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C. INTRODUCTION

In this paper gqueues with the servers in series
will be examined. Customers must pass through each
server station but are served by only one. Examples of
this would be gas stations with several pumps in a line
and certain assembly or production lines.

Since each customer must pass through each sexver
station either before or after being served, cne has a
possibility of blocking. (E.g. A server is empty but
no customer can reach it since access is blocked by a
prior busy server, or a customer may complete service
but may be forced to remain in the server station,
blocking access to it, since a server in fromt is still
busy.) Customers are served on a first-come-first-
served basis. In this paper arrivals are assumed to
form a Poisson stream with mean arrival rate A . Each
server is assumed to have a negative exponential service
time distribution with the same service rate
u = l/mean service time.

First the queue with 2 servers in series will be

examined.

Arrivals oo . . O l departures
? queue ?

front’r‘ server

rear server

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



The -values of p , the ratio of the input rate to the
total output rate, p = A/(2u), for which the system
is positive recurrent, recurrent null, and transient
are determined., A number of formulas and numerical
examples of this system are then examined.

The queue with 2 servers in series is related to
a queue with bulk service where 2 customers are served
at once as long as there are 2 customers in the system
[3, pp. 412-414). However, in the bulk system a
customer arriving to an empty system must wait until
another arrives before beginning service. Whereas,
in the series system service begins immediately.

There are well—knownl results for queues where the
servers are in parallel instead of in series. Such a
system has no blocking. As soon as a customer complétes

service he leaves and another customer begins service.

arrivals , oo . . . 00O departures
_— . ——
queue

servers

The efficiency of the 2-server parallel queue will be
compared to the 2-server series queue. Because of the
possibility of blocking, the series queue clearly is

less efficient than the parallel gueue. However
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placing the servers in a single line often offers con-
struction advantages.

The 2-server series gueueing problem can ke
generalized to a gueueing system with 2 servers in

series but with %k waiting spaces between the servers.

arrivals k waiting spaces departures
-—-——>oo...oo|:]oo...oo D_——>
queue rear front
server ' server

This avoids some of the blocking since if a customer
completes service in the rear server and the front
server is busy, there may be a vacant storage space
into which he can move temporarily thus avoiding the
blocking of this server. The values of p which make
the queue positive recurrent and transient are found.
As would be expected this is an improvement over the
2-gerver series system but is still not as efficient
as the 2-server parallel system.

Finally the queueing system with n servers in

series will be examined.

arrivals departures

queue n sexvers

The values of p which make this system positive re-

current and transient are found. These can be compared
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to the values of p which make the n server parallel
gqueueing system positive recurrent, recurrent null,

and transient.

arrivals departures

n servers
As in the two server case, the n server parallel gqueue
is more efficient than the n server series gqueue.
The larger n becomes, the greater the difference in

relative efficiency, since blocking becomes increasingly

likely.
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I. MARKOV CHAIN PRELIMINARIES
1.1 Markov Chains

The processes considered in this paper are all

continuous-parameter, discrete-state, time-homogeneous

Markov chains Xy 0 st <w, in which the state

space S consists of a denumerable set of states,

s = {so 181085, ...} . Denote the transition function

of such a Markov chain by

Pt = PRI, = vix, =ul

for u,v ¢ S, which are independent of s by the
time-homogeneity. These functions will satisfy the
Chapman-Kolmogorov, equations
puw(t-!-s) = Z puv(t)pvw(s) for s>0,t>0.
veS

For a detailed discussion of such processes the
reader is refered to any standard reference, for example

f2] ox [6].
1.2 The Rate Matrix

The Markov chains considered here are all standard
in the sense of Chung [2, p- 128] and satisfy the

following assumptions:
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(a) Each puv(t) is continuous at 0 .

(b} The derivatives 2\ (0) exist for

sa = P}
i3 sisj
each s, ., sj €8, are finite, and satisfy

X;s S0,%;. 20 for 1i#3, Z xij=0.

ii ij
J
(e psisj ) = 635 * Ayqh * o(h) , where the
functions o(h) satisfy o) | 45 ag

h
h » 0+, uniformly in i and Jj .
(d) The time T that the process remains in any
given state .si , given that Xo =85 has
a negative exponential distribution with para-
)‘iit
meter gy, PriT < t] =1 -e
(e) The probability that the process will have
two or more one~step transitions in time h

is ofh).

The gquantities }‘ij ,i# 3, are termed the tran-

sition rates. A is proportional to the probability

ij
that a system in state s; will be in state 5y h
time units later, up to a term of order ofh).

The matrix A = ()\ij) ig termed the rate matrix

of the system.
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Under the preceeding assumptions systems of
differential equations, the Kolmogorov systems, [2,
p. 245] can be constructed for the transition proba-
bilities p_ g (t) . For the processes considered in

i3
this paper, however, these systems are too complex to

be eaéily analyzed.
1.3 Rate Diagram

The behavior of such a Markov chain and its rates
can be described graphically by considering the weighted
digraph with vertices at the various states 8y, S, <0 s
and with a directed edge indicated from state s
state 85 weighted with the quantity )‘:‘.j
i#3j and Xij >0 . (The quantities 2

1™

i

be indicated since by section 1.3(B) Ay = = ) Azse)
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This weighted diagraph is termed the xate diagram of
the system. The limiting, long-run, and comnectivity
properties of the Markov chain can be analyzed in texrms

of this rate diagram.
1.4 Structure and Classification of States

A state sj is said to be accessible from state
s; if Pg s (t) > 0 for some t >0 . It can be
i7j
shown [9, p. 274] that sj is accessible from state

sy if and only if sy = sj or a directed path exists

in the diagraph from s; to s, . Two states S5 and

b J
s. ave said to communicate if each is accessible from

3
the other. Such communication forms an equivalence

relation over the state space.
A collection R of states is termed closed if S5
is not accessible from sy whenever s; ER, sj £R .
A minimal closed set is a nonemptir closed set of
states which has no closed proper subset. Within such
a set every state communicates with every other state.
A Markov chain is termed irreducible if its state
space consists of a single minimal closed set.

A state s; is termed absorbing if

Prix, =s;|x =s;] =1 for t>0,
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which is equivalent to )‘ij =0 for all j # i. Once
state i 1is reached, the érocess stays there with prob-
ability 1.

A state s; is termed recurxent if either it is

absorbing or

Pr(gt > p3 X, = s; | Xy#s; for some u > 0 and
X =8
i.e. if the process leaves state s; » return is
certain.
For a recurrent nonabsorbing state S let the
random variable T represent the first return time,
i,e. T = :.nf[t:xt =s; where Xo =s; and x“ # sy

for some O <u < t}. The quantity E[T] is termed the

mean return time. A state is termed positive recurrent

if and only if it is absorbing or E[T] < = .

The property of positive recurrence is extremely
important. When a queueing system is positive recurrent
the queue does not grow infinitely long and return to
the empty queue is certain, Much of this paper will be
devoted to obtaining conditions for positive recurrence
in several important processes.

A recurrent nonabsorbing state is termed recurrent

null if E[T] = =, i.e. recurrence is certain (with
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10

probability 1) but the mean recurrence time is infinite.

A nonrecurrent state is termed transient, i.e.
the state is not .absorbing and return is not certain,
Pr[Xt =s; for some t > 0|X° = si] <1l . Thus every
state is one of these three types.

An important theorem is that within a minimal
closed set all states are of the same type: positive
recurrent, recurrent null, or transient. Thus cne
speaks of a positive recurrxent, recurrent null or
transient Markov chain.

The definitions given here are not in their most
general form, but are equivalent to the general ciefini—
tions for processes satisfying the assumptions of this

chapter and of this paper.
1.5 Limiting Distributions

since, as previously mentioned, study of the

transition probabilities (t) for 0st <o

psisj
is difficult, usually (and in this paper, always) one
studies the behavior of these gquantities for large
values of t, i,e, one assumes the system has been
operating for a long time.

A key theorem is the following ({which is a special

case of a more general result [2, pp. 183-186]):
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11

the conditiong of 1.1 and 1.2) the following limits

exist for all states i and jJ

§) = 1i 3
p(3) t—l: psisj( }

with yalues independent of the initial state s; . The

qguantities p(j) are termed the limiting probabilities.
(a) If the process is positive recurrent, then

p(j)> 0 for each j, and -

Ye@) =1
3

In this case the sequence {p(j)} is termed
the 1limiting probability distribution of the
process.

(b) If the process is null recurrent or trangient,

then

p(j) = 0 for each j .

The determination of the limiting probability distri-
butions for various positive recurrent processes is a

major goal here.
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12
1.6 The Normal Equations

Assume that the Markov chain under consideration
is irreducible.

A system of equations that must be satisfied by
the limiting probabilities p(j) can be obtained
formally from the Chapman-Kolmogorov equations (section
1.1) by differentiating with respect to s, setting
s=0, letting t » =, and determining that

s d d s d 3
lim 3% P, (£) =3¢ lim p () =gg p(3) =0 . (Of
Eoo dt Sisj dt £ s:i_sJ dat
course the proof involves a substantial argument, see
[3, p. 55]). The resulting system of equations are
termed the normal equations of the process

a.n Leyy =0 for each 3 .

i
In matrix form this system can be written as
- -
(L.2) PA=0
=Y

where p = (p{(0),p(1),p(2),...) .

Theorem 1.2 For an irreducible Markov chain with the

assumptions of section 1.2 the limiting probabilities

satigfy the normal equations (1.1) or (1.2).

The normal eguations can be displayed more
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intuitively in a form that facilitates setting them ﬁp

by writing (1.1) in the form

spigy = ) PRy

13

oxr

(1.3) PG L A= L PUy
175 15

Equation (1.3) can be interpreted as a balance
equation, which is easily set up using the rate diagram.
on the left one has the limiting probability of a fixed
state sj multiplied by the total rate out from that
state sj to all other states Sy - on the right one
has the total rate into the state sj from all other

states s, weighted in each case by the limiting

i’
probability of Sy - By setting up this balance
equation at each vertex of the rate diagram the normal

equations can be obtained readily.
1.7 Conditions for Positive Recurrence

Consider the normal equations (1.1) or (1.2} with

-2 A
a general unknown vector x replacing p .

13
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Zx(i)xij = 0 for each j
i

(1.4) or

The key theorem is the following, see [4].

Theorem 1.3 An irreducible Markov chain (satisfying
the assumptions of sections 1.1 and 1.2) is positive
recurrent if and only if the normal equations (1.4)
convergent series, z|x(i)| < = . In this case there

exists a nonzero constant < such that

(1.5) p(j) = ex(j) for each 3

i.e. the limiting probability distribution is propor-
tional to any nontrivial absolutely convergent solution
to (1.4). Such a Markov chain is positive recurrent

only if any nonnegative solution of the inequalities

s 0 for each j

(1.6) Y xn

1

ij

is convergent, x{l) < = .

s
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15

This theorem not only gives a method for determining
when an irreducible process is positive recurrent, but
also for determining the limiting probabilities p(3) .

(Choose ¢ so that ¢ £ x(j) = £ p(j) = 1.)
3 j

1.8 Conditions for Transience or Null Recurrence

A necessary and sufficient condition for an
irreducible Markov chain to be transient can be found

by considering the following system of eguations:

(1.7 3 Ay x() =0 for i=1,2, ...
& v
or .
[x(o) ] i—
| x(1) {0
(1.8) A ‘ x(2) | = ! 0
{ |
L J L

where y can be any number. Note that the equation for
i=0, (state so) » is omitted from the system.

(Any other distinguished state could be ‘omitted instead.)
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Theorem 1.4 (Foster [4]). An irreducible Markov chain
(satisfying the assumptions of sections 1.1 and 1.2} is
transient if and only if the system (1.7) or (1.8) has

2 bounded nonconstant solution.
One also uses the following:

Theorem 1.5 (Foster [4]) An irreducible Markoy chain

(satigfyving the assumptions of sections 1.1 and 1.2)

is recurrent if and only if the system of inegualities

-
(1.9) inj %x(3) S0 for i=1,2,...
Lo

has a solution satisfying x(j) » » as j »« .
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II. THE STANDARD 2-SERVER SERIES SYSTEM
2,1 Definition of the Problem

Consider a gueueing system with two servers in
series. The customers will be served on a first-come-
first-served basis. Each customer is served by one of
the two servers, and the gueue discipline requires that
any customer entering the servers move to the furthest
forward accessible server.

The various states of the system can conveniently
be represented by sy'mbr;als of the form (x y)n where n
represents the number of customers who have not yet
completed service, the gueue length, x and y are
server sybmols representing the status of -the two
servers: y indicates the status of the front server
and x indicates the status of the rear server. y
will have the symbolic values 'e' or 's' depending on
whether the front server is empty or kusy. x will be
'‘e','s' or 'P' depending on whether the rear server is
empty, busy or blocked (i.e. contains a customer who has
completed service but is blocked from exit by a busy

front server).

