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MAPS PRESERVING SPECTRAL RADIUS, NUMERICAL
RADIUS, SPECTRAL NORM*

CHI-KWONG LIf, EDWARD POON¥, AND ASHWIN RASTOGI®

Abstract. Characterizations are obtained for Schur (Hadamard) multiplicative maps on com-
plex matrices preserving the spectral radius, numerical radius, or spectral norm. Similar results are
obtained for maps under weaker assumptions. Furthermore, a characterization is given for maps f
satisfying ||A o B|| = ||f(A) o f(B)|| for all matrices A and B.
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1. Introduction. Let M,, , be the set of m x n complex matrices, and let M,, =
M, ». There has been a great deal of interest in studying maps f : My, , — Mpy 5
preserving a given function ® on M,, ., i.e.,

(1.1) B(f(A)) = B(A) for all A € My, .

Early research on the topic focused mainly on linear maps f; see [14] and its refer-
ences. Recently, researchers have also considered additive maps, multiplicative maps,
differentiable maps; see [18] and its references.

The Schur product (also known as the Hadamard product or the entrywise product)
of two matrices A = [ai;], B = [bi;] is defined by Ao B = [a;;b;;]. The study of Schur
product is related to many pure and applied areas; see [10]. A map f : My, — M0
is Schur multiplicative if

f(AoB) = f(A)o f(B) forall A,B € My, .

The structure of Schur multiplicative maps f : M,,, — My, , can be quite com-
plicated. Nevertheless, if one imposes some mild additional assumptions on f, say,
F 7 {0mn}] = {Om.n}, then (e.g., see [4]) f will satisfy the following condition.

(t) There is a map P : My, , — My, such that P(A) is obtained from A by
permuting its entries in a fixed pattern, and a family of maps f;; : C — C
such that

(1.2) fais]) =P ([fiz(aiy))) -
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The purpose of this paper is to study Schur multiplicative maps on complex matri-
ces which preserve the spectral radius, the numerical radius, or the spectral norm; see
the definitions below. It is worth pointing out that preservers of the spectral radius,
numerical radius, and the spectral norm have been studied under other assumptions
by researchers; see [1, 2, 3, 5, 6, 7, 8,9, 13, 15, 16, 17, 19]. Even though the Schur
product is very different from the other algebraic operations on matrix spaces such as
linear combination and the usual product, the preservers are always real linear maps
as shown in the following discussion.

To describe our results, we introduce some notations and definitions. For A €
M, let

| Al = max{(z* A*Az)"/? . 2 € C", 2"z = 1}
be the spectral norm of A; if m = n let
w(A) = max{|z*Az| : x € C",z*z = 1} and r(A) = max{|A| : det(4 — A\I) =0}

be the numerical radius and spectral radius of A, respectively.

We prove that a Schur multiplicative map satisfies || A|| = || f(A)|| for all A € M,, »,
if and only if there are permutation matrices P € M,,, and @) € M,, such that one of
the following holds.

(a) f has the form A+ PAQ or A+ PAQ.
(b) m = n and f has one of the forms A — PA'Q or A— PA*Q.

We obtain a similar result under the weaker assumption that f has the form (f).
Moreover, we get similar characterizations for maps f : M,, — M,, satisfying w(A) =
w(f(A)) for all A € M, or r(A) = r(f(A)) for all A € M,,. Furthermore, we study
maps f such that ®(f(A) o f(B)) = ®(4 o B) for ®(A) = r(A),w(A4) or ||A4]. In
[15], a characterization was given for maps f : M,, — M, satisfying w(A o B) =
w(f(A) o f(B)) for all A,B € M,. We characterize f : M,,,, — My, such that
|[Ao B|| = ||f(A) o f(B)] for all A,B € My, . It is shown that maps f : M, — M,
satisfying 7(A o B) = r(f(A) o f(B)) for all A, B € M,, do not have nice structure.

In our discussion, let J, , denote the m X m matrix with all entries equal to
1, and let O,,, be the m x n matrix with all entries equal to 0. Denote by B =
{E11, Era, ..., By} the standard basis for M,, ,. When m = n, we use the notation
Jn,0n, etc. A square matrix is a monomial matriz if it is a product of a permutation
matrix and a diagonal matrix.

2. Schur multiplicative preservers.

2.1. Spectral radius preservers.

THEOREM 2.1. Let r(A) be the spectral radius of A € M,,. Suppose f : M,, — M,
satisfies (1) with f;;(0) = 0. Then r(f(A)) =r(A) for all A € M, if and only if there
is a complex unit v and an invertible monomial matriz Q@ such that f has one of the
following forms:

(21)  A=1Q7MAQ, A—aQTTANQ, A yQTIAQ, A yQTIANQ.
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Proof. The sufficiency part is clear. We consider the necessity part. Since f;;(0) =
0 for all (¢,7) pairs, f(E;;) has only one nonzero entry. As r(f(E;;)) = r(E;;) =1,
we may assume that f(E;;) = fj;(1)E;s; for some permutation (si,...,s,) of
(1,...,n). We may replace f by a map of the form A — Q'f(A)Q for a suitable
permutation matrix @ and assume that f(E;;) = f;;(1)E;; for j = 1,...,n. Evi-
dently,

(2.2) Ifi; (D] =1 forj=1,...,n.

We may replace f by the map A — f(A)/f11(1) and assume that f(F11) = 1. Now
for X = Eq1+ E12 — E91 — E22 we have r(f(X)) = 7(X) = 0. Note that f(X) = En1+
f12(1)Epg+ fo2(—1)Eaa+ fo1(—1) Eyy. It is easy to check that r(f(X)) = 0 if and only
if foo(—1) = —1 and f(FE12—F2) = uE12—pu~ ' Ey; for some nonzero u € C. Similarly,
we can show that for each j > 1, f;;(—1) = —1 and f(E1; — Ej1) = piErj — u;lEj
for some nonzero p; € C for j = 2,...,n. Let D = diag (1, p2,...,u,). We may
replace f by the map A — Df(A)D~!, and assume that f(E1; — Ej1) = Ev; — Ej1
forall j =1,...,n. So for each j > 1 we have two possibilities

(2.3) (1) f(Erj) = Eny, f(=Ej) = —Ej, or (ii) f(Ey) = —En, f(—Ej) = Euj.

