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Abstract

The restructured market for electricity in th
UK has experienced a systematic pattern of pr
spikes associated with the use of market powe
by the two dominant generators.  Partly in
response to this problem, the share of capacity
owned by any individual generator after
restructuring was limited in Victoria, Australia.
As a result, a much more competitive market
resulted with prices substantially lower than the
were under regulation.  Nevertheless, an errati
pattern of price spikes exists and the price
volatility is a potential problem for customers.
This paper argues that the use of a uniform pri
auction for electricity markets exacerbates pric
volatility.  A discriminatory price auction is
proposed as a better alternative that would
reduce the responsiveness of price to errors in
forecasting total load.

1.  Introduction

A number of countries have restructure
their markets for electricity for a variety o
different reasons.  They share, however, 
objective of making the new market fo
generation more competitive with lower avera
prices.  In the UK, high prices caused by the u
of market power by the two largest generato
have been a persistent problem (see von der F
0-7695-0001-3/99 $10.0
and Harbord (1993), Newbury (1995), Wol
and Patrick (1997), and Littlechild (1998)).  T
electricity markets in Scandinavia and N
Zealand also have dominant generators, but 
are owned by the state and they practice s
form of self-imposed restraint on the use 
market power (see Wolak (1997) and Re
(1998)).  Consequently, prices are relativ
stable but are probably higher than competi
levels.

Given the experience in the UK market, t
restructuring of generation in Victoria, Austra
required that each major power plant should
sold to a different buyer, effectively limiting th
share of capacity owned by any individu
company (see Outhred (1997) and Wo
(1997)).  Hence, the foundation for a relativ
competitive market with six competin
generators was established as an improvem
over the skewed pattern of ownership in the U
The subsequent merging of the Victorian mar
with the state-owned generators in New So
Wales in May 1997 did not change the situat
appreciably.  In fact, prices fell further after t
merger.

Although lower prices for electricity in th
Australian market are an encouraging sign, th
are also erratic patterns of price spikes wh
lead to high price volatility.  This type of pric
behavior is illustrated in Figures 1 and 2.  
Figure 1, average daily prices are shown for 
0 (c) 1999 IEEE 1
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past year (9/97 to 8/98), and there are ma
spikes and no obvious seasonal patterns.

Actual half hourly spot prices for a recen
week (23/8/98 to 29/8/98) are shown in Figure 
Once again, the price spikes do not follow 
regular daily pattern as they do during the wint
months in the UK.  Price volatility appears to b
an intrinsic problem with this particular
competitive market.

Most of the theoretical research on auctio
has been directed to markets to sell items and 
behavior of buyers.  Assuming that the logic fo
setting offers in markets to buy items i
equivalent to the logic for setting bids discuss
in the literature, the results of Ausubel an
Cramton (1997) suggest that the offer curves
submitted by sellers in a multiple units auctio
will be higher and steeper than the true margin
cost curves if a uniform price auction is used (a
successful sellers are paid the same price).  Si
the difference between the offer and the margin
cost increases as the number of units for s
increases, this behavior is an example of ho
market power can be used to increase the fi
price.  Wolak and Patrick (1997) have shown th
the two largest generators in the UK have us
their market power successfully to raise pric
this way.  Backerman et.al. (1997) have us

Figure 1:  Average Daily Prices for 
Electricity in New South Wales (c/kWh 

from 9/97 to 8/98)
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Figure 2:  Spot Market Prices for 
Electricity in New South Wales 

(c/kWH from 23/8/98 to 29/8/98)
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experimental economics to show that genera
can capture congestion rents and make ex
profits.  In addition, Bernard et.al. (1998) ha
used POWERWEB (a simulation model of 
electricity market used to test alternative types
auction at Cornell University) to show th
participants can exploit opportunities for mar
power in load pockets.  Such behavior is 
surprising to most economists.

One of the implications of having steep
sloped offer curves is that the aggregated su
curve will be relatively price inelastic
Consequently, uncertainty in the load due
forecasting errors will be amplified into hig
price volatility.  Furthermore, price spikes a
more likely to occur when the expected load
high and the level of market power is at 
greatest.  Price spikes can also occur a
unexpected outages of generators or transmis
lines.  In general, market power will make pric
more volatile when a uniform price auction 
used, and all restructured markets for electri
have adopted this type of auction.

The main objective of this paper is 
demonstrate that a discriminatory price auct
in which generators are paid what the offer, m
be a better form of auction for electrici
markets.  The reason is that the offer curves 
be flatter and the aggregated supply curve m
price elastic.  Consequently, uncertainty ab
load will be dampened, and price volatility w
be smaller than it is using a uniform price auct
even if there is no appreciable market power.