17
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arrivals departures

——— 00. . .0 —
queue

rear front
server server

Diagram of the System: Figure 2.1

The states of the system are (ee)o ’ (es)l , (bs)l ’ (se)l )
(ss)2 R (bs)z, (se)z, e (ss)u B (bs)n, (se)n, cee
Note that the queue length subscript n represents

the number of unserved customers waiting in line plus

the number of busy servers.

Assume that arrivals form a Poisson process with
intensity A (A = mean number of arrivals per unit time).
Assume that each server has a mean service rate of p,
where service times are negative exponentially distri-
buted with probability density function pe'”’t . There-
fore the mean service time is 1/u . Assume also that
all interarrival and service times are mutually inde-
pendent.

With these assumptions the process forms a contin-
uous-time, discrete-state, time-homogeneous Markov
chain of the type considered in Chapter 1. The state
space is denumerable and the states are represented

by the state symbols (xy)n .
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19
2.2 Rate Diagram

The cne-step transitions for this Markov chain are
generated by the arrivals and the service completions.
Each arrival has the effect of increasing the queue
length by 1 {(and changing a server symbol from an e
to an s if a server is accessible). Each service
completion has the effect of reducing the queue length
by 1 (and changing one or both of the server symbols).
Thus, for example, a completion in the front server
would change state (bs)3 to (ss)2 . The probability
of an arrival in time h is Ah + o(h), so (see

section 1.2(d)) the transition rate )‘ij for a tran-

sition generated by an arrival will be A . The proba-
bility of a completion from one busy server in time h

h
is r ue-ut dt = gh + o(h) , so the transition rate
o

xij for a transition generated by a service completion
will be u . Thus the rate diagram can be constructed

as follows.
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Queue Length
(ee) 0

Rate Diagram: Figure 2.2
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2.3 TLumping

Note that arrivals are represented in the rate
diagram (Fig. 2.2) by vertical arrows. Departures
from either the right or the left state in the diagram
with the same queue length lead to the same middle
state at the same rate yu . This means that the left
and right states at each gueue length can be combined
into a single state [(hs)k ’ (se)k] and the Markov
property retained. It is unnecessary to know which of
these two states holds in order to predict the transition
probability to the next state. We say that the states
(‘hs)k and (se)k can be lumped into a2 single state,
and that the process is lumpable, [7, p. 124]. When
possible such lumping is highly desirable, since it
simplifies the discussion by reducing the size of
the state space. After finding the limiting proba-
bilities for the state (ss)n and the lumped states
((l:xs)n N (se)n] , the limiting probabilities for the
states (bs)n and (se)n can be determined. The
limiting probabilities of the lumped states is equal
to the sum of the limiting probabilities of the individual
states. Service completions in the state (ss)n+l
lead to (bs)n or (se)n at equal rates. Arrivals to

(bs),_, lead to (bs), at the same rate arrivals to
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(se)n—l lead to (se)n . Since these are the only
transitions leading to (‘bs)n or (se)n and the
limiting probabilities are independent of the state the
process starts in, the limiting probabilities of the
states (bs)ﬂ and (se)n will each be one-half of the
limiting probabilities of the lumped superstate
{(os), . (se) ) .

The rate diagram for the lumped process is as

follows:
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{(bs), , (se)y]

s A
b oy
{(s), . (se),]) (ss)y

A ]

P

o A

{(bs) 5 (se) ]} " (ss)
A
* 21 ‘L
{(bs) qs (s€) g " (ss)
' A
A 2 R
{(b8) 4nr (50) 5] (’:T)mz
; o
VroON 7y

Rate Diagram for Lumped Process: Figure 2.3
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Denote the long-run probabilities (see section 1.5),

of this irreducible Markov chain by

xn) = pl(bs) . (se) 1 = %_)u: Pa, [ (bs) s (se)n)(t) ,

for n21

pin) = pl(ss) ) = %im Py, ((ss) y(&), for n=2
@ n
(2.1)

L

p(1) = p{(es),}

p(0) = p{(ee),}
where ¢ represents an arbitrary initial state.

2.4 Normal Equations

The normal equations can be derived from Figure 2.3
by balancing input and output at each vertex. For

example, at vertex [(bs)n+1 , (se)n+1} one has
Pl(bs) 40 (s€) 0 Y (At} = p{(bs) (se) Jr + pl(ss),,)2u

or

(A +plr(n +1) = Ar(n) + 2upln +2) .

Balancing the input and output at vertex {(ss)n+l] one
has ’

pl(ss) ) (0 +2u) = p{(ss) I + p{(bs), 50 (se)p 0
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(+2u)pa+1) = ap(n) +pr{n+2) .

If this balancing is also done for the vertices
{(ee) ), [(bs); , (se};}, and (les);}, ore obtains

the following system of normal equations:

- (H)r(n+l) + Ar(n) + 2up(n#2) =0, n = 1

ur (n+2) = (A+2u)p(n+l) + 3pn) =0, n=1
plus 3 special equations for the first 3 states:
-(-Hu)r(l) + 2up(2) =0
ur(2) - (A\t)p(l) +Ap{0) =0
ur (1) - ap(0) + up(l) =0

This system can be simplified by introducing the
parameter

=
ﬂ"zu

This is the ratio of the arrival rate to the total service
rate of the two servers, and represents the traffic
intensity of the corresponding 2-server parallel queueing

system.

The final normal equations are

25
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(2.2)  ~(2p+l)r(n+l) + 2pr(n) + 2p(n#2) =0, n = 1

(2.3) r(n+2) - 2(p+i)p(n¥l) + 2pp(n} =0, n 21

(2:4) ~{2p+1)r (1) + 2p(2) = ©
(2.5) x(2) - (2p+1)p (1) + 2pp(0) =0
(2.6) ~pp(0) = p(1) < - > -2pp(0) + p(1)

The system is dependent, so that any solutions of
all but one of these equations will satisfy the remain-
ing one. Thus one of the equations can be disregarded.
Let us disregard (2.5) and study the system (2.2)-~(2.4)
and (2.6).

By Theorem 1.3 the Markov chain will be positivé
recurrent iff the system (2.2)~(2.4) and (2.6) with
r(n) and p(n) y replaced by the arbitrary variables
% (n) and %, (x) respectively has a nontrivial absolutely
convergent solution. If this 'is the case, any such
solution to this homogenecus system can be normalized

to form a probability distribution satisfying

(2.7) Yrm + ) pm) =1.
n=1 n=0

Note that p(0): now appears only in equation (2.6).
{2.6) can be used to determine p(0) in terms of the

other quantities,
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(2.8) p(O) =35 [x(1) + (W] .

Eliminating p(0), (2.7) becomes

@
(2.9 Fix( +p@] + ) Izt +pm@l=1.
n=1
Thus the problem reduces to finding necessary and
sufficient conditions that the system (2.2) ~ (2.4)

has a nontrivial absolutely convergent solution.
2.5 Difference Equation Approach

The general system (2.2) and (2.3) ({(omitting the
special equation (2.4)) constitutes 2 vector difference
equation. Using the shift operator E, E[x(n)] = x(n+l),

this system can be written in the form

(2.10) FE)RM =0, n=1
where
—(2p+1)E + 2; 282
(2.11) F(E) =
g2 -2(pH1)E + 2p
and
-
%4 (n) ]
(2.12) () = .
_ ¥ (n)
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The fundamental solutions of such a linear homogeneous
difference equation are known [8, p. 601] to have the

form

a
ccn

where ( is an appropriate, possibly complex nonzero

c
1
scalar, and ¢ is an appropriate constant vector.

€2

Tf this is substituted into (2.10) one obtains

- Y n
0 = F(E)cg for n=1
= r(E) e
= F(c)ce since EC® = g.(®

FlO)e®

a0 2n .
Thus F({)c = 0, and one concludes <f iz a

solution iff F(¢) is a vector in its null space. Thus

¢ must be a zero of the fundamental polynomial

£(z) = det F(z)

~(2p+1)z + 2p 222
2
z -2 (p+l)z+2p
-
and ¢ must satisfy
(2.14) (- (2s+1) c+20l ey #2¢%e, = 0
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or, equivalently

(2.15) oy + [-2(pH)C + 20lc, = 0

(Certain modifications are necessary if £(z)} has
multiple zeros. This will be shown not to be the case.)
The general solution to the system (2.10) has the

form

P _ > n
(2.16) xm) = 2 g5 ¢y
J

where the gj's are the zeros of £(z), and the
constant vectors aj satisfy (2.14) and (2.15)
for c= gj .

In order that the terms of (2.16) form an
absolutely convergent series, only the =zeros Cj
with [gj[ <1 can be included. Denote these zeros
bY Cqree-nCp - Thus, by Theorem 1.3 the system will
be positive recurrent iff ;:onstant vectors
?1 PR ?m can be obtained, satisfying the above
conditions, and such that the terms of (2.16) also

satisfy the remaining equation (2.4).

o

Denote the components of the vectors cj by .
o
23

One can set hj = ey and by (2.14) and (2.15),
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(2.17) c:zj = bjaj
2
(29+1)C_] - 2p <5
where 5j = 3 = .
. + i -
2CJ 2(p l)_CJ 2p
Thus 1
cj = bj
& .
J

Substituting (2.16) into (2.4) yields, using (2.7),

18

(2.18) 2p b, =0 .

This system will be positive recurrent iff one can
obtain a nontrivial set of constants bl s eee s bm
satisfying (2.18). Clearly this will be possible if and

only if m=22 .,
2.6 The Fundamental Polynomial

The preceeding discussion shows that it is necessary

to locate the zeros of the fundamental polynomial
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-(2p+1)z + 2p 2z
£(z) =
22 ~2(p+1l)z + 2p
(2.19)
= 2([(2p+1)z = 2p] [ (p+1)z = ¢l - 2]
in relation to the unit circle.
The zeros of this polynomial can be located by
elementary methods. The method used here, however, has

the advantage of permitting generalization to more

complicated systems.
Lemma 2,1: f£(z) has one zero at =z =1 .
Proof: Direct substitution.

Theorem 2.1 (Rouche's Theorem [1, p. 88]): If u and
v are analytic inside and on a closed contour C, and

if |v] < ju} on c, then u and u x v will have

Lemma 2.2: If P <2/3, f£(z) has exactly two zeros

inside the open unit circle. If p 2 2/3, f£(z) has

{z] = 1 and at most one zero inside the open unit circle

lz] < 1.
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Proof: On the circle [z] =1 +e ,¢ # 0 positive or

negative, one has
11 (2p+1)z=2p] [ {p+1) 2~p] | - |z4|
= | (2p+)z-2p] | (p+1)z-p| ~ [2%]

2 [(2p+1) (L4e) = 2p) [ (p#1) (L+e) - pl - (1+e)?

= 14 (3p#2)e + (2p+1) (p+l)e? = (1 +2¢4662 + 403 + ¢

= (3p-2)¢ + 0(e)

> 0 for sufficiently small , provided , < 2/3
and e <0, or p>2/3 and ¢ >0.
Thus, if p < 2/3 we have |[(2p+1)z=2p][ (p+1)z~p] |

—|z4| > 0 on every circle inside the unit circle and

sufficiently close to it. By Rouche’s Theorem (Theorem 2.1)

£(z) will have the same number of zeros as
[ (2p+1)z-2p] [ (p+1)z=pl , namely 2, inside each such
circle and hence inside the unit circle [z| <1 .

In case p> 2/3, > 0, the same argument shows
that £(z) will have exactly two zeros inside the closed
unit circle |z| s 1 . One of these is at z =1 so at
most one zero can be inside the open unit circle.

To consider the case p = 2/3, note that the
zeros are analytic a.nd hence continuous functions of “p .

Choose p >2/3 . As g = 2/3+, no zero can leave the
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closed region ]z| 2 1 . Thus when p = 2/3 £(z) will
have at least three zeros in |z| = 1 and hence at most

one zero inside |[z] <1 .

Actually one can say much more.

Lemma 2.3: The four zeros (., Cy»C3» and (¢, of

£(z) are all real and satisfy:

=1
('3<—1
0< < i

» zp.(_1<cl<1 if p <« 2/3
g =1 if p =2/3
¢ >1 if p > 2/3

Proof: By direct calculation we see that
f(-») = - =, £(-1)> 0, £(0)> 0
- _20_ =
f(pﬂ_) <0, f(zp+1) <0, £(1) =0,
and £'(1) =3p - 2.

