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The renormalizability of the so-called a
model1l has been studied most successfully 
by Lee2> and by Gervais and Lee. a) 

The purpose of this note is to extend 
that model to all P11 states of nucleon 
family, the scalar a-like bosons and to the 
family of pions so as to derive mass rela
tions among these particles. 

For this purpose we introduce the new 
quantum number n (=0, 1, 2, ... ) which 
specifies the particle states from low to high 
mass states in succession. Let us assume a 
degenerate bare mass p 2 for mesons, the 
common· bare coupling constants g0 and Ao 
in the starting Lagrangian as in the original 
a-model. In what follows we can predict 
the masses e and e' in terms of the masses 
N(939), N(1470), N(1780), n (137) and 
S*(1000) consistent with experiment. Two, 
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so-far unobserved massive pion-like states 
appear in this approach. 

As will be discussed later, the renormal
izable, chiral invariant L~J,grangian, except 
for a term linear to a 0 (n), for the n-th 
excited states may be defined by 

L (n) = Cfio (n) (ir · 8-go(ao (n) +ino (n) • -r-r s)) 

X </Jo (n) + t ( (8ao (n) ) 2+ (8n0 (n) ) 2) 

- iiL2 (a o (n)2 +no (n)2) 

-t..\02 (a0 (n)2+n0 (n)2) 2 +co (n) ao (n) 

-tJp(n)2 (a0 (n)2 +no(n)2), (1) 

where the space-time coordinate is sup
pressed for simplicity and the infinite con
stant of mass counter term Jp(n)2 is in 
general dependent upon n, and c0 (0) corre
sponds to an ordinary PCAC constant. 

The masses of P11-nucleon family and 
those of associated mesons may be induced 
by a translation of the field variable a0 (n) 
and by a re-expression of the Lagrangian 
in terms of the variable 

s0 (n) =a0 (n) -v0 (n), (2) 

where v 0 (n) is a non-vanishing vacuum 
expectation value, while 

<s0 (n))=0. (3) 

Substituting Eq. (2) into Eq. (1), we 
obtain, to within an inessential c-number, 
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+i:rro (n) ·-.r5)) </Jo (n) 

(4) 

where 

(5) 

ILK (n)2 = IL2+( ~: )2M(n)2. 

By the use of the masses of N (939), 
N(1470) as N 0,N1 member, n(137) (:=n0) 

and S*(IOOO) (=a1), the masses of e(:=a0) 

and i'rt. are determined to be ILa(O) =572 
MeV and ILK (1) =493 MeV, respectively. 
The former is consistent with the experi
mental value4 l:::::; 700 MeV but the latter has 
not yet been observed. The remaining 
parameters of the formula are given as 
(,\ 0/!l0) 2 =0.175, while 1L2 = -0.136 GeV2 (see 
the Appendix of Ref. 2), which is a remark 
on the sign of this quantity in relation to 
renormalization). If we assign N (1780) to 
N 2, we find that the masses of e' ( =a2) and 
the associated pseudo-scalar meson are 1La(2) 
=1240 MeV and ILK(2) =648 MeV, respec
tively. According to the recent nn-phase
shift analysis5l the peak value of the argand 
diagram for S-wave scattering amplitude 
corresponds roughly to 1210 MeV. As far 
as the a-like scalar meson is concerned, 
our model seems to be satisfactory with 
experimental information. It remains to 
confirm the predicted ps mesons experi-

mentally.*l 
As seen from our approach, our Lag

rangian is renormalizable in the sense of 
the excellent work of Lee2l and of Gervais 
and Lee3l in case of parity doublet massive 
regulators quantized according to the anti
commutation and commutation relations. 
Thus, it would be sufficient to comment on 
the constancy of the parameters of our 
theory. 

In our approach there arise much more 
rp' lines depending upon the degrees of 
freedom of a-like fields. In order to remove 
the divergences associated with diagram 
D<A> attached to many rp' lines,3> we re
normalize fields and coupling constants 
according to 

</Jo (n) =ZF(n)112$ (n), (6) 

C:rro(n), so(n), Vo(n)) 

=ZB(n)112 (1r(n),S(n),v(n)), (7) 

!lo=!lZu (n)/ (ZF(n) ZB(n) 112), (8) 

l.. 02 =l..2Z 4 (n) / ZB(n)2 (9) 

and choose the divergent parts of iJIL (n)2, 

Z and Z so as to be those that make the 
symmetry theory finite. The conditions of 
renormalizability are still given by 

!lo2 +2 2J ~>t!ll=O, (10) 

2J ~>t!llmt2 =0, (11) 

!}04 +2 2J ~>t!lt4 =0, (12) 

where ei = ± 1 depending on whether the 
i-th regulator is quantized according to the 

*> It is interesting to point out that if we 
replace the index IJ by 7J in Eq. (5) and assign 
the 7J meson to 7Jo, we find the 7}1 ( ===7Jt) mass 
to be p.,, =957 MeV close to the observed value, 
with the same inputs as those in IJ-model for 
the rest of the inputs. Here (tl0/g0) 2 =0.160. 
One can try a similar game for the vector and 
axial vector mesons by an appropriate assign
ment. We have, however, no justification for 
these cases but such a relation seems to work 
as an empirical rule. 

D
ow

nloaded from
 https://academ

ic.oup.com
/ptp/article/51/4/1271/1845769 by U

.S. D
epartm

ent of Justice user on 16 August 2022



Letters to the Editor 1273 

anti-commutation or commutation relations 
and m, is its mass. These conditions do 
not contradict the constancy of g0 • We 
have assumed that the other constants ,{ 0 

and /L2 will not strongly depend upon n 
through the modified renormalization con
stants (6) '"'"'(9) in order to apply our mass 
formula successfully. Perhaps the most 
serious point of our approach is how to 
interpret physically the additional PCAC
like constants c0 (n) (n:FO) introduced into 
the theory. We have to assume formally 
that they also satisfy the ordinary PCAC
like relations in order to prove the Ward
Takahashi identity for r" 5 (k) consistent 
with the same renormalization conditions 
(10) and (11) . 

The author is indebted to visitors to the 
Research Institute for Fundamental Physics 
for occasional discussions. He thanks 
members of the Institute for their kind 

hospitality and is especially indebted to 
Professors Z. Maki, M. Ida, M. Konuma 
and T. Muta for useful discussions on this 
work. 

1) M. Gell-Mann and M. Levy, Nuovo Cim. 
16 (1960)' 705. 

2) B. W. Lee, Nucl. Phys. B9 (1969), 649. 
3) J.-L. Gervais and B. W. Lee, Nucl. Phys. 

B12 (1969), 627. 
4) Particle Data Group, Rev. Mod. Phys. 45 

(1973), Sl. 
5) B. Hyams, C. Jones, P. Weilhammer, W. 

Blum, H. Dietl, G. Grayer, W. Koch, E. 
Lorenz, G. LUtjens, W. Manner, ]. Meiss
burger, W. Ochs, U. Stierlin and F. 
Wagner, "niT Phase-Shift Analysis from 
600 to 1900MeV", MPI-PAE/Exp. P. 1. 
28, Invited talk by W. Ochs at the Inter
national Conference on nn Scattering and 
Associated Topics, Tallahassee, Florida, 
March 28"-'30 (1973). 

D
ow

nloaded from
 https://academ

ic.oup.com
/ptp/article/51/4/1271/1845769 by U

.S. D
epartm

ent of Justice user on 16 August 2022


