
6 3 2

Mass Defect Curve and Nuclear Constitution.

B y G . G a m o w , R ockefeller F o u n d a tio n  Fellow , C am bridge.

(Com m unicated by  Sir E rn est R u th erfo rd , P .R .S .— R eceived Ja n u a ry  28, 1930.)

I n  th e  discussion before th e  R o y a l S ocie ty  on  th e  c o n s titu tio n  of th e  a to m ic  

nucleus h e ld  on F e b ru a ry  7, 1929,* I  p roposed  a sim ple m odel of a  nucleus b u ilt 

from  a -partic le s  in  a w ay  v e ry  sim ila r to  a  w a te r-d ro p  h e ld  to g e th e r b y  surface 

tension. A  ce rta in  n u m b er of p ro to n s  (n o t m ore  th a n  th ree ) a n d  electrons 

can  be b o u n d  to  such  a n  a -agg rega te  w ith o u t fo rm in g  a new  a -p a rtic le .f  

Such a d d itio n a l u n its  of nu c lea r co n stitu tio n , u sua lly  b o u n d  less s trong ly  

th a n  those  invo lv ed  in  th e  a -p artic les , we shall te rm  free nuc lea r p ro to n s  and  

electrons. T heir presence will, of course, affect th e  fo rm  of th e  nuc lea r energy 

cu rv e  (m ass de fect cu rve), n o t changing , how ever, its  general shape .

In  th e  p resen t p a p e r I  shall a t te m p t  to  t r e a t  th e  p rob lem  m ore  closely, 

analy sin g  from  th e  th e o re tica l p o in t of view  th e  ex p erim en ta l fac ts  concerning 

th e  nuclear energy.

To begin w ith  we shall t r e a t  a nucleus b u ilt  from  a  c e r ta in  n u m b er of 

a -partic les  o n ly .J  To exp la in  th e  possib ility  of a s tap le  configu ra tio n  of 

positiv e ly  charged  a -p artic les  we m u s t assum e som e a ttra c t iv e  forces, w hich 

com e in to  p la y  only for a close ap p ro ach  of tw o a -p artic les  a n d  overbalance  

a t  sh o rt d istances th e  forces due  to  e lec tro s ta tic  repu lsion . W e h av e  experi

m en ta l evidence of th e  presence of these  forces in  th e  in v estig a tio n s  on the  

anom alous sca tte rin g  of a -partic les  in  helium  in  th e  case of v e ry  close collision.§ 

A lthough  th e  law  of th ese  forces is n o t y e t ex ac tly  d e te rm in ed , we can  w rite 

th e  m u tu a l p o te n tia l energy of tw o  a -p artic les  a t  a d is tance  r a p a r t  in  th e  form

U  (r) =  +  4 e2/r —f(r),  (1)

th e  function  /  (r) decreasing v e ry  qu ick ly  w ith  d is tance .

In  th e  classical tre a tm e n t th is  a d d itio n a l p o te n tia l is u sually  assum ed to  * * * §

* ‘ R o y .  S o c .  P r o c . , ’ A ,  v o l .  1 2 3 ,  p .  3 8 6  ( 1 9 2 9 )  ; s e e  a l s o  4 P h y s .  Z . , ’ v o l .  3 0 ,  p .  7 1 7  

( 1 9 2 9 ) .

t  T h e  n u m b e r  o f  a d d i t i o n a l  p r o t o n s  a n d  e l e c t r o n s  c a n  b e  s i m p l y  e s t i m a t e d  f r o m  t h e  

n u c le a r  m a s s  ( a t o m i c  w e ig h t )  a n d  c h a r g e  ( a t o m i c  n u m b e r ) .

t  T h is  c a s e  w e  h a v e  f o r  t h e  f ir s t  1 0  e l e m e n t s  o f  a t o m i c  w e i g h t  4 n [ H e 4; B 8 ( n o t  k n o w n  t o )  ; 

Q i2  5 0 16 ; N e 20 ; M g 24 ; S i28 ; A 32 ; C a 40] . F o r  t h e  n e ig h b o u r in g  e l e m e n t s  a  c e r t a in  

n u m b e r  o f  f r e e  e l e c t r o n s  i s  a lw a y s  p r e s e n t  ( s e e  f ig .  2 ) .

§ R u t h e r f o r d  a n d  C h a d w ic k ,  4 P h i l .  M a g . , ’ v o l .  4 ,  p .  6 0 5  ( 1 9 2 7 ) .
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Mass Defect Curve. 633

vary as an  inverse high pow er of d istance  (po larisation forces, m agnetic forces). 

