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Abstract. Certain inflationary models like Natural inflation (NI) and Coleman-Weinberg
inflation (CWI) are disfavoured by cosmological data in the standard ΛCDM+r model (where
r is the scalar-to-tensor ratio), as these inflationary models predict the regions in the ns − r
parameter space that are excluded by the cosmological data at more than 2σ (here ns is the
scalar spectral index). The same is true for single field inflationary models with an inflection
point that can account for all or majority of dark matter in the form of PBHs (primordial
black holes). Cosmological models incorporating strongly self-interacting neutrinos (with
a heavy mediator) are, however, known to prefer lower ns values compared to the ΛCDM
model. Considering such neutrino self-interactions can, thus, open up the parameter space
to accommodate the above inflationary models. In this work, we implement the massive
neutrino self-interactions with a heavy mediator in two different ways: flavour-universal
(among all three neutrinos), and flavour-specific (involving only one neutrino species). We
implement the new interaction in both scalar and tensor perturbation equations of neutrinos.
Interestingly, we find that the current cosmological data can support the aforementioned
inflationary models at 2σ in the presence of such neutrino self-interactions.

ar
X

iv
:2

20
7.

07
14

2v
3 

 [
as

tr
o-

ph
.C

O
] 

 8
 O

ct
 2

02
2

mailto:shouvikroychoudhury@gmail.com
mailto:sth@phys.au.dk
mailto:thomas.tram@phys.au.dk


Contents

1 Introduction 1

2 Methodology 5
2.1 Cosmological perturbation equations 5
2.2 Cosmological model: parametrization and priors 6
2.3 Datasets 7
2.4 Parameter sampling and analysis 8

3 Results 8
3.1 Model selection 14

4 Conclusions 15

1 Introduction

Inflation as a theory has been highly successful in addressing various issues in the Big
Bang Cosmology, namely the Horizon problem (why the universe appears homogeneous and
isotropic), the Flatness problem (why the universe doesn’t seem to have a curvature), and the
Magnetic monopole problem (why we don’t find any magnetic monopoles in the universe) (see
[1] for brief introductions to these problems). There are, however, plethora of inflationary
models in the literature. Two important cosmological parameters pertaining to inflationary
cosmology are the scalar spectral index (ns) and the tensor-to-scalar ratio (r). Cosmic Mi-
crowave Background (CMB) and Large Scale Structure (LSS) probes can constrain the ns−r
parameter region and may thereby rule out various inflationary models based on their ex-
pected ns and r values. Quantum fluctuations in the inflationary field lead to the scalar and
tensor perturbations. Specifically, the scalar perturbations lead to density fluctuations in the
constituents of the universe (i.e. radiation, matter etc) which can be probed by the Cosmic
Microwave Background (CMB) and Large Scale Structure (LSS) probes. On the other hand,
while the tensor perturbations, i.e., the primordial gravitational waves can contribute to the
all the CMB anisotopies [2], the strongest constraints to the tensor-to-scalar ratio come from
the CMB B-mode polarization [3].

The primordial scalar and tensor power spectra are usually parameterized as: Ps =
As(k/k∗)

ns−1 and Pt = At(k/k∗)
nt , respectively, with the tensor-to-scalar ratio r ≡ At/As.

In the ΛCDM + r0.05 model (where r0.05 is the tensor-to-scalar ratio at the pivot scale of
k∗ = 0.05 Mpc−1), we obtained ns = 0.965± 0.004 (68% C.L.) and r0.05 < 0.034 (95% C.L.),
using Planck 2018 temperature and polarisation data [4] combined with the latest publicly
available CMB B mode data from BICEP/Keck collaboration [3]. Unless otherwise specified,
we shall use r and r0.05 interchangeably in this paper.

A slow roll inflationary model can be described by a Lagrangian of the following form:

L =
1

2
gµν∂µφ∂νφ− V (φ), (1.1)
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where φ is the inflaton field and V (φ) describes its potential. The slow roll parameters
are defined as:

ε(φ) ≡
m2

pl

16π

(
V

′

V

)2

; η(φ) ≡
m2

pl

8π

(
V

′′

V

)
. (1.2)

Here V
′ ≡ dV

dφ , V
′′ ≡ d2V

dφ2 , and mpl is the Planck mass. Our interest is in the phe-
nomenological parameters that are cosmological observables, i.e. ns and r. These can be
written in terms of the slow roll parameters as:

ns = 1− 6ε(φs) + 2η(φs); r = 16ε(φs). (1.3)

Here φs denotes the value of the φ field 40 to 60 e-folds before the end of inflation, as the
fluctuations that are observable in the CMB are created during that time [5]. Conventionally,
we consider that inflation ends when the slow roll parameter ε(φe) = 1, where φe denotes the
value of φ at the end of inflation. The number of e-folds parameter is given by:

N∗ ' −
8π

m2
pl

∫ φe

φs

V

V ′ dφ. (1.4)

Given a potential V (φ) and a particular choice of N∗, it is straightforward to calculate
φe, and then it is easy to calculate φs from equation 1.4, and hence one can calculate the
predicted ns and r values.