The results follow.
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2.7 Conditions for Positive Recurrence

By Theorem 1.3 the system will be positive recurrent
if and only if the normal equations have 2 nontrivial
absolutely convergent solution. The discussion in
section 2.5 shows that this is true if and only if (2.18)
has a nontrivial solution which is true if and only if
the number of zeros of £(z) ingide the open unit
circle is at least 2. Combining this with Lemma 2.2

one obtains.

Theorem 2.2, The 2-server series gueueing system is

pogitive recurrent if and only if p < 2/3.
2.8 Conditions for the System to be Transient

Foster's Theorem (Theorem 1.4) asserts that a
necessary and sufficient condition for an irreducible
Markov chain to be transient is the existence of a
nonconstant bounded solution to a certain system of

equations (1.7). This system can be written in the form

(2.20) ( Z Aigdy(d) = by @), for i=1,2,...
3#L 3L

In terms of the rate diagram one assigns an
arbitrary variable y(i) to each vertex (or state)i .

At each vertex i (except one, the O-state), the left
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side of the equation is y (i) multiplied by the total
rate out from that vertex. The right side represents
the sum of the variables x(j) over all vertices that
can be reached in one step from x(i) each multiplied
by the transition rate for this one-step transition.
In the Markov _c'hain of this chapter, assign the

arbitrary variables to the states as follows:

To the lumped state [(hs)n, (se)n] assign the
variable ¥y {n) ,n=2 1. To the simple state
(ss)n assign the variable ¥, () ,n=2.
Also assign ¥, {1} to (es)l and ¥y 0)

to (ee)o -

Thus we have variables ¥y (), nz21 and vy, (n),
n 2 0, to appear in the Foster equations.

By refering to the rate diagram Figure 2.3 the
equations (2.20) can be set up using the previous .

discussion. For example, at the state ((bs)n+l, (se)n+1]

the equation becomes
)y, (n+1) = Ay (p+2)uy, () .

If this is done at every state, except the O-state

(ee)o , and again setting = 2—’;;, one obtains
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(2.21) f(2p+1)y1(n+1)+2py1(n+2)+y2 m) =0
(2.22) 2y1(n) - 2(,;-)-1)y2 (n+1)-)~2py2 (n+2) =0

for n =1, plus the two special eqguations:

I
(=]

(2.23)  -(2p#1)y; (1) 420y, (2)4y,(0) =

I
o

(2.24) - (2p#1)y, (1) +2py, (2) 4y, (0) =

Actually (2.23) coincides with (2.21) for n =0,
so that any solution of the system (2.21) and (2.22)
for all n will satisfy (2.23).

The system (2.21) and (Z.Zé) can be written in the

form
- - ..

(2.25) G(E)y(n) =0 for n=>1
where

-(2;,+1)E+2;.E2 1
(2.26) G(E) =

2 -2 (p+1) E42,E2

and B

¥y (n)

=
{2.27) y(n) = : , for n=z=1
' ¥, (n)

A similar argument to that in section 2.5 shows

that the bounded solutions of the system (2,25) will
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have the form
m
(2.28) Fm o= ) &G
=1
where gl s eev o Cm are the zeros of the polynomial

g(z) = det G{z)
~(2p+1) 24222 1

(2.29) =
2 -2 (g+1) 242 p2>

inside the open unit circle |z| <1 . The constant

S ij .
d, = are in the null space of G({(z).

vectors 3
d

2j
Taking d2j arbitrary one can solve for dij in terms
of de as follows:

2 2
. = [~ + P - .+, .= 20 = (p+ tpls .
(2.30) 0 = [~ (2p+1) €4+2p(31d; 5+, ;=2 42[= (p+1) Cy¥pCi1dyy

dzj

dy5 = dpyl(p¥1)¢g-0cd) =

1 [(2p+1) ¢5-20C3]

Substitution into (2.24) yields

m
(2.31) Y dy;(2p€41) (Cy-1) = 0
j=1

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



38
The polynomial g¢(z) is easily seen to be
4
(2.32) g(z) = z £{(1/z)

where £{(z) is the polynomial (2.19) of section 2.6.
Thus the number of zeros of g(z) inside the unit circle
is the same as the number of zeros of £(z) outside the

unit circle,

Theorem 2.3 The 2-server series gueueing system is

transient if p > 2/3.

Proof: By Lemma 2.2, if p > 2/3 £(z) has two zeros
inside the closed unit circle. Thus g(z} = z4f(l/z)
has two zeros inside the open unit circle. Thus m 2 2

in (2.31) and (2.31) has a nontrivial solution for

the d,.'s with Ile < 1 ., Note that the coefficient

23
(2pgj—l) (gj—l) will not be zero for these terms since
¢ =1 is not inside the circle and § = 1/(2p) is not
a zero, as is easily seen by direct substitution. The

theorem follows from Foster's Theorem, Theorem l.4.

Q.E.D.

2.9 Conditions for the System to be
Recurrent Null

Only the case p = 2/3 needs to be considered.

To do this we use Foster's Criteria, Theorem 1.5. The
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inequalities

@
injy(J)so for i=1,2, ...
j=o

are identical to the system (2.21) - (2.24) with the

= signs replaced by < .

Theorem 2.4 If o = 2/3, the 2-server series gueueing

system is recurrent null.

Proof: The inequalities for Foster's Criteria in the

case p = 2/3 become:
- 7/3 yq (n+1)+4/3 y; (n+2) 4y, (n) S 0, n 20

2 y,l(n) - 10/3 ¥y (n+1) + 4/3 y,(n+2) s 0,n =1

and
-7/3 yz(l) +4/3 Yo (2)+y2(0) <0 .

By direct substitution one sees that
¥y(m) =n-1,y,(n) =n -~ 4/3

satisfy these inequalities, (actually this substitution
makes all the left sides equal to zero). As n = =,
yi(n) > = and y,(n) » = . Thus by Foster's Criteria
the system is recurrent. ‘

Since by Theorem 2.2 the system is known to not be
positive recurrent in the case o = 2/3, it follows that

it must be recurrent null .
Q.E.D.
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2.10 Summary of Results

The preceeding results can be summarized by the

following:

Theorem 2.5: The 2~-gerver series gueueing system is

(i) positive recurrent iff p < 2/3;
(ii) transient iff p > 2/3:
(iii) zxecurrent null iff p = 2/3 .

This can be compared to the well-known [10, p. 116]

results for the 2-server parallel queueing system. This

system is
(i) positive recurrent iff p <1
) (ii) transient iff g > 1
(iii) recurrent null iff p =1 .

Thus confining the customers to a single path has resulted
in a system 2/3 as efficient (in terms of the saturation

point for recurrence) as a parallel system.
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IIX. FORMULAS AND NUMERICAL EXAMPLES

3.1 General Discussion

In this chapter attention is confined to the positive
recurrent case in the two server series queueing system,
p < 2/3 . 1In this case formulas for the limiting prob-
abilities are obtained. Also formulas are obtained for
certain other quantities of interest, such as the mean
queue length, and the mean waiting time.

Recall (2.19) that the fundamental polynomial is

4]-

£(z) =2([(2p + 1)z - 2pl[{p+1)z - p] - 2

Let Cl and cz be the two zeros of £(z) inside the

unit ecircle. By Lemma 2.4
0 < g2 < gl <1l.

Equation (2.18) is satisfied if by + b, =0, so take

bl=b and b2=—b. Hence for n =2 1

(3.1) x(n) =b(] - C3)
_ n R . ¥
{3.2) p(n) =Db(6;:6; = ¢,8,)
nore 5. 222t G520 &
where : = = —" ’,
3 2c? 2(p + DG - 26

41
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r(n) represents the long run probability of a blocked
state with gueue length n, and p(n) represents the
long run probability of an unblocked state with queue

length n .
3.2 Explicit Formulas for Limiting Probabilities

The limiting probabilities must satisfy (2.9)
@

Fr() + W] + ) [x(m) +p@] =1 . Using (3.1)
n=l

and (3.2) implies

p{E[c arep - aran]s Yrarepdd - arsppc} -

n=1
1+8,)¢,  (1+8,)¢
1 V6 2
b{Zp[cl(l *8y) - ey |y SR N } =
1
(3.3) b = .

{avepalh + 2]~ arapold + 2]

Hence for n =1, «r(n) and p(n) are given by (3.1),
(3.2) and (3.3). The limiting probability that the

queue length is n, for n =1, thus is

(3.4) z(n) +'p(r) = bIL + 6;)¢] - (1 + 8,)¢])

14

From (2.8) one finds that the probability, that the
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aystem is idle, is

(3.5) plo) = 5L+ 810y = (1 + 80,0 .

3.3 Other Useful Measurements
3.3.1 Mean Queue Length

The mean gueue length is

Y alz() + p(m]

n=1

E]
]

(3.6)

(1+6)0; (1+85,)6,
= o 7" 2} -
(t-cy) (1-¢,)

where ‘b is given by (3.3).
3.3.2 Mean Waiting Times

Let Ty be the random variable representing the
waiting time until service begins, for an arrival at a
R random time in the stationary case. Define m = E[Tl]

as the mean time until service begins. Let N be a

random variable representing the queue length in the
stationary case.
The time until service begins for an arrival at an

instant when the system is in an unblocked state clearly is
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N
31

z X; where the X;'s are independent, identically
=1

digtributed with Xy having the distribution of
max(sl,sz) , where Sl and S2 are independent
negative exponential random variables with parameter g .

X; represents the time for a system with 2 bhusy

servers to clear out and admit 2 new customers. X;
—ux)z

has distribution function (1 - e , and E[Xi] = 53; .

The time until service begins for an arrival when

N-1
=1

the system is in a blocked state is S + Z X5 with

i=1
X5 the same as above, and S again having a negative
exponential distribution with parameter u, since one
server has to finish before the system goes into an

unblocked state. Thus

n

m, E[E[T1|§]]

,

]

L3 e + &+ B rm)
n=1

.l =R Y {3baesy) 141/0)) ¢, 7R (108y) (141/65) €7

I [~18

=1

R LR VY St {CEAE SR

2 2
B Sal2386, 467 I2+38,0, + 6,7 }
2 2 2
P -9 a-gy) (1-¢501-¢y)
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where b is given by (3.3).

Another measure of waiting time is m,

2 is the time until service is completed. Thus T, =

= E[Tzl where
T,
T, +5 vhere § has a negative exponential distribution
with parameter . Hence the mean waiting time until

service is completed is

my = E[T,]

(3.8)

E[Tl] + E[s]

L

1/u + my .

Still another measure of waiting time is my = E[T3] B

where T3 is the time until exit from the system. Thus

where B is a random variable representing the amount
of time the customer remains in the system after having
completed service (exit blocked). In the case of an
arrival to an unblocked system
[ 0 if N is even
B= i

LX-S2 if N is odd

and in the case of an arrival to a blocked system
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X - 8, if N is even
0 if N is odd

where as before X = max(sl ' SZ) and S and S are

1 2

independent, negative exponential random variables. Sl
represents service time in the front server, and 52

represents service time in the rear server. The mean

my = E[T,]
(3.9)

= E[T,] + E[8]

where

E[(B} = E[E{B|N]]

- SN N 3 _ 1
—k}_jl{ - Dpr-1 + G - Drew}

= L {a+bepg®™ - (+%2/¢,)¢,%}

(3.1) =
k=1
sz GG GG
2 2 *
1-4 1-6

Thus mg is given explicitly by (3.3), (3.9) and (3.10).
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3.3.3 Other Measurements

One measure of interest is the probability that
one of the servers is blocked, Py - This is of interest
as a measure of the inefficiency of the system. When
one of the servers is blocked the system cannot operate

at full capacity.
Py = z z (n)
1

b(C] - ¢3)

1
H[~18

¢ -C
et - w5l

A measure of customer frustration is the probability
that the system is blocked given that a customer is
waiting, B, - Customers become frustrated when they

must wailt even though a server is not busy.

Zr(n)

P, == z
2’:(“) + Z p{n)
2 3
1 S
=~ > .

¢ ¢
—Lir+sc - I—i— [1+8,¢,]
~52
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Another measure of interest is the ratio of proba-
bility of the front server being busy to the probability
of the rear server being busy, r . This measure would
be important if each server had a total service capacity

and one server could be given more of this capacity-.

Y p@ +) plms))
1 1

Tpm +) plise))

2 1
’ Yom ¢ 3 )
1 1
Zp(n) + % Z r(n)
2 1
p(1)
Ypm +1) rm
2 1
6181 7 526,
=1+
GG T G050, T 17D
1-q i-¢,

3.4 . Numerical Results and Comparisions

In this section, for given values of o, certain
probabilities and expected values are found. When both

the series and parallel systems are positive recurrent,
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the two systems can be compared by observing the proba~

bilities of certain gqueue lengths.