The m odern q u a n tu m  th eo ry  of in te rac tio n  betw een tw o com plex particles 

gives a ra th e r  com plicated  expression for th e  m u tu a l p o ten tia l energy.*)* W e 

have here tw o k in d  of forces corresponding to  sym m etrical an tisym m etrical 

solutions of th e  w ave equation . B o th  solutions show a strong repulsion a t  th e  

distances com pared w ith  th e  dim ension of particles. A t g reater distances th e  

sym m etrical solu tion gives an  a ttra c t io n  decreasing exponen tially  w ith  distance, 

th e  an tisym m etrical one a repu lsion  of th e  sam e type. F o r our case of a-par- 

ticles we have  to  accep t th e  first so lution an d  w rite th e  add itional po ten tia l 

energy in  th e  fo rm j :

—f i x ) ----  ( lA )

Exam ining th e  behav iour of a collection of particles a ttra c tin g  one ano th er 

w ith  th e  forces ve ry  rap id ly  decreasing w ith  distance  (we neglect a t  first the  

coulom b forces w hich are  com paratively  sm all a t  nuclear distances) we can 

introduce th e  w ell-know n ideas m ade use of in  th e  th eo ry  of cap illarity . 

Calculating th e  p o ten tia l energy of a partic le  inside a certa in  space in  which 

th e  others are d is trib u ted  nearly  uniform ly we m ust ta k e  in to  account only 

th e  action of particles inside a sm all sphere surrounding  th e  partic le  in  question. 

In  fact th e  p o ten tia l energy u of our a -partic le  is given b y  th e  in te g ra l :

u =  — [ f(r)  . 47i r 2p dr, (2 )
Jd

where d is th e  sm allest d istance betw een th e  particles and  p th e  density  of 

particles. In  our case, w here th e  forces dim inish rap id ly  w ith  distance, th e  

in tegra l converges ra th e r  qu ick ly  an d  p ractica lly  need be tak en  only up  to  a 

certain  distance r*. The sphere of radius r* is well know n in  th e  theory  of 

capillarity  as “ th e  sphere of m olecular ac tio n .” W e can say th a t  the  particle 

inside th e  liquid has no re su ltan t force acting  on i t  if th e  distance from  th e  

boundary  is g reater th a n  r*.

In  th e  surface region very  strong forces arise, try in g  to  d rag th e  partic le  

inside th e  liquid (surface tension). Such a collection of a-particles will be 

very like a m inu te  drop  of w ate r where th e  inside pressure, due to  th e  kinetic 

energy of quantised  m otion, is in  equilibrium  w ith  th e  forces of surface-tension 

try ing  to  dim inish th e  drop-radius.

t  S e e  H e i t le r  a n d  L o n d o n ,  ‘ P h y s .  Z . , ’ v o l .  4 4 ,  p . 4 5 5  ( 1 9 2 7 ) ,  a n d  S u g iu r a ,  4 P h y s .  Z . , ’ 

v o l .  4 5 ,  p . 4 8 4  ( 1 9 2 7 ) ,  w h e r e  t h e  s im p le s t  c a s e  o f  in t e r a c t io n  b e t w e e n  t w o  h y d r o g e n  a t o m s  

i s  t r e a t e d .

% T h e  s ig n  “  ~  ”  m e a n s  h e r e  a n  a p p r o x im a t e  e q u a l i t y .
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6 3 4 G . G a m o w .

Of course, in  o u r case, w here  th e  n u m b e r of p a rtic le s  in  th e  d ro p  is ra th e r  

sm all, th e  th ick n ess  of th e  su rface  la y e r is of th e  sam e o rd e r of m ag n itu d e  as 

th e  d rop  ra d iu s  ; th e  v e lo c ity  a n d  th e  d e n s ity  of th e  p a rtic le s  decreasing 

reg u la rly  to w a rd s  th e  d ro p -b o u n d ary .

T he im p o r ta n t p o in t fo r th e  n u c lea r  d ro p -m o d el is th e  q u estio n  of th e  

q u a n tu m  n u m b e r to  be  asc rib ed  to  th e  d iffe ren t a -p a rtic le s  in  th e  d ro p . The 

so lu tion  of th is  q u e stio n  is v e ry  sim ple  ; a ll a -p a rtic le s  in  th e  nucleus m u s t be 

co nsidered  to  be in  th e  sam e s ta te  w ith  q u a n tu m  n u m b e r u n ity . This is 

d ue  to  th e  fa c t t h a t  th e  P a u li p rinc ip le , w hich  req u ires  th e  e lec trons in  an  

a to m  to  be d is tr ib u te d  in  d ifferen t shells, is n o t ap p licab le  to  a -p a rtic les  since 

th e y  c a rry  a n  even  charge.*  The n u m b e r of p a rtic le s  on  th e  sam e level being 

n o t lim ited , we h av e  to  ex p ec t t h a t  in  th e  o rd in a ry  nucle i (n o t ex c ited  ones) 

a ll a -p artic les  are  in  th e  sam e s ta te  of sm alles t energy , t h a t  is, in  th e  first 

q u a n tu m  level.

