed
to extrapolate to the point. This means that in the small k expansion of the second equal-
ity of (1.6) an infinite number of terms (which arise from higher-order hydrodynamics)
must conspire for wy(k) to pass through (1.3). In the proposal of [28], this conspiracy is
ensured by an emergent shift symmetry in the hydrodynamic EFT for chaos. Thus, the
results of this paper can also be considered as support for this “hidden” shift symmetry in
hydrodynamics.

We end with a discussion of various questions for future research.

1. Immediate generalizations

The general argument we presented in section 2 for pole-skipping implies that this
phenomenon also occurs for charged black holes and/or for those with additional
scalar fields, and it would be interesting to test this explicitly. Furthermore, whilst
our analytic arguments show that there is a pole that always passes through (1.3), it
was only through the help of numerics that were able to see this pole to always be
connected to the dispersion relation of the hydrodynamic mode. It would be interest-
ing to understand if one can argue that this should always be the case from gravity,
perhaps by tracking the holographic diffusion poles that were recently constructed
using horizon data in [45].
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2. Shift symmetry in hydrodynamics from gravity

As commented above, the confirmation of pole-skipping in general holographic the-
ories (which all have maximal chaos) can be considered as support for the shift
symmetry in an all-order quantum hydrodynamics proposed in [28]. It would be ex-
tremely interesting to see whether the universal property of the linearised Einstein
equation we uncovered at the special point (1.3) can be used to identify this shift
symmetry directly from a gravitational analysis.

3. Other implications of the extra ingoing mode

It would be interesting to explore other physical implications of the extra ingoing
mode we uncovered at the special point (1.3). For example, another important open
question is to understand whether the existence of this pole-skipping phenomenon can
be tied more directly to the existence of the Dray-‘t Hooft shock wave solution that
gives rise to (1.3). In section 2 we saw that the reason that pole-skipping occurred
at (1.3) was a consequence of the fact that at w = i\ the Einstein’s equation (2.10)
reduced to a decoupled equation for gz(,%), that took the same form as the equation
determining the shock wave profile (1.3). However, as noted in [27], there is not an im-
mediate connection between such a perturbation and the delta function shock-wave in

Kruskal-Szekeres coordinates. We hope to explore this question further in the future.

4. Higher-derivative gravity theories and stringy corrections

So far, all examples of pole-skipping are for maximally chaotic systems. It is clearly
of crucial importance to understand what happens to non-maximally chaotic sys-
tems. For holographic systems, stringy corrections decrease the Lyapunov exponent
from being maximal [4], so it is very interesting to see how stringy corrections
affect the pole-skipping. Perhaps a more immediate question is to see whether
the phenomenon persists or gets modified when higher-derivative corrections are
included. For example, Gauss-Bonnet gravity (see [43, 46, 47]) may be a good
testing ground for this purpose.

More generally, it is also important to study this phenomenon in weakly coupled
systems. A recent discussion [29] of chaos using kinetic theory gives some encourag-
ing indications on the connection between chaos and energy dynamics even at weak
coupling.

5. Theories with weak energy dissipation

Finally, it would be interesting to explore what happens if a system no longer has
exact energy conservation. In the holographic context, weak energy dissipation
can be introduced by working with massive gravity with an appropriate choice of
graviton mass [48]. This, or axion models with time-dependent fields, could provide a
nice laboratory to study how the Lyapunov exponent and pole-skipping are affected
by energy dissipation.

~ 93 -



Acknowledgments

We are grateful to Koenraad Schalm and Vincenzo Scopelliti for valuable discussions. This
work is supported by the Office of High Energy Physics of U.S. Department of Energy under
grant Contract Number DE-SC0012567. R.D. is supported by the Gordon and Betty Moore
Foundation EPiQS Initiative through Grant GBMF#4306. S.G. was supported by the U.S.
Department of Energy under grant Contract Number DE-SC0011090. H.L. would also like
to thank Galileo Galilei Institute for Theoretical Physics for the hospitality during the
workshop “Entanglement in Quantum Systems” and the Simons Foundation for partial
support during the completion of this work.