Suppose j > 1. For any a € C, we have 7(f(E1; + aEj1)) = r(Fyj + aEj) = |a|'/?.
Similarly, r(f(aE1; — Ej1)) = r(aEvy; — Ejn) = |a|1/2. Thus,

(2.4) |fij(@)l = [fn(a)] = |a| for j=2,....n.

Together with (2.2) and (2.3), we have f(X) = Ei1 + aE1j + bEj1 + cEjj;, where
X =Enu+E;+Ejnp+E;;and 1 = |a| = |b| = |¢| with either ¢ =1 or b = —1.
Furthermore, since r(f(X)) = r(X) = 2, which is the Frobenius norm of f(X), it
follows that f(X) is a rank one normal matrix with trace equal to 2. Hence, we have

(2.5) fi;(1) =1, f(Ey + Ep) = a;(Eyy + Ejn) forj=2,...,n,

where a; are real units. We may assume a; = 1 for all j; otherwise, replace f with
the map A — Df(A)D, where D is the diagonal matrix with D;; = a;. We may also
assume f(F12) = E12 by replacing f with A — f(A)* if needed.

Now, we show that

(26) f(El_]) = Elj fOI‘j = 3, .oy n.
By the fact that f(+E;;) = £Ej; for j = 2,...,n, and r(f(Ea + E2j — Ejo — Ej;)) =
r(E22 + E2j — Ejo — Ej;) = 0, we have f(Ea;j — Ej2) = pEaj — Ejo/p for some

nonzero p € C. By (2.5), f(E1;) = Euj or f(E1j) = Ej1. If the latter holds, then for
Y = Eix+ Evj + B + Ezj — Ejo — Ejj,

r(Y) = 0# |u'/® = r(Ers + By + pBaj + Ejy — Eja/p— Ejj) = r(f(Y)),
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which is a contradiction. Thus, (2.6) and (2.31) hold (and so f(£FE;1) = £Ej; too).
Since 0 = r(X) = r(f(X)) for X = —E1 — Eij + Ej + Ejj, we see that f(—FEi) =
—E11 and f(—Elj) = —Elj.

Next, we prove that if j # k, then for any a € C, f(aEjx) = bE,; with b € {a,a}.
Note that |a|'/3 = r(f(X)) = r(X) for X = Fy; + aEjx + Ex1 (with j,k # 1). So,
the first part of the assertion follows, i.e. f(aEj;r) = bE;, with |b| = |a|. Now for
Y = Eu + Eyy + Eu + Ej + Ejj + Eji + Ep + Eij + Epi, 7(f(Y)) = 7(Y) =3
is the Frobenius norm of Y. So, f(Y) is a rank one normal matrix. It follows that

f(Ejx) = Ej, and f(Eyj) = Eij. Applying a similar argument to 3 = r(Z) =
(()) rZ—E11+E1j_Elk+E1+E]]_Ejk_Ekl—Ekj+Ekk,Wesee
that f(—Ej;x) = —Ej; and f(—FEy;) = —Ey;. For any complex a, since r(X) =

I1—al'/? = r(f(X)) and r(Y) = |1+a|1/2 =7r(f(Y)) for X = E;; +aE;;, — Ex; — Ex
and Y = E;; + aE;; + Exj — Exk, we conclude that fjx(a) = a or fjx(a) = a.

Next, we show that fi;(a™') = fjx(a)~! for any nonzero a € C. To see this, let
X = Ejj-i-Ekk-i-ank-f—a_lEkj with T(X) = 2. Then f(X) = Ejj-i-Ekk-i-bEjk—i—CEkj
with |b] = |a| and |c| = |a|~!. Then f(X) has characteristic polynomial of the form
A2 =2\ + (1 —be) so that r(f(X)) = max{|1+vbe|}. Thus, r(f(X)) = 2 implies that
bc=1.

We may assume that fi2(i) = i. Otherwise, we may replace f by the map
A — f(A). Tt then follows that fo1(—i) = —i by the argument in the preceding
paragraph. Consider now the matrix X = FEy1 — iFo1 + Fao + aF12. We see that
f(X) = F11 —iFs1 + Eog +aFE15 or Ey1 —iFs + Eos + aFE12. However, if flg(a) =a,
then r(f(X)) # r(X). Therefore, fi2(a) = a, and by the assertion in the preceding
paragraph, we have fa;(a)™! = a1, i.e., fo1(a) = a. Consider Y = aFE1; + aFE12 —
aF21 — aFss, with r(Y) = 0, and note that f(Y) = fi1(a)E11 + aF12 — aFa +
fa2(—a)Eaa, also with r(f(Y)) = 0. So fii(a) + faa(—a) = 0 and f11(a)foe(—a) =
—a?. This gives (fi1(a), faa(—a)) = +(a,—a). Suppose fii(a) = —a. Consider
Zy = aF11+bFE12+ FEo1+ E9s. Then Z, has eigenvalues {(1 +a)+ /(1 —a)?+ 46} /2

and f(Zp) has eigenvalues {(1 —a)x /(1 +a)?+ 4b} /2. If |1 +a|l > |1 —al, let
b= —(1+a)?/4 so that r(f(Z,)) = |1 —a|/2 < r(Zp). If |1 +a] < |1 —a| and a # 0,
let b = —(1 — a)?/4 so that r(f(Z,)) > |1 + a|/2 = 7(Z). Therefore we must have
fi1(a) = fa2(a) =

We now consider indices of the form (1, ). Recall that fi;(a) = a or a; we can
see that f1;(i) = i, otherwise 7(Y) # r(f(Y)) for the matrix Y = (1 + 2¢""/4)Ey; +
iE1j+ Ej1 + Ejj. Now, we can use the previous arguments to conclude that fy;(a) =
fir(a) = a = fjj(a). Similarly, we can then prove that for arbitrary k, we have
fix(a) =aforallae C. O

COROLLARY 2.2. Suppose f : M, — M, satisfies (1). The following conditions
are equivalent.

(a) f(A) and A always have the same spectrum.

(b) f(A) and A always have the same eigenvalues counting multiplicities.

(c) f has one of the first two forms in (2.1) with vy = 1 and Q being an invertible

monomial matrix.
Next, we consider Schur multiplicative maps.
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THEOREM 2.3. Suppose n > 3 and f : M,, — M, is Schur multiplicative. Then
r(f(A)) = r(A) for all A € M, if and only if f has one of the forms in (2.1) with
v =1 and Q being a permutation matriz.