In this work we are interested in two particular inflationary models: the Natural inflation
(NI) [6, 7], and the Coleman-Weinberg Inflation (CWI) [8, 9]. The potentials for these two
models are given as follows:

VNI(φ) = λ4

(
1 + cos

(
φ

g

))
; (1.5)

VCWI(φ) = Aφ4

[
ln

(
φ

f

)
− 1

4

]
+
Af4

4
. (1.6)

Here λ, g, A, and f are parameters in the models. It can be shown that for the CWI
inflation, in the small field inflation regime, i.e. (φ/f) � 1, we have N∗ ' 3/(1 − ns), and
r ' 0 [10].

The latest Planck results rule out NI at more than 2σ [4] in the ΛCDM + r model, with
Planck 2018 CMB anisotropies [11] combined with the older BICEP/Keck CMB B mode
data, BK15 [12]. The CWI model has been ruled out at more than 2σ with Planck data,
much before than NI [13]. In our work, we have also found that both the models are ruled
out at more than 2σ with latest cosmological datasets in the ΛCDM + r model.

We are also interested in single field inflationary models with an inflection point that can
produce all or majority of the dark matter content in the universe in the form of primordial
black holes (PBHs) [14–16]. Such models require a spectral index value of ns ' 0.95 [15]
which is much lower than the ΛCDM bounds and hence disfavoured at more than 2σ as well.
Hereafter, we shall refer these models as PBH DM related inflationary models.

Augmenting the cosmological model with non-standard self-interactions among all 3
neutrinos with a heavy mediator has been shown to bring back NI and CWI within the
1σ region in the ns − r plane [13], using Planck 2015 CMB temperature anisotropies, low-
multipole polarization, and lensing [17]. It is important to note that both NI and CWI
models can be reconciled with cosmological data if the chosen cosmological model prefers
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lower values of ns ' 0.93− 0.94 instead of the preferred region by the ΛCDM model, which
is around ns ' 0.965. At the same time, the PBH DM related inflationary models can be
accommodated for ns ' 0.95. Preference for such lower ns values is exactly what is possible
with strongly self-interacting neutrinos, where the coupling strength is ∼109 times that of the
weak interaction. In this work we revisit the self-interacting neutrino model in the context of
these aforesaid inflationary models and test this model with new datasets. Below we briefly
introduce the massive neutrinos and the interaction model.

Neutrinos are massless in the standard model of particle physics, but terrestrial neutrino
oscillation experiments [18, 19] have confirmed that there are 3 non-degenerate neutrino mass
eigenstates (with at least two of the masses being small but non-zero). These mass eigenstates
are quantum super-positions of their flavour eigenstates. Cosmological data is sensitive to
the neutrino energy density, which is proportional to the sum of neutrino masses,

∑
mν

when all the neutrinos become non-relativistic. At present, the bound on
∑
mν is around∑

mν . 0.12 eV (95% C.L.) [11, 20–25], while the most stringent bounds quoted in literature
is
∑
mν < 0.09 eV (95% C.L.) [26–28] under the assumption of a ΛCDM +

∑
mν cosmology

with 3 degenerate neutrino masses. This bound can relax up to a factor of 2 or more in
extended cosmologies [20, 21]. However, physically motivated restrictions to the parameter
space can lead to stronger bounds than the ΛCDM cosmology [29, 30]. Impact of neutrino
properties like mass and energy density on the ns − r plane has been discussed in [31]. See
[32, 33] for forecasts on constraints on neutrino masses from future cosmological data.

There are a plethora of models that have been proposed to explain the generation of
neutrino masses. Here we consider the majoron model where we consider the neutrinos to
be Majorana particles, and the U(1)B−L [34–38] symmetry is spontaneously broken, leading
to a new Goldstone boson, the majoron. We denote the majoron by Φ. It couples to the
neutrinos via the Yukawa interaction [39, 40],

Lint = gij ν̄iνjΦ + hij ν̄iγ5νjΦ, (1.7)

where νi is a left-handed neutrino Majorana spinor, gij and hij are the scalar and pseudo-
scalar coupling matrices, respectively. The indices i, j are used to label the neutrino mass
eigenstates. We note here that in general this kind of interaction is not limited to the
majoron-like model of neutrino mass generation. For instance, φ can be linked to the dark
sector [10].