Many economists believe that discriminato
price auctions are less efficient than unifo
price auctions because Vickrey (1961) show
that buyers would submit honest bids if they p
the highest rejected bid in an auction to s
items.  However, these results do not genera
as Vickrey recognized, to situations in whi
some individuals want to buy more than o
item.  Swinkels (1997a and 1997b) has sho
that both a uniform price and a discriminato
price auction approach the perfectly competit
market solution if the number of participants
sufficiently large.  Furthermore, over 90% of t
auctions to sell treasury bills in a sample of 
countries use a discriminatory price auct
(Bartolini and Cottarelli (1997)).  Hence, there
no convincing reason to dismiss t
consideration of a discriminatory price aucti
for electricity markets on theoretical or empiric
grounds.
0 (c) 1999 IEEE 2
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The objective of this paper is to compare t
effects of using a uniform price and 
discriminatory price auction for an electrici
market.  The following section of the pap
defines the conditions faced by a single gener
using a modified quadratic cost function.   T
optimum offer curve is derived in Section 3 for
uniform price auction, and the implications f
the aggregated supply curve and price volati
are determined.  The same steps are repeate
Section 4 for a discriminatory price auction.  
the final section, the two supply curves for t
two different auctions are compared.  The res
imply that both auctions are adversely affec
by market power, but the price volatility is muc
lower using a discriminatory price auction.

2.  The Specification for a Single
Generator

Consider a spot market for electricity wi
N  generators participating.  Each genera
submits offers to an Independent Syst
Operator (ISO) and tries to maximize expec
profits (short-run net revenue) subject to a kno
cost function.  Using a uniform price auction, t
same price is paid to the generators who sub
the lowest offers to meet an expected lo
E[Qtot] (i.e. demand is perfectly inelastic).  Th
price paid to generators is set at the intersec
of the load and the combined offer curve for 
generators.  Since discontinuities in the of
curves are ruled out by the specified form of 
cost functions, there is no need to distingu
between a Last Accepted Offer and a F
Rejected Offer auction.  They are identic
Using a discriminatory price auction, generato
who submit the lowest offers to meet E[Qtot] are
selected, but the prices paid correspond to 
actual offers.

The form of the short-run cost curve fo
generation is specified as a displaced quadra
implying that the marginal cost curve is 
displaced linear function.  This form is chosen
approximate the actual cost functions derived
Wolak and Patrick (W&P) (1997) for the UK
Using this functional form makes it possible 
distinguish between offer curves that alter t
slope of the marginal cost curve and offer curv
that shift the location of the marginal cost cur
(e.g. reduce the degree of displacement from
origin).  The latter behavior was found by W&
to be a close approximation to the offe
3

al
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submitted by the two dominant generators in t
UK.  Examples of the two types of offer curv
and the true marginal cost curve are shown
Figure 3.

For the  jth  generator, the short-run cos
curve is specified as follows:

Total cost for generator  j
Cj(Qj) =  c1j  +  c2j  Qj  +  c3j  ∆Qj

2 (1)

where cij > 0 ,  i  =  1,2,3  and  q0j ≥ 0  are known
parameters (q0j is the degree of displacemen
from the origin),  Qj   is the level of generation
      ∆Qj  =  (Qj  − q0j)  for  Qj > q0j

              =  0  otherwise.
Given the form of the total cost in (1), the
marginal cost curve can be written:

Marginal cost for generator  j
      MCj(Qj)  =  c2j  +  2c3j∆Qj  (2)

                           =  (c2j  −  2c3jq0j)  +  2c3jQj      
 if  Qj  > q0j

       =  c2j  otherwise.

For simplicity, the offer curves are restricte
to having the same linear form as the margin

Figure 3:  Alternative Forms of Offer Curve 
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cost curves, and the offer curve for generato
is defined as follows:

Offer curve for generator  j
Pj(Q j)  =  v1j  +  v2j Qj (3)

where  v1j  and  v2j  > 0  are constants specifie
by generator  j ,  and  Qj is the level of generation
supplied at price  Pj .  The quantity supplied ca
be written as a function of the price received
give:

Supply offered by generator  j
Sj(Pj)  =  (Pj  −  v1j)/v2j  (4)

Since the  ISO  dispatches generators using
offer curves submitted by the generators, the to
payment for meeting load is minimized by payin
the same price  P  to all generators so that  Qtot  =
∑jSj(P).  (For this illustration, the costs o
transmission losses and constraints are ignore

The supply curve for the other  (N − 1)
generators is the sum of their supply curves, a
the corresponding demand faced by generato
is the difference between the total load and t
sum.

Demand faced by generator  j
  Dj(Pj)  =  Qtot  −  ∑i ≠ jSj(P) (5)

    =  [Qtot  +  ∑i ≠ j (v1i /v2i)]  −
        [∑i ≠ j (1/v2i)]P

Since generator  j  does not know the parame
values chosen by other generators for their o
curves (or the exact value of  Qtot  that will
occur), it is assumed that generator  j  forms 
following subjective expectation of the linea
relationship in (5):

Subjective expectation of demand by generato
  Qj  =  A1j  −  A2j P (6)

where  A1j > 0  and  A2j > 0  are constants
determined by generator  j.  The expect
demand faced by generator  j  is shown in Fig
3, and it is specified to go through the poi
where the two offer curves cross.

3.  The Optimum Offer Curve Using a
Uniform Price Auction

The profit function faced by generator  
combines the expected demand relationship 
4
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with the true cost function (1).  This is th
standard problem faced by a producer w
market power, and the solution determines 
optimum level of generation Qj and the marke
price  P.

