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§1. Introduction.

The following is a well-known Hurewicz-Kuratowski’s theorem for separa-
ble metric spaces R and A (W. Hurewicz [4], C. Kuratowski [6; 7]):

In ovder that @« non-empty space R has the covering dimension =mn, if is
necessary and sufficient that therve exist a space A with dim A=0 and a closed
continuous mapping f of A onto R such that the ovder of f is at most n-+1.

In the above dim A denotes the covering dimension of A, and the order
of f is the supremum of {|/f~Yx)]; x= R}, where |f~(x)] are the cardinal
numbers of the sets f~'(x). This theorem has been extended by K. Morita
to the case when R and A are metric spaces. The classical Hurewicz-
Kuratowski’s theorem had been rather isolated from the general trends of
dimension theory for separable metric spaces. In the framework of dimension
theory for general metric spaces which has been constructed by the author
this theorem occupies an important position [17, §3]. It seems to the author
that closed mappings defined on 0-dimensional spaces will be one of powerful
instruments to clear up the relation between the covering dimension and the
inductive one of non-separable spaces.

In §§2 and 3 we shall characterize a non-metrizable space R which has
the following property:

(*) R is the image of a O-dimensional space under o closed continuons
mapping of ovder < n--1.

It will be shown that a space has this property if and only if there exists
a directed family of closed coverings of order =#n-+41, which follows out the
topology of a space (cf. Definitions 2.1 and B.2 below). We shall notice in §4
that the inductive dimension of a space which admits a directed family with
the property stated above cannot be greater than ». It is to be noted that
below has been obtained independently by Soviet mathematicians,
I. Proskuryakov—B. Ponomarev—B. Pasynkov, under a more restrictive assump-
tion (P. Alexandroff [1, p. 80], B. Pasynkov [2I]). It is also to be noted that
Corollaries 4.2 and 4.4 had been essentially proved by K. Morita (ct. Remark
47). As an immediate consequence of our results it will be shown, with the
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aid of examples constructed by Lunz and others, that we cannot expect that
Hurewicz-Kuratowski’s theorem may be valid even for the case when R is a
compact Hausdorff space (Remark 4.11 below). In §§5 and 6 we shall give
analogous theorems to Hurewicz-Kuratowski's one for the case when R is a
non-metrizable space, by introducing the notion ‘vague order’, instead of
‘order’, of mappings. In §7 we shall prove that any CW-complex R whose
combinatorial dimension is » has the property (x).

This paper includes a development in detail of our brief note [16] The
author wishes to thank very much Professor K. Morita for his advice and
encouragement. He also expresses here his hearty thanks to Mr. Y. Sasaki
who was kind enough to translate voluminous Russian literature.

§2. Construction of mappings defined on 0-dimensional spaces, from
directed families.

Let R be a topological space. The small and the large inductive dimen-
sion, ind R and Ind R, are defined inductively as follows. For the empty set
¢ let indg=Indgp=--1. We call ind R=n, if for any point x of R and any
neighborhood G of x there exists an open neighborhood A of x with HCG
such that ind (A—H)=#n—1. We call Ind R<#, if for any pair FCG of a
closed set F and an open set G there exists an open set I with FCHC G
such that Ind (H—H)=<n—1.

Let §=1{F,;a< A} be a collection of subsets of R and x a point of R.
Then the order of § at x, order (x, %), is the number of elements of § which
contain x. The order of §,order %, is the supremum of {order(x,&); x = R}.
Let H be asubset of R. Then the star of /7 with respect to ¥, S(H, F), is the
sum of F,=® with A\ F,# ¢. The restriction of & to H,§ A H, is the col-
lection {F,~H;acA}. & denotes a closed collection {F,; a € A}. Let §=
{Hy; § € B} be another collection of subsets of R. A mapping ¢ of A into B
is called a refine-mapping if for any a« € A, F, T Hpwy is valid. When there
is a refine-mapping ¢: A— B, we say that £ is refined by § or abbreviatedly
H>F. Let F={F;; 1< 4} be a system of collections of subsets of a space
R. Then the order of F,order F, is the supremum of {order %;; 2 & 4}.

DEFINITION 2.1. Let F={%,;; 1< A} be asystem of collections of subsets
of a topological space R. F is called to follow out (the topology of) R locally,
globally and fully if the following conditions are respectively satisfied.

(1) For any point x of R and any open set G with x =G there exists a
Ae A with Sx, F)CG.

(2) For any pair FC G of a closed set F and an open set G of R there
exists a A= 4 with S(F, ) CG.
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(3) For any open covering & of R there exists a 1€ 4 with &> T,

DEFINITION 2.2. Let F={{, ={F,:ac A,;}: e A} bea system of collec-
tions of subsets of a topological space R. F is called a directed family with
{A;, ¢;.} if the following three conditions are satisfied.

(4) A is a directed set.

(5) For any ordered pair g <A there exists a mapping ¢;,: A;— A4, such
that {4, ¢.,; 4 = A} forms an inverse limiting system of A,

(6) For any ordered pair # <4 and any a = A, it holds that

Fo=\U{Fg; ps{f)=al.

THEOREM 2.3. If a non-empty topological space R has a divected famuly
F={F,={Fu;ac A} ; A=A}, with an inverse lmiting system {An @i}, of
locally finite closed coverings of ovder < n-+1 which follows out R locally, then
there exist a completely vegular space A with ind A= 0 and ¢ closed continvous
mapping  of A onto R with order f < n-i-1.