A Stress-energy tensor in Einstein-Axion-Dilaton theories

Here we wish to demonstrate that the condition (2.9) that we needed to claim we could
ignore the matter terms in (2.8) holds in a large class of matter theories. We will consider
a general Einstein-Axion-Dilaton matter theory with an action of the form

S:/dd+2x\/fg(R—2A+LM), (A.1)
with a matter Lagrangian
z 1 Y (¢) &
La =29 B~ L oo+ vie) - 1D S (0002, (A2)

=1

which has an equilibrium black hole solution (2.6) sourced by the fields
o= o(r), @i = mat, A= A,(r)dv, (A.3)

with other components of the Maxwell field A,, vanishing.
We wish to demonstrate that for this general class of matter fields (2.9) holds identically
for any w, k. That is

[Tvr(rﬂ)égq(;?;) - 6T’U’U(TO):| =0. (A4)
For the Lagrangian (A.2) the stress-energy tensor is

1 0Ly
Ty = §£M9m/ - W
d (A.5)
1 1 Y(9) Z(¢) »  ap
= §£Mg;w + 58,u¢8u¢ + ? ; augaiau()@i - ?Fuag FBV s

from which we can read off the relevant component T, of the background stress-energy
tensor as

Z(9)

1
Tvr - §»CM_ T

F2. (A.6)
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We also need to work out 07, and hence need to vary the stress-energy tensor (A.5)
once more with respect to the fields g,,, A,, ¢, p. At leading order this gives

1 Z(9) o 1 SLar « wp 0L
5TMV:§£M§g/“/+TFuag 'Yg‘sﬁFgl,&g’yg—I—ig,W |:W59 5—‘,-61/)51#,]
d
8/A¢8V6¢+6u6¢6u¢+y(¢)Z(au(piaufs()oi"rau@ia#é@z +5¢7Zau% 1/901‘|
=1
A A
—%anﬂ[F,m(aﬁaAV—ayaAﬁHFm(agaAM—auaAﬁ)]— é(b)FWgaﬁFﬁyaqb, (A7)

where 1; = {A,, ¢, pi} denotes the matter fields.
Evaluating the vv-component of this for the black hole solution with the matter fields
n (A.3) gives

5T’UU = <;£M - Z(2Qb)F’U27’> 59’!11} + g’U’U |: - Z(Q(;S)QU’UFUZT(ngT' + Z(¢)F3T59UT

L6Ly ¢ qp , 10LNy Z'(9)
’ “ o 7 Z er T Av — Uu Ar - F, ) A.
where we have used that ¢"* =1,¢9"" = —guo.
Now since gyy(ro) = —12f(ro) = 0 then assuming the quantity in square brackets is

regular at the horizon we immediately see by comparing to (A.6) that
0Ty (10) — Tor(10)0guw(10) = 0, (A.9)

indeed holds for this class of black holes. In all these theories the vv component of the Ein-
stein equations therefore reduces at the horizon to the universal form (2.10) that depends
only on the near-horizon expansion of the metric perturbations.

B Generalisation to AdS;

In the main text we studied the AdS; axion model. However, as we have noted, the
phenomenon of pole-skipping was first noticed in a gravitational setting in [27], which
studied Einstein gravity in AdS5. Here we will show that the matching argument presented
in section 3 can easily be generalised to explain the pole-skipping observed in [27]. The
action we consider is

S = /d‘r’:z:«/—g (R+12), (B.1)
and the AdSs-Schwarzschild solution of interest to us can be written

4
ds* = —r2 f(r)dv® + 2dvdr + (da:2 +dy? + dz?) firy=1- r—g, (B.2)
r
in ingoing EF coordinates. Note that for this theory the special location (1.3) in Fourier

space corresponds to

_ 37"0f’(7“0)

k = ik, k2 = 5

(B.3)
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The generalisation of the ‘master field’ (3.4) to Schwarzschild-AdS; is

d [ 0Ger +0Gyy + 09, w 2ik O Gua
1/] — T4f [dr ( g Jyy g > - I (591,% + 5gyy + (ngz) — 2 (6gajr + g >

r2 rif r2 r2f

2 1 k? 4 303 f
—3rf <59rr + 7691)7" + 591}1}) - M (5gyy + 5gzz) )

r2f r4f2 2r5 f
(B.4)
which obeys the equation of motion
d 3 2i Qw, k,
dr 2 743f?, 2 /] (12 Z;’”; 2 T+ Q(W 3 2)/ 5 =0, (B.5)

where

Qw, k,7) = —k* + k2r (61 — iw) + 613 (4r — 5iw) + f ;r“r’f' — 5k%r% 4 613 (5iw — 4r)

(B.6)
We again find that when k? = —k2 the two solutions near the horizon are of the form (3.9)
and thus at the special location (1.3) the general solution for ¢ that is regular at the
horizon is of the form (3.10).