Proof. The sufficiency part is clear. Consider the necessity part. We begin by
showing that the hypotheses imply f(0,) = 0,, and f(B) = B, where B={E;; : 1 <
i,j <n}.

Note that if Ao A = A then f(A)o f(A) = f(A), so 0-1 matrices are mapped into
0-1 matrices.

Let S = Sl U SQ with

S1={J,—FE;;:1<j<n} and Ss={J,—Ep:p+#q}

If A €Sy then A is unitarily similar to A; = J, — F11. If A € Sy then A is
unitarily similar to A = J,, — E12. Recall that the k x k Fourier matrix Fy, has (r, s)
entry equal to eiQW(T_l)(S_l)/k/\/E for 1 <r,s <k.Let U=[1]® F,_1. Then

# o 0 vn—1

and

* . 1 vVn—1 *
UA2U|:\/m n—1 :|@0n2_UE12U

so that U* AxU is unitarily similar to

1 (n—=2)/y/(n—=1) /(n—2)/(n—-1)
vn—1 n—1 0 @ 0,—3.

0 0 0
Thus,
n—1 Vvn2+2n-3 n n? —4
r=r(A)) = 5 + 5 and ro =r(Ay)=—- 4+ ——-—.

2 2

Now, we claim that all other A € M, satisfying A o A = A with at least two zeros
will satisfy

r(A) <re <71

Suppose Ao A = A with at least two zeros. We consider two cases.

Case 1. If A has a zero on the off-diagonal position, then by Theorem 8.4.5 in
[11], we see that r(A) < r(Az) < r(A4;).

Case 2. Suppose A has two or more zeros on the diagonal positions. It suffices
to show that T(A3) <79 for A3 = Jn — E11 — EQQ. To this end, let V = F2 & Fn_g.
Then

1 0 2(n—2)
V*A3V = 0 -1 0 @® 0y,—3.
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Thus,
n—1 Vn2+2n-7
r(ds) = —5—+ 5 <1y <1

Note that the inequality above holds if and only if n > 3. Since r(f(4)) = r(A)
for all A, we see that f(S) C S. Moreover, for any two X # Y in S, we see that
F(X) # f(Y). Otherwise, r(f(X oY)) >ry >r(X oY). So, f(S) =S.

Let X;; = J,, — Ej;. Since f(S) =S, we have f(X;;) = X, ;) for some permu-
tation p of {(7,7) : 1 <4,7 <n}. Then

f(0n) = f(X110X120---0Xpp) = f(X11) o f(X12) 0+~ 0 f(Xnn)
= Xp(l,l) O XP(LQ) O---0 Xp(n,n) = On

Similarly, for E;;, we have

FEN=F1 T Xe|= I Xues=Esip
(a.b)#(i.) (a,0) #(i.)

where the product intended is the Schur product. Thus, we conclude that f(B) = B.
Now, for each (i, j) pair and for each a € C,

f(aE;;) = f(aE;j o Eij) = f(aEiy) o f(Ei;) = bf(Eij)

for a certain b € C. Define f;;(a) = b using this relation. If A = (a;;) and f(A) =
B = (b;;), we see that

bijf(Eij) = Bo f(Eij) = f(Ao Eij) = f(ai; Eij).

Thus, b;; = fij(ai;). Hence, f has the form (). We may apply Theorem 2.1 to
conclude that f has the asserted form. The assertion on @ is easy to verify in view
of the fact that f(B) =B. O

COROLLARY 2.4. Supposen > 3 and f : M,, — M, is Schur multiplicative. Then
the following are equivalent.

(a) f(A) and A always have the same spectrum.

(b) f(A) and A always have the same eigenvalues counting multiplicities.

(c) f has one of the first two forms in (2.1) with v =1 and Q being a permutation
matriz.

Note that Theorem 2.3 and Corollary 2.4 are not valid if n = 2. For example,
define f : My — M by f(A) = diag(ai1,a22) if A = (a;;) such that as; = 0, and
f(A) = A otherwise. Then f(A) and A always have the same eigenvalues, but f is not
of any of the forms in (2.1). Actually, it is not hard to show that a Schur multiplicative
map f : Ms — My preserves the spectral radius or spectrum if and only if f(aF11 +
bEQQ) = anj +bE};, with {]., 2} = {j, k} and f(aE12+bE21) = c(a, b)E12+d(a, b)EQl
such that c¢(a,b),d(a,b) are any multiplicative maps ¢,d : C x C — C satisfying
c(a,b)d(a,b) = ab.
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2.2. Numerical radius preservers. The numerical range of A € M, is defined
by

W(A) ={2"Az: 2 € C", ¥z =1}.

Clearly, w(A) = max{|u| : p € W(A)}. The following properties of the numerical
range and numerical radius will be used in our discussion; see for example [12, Chapter
1].
1. Suppose A € M has eigenvalues A1, A\o. Then W (A) is an elliptical disk with
foci A1, A2 and minor axis of length

{tr A" A= [\ [2 = a2} 2.

If A has real eigenvalues, then W(A) has major axis along the real axis and
consequently w(A) = r(4A 4+ A*)/2.

2. Suppose A € M, is unitarily similar to A; ® Ay. Then W(A) is the convex
hull of W(A;) UW (Az). Consequently, w(A) = max{w(A4;), w(As2)}.

3. Suppose A € M, is unitarily similar to Ag @ 0,—2. Then the following
conditions are equivalent:

(a) [[A]l = w(A), (b) [[A]l =r(A4), (c) w(A) =r(4), (d) Ais normal.
Moreover, |A|| = 2w(A) if and only if Ay is nilpotent.

THEOREM 2.5. Let w(A) be the numerical radius of A € M,,. Suppose f : M, —
M, satisfies (). Then f satisfies w(f(A)) = w(A) for all A € M, if and only if
there is a complex unit v and a unitary monomial matriz Q such that f has one of
the following forms:

(27 A=1QAQ, A=QAQ, A yQTMAQ, A QTIANQ.

Consequently, g : M,, — M, is a Schur multiplicative map satisfying w(g(A)) = w(A)
for all A € M, if and only if g has one of the forms in (2.7) with v = 1 and Q a
permutation matriz.

Proof. The sufficiency part is clear. We divide the proof of the necessity part into
several assertions.