Proor. Consider A; 1 = A, as topological spaces with the discrete top-
ology. Let B be the limit space of {4,,¢,.}. Let x be an arbitrary point of
R and Bi={a;x=F,=%,;}, AeA. Then for any 1€ 4, B; is a non-empty
finite subset of A;. Moreover for any x <2 we have ¢,,(B)CB, Hence
{By, 9. B,} forms an inverse limiting system and we have lim {B;, .| Ba} # ¢.
Let A be the aggregate of points ¢ =(a,; A € A)€ B such that N {Fs,; 1€ 4}
#+¢. Then A is a completely regular space with ind A=0.

Define f: A— R such as f(a)= N {Frya; €4}, where m;, A€ 4, are the
projections of A into A;. Then f is onto from the above observation. More-
over f is continuous, since F follows out R locally. To prove orderf=n-t1,
assume that there exists a point x of R such that [f-%(x)|>#n-1. Let {a;;
i=1,-,nt+2} be a system of mutually different points of A with f(a;)==x,
i=1,2,---,n+2. Let i be an index of A such that {ziay);i=1,-,n+2}
forms a system of mutually different indices of A,. Then the order of &, at
x is not less than n--2, which is a contradiction. Hence we have order f = n+1.

To prove the closedness of f, let C be an arbitrary non-empty closed
subset of A and x an arbitrary point of f(C). Let D;={a;x< F,=FL ()N
F,+ ¢}, A= A; then |D,| < co. Since S(x, §,) contains R— N\ {F,; x < Fy & Fa}
= U, and the latter is an open neighborhood of x by the local finiteness of
T we have D+ ¢ for any A=A Let A< pu be an arbitrary ordered pair
and B an arbitrary index of D, ; then f(C)n\ Fz+ ¢ and x< Fg. Let a=¢,(8);
then f(C)N\ Fo# ¢ and x< F, by the inequality FyC F, Therefore ¢,(D,)
C D;. Since f(C)n\ U+ ¢, we have C~f Y U)+#¢. Since f~(UpC U {zi a);
acs Dy}, we have Ey={«a; a € D, Cnri{a)+ ¢} + ¢ for every 1 A

Since for any pair g <4 it holds that ¢, (E)CE, {E,¢i.|Ex;de A}
forms an inverse limiting system consisting of non-empty compact spaces F;.
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Hence E=lim {E;, ;.| E;} is not empty. Let (a;; A = A) be an arbitrary point
of E; then N {F,,; A= A} =x Hence we have EC A. Let ¢ be an arbitrary
point of £; then zy'(mia))\C+ ¢ for any 2= A. Hence we have e =C=C.
On the other hand we have already known that /(@) = f(E)=x. Hence x&f(C)
and the closedness of f is proved. Thus the proof is completed.

THEOREM 2.4. If a non-emply topological space R hos a divected family
F={§,={F.,ac A)}; 2= A}, with an inverse limiting system {Ai @in}, of
locally finite closed coverings of ovder = n+1 which follows out R fully, then
theve exist a paracompact Haudorff space A with Ind A=0 and a closed con-
tinuous mapping f of A onto R with order f =< n+1.

Proor. Let A, f: A—R and r;: A— A; be the same as constructed in the
proof of the above theorem. Since F follows out R fully, it does so locally.
Hence s is a closed continuous onto mapping of order =#x-+1. Thus what we
have to do is to prove that A is a paracompact space with Ind A=0.

Let & be an arbitrary open covering of A. For every point x of R let
(2= {alx, 1), -+, alx, m(x))}, where m(x)=|f"'(x)|. Let V{x,i) be an open
neighborhood of a(x, i) such that {V(x,i);i=1,--,m(x)} is a mutually disjoint
collection which refines & Let W,.=\U{V{x1);i=1L, - ,mx)} and V(x)=
R—f(A—W,); then V(x) is an open neighborhood of x.

Since F follows out R fully, there exists an index A=A such that $;
refines {V(x); x= R}. Then the following inequalities hold :

{We; x€ R} > {/{(V(x); x= R}
> Fw); as Ai} > {mi(@); a s A}
Since {z7%a); ¢ = A;} is mutually disjoint, we can get a mutually disjoint
open covering {lU/,; x= R} of A such that U,C W, for every x= R by an
easy transfinite induction on x with an arbitrary well-ordering. Since U,n
(UV 0 i=1 - ,m)D = U, N\ We=U,,
{Un\V(x,0); =1, ,mx), x = R}
is a mutually disjoint open covering of A which refines @. Thus we can con-
clude that A is a paracompact space with Ind A=0 and the theorem is proved.

Let us state here a sufficient condition for the existence of a directed
family of closed coverings of order < n--1.