Maximize with respect to  Qj
Rj(Qj)  =  PQj  −  Cj(Qj) (7)

subject to (6),  where  Cj(Qj)  is the total cos
defined in (1).  The first order condition fo
maximizing (7) can be written: 

P* -  Qj
*/A2j  −  MCj(Qj) =  0 (8)

where MCj(Qj)  is the marginal cost defined 
(2).  Rearranging (7) gives the followin
expression for the optimum offer curve:

Optimum offer curve for generator  j
  P*  =  MCj(Qj

*)  +  (1/A2j)Qj
* (9)

            =  (c2j  −  2c3j q0j)  +  (2c3j  +  1/A2j) Qj
*

 if  Qj
* > q0j

            =  c2j  +  (1/A2j)Qj
*  otherwise.

In a competitive market, 1/A2j  =  0  and  P  =
A1j/A2j  =  constant.  Consequently, the optimu
output for generator  j  is to set  Qj

*  so that the
corresponding marginal cost equals the price.
our example, 1/A2j > 0  in (9), and as a result, th
optimum offer curve is more steeply sloped th
the true marginal cost curve.  In addition, t
optimum offer curve has the same intercept as
true marginal cost curve, implying that the deg
of displacement  q0j  is unchanged.  The kink i
the marginal cost curve and the optimum of
curve occur at the same value  Qj  =  q0j .  An
example is shown in Figure 4.

The form of offer curve in Figure 4 i
consistent with the form of theoretical b
function derived by Ausubel and Cramton for 
auction to buy more than one item.  T
difference between the offer and the tr
marginal cost increases as  Qj  gets larger.  Using
the results in (9), the optimum parameter val
for the offer curve (3) can be written in terms 
the parameters of the marginal cost curve (2) 
the expected demand curve (6) as follows:

For  Qj
* >  q0j

       v1j
*  =  (c2j  −  2c3jq0j)  and (10)

       v2j
*  =  (2c3j  +  1/A2j)

For  Qj
* ≤  q0j
0 (c) 1999 IEEE 4
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       v1j
*  =  c2j  and v2j

*  =  1/A2j (11)

The optimum solution to the maximizatio
in (7) gives a single price  P*  and a single
quantity  Qj

* ,  and the expressions are:

Optimum quantity and price
Qj

*    =  A1j  −  A2jP
*    from (6) (12)

P*     =   (c2j  − 2c3jq0j  + 2c3jA1j  +  A1j / A2j)
/  (2  +  2 c3jA2j )    from (9).

These two values could be determined on 
offer curve by increasing the slope of t
marginal cost curve using (9) or by shifting t
marginal cost curve by an appropriate amoun
the left.  For the example in Figure 3, this spec
case corresponds to the intersection of the 

offer curves with expected demand at P*  =  30
and  Qj

*  =  120 .  (The parameter values for t
marginal cost curve (2) are  c2j  =  10 ,  c3j  =  0.2
and  q0j  =  100 ,  and for the expected dema
curve (6), they are  A1j  =  420  and  A2j  =  10 .
The shifted intercept corresponds to resetting 0j

=  70 . )   The primary reason for submitting t
offer curve in (9) rather than shifting th
marginal cost curve to the left is that it gives t
locus of optimum prices and quantities for a

Figure 4:  Optimum Offer Curve
 for One Generator
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value of  A1j .  Even though the expected dema
faced by generator  j  in (6) is conditional on t
expected behavior of generators, there is 
uncertainty in the actual load   Qtot ,  and
consequently, in the value of  [Qtot  +  ∑i ≠ j(v1i

/v2i)]  in (5) which is represented by  A1j  in (6).
The offer curves of the two domina

generators in the UK were shown by W&P 
correspond to withholding inexpensive capac
from the market (i.e. making  q0j  smaller and
keeping the slope 2c3j  unchanged).   This is no
consistent with the optimum behavior implied 
(9).  The explanation given by  W&P is th
reducing the capacity offered from low co
generators is less likely to incur governme
intervention from the oversight committee th
raising prices.  Since a typical company contr
a number of different power plants of differe
types, the cost curve in (1) represents all pla
controlled by generator  j .  Hence, it is inevita
that the quantities of capacity available 
individual plants change due to maintenan
schedules and other factors.  Frequent chang
the price offered for generation from any spec
plant would be harder to justify.  A problem wi
the observed behavior in the UK, however, is t
it leads to market inefficiencies because capa
from the low cost plants is held back from t
market, and the true cost of generation is hig
than it would be under both perfect competiti
and the optimum offer curve.  This is a ca
where the threat of regulation may have
perverse effect on efficiency but may still low
the spot price.  In contrast, the optimum of
curve in Figure 4 implies that the ranking of t
true marginal costs of generating units 
identical to the ranking of offers.