Table 3.1: Probabilities of Queue Length n for 2-Server

Systems.
p =1/3

n Series System Parallel System
0 . 4460 .5000
1 .2974 .3333
2 .1303 L1111
3 .0621 .0370
4 .0310 .0123
5 .0159 .0041
6 .0082 .0014
7 .0043 .0005
8 .0022 .0002
‘9 .0012 .0001

10 . 0006 .0000

o0 = 1/2

0 .2139 .3333
1 .2139 .3333
2 .1444 .1667
3 .1042 .0833
4 .0776 ©.0417
5 .0586 .0208
[ . 0445 . .0104
7 .0339 .0052
8 .0258 .0026
9 L0197 . .0013

10 .0150 .0006
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The probabilities for short queue lengths are higher
in the parallel case. For longer queue lengths the

probabilities are higher in the series case.

Table 3.2: Mean Queue Length

p Series System Parallel System
.05 .1015 .1003
.10 .2109 .2020
.15 .3348 .306%
.20 .4807 .416__7:
.25 .6587 .5333
.30 .8834 .6593
.35 1.1786 .7977
.40 1.5856 .9524
.45 2.1831 1.1285
) .50 3.1444 1.3333
55 - 4.9394 1.5771
.60 9.4474 . 1.8750
.65 41.0970 2,2511
2/3 3 2.4000

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



51

10 +

9T Series

Parallel

1.2 .3 .4 .5 .6

Mean Queue Length: Figure 3.1

For small values of p the mean queue length of the
series queue is about the same as the parallel queue.
As p approaches 2/3 the mean gueue lepgth of the series
queue becomes much greater than that of the parallel

queue.
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Table 3.3: Values of ;1 and 9%

o & t2
.05 .0923 .0475
.10 .1751 .0903
.15 .2532 .1286
.20 .3286 .1632
.25 .4024 .1945
.30 .4754 .2230
.35 .5477 .2490
.40 .6196 .2729
.45 .6913 .2950
.50 27627 .3154
.55 .8340 .3345
.60 .9052 .3523
.65 .9763 .3690
2/3 1.0000 .3744

As p approaches 2/3, (g approaches 1 and
;2 approaches -—3—’%@; = .3744.

Theorem 3.1: As p >0, {; is asymptotic to 2p
and §, is asymptotic to p, that is §; < 2p + o(p)

and g2=p+o(p) as p=>0.
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.

Proof: The zeros ¢, and (,, being analytic
functions of p, can be represented in the form

Cj 1P + a0
zeros of f(z) inside the unit circle. £(z) = (z-1)g(z)

where g(z) = 25 + 2% - 0(2p + 3)z +2,,72 and so {3 and

=a, ta 2, O(pz) . f and [, are the

;2 are zeros of g(z). Lemma 2.4 states that Cl and
;2 are positive, hence substituting ao-i-al +azp2 +O(pz)
for z in g¢g(z) shows that a, = 0 . Hence

(310 + ay02 + 0(p2))3 + (a0 + 250° + 0(s%))?

2
-p(2p + 3) (agp + azpz +0{p2)) +2p% =0

2. 2 2, _
P lay -3a1+2]+0(o)—0
a2 - 3a sz +00 g
1 1 2
]
et p =0
2 =
al—3al+2—0

Therefore 2y = 1 or 2 . Thus for small p

1]

¢y = 2p +olp)
;z =p +olp

Q.E.D.
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The conclusion of Theorem 3.1 is observed in Table 3.3
for p = .05, 1i.e. ;1 = ,0923 ~ 2p, and
52 = .0475 =~ p.

Table 3.4 presents the meanwaiting times for the
2-gerver par.allel and series queueing systems, Columns
four and five refer to the parallel system, in which

W, is the mean time until service begins and w is the

1 2
mean time until service is finished and the customer
leaves the system. The values in the table below are

for W =1 . For other u simply divide the values by

Me
Table 3.4: Mean Waiting Times
u=1)
p R T T3 ¥ W3
.05 .0150 1.0150 1.0571  .0025 1.0025
.10 .0544 1.0544 1.1285 .o101 1.0101
.15 .1160 1.1160 1.2161 .0230 1.0230
.20 .2018 1.2018 1.3239 .0417 1.0417
.25 .3173 1.3173 1.4587 .0667 1.0667.
.30 .4723 1.4723 1.6308 .0989 1.0989
.35 .6838 1.6838 1.8579 .1396 1.139
.40 .9820 1.9820 2.1703 .1905 1.1905
.45 1.4257 2.4257 2.6272 .2539 1.2539
* .50 2.1444 3.1444 3.3583 .3333 1.3333
.55 3.4904 4.4904 4.7159 .4337 1.4337
.60 6.8728 7.8728 8.1092 .5625- 1.5625
.65 30.6131 31.6131 31.8597 .7316 1.7316
2/3 = ® P .8000 1.8000
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Just as with mean queue lengths one sees that for
small values of p the series and parallel queues have
about the same waiting times, however.for large values
of p . the mean waiting times for the series gueue are

much larger than those for the parallel queue.
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IV. THE 2-SERVER k WAITING SPACES SERIES SYSTEM
4.1 Definition of the Problem

One possible extension of the simple two-server
series gueueing problem is a system with two servers in
series but with k waiting spaces between the two servers.
Customers are served on a first-come-first-served basis,
Each customer is served by one of the two servers.
Customers entering the servers move to the furthest for-
ward accessible serxver, A customer having completed
service at the rear server moves into the furthest forward
available waiting space to wait until he can leave the
system.

The states of the system can be represented by

symbols of the form (xy) where n represents the

n,i
number of customers who have not yet completed service
(the gueue length), x and y are server symbols
representing the status of the rear and front servers
respectively, and i indicates the number of occupied
waiting spaces. y can be 's' or 'e' depending on
whether the front server is busy or empty. x can be
's', 'e', or 'b' depending on whether the rear server
is busy, empty, or blocked. (Blocking of the rear server

is possible only if all waiting spaces are full.)

56
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k waiting spaces

departures
N ]
——> 00. . .00 00.. .00 —_—
. ueue
arrival q
rivals . rear server front server

Diagram of System: Figure 4.1

The states of the systen are

(ee) 0,0

(es)l'o , (es)l,l' P (es)l,k’ (bs)l.k’ (s,e)llo

(55)2,0 . (55)2'1, ooy (53)2,1:' (bs)z,k' (s,g)z'o

(s} o (s8) 1 reeens (Ss)n,k' (b} y s (s,e)n'o

Assume that arrivals form a Poisson process with
intensity A, and assume that each server has a mean
service rate of p, where service times are exponen-
tially distributed with probability density function

wt

ne” . Assume also that all interarrival and service

times are mutually independent.
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With these assumptions the process forms a continuous-
time, discrete-state, time-homogeneous Markov chain of

the type considered in Chapter 1.
4.2 Rate Diagram

The one-step transitions for this Markov chain are
-generated by arrivals and service completiong. Each
arrival increases the gqueue length by one (and changes a
server symbol from e to s Aif a server is accessible).
Each service completion reduces the queue length by one
and may change the number in the waiting space as well
as one or both server symbols. For example a completion
of the rear server would change the state (55)5,4 to
(55)4’5 provided k = 5 . The probability of an arrival
in time h is ih + o(h) , so the transition rate for
a transition generated by an arrival will be A . The
probability of a completion from one busy server in time
h is ph + o(h) so the transition rate for a transition

.generated by a service completion will be u . Hence the
rate diagram will have vertices and weighted edges made

up by fitting together subgraphs of the following types.
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(ss)n’l (ss)mo (se)n'O
\ ik /
7(ss)n+l,o n=2
A
(hs)n+2,k (ss)n+2,o (se)n+2,c
(ss)n,i+l (ss)n,i (se)n'o
\ ll/
5
(S,S)nﬂ.,i o<i<k,n=22
A
.
(s8)n42,3-1 (s8)q42,4
(bs)n,k (Ss)n,k (se)n.o
\ lh/
(s5) iy % n=2
[} A
(s8) 4, k-1 (s3) n4a,x
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(bs)n,k (ss)n’o
A
h a
7 ®S)nay % n=1
A
(=) n42,% ™) n42, %
(se)n,o (ss)n,o
I°%
(se)pi,0 nz1
A
M
(s8) 15,0 (88) g5, 1reore (58D nyp i (58)nup 6

Some Vertices of thé Rate Diagram: Figure 4.2

In addition there will be special subgraphs around
s . i <i
the v_ert:.ces (55)2,1 B (es)]_'i , (bs)l,:. for o=<isk,

as well as (se)l o and (ee)o o *
. '
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4.3 Tumping

Just as the states (se)n and ('bs)n were lumped
in Chapter 2, the states (se)n,o and (bs)n'k can be

lumped here. Departures from either of these two states

lead to the same state (ss) at the same rate p .

n-1,0
Thus we can lump these two states into a gingle state
b, = {(se)nlo . (bs)n,k] and the Markov property is
retained. Some of the vertices of the rate diagram,

for the lumped process, are as follows:
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(ss)n,l (ss)n,a P
b
(ss) n+l,0
b

(5%} n42,0 P

{s8)y 541 (ss), 7P

e T

(ss)n+1,i
W X

o<i<k,nz2

(s8)49,3-1 - 5%V naa,i

(SS)n,k b
A2
= 2
(s8) na,x ?
A
n

(55)n+2'k_]_ (ss)n+2,k
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hn (ss)mo
bn+1 : n>1
u A
H 2u
(ss)n+2,o (ss) n+2,1"°°°’ (ss)n+2,k-l (ss)n+2,k bn+2

Iumped Process: Figure 4.3

Again the vertices (xy)n i with n=0,1,2
.
require special treatment. _
Denote the long-run probabilities of this irreducible

Markov chain by

p; (n) = P{(ss) ;]

I

lim p
tow

(t) for n=22 0=<1ick
olss)y 4

P4y (M) = P(‘bn} = probability of queue length n

with one server blocked

il

lim p (t) for nz= 1
too u'bn
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Py (0) = P[(ee)o_'o}

[}

p;(1) = P{(es)y 41 , 0 =sisxk

Pyyp (1) = P{By ]

where @ represents an arbitrary initial state.
4.4 Normal Equations

The normal equations are obtained from figure 4.3,
balaneing input and output rates at each state, as in

Chapter 2. The result for general n,n + 1 22 is:

-(x + 2p.)pi(n+1) +)\pi(n) + upi_l(n+2) =0

1<isk
. k
-{x +u)pk+1(n+1)+).pk+l(n) + 2 upi(n+2)
i=o

+up(n+2) =0
~(h+2u)p (n+1) +2p (n) +upy ,(n+2) =0 .

In addition, the normal equations for gqueue length O

and 1 are:
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~(A+u)py (1) + ap (0) + MPy4q(2) =0
~(a+p)py (1) +up;_4(2) =0 1< i<k
. k+1
-Apg(0) + ) upy (1) =0
iso
This system can be rewritten, setting p = 2 7
(4.1) —2(p+1)pi(n+1)+2ppi(n)fpi_l(n+2) =0

l<i=<k, n=1

k
(4.2) =(2p +1)pyyy (R +1) +2p By, (0) + Zpi(n+2)
i=o

+gk<ﬂ+2) =0, n=21

(4.3) —2(p+l)po(n+l) +2p po(n) +pk+1(n+2) =0,n=21.

Also the normal equations for queue length 0 and 1

become:

(4.4) ~(20+ 1By (1) + 20 B, (0) + By (2) = 0

(4.5) ~(2p+1)p; (1) #p; () =0 1sisk
k

(4.6) ~(20+ Dy (1) + ) py(2) + 5 (2) =0
i=o
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k+1
(4.7) -2 p(0) + y Py (1) =0 .
i=o
This system is dependent and thus one equation say
(4.4), can be disregarded. Note that po(O) appears
only in (4.7). Thus (4.7) is automatically satisfied
if it is used to determine po(o) in terms of the other

quantities,

By Theorem 1.3 the Markov chain will be positive
recurrent if the normal equations, with the probabilities
pi(n) replaced by arbitrary variables xi(n) , have a
nontrivial absolutely convergent solution. If this is
the case any such solution, normalized to form a proba~
bility distribution, will give the limiting probabilities:

p () =cx,(m), and ) ) pi(n) +py(0) =1.
n i

Substituting L p. (1) for p_(0) one obtains
2p i o

K+l sk
(4.8) % Lo+ ) ) opym =1
i=o n=l i=o

as the normalizing eguation. Hence the problem reduces
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to finding sufficient conditions for the system (4.1) -
(4.3) and (4:5) - (4.6) to have a nontrivial, absolutely

convergent solution.
4.5 Difference Equations

The general system (4.1) - (4.3) (omitting the
special equations (4.5) - (4.6)) consitutes a vector
difference equation. Using the shift operator E this

system can be written in the form
' - S
(4.9) Fk(E)x(n) =0

n =1, where

By (E) =
r 2
Ry o 0 . . . 0 0 E
2
E Ry 0 .. . 0 0 0
2
0 E Ry .. . 0 0 0
0 0 E? . . . 0 0 0
2
0 0 0 . . . E Ry 0
E% E? B2 . . . E* 2m? Sg
(k+2) % (k+2)
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where RE = [-2(p+1)E +2p] and SE = [-{(2p+1)E +2p] .
and

L X ()

¥y (n)

% (n)
| *xnln

The fundamental solutions of such a linear homogeneous
. . N
difference equation have the form c¢ cn where { is an

appropriate nonzero scalar and

r ]

ol
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is an appropriate constant vector.