THEOREM 2.5. Let U={W,={U,;ac A)}; A=A} be a family of locally
Sinite coverings of a topological space R with order U= n+1 and {As ¢ip; 4 € A}
an inverse limiling system, which savisfy the following condition :

(7) For any ordered pair A< p and any B < A, Z?TB is contained in Uy, where
a:%,\(,@),

Setting, for any 2 and any o < A;,

Fo=N(UTs; 8 Ap el =a)),
n>a
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F={%,={F,;ac A)}; A< A} is a directed family of locally finite closed cover-
ings of order =n+1 with an inverse limiting system {Ay, @i}

PROOF. Let 1< u be an arbitrary ordered pair of 4 and « an arbitrary
element of A,. First we prove F,D\J{Fy; ¢.{f)=a}. Let £>2; then there
exists a v with v > & as well as v > #, and it holds that

U1 eo.(nN=ay="U{U{Tr; 9.er) =08} ; pel) =}
CUUs; ped)=al.
Hence we have
Fo=(N{U{Tss 9y =al); v > 1))
ANTULTs; a®=a}; €+ 46>
=N {U{Us; ool =a};v> )
=N {U{U{Tr; 9.4 =8); B =al; v >},
On the other hand it is evident that
U{Fp; @u(B)=a}
=U{N{ UL o) =8}Y;v>n}; gl =al .
Therefore we have F, D\ {Fy; ¢u(B)=a}.

To prove F,C\U{F3; ¢.(8)=«}, let x be an arbitrary point of F,. For
each v >z, x is a point of \J {\J{U;; ¢, L) =8}; ¢..(8)=a}. Hence

BN =A8; xc UtUs; 9.u(1)= B}, ¢ =}

is a finite and non-empty subset of A,. When v >y’ > p, it is evident that
B.w)yC B,v"). To prove N{Bv);v > u} + ¢, assume the contrary. Let v, be
a fixed index with v,> g and B, v,)={F. -, B}, Then for every ¢ with
1<{<m there exists an index y; with v; >z such that g;& B.(v,). Let vy,
be an index such that v,,, >v; for 0 =i<m; then B,(v.,..) C B, v, and B (v;)
DB mi) 2 B for 1=i=m. Hence we have B, (v,.,)=¢, which is a contra-
diction. Therefore N{B.(v);v > u} is not empty and contains an element,
say f,. Then ¢,(8,)=a and for any v with v> g, x is contained in U {Uy:
?,.(r)=8,}. Thus x is contained in N {\J{Ur; @,{r)=78};v>x} and hence
so in \J{Fy; ¢,a(8)=a}. Therefore the inequality F,C\J{Fp; ¢,.(8)=a} is
proved.

Finally we show that each element of the family F is a closed covering
of order £n-+1. For any 4 and any « = A4;, it is almost evident that F, is a
closed subset of R which is contained in U,. Thus the order of ¥, is at most
n+1. To prove that §; covers R, let x be an arbitrary point of R. Setting

Co={a;xc U, e}, >,

it is evident that {C, ¢, |1C.; #>v> 24} forms an inverse limiting system.
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Since C, is a finite and non-empty subset of 4, for every 2> 2, lim{C,, ¢, |C,}
is not empty and hence contains an element (a'(y); a®(w)=C,, #>2). For
any u,v with 2>21, v>2, ¢, (a’(x) coincides with ¢, {a’(v)). Denote this
common value by «®(2). Then Fu contains x, since x& Uy for every
u> 2. Therefore %, is a covering and the theorem is proved.

§ 3. Construction of directed families from mappings defined on 0-dimen-
sional spaces.

LEMMA 3.Y. For a topological spuce A the following conditions are equivalent.

(1) indA=0.

(2) A is homeomorphic lo a non-empty dense subset of the limit space of an
inverse limiting system of finite discrete spaces.

This is a part of [18, Corollary 27.

THEOREM 3.2. If a nown-empty topological space R admits a closed continuous
mapping f, with order f < n-t+1, of a completely regular space A, with ind A=0,
onto R, then R is a regular space and has a directed family F, with order F =
n+1, of finite closed coverings of R which folllows out the topology of R locally.

Proor. R is regular from the regularity of A and the compactness of
F~%x). By Lemma 3.1 we can consider A as a subset of the limit space of an
inverse limiting system {A; ¢,.; 4 € A} of finite discrete spaces A, Let m;:
A— A, 2= 4, be the projections. Then F—={%F={F,=r(@#zi{a); a< A,};
Ae A} is a directed family of finite closed coverings of R with an inverse
limiting system {A,, ¢i.; A < A4}, Moreover it is evident that order F<#n+1.

To prove that F actually follows out R locally, let x be an arbitrary point
of Rand U an arbitrary open neighborhood of x. Let |f~%(x)| =7 and f~'(x)=
{a,, ---,a;}; then there exists, for every { with 1=<i</, an index 2; < 4 such
that f(zy/(m(e)))C U, i=1,---,5. Let g be an index of A such that i) u#>4;
for i=1,-,j, ii) {rfa);i=1, - ,j} consists of mutually different represen-
tatives. Then we have f(zz{(r (/")) C U and |z,(f(x))|=j. Suppose that
there exists an a & A, such that a &7, (f"%(x)) and x&f(mp'(a))=F, Then
we have |fYx)|=|z,(f Y x)|=7-+1, which is a contradiction. Therefore we
have S(x, ¥,)C U and the theorem is proved.

THEOREM 3.3. If a non-empty topological space R admits a closed continuous
mapping f, with orderf=un+1, of a normal space A, with Ind A=0, onto R,
then R is a normal space and has a directed family F, with order F=n-t+1, of
finite closed coverings of R which follows out R glabally.

PrROOF. R is normal from the normality of A. Let SA be the Stone-
éech-compactiﬁcation of A; then it is evident that Ind SA=0. Consider SA
as the limit space of an inverse limiting system {A; @4.; 4 <€ A} of finite
discrete spaces A;. Let %; be the projection of #A onto A, and =, the restric-
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tion of #; to A. Then
F={Fi={F.=fai{a); ac A;}; e A}

is a directed family of finite closed coverings of R with an inverse limiting
system {A; ¢i.; A€ A}. Moreover it is evident that order F = n+1.