W e sha ll now, v e ry  rough ly , a n d  o n ly  as reg a rd s  th e  o rd er of m ag n itu d e , 

e s tim a te  th e  general b eh av io u r of such  a  m odel. I f  r 0 is th e  ra d iu s  of a  nucleus 

con sisting  of N a a -p a rtic le s  th e  av erag e  m o m e n tu m  p a n d  k in e tic  energy  k  

of a single p a rtic le  a re  g iv en  b y

P ~  (3)
a n d

1 o h2 ,A\
K ~  —  p 2 ~  -------- - .  (4)

2 m 1 8 m r02

I n  order to  e s tim a te  th e  average  p o te n tia l  energy  we m u s t rem em ber t h a t  th e  

p a rtic le  com ing to  th e  b o u n d a ry  of th e  d ro p  loses a ll its  k in e tic  energy . Now, 

in  th e  case of abso lu te ly  sh arp  walls' a n d  c o n s ta n t p o te n tia l inside, th e  p o te n tia l 

energy  of a  pa rtic le  on th e  d ro p -b o u n d ary  is a  h a lf of its  p o te n tia l energy  inside 

(as on ly one h a lf of th e  “ sphere  of a c tio n  55 is ac ting ). I n  th is  case th e  k in etic  

energy  of th e  p a rtic le  o u g h t to  be eq u a l to  one-h a lf of th e  ab so lu te  va lu e  of 

p o te n tia l energy inside. I n  th e  rea l case, w ith  th e  d e n sity  of p a rtic les  in  th e  

d ro p  d im in ishing  s lig h tly  to w ard s  th e  surface, th is  re la tio n  will ho ld  only 

ap p ro x im a te ly  a n d  we w rite  :

u ~  —  2 k  —--------^ 2/4 m r02. (5)

* I t  c a n  b e  s h o w n  f r o m  g e n e r a l  p r in c ip l e s  o f  w a v e  m e c h a n i c s  t h a t  i n  c o n s id e r in g  a  

c o l l e c t i o n  o f  s im i la r  p a r t i c l e s ,  e a c h  c o n s t r u c t e d  f r o m  a  c e r t a i n  n u m b e r  o f  p r o t o n s  a n d  

e l e c t r o n s ,  t h e  P a u l i  p r in c ip l e  m u s t  b e  a p p l i e d  t o  t h e s e  p a r t i c l e s  only in  the case w h e n  t h e  

t o t a l  n u m b e r  o f  p r o t o n s  a n d  e l e c t r o n s  i n  e a c h  i s  a n  odd  n u m b e r ,  o r  i n  o t h e r  w o r d s  w h e n  

t h e  r e s u l t a n t  c h a r g e  o f  t h e s e  p a r t i c l e s  i s  o d d .  [ S e e  W . H e i s e n b e r g ,  ‘ R a p p o r t e s  e t  d i s 

c u s s i o n s  d e  5 m e  c o n s e i l  d e  p h y s i q u e ,  S o l v a y , ’ p .  2 7 1  ( 1 9 2 8 ) . ]
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Mass Defect Curve. 635

The whole energy of th e  p a rtic le  being

u  +  k  ~  —  A2/4 m r02. (6)

Tor th e  p re lim in ary  ca lcu la tion  of d rop-equilib rium  we shall use th e  D ebye 

form ula for surface tension  deduced  for inverse nth pow er law  of forces*

/N „ 2 A
(7)

CT \ r 03/  dn~i '
Assum ing

d ~  r 0/N a1/3 (7')
we have

a  -  A N a(”+2)/3/ r 0n+2. (7” )

C om paring th is  w ith  th e  inside p ressu re  w hich is equal to

-p o A2 N a
?  ~  t  K? ~ --- 5

m rQJ (8 )

we have
A2N a _ A N a("+2V3 

m r05 r0n+2 (9)

from  which

r Q ^  . Na(n-l)/3(n-3) _  ^  . ^ - D / 3  (n-3)^ (9')

The form ula (9') gives th e  increase of th e  d rop-rad ius w ith  th e  num ber of 

a-particles, th e  rad iu s being (for g rea t values of n) n early  p roportional to  th e  

cube ro o t of N a. This resu lt fits in  w ith  th e  d a ta  ab o u t th e  nuclear rad ii of 

d ifferent elem ents o b ta in ed  from  in vestigations of th e  anom alous a -sca tte rin g f 

for ligh t elem ents an d  th e  ra te  of a -d is in te g ra tio n j for heavy  ones. Since th e  

law  of force betw een tw o a-p artic les is n o t accu ra te ly  know n, we canno t 

calculate  th e  value of th e  coefficient R 0 in  th e  equ atio n  (9'). F o r th e  fu rth e r 

calculations we shall assum e th e  value of R 0 deduced from  th e  investigations 

m entioned  above w hich give R 0 =  2 . 10-13 cm.