Infinitesimally away from the location (1.3), the solution continues to take the
form (3.10) away from the horizon with the ratio as/a; fixed by the direction in Fourier
space in which one moves. To quantify this, we again parameterise the perturbation away
from (1.3) by (3.14) and note that near the horizon

B4 ) = e~ br—ro) + O((r —ro)?),  b=12r0 (B.7)

We first solve in the IR regime r —rg ~ €/ b of the spacetime by scaling the radial

coordinate as in (3.17) and then solving perturbatively for i, as in section 3.3. After
demanding regularity at the horizon, the solution is

Br(r) = 1+ by (@)b(r — ) + -, (B.3)
where ... indicate terms that vanish as ¢ — 0, and

5

_ ] B.9
247“(2) (B.9)

bi(9) =q

In the UV region r — 7o > ¢/b, the solution has the form (3.10). Matching (3.10) to (B.8)

where the solutions overlap tells us that imposing ingoing boundary conditions enforces
the relation

o =i (B.10)

on the UV solution. In other words the linear combination of 7; and 72 depends on ¢, the

direction in which one moves away from the point (1.3) in Fourier space. Unlike in the

AdS, axion case studied in the main text we do not have analytic expressions for 7; and 7.
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In this case we therefore do not know which ratio as/a; corresponds to the normalisable
mode in the UV and so we cannot analytically predict the slope g, with which the line of
poles passes through the point (1.3).

The analysis we have just performed is consistent with the general argument for pole
skipping presented in section 2. Using the explicit expression (B.4) for ¥ in terms of the
metric components, in addition to the non-trivial Einstein equations X = 0 at (1.3), the
relation (B.10) is equivalent to the condition

_ b dgby
4o %h/(TO)CSgi(;%) - 27rTég(Q) - Qkoé‘gl(}(;)’

'zt

q (B.11)

where 59;(2 are again the coefficients in the near-horizon expansion of the metric compo-
nents. Converting ¢ back to dw/dk then gives perfect agreement with the equation (2.14)

that relates these coefficients to the direction ¢ in which one moves away from the
location (1.3).

C Explicit matching to normalisable mode

In section 3.3 we determined the form of the ingoing solution for 1 (3.24) near (1.3). Here
we will extract the form of the Green’s function (3.7) and a prediction for the slope of the
line of poles passing through (1.3) by explicitly matching to the UV solution (3.12). In
particular we saw in (3.25) that after matching the ingoing solution to the UV we are left
with a solution of the form

Yuv(r) =1+

exp _mESrh a1 @riro)
b+ (q)b r 7“0\/3r(2]—2m2 \/3r(2)—2m2
dr , (C.1)
0

F(ro) r\/2(7"2+rr0+7“8) — m?
from which the Green’s function near (1.3) can be extracted by expanding (C.1) near the
UV boundary as yyy = @ + M /r 4+ .. and

O (q)
YM(q) — 22Ty (q)

with k2 given by (3.3) and the ... in (C.2) refer to terms that vanish as € — 0.5 From
expanding (C.1) one can explicitly read off

Gt (0) = kG (kG —m?) o (C.2)

by (q)bN(m, 7o) by (q)b m(m?—3rg)
O =14+ 2, M(g) = ——2 exp|( sgn(3r2 —2m?) ——=92_ )
v F(ro) VD= () PP )2r0\/3rg—w
(C.3)
where have defined the integral
m?2—3r2 —1 (2r+ro)
= eXp<m\/&n37§wtan W)
N(m,ro):/ dr , (C4)
ro r/2(r2 + 1o + 12) — m2

and F(rg) was defined in (3.13).