To prove that F follows out R globally, let FC G be an arbitrary pair
of a closed set F and an open set G of R. Since f~i{F)Cf~YG), there exists
a bounded real-valued continuous function ¢ of A such that ¢(a)=0 if a<
FYEF) and ¢(a)=1 if ac A—f-YG). Let 4 be a continuous extension of ¢
to BA. If we set Fy={a;V(a)=0} and F,={a; y(a)=1}, then we have an
open covering & ={B8A—F,, BA—F,} of BA. Since BA is compact, there exists
an index u# of A such that {7z'(a); @« = A,} refines @. Let

Gy =S, (T @) ; a e Aub);

then Fy C G, C fA—~F,. Hence we have f{(IYCANF,CANG CANPBA-F,)
= ANBA—ANF,=A—ANF,C A—(A—f(G)=F"%G). On the other hand
S E), {nal(a); e € A, ) T AN G, holds. Hence we have f~(F)CS(f'(F),
{(mala); e« = AN CFYG). Therefore we have FS(F, %ﬂ)C'G and we know
that F follows out R globally. Thus the theorem is proved.

LEMMA 3.4 (E. Michael [10, Corollary 10). A regular space which is a
closed continuous image of a pracompact space is paracompact.

Let {A; @;.} be an inverse limiting system of discrete spaces A, Let
7y, A4, be the projection of A=Ilim {A4,, ¢,,} into A,. We call the system
Sull if every open covering of A can be refined by {a7(«); @« = A;} for some
Aed

LeMmMa 35 (K. Nagami [18, Theorem 21). In order that a topological
space A be @ paracompact Hausdorff space with Ind A=0 it is necessary and
sufficient that A is homeomorphic to the non-empty limit space oblained from an
inverse fimiting full system which consists of discvete spaces.

THEOREM 3.6. If a non-empty topological space R admits a closed con-
tinuous mapping f, with order f < n-+1, of a paracompact Haudorff space A, with
Ind A=0, onto R, then R is a paracompact Hausdorff space and has a divected
Jamily F, with order F = n-+1, of locally finite closed coverings of R which follows
out R fully.

Proor. By Lemma 3.5 there exists an inverse limiting full system {A4;
@, A€ A} of discrete spaces A; such that A=1lim {A,, ¢..}. Let w1 A— A,
A e A, be the projections. Then

F={F,={Fa=r(aj (@), ac A}, A€ A}

is a directed family of locally finite closed coverings of R with an inverse
limiting system {A;, ¢;.}. Moreover we have order F = n+-1.
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To prove that F follows out R fully, let & be an arbitrary open covering
of R. Then by the fullness of {A;, ¢;,.} there exists an index A = A4 such that
{mia); e & Ay} refines {f"YG); G=@}. It is evident that §; refines . By
R is paracompact. Moreover it is almost evident that R is regular.
Thus the theorem is proved.

§4. Inductive dimension.

THEOREM 4.1. If a topological space R has a divected family F={%,=
{F,,as A} ; heA} of locally finite closed coverings of orvder =n-t+1 which
follows out R locally, then R is a regulay space with ind R = n.

Proor. To prove the proposition by the induction on » let (P,) be the
assertion of the proposition for the case #=4i. Then (P_,) is evidently true.
Let > —1 and order F=<n+1. Make the induction assumption that (P;) is
true for i< #x. Let x bean arbitrary point of R and G an arbitrary open set
which contains x. Then there exists a 1= 4 with S(x, &) CG.

Let I be the open kernel of S(x, §)). Since Hi=R—\U{F,;x& F, < %,}
is an open set with x= H, CS(x, &;), we have xe HC H—G. Thus R is a
regular space. Since H—HC R—HC R—H,, H—H is covered by §;={F,;
a< B;} where By={a;x&F,as A}, Let for every 4> 2, B,={7; ¢,
& B;}. Then for every peM={v;v>1}, §a={F.; a< B,} covers H—H.
Let §, be the restriction of 4 to H—H, p e M. Since HC\J{F,: « = A;—B,},
order ,=n for every # = M. It can easily be seen that H=({9,; = M} is
a directed family with an inverse limiting system {B,, ¢, |B,; #>v > 2} of
locally finite closed coverings of H—H which follows out A— & locally. Thus
we have ind(H—H)=<n—1 by the induction assumption. Hence we have
ind R =% and the theorem is proved.

COROLLARY 4.2. If there exists a closed continuous mapping f, with order f =

n+1, of a completely vegular space A, with ind A=0, onto a topological space
R, then R is a regular space with ind R =< xn.

This is a direct consequence of Theorems B.2 and i1l

By a similar way used in the proof of [Theorem 4.1 we get the following

THEOREM 4.3. If a topological space R has a divected family of locally finite
closed coverings of ovder < n-+1 which follows out R globally, then R is a normal
space with Ind R <.

COROLLARY 4.4. If there exists a closed continuous mapping f, with order f =
n+1, of a normal space A, with Ind A=0, onto a topological space R, then R is
a normal space with Ind R < n.

This is a direct consequence of Theorems and

COROLLARY 4.5. If there exists a closed continuous mapping f, with order £ <
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n+l, of a pavacompact Hausdorfy space A, with Ind A=0, onto a topological
space R, then R is a paracompact Hausdorff space with Ind R=#n.