The to ta l energy of th e  d rop  will be now

E . ~ N . . < «  +  . ) ------ d o )

or, tak in g  r 0 from  (9 ')

E n  i/s
4w iR02 ‘ “ ‘

( 10 ')

* T h e  c a l c u la t io n  w i t h  e x p o n e n t i a l l y  d e c r e a s in g  f o r c e s  b e in g  m o r e  c o m p l ic a t e d  g iv e s  

n e a r ly  t h e  s a m e  r e s u l t .

t  B ie le r ,  4 R o y .  S o c .  P r o c . , ’ A ,  v o l .  1 0 5 , p .  4 3 4  ( 1 9 2 4 )  ; H a r d m e ie r ,  4 P h y s .  Z . , ’ v o l .  2 8 ,  

p . 1 8 1  ( 1 9 2 7 )  ; G a m o w , 4 Z . P h y s i k , ’ v o l .  5 2 ,  p .  5 1 0  ( 1 9 2 8 ) .

t  G a m o w  a n d  H o u t e r m a n s ,  4 Z . P h y s i k , ’ v o l .  5 2 ,  p . 4 9 6  ( 1 9 2 8 )  ; A t k in s o n  a n d  H o u t e r -  

m a n s ,  4 Z . P h y s i k , ’ v o l .  5 8 ,  p .  4 7 8  ( 1 9 2 9 ) .

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

4
 A

u
g
u
st

 2
0
2
2
 



6 36 G . G a m o w .

A ccording to  (10') th e  value of A Ea/A N a is alw ays n e g a tiv e ; th e  addition  

of a new a-partic le  to  th e  d ro p  is a n  exotherm ic process and  our nuclear model 

m ust be stab le  how ever h eav y  i t  is.

W e o b ta in  a different re su lt b y  tak in g  in to  accoun t th e  coulom b repulsive 

forces w hich becom e of im portance for h eav y  nuclei.* The p o te n tia l energy 

of an  appro x im ate ly  unifo rm ly charged  sphere of rad iu s r0 and  charge +  2cNa 

is
E r ~  (2eNa)2/ r 0 (11)

or according to  (9')
(2e)2

N a5/3. ( 11')

I t  is seen th a t  th e  coulom b energy increases w ith  N a m ore rap id ly  th a n  the  

energy due to  a ttra c tiv e  forces an d  can n o t be neglected for heav y  nuclei. 

The whole nuclear energy is g iven b y  th e  form ula

E ~ E * +  E  ~ - 4 J b N -, / ! + 5§ r N *  <I2)

showing th e  increase for g rea te r values of N a.

The calculations given above are, of course, only ve ry  p re lim inary . The 

accurate  wave m echanical tre a tm e n t of th is  m odel is to  be carried  o u t by  m eans 

of solution of H a r tre e ’s self consis ten t e q u a tio n ! of th e  form

9 2XF  <3^F 3 ^ F  87c2m f-p

dx2 3 y2 dz2 h2 L 1) | V Y U ( r ) d r T  =  0 (13)

where th e  te rm s in  b rackets  rep resen t th e  action  of th e  o th er (N a — 1 ) partic les. 

The solu tion of th is  equation , w ith  m any  sim plifying assum ptions ab o u t the  

law  of forces was carried ou t by  D. R . H artree . The eq uation  yields discrete 

energy levels giving th e  energy and  nuclear rad ius of th e  rig h t order 

of m agnitude. The exac t so lution of th e  equation  (13) which is necessarily 

ra th e r com plicated canno t be obta in ed  a t  p resen t in  consequence of ou r m eagre 

knowledge as to  th e  law of th e  forces betw een a-particles. F o r our p resent 

purposes, th e  rough  estim ate  of th e  general shape of th e  a-drop energy curve- 

given by  previous calcu la tion m ust be qu ite  sufficient.