Assertion 1 There are complex units 71, ...,7, € C and a permutation matrix P
such that f(Ejj) = ')/jPEijt fOI‘j = 1, N

Let f(Ej;) = vjErs;. If rj = s5 then |y;| = 1, else, |y;| = 2. Now, consider
f(I). Note that each row and each column of f(I) can have only one nonzero entry.
So, f(I) is permutationally similar to a direct sum of a diagonal unitary, and a
monomial matrix so that each row and each column has a nonzero entry with modulus
2. Since w(f(I)) = 1, the second part of the direct sum cannot exist. So, f(I) is a
diagonal unitary matrix. We may apply a permutation similarity so that Pf(I)P! =

diag (Y1, - s Yn)-
We may modify f by A+~ P!f(A)P/~; and assume the following.
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(Al) f(EJJ) = ’ijjj fOI'j = ]., o, n with Y1 = 1.

Assertion 2 Assume (Al). Then for j =1,...,n and for any a > 0, f(aE;;) = aEj;.
Moreover, for any (i,7) pairs with ¢ # j and for any u € C, there is v € C with
|p| = |v| such that f(uE;; + pEj) = vE;; + vEj;.

Note that for any F;; with ¢ # j and u € C, we have f(uE;;) = vE,s for some
r # s and v € C such that |u| = |v|.

For any a > 0, let X = E1 + aEj; + Va(E1j + Ej1). Then w(f(X)) = w(X) =
1 + a equals the Frobenius norm of f(X), so f(X) is normaloid, which implies that
[(X) = En +aEj; +a(eEyj + e "Ej1). So, for j =2,...,n, we have fj;(a) =a
for all @ > 0. Consider f(X) for X = aEn + Ej; + Va(E1; + Ej1). We see that
fi1(a) = a for all a > 0.

For any p € C and i # j, let |u| = a and X = a(Ey; + Ej;) + pEij + GEji.
Again w(f(X)) = w(X) = 2a equals the Frobenius norm of f(X), so we have f(X) =
a(Ey; + Ej;) +vE;j + vEj; and hence f(uE;; + iEj;) = vE;; + DEj;, where |v| = |p].

Replace f by A+ Df(A)D* with D a diagonal unitary matrix so that f(E1; +
Ej1) = Erj + Ej for j = 2,...,n. Furthermore, we may assume that f(X) = X for
X € {E12, E21}. Otherwise, replace f by A — f(A)".

In the rest of the proof, we assume the following.

(A2) The conclusion of Assertion 2 holds, and f(X) = X for X = FEia,F2 or
Eyj+ Ej with j =3,...,n.

Assertion 3 Assume (A2) holds. Then f(E,q) = Epq and f(—E,q) = —E,, for any
(p, q) pairs.

Suppose j € {2,...,n}. Since f(Ei; + Ej1) = Ev; + Ej1, we see that f(X) =X
or X! for X € {Ey;,Ej;1}. Thus, for X = Eyy + E1; — Ej1 — Ejj, with w(X) = 1,
there are some complex units p, v € C such that f(X) = E11 + Evj; — pEj1 —vEj; or
f(X)=En+Ej1 —pE; —vE;;. In both cases, we must have p = 1. Otherwise, for
Y = f(X) we have w(Y) > w(Y +Y*)/2 > 1, which is a contradiction. Furthermore,
we have v = £1. Otherwise, for Z = f(X)/v, we have w(Z) > w(Z + Z*)/2 > 1,
which is a contradiction. For v = —1, we have w(f(X)) = v/2, a contradiction, so
v =1. Thus f(—Ej;;) = —E;; for all j (consider f(—X) for the case j = 1).

Now, for any 2 < p < g < n, consider X = Ey + By + Eig + Epy + Epp + Epg +
Eg1+ Egp+ Egg. Then f(X) = Eyy + Evp+ Erg+ Epy + Epp+VEpq + Eq1 + D Egp + Eogq.
Since w(f(X)) = w(X) = 3 equals the Frobenius norm of f(X), f(X) is normaloid
and we see that v = 1. So, f(X) = X or X' for X € {E,q, Eg}-

Let X = —I+ Eja+ Esj+ Ejy for j > 2. Then w(X) = || X| = |3—iv3]/2 = V3.
Assume one or both of the following holds: f(E2;) = Ej2, f(Ej1) = E1j. Then f(X)
is not normal. Let f(X) = H + iG, where H = H*, G = G*. Then ||H|| = 3/2 and
|G|l = v/3/2, and there is no unit vector x such that |v*Hz| = 3/2 and |v*Gz| =
\/§/2. Thus,

ja* (H +iG)z| < {(3/2)* + (V3/2)*}'/2 = V3 = w(X),
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which is a contradiction. Thus, we have f(Ey;) = Ea; and f(Ej;1) = Ej;1. It will then
follow that f(Y) =Y for Y € {Ejs, Ey;}.

Suppose 1 < j < k. Then we can use X = —I + F1; + Ej; + Ej1 to prove that
f(Ejx) = Eji. It follows that f(Ek;) = Ex; and hence f(E,q) = Epq for all (p,q)
pairs.

Now, by the first part of the proof of this assertion, we see that f(—Epq) = —Epq-

Assertion 4 Assume (A2) and the conclusion of Assertion 3 hold. Then
(1) f(pEpq) = pEpq for all (p,q) pairs and for any p € C, or
(2) f(uEpq) = iEp, for all (p,q) pairs and for any u € C.

Let X = i(E11 — F22) + F12 + Ea1. Then f(X) = puE11 + vEas + E12 + Eo; for
some complex units pu,v. Since 1 = w(Y) > w(Y +Y*)/2 for Y = f(X), it follows
that (u,v) = (i, —i). We may assume that g = i. Otherwise, replace f by the map
A — f(A). Under this assumption, we can consider X = i(Ey — Ej;) + Evj + Ejn
and conclude that f(—iE;;) = —iEj; for j > 1. It Y = —i(En + Ev; + Ejn + Ej ),
then w(f(Y)) = 2 is the Frobenius norm of f(Y'), so the trace of f(Y") has modulus
2 and thus f(—iE11) = —iE11. Now, repeating the above arguments to X = i(E;; —
Ev1)+ Evj + Ej1, we see that f(iE;;) = iE;;.