This is a direct consequence of [Corollary 4.4 and Lemma 3.4

THEOREM 4.6. If a topological space R has a divected family of locally finite
closed coverings of ovder <un+1 which follows out R fully, them R is a para-
compact Hausdorff space with Ind R = #.

This is an immediate consequence of and Michael’s theorem
[10, Theorem 17]: A regular space is paracompact if every open covering can
be refined by a closure-preserving covering, where a covering {F,; @« < A,} is

called closure-preserving if for any subset B of A4, we have U{F,;as B) =
UlF.; a =Bl

REMARK 4.7. Corollaries 4.2 and 4.4 have been already essentially proved
by Morita in the proof of [13, Theorem 17]. Therefore Propositions 4.1 and
4.3 can also be obtained, with the aid of the results in §3, as conseqguences
of Corollaries 4.2 and 44. Professor Morita pointed out these remarks. Let
the author take this oppotunity to correct a misprint in the paper cited now.
For Morita [13, Remark] read i) if fis a closed continuous mapping of @ normal
space X onto a totally normal space Y such that the order of f is at most n+1,
then Ind V= Ind X+»n According to C. H. Dowker [3] a topological space X
is called totally normal if it is normal and for any open set G of X there
exists a collection of open F,-sets of X which is locally finite in G and forms
a covering of G.

On the other hand J. Nagata [20] proved that ii) if f is @ closed continuous
mapping of a normal space X onto a perfectly normal space Y such that for any
ye Y the boundary of f») consists of at most n-+1 points, then Ind Y=
Ind X-+5.

It is to be noted that the following proposition is a generalization of both
1) and ii): 1ii) [f f is a closed continuous mapping of a normal space X onto a
totally normal space Y such that for any v < Y the boundary of fYx) consists
of at most n+1 points, then Ind ¥ = Ind X+#n. Since every perfectly normal
space is totally normal, it is evident that iii) implies ii). Let f, X, Y be those
of iii). Let ¥, be the aggregate of y = Y such that the boundary of F~(») is
empty. Let X, be the inverse image of Y; and X, the sum of boundaries of
S (y) with y= ¥,. Then f|X, is a closed continuous mapping of a normal
space X, onto a totally normal space Y—Y, such that the order of Fis
at most »+1. Since Y, is discrete and Y—Y¥, is closed, we have Ind Y=
max (Ind (YY), Ind ¥} by the hereditary normality of ¥ [3]. By these obser-
vations iii) is a direct consequence of i).

THEOREM 4.8. Let F={§;={F.,; a= A,}; A= A} be a directed family of
locally finite closed coverings of a topological space R with awn inverse limiting
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system {A,, ¢i.}. If F satisfies the following two conditions:

(1) order F<ni1,

(2) F follows out R locally,
them for any A< A and any mutually different indices &y, ,&n of Ay, 1Em=
n+1, @t holds that

ind (\ Fy, < n—m-+1.
i=1

Proor. Let 1 he an arbitrary index of A and «,---,a, be arbitrary
mutually different indices of A;, 1=m=n-t+1. Let M={u; x>} and

B,=1{8; eulB)c Ai—{ay, -, ant}, nebM.

Let $, be the restriction of {f,; a = B,} to F:fn\Fdi. Then it can easily be
i=1

seen that H={9,; n & M} is a directed family of locally finite closed cover-
ings of F with an inverse limiting system {B, ¢, |B,; #>v> A} which
satisfies the following two conditions:

3) order H=n+1—(m—1)=n—m-2,

(4) H follows out F locally.

Therefore we can conclude that ind F<#—m-+1 by and the
proof is finished.

In a similar way employed in the above proof we have the following with
the aid of [Theorem 4.3

THEOREM 4.9. Let F={F,={F,;ac< A;}; A= A} be a directed family of
locally finite closed coverings of a topological space R. If F satisfies the follow-
ng two conditions:

(5) order F=n-+1,

®) F follows out R globally, then for any A = A and any mutually diffevent
indices o, -, &y of Ay, 1=m=<nt+1, it holds that

Ind A\ F,, < n—m+1.
i=1

PrROBLEM 4.10. It is a well-known Katétov-Morita’s theorem that the large
inductive dimension coincides with the covering dimension for metric spaces
(M. Katétov [5] and K. Morita [12]). It seems to the author an interesting
problem to construct, for a paracompact and perfectly normal space R with
dim R=<#, a directed family of locally finite closed coverings of order <#xn-+1
which follows out R globally. It is to be noted that every metric space is
paracompact and perfectly normal. If this could be done, we should have
dim R=1Ind R for a paracompact and perfectly normal space R by

It seems also an interesting problem to learn whether the converse of
fTheorem 4.1 for a metric space R is valid or not. This problem will penetrate
into the essence of the small inductive dimension, one of the most important
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but undeveloped region in dimension theory, of metric spaces.

ReEMARK 4.11. We cannot expect that Hurewicz-Kuratowski’s theorem
cited in §1 may be valid even for the case when R is a compact Hausdorff
space for the following reasons: Assume that if R is a compact Hausdorff
space with dim R <, there exist a normal space A with dimA=0 and a
closed continuous mapping f 6f A onto R such that the order of f is at most
n+1. Then we know that Ind R<# by since dim A=0 if and
only if Ind A=0. Hence we have Ind R=dim R, which contradicts to the
fact that there exists a compact Hausdorff space whose large inductive dimen-
sion is actually greater than its covering dimension (Lunz [9], Lokutsievski

[8] P. Vopenka [23].