The energy as calcu la ted  from  (12) is shown in  fig. 1 . The po ints represent

* T h e  c o u lo m b  f o r c e s  b e in g  c o m p a r a t i v e l y  f e e b le  in s id e  t h e  n u c le u s  d o  n o t  h a v e  m u c h  

e f f e c t  o n  t h e  s t r u c t u r e  o f  t h e  n u c le u s .  T h e y  a r e , h o w e v e r ,  r e s p o n s ib le  f o r  t h e  p o t e n t ia l  

d r o p  o u t s id e  t h e  n u c le u s  w h ic h  g i v e s  t h e  a - p a r t ic le  a  c h a n c e  t o  e s c a p e  t h r o u g h  t h e  p o t e n t ia l  

b a r r ie r  s u r r o u n d in g  t h e  n u c le u s .

t  H a r t r e e ,  ’ P r o c .  C a m b . P h i l .  S o c . , ’ v o l .  2 4 ,  p p .  8 9 , 1 1 1  ( 1 9 2 7 ) .
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Mass Defect Curve. 637

the  experim en ta l d a ta  calcu la ted  from  th e  m ass defects m easured  b y  A ston,*  

nam ely, th e  whole m ass of th e  nucleus less th e  sum  of th e  m asses of a -partic les

E • 10 ( '" H-unit*.)

•  S n .

F i g . 1 .

an d  electrons con ta ined  in  it. W e see th a t  th e  th eo re tica l curve ” fits 

m ore or less w ith  th e  experim en tal p o in ts  in  th e  region of ligh t elem ents, b u t 

rises too soon to  th e  zero-axis w ith  increasing  m ass of th e  nuclei. This 

dev iation  can  h a rd ly  be due to  th e  roughness of ou r calculations, b u t  can  be 

sim ply explained if we rem em ber th a t  for h eav ie r elem ents th e  free nuclear 

electrons come in to  p lay . I n  fac t, if th e  energy curve m arked  b y  th e  experi

m en ta l po in ts is due en tire ly  to  th e  energy  of a -partic les, th e  electrons giving 

only a com paratively  sm all p a r t  of th e  whole energy, we have to  expec t a 

spontaneous a-d is in teg ra tio n  to  begin for th e  elem ents heav ier th a n  120 

where th e  curve has its  m in im um . The ra te  of these  transfo rm ations which 

can be app ro x im ate ly  estim ated  from  th e  know n energy difference w ould be 

ra th e r rap id , and  th e  ra d io ac tiv ity  of these  elem ents ough t to  be observed 

easily if these  views were correct. A ctually , as we know, none of th e  elem ents 

betw een atom ic w eights 120  an d  208 are  found  to  be rad ioactive .

To get over th is  difficulty we have  to  tu rn  our a tte n tio n  to  th e  nuclear 

electrons. The num ber of free nuclear electrons in  nuclei of th e  ty p e  4n is

* T h e  d a t a  f o r  m a s s  d e f e c t s  u t i l i s e d  i n  t h i s  p a p e r  a r e  t a k e n  f r o m  A s t o n  s  w e l l - k n o w n  

p a p e r , 4 R o y .  S o c .  P r o c . , ’ A ,  v o l .  1 1 5 , p .  4 8 7  ( 1 9 2 7 ) .

V O L . C X X V I .— A .  2  U
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638 G . G a rn o w .

p lo tted  in fig. 2 aga inst th e  num ber of a-particles.*  We perceive a strik ing 

regu larity  in  i t . f  The num ber of free nuclear electrons is alw ays even, a new

3 0 Ne

28

2k

24

2?

SO

IS

lb

14

fO-

8 ■ 

b • 

4 

2 

■o
S 10 ~ 3 0 ~

—f~ 
HO

F i g . 2.

so
-4—
55-

NL
bO

pair appearing  a t  certa in  atom ic w eights. This fac t can  be in te rp re ted  as 

follows. F or th e  electrons m oving in  th e  oc-drop, only th e  first few levels 

have negative energy and  are stable. A ccording to  th e  P au li principle, two 

and  only tw o electrons will s tay  on each such level.

The final num ber of negative energy levels in  our case is ev idently  due to  the  

charac teris tic  d is tr ib u tion  of p o ten tia l which is qu ite  different from  w hat we 

have in  the  atom ic electron system . F o r th e  electron inside our drop-m odel, 

th e  po ten tia l shows a sharp jum p a t the  boundary  and  is nearly  constan t inside. 

W e have here a po ten tia l hole w ith  m ore or less steep walls. In  th is  case the 

kinetic energy of different qu an tu m  levels will increase approxim ate ly  as the 

square of th e  qu an tu m  num ber and  for certa in  level becam e greater th a n  the 

dep th  of th e  hole, giving to  th e  electron th e  possibility  of escape from  the 

nucleus ; th u s  we can have only a finite num ber of stable levels. F o r heavier 

nuclei w ith  greater ra dii th e  energy steps betw een different levels will be 

smaller, and we can expect to  have a g reater num ber of stable states.