Suppose j € {2,...,n}. For any a > 0, let X = a(E11 + E1; — Ej1 — Ej;). Then
f(X) = a(E11 + bE1; + cEj1 + dEj;) for some norm one b, ¢,d € C. Using the same
argument as that following assertion 3, it follows that d = —1, and bc = —1. Hence,
f(—aEj;) = —aE;;. Now, consider X = —a(E1 + E1; — Ej1 — Ej;). Similarly, we see
that f(—aFEq1) = —aFEq1. In summary, we have f(aE;;) = aEj; forall j =1,...,n,
and for all a € R.

(A4) At this point, we have f(aE};) = aEj; for all a € R and a = +i. Also, we have
f(£Epq) = £E,, for all (p, ¢) pairs.

Now, suppose p # ¢q. For any a > 0, let X = \/a(E,, — Eyq) + (aEpqy — Eqyp).
Then f(X) = Va(Epp — Eqq) £ (1Epq — Eyp) for some p € C with |u| = a. Since
w(f(X)) =w(X) = (1+a)/2, we conclude that f(£aFEp,) = faFE,,.

Next, let z = |z]y € C and consider the matrix X = zE,, + |z|(Eqp + Eqq) =
|2|(YEpp + Eqp + Eqq). We see that f(X) = |z|(0E,p + Eqp + Eqq) for some complex
unit 6, and thus f(zEp,) = 2Ep, or ZEp,, by [15, Lemma 2.3]. Let Y = |2|(Epp +
Epg) + zEqp, so f(Y) = |2|(Epp + Epg + 0E4p) and hence f(zEy,) = zEq, or ZEg, by
[15, Lemma 2.4].

Now, for a > 0, let Y = iaE,, — Epg + aEqp + iEyq with w(Y) = (14 a)/2 +
v/ (1+a?)/2. From the above discussion, we have f(iaE,,) = iaE,, or —iaE,,. If
the latter case holds, then f(Y) = —iaE,, — Epq + aEqp +iE44 is unitarily similar to
i(—=aE,, + Epy + aEyy + E,,) with numerical radius equal to |1 —a|/2+ (1 +a)/V/2,
which is a contradiction. Thus, we see that f(Y) =Y and f(iaE,,) = iaE,, for all
a > 0. We can also consider —Y and conclude that f(—iaE,,) = —iaE,,.

Up to now we have shown that f,q(2) = z or Z, and fp,(ia) = ia for all real a.

Now for any z = |z|y € C\ R and any p # ¢, let X = —i|z|Epp + |2|Epq + 2E4q,
so f(X) = |z|(—iEpp + Epq + 0Eyq), where 6 = v or 4. If 6 = 7 then w(f(X)) =
w(if(X)) = |zlw(Epp + Epg + 17Eqq), while w(X) = w(iX) = |zlw(Epp + Epg +
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ivEqq). By [15, Lemma 2.3], iy = ¢y or —i7, which is a contradiction. It follows that
f(2Eqq) = 2Eqq for all z € C.

Let Y = |z|(e7"/4E,, + Epg + 7Eqp), 50 w(Y) = w(e”™*Y) = |z|w(E,, + Epy +
ivEyp). It f(2Eqp) = ZEy, we have w(f(Y)) = |z|w(Epp + Epg + i7Ey,), so by [15,
Lemma 2.4], iy = @y or —iy, which is a contradiction. It follows that f(zE,,) = 2Eq,
for all z € C. Thus the assertion is proved, and we have f(zE,,) = zE,, for any
z € C and for any (p, q) pairs. This completes the proof, as the function f now has
the asserted form.

For a Schur multiplicative map g : M,, — M, satisfying w(g(A)) = w(A) for all
A, we see that g(A) = 0 if and only if A = 0. Thus, g has the form (f). It is then
easy to deduce the conclusion. 0O

We have the following corollary concerning numerical range preservers.

COROLLARY 2.6. Let f : M, — M, satisfy (f). Then f satisfies W(f(A)) =
W(A) for all A € M, if and only if f has one of the first two forms in (2.7) with
v =1 and Q being a unitary monomial matriz. Consequently, g : M, — M, is a
Schur multiplicative map satisfying W (g(A)) = W(A) for all A € M, if and only if g
has one of the first two forms in (2.7) with v = 1 and Q being a permutation matriz.

2.3. Norm preservers. In this subsection, we study maps preserving the spec-
tral norm

| Al = max{(v* A* Av)Y/2 : v*v <1} = /A (A7 A),

where A;(H) denotes the largest eigenvalue of a Hermitian matrix H € M,.

THEOREM 2.7. Let ||A|| denote the spectral norm of A € My, . Suppose f :
My — My, satisfies (). Then ||f(A)|| = ||A| for all A € My, if and only
if there are diagonal unitary matrices P € M,, and Q € M, such that one of the
following holds.

(a) f has the form A — PAQ or A PAQ,
(b) m =mn and f has the form Aw— PA'Q or A — PA*Q.

Consequently, a Schur multiplicative map g : My, n, — Mp, n satisfies ||g(A)] = ||A]
for all A € My, ., if and only if g has one of the forms in (a) or (b) such that P and
Q are permutation matrices.

Proof. The sufficiency part is clear. Consider the necessity part. Without loss
of generality, assume n > m. Note that f(Ejr) = fjr(1)E,q for some (p,q) and
|fix(1)] = 1. For X = E;; + Ey with j # k, we have ||f(X)] = || X]| = 1, and
hence f(E;; + Exr) = f5(1)Epq + frr(1)Ers with {p,q} N{r, s} = 0. We may assume
f(Ej;) = f;;(1)Ej; for 1 < j < m, otherwise replace f by the map A — Pf(A)Q for
some permutations P, ). By considering the matrices F, + Eq; and Ej; + Eq; we
see that

(i) f(E1j) = vjE1; with |y =1for j=2,...,m, or
(ii) f(E1;) = viEjn with |y;|=1forj=2,...,m.
(Consideration of E1; + Eq2 + E1j shows that ‘mixed’ conditions cannot occur.)
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If n > m, then we can consider f(E1 m,+1) and show that condition (ii) cannot hold.
If m = n and case (ii) holds, we may replace f by the map A — f(A)" and assume
that condition (i) holds.

If j > m, we can use a similar argument to prove that f(E1;) = f1;(1)E1, for
some p > m. We may then replace f by a map of the form A — f(A)(L, ® Qo) for
some permutation Qo € M,,_,, and assume that f(E1;) = f1,(1)Ey; for j > m. Now,
replace f by the map A — f(A)/f11(1). We may assume that f(E71) = F11. Next,
let Dy = diag (1, f21(1),..., fm1(1)) and Dy = diag (1, f12(1),..., fin(1)). Replacing
f by the map A — D' f(A)D; "', we may assume that f(X) = X for

XE{EH}U{Eﬂ:2§j§m}U{E1j:2§j§n}.