3.1  The Special Case of Identica
Generators

In the numerical example, the true margin
cost at  Qj  =  120  is only  MCj  =  18, which
corresponds to  60  percent of the optimum o
30 .  An obvious question is whether th
example is realistic.  In the simplest case
which all  N  generators have the same cost cu
and behave identically, the  N  offer curves w
also be identical.  The slope of the offer curve
v2j

*  =  (2c3j  +  1/A2j)  for  Qj
* > q0j  in (10),

where  A2j ,  defined in (6), is the subjectiv
value of the slope [∑i ≠ j(1/v2i

*)]  in (5).  When
v2i

*  =  v2
*  and  c3i  =  c3  for all  i ,  the following

relationship holds:
00 (c) 1999 IEEE 5
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v2
*  =  2c3  +  v2

*
 /(N  −  1) (13)

              =  2c3(N  −  1)/(N  −  2)
    for  N > 2

For the values  v2
*  =  0.5  and  2c3  =  0.4  in the

example, the number of generators is  N  =  
Hence, the relatively large difference between 
slopes of the offer curve and the marginal c
curve (the slope of the offer curve is  25  perc
higher than the efficient value) corresponds to
relatively large number of competing generato
by the standards of the electric utility industr
The maximum markup of the slope for  N > 2 
100  percent  when  N  =  3 .

It is interesting to note that the expressi
for v2

* in (13) does not include the case of tw
identical duopolists.  The reason is that the lo
faced by the duopolists in this example 
completely inelastic, and there  is no stable Na
equilibrium when  N  =   2 .  In (13) , the on
situation that is valid for  N  =  2  is when  c3  =
0  (i.e. the marginal cost curve is flat), but ev
in this situation, the value of  v2

*  is still
indeterminate.  In general, the same probl
exists when the duopolists are not identical.  I
known maximum price is set for a market by t
ISO, one would expect that each duopolist wo
submit a flat offer curve at the maximum pric
(as long as the procedure for breaking ties give
fair share of the load to each participan
However, this solution would still not be a stab
equilibrium.  The threat of retaliation in a
auction that is repeated many times, like 
hourly market for electricity, is one possib
reason for the duopolists to keep the price at 
maximum.

3.2  The Observed Supply Curve for
Identical Generators

Given the results for the optimum offe
curve, it is possible to determine the implicatio
for the aggregate supply curve for the  
generators.  From (4), the aggregate supply cu
can be written (assuming Qj

* > q0j  for all  j):

Qtot =  ∑ j
N
=1Sj(P) (14)

              =  [∑j1/v2j
*] P  −  [∑jv1j

*/v2j
*]

where v1j
*  and v2j

*  are the optimum value
defined in (13).  Since (14) is a linear function 
6
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s follows:

       P  =  (Qtot  +  B1)/B2 (15)

here  B1  and B2  are  the intercept and the slop
n (14), respectively.

The slopes of the optimum offer curves v2j
*

n (10) are larger than the efficient values (slope
f the marginal cost curves).  Consequently, th
alue of the slope in (15)  1/B2  is also larger
han the efficient value, and the supply curv
ased on offers is more price inelastic than th
fficient supply curve based on marginal costs.

In the special case of  N  identica
enerators, the slope of all  N > 2  offer curves 

2
* =  2c3(N  −  1)/(N  −  2) .   As a result, the

lope of the supply curve in (15) can be written:

1/B2 =  (2c3/N) ((N  −  1)/(N  −  2)) (16)

here  (2c3/N)  is the slope of the efficient
ggregate supply curve based on marginal co
nd  ((N  −  1)/(N  −  2)) > 1  for  N > 2
epresents the effect of market power.

Consider the total cost curve for a singl
enerating unit:

 c(Q*) =  c1*  +  c2*Q*  
       +  c3*(Q*  −  q0*)

2 (17)

f generator  j  controls  kj  units, then the
ggregate cost curve (assuming all  kj  units
perate at the same level of output) can b
ritten:

cj(Qj)  =  c1*kj  +  c2cQj  + 
        (c3*/kj)(Qj  −  kjq0*)

2 (18)

here  Qj  =  kjQ*.  Under this specification the
verage costs for (17) at  Q*  and for (18) at  Qj
re identical, and so are the two correspondi
arginal costs.  If there is a total of  ktot  =  ∑jkj

nits of generating capacity, the least co
olution for meeting any level of load  Qtot is not
ffected by the pattern of ownership of capaci
mong the  N  generators.  Furthermore, if th
ggregate cost curve in (18) is assumed to ho

or any  kj > 0 ,  and not just for integer values
hen each generator controls  (ktot/N)  units of
apacity in the case of  N  identical generator
n this special case, the parameters defining t
ost for each generator are:
 (c) 1999 IEEE 6
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       c1  =  c1*ktot/N ,  c2 =  c2c* , (19)
c3  =  c3*N/ktot  and  q0  =  q0*ktot/N

Substituting (19) into (16), the slope of th
supply curve in (15) can be written:

       1/B2  = (2c3*/ktot)((N  −  1)/(N  −  2)) (20)

Consequently, the slope of the efficient supp
curve based on marginal costs (2c3*/ ktot) , unlike
the slope in (16), is the same for all values of  N
The number of generators  N affects only th
difference between the slope of the offer curv
and the slope of the marginal cost curve.  Th
places a clear focus on the role that market pow
plays in increasing the spot price  P  above t
efficient level.