Substituting this into (4.9) one obtains

-
[}

n

S
P (E)T &

[}

B ECT

FOCT :

F (0= ¢

Thus Fk({;) —5 = 6‘ and one concludes that _c\ cn
is a solution iff Fk(g) is a singular matrix and r3
is a vector in its null space. Hence { must be a zero
of the fundamental polynomial fk(z) = det Fk(z) ’, and

=
the corresponding ¢ must satisfy

ENN
(4.10) Fk(g) c=0.

4.6 The Zeros of fk(z)

Further analysis depends on knowledge of the location
of the zeros of £ (z). The following is an explicit

representation of fk (z).
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k+1

Theorem 4.1 £, (2) = (~1)**1([~(2041) 24201 [2 (p+1) z-2p1F*1 -

x
v ) 220 (2 g1y gz ol FHE R, 2 (612D

i=1
Proof:
£ (z) =
R 0 0 ... ) o 22
z
2
z R, o ... 0 0 0
2
0 z R, ... 0 0 0
0 0 22 L. 0 0 0
2
0 0 ] P 4 Rz o
22 22 z2 ¢ ¢ o z2 2z2 Sz
(k+2) % (k+2)

where Rz = [-2(p+1)z +2p] and Sz = [=(20+1)z + 2p] .
From this one obtains

£ (2) = [-(2p+1) 242p) [-2 (p+1) 24201 (-1)  2%m
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by expanding the last column, where

H, =

]
2
z Rz Q PR ] o
2
0 z R, 0 0
1] 0 22 . . e e o] o]
2
0 0 0 e s e e 2 Rz
22 22 z2 “ e . z2 222
2 <4 sk+1 L x 1

where Rz = [-2(p+l)z + 2p] . The guantity H is seen

2
to satisfy the recursion relationship by expanding by

the first column:

B N G-l 2
H, = (-1) [«2(p+1)z +2p] + 2], )

where Hl = 222

Hence
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£ (2) = [-(2p + Dz +2p] [-2(p + 1)z + 20T

k+l 2

+ (-1} [-n%2(- 2(p+l)z+2p]

NETS SR

= 2(o+l)z+2p]
+ e 220 (-1 222 (pHl)z +2p] + 22%)-00]) L

k+1

(~1)X*L (= (2p+1) 2 + 201 [2 (p + 1)z = 25]

x .
+ ) 220 g 4 1)z m 2 FHE 4 5,2 (02 )
i=1

Q.E.D.

Certain modifications in the subsequent arguments
are necessary if fk (z) has multiple zeros inside the
unit circle. For simplicity only the case where fk(z)
has distinct zeros inside |z| <« 1 will be considered
in detail. Hence the null space of Fk(c) (see
[2, p. 253]), where ¢ is a zero of f.k(z) . is
l1-dimensional and the corresponding ?:\ is nontrivial
and unique up to a multiplicative constant. The general
solution to the system (4.1) - (4.7) has the form

- - n
4.11) B(x) =Z ey ¢
J
where the cj's are the distinct zeros of fk(z) and

-
the constant vectors c5 satisfy (4.10) for (= Cj .
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In order that the terms of (4.11) form an absolutely
convergent series, only the zeros cj with ]gj[ <1l
can be included. Denote these zeros by cl s eee s gm .
Thus }:y Theorem 1.3, the system will be posiéive re-
current i1ff constant vectors _él e '?m can be
obtained, satisfying the above conditions and also the

remaining equations (4.5) and (4.6).
-
In order for c to satisfy (4.10)

(4.12) [-2(p + 1) ¢ + 20ley *+ oy & =0

(4.13)  [-2(p + D¢ +2ple; +e; ; =0 1sisk

k
(4.14)  [-(2p + 1) ¢ + 2plop,,y + Z ey 1:2+ck =0
i=o

Using equation (4.13), for each Jj the components

cij can be represented in terms of coj
2 2 i
0 R S N = ;
Cij TIZ(p™) 20 fi-13 T | 206D G2 o3

for 0 =i sk
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From equation (4.12), coj

2

c. . =a., , ¢ . = ————J——]
k3 3 2 [mpmcj—znu ]

a. for

I 204 ¢-20

be shown to hold for these cij

2 . it
RS T
T+ ;28 33 FoT oy

{4.14) results in
[b—(29+1) .+ 2pla, + &2
J J 3
2

i=0

To show this is zero, divide through by

yielding

. Equation

L ¢
2 i
* Z & [z (D ¢5-20

can be represented in terms of

a, and thus

0<sic<k

(4.14) must also

. Substituting

into the left side of

2 K+
L N a.
2(p+1)C5-2p j

(i+1)
147, .

a.

(2(0+1) ¢4-20) K+l

74
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[-(2p+1) gy+20l [2(p+1) gj_zp]k'!-l . ;§ (k+2)

k .
" z ;§ (1+2)[2(P+1)Cj"291 (k+1) - (i+1)

i=o

]

[ (2p+1) ¢5+20] 12 (p41) ;J.-z,}k”l + 2;§ (e2)

k-1 .
2 (i+2) _ (k+1)-{i+1)
+ ) U2 g2

i=o

2 gi (k+2)

[ (2p+1) ¢;+20] [2(p+1);j-z.,]k+1 +

k
+ Y G apen gapr it
i=1
= £(cy)

=0

since gj is a zero of £ (z). Thus equation (4.14)

holds with

2 i+l

Cs

3 :
c., = f———]a. =5].'+1a_. 0sj sk, and
5 2 Gl 4

Sty T 2y
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It was shown above that only zeros inside the unit

circle can be used.

(4.7) exists if fk(z) has at least k + 2 zeros inside

the unit circle.

's

Proof: There are k + 1 initia_l conditions on the a.j
that must be satisfied. There are the same number of
aj's as zeros of fk(z) inside the open unit circle.
Let B be the coefficient matrix of this system. If
there are m = k + 2 zeros then B is a (k + l)x(m)
matrix and hence there is a nontrivial solution to the

t

system BA = 0 where A~ = (al,az,...,am).

4,7 The Fundamental Polynomial

From the preceeding one sees that it is necessary to
obtain further information about the zeros of the

fundamental polynomial.
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fi.(2) =
R, ) o ... o 0 22
22 R 0 v 0 ° 0
z
2
0 z R, ... 0 0 0
0 0 22 ... 0 0 0
0 0 0 .. 22 R, 0
z2 z2 z2 o e e 22 222 Sz
(k+2) % (k+2)

where Rz =[-2(p + 1)z + 2p] and Sz = [-{2p+1)z + 2p].

Lemma 4,1: fk(z,) has at least one zero at z =1 .

Proof: Direct substitution.

- k—
Definition: oy = -:ile-
4+27=1
Lemma 4.2: If o <o e fk(z) has exactly k + 2 zeros

inside the open unit circle. If p = oy £,(2z) has at

most k + 1 zeros inside the open unit circle.
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Proof: A recurrence relation for f_k(z) can be ocbtained

by noting that £, (z) = (-1)*"h(z) where

hiz) =
2
z Rz (¢} o s e o 0

2
0 z Rz P 0 [+}
0 0 22 .... o© )
0 0 [+] P 0 4]
2
[} 0 ¢} “ o e . z Rz
s 22 22 « v e . 22 222
z
(k+2) x (k+2)

where R, = [-2(p+1)z +2p] and S, = [-(2p+1)z +2p] .

The zeros of ﬁk(z) are the same as the zeros of h(z).

Now expanding by the last column results in
(4.15) n(z) = 222 %[22 (pr1) 2201w,

where
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wk =

2

z R, 0 ... 0 0
0 22 R i... O 0

z
0 0 22 .... 0 0
0 0 0 ce.. O 0
2
0 0 0 .. 2 R,
Sz Zz zz o o . z2 22
(k+1) % (k+1)

where Rz = [-2{p+1)z + 2p] and Sz = [-(2p+1)z + 2p] .

If one continues to expand by the last column, the

following recurrence relation is obtained.

W, = 22 (4F1) [-2(pH)#2plw, ) for 1=t =<k

where wo = - (2p+l)z+2p.
on the circle |z} =1 +¢,¢ # 0, the inequality
la-b] = Ja] - |b] yields |w | = (2p+1) (1+e) ~ 2p

=1+ (20+l)e
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similarly |w | 2 ~(1+e)? + [2(p+1) (L+e)~2p] A

=2 1 + 6pe + o(ez)

By continuing this process one obtains a sequence

do ' dl b oeaes dk of constants such that

fo,l 21+ d,e +0(e?)

for 1 s 4 =%k on the circle |z| =1 +¢ . From above
one can ‘take do =2p +1 and dl = 6p . In general
Wyl 2 - (14e)2 (42) 4 (2p41) (14e)-201 w, |
> ()22 4 (2(041) (14¢) - 2] (144,40 (e?)
=1 + e(2p42d,-22-2) +0(c?)
Hence
. lwgal 21+, + ote?)
=2p +24, - 24~-2.

e C

This difference equation for the d"s has the solution
{4.16) a,= (4 - 12t - 20 +a + 24

which can be checked inductively.
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Thus, on |z} =1 +¢,

Tl =1+ [(4p-3)2K + (c2p4a32K) Jo +0(e?)
and so ‘
(-2 (p#l) 4200w | 2 (242 (p1)e) (LHgyer0(eh))

=2 +2(ptl)e + 24 + o(ez)

k+1

242 (p*1) 64251 (4p-3) e-4pc+Be+ake+0 (%)

[}

241257 (4p-3) ~2p+10+4K] e+0 (2 .

Hence the magnitudes, of the two terms making up h(z) ,
see (4.15), can be compared on |z| =1 + ¢ .
(4.17)  |(-2(p+)zt2pduy | - |222 K72

2 242[ (40-3) 25— pt5+2K] 6-2 (1+(2k+4) e) + O(e?)

= 2[ (4-2%-1)p-32541 ¢ + 0(e?)

Case (i) p< Py
k
Whenever p < p = 3—2)(_—1 , and € < 0 and

4-27-1

sufficiently small, the right side of (4.17) is positive.

By Rouché's 'I'h‘eorem h(z), given by (4.11), must have

81
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the same number of zeros inside the circle |z]| =1 +¢
as [-2(p+l)z+2plw, . By letting e - 0~ one con-
cludes that the same is true inside the open unit circle.
Thus we need only determine the number of zeros of

[~2(p+1)z+2plw,  inside the open unit circle. Now

1(=2 (p+1)z42pJwy | 2 [2(p+1) (L+e)-20] Iy, |

13

[242 (p#1) €] (144, e+0(c?)]

]

[242 (o) €] (1+[ (4p-3)25 1oz pta

+2 (k-1)] e40(e2) ]

=2 + 0(¢)
> 1 + 0(e)
- 120
Hence | (-2 (p+l)z+2plw 4| - |z2(k+l)[ >0, and it

follows from Rouché's Theorem that W = -z2 (k+1) .

+ [-2 (p+1)z+2p]wk__l

the circle |[z] =1+ ¢ as [—2(p+l)z+2p]wk_l has .

has the same number of zeros inside

Since the first factor has one zero, 2p/(2p+2) inside
the unit circle, on letting ¢ - O one sees that Wy

has one more zero inside the unit circle than w_,
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[(=2(p+1)z+2p)w = [2(p+1) (14€)-2p] |w

-1
= [242 (p+1)e) [14f (4p-3)2% 712044

z-ll

+2(4-11e+ 0(c2)]

2 + 0fe)
> 1 + 0fe)
= |zz(4+1)'

Therefore w, = [-2(P+1)z+2P]wL_1-22uﬂ) 1s4sk

has the same number of zeros inside the circle

|lz] =1 +e,e <0, as [-2(p+1)z+2p]wz_1 . Letting

¢ » 0 it can be seen that v, has one more zero inside
the unit circle than W1 for 1< ¢ =%k . Since

wg = -(2p+1l)z+2p has one zero inside the unit circle, one
concludes that h(z) , and hence ‘fk(z) A has exactly

k + 2 =zeros inside the unit circle.