5We will again assume we are not at the special value m? = 2rZ so that k2 — m? # 0.
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We will see a pole in (C.2) when (C.1) corresponds to a normalisable mode with
2nTp(0) = (M) From (C.3) this implies we need to chose ¢ = ¢p by imposing

F(ro)
bb. (q,) = —— 10 C.5
) = - (©5)
with
N(m ro) = N(m,ro) + ! e (s n(3r2 2m2) m(m® — 37"(2]) ) (C.6)
s = y X - ) *
’ O Ve TP\ 2r/312 — 2m2

which is equivalent to our prediction (3.27). Using the explicit forms of b, T, b (q) we can
use (C.5) to solve for g, and deduce there is a line of poles passing through (1.3) with a slope

1 dw 8(37"(2] —m?) N 4(67"(2] —m?) F(ro)ro
A 2

S ~ . C.7
vp 0k 3(2rf —m?)  3(m? —2r}) N(m,ro) D

Likewise there will be a line of zeroes when (C.1) corresponds to the non-normalisable
solution with 1/1(0) = 0. From (C.3) this corresponds to choosing ¢ = ¢, such that

F(ro)

bbi(qz) = —m- (C.8)

Indeed from (C.1) it is straightforward to read off the Green’s function itself as

k(K — m?) F(ro) + bb.(q)N (m, o)
27T F(ro) + bb (q)N (m, o)’

G%OTOO(Q) = (C.9)

from which one can explicitly see the line of poles corresponding to moving away from (1.3)
along the slope ¢ = ¢, and a line of zeroes for ¢ = ¢..

D Details of calculations at the SL(2,R) x SL(2,R) invariant point

Here we wish to discuss in detail the special case of m? = 273, in order to both highlight
various subtleties with the discussion in terms of the gauge invariant mode v and also to use
this case to elaborate on the general argument for pole-skipping we provided in section 2.

Pole-skipping in terms of 9. In particular, whilst our arguments in sections 3.2 and 3.3
are generically valid, the description of pole skipping in terms of the variable v is somewhat
different for the choice of m? = 2r3. To see why m? = 23 is special it is useful to note
that the function k% 4 r3f'(r) = k* + m? that appears in the equation (3.5) for 1) becomes
a constant for this value of m. At the special point (1.3) k? = —kZ = —m? it therefore
vanishes identically, and we must be more careful in describing the behaviour of (3.5)
at (1.3). For the choice m? = 272 the equation of motion (3.5) dramatically simplifies to

d k2
(P fY) = 2w’ — 59 =0, (D.1)
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from which the retarded energy density Green’s function can be extracted by solving (D.1)
subject to ingoing boundary conditions and using

O (w, k)
v (w, k) + iwpO (w, k)
Note that upon setting w = iA and k& = iky in (D.1) this no longer reduces to the equa-
tion (3.11) which holds for any other m? # 2r2. Solving (D.1) at (1.3) one now finds that
the two linearly independent solutions for 1) are

'I"—i_r() 02 2 2 7"—7"0
= == |2 — ) D.
Yr=a o (G (r —10) rro+ (rg —r )Og<r+r0>:|v (D-3)

G¥OOTOO (w7 k) = kQ(kz + 2T(2)) (D.2)

from which we see that there is only one solution 1 that is regular at the horizon.

Therefore whilst for any other m? # 2r2 there are two linearly independent regular
solutions for v at (1.3), for the specific choice m? = 27% there is instead a unique regular
solution. Note that this observation is perfectly consistent with smoothly taking the limit
m? — 2r in the solution (3.25) we derived by matching, even though the matching proce-
dure is formally invalid at this point as b — 0. In that limit we find bb;(¢) = —1/2r¢ and
hence the ingoing solution in (3.25) becomes independent of the slope. Upon performing
the integral in (3.25) for m? = 27"(2) one finds precisely that the solution becomes 1y = ;.7

Note that although there is a unique solution for 1, the Green’s function (D.2) still
cannot be defined at this point. To see this note that the ingoing solution 1 is normalisable
in the UV, that is the denominator in (D.2) vanishes for ;. However the numerator
in (D.2) vanishes at k? = —k2 because of the explicit factor of k? + 272 in the relation
between G%}OTOO (w, k) and the asymptotics of ).

In contrast to our explanation in section 2, at this value of m it appears that the
pole-skipping phenomenon is unrelated to the existence of an extra ingoing solution. As
we will illustrate shortly, this is not the case. The aforementioned subtleties associated
with 1 at the point m? = 2r¢,w = i\, k = ikg are in fact indicators that 1) is not a suitable
variable for capturing the general gauge-invariant solution to the Einstein equations at
this point. A more careful analysis reveals that at this point ¢ in fact obeys a first order
equation of motion (which enforces ca = 0), as does the other decoupled gauge-invariant
variable (see (E.2) below). To illustrate the origin of pole-skipping at this value of m, we
will therefore examine the solutions for the metric perturbations directly.