For the numerical example used in Figure 
the offer curve corresponds to  N  = 6  identic
generators with a total load of  Qtot =  720 .
Using ktot  =  12 (equivalent to a standard
generating unit of size 60), the cost paramete
for the marginal cost of the standard generati
unit in (19) are c2*  =  10 ,  c3*  =  0.4  and  q0*  =
50.

      The aggregate supply curves for  N  =  3 ,
and 12 identical generators are shown in Figure

Figure 5: Total Supply Curves
 for N Identical Generators
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together with the aggregated marginal cost cu
(corresponding to  N  =  ∞) .   All three supply
curves and the positively sloped part of t
marginal cost curve have the same negat
intercept  (−30) .   (The differences in the slope
among the supply curves would be more obvio
if there was no displacement of the cost cur
(i.e.  q0*  =  0)  because in that case the comm
intercept would be zero.)

The supply curves in Figure 5 are define
for values of the total load above  ktotq0*  =  600 ,
and the expected load in the example is  Qtot  =
720 .   For values of  Qtot < 600 ,  the result in
(20) implies that all offer curves would be fla
because the slope of the marginal cost curve
zero.  Hence, all supply curves would be t
same as the marginal cost curve at the cons
level  c2*  =  10 .   The supply curves in Figure
are shown with the same form as the optimu
offer curve in Figure 4 to give one possib
choice of the form, but the values for Q < 60
are not strictly optimum.

3.3  The Implications for Price Volatility

When offers are submitted to the  ISO ,  t
values of  B1  and  B2  in (15) are fixed, and the
market solution for the spot price  P  
determined by the realized value of the total lo
Qtot .  Consequently, the uncertainty about  Qtot  is
translated into uncertainty about  P  by the slo
1/B2  in (15).  Using the results for  N > 
identical generators in (20), the variance of pr
can be written:

   Var[P] =  (1/B2)
2 Var[Qtot] (21)

 = ((N − 1)/(N - 2))2(2c3*/ktot)
2 Var[Qtot]

The important conclusion from (21) is that th
spot price will be more volatile than the price 
an efficient market because ((N − 1)/(N  −  2)) >
1.   The additional volatility due to market pow
gets smaller as the number of generat
increases because  ((N  −  1)/(N  −  2))  → 1  as
N → ∞ .

The situation in actual spot markets f
electricity is more complicated.  In the UK, fo
example, W&P show that the kinked offer curv
in Figure 3 are reasonable approximations 
actual offer curves.  During periods of low loa
market solutions generally occur on the flat p
of the marginal cost curve.  When load is hig
the spot price is determined by the steeper par
00 (c) 1999 IEEE 7
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the offer curve.  Hence, there is a mixture of t
regimes setting the spot price.  In addition, th
is increasing evidence that the two domina
generators exploit situations when the total lo
is high and the expected demand in (6) is m
inelastic  (A2j  is small), and they submit offer
that deviate even more from the marginal c
curve at these times (e.g. during the l
afternoon on weekdays in the winter).  Exploiti
“bad” situations after an unexpected outage o
generator or a failure on the system, for exam
is exactly the type of behavior that is likely 
unleash the wrath of government regulators. 
the UK, the blatant use of market power by t
two dominant generators during periods of h
load has resulted in punitive reactions from 
government in the form of special taxes 
profits and pressure to sell generating capacity

4. The Optimum Offer Curve Using a
Discriminatory Price Auction

In a discriminatory auction, the price
received by a generator correspond to the o
curve submitted to the ISO.  Even though ther
no direct link between the market clearing pr
P* paid for the last unit accepted from generato
and the prices paid for the other (Qj

* - 1) units
accepted, the optimization problem is ve
similar to the situation using a uniform pric
auction.

If the subjective expected demand fac
by generator j is given by (6), the objective is
maximize profits as before.  A discriminato
monopolist would be able to extract the fu
surplus between the demand curve (6) and 
marginal cost curve (2).  However, there a
limits on the ability of a generator to charg
discriminatory prices.  The most important one
that the ISO will rank the offers for individua
units from the least expensive to the m
expensive.  Hence, the market clearing price*

for the marginal unit accepted from generato
must correspond to the highest offer accep
from generator j.  In other words, the offer cur
must be monotonically non-decreasing (i.e. v2j ≥
0 in (3)).  Under this restriction, revenue 
maximized for any optimum Qj

* by specifying a
flat offer curve  (i.e. v1j = P* and v2j = 0 in (3)).
The problem with this strategy is that it is n
robust to uncertainty about the demand curve
8

(6) due to uncertainty about total load, for
example.  If the actual demand was lower than

4.
ice
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expected and the ISO accepts Qj
0 < Qj

*, there is
no way to guarantee that the units accepted 
be the ones with the lowest costs.  To the ISO
units from generator j cost the same if the of
curve is flat.  Hence, it is reasonable to specif
minimum positive slope for the offer curve  (v2j =
v2m > 0 in (3))  to ensure that the ISO ranks un
correctly.  (This assumption also avoids t
problem of indeterminancy that exists if all off
curves are flat for N identical generators.)