* T h e  k n o w n  e le m e n t s  a r e  in d ic a t e d  b y  f u l l  c ir c le s  ; t h e  e m p t y  c ir c le s  r e p r e s e n t  th e  

h y p o t h e t i c a l ,  n o t  k n o w n  i s o t o p e s .

t  G . B e c k ,  4 Z . P h y s i k , ’ v o l .  5 0 ,  p . 5 4 8  ( 1 9 2 8 ) .
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6 3 9

L et us com pare now  th e  energy  cu rve for th e  bare  oc-drop a n d  for an  oc-drop 

w ith  tw o e lectrons in  it. The energy difference m u st v a ry  sm ooth ly  w ith  

atom ic w eigh t being negative  for N„ <  10  a n d  positive  for N a >  10 .*

The tw o curves a re  rep resen ted  in  fig. 3 crossing one an o th e r near N« =  1 0 .

Mass Defect Curve.

O Unstable .

®  -  3 o n ise c (

F i g . 3.

The n e x t elec tron shell ap p ears  a t  N a ~  17, so th a t  th e  curve [N a . oc +  4ej 

m u st cross th e  previous cu rve n ear th is  p o in t. The low est p a r t  of our cu rve 

(show n by  black  circles in  fig. 3) rep resen t th e  stable, w ell-know n, nuclei, 

while th e  inside b ranches give e ith e r u n stab le  elem ents w ith  tw o electrons 

ready  to  fly aw ay  (left side b ranches) or the , so to  speak, ionised nuclei read y  

to  absorb several pa irs  of elec trons (rig h t side branches). B o th  of these  classes 

of nuclei are  a t  p re sen t unknow n th o u g h  perh aps th e y  could be produced  

artific ia lly .f  Since th e  curves in  fig. 3 are  n early  para lle l, we can n o t hope to  

perceive th e  irregu la ritie s n ear th e  ju n c tio n  of th e  curves unless v e ry  accura te  

d a ta  for m ass defects are  availab le . W e see th a t ,  due to  th e  electronic effect, 

th e  s tab le  (descending) p a r t  of th e  energy curve  can be continued  m uch fa rth e r 

th a n  for th e  ba re  a -d ro p  nucleus.

The m ost im p o rtan t p a r t  of th e  experim en ta l energy curve is th e  ascending 

branch for N a >  30. I t  seems th a t  th e  nuclei in  th is  region m u st in ev itab ly  

be unstable . The experim en tal know ledge a b o u t th is  region is, however, 

ra th e r m eagre, m ost m ass defects a n d  even isotopic num bers having  n o t y e t 

been m easured. The only accu ra te  values are those for H g and  P b , showing

A s  w e  k n o w  t h a t  f o r  N a ~  1 0  t h e  f ir s t  e l e c t r o n  l e v e l  b e c a m e  s t a b l e  ( f ig .  2 ) .

t  W e  m u s t  n o t i c e  t h a t  t h e  o b s e r v e d  ( 3 - a c t iv i t y  o f  K  a n d  R b  m a y  b e  c o n n e c t e d  w i t h  

e x i s t e n c e  o f  s u c h  e le m e n t s .

2 u 2
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6 4 0 G . G a m o w .

th e  general increase of th e  energy for N a >  30. The only  possible w ay to  

accoun t for th e  ex istence of s tab le  nuclei in  th is  region, in  sp ite  of th e  average 

increase of th e  energy, is to  assum e th a t  th e  energy curves are  of th e  ty p e  shown 

in  fig. 4 . W e see t h a t  th e  nucleus 44 A  ” can  e jec t n e ith e r  a n  a -p artic le  (being

F i g . 4.

tran sfo rm ed  to  44 C ” ) no r tw o electrons (being tra n sfo rm e d  to  44 B ” ) since 

b o th  processes are  endo th erm ic . The on ly  possible tra n sfo rm a tio n  is to  

44 D  ” w ith  sim u ltaneous e jec tion  of a n  a -p a rtic le  a n d  tw o  electrons, b u t th e  

p ro b ab ility  of such  a double  d is in teg ra tio n  is ex trem ely  sm all. Such, a t  

first s ight, cu rious s ta te  of affairs, w here, in  sp ite  of th e  to ta l  positive  energy, 

one p artic le  can n o t get aw ay  w ith o u t leaving  th e  o th e r in  th e  system , will 

alw ays occur w hen th e  partic le s  are  n o t only  a ttra c te d  to  th e  cen tre  of th e  

system , b u t  also a t t r a c t  one a n o th er as we see in  nuclei.

L e t us exam ine th e  sim ple exam ple of tw o partic les m oving in  a n  inverse 

square  cen tra l field of forces an d  also a ttra c tin g  each o th e r according to  inverse 

square  law  (so to  speak, helium -m odel w ith  44 a ttra c t in g  electrons ” ). B oth 

partic les are  in itia lly  in  th e  sam e level as is show n in  fig. 5a  ( •  and  •). I t  is 

easy to  see th a t  if we rem ove one (J) of th e  partic le s (ionise ou r 44 a to m  ” ) the 

o th er (?) will be bound less stro ng ly  th a n  before (reverse as in  th e  case for the
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real helium  a to m  where th e  second electron is m ore difficult to  rem ove th a n  

the first one).