Case (ii) 0 > pp

3-2%-1
If p>pp = —4—?—1- ,e >0 and sufficiently small,

then ![-2(p+1)z+2plw ! - 222 ) 5 0 grom (4.17).
By Rouché's Theorem h(z) has the same number of zeros
inside the circle |z|=1+¢,e >0, as [~2(p+l)z+2plw.
By letting . - 0+ one concludes that the same is true
ingside the closed unit circle. As above we see that w,

k
has k + 1 zeros inside the closed unit circle and so
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h(z) has k + 2 zeros inside the closed unit circle.
Since one zero is z = 1 there are at most k + 1 zeros

of h(z) and hence of fk(z) inside the open unit circle.

Case (iii) p = Py

Note that the zeros of h(z) are analytic and hence
continuous functions of p . Choose p > "k.' As p = °k+
no zero can leave the closed region |z| = 1 . Note h(z)
is of degree 2(k+2) and h(z) has at least k + 3 zeros
in !z 2 1 since there are at most k + 1 zeros in
|z] < 1. Thus when »p = p]; h(z) and hence £ (z) has
at least k + 3 zeros in {z| = 1 and hence at most

k +1 zeros in |z] <1 .

Q.E.D.

Lemma 4.3. There are no zeros of fk(z) on the unit

circle except z = 1.

(_1)k+1

Proof: £ (z) = 1=1 (20+1)2-2p] [2 (p+1) 2201 T

k
+2zZ(k+2) + z zz(i+1)[2(p+1)z-2p]k+1-]‘]

i=1

suppose £ (2) =0, [zl =1, =z#1 then
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[2(p+1)z=2p] = 2(p*1) |2 - Ti5|
> 2(p41) (1 - 37 )
=2
2
| (2p+1)z-2p] = (2p+1) |2 - Z—D%il
> (2p+1) (1 - 5387 )
=1.
Since fk(z) =0,
92 (+2) 1% Z2(1+1)
~2p] = 2 + -
Lert)z2e] = oy a-2al ™ & (2 (i) z29l "
i=1
Now
1< |[(2p+1)2-2p]
252 (k42) i L2 (i+1)
- [2(p+1)2-25] ¥F1 2y 20+ z-201 "
k

252 (k+2) L2 (i41)

—_—z . |+ —_
[2 (p+1) z=201 HF & | eez-2nt
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x
2 1
< kA + ) &
L2
=1
i-(l)k'l'l
- 1,273
* 1-1

3
-
.

This is a contradiction andhence the only zero on the
unit circle is z =1 .

Q.E.D.

Note that further calculation shows that the zero

]
L}

1 is simple whenever p # Px and double when
P= Py - Using this fact the last sentence in Lemma 4.2

can be strengthened by replacing "at most” by "exactiy".
4.8 Conditions for Positive Recurrence

By Thet?rem 1.3 the system will be positive recurrent
if (4.1)-(4.3) and (4.5)-(4.6) have a nontrivial
absolutely convergent solution. From Theorem 4.2 this
is true if there are at least k + 2 =zeros of fk.(z)
inside the open unit circle. Combining this with

Lemma 4.2 one obtains the following.
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Theorem 4.3: The 2~server, k storage space, series

queueing system is positive recurrent if
p<p -
4.9 Conditions for the System to be Transient

Foster's Theorem (Theorem 1l.4) asserts that a
necessary and sufficient condition for an irreducible

Markov chain to be transient is the existence of a non-

constant bounded solution to a certain system of equations.
As in section 2.8 one can set up the equations from the

rate diagram. For this Markov chain assign the arbitrary

variables to the states as follows:
To the simple state (ss)n ; assign the variable
.
yi(n) ,An22, 0<i=<kX . To the lumped state
bn assign the variable Yiet1 (n), n=21.
Also assign the variable yi(l) to the state

(es)l,i and yo(o) to the state (ee)o,o .

Foster's equations then become the following with
p = A/2u .

For n =1

(4.18) yo(n) - (2p+1)yk+1(n+1) + 2pyk+1(n+2) =0

(4.19) Yiepq (B} + Y540 (0) = 2(p+l)y; (a+l) + 20y, (n+2) =

0<sisk

87
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and
(4.20) yo(O) - (2p+1)yi(1) + Zpyi(2) =0 0<ic<k+1

Equation (4.20) with i =%k + 1 is equation (4.18)
with n =0, so any solution of the system (4.18) -
(4.19) for all n will satisfy (4.20) for i =%k + 1.
Thus we need only determine whether there is a nonconstant
bounded solution of (4.18) - (4.19) which satisfies
(4.20) for 0 <i =<k .

The general system (4.18) - (4.19) can be written

in the form

i .Y S

(4.21) Gk(E)y(n) =0

where

G (B) = 1
TE 1 P 0 1
0 TE « o o 1] 1
0 [} . e o 0 1
0 0 . e . o} 1
o] [o] o « o 1 1
0 0 o o e TE 2
1 0 o« e . o} UE

) (k+2) x (k+2)
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2.

where T = [-2(p+1)E+2pE®] and Uy = [-(2p +1)E +2,8

E

and

¥y (n)
¥y (0)
R .
y(n) = .

¥y ()

| Yieen ()

The fundamental solutions of such a linear homogeneous
o
difference eguation have the form d;n where { dis an
appropriate nonzero scalar and

dO

4

al
]

is an appropriate constant vector.

‘Substituting this into (4.21) one obtains
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ol

= n
G, (EYdg

>
G (E}gd

n>
6 (0)¢"a

e (0dc” .

This Gk(c)?i\ = 6 and one concludes that _d‘cn is a
gsolution if and only if Gk(t;) is a singular matrix
and ﬁ is a vector in its null space. Hence { must
be a zero of the fundamental polynomial g(z) = det G(z),

and the corresponding 3 must satisfy
- =3
(4.22) Gk(;)d =0 .

Bounded solutions of this system will have the form
ES a n
y(n) = Zdj Cj where the (; are the zeros of the
-3

polynomial gk(z) = det Gk(z) inside the closed unit
circle  |z| s 1 .

The following is an explicit representation of gk(z) .

Theorem 4.4: gk(z) = 22(k+2)fk(1/z) =

k+1 k+l 2

= (-1 ¥ [ (20410) 2+2p22] [2(p+1) 2=2p2°]

k
+ ) 1204220221
i=1
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Proof:

g f2) =
T, 1 PR 0 1
[¢] Tz . o . o] 1
0 0 PRI [ 1
4] 0 . . 0 1
[] 0 « e . 1 1
[} 0 PR Tz 2
1 o PR ¢} Uz

(k+2)x (k+2)

Where T = [-2(p+l)2z+2p2z2] and U, = [-(2p+1) 242027
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< (22 (k+2)
T 122, ... ©
0 T ... ©
0 0 ... ©
0 0 e e.. O
0 ) e e e . 1722
0 0 e e .. T
1 0 e. .. 0
(x+2)x (k+2)

1/z
1/ 22
1/ 22

1/z

where T = [-2(p+l)/z+2p] and U = [-(2p+l)/z+2p] .

Since the determinant of the transpose of a matrix equals

the determinant of the matrix

gy (2) = 225 g (1/2)

k+1

= (-1) 2]k+1

([-(2p+1) z+2p22] [2 (p+1)-2pz
k :

Y [20e+1)z-2,271%) L

i=1

+

Q.E.D.

+ 2

92
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In order for 3 to satisfy (4.22)
(4.23) [-(2041) ¢42p ¢ G *8, =0
(4.24) dk+1+[.—2 (p+1)p+2p¢%1a, +8;,,=0 0 =i sk .

Using equation (4.24) for each j the components

dij can be represented in terms of dk+1j = ey
a5 = 120040 652065218, 15 - G
. i-1
= 1204005206310 455 - ) [20p3D) ¢y —2pc21 e
1=0
for 1 <1i=<k
a. = [(2p+1)§.’—29§2.]e.
o3 J b I |
dij = ey [[2(p+1); -2pC 1+ [(20"'1); ch 2
i-1 X
- 2,2
Y [20p+1)¢5-2085718)
4=0

for 1si=<k
Equation (4.24) for i = k must be shown to hold for

these dij . Substituting
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i-1

: 2,1 2 2

ey (120040 2031 T 2o+ gg-20 851 = ) [200%0)¢5-2005)
=0

4

for dij into the left side of (4.23) with i =%

results in
2 2.% ) 2
2ej+ej[—2 (p+1) Cj+ZpCj] ([2(p+1) cj-zpcjl [ (2p+1) Cj-chjl

k-1

2. 4
- +1) .=-2pC5 .
PRREIE IR Y b
4=0
k+1 .
To show this is zero, multiply by —(%)— yielding

k+1 ) 2
[-(2p+1) Cj+295j]

X212 (1) ¢5-20 ;?1
k=1 ]
2
L 20t 520630
=0

+
.tl]

+

= (1¥r2er2(p40) gy-20 1 F

(- 2e+1)C5420 &
k _
2
L[240 6520 C3
2=1

4

+

= 9, (53
=0

since .

4 is a zero of gk(z) .
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Solutions of (4.18) - (4.19) are of the form

yi(n) = .d.. g“

i3 & - If the ;j's are such t'na;t
J

]cj| <1l and dij are not all zero then there is a
bounded nonconstant solution to the general system.
There are %k + 1 initial conditions. If there are
k + 2 zeros of gk(z) inside the open unit circle and
hence k + 2 ej's then there is a nontrivial solution
for the ej‘s .

The polynomial. gk(z) has been shown to be
gk(z) = z2 (k+2)£k(1/z) . Thus the number of zeros of
gk(z) inside the open unit circle is the same as the
number of zeros of fk(z) outside the unit circle, for
a given p . By Lemma 4,2 if p < pk; fk(z) has
k + 2 zeros inside the closed unit circle and hence,
having degree 2(k+2), k + 2 zeros outside the closed
unit circle. Thus there is a nontrivial solution for the
ej‘s and so from Foster's Theorem (Theorem 1.4) we

obtain the following.

Theorem 4.5: The 2-server, k storage space series

queueing system is transient if p! > py -

The only remaining case is p = Pr - To consider

this case we use Foster's Criteria, Theorem 1.5. The
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o

inequalities z l‘jy‘(j) <0 for 4=1,2,... are
j=o

identical to the system (4.18)-(4.20) with the equal

signs replaced by = .

Lemma 4.4: If p = Py the 2-server, %X storage space

series gueueing system is recurrent.
Proof: The inequalities for Foster's Criteria become:
{4.25) yo(n) - (2"k+1)yk+1(n+1)+2°kyk+l(n+2) <0

for n 20

{4.26) yk+l(n) + yi+1(n) - 2(pk+1)yi(n+1) +29kyi(n+2) <0

for 0sis<k and n=z=21

Also
(4.27) 7(0) = (2p,41)y; (1) + 25y, (2) 50
for 0 =<i=<k

3-2%.1 ; -

where p, = = It can be seen by direct subsitution
k k

4-27-1

that
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yi) =n+ (1-p)2"™® 0<ick+1, n>1
Yo(0) = 1 = 2py + (2=p2™F

satisfy the inequalities (4.25)-(4.27). As n » = y,(n) =

for 0 <i<k+ 1. Thus by Foster's Criteria the system

is recurrent.

4.10 Summary of Results

The preceeding results can be summarized by the follow-

ing:

Theorem 4.6: The 2-server, %k storage series queueing

system is !
i) positive recurrent if P < Py
ii) transient £ P < Py
k
where Py = E_EEZL .
4-27-1

This can be compared to the well-known [10, p. 116]

results for the 2-server parallel queueing system. This

system is
i) positive recurrent iff p <1
ii) transient iff p>1;
iii) zecurrent null iff p=1. =

s
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Note that 2/3 = Py < 3/4. p, = 2/3 and P ™ 3/4
as k » ®», thus the saturation value of p cannot
exceed 3/4 with intermediate storage, a comparatively .

small increase over the value of 2/3 with no storage.
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V. THE n-SERVER SERIES QUEUEING PROBLEM
5.1 Definition of the Problem

A second possii:v].e extension of the simple 2-server
series queueing problem is the simple n-server series
queueing problem. The customers will be served on a
first-come-first-served basis. Each customer is served
by one of' the n servers. There are no storage spaces
between servers. The queue discipline requires that any
customer entering the servers move as far forward as
possible.