Since ||f(X)[| = [|X|| = 2 for X = E11 + Ewx + Ej1 + Eji, we see that f(Ej) = Ej
for all (4, k) pairs.
Recall that | f;i(a)| = |a| for all complex numbers a and all (j, k) pairs. Now

IF (X =X = vV2+2[a|? for X =aFEi +aEi, + Eji + Ejg.

If f(X) = fu(a)Eu =+ flk(a)Elk =+ Ejl -+ Ejk, we have fu(a) = flk(a). Similarly, by
the fact that

[ =IY] for Y =aFEun + Ew+akj + Ej,

we see that fi1(a) = fj1(a). Finally, consider || f(Z)| = ||Z|| for Z = En + Ew, +
aEj1 +aEjy, we see that fj1(a) = fjx(a). Consequently, f11(a) = fjx(a) foralla € C
and all (j,k) pairs. From this we can conclude that there is some function 7 such
that for any (j, k), fjx(a) = 7(a).

Let Y = E1; + E12 + E21 + aFss. Then Y*Y has eigenvalues %(3 + |al? £
V/(Ja]2 = 1)2 + 4]1 +a[?). Here |V = || f(Y)|| requires that 7(a) = a or @ Now
suppose 7(i) = i. Otherwise, replace the map f(A) with A — f(A). For a € C with
Re(a) # 0, let

Z = By +aEis + By + Bz with | Z] = \/|af2 + 1+ V3Re (a) + Im (a)].

Since || Z|| = ||f(Z)]], we see that 7(a) = a. For a purely imaginary, that is a = ic
with ¢ € R\ {0}, consider Z = Eq1 + cE12 + iFa1 + icEag, with | Z|| = V2 4+ 2¢2.
If 7(ic) = —ic, then || f(Z)| = max(v/2,v/2|¢|) < ||Z]|, which is a contradiction. So
7(a) = a for a purely imaginary. Combining with the previous case we obtain 7(a) = a
for all a € C.

The proof for Schur multiplicative maps is similar and simpler. See the proof of
Theorem 2.5. 0O

3. Maps without the algebraic assumption. In this section, we consider
maps satisfying ®(AoB) = &(f(A)of(B)) for all A, B € M,, ,, for (A) = r(A), w(A),

or ||A]l.
First, there is no good result for ®(A4) = r(A4). For instance, let f(A) = A if
A is not in triangular form, otherwise let f(A) = diag(a11,...,ann). The result for

®(A) = w(A) was done in [15]. For ®(A) = || A||, we will prove the following result.
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THEOREM 3.1. Let f: My, , = My, . Then

(3.1) [Ae Bl =[lf(A)e f(B

for all A, B € My, ,, if and only if there exist
(a) permutation matrices P € M, and Q € M,,
(b) ©® € My, such that |0;5] =1 for all i,j and © 0 © has rank one,
(¢) diagonal unitaries Ux € My, and Vx € M, for each X € My, »,
such that

(3.2) f(X)=00(UxPXQVyx) or f(X)=00(UxPXQVx)
or, if m =n,

(3.3) f(X) =00 (UxPX'QVx) or f(X)=0o0(UxPX*QVx).

Note that if R € M, , has rank 1 and is unimodular (that is, |R;;| = 1 for all 4, j)
then R = wv* for some unimodular vectors u € C™,v € C". Then Ro A = UAV™,
where U = diag (u1, - . ., um) and V = diag (v, ..., v,) are diagonal unitaries.

We will find it convenient to define the Schur-inverse of A as the matrix A1
having (i, j)-entry equal to (4;;)~!. The support of a matrix A will denote the set of
positions (¢, j) for which A;; # 0.

Recall that the Schatten p-norm of A is defined by

1/p
n

1Al = > si(AP] o 1Al = 4]l = s1(4),

=1

where s1(A) > --- > s,(A) are the singular values of A. We believe Theorem 3.1 is
probably valid if the spectral norm is replaced by certain Schatten p-norms, and so
our proof will proceed in this more general context until the last step. We begin with
three preliminary lemmas and a proposition giving some basic structure.

LEMMA 3.2. Let A, B € M, , and suppose each has at most two nonzero singular
values. If ||A|l2 = ||Bll2 and ||A|l, = ||Bllp for some p # 2, then A and B have the
same singular values.

Proof. Let r = ||Al|2, so we may write the singular values of A (respectively, B)
as rcosa and rsina (respectively, rcos 3 and rsin 3) for some a, 3 € [0,7/4]. The
r = 0 case is trivial, so suppose r # 0. If p = co we have a = (3; otherwise, let
f(0) = rP(cosP § + sin? ), so f(a) = f(B). Elementary calculus shows that f(6) is
strictly monotone on [0,7/4], so o = 3 as desired. O

LEMMA 3.3. Suppose ||All, = ||All2 # 0 for some p # 2. Then rank A= 1.

Proof. Suppose A has nonzero singular values s1,...,s,. Let f(p) = || 4|, =

j=1°73
nonzero singular value and the result follows. O

1/p
[Ek sp} . If k > 1, then f is strictly decreasing on [1, 00]. Thus A has at most 1
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LEMMA 3.4. Suppose |w| = |z| # 0 and p # 2. Then
1 w Sl oz
p

Proof. The singular values of X (6) =

= w=2zo0rw==2.

p

1
1

roots of (K +y(6)), where K = 3 +r? and y() = v/5 + 2r2 + ¥ 4 8rcosf. Let

1 s . .
it } are given by the positive square

F0) = X015 = 277[(K +y(8))"? + (K — y(6))"].

Since y(#) is strictly decreasing on [0, 7], some calculus shows that f(0) is strictly
monotone on [0, 7r]. Since f(—6) = f(0), the result follows. O
PROPOSITION 3.5. Suppose

(3.4) [A e Bllp = [[f(A) o f(B)l»

for all A,B € My, . Then there exist a permutation o of {(i,7):1<i<m,1<j<
n} and a map X — T'x from My, to the set of unimodular matrices in My, », such
that

(3.5) f(X)=Xs0Tx,

where (X5 )ij = Xo(i j)- (Clearly if p = 2 the converse is true.)