In this paper we consider the two scenarios: i) a flavour universal scenario (all 3 neutrinos
interacting), ii) a flavour specific scenario (only 1 neutrino species interacting). In the flavour
universal scenario we take gij = gδij and hij = 0, where δij is the Kronecker delta. Thus,
in both flavour and mass basis gij has the same form. Such a flavour universal interaction
scenario may not be realistic for particle physics models, but it provides a simple method
of testing the sensitivity of cosmological data to such neutrino-majoron interactions. At the
same time, we note that the flavour universal interaction scenario is strongly constrained by
particle physics experiments, and self-interactions among only the τ neutrinos is the least
constrained [41–44]. This motivates us to consider the second scenario which is flavour
specific where we consider only one neutrino species interacting. Here we consider gij to be
diagonal with only one non-zero component, i.e., gij = gδkkδij , where k is either 1, 2, or 3 (no
sum over k is implied). We note here that unlike the flavour universal case, here a diagonal
gij in the flavour basis with only one non-zero component gττ (since only τ neutrinos are
interacting among each other) shall not translate to a diagonal gij in the mass basis with
only one non-zero component. However, we expect the non-diagonal terms or other diagonal
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terms in the mass-basis gij to be small considering that we are dealing with small neutrino
masses, as the neutrino mass bounds from cosmological data are quite stringent as mentioned
above, and these mass bounds almost remain unchanged even with the presence of strong
neutrino self-interactions [45]. Thus we expect that the approximation of only one mass
eigenstate self-interaction to represent the self-interaction among the τ neutrinos to be a
good approximation.

We choose the mass of the scalar mΦ to be much larger than the energies of neutrinos
during the CMB epoch, so as to be able to consider the interaction to be, effectively, a 4-
fermion interaction during and after the CMB epoch, and the Φ particles would have decayed
away. A mass of mΦ > 1 keV should be enough to ensure this [41], however one might consider
mΦ > 1 MeV to avoid constraints from the Big Bang Nucleosynthesis as well. We emphasize
here that such a scenario is not limited to scalar particles, and in fact all the results and
conclusions in this paper will be applicable for a heavy vector boson as well [46, 47].

Now we can treat the interaction Lagrangian in equation 1 as a νν → νν self-interaction
with a self-interaction rate per particle Γ ∼ g4T 5

ν /m
4
φ = G2

effT
5
ν , where Geff = g2/m2

φ is
the effective self-coupling [39]. In such a scenario, the neutrinos as usual decouple from
the primordial plasma at the decoupling temperature T ∼ 1 MeV. This happens when the
weak interaction rate falls below the Hubble rate, i.e., ΓW < H, with ΓW ∼ G2

WT
5
ν . Here

GW ' 1.166 × 10−11MeV−2 is the standard Fermi constant. However, after decoupling
from the primordial plasma, the neutrinos continue to scatter among themselves, assuming
Geff > GW. They continue to do so until the self-interaction rate Γ falls below the Hubble
rate, and after that they will free-stream. So by increasing Geff , one can further delay the
neutrino free-streaming. Very strong interactions like Geff ' 109GW can delay free-streaming
till matter radiation equality. 1

See [10, 39, 45, 47, 69–75] for previous studies on cosmological constraints on Geff

(specifically, the log10

[
GeffMeV2

]
parameter). Strong interactions like Geff ' 109GW are

allowed in the CMB data mainly through a degeneracy present among Geff , the angular size of
the sound horizon at the last scattering θs, and the scalar spectral index ns. This degeneracy
leads to bimodal posterior distributions with distinct modes in these three parameters as
well. Strong interactions due to a large Geff pertain to a lack of anisotropic stress in the
neutrino sector, the effect of which on the CMB power spectra can be compensated partially
by increasing θs. At the same time, increasing Geff causes a gradual increase in the power in
small scales of the CMB power spectrum which can be partially compensated by a smaller
ns [39].

As mentioned before, in the context of Natural Inflation, Coleman-Weinberg Inflation,
and PBH DM related inflationary models, a smaller ns is quite useful. To put constraints
on the ns - r0.05 plane, one needs to introduce the tensor perturbation equations as well. In
this work, we introduce modifications to both the scalar and tensor perturbation equations
of neutrinos to take care of the effects of the self-interaction, in the CAMB code [76]. The
background equations remain unchanged as the Φ particles have decayed away for our epochs
of concern and any possible changes in the neutrino temperature due to the decay is absorbed
into the Neff parameter. We work in the extended ΛCDM + r0.05 + log10

[
GeffMeV2

]
+ Neff

+
∑
mν model, where, for our purposes, Neff is the effective number of neutrino species (in