" The various essentiall states of the system can be
represented by symbols of the form (i)m’h where m
repregents the number of custqrners, who have not yet
completed service, (the gueue length), i is the number
of apcessible servers, and b is the number of blocked
sex:vers.2 A server may be blocked by a customer, who has
completed service but cannot leave the system because his
1. A state that communicates with every state that it

leads to is termed essential, otherwise it is termed
inessential.

2. Note that if i =0, state (O)m b exists for
,

0<bsn-1, m20: if i >0, state (i)mb
.

exists only for 0 <b<n-3i=-1 and m=n-1i~ b.

99
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way is blocked. A server may also be blocked if he has
no customer but customers cannot get to him because
the way is blocked by customers at other servers. All
empty servers are either to the right or left of the
busy servers, We will see that any other arrangement

is inessential.

arrivals departures

1
queue n servers

—_—%00. . .0 EE—

Diagram of the System: Figure 5.1
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The gtates of the system are 101

(n)

0,0
(-1)y,o  (2)g g0 eees Oy g

m=2)y o (8-3), 10wl (0, o

Mpg,preeer Oy 509

(1)n—1,o’ (o)n—l,l e (O)n-l,n—l

©n0r  (Op 1seees O

(041,07 @psr,1r 007 Qg ng

A state with empty servers between busy or blocked
servers is inessential. This is seen by noting that
whenever the system starts in such a state it will leave
this class of states once each customer, who was

originally in the servers has left the system. No such
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inessential state is accessible from an essential state
of the form (i)m,b . Hence, once the system has left
the inessential states it never returns. Since the long-
run probabilities are considered here it is not necessary
to consider the inessential states.

Assume arrivals form a Poisson process with intensity
A ; each server has a mean service rate of W where
service times are exponentially distributed with probability
density function ue‘”t ; all interarrival and service
times are mutually independent.

With these assumptions the process Eorms a continuous-

. time, discrete-state, time-homogeneous Markov chain of the

type considered in Chapter 1. The state space is denumerable

and the states are represented by the state symbols (i) 4.
.
5.2 Rate /Diagram

Thevone-step transitions for this Markov chain are
generated by arrivals and ser‘;ice completions. Each
arrival increases the queue length by l. Each service
completion reduces the queue length by 1. For example
if n =7 a service completion from one server might
change the state

to (0) The probability

@10,5 9,6
of an arrival in time h is 1ih + o(h) so the transition
rate for a transition generated by an arrival will be A.

The probability of a completion from one busy server in
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time h is ph + o(h) so the transition rate for a
transition generated by a service completion will be n .
Thus the rate diagram will have vertices and weighted
edges made up by fitting together subgraphs'kclaf the

following types:
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© 0 (0)

\L" "

(0) : mzn -1

) >4 wm+l,0
/ lx

(O n42,n-1 (O nt2,0
(o)m,b (O)m,b+l
l* /m,y»/
2 7041, b l<sbsn-2
1 by _
oo \s mzn-1
(01742, b-1 (O nt2,b
,
(O)m,n—l 7(O)m,0
A v
v
70 t41,n-1 m=n
N A
(O)n+2,n-2 (O 12, n-1

Some Vertices of the Rate Diagram: Figure 5.2
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In addition there will be special subgraphs around

the vertices (i) where m<n .

m,b
Denote the long-run probabilities of this irreducible

Markov chain by plj;(m) = PL(1) 4] = lim v, (t)
’ toe

MARERY

where o represents an arbitrary state, m is the queue
length, i is the number of accessible servers, and b

is the number of blocked states.

5.3 Normal Equations

The normal equations, with p = ;A‘;, are the following:
C1yH o (aemeb-1t
(5.1) ~(np+n-b- (n-m-b-1) 1py R=m=b=1) " (m1)
+
+ nopy, ) m)
+
+ [a-b#l-(a-m-b-1) 1p PP (me2) = 0

for m20, lsbsn-1
+ +
(5.2)  -lnota-(a-m-1) "1p, PN met) tngp, P (m)
° =
+ pn_l(m+2) =0 for m=20
n-1

(5.3) nepl + ) "Ry =0
b=o
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where x+ = max(x, 0) and pbi(o) =0 except when i =n

and b=0. For m2n these equations become

(5.4) ~[np+n-blp) (m+l) nppl (m) +[n-b+11pp_; (m+2) = 0

l<bsn-1

(5.5) ~[no#nlp,® (m#1) + npp O(m) + pb_; (mi2) = 0

This system is dependent, so any solution of all but one
of these equations is a solution of all. Hence one of the
equations can be disregarded. (5.2) with m =0 will
be disregarded. Further (5.3) is automatically satisfied

if it is used to determined pg(o) in terms of the other

gquantities,
n-1
1 -1
p‘;w) =E; z p]r; B (1). Hence only the system (5.1)-
b=0

{(5.2) need be studied.

By Theorem 1.3 the Markov chain is positive recurrent
if the normal equations with the probabilities pi‘,(m)
replaced by arbitrary variables x.; (m) , have a non-
trivial absolutely convergent solution. If this is the
case any such solution to this homogeneous system can

be normalized to form a probability distribution satisfying
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® n-1
+
(5.6) P+ Yy 5P m =
: m=1l b=0

Thus the problem reduces to finding sufficient
conditions that the system has a nontrivial absolutely

convergent solution.
5.4 Difference Equation Approach

The general system consitutes a vector difference
equation. Using the shift operator E this system can be

written in the form
P .
(5.7) F @Pm =0  m=n

where
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rn) (®) =
. ) .
TE(n) 0 PO [} E
2
ng TE(n—l) . .. [s] [+]
) (-1E2 ... o 0
0 0 ... T (2) o :
0 0 e 282 Ty (1) i

where TE(i) = [-(np+i)E+npl .

Py (m)
By (m)

-
plm) = .
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The fundamental solutions of such a linear homogeneous
. : S m
difference equation are known to have the form c¢f{ where

¢ is an appropriate nonzero scalar and

ol

is an appropriate constant vector.
If this is substituted into (5.7) as in Chapter 4
one obtains
- 2
(5.8) 0=z .

(n) - _ - 2 m
Thus F (¢)c = 0 and one concludes that ¢f is a
solution if and only if F(n) (g) 1is a singular matrix
-
and o is a vector in its null space. Thus { must be

a zero of the Fundamental polynomial
(5.9) ™ (z) = qat r™ (2)

By
and ¢ must satisfy

(5.10) ™ e =7 .
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5.5 The Zeros of f(n) {z)

Further analysis depends on knowledge of the location
of the zeros of f(n) (2z). The following is an explicit
representation of £ (n} (z)
Theorem 5.1: f(n) (z) = (_l)n—l[n:éZn_{ (np+1) z-npl [ (np+2) z-npl ..

eee [(np+n)z-npl} .

Proof:
£ () =
2
T, (n) 0 e . 0 z
n22 T (n-1) « o . 0 [}
z
0 -1z ... 0 )
I
|
L. . ... . .
I
i . .+ - . .
{
|
|- . o o o . .
0 4] v e . Tz.(z) 0
0 ) .. 222 T_(1)
nxn

where ‘I‘z(i) = [~(np+i)z+npl .

From this one obtains

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



£® () = (-1)" 141224~ (no+1) z#np] [~ (np+2) z4npl & s«
*«+ {=(np+n)z+ng]

by expanding by the last column.

Hence
£M 5y = (c1)™ L0228 [ (np+1) z-no] [ (np+2) z-npl =+
<o+ [ (ng+n)z-nol ]
Q.E.D.

Certain modifications in the subsequent arguments
. are necessary if f(n) (z) has multiple zeros inside the
unit cirecle. For simplicity only the case where f(n) (z)
has distinct zeros inside |[z] < 1 will be considered
in detail. Hence the null space of F(n) {g) (see [2,
p. 253]), where ( is a zero of f(n) {z) , is 1-
dimensional and the corresponding _; is nontrivial and
unique up to a multiplicative constant. The general

solution to the system (5.4) - (5.5) has the form

- - m
.11 = e, G
(5.11) Pm Z S
]
where the gj's are the distinct zeros of f(n) (z) .
a
and the constant vectors cj satisfy (5.10) for

£=6y -

111
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In order that the terms of (5.11) form an absolutely
convergent series, only the zeros ;j with |;].]< 1 can
be included. Denote these zeros by ;1 toeae s ;‘ . Thus
by Theorem 1.3, the system will be positive recurrent
if constant vectors ?1 4 eaa 'E\L can be obtained,

satisfying the previous conditions and also the remaining

equations.

S
In order for c¢ to satisfy (5.10)

(5.12) [- (np#n) Cingle, + Cey = O
(5.13) {-(np+i) ghmpley + (i#1)¢%¢;,; =0 1sisn- L

Using equation (5.13) for each j the components

cij can be represented in terms of c1j>= aj
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l;(nph'.-l) Cs-np ]

[ P talini. M

Ci = c._l .

] i€2. 1 J
3

[(npﬁ.-l)g.—np—J l: (np+i—-2)c.—npj]
O O S —_— 3 -
s 22

i} (i-1) c§

o li(np+1)g.—np} ..
]

2
25

for 2 si=sn

15 7 8i3%i- 7 7 7 8257

(np+i~1) {.-np
= 3
where §8,. =

e for 2 <i<n.
13 ;.2
J.Cj
Equation (5.12) must also be shown to hold for these cij .
Substituting
(np+n-1) ¢.-np (np+1) {.-np
- e e o |———T—— | a, for c_.,
2 202 33 nJ
nts &

and a., for c
3 13

into the left side of (5.12) results in
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L (np+n-1) §.~np (np+ ~
J np+l) {.~np 2
[-(np+n) ;jmp} —2——-:| vee [____._2_’!_{'51:] + ;j aj
ngy 2Cj

To show this is zero multiply through by
(_1)11—1“: C'z (n-1})
[ ——

+» which yields

5

[~ (np+n) ¢5+nol [ (npn-1) ¢ynpl - -+ [ np) ¢yonel * nl cgn

= -1 a:d® - [mptn) ¢5npl -+ [ (mp+1) G5onpl )

(n)
£ (Cj)
=0
(n) (z)

Since A;j is a zero of £

Thus equation (5.12) holds with

- ['(np+i—1)c--no} . [(no+1)5j-na_

il
[

ij N 2 j
i1¢% 2¢.
153 Cj
= sa " LAy 2=<is<sn
§J.j 623 3
-
€13 T 5
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Let gl Ry cq represent the zeros of f(n) (_z)
ingide the unit circle. On substitution of the above
representations for cij into the initial conditions
(5.2)-(5.3) yield a single homogeneous linear system

= t
for a = (al, cee s aq) of the form
- -
(5.14) Ba =0,
where B is k x g for some fixed k 2 g .
5.6 The Fundamental Polynomial

Before proceeding to obtain conditions under which
the system (5.2)-(5.3) has a nontrivial solution it is
necessary to obtain further information about the zeros

of the fundamental polynomial.

£ () =
'I‘z(n) [o] . e . o] z2
n22 T_(n=1) PP 0 0
b4 .
) (122 ... ) 0
) . D A A i
- - . = e - - ;
i ) 0 e z,(2) o |
Lo 0 ... 222 T, (1)
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where Tz(i) = [~(np+i)z + npl .
Note that f(z) = fo =£f.

has at least one zero at z = 1.

Lemma 5.1:
Proof: Direct substitution

Definition: P (R) o 1

I~ B
Hej

™
ful

(n) P f(n) (z) has exactly n zeros

Lemma 5.2 £f p<op
ss . . (n) (n})
inside the open unit circle. If p >p , £ (z) has

at most n - 1 zeros inside the open unit circle.

Proof: Recall from Theorem 5.1,
£ () = (1) Yn122Po[ (np+1) z-npl [ (np+2) z-np} +++
[ (np+n)z-npl} .

on the circle |z| =1 +¢e,e # O the inegquality

l]a - b] 2 |a] - |b|] yields
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(5.15)  |[(np+1)z-np] -+~ [ (np+n)z-np} | - |n! 22 |

1

| (np+1l)z-np |-+ ] (np+n)z-np| - n! |z|2r1

v

[ (np+1) (1+e)-npl ++-[ (np+n) (1+e)-npl

- nil1+2ne+0(e?)]