With the slope of the offer curve set at v2m,
the optimization problem for generator j can 
written as a modification to (7) as follows:

Maximize with respect to Qj.
Rj(Qj) = PQj - v2mQj 

2/2 - Cj(Qj) (22)

subject to (6), where Cj(Qj) is the total cos
defined in (1). The first order conditions fo
maximizing (22) can be written:

 P* - Qj
*/A2j - v2m Qj

* - MCj(Qj
*) = 0 (23)

where MCj(Qj
*) is the marginal cost in (2)

Rearranging (23) gives the following express
for the optimum price and level of generation:

Optimum price locus
 P* = MCj(Qj

*) + (1/A2j + v2m)Qj
* (24)

   = (c2j -  2c3jq 0j) + (2c3j + 1/A2j + 

 v2m )Qj
*  if Qj

* > q0j

          = c2j + (1/A2j + v2m)Qj
* otherwise.

This result is almost identical to th
corresponding expression for the uniform pr
auction in (9).  The slope of the solution for t
optimum price for a given value of A2j is steeper
in (24) due to the minimum slope v2m that is
required for the offer curve.  The optimum pri
locus and the optimum offer curve are shown
Figure 6 using the same marginal cost a
expected demand curves used in Figure 4 fo
uniform price auction.

Assuming that the minimum slope for th
offer curve is v2m = 6/110 = 0.054545 (to giv
integer solutions for P* and Qj

*), the resulting
optimum price is P* = 31 (compared to 30 i
Figure 4) and the optimum quantity of Qj

* = 110
(compared to 120 in Figure 4).  This illustrat
the effect of the slightly higher slope of the loc
of optimum prices in Figure 6 compared to t
slope of the optimum offer curve in Figure 
Although these differences in the optimum pr
0 (c) 1999 IEEE 8
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and quantity are relatively small, there is also
major difference because the slope of t
optimum offer curve for the discriminatory pric
auction in Figure 6 is much lower (0.05454
versus 0.5 in Figure 4).  This has importa
implications for reducing both the inflation of th
spot price above the true marginal cost and 
level of price volatility.

For Qj ≤  Qj
*, the optimum offer curve is

defined by the slope v2m and the solution to (24)
for P* and Qj

* (v1j
* = P*- v2mQj

* and v2j
* = v2m).

There is still a question about the optimum offe
for Qj > Qj

*.  This is no longer determined
automatically as it was using a uniform pric
auction because the optimum offer curve is n
the same as the optimum locus for  P*  and Qj

* in
(24).  If Qj = Qj

*+ ∆ Qj  > Qj
*  > q0j, because the

demand curve faced by generator j has shifted
and to the right, the optimization would be t
maximize the profit from the additiona
generation ∆Qj (because the revenue from Qj

* is
already determined).  The objective functio
would be:

Maximize with respect to Qj
∆R (∆Qj) = ∆QjP  -  v2m∆Q2 / 2  -

                      [Cj(Qj) - Cj(Qj
*)] (25)

Figure 6:  Optimum Offer Curve 
            for One Generator
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subject to a modified (6) with a larger interce
than before (the simplest way to shift the dem
curve).  The solution for the optimum price c
be written as follows:

P**  = MCj (Qj
** ) + (1 / A2j  +  v2m)∆Q ** (26)

      = (c2j - 2c3j q0j  + 2c3j Qj
*) + (2c3j +

          1 / A2j + v2m)∆Q**

where Qj
**  = Qj

* + ∆ Qj
** is the new optimum

level of generation.  The solution in (26) has 
same slope as the solution in (24) but 
intercept is shifted upwards and corresponds
MCj(Qj

*).  The solutions for the optimum price
in (24) and (26) are shown in Figure 7.

The marginal cost (Marg. Cost), price loc
(Pr. Locus) optimum offer (Opt. Offer) an
expected demand (Exp. Demand) are identica
the corresponding relationships in Figure 6 (
optimum solution is at P* = 31 and Qj

* = 110).
The new optimum price locus is Pr. Locus A&
and two possible optimum incremental off

curves are shown in Figure 7.  These corresp
to two different levels of higher expected dema
(Exp. Demand A and Exp. Demand B), and 

Figure 7:  Optimum Offer Curves
for Additional Demand      
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optimum solutions for Qj
**  are 139 and 155

respectively (the intersections with Pr. Loc
A&B).

For Exp. Demand A, the optimum price P**

= 30 is lower than the original solution P* = 31,
and Opt. Offer A is below the original Op
Offer.  The reason is that the choice of  P* affects
the prices paid for Qj

* but the choice of P**  only
affects the prices paid for ∆Qj

** .  Hence, it is not
optimum to inflate the offer P**  above the true
marginal cost by such a large amount.  In th
situations, however, the basic rule of having
non-decreasing offer curve would be violated.
the increase of expected load is large eno
(Qj

**  > 144), the optimum offer curve is abov
the original Opt. Offer.  Opt. Offer B is on
example.
 Treating the problem as a series 
incremental steps for Qj > Qj

*, a reasonable
strategy is to extend the optimum offer cur
derived for Qj < Qj

* until it reaches the margina
cost curve.  Beyond that point, the offers wou
be equal to the true marginal cost.  The comp
optimum offer curve for a discriminatory pric
auction is shown in Figure 6.   However, it wou
be preferable, as a subject for further research
consider the effects of uncertainty about the to
load explicitly in deriving the optimum offe
curve.