§5. Closed mappings of finite vague order.

DerINISION 5.1. Let f be a mapping of a topological space A onto another
topological space R. Then the vague order of f is the minimum of the number
»n which has the following property: For an arbitrary finite open covering
1l of R there exists an open covering B of A such that 1) F(B)={/(V); Ve B}
refines I, ii) for any point x of R the number of V& B with )N\ V+#¢
is at most #.

REMARK 5.2. It is almost evident that the vague order of f is the same
with the minimum of the number #» which has the following property: For
an arbitrary finite open covering W={U,, -, U,} of R there exists an open
covering B={V, -+, Va} of A such that i) (V) U; for i=1,---,m, ii) for
any point x of R the number of V;&®B with f~1(x)~ V;# ¢ is at most x.

LEMMA 5.3. Let f be a closed mapping of a novmal space A onto « normal
space R. If the vague order of f is at most n+1, then we have dim R < n.

Proor. Let U={U, -, U,} be an arbitrary finite open covering of R.
Since the vague order of f is at most %-+1, there exists, by Remark 5.2, a
finite open covering B={V,, -+, Vi} of A suchithat i) fF(V))c U;fori=1,..-, k&,
ii) for any x< R the number of V;&®B with F~'(x) V;# ¢ is at most n-1.
Since A is normal, there exists a closed covering & = {F,,---, Fi} of A such
that F;,C V; for i=1,---,k Then {f(F), - ,.f(Fy)} is a closed covering of R
of order = n+1 such that f(F,)C U; for i=1,-,k By [2, Theorem 6, p. 71]
there exists an open covering {W,, -, W} of R of order =#n-+1 such that
F,cW,cU,fori=1,---,k Thus we have dim R<» and the lemma is proved.

LEMMA 54. Let R be a non-empty paracompact Hausdorff space with dim R
=un. Then theve exist a paracompact Hausdorff space A with dim A=0 and «
closed continuous onio mapping f: A— R of the vague ovder =un-+1 such that
(%) is compact for every point x of R.

PROOF. Let {§,=1{F.; a s A,}; A= A} be the collection of all locally finite
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closed coverings of R whose orders are at most »+1. Let A be the aggregate
of points ¢ =(a,;; A= A) of the product space TI{A4,; 2= A}, where A, are
topological spaces with the discrete topology, such that N {Fy,; 4 s A} + .
Define f: A~ R as f(@)=N{Frya; A€ A}, where mi: A—A; 14, are the
projections. It can easily be seen that f is continuous and onto. The follow-
ing argument is the same as is employed by the author in the proof of [19,
Theorem 27 but we state it here for the sake of completeness.

To show the closedness of f, let B be an arbitrary non-empty closed subset
of A and x an arbitrary point of the closure of f(B). Let X2 be an arbitrary
element of 4. Let

Bi={a;xs =B},
then
Uy=R—\U{F,,;as A;—B;}

is an open neighborhood of x by the local finiteness of $;. Since f(B)NUz# ¢,
it holds that B/~ U+ ¢. Since f~{U) U {r7a); a = B,}, there exists
an index a(d) € B; with z7(a(A)) \ B # ¢.

Let a=(a(d); A € A); then it is obvious that f(¢)=x. Since, for any 4,
i mla) N\ B=a7(a)N\B#¢, a is a point of B=B. Therefore we get
x=f(a)=f(B) and hence f(B)C f(B). Thus the closedness of f is proved.
Moreover f~'(x) is compact, since S~ Yx)=TF{B,;; A A} and B, is finite for
every Ae A.

Next let us prove that A is a paracompact Hausdorff space with dim A=0.
Let 1 be an arbitrary open covering of A; then U can be refined by a cover-
ing B whose elements are open and closed, by the equality ind A=0. Since,
for any x= R, f~¥x) is compact, there exist a finite number of elements
Ve, s Vayma of B with F ) C Vo,V oo I Vi iy = W, where we can put
Veri=¢, x< R, without loss of generality. Put D(x)= R—f(A—W,); then
there exists an index A;& A4 such that %,'10 refines {D(x); x< R}. Since i)
{mila@); a € Ay} refines {f"(D(x)); x< R} and the latter refines {W,; x€ R}
and i) the order of {zj!(a); @ = A;)} is 1, we can prove by an easy transfinite
induction on x <= R, with an arbitrary but fixed ordering, the existence of an
open covering {U,; x= R} of order 1 with U,C W, for every x= R. Let

¢ = {Uxﬂ(vx,z_ qu,]); i:z, e m(x)’ X e R} :
J<i

then € is an open covering of A of order 1 which refines . Thus A is a
paracompact Hausdorff space with dim A =0.

To prove the vague order f of is at most #-+1, let 1 be an arbitrary
finite open covering of R, Since dim R = #, there exists an index A< A4 such
that &, refines 1. Let

V= {z7ia); a = Ay} .
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Since f(ri{a))=F, for any a = A,, f(B) refines . Let x be an arbitrary point
of R. Since the order of %, is at most #-+1, the number of elements of ,
which contain x is at most #+1. Hence the number of indices a of A; with
xef(z; () is at most #+1. Thus the vague order of s is at most n+1 and
the proof is completed.