Mass Defect Curve. 641

F i g . 5a .

L et us now assum e th a t  th e  p o ten tia l drops som ewhere ou tside th e  t£ a to m  ’* 

reaching a con stan t value — U 0 (fig. 5b ). Now b o th  partic les can  fly aw ay

UW

crossing th e  so arranged  p o ten tia l barrier. W e see th a t  the  first particle in  

th is  case will fly aw ay w ith  an  energy sm aller th a n  its  average energy inside. 

I t  will be followed by  th e  second partic le  carrying  a g reater am oun t of energy.

U (r )

F i g . 5c .

This is th e  explanation of th e  know n fac t th a t  in  th e  radioactive series we 

always have an  increase of disintegra tion energy (and decay constant) as th e  

oc-decay proceeds.
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6 4 2 G . G am o w .

I t  m ay  be also possible th a t  th e  energy  w hich e ith e r pa rtic le  w ould have 

w hen th e  o th e r is le ft in  th e  system  w ould  be insufficient to  allow its  escape 

from  th e  “ a to m  ” as is d e m o n stra ted  in  fig. 5c. In  th is  case on ly  a  sim ultaneous 

escape of b o th  pa rtic le s  is possible.

I t  is n o t d ifficult to  estim ate  th e  o rd er of m ag n itu d e  of th e  decay co n stan t 

of such a doub le d is in teg ra tio n , a n d  to  show  th a t  i t  is m uch  less th a n  even th e  

p ro d u c t (num erical in  C.G-.S. un its) of th e  decay  co n sta n ts  of b o th  single 

d is in teg ra tions if th e y  cou ld occur sep ara te ly .

L e t E ± a n d  E 2 be th e  energies of b o th  pa rtic les  in  th e  case in  w hich th e y  

go o u t sim ultaneously . L e t JJ1 (r) a n d  U 2 (r) rep resen t th e  p o te n tia l barrie rs  

su rround in g  th e  nucleus a n d  p rev en tin g  th e  free escape of o u r partic le s. The 

tra n sp a re n c y  of th ese  ba rrie rs  is* :

T j =  exp. j  -  y  j V ^ O J i - E i )  ;

T 2 =  exp. {  -  y  J a / 2m 2 (U 2 -  E 2) J

The decay co n stan ts  of b o th  single d is in teg ra tions  w ou ld  be

Xi =  A1T1 ; X2 =  A 2T 2.

H ere th e  coefficients A, h av in g  th e  dim ension  of inverse  tie , m u s t be of th e  

order of m ag n itu d e

A ~  v/r0 ~  109 cm . sec._ 1/ 1 0 ~ 12 cm. ~  10+22 sec .-1 . (14")

Now th e  decay  c o n sta n t of th e  double d is in teg ra tio n  will be

2 =  A1? 2 • T i • T 2, (15)

w here A 1? 2 h av in g  again  th e  dim ension of inverse  tim e, m u st be of th e  sam e 

o rder of m agn itude . T hus we have

Xi, 2 ~  XxX2/A (15')

w hich shows th a t  a double d is in teg ra tio n  has an  ex trem ely  sm all p robab ility , 

ind ica ting  th a t  th e  nuclear s ta te  “ A  ” is p rac tica lly  stab le .

Such an  arrangem en t as show n in  fig. 4 is, in  a n y  case, th e  only  possible one 

to  explain  th e  existence  of s tab le  elem ents in  th e  region of ascending m ass 

defect curve. W e m ay  also expec t th e  ex istence of some gaps in  th e  series of 

isotopic num bers corresponding to  th e  u n stab le  regions m ark ed  b y  O  in  fig. 4. 

U n fo rtu n a te ly  th e  isotopes in  th is  region of atom ic  w eights have n o t been

* S e e  f o r  e x a m p l e  G a m o w , 4 Z. P h y s i k , ’ v o l .  5 1 ,  p . 2 0 4  ( 1 9 2 8 )  ; C o n d o n  a n d  G u r n e y ,

4 P h y s .  R e v . , ’ v o l .  3 3 ,  p . 1 2 7  ( 1 9 2 9 ) .

(14)

(14')
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Mass Defect Curve. 643

investigated, and we can no t in consequence give any  experim ental proof of the 

accuracy of these deductions. The o th er consequence is th a t  th e  energy 

curve in  th is  region m ust ascend betw een th e  isotopes of some elem ent (differing 

by a +  2e) and  descend betw een th e  elem ents differing by  one a-particle only, 

a poin t which also requires experim en ta l proof.