Discussion in terms of metric solutions. The enhanced symmetry at m? = 2r allows
the linearised gravitational equations of motion to be solved analytically. The following is
an exact solution to these equations at m = 27“%, w =i\, k = ikg in ingoing EF coordinates

e’o (v—v2x)

0guww=—173"—"

33 T(2) (ﬁ59§2)+59§2) —58050)) (4T3+4T2T0+7’T(2]—T8) +16¢r(r+ro)

+85g§?) (7‘5—1—r4r0 —7‘5)] ,

"Furthermore, this also is consistent our discussion in section 2 that there should be an extra free
parameter for the metric solutions at (1.3) corresponding to 59%%). One can see directly from (3.33) that
we should still only find a unique ingoing mode for ¥ at b = 0 even when the metric component 695?,) is a

free parameter.
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ero (v—v2x)

So1 —
L= 005

[1206@50)7“5 + 120(5@50)7“41"0 —8¢ (57‘2 +5rry —1—67"(2)) —1—37"8 (459,5(3) —1—4\/569,5(2)

259(0) 9591(;(:3/) +7590§0)) —1-207‘27"3 (5gt(t0) +\/§5g£2) (0) 59(0))

6078 (391, + V2097 +69%) — gl + 256 )

+5775 (459§?)+4\f 2691 +25g0) — 759(°)+95w(0))].

We are working here in a different gauge than in section 2. This solution is regular at the
horizon r = rg and depends on six constants: the five sources of the dual energy-momentum
tensor and scalar operator {5gt(t), 59;0), 59585), 5g§g), 5g0§0)}, and an additional constant c.
Consistently with our general argument in section 2, it is manifest that the dependence on
¢ means that fixing the sources does not uniquely specify the ingoing solution.
Furthermore, it is straightforward to explicitly check that the dependence on the addi-
tional constant ¢ results in the retarded Green’s function of energy density being infinitely
multi-valued. Upon transforming to the coordinates (2.2) and expanding near the boundary

r — 00, the solution is

Sguy = 70(1—VED) {5g§g>rz+“_+2:+_“} 51 = 70(1—VED) [59 0),2 “_\/ECJFM 7

0gaq = €Tt~ V20) [59:&33? ot g [4C+To (091 + V28917 +2099) — (5 + 3061 ) | +.. ]
1
6gyy:e”’(t_\/§x) [(59752/)7“2—1—...—1—3 {20 o (5gtt —i—\f&g(o)—i—%géx) 5gyy —1—3&,0 )]—i— ]
+

1

8gir = VEIO(r5) 5y = em@—ﬁw)()(r*), 3grr = em(f—ﬁx)ow?). (D.4)
Calculating the expectation value of the dual energy-momentum tensor of this solution

using [34, 49]

7—00

1
(T™) = lim 7° [2 (K" — KyM 4 GHY — 29M) + 57’“’8% - Op; — V%NV%} , (D.5)

yields
<Ttt> _ ero(t—\/ix) 6

<Tt:v> — To(t*ﬂm)gﬁc

D.6
(1) = e0=V2) [de 41 (o9 + V2001, + 200S) - 0(5) + 366" |, (D)
(Tv) = eot=V2e) o [ — 7y <5gtt +V26g17) + 2095) — bg85) + 366" )ﬂ :

The expectation value of the energy density (T%) depends on the arbitrary constant ¢ and
thus the corresponding Green’s function is not well-defined (consistent with the general
expression (3.38)). Our analysis here makes it clear that this property can be traced back
to the presence of an additional ingoing solution to the equations of motion.

~ 31—



E Details of numerical calculations

The full dispersion relations w(k) of the poles of G¥00T00 can be found by solving Finstein’s
equations numerically. In this appendix we briefly describe how we did this to produce the
numerical results shown in figures 2 and 3 of section 3.5.