Now the following theorem is evident from Lemmas 5.2 and B3

THEOREM 5.5. In order that a non-emply topological space R be a para-
compact Hausdorff space with dim R <n it is necessary and sufficient that there
exist @ paracompact Hausdorff space A with dim A=0 and a closed continuous
onto mapping f: A— R of the vague ovder = n-1.

§ 6. Open mappings of finite vague order.

The following is to be compared with

THEOREM 6.1. In order that a nown-empty normal space R be of the covering
dimension =n, it is necessary and sufficient that there exist a completely regular
space A with ind A=0 and an open continuous mapping f of A onto R such
that the vague order of [ is at most n-+1.

It is clear that the condition is sufficient. The necessity of the condition
is guaranteed by the following lemma.

LEMMA 6.2. For a normal space R with dim R < n there exist a completely
regular space A with ind A=0 and an open continuous onto mapping f: A— R
of the vague ovder < n+1 such that f~\x) is compact for every point x of R.

Proor. Let {I,={U,;ac A,}: i< A} be the family of all finite open
coverings of R of order <n+1. Let A be the aggregate of points ¢ ={«,;
Ae A) of the product space [1{A,; 1< A}, where A,; are topological spaces
with the discrete topology, such that N{Us,,; A€ A} #¢. Let f(@)=N{Urw;
Ae A}, where m;: A—A;, A€ A, are the projections. Then A is a completely
regular space with ind A=0 and f is a mapping of A onto R. Since for any
Aed and any a < A, we have f(z7¥a))=U,, f is an open continuous map-
ping. Let x be an arbitrary point of Rand B;={a;x= U,el;}, A€ 4. Then
F{(x)=TIB,; and hence it is compact.

To compute the vague order of f, let U be an arbitrary finite open cover-
ing of R and x an arbitrary point of R. Then there exists a A A such that
I, refines 11, since the covering dimension of R is at most n# Let B=
{mi a); a = A;}; then B is an open covering of A such that F(B) <MW, <L
Since z7 a) NS ~Ux) + ¢ implies f(z7 (a))= U, = x, the number of indices «
with z7{a)NS W x)# ¢ is at most the order of U;. Since the order of U, is
at most n+1, the vague order of f is at most »+1, and the lemma is proved.

REMARK 6.3. In view of Hurewicz-Kuratowski’s theorem cited in §1 it is
natural to raise the question: When ‘the vague order’ in Theorem 6.1 is
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replaced with ‘the order’, does the theorem thus obtained remain valid? The
answer for this problem, as well as for the case when f is closed (cf. Remark
4.11), is negative under some additional conditions imposed on A and R, since
the following assertion [17, Theorem 4.17 is valid: A paracomact Hausdorff
space R which is the image of a paracompact Hausdorff space A with
dim A=0, under an open continuous mapping f such that f~'(x) is finite for
every x = R, is unable to be of positive covering dimension.

§7. An example.

Let K"+ ¢ be a CW-complex given by J.H.C. Whitehead [24], where »
is the maximal dimensional number of cells contained in K* ¢! denotes an
z-cell in K™, and K™ denotes an m-section of K*. The main purpose of this
paragraph is to show the following

THEOREM 7.1. For any CW-complex K™ therve exists a directed family F, of
Jocally finite closed coverings Ts, 0 €M, of K* such that Fi;=F, N K'={F; A\
Ki;o= M} is a directed family with order F, <i--1 which follows out K* fully
Jor i=0,1,-,n.

ProOF. Let (P,.) be the assertion of the existence of spaces A;, i=0, -, m,
and of mappings f;,i=0,.--,m, which satisfy the following conditions:

1) A; is a paracompact Hausdorff space with Ind A; =0 for i=0,---, m.

ii) f; is a closed continuous mapping of A, onto K' with orderf;=<i+1
for i=0,---,m.

i) filAi=f for i=0, -, m—1.

iv) f7(e") is metrizable for any ¢! K™ and for i =0, -, m.

Since K° is discrete, (P,) is clearly true. Make the induction assumption
that (P,_,) is valid for s >0 and let us prove that (P,) holds.

Let {e7; £ = X} be the collection of all m-cells of K*. Fix an arbitrary
m-cell ef. Set

Be=fl(cF—e)
and
fe =fm-1l Bé .

Since B is closed in A,,,, f¢ is a closed continuous mapping of B, onto a
compact space e_?—egl such that, for every point x & eTg—e’g, f7'(x) is compact.
Hence B; is compact. Let e}, j=1,--,¢, be a finite number of cells of K™!
such that eZ—e? Ceft\J -« Ueft. Since B, C\J{frlled);j=1, - ,¢} and each
summand f,;ll(ej?'i) is metrizable, B, is a compact metrizable space.