For the  radioactive elem ents (we shall deal here only w ith “ 4n ’’-elem ents, 

thorium  and  its  successive products) th e  re lative  m ass defect of each elem ent 

can be estim ated  from  th e  energy libera ted in  each a- and  (3-ray transform ation.

F i g . 6.

The varia tion of m ass defects is shown in  fig. 6 . I f  we draw  the  curves for 

th e  elem ents containing  th e  sam e num ber of free electrons, i t  will be seen th a t  

there  are th ree  ascending branches crossing one an o ther near th e  products of 

(3-ray disintegration. I t  is seen from  the  figure th a t  there  is an  easy possibility 

of one-step transfo rm ations from  one curve to  ano th er a t  the  junction points. 

This differs from  th e  s ta te  of affairs shown in  fig. 4 where such a transference 

requires a highly im probable, double disintegration. We have here the  series 

of successive a-disintegrations in te rru p ted  som etim es by  tw o (3-ray changes. 

The transform ations obviously end when N a reaches the  first dip of the energy 

curve.

We have seen th a t  th e  theory  suggests th e  possibility of form ation of a 

num ber of radioactive elem ents (w ith  a -activ ity) of atom ic weight between 120 

and 200. The failure to  detect these elem ents is probably due to  the fact th a t 

all radioactive elem ents in  th is  region have necessarily a very short life (in
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6 4 4 J .  W . F i s h e r  a n d  H .  T . F l i n t .

consequence of th e  v e ry  s teep  rise  of th e  en e rg y  cu rv es  in  th is  reg io n  as show n 

in  fig. 4 ) a n d  h av e  co m p le te ly  d is in te g ra te d .

I n  o rd e r to  develo p  f u r th e r  th e  p o in t of view  p ro p o se d  in  th is  p ap er, a  m ore 

com ple te  know ledge  of th e  d is tr ib u tio n  of iso to p ic  n u m b e rs  a n d  m ore  a ccu ra te  

m e asu re m e n t of th e  m asses of th e  nucle i a re  re q u ire d .

S evera l p o in ts  t r e a te d  in  th is  p a p e r  a re  d u e  to  th e  d iscussio n  w ith  m y  fr iend  

D r. L . L a n d a u  to  w hom  I  sh o u ld  lik e  to  ex p ress  m y  b e s t th a n k s .

M y th a n k s  a re  also  d ue  to  S ir E rn e s t  R u th e r fo rd  a n d  to  D r. R . H . F ow ler 

fo r th e ir  k in d  in te re s t  in  m y  w ork .

I  am  in d e b te d  to  D r. J .  D . C ockcro ft fo r th e  c o rre c tio n  of th e  MS.

The Equations o f the Quantum Theory .

B y  J .  W . F is h e r  a n d  H . T . F l in t , K in g ’s College, L ondon .

(Com m unicated by  0 .  W. R ichardson , F .R .S .— Received N ovem ber 7, 1929.)

Introduction.

I n  earlie r p a p e rs  in  th e se  ‘ P roceed in gs  ’ th e  fiv e -d im ensio na l sy s te m  of 

co -o rd in a te s  w ith  a  s lig h t m o d ifica tio n  from  th a t  in tro d u c e d  b y  K le in  h a s  been  

ap p lied  to  a  d iscussion  of c e r ta in  p o in ts  a n d  difficulties  in  th e  q u a n tu m  

th eo ry .*

I n  th e  p re se n t p a p e r  th e  w ork  is c o n tin u e d  a n d  am plified.

T he  use of th is  n o ta tio n  in tro d u c e s  in  a  n a tu ra l  w ay  th e  o p e ra to r

27u ie 

h

w hich we den o te  b y  ua a n d  w hich ta k e s  th e  p lace  of d/dxa w hen  a n  e lec tro 

m ag n etic  field is in tro d u ced . T h e  fa c to r  me w hich  is u su a lly  in tro d u ce d  

a rb itra r ily  in to  th e  e q u a tio n s  also a p p ea rs  q u ite  n a tu ra lly .

T here  is no  re a l o b jec tio n  to  th e  use of such  sym bolic  m e th o d s  in  th e  a tta c k  

on p roblem s in  physics  a n d  th e  fiv e-d im ensiona l m e th o d  m a y  also be regarded  

as  sym bolic, b u t  i t  h a s  th e  a d v a n ta g e  th a t  i t  follow s w ell-know n lines a n d  th a t  

w ell-know n geom etrica l te rm s  can  be ap p lied  to  it.

*  4 R o y .  S o c .  P r o c . , ’ A ,  v o l .  1 2 3 ,  p .  4 8 9  ( 1 9 2 9 )  ; v o l .  1 2 4 ,  p .  1 4 3  ( 1 9 2 9 ) .
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