4.1  The Implications for Total Supply

For a discriminatory price auction, th
slopes of the optimum offer curves are set at 
minimum value v2m for all  N  generators
Consequently, the sum of the N individual off
curves, corresponding to (14), can be written:

Qtot = [ ∑ j v1j
* / v2m]  +  [N/v2m]P (27)

where v1j
* and v2m are the parameters of th

optimum offer curve for generator j.  Th
intercept in (27) is bigger than it would be if th
spot price fell on the true marginal cost curv
However, in most realistic situations the slope
the total supply curve (v2m / N) will be
substantially smaller than the slopes of both 
total supply curve using a uniform price aucti
and the competitive supply curve based on 
true marginal cost curves.  Furthermore, to
supply will be increasingly price elastic as t
number of generators N gets larger.
10

ed
ent
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If the N generators are identical and ha
cost curves defined by the standard paramete
(19), then the competitive supply curve 
independent of N with a slope of  2c3*/ktot  for
Qtot  >  q0*ktot  and a level of  c2*  for  Qtot  ≤
q0jktot.  The slope of the optimum locus of pric
in (23) can be simplified because the slopes o
optimum offer curves are always  v2m  regardless
of the size of N.  Consequently, the slope of 
expected demand curve in (6) can be written:

A2j = (N - 1) / v2m  (28)

The optimum price locus in (23) is:

P* = MCj(Qj
*) + (v2mN / (N - 1))Qj

* (29)
            = (c2* - 2c3*q0*) + (2c3*N / ktot  +

 v2m N/(N - 1))Qj
*

for N identical generators.  It follows that th
expected spot price in the market is determi
by substituting  Qj

* = E[Qtot]/ N  into (29).  It is
interesting to note that, unlike the uniform pri
auction, the conditions in (29) include the case
duopolists.  It is only a monopolist who would 
able to drive the spot price to the maximu
allowed by the ISO.

Using the same parameter values for the c
function given below (20) and the minimu
slope v2m = 6/110, the optimum price loci and th
supply curves for N = 2,3,6 and 12 identic
generators are shown in Figures 8 and 9.  
price loci are similar in form to the supply curv
for a uniform price auction in Figure 5, but t
supply curves in Figure 9 are much more pr
elastic than the supply curves in Figure 5. 
addition, the market clearing prices for the sa
number of generators as Figure 5 are lower
the discriminatory price auction in Figure 9.  T
relative flatness of the supply curves in Figure
will always hold as long as the slope of t
marginal cost curve for each generator is gre
than v2m (the slope of the offer curve using 
uniform price auction is greater than or equal
the slope of the marginal cost curve).  T
ranking of the prices between the two auctio
however, is dependent on the values of 
parameters.

The relatively small slopes of the supp
curves in Figure 9 imply that market prices w
be relatively unaffected by uncertainly about Qtot.
In other words, price volatility will be muc
lower for the supply curves in Figure 9 compar
to the supply curves in Figure 5.  The equival
0 (c) 1999 IEEE 10
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expression to (21) for a discriminatory pric
auction is:

Var[P] = (v2m / N)2Var[Qtot] (30)

Consequently, Var[P] →  0 as N → ∞  in (30)

but using a uniform price auction in (21) Var[P
→  the variance in a competitive mark
((2c3*/ktot)

2Var[Qtot]).  It should be noted that th
low price volatility is the response to forecasti
errors about Qtot (i.e. the difference betwee
E[Qtot] used to determine the offers and t
actual Qtot that occurs).  Market prices will var
due to changes in the expected load (e.g. 
daily load cycle), but the price elasticity of th
supply curves imply that price spikes are le
likely to occur using a discriminatory pric
auction than a uniform price auction.  The
issues are discussed further in the conclud
section of the paper.

5.  Summary and Conclusions

The main objective of this paper is to sho
that adopting a Discriminatory Price Auctio
(DPA) for electricity markets may be preferab

Figure 8:  Optimum Price Loci for 
N Identical Generators          
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to the current practice of using a Uniform Pri
Auction (UPA) to determine spot prices.  Ev
though it is difficult to rank these two auctio
consistently on the basis of economic efficien
or the level of the spot price, the supply curv
will typically be more price elastic using a DP
Consequently, price volatility caused by errors
forecasting the total load on the system will 
lower, and the phenomenon of unexpected p
spikes observed in the Australian market, 
example, could be alleviated.  Since pr
volatility is generally not a desirable feature o
market for customers or for new generat
considering entry into the industry, less pr
volatility should be beneficial.  Existin
generators do benefit from the existence of p
spikes, but there is no basis to judge whet
average prices will be higher or lower using
DPA.  Hence, profits for existing generato
could be higher or lower if the type of auction
changed from a UPA to a DPA.