Since Ind B <0, we can consider B¢ as the limit space of an inverse
limiting system {B; ¢;;}, where B;,i=1,2,..-, are finite discrete spaces, by
Nagami [17, §2]. Let z; be the projection of B, into B; for i=1,2,-. Set
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Oi={Ho=Szi (@); = B}, i=12,;
then this is a sequence of closed coverings of ez."—ez," of order =m. Let p be
a metric of e} agreeing with the preassigned topology of eg. There exists,
for every a < B, an open set G, of ef such that i) S(H,, 1/2)=1{x; olx, Hy) <
1/2} D G,, ii) order {G.; @« € B,} =m, by Alexandroff-Hopf [2, Theorem 6, p.
717. Let, for any point x of e"?— \U{Gw; @ = B}, V(x) be an open neighbor-
hood of x such that 1) V(x)[\(eg"—e?): ¢, ii) V(x)CS(x, 1/2). Since dim ef = m,
an open covering
{Ga, V(2); ¢ € By, x € é2—\U{G,; a € B}

of e? can be refined by a finite open covering

& ={Ei Ew;, x=sB,a’ = B}
such that i) £;C G, for any a = B, ii) E;m(e—’g—e’g):qb for any «’ € B, iii)
order  <m-+1. Set

E,=E;\M (Go— \U{Ea; &’ € B});

then it is evident that

G, ={Eu Ey; < B, a’ € B}

is an open covering of ¢? with order @, = m--1.
It is easy to construct, by a successive application of the same argument
as in the above, a sequence

@i:{Ew,Em';afEBi,a’EBi,}, 2..:1’2,-..,

of finite open coverings of ¢? with order & <m-+1 for i=1,2,.-, which
satisfles the following conditions:

i) ®;., refines @; for i=1,2, ..

ii) For any i and any o’ € B{, Ewn(eF—e®)=¢ and diaF, (i.e. the
diameter of FE,) <27

iii) For any ¢ and any a« e B;, H,C E, C S(H,, 27%).

iv) For any i and any &« € Biyy, EuC Epypy. it

Let C, be a finite discrete space which is the disjoint union of B; and B;
fori=1,---2,.--. Define ¥rypy,;: Cipy—C;fori=1,2,--, as follows : i) ¥y, {a) =
@i, @), if @€ By, i) EyCFEpypray if @ € Bjy,. For any pair i>j set
Y=Y e1,5 - Vi and let C; be the inverse limit of {C;, ;). Then C. is
a compact metric space with Ind Ce <0 which contains B; as a closed subset.
Define g;: C¢—e? in such a way that

gé((“v Ky, )) :QLEM ’

then g, is a continuous mapping of C; onto ef’* with order g, <m4-1 such that
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gelBe=T¢.

Let A, be the disjoint sum of A,_, and C.—B;, £ = X. Define 7, A,— K™
in such a way that 1) f,| w1 = Fnr, 1) S| Ce—B: =g:|Co— B, £ & X. Define
the topology of A,, as follows: A subset F of A, is closed if and only if i)
Fr\Au-, is closed in A,_,, ii) F\C: is closed in C; for every £ = X. Then
A., is a topological space and f, is a closed continuous mapping of A, onto
K™ such that orderf, =m+1. Let W={U;;d= 4} be an arbitrary open
covering of A,. Then UA A,_, can be refined by a relatively open covering
B={V;3; 0= 4} of A,., which is locally finite in 4., such that i) order B=1,
ity Vs Us for every d < 4. For every £ = X, ¥ A B; is a finite relatively open
covering of B:; with order B A B.=1. Hence we can find a relatively open
covering B, ={Ve; 0 4} of A,V C, with order B, =1 such that Ve, Us
and Ve N\ Am-1 = V5 for every 6 € 4. Then it can easily be seen that

BW={Wo=U{Ve; EcX}; 04}

is an open covering of A, such that ) order¥ <1, i) W, U; for every
d= 4. Thus A, is a paracompact space with Ind A4,,=0. To prove that A,
is a Hausdorff space, let x and y be arbitrary different points of A,. Since
x and y are closed subsets of A,, {A,.—x A,.—v} is an open covering of Ag.
Hence we can find, by the same way as is stated in the above, an open cover-
ing {W,, W,} of A, suchthat i) W,C A,—x and W,C An,—y, ii) W, W,=¢.
It is evident that y = W, and x < W,, which shows that A, is a Hausdorff
space.

On the other hand it is evident that f,.|Am-. =fm-: and ﬁ;l(e?):CE is
metrizable for any &e& X. Therefore the validity of (P,,) is established and
the induction is completed.

Thus we know that (P,) is valid by the induction. By A, is
the limit space of an inverse limiting full system {D,, m,.; 0 € M} of discrete
spaces D,. Let

F,={F,={f(z: a)); a € Dy}, 0 =M},

where n,: A,— D,, c = M, are the projections. Then it can easily be seen
that F, satisfies all of the requirements of the theorem, and the proof is
completed.

By an analogous argument to this proof we have the following.

COROLLARY 7.2. Any infinite dimensional CW-complex K admits a dirvected
family F of locally finite closed coverings which follows out K fully such that i)
F A K® follows out K* fully, ii) order FA K*<i+1, for i=0,1, -

COROLLARY 7.3. For any CW-complex K™ we have

dimK*=ind K*=Ind K"=#n.
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Proor. By Theorems 4.3 and 7.1 we have Ind K*<#x. It is well known
that dim K*<Ind K and ind K*=<Ind K* Let ¢" be an arbitrary n-cell of
K®* Then it is evident that n=inde¢"<ind K” and u=dime* < dim K".
Thus we have the equalities dim K”=ind K"=Ind K" =# and the proof is
completed.

REMARK 7.4. It is to be noted that the equality dim K®=g#x has already
been proved by H. Miyazaki [117 and K. Morita [15, Theorem 2]. Recently
B. Pasynkov [22] proved that, for any locally compact group G, the equalities
dim G=ind G=1Ind G hold. It seems to the author an interesting problem to
study whether any n-dimensional locally compact group G admits a directed
family of locally finite closed coverings of order =< n-+1 which follows out G
fully or not.
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