[1+(ng+1) el -+ - [n+(no+n) ] =n![1+2ne+0 (¢)]

n! (np+i)e
=nt + Z —_— - n.'-2neni+0(ez)
i=1
H n
et | Y netl Zn:l + 0(e?)
i=1
- n
= en! l'np z %+n - 2n:] + O(ez)
j=

[
3
[l
2
o

Case (i) b <op
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n

Whenever p>p (n) _ 1/2 ‘1,: , € < 0 and sufficiently
i=1

small, (5.15) is positive. By Rouché's Theorem f(n) (z) ,

given by (5.9), must have the .same number of zeros inside

the circle |z} =1 + ¢ as [(np+l)z-npl*--[(no+n)z-npl

has. TLetting ¢ - 00 one concludes that the same is

true inside the open unit circle. Therefore f(n) (z) has

n zeros inside the‘open unit circle when p < p(n) N

(n)

Cage (ii) P >0

If p> o™ 1/ rl‘— , ¢ >0 and sufficiently small,
L1
i=1
then (5.15) 1is positive. By Rouché's Theorem f(n) (z)
has the same number of zeros inside the circle
lz| =1 +e,e>0 as [(np+l)z-np}---[(np+n)z-ne] has.
By letting e = O+ one concludeé that‘ the same is trueb
inside the closed unit circle. One of these is at z =1
so at most n - 1 zeros can be inside the open unit

circle.

(n)

Ccase (iii) o =0

Note that the zeros of f(n) (z) are analytic and

hence continuous functions of p. Choose p > p(n) .
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(m*

As p 2p no zero can leave the closed region

|z] =2 1. Note f(“) (z) is of degree 2n and g(n) (z)
has at least n + 1 zeros in Jz| = 1 since there are at
most n ~ 1 =zeros in [z] < 1 . Thus when

p = p(n) @ (z) has at least n + 1 zeros in |z] =1

and hence at most n - 1 zeros in |z]| < L.

Q.E.D.

circle except at z =1 .
Proof: f(n) (z) = (—l)n_l{n.'zzn-[ (np+1)z=np} = **[ (np+n) z-np] }.

suppose f£(z) =0, |z| =1, =z #1 . Then

| np+i)z-np} = (mp+i) |z - o8¢ |
> (np+i) (1 - 285 1
=1

since £ (z) =0

Intz2?| = [[ (np+1)z-npl -+~ (np+n) z-npl |

n! < |[(np+l)z-npl * =~ [ (np+n) z-npl |

2nl

Inlz

n!
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This is a contradiction and hence the only zero on the
unit circle is at z =1,

Q.E.D.

Further calculation shows that the zero z =1 is
simple whenever p # p(n) and double when p = p .
Using this fact the last sentence in the statement of
Lemma 5.2 can be strengthened by replacing "at most" by

“exactly".
5.7 Conditions for Positive Recurrence

Theorem 5.3: A nontrivial solution to the system (5.2)-

(5.3) exists if £ (z) has at least n zeros inside

the unit circle. Thus the system is positive recurrent if

p<p(n) N

Proof: It was shown previously that only zeros inside the
unit circle can be used. There are the same number of

aj's as zeros of f(n) {z)

inside the open unit circle.
Let B be the coefficient matrix of the system of initial
conditions and ?: (a1 P8y s eees aq)t where g is the
number of zeros inside the unit circle. This system has
— -

the form Ba =0 .

Consider the case p < p(n) . It was proved in
Lemma 5.2 that in this case g =n . B§= 3\ has a
nontrivial solution if and only 'if the rank of B is

less than n . This is true if and only if det B' =0
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for every n x n submatrix B' of B . Choose one of
these submatrices B'. TLet o(p) = det B' . The system
is positive recurrent for sufficiently small p since
the system clearly is more efficient than the system with
one server and a service rate of u . Hence for all
sufficiently small p,¢{p) =0 . o(p) is an analytic
function of o, thus o(p) = 0 for all p < n(n) .

This is true for each B' . Therefore the rank of B
(n)

is less than n for all p < p ., and the system
has a nontrivial solution if p < p(n) . Thus the system
is positive recurrent if p < p(n) .

5.8 Conditions for the System to be Transient

Foster's Theorem (Theorem 1.4) asserts that a
necessary and sufficient condition for an irreducible
Markov chain to be transient is the existence of 2
nonconstant bounded solution to a certain system of
equations. As in section 2.8 one can set up the
equations from the rate diagram. For this Markov
chain assign the variable ylj;(m) to the state (i)m,b
where m is the queue length, b the number of blocked
servers and J. the number of accessible servers. Note

that 4f i >0 then m=n-1i-b .
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Foster's equations then become the following with

=A .
P =qs
+. (n—m—n—1)+
(5.16) ~[np+n-b- (n-m-b-1) ]y.17 (m+1)
+
+ noyy D) N (az)
+ (n-m-b-1)"
+ [n-b- (n-m-b-1) ]Y‘b+1 (m) =0
for m20 0<b=n-2
o o (n—m)+ -
(5.17) ~[np+lly, _q (m+l)4npy, o (m+2)+y ] (m) =0

for m =z 0
For m = n these equations become
(5.18) -[np+n-bly(m+l) + npy} (m+2)+(n-b)yp,, (W) =0
for 0 <b s<n=-2 and
(5.19) ~lnpHlyd ) (m+l) npy>_; (m+2) + Yo(m =0 .
This system can be written in the form
(5.20) c™E3Fm =70

where

122
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™ m =
UE(n) n
[} UE(n—l)
0 0
0 0
Pl 0

where UE(i) = [-(np+i)E + npE

and

i
I

L

o

yg (m)

yg (m)

e

¥p-1(®

v e

S VU —

o

R

A argument similar to that in section 4.9 shows the

fundamental solutions of this system have the form

123
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(5.21) ym =ac®

and the gene'ral bounded solution will be a linear
combination of such terms, B
3
=N q -
(5.22) Y = jzl a4 g
where {3, ... Cq are the zeros of the polynomial
g(n) (z) = det g(n) {z) inside the closed unit circle.

The constant vectors

.l
W

e}

13

are in the null space of G(n) (Qj)

The following is an explicit representation of

g(n) (z).

Theorem 5.4: g'(n) (z) = zan(n) (1/z)

= (-l)n-lfni-[(np+l)z-npzzl eee [(ng+n)z-nozzlj .

124
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Proof:
g(n) (z) =
U, (n) n . 0 0
0 U,(n-1) . . . 0 o
0 0 e [3}
s} 0 ... U,(2) 2
i 1 0 - .. 0 U, (1)
nxn
where U, (i) = [-(np+i)ztnpz’].
_ .2n
=2z
2
U{(n) n/z “ .. 4] 0
[¢] U(n-1) - . 0 0
0 0 e 0 0
0 0 ... u(2) 2/2%
1/22 o e 0 u (1)
nxn

Where U(i) = [~(np +i)/z + npl .
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Since the determinant of the transpose of a matrix eguals
the determinant of that matrix, one sees by comparision

with Theorem 5.1
g™ (2) = 227 ) (1/2)

= (—l)n_l(n.'-[ (np+1) z-npzzl ces[ (npin) z-npzzl }

0.E.D
N
In order for y(n) to satisfy (5.20)
(5.23) [-(ptl) ¢ + npc?ld, =d =0
(5.24) [-(np#b) ¢ + npglla, +Dbd, =0 2sbsn

For the general solution (5.22) one must use

equation (5.24) for each j . The components dij of
dj = (dnj Veeas alj)t can be represented in terms of
dnj = ej {npsmil) 2] .

np g Cj nDCj d'h+1,j

%57 T e

[(np+b+1>cj—npg§1---[(no+n);j—npc§1ej

(b+1)-<-n
for 1 <bs<n-1

Equation (5.23) can be shown to hold for these dbj .
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Substitute
2 2
+2) .-npgslee + .~npgile.
[ (np+2) £5-npg3t***[(np+n) g -np il ey
n.
for dhj into the left side of (5.23). This results

in

~[ (np+1) ;j-nbcgl “*{ (np+n) Cj-an§] ey +ey

n.
!—lln_ln'
To show this is zero, multiply by Py = yielding
3

(-1)"(n!-{ (np+1) ;j-npg§1 -«+[ (np+n) .;j-npg§] }
= gqn)

g (gj)

=0

() (z)

since gj is a zero of g

(m) (z) Thas been shown to be

The polynomial g
g(n) (z) = zan(n) (1/z). Thus, for a given p, the
nunber of zeros of g(“) (z) inside the open unit circle
is the same as the number of zeros of f(n) (z) outside
the unit circle. By Lemma 5.2 if p > p(n) f(n)(z) has
n zeros inside the closed unit circle and hence, having

degree 2n, n zeros outside the closed unit circle.
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Theorem 5.5: The n-server series gueueinqg system is

transient if p > p(n) .
Proof: If p > p(n) . then there are n zeros of

g(n) (z) inside the unit circle and thus nej's. The
system of initial equations for the ej has the form
~ S

B e
kxn

A ~
=0 where B is the coefficient matrix of the

S
system and e = (el ¢y s aens en)t . The system is

transient if this system of equations has a nontrivial
solution. ;_e\ = _3 has a nontrivial solution if and

only if the rank of ; iz less than n . This is true
if and only if det ;' = 0 for every n x n submatrix
;' of g. If p is sufficiently large the system

is known to be transient. Therefore o(p) = det B' = 0
for all n x n submatrices B' of B, for sufficiently
large p .

Hence ofp) = 0 for all p > p(n) since ¢ (p) is an

- -
analytic function of p . Thus the system B e =0

(n)

has a nontrivial solution for p > p and so
0 > p(n) implies the system is transient.
The only remaining case is p = p(n) . This case

can be shown to be recurrent as in to section 4.9.
5.9 Summary of Results
The preceeding results can be summarized by the

following with p = ﬁ :
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Theorem 5.6: The n~server series queueing system is

1) positive recurrent if p > p(n) '

ii) transient iff p > (n) .

iii) recurrent if. p = o(n) .
where p(n) = 1 -

Heli=

n
io1
This can be compared to the well-known [10, p. 116}

results for tne n-server parallel gueueing system. Fhis

system is
i) ©positive recurrent iff p<1;
ii) transient iff p>1;
iii) recurrent null iff p=1.

Note that for n = 1 the system is the same as the
parallel system with n =1 and p(l) =1. As n o

p(n) - 0.

The n-server series queueing system is positive

. n
recurrent if p < p(n) = l/z ~ L T
i=1 log n + 1

(m) _ i
log n+%

Thus the system is positive recurrent if ﬁ <p

and hence if
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n
(5.25) A np(n) ~— =
H 1
log n +3

A regular s server parallel system is positive recurrent

if 2~ <1 and hence if

<s

=i

(5.26)

Comparing (5.25) and (5.26) we see that for large n,
the series system has approximately the same saturation

point as the regular s-server parallel system with

logn+5

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



VI SUMMARY
6.1 The 2-Server Series Queueing System

In this paper it has been determined (Theorem 2.5)

that the 2-server series queueing system is

positive recurrent Aiff p < 2/3;
recurrent null iff p = 2/3%
transient iff p > 2/3,

where p = A/(2u), A = mean input rate, u = mean service

rate of each server.

If the servers are located in parallel instead of in

series the system is

positive recurrent iff p < 1;
recurrent null iff p =1:
transient iff p >1 .

Thus blocking causes a drop of 1/3 in the efficiency
of the system. For small values of p the two systems
are similar, However, as p = 2/3 the series case

becomes much less efficient.

131
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6.2 The 2-Server, kX Storage Space Series Queueing System

In an attempt to relieve some of the blocking of the
rear server, Kk waiting spaces are placed between the

servers. This system was determined to be (Theorem 4.6)

positive recurrent if P <oyt
transient iff P> Py
k
where pp =Lk-1 .
4-27-1

I 3/4 as k » ®», hence this system is still

less than 3/4 as efficient as the parallel system.
6.3 The n Server Series Queueing System

Another generalization of the 2-server series queueing
system is the n server series queueing system. It was

determined (Theorem 5.6) that this system is

' positive regurrent if o < p(n) ;
transient iff p > p(n) .
1
where p(n) == and p = A/(ny).
y 1
L i
i=1
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These results ¢an be compared to the results for the

n server parallel gueueing system. This system is

positive recurrent if:

£ p <1y
recurxent null iff p=1;
transient if€ p>1.

The n server series gueueing system is comparable in

n
efficiency with a parallel system having [m]
servers, in a precisely defined sense (see section 5.9).
6.4 Future Research

Many other questions can be asked about series queueing
systems. It would be of interest to know whether the
system is positive recurrent or recurrent null, in the

case p = py in the 2-server, k waiting spaces series
(n)
0

queueing problemand in the case p = in the n
server series queueing problem. A system with more than
two servers and intermediate storage could be investigated.
The queueing systems examined in this paper could be
generalized to Possion arrivals and general service times,
or a general distribution for interarrival times and
negative exponential service times, etc. The output
process of these systems could be investigated. Also it

would be interesting to know how a finite waiting room

effects the system.
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