Using a UPA, the results derived in Secti
3 show that offers submitted to the market w
reflect the degree of market power held by
generator.  The offer curves (and the aggrega
supply curve) will be more price inelastic th
the true marginal cost curves (and t

Figure 9:  Total Supply Curves for
 N Identical Generators         

0

20

40

60

80

100

120

500 600 700 800 900 1000

Total Quantity Generated MWh 

P
r
i
c
e
 
$
/
M
W
h

Marg. Cost
N=12
N=6
N=3
N=2
0 (c) 1999 IEEE 11



tics
ior
ids
al
7)
t.
tors
et

her

n 4
se
the
cal
)
ill

the
 to

sis
of
s 3
nd
ive
sing

e
ly
rs

ets
the
g a
e

rve
load
wn
hese
ad
10
 6
eter
r a
st

ly

r a
nt

y
 1.
er
vel
e
sts

h
%
y
s
e
ue
).
f

n
ro

of
d
e

pe

.
s
a
y
ts

 of
id

Proceedings of the 32nd Hawaii International Conference on System Sciences - 1999
Proceedings of the 32nd Hawaii International Conference on System Sciences - 1999
competitive supply curve).  These characteris
are consistent with the type of optimum behav
derived by Ausubel and Cramton (1996) for b
in a  UPA to sell multiple units, and to the actu
behavior described by Wolak and Patrick (199
for generators in the UK electricity marke
Evidence shows that the two dominant genera
in the UK have been willing to lose some mark
share in order to get higher prices and hig
profits.

The results for a DPA discussed in Sectio
demonstrate that market power will increa
market prices.  In general, the relative size of 
increase compared to a UPA is an empiri
issue.  Even though Swinkels (1997a and 1997b
has shown that both types of auction w
approach the efficient competitive solution as 
number of participants increases (in an auction
sell multiple units), there is no theoretical ba
for ranking the auctions when the number 
participants is small.  The examples in Section
and 4 are consistent with Swinkels results, a
the market price approaches the competit
price as the number of generators increases u
either auction.

The main distinguishing feature of th
supply curve using a DPA is that it is relative
price elastic.  As the number of generato
increases, the optimum price locus in (29) g
closer to the true marginal cost curve but 
slope of the offer curve does not change.  Usin
UPA, the offer curve and the optimum pric
locus are identical.  Consequently, the offer cu
for a UPA stays the same when the expected 
changes, but the offer curve shifts up and do
in response to these changes using a DPA.  T
features are illustrated in Figure 10 for a low lo
(L) and a high load (H).  The results in Figure 
represent the aggregated supply for N =
identical generators using the same param
values as Figure 5 for a UPA and Figure 9 fo
DPA.  In addition, the slope of the marginal co
curve for Qtot > 900 is increased from 2c3*/ktot to
6c3*/ktot.  Consequently, the slope of the supp
curve for a UPA also increases for Qtot > 900.  In
contrast, the slopes of the supply curves fo
DPA have the same slopes but differe
intercepts.

The implications of the different suppl
curves in Figure 10 are summarized in Table
The market prices show how market pow
increases the prices above the competitive le
for both auctions. Defining profits as th
difference between total revenue and total co
12
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(with c1* = 0 in (18)), profits are substantially
higher than the competitive levels for bot
auctions.  For example, prices are about 50
higher using a UPA and profits are roughl
double the competitive levels.  The lower profit
for a DPA reflect both the lower prices and th
effect of the slope of the supply curves (reven
is the area under the supply curve for a DPA
Defining the scalar multiplier of the variance o
load as the Volatility Factor  ([((N - 1)/(N -
2))2(2c3*/ktot)

2] in (21) and [(v2m/N)2] in (30)), the
implications for price volatility are very different.
The Volatility Factors for a UPA are higher tha
the competitive levels but they are close to ze
for a DPA.

The low Volatility Factors are an attractive
feature of a DPA because the effects 
uncertainty in the load will be dampene
compared to the competitive supply curve.  Th
opposite is the case using a UPA and for this ty
of auction additional market power would
increase the Volatility Factors even more
Consequently, price volatility and price spike
are likely to be much more of a problem for 
UPA than they are for a DPA.  It is not clear wh
the UPA has been chosen for electricity marke
(prices may differ among generators because
transmission losses, but a uniform price is pa
for all generation from a given location).  In

Figure 10:  Total Supply Curves for 
N = 6 Generators
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contrast, most markets for selling Treasu
Bonds in different countries use a DPA.

Table 1:  Characteristics of Supply
 for N = 6 Identical Generators

Load
(MWh)

Competitive UPA DPA

Market Price ($/MWh)
720 18.0 30.0 25.9
950 40.0 57.5 50.4

Profits (‘000$)
720 5.9 13.9 8.6
950 22.3 43.6 28.0

Volatility Factor x 1000
720 4.4 6.9 0.08
950 40.0 62.5 0.08

Given the importance of price volatility i
competitive markets for electricity, like th
Australian case, there is a clear need for furt
research on discriminatory price auctions.  T
would provide an excellent opportunity to use 
experimental setting, such as PowerWeb, 
identify the relative merits of a discriminato
price auction and the conventional uniform pr
auctions for electricity markets.  Finding o
more about how these auctions perform un
uncertainty is an essential step for understand
the causes of price volatility in electricit
markets and for identifying ways to reduce it.
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