To perform the numerical calculations, we transformed to a coordinate system in which
the metric is
dr?

ds® = —r f(r)dt® +r? (do® + dy®) + r2f(r)

(E.1)

We studied linear perturbations of the metric 6§, (r,t,2) and the scalar fields 6@;(r,t,x)
around this spacetime, after Fourier transforming in the (¢, z) coordinates to the conjugate
variables (@, k) (the tildes differentiate quantities from the analogous ones in ingoing EF
coordinates studied in the main text). The perturbation of interest to us is dgy, and it
couples to 6Gxt, 0Gza, 0Gyy, OGrrs 0Gzr, 0y and 6. In addition to the three first-order (in
radial derivatives) equations governing these fields, there are two second-order equations.
The Green’s function G¥00T00 can be efficiently extracted by writing the two second-order
equations as a closed set of equations for two gauge-invariant variables [38]. A convenient
choice for these variables is

r?f d d (0Gee +6g 2%k (k2 + r3f’)
/P A P i LT G oG, — ) s
! (k2 + 3 1) dr [T ! (dr < r2 > r2 %9 rfog 5 f 0Gyy

K243 f Joo — 09
(R o {m (W) - 2““5“51}]’

(k2 +m?) 2 r
2

Uy =m (‘M) 2k, (E.2)

as they obey two equations of motion that decouple and thus can be solved independently.
The equation for ¥y is

2 24,33 2 4 312
d [@2( f (K2 +r3f) o (r)] i u\h(r) =0. (E.3)

dr K2+ —k2(k2+m2) f 1 r2f

Our first method for extracting the poles of G¥00T00 (w, k) was to solve (E.3) numerically

by imposing ingoing boundary conditions ¥ o (r — To)_iw/ 47T near the horizon and

integrating to the boundary. We then extracted the coefficients of the near-boundary

expansion ¥ (r — o0) = \P§O)+\I/§1)r*1+. .. and looked for zeroes of the quantity \I/(lo)/\lfgl),

R
00700

values of k the equation develops a singularity within the integration region when ‘k2‘ lies

which correspond to poles of G (w, k). A drawback of this method is that for imaginary

between m? and (27T /vg)?. This is an artifact of the variables chosen and means that we
cannot track the poles over the entire range of imaginary k that we desire.
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To circumvent this problem, we also considered a different variable
L[ oc ~7. 5= 2¢-~ ~2 2 Lo o) os
Uy = 2 (@ 0Guz + 20k0 Gyt + k“0G — | 0™ — kE°f — ik rf") 0Gyy | (E.4)

which obeys the equation of motion

a . rf A
dr (&*)2 —k2f — %rf’) —m2f (@2 k2 (Z — g)) (E.5)

FA(r) W3 + A3(r)¥h + Ay(r)¥s = 0,

where
Ay (r) = 2{kK°& (m® — 6r%) + 8r20%)
— [ {R? (m? = 6r%) + 892G} k2 (m? — 6r2) (242 + 5m? — 6r?)
+ 80202 (3k2 + 4m2)} + 202 f2 1 {7 + 36m%? — 1807 + 4k (m? — 612) )
+ 4% (9K + 16m* + 72k%?) |
— 4P 3 L2k + K (11m® — 18r%) + 24 (m* + 3r2w?) } + T2k*0 £,
Aolr) = [ {# (m? = 6r2) + 8r2%}

— 42 f (K 4 2m2) (k2 (m? = 61%) + 8r20%} + 4k £ ’

(E.6)
and the precise forms of A3(r) and A4(r) are not important. The solutions that determine
the poles of G¥00T00 (w, k) are those where the boundary metric is unchanged, which requires
that Wa(r — o0) = 0. As Ws(r) obeys a decoupled, linear equation of motion then the
ingoing solution that vanishes at the boundary will generically be ¥5(r) = 0 and so our
second method was therefore to numerically integrate the equation (E.5) with Wa(r) = 0,
after imposing ingoing boundary conditions on ¥3 o< (r — ro)_i@/ 47T at the horizon. After
expanding near the boundary ¥3(r — oo) = \Iléo) + \Ifgl)r*1 + ... we then extracted the
poles of GTOOTO(J (w, k) by determining the zeroes of ‘I/go) / \I/ég). The exception to Wy(r) =0
being the appropriate solution is at particular sets of (@, k) that correspond to quasinormal
modes of the V5 equation, but we expect that generically these frequencies will not overlap
with the poles of G¥00T00 (w, k). We confirmed that this is the case by checking that our
results from this method agree with the results from the previous method in the regime
where both could be performed.
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