Proof. This result is probably known to experts; we include a proof for complete-
ness. For (i,1) # (r,5), 0 = | By 0 Evally = | £(Eig)© f(Evs)llps 50 F(Esj)0 f (Epg) = 0.
Hence, f(FE;;) and f(Ers) have disjoint support (they cannot both have nonzero en-
tries at the same position). Since f(E;;) # 0, it follows by the pigeonhole principle
that f(E;;) = cijEq(;,j for some permutation o of {(i,j) : 1 <i <m,1 < j < n}.
Since

1= |Eij o Eijllp = | f(Eij) o f(Eij)lp = 165 Eoigylp = lcii %,
we have |c;;| = 1. Thus, for each X € M, »,
| Xij| = 1 X 0 Ejllp = [1/(X) o f(Eij)llp = [1f(X) 0 cijEogigllp = | F(X)ol

and so there is some unimodular I'x such that

f(X)= ZXij(FX)a(i,j)Ea(i,j) = ZXU—l(i,j) (Px)ijBij =TxoX,-1. O

.3 i,J

Proof of Theorem 3.1. Clearly if f has form (3.2) or (3.3), then (3.4) holds. Now
assume (3.4) holds, so f has form (3.5) by Proposition 3.5. Since

Ty 0Tl = £(T) 0 f(Dllp =1 0 J|lp = v/mn
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and ||T'y o Tyll2 = v/mn, 'y o'y has rank one by Lemma 3.3. Let © = I';; by
replacing X + f(X) with X  f(X)o O (where ©(-1 is the Schur-inverse), we
may suppose f(J) = J. Then

(3.6) [Allp = l[Ac Jllp = [lF(A) o F(Dllp = £ (Al
for any A € My, n, so fis both a || - ||, and a || - ||2 isometry. In particular, if rank
A =1, then

1F(Allp = I1Allp = [[Alla = | F(A)l]2,
so rank f(A) =1 by Lemma 3.3. We shall often use this fact in what follows.

Step 1. We show that, modulo permutations and transposition, f fixes E;;.

By replacing X — f(X) by X — Pf(X)Q for some permutations P € M,, and
Q € M,,, we may assume f maps E7;1 back to a multiple of F11; that is, o(1,1) = (1,1).
Without loss of generality, assume m < n. Let A = Z?:l p;E1j, where p; denotes
the jth prime. Since rank A = 1, rank f(A) = 1 and so all nonzero entries of f(A)
must lie in the first row or column. If m < n, the nonzero entries of f(A) must lie in
the first row. If m = n and the nonzero entries of f(A) lie in the first column, replace
X — f(X) by X — f(X)! so that the nonzero entries of f(A) lie in the first row. By
replacing f(X) with f(X)Q’ for an appropriate permutation Q’, we may assume that
o(1,7) = (1,7) for all j. Applying a similar argument to B = >_\", p; E;; we may
assume that o(i,1) = (4,1) for all . Let C = E11 + 2E1; + 2E;; + 4E;;. Since rank
C =1, we have rank f(C) = 1, which implies o(¢,j) = (¢, 4) for all 4, j. In summary,
we may assume that f(X) = X oI'x, where |(I'x);;| =1 for all 4, j.

Define an equivalence relation A ~ B if A = UBYV for some diagonal unitaries U
and V. Note that A ~ B if and only if A =T o B for some rank one matrix I with
unimodular entries. Three properties of this equivalence relation are:

(a) A~ B=|A|p =Bl for all p

(b) AB <— A~B

(¢) If Ay ~ By and Ay ~ Bs, then Ay 0 Ay ~ B; o Bs.

We shall freely make use of these properties in what follows.

Step 2. We show that f(A) ~ A ~ A if rank A = 1.

If A is a rank one matrix, then so is f(A). We can write A = 3, - z;y;E;; and
flA) = Zi,j x;y;15jE;j. Let r (respectively, s) be the index corresponding to the
first nonzero row (respectively, column) of A. Let

n
V = Zl—‘r_]lEjj and U = Er'r + ZFi_SlEii’
j=1 iET

so that U f(A)V has the same first nonzero row and column as A. Since rank U f(A)V
= 1 and Uf(A)V has the same support as A, Uf(A)V = A, so f(A) ~ A. Note also
that A ~ A since A = (312, g(z:) Ei) A(Y 5 9(y;) Ejj) where g(x) = T/ if © # 0
and ¢(0) = 1.
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Step 3. We show that f(A) ~ A or A if A is supported on a 2 x 2 matrix.
To simplify notation, we write all matrices as if they were 2 x 2. Let

A—[Z; ZZ] and f(A)=AoTy.

If any a;; is zero, then f(A) ~ A ~ A, so suppose all a;; are nonzero.
Let B be the rank one matrix a;;' F11 +ajy E12 + a5y o1 + ajy aj1ay; Eao. Since
f(B) ~ B,

[Ae B, = [f(A) o f(B)ll, = [I/(A) o Bl|p-

_ -1 ~1
Let d = azea;5 ar1ag; , SO

1 1 1 1
AOB:{1 d] and f(A)oBN{l dew]

for some 1) € [~7,7]. By Lemma 3.4, f(A)o B ~ Ao Bor f(A)oB ~ AoB~AoB
(since rank B = 1, B ~ B). Taking the Schur product with the Schur-inverse B(=1),
we have f(A) ~ A or A as desired.

Step 4. Let C = Eyy + Ejg + Ea; +iFa. If f(C) ~ C, replace X — f(X) by
X — f(X), so we may assume f(C) ~ C. We show f(A) ~ A for any A supported
on a 2 X 2 matrix.

Let B be a rank one matrix supported on the same 2 x 2 matrix as C. By Step

3, f(CoB)~CoBorCoB. In the latter case,

IC o (CoB)ly=£(C)o f(CoB)|p=|CoCoBlp=IBlp= Bl

so by Lemma 3.2, C' o C o B and B have the same singular values. Since B has rank
one, so must C' o C o B, which is a contradiction if B has four nonzero entries. Thus
we must have f(C o B) ~ C o B whenever B has rank one, four nonzero entries, and
is supported on the same 2 x 2 matrix as C.

Suppose A is supported on the same 2 x 2 matrix as C. To show that f(A4) ~ A,
suppose, by way of contradiction, f(A) ~ A and A £ A (so A has four nonzero
entries). Let B be a rank one matrix supported on the same 2 x 2 matrix as C' such
that Ao B = E11 + E12 + Fo1 + dFEss, d # 0. Since

Il o

~ Ao BoCl, = [AoBocl,= || | 7 |

=[[AcBoCl,=[f(A)o f(Bo )l

p

)
p

1

Lemma 3.4 implies d = d. But this implies Ao B = Ao B ~ Ao B, whence A ~ A
which is a contradiction. Thus, f(A) ~ A as desired.

Suppose f(X) ~ X for all X supported on {(i,7) : ¢ = p,q;j = r,s}, and
f(X) ~ X for all X supported on {(i,j) :i = p,q and j = s,t}. We show this gives
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a contradiction. Without loss of generality, we take p =r =1, ¢ =s= 2, and t = 3,
and write all matrices as 2 x 3.
Let w = *™/3 A = b1 i , X = ! i 0 ,and Y = 0 i L .
1 w w 1 w 0 0 w w
1 1 1

| wa wH |’ where |a| = || = 1. Using Lemma 3.4 and

We may write f(A) ~ [

1 1 0 1 1 0
11110 —raext=treeseon -1 2 o]
P P
we have a = 1. Using Lemma 3.4 and
0 1 1
1[0 1 ]| =1aevi=nse s,
P
o I I
we have 3 = w*. Thus f(A) has singular values V. 34+ /3, V3-13 3, whereas A has

singular values v/3,v/3. But ||All, = ||f(A4)||, so, by Lemma 3.2, A and f(A) have
the same singular values, giving a contradiction.

It follows that f(X) ~ X for any X supported on a 2 x 2 matrix lying in the
first two rows. By taking transposes in the preceding argument, we can conclude that
f(X) ~ X for any X supported on a 2 X 2 matrix lying in the first two columns, and
hence for any X supported on any 2 X 2 matrix.

Step 5. Suppose X;; #0 <= i€ [ and j € J for some I C {1,...,m} and
J CA{1,...,n}. We shall show f(X) ~ X.

Given any 2 x 2 submatrix of X with row and column indices in I and J re-
spectively, choose a matrix B supported on the same 2 x 2 submatrix such that

BoX = [ 1 1 ] on that 2 x 2 submatrix. Then

[1BoX|l, =I[lf(B)o f(X)]p=I[BoXolxlp.

By Lemma 3.2, Bo X oI'x has rank one, and hence the corresponding submatrix of
I'x has rank one. Thus every 2 x 2 submatrix of I'x with row and column indices
in I and J respectively has rank one, so the submatrix of I'x with row indices in I
and column indices in J has rank one. By redefining, if necessary, the entries of I'x
which lie outside this submatrix, we have rank I'x = 1, as desired.

Step 6. We now restrict to the spectral norm (p = 00), and show f(X) ~ X for
all X.

First suppose A is an m X n matrix such that |A|*|A| is irreducible (the absolute
value is entry-wise). Let € R’ be the positive unit eigenvector (from Perron-
Frobenius theory) such that |||A[||* = z!|A|*|A|z. Let B;; = |A;j|/Aqi; if Aij # 0 and
B;; =1 otherwise. Then

[All = l[Ao Bl = [[f(A) o f(B)]| = [f(A) o B|| = [[Ao BoTal = [[[A| o T ][.
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Write A = |A] 0 T4, and let v € C” be a unit vector such that ||A| = ||Av||. Let D
be a diagonal unitary such that D|v| = v. Then

I1AIN = 1Al = | Av]| = | ADol|| < [ Allo]] < [l1AJz] = Al

so all the inequalities are in fact equalities. Equality in the second inequality implies
|v] =  has strictly positive entries. Equality in the first inequality implies, for each
i,

> (AD)ijz;| = Z |Aijlzj,

J J

SO (AD)U» has the same argument for each j such that A;; # 0. By redefining,
if necessary, the entries of I'y corresponding to A;; = 0, we may conclude that
AD = |A| o R for some unimodular rank one matrix R. Hence, rank T'4 = 1, whence
f(A) ~ A.

Finally, let A be an arbitrary m X n matrix. There exist permutations P and
Q so that PAQ is a direct sum of matrices Ay, ..., A, with |4;]"|A,| irreducible for
j=1...k. Apply the argument in the preceding paragraph to each A; to conclude
that the submatrix of I'4 corresponding to the supporting submatrix for A; has rank
1. We can then redefine, if necessary, the entries of I'y not supported on any of the
submatrices A; so that rank I'y = 1, whence f(A4) ~ A. O

We have shown for any p that, if f satisfies (3.4), then f(X) has the form (3.2)
or (3.3) whenever X has no zero entries (or more generally, if X is permutationally

equivalent to for some A with no zero entries). We conjecture that Theorem

A 0
0 0
3.1 holds if || - || is replaced by || - || if p is not even.

What if p is even? Obviously p = 2 is an exceptional case, but consider the

following map: Fix any complex unit ¢ and define f : Mz — M3 by

f(A) = A if any of Ay3, Agg, A3y are nonzero,

and
a b 0 a b 0
f c 0 d =|c 0 d otherwise.
0 e g 0 e ge?
a b 0
Note thatif A= | ¢ 0 d [, then
0 e g
lal? + |c|? ab cd
A*A = ab b]? + |e|? eg

cd g |d]* + |g?
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has Frobenius norm independent of the argument of g, so || f(4)|l4 = ||A||4 regardless

of which e? we choose. Thus f satisfies (3.4) when p = 4, yet for almost any choice
of e, f does not satisfy the conclusion of Theorem 3.1.

More generally, it seems that, for sufficiently large matrices A with a given zero
pattern, [[A|b = tr (A* A)P/? will not depend on the arguments of certain entries for
certain even values of p. An interesting open problem is to determine exactly which
zero patterns give rise to these counterexamples for a given even p > 4.

Acknowledgment. The authors thank the referee for some very useful remarks,
in particular for pointing out that a general Schur-multiplicative map f : My, , —
M., », must have the form

f(ai ;) = H z‘z,)}‘q(ap,q) )

1<p<m,1<q<n
where f! : C — C is the multiplicative map defined by

PA(N) = (i, j)-entry of f(Jmn + (A —1)Epq).

0,3
This comment inspired us to improve Theorem 2.3 and Corollary 2.4 by removing the
unnecessary condition f(0) = 0 from an earlier version of the paper.
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