1When mΦ ∼ T or smaller the phenomenology of the model changes significantly: The system undergoes
recoupling instead of decoupling, and a new population of Φ particles can be built up from neutrino pair
annihilation. We refer the reader to e.g. Refs. [47–54] for a more detailed discussion. See also [55–68] for
discussions in the related fields.
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general, it constitutes any relativistic species other than photons, in the early universe). As
noted before, we consider two scenarios: i) all 3 neutrino species self-interacting, and ii) only 1
neutrino species interacting. We test this model against the full Planck 2018 temperature and
polarization likelihoods [77], the latest CMB B mode data from BICEP/Keck collaboration
[3] and with additional data from Planck 2018 lensing [78], BAO and RSD measurements
[79–81], and uncalibrated Type Ia Supernovae luminosity distance measurements [82]. We
find that both the inflation models can be accommodated within 2σ in the ns − r0.05 plane.
Our results are different than the previous work in this area [10], where the authors could
reconcile the NI and CWI models with older data within 1σ. Our results thus add to the
literature in a meaningful way and tighten the constraints on these two inflationary models in
the presence of self-interacting neutrinos. We also find that the PBH DM related inflationary
models can be accommodated at 2σ as well.

The rest of the paper is structured as follows. In section 2 we present the modifications
to the neutrino Boltzmann equations, the cosmological model parametrisation and priors
and the analysis method adopted, as well as the cosmological datasets used in this paper. In
section 3 we present the results of the analyses and in section 4 we conclude.

2 Methodology

As explained in the previous section, our work uses the neutrino self-interactions mediated
by a heavy scalar. While this would mean that we shall use some specific coefficients in the
interaction terms in the collisional Boltzmann equations for the neutrinos, our results will be
generally applicable to other neutrino non-standard interactions with heavy mediators, e.g.
a gauge boson.

We implement the modified cosmological perturbation equations in the camb code [83].
We consider the background equations to remain unchanged due to neutrino self-interactions,
which is a superb approximation considering the heavy mediator decays away way before
photon decoupling. For the flavour-independent case (hereafter “3ν-interacting” case), the
modifications to the perturbation equations apply to all the three neutrino species, while
in the flavour-specific case (hereafter “1ν-interacting” case), the modifications apply only to
one of the three species.

2.1 Cosmological perturbation equations

To incorporate the self-interaction in the neutrino perturbation equations in camb, we use
the relaxation time approximation (RTA) that was first introduced in this context in [84] (and
first used for a treatment of self-interactions in light neutrinos in [85]). In [39], RTA was
found to be very accurate and consistent when compared to the exact collisional Boltzmann
equations. We emphasize here that we have implemented the modifications to both scalar
and tensor perturbation equations.

In the scalar perturbation equations, these scattering interactions cause a damping in the
Boltzmann hierarchy for multipoles ` ≥ 2. Following the notation in [86], in the synchronous
gauge, the collisional Boltzmann hierarchy for massive neutrino scalar perturbations is given
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by,

Ψ̇0 = −qk
ε

Ψ1 +
1

6
ḣ
d ln f0

d ln q
,

Ψ̇1 =
qk

3ε
(Ψ0 − 2Ψ2) ,

Ψ̇2 =
qk

5ε
(2Ψ1 − 3Ψ3)−

(
1

15
ḣ+

2

5
η̇

)
d ln f0

d ln q
+ α2τ̇νΨ2 , (2.1)

Ψ̇l =
qk

(2l + 1)ε
[lΨl−1 − (l + 1)Ψl+1] + α`τ̇νΨl , l ≥ 3 .

where α`τ̇νΨl are the damping terms for l ≥ 2. Needless to say, these terms do not
appear for the non-interacting neutrinos in the flavour-specific interaction case. Here τ̇ν ≡
−aG2

effT
5
ν is the opacity for the neutrino self-interactions with a heavy mediator, and αl

(l > 1) are coefficients of order unity that depend on the interaction model. We use αl
values from equation 2.9 in [39] for the scalar mediator, i.e., we use α2 = 0.40, α3 = 0.43,
α4 = 0.46, α5 = 0.47, αl≥6 = 0.48. For neutrino tensor perturbation equations we follow a
similar procedure and add similar damping terms to the equations in the CAMB code [83].
However, we set all αl = 1 (l > 1), instead of choosing model specific values, since these model
dependent coefficients for tensor perturbation equations require a separate calculation. We
have verified that the CMB B-mode spectrum due to primordial tensor perturbations goes
through only a minor change when we vary αl from 0.4 to 1. Thus, setting all αl = 1 in
the neutrino tensor perturbation equations is only likely to produce some minor shifts in the
value of log10

[
GeffMeV2

]
and hence, is not of major concern.

In the very early universe, a tight coupling approximation (TCA) was employed in our
codes, where only the two lowest moments are non-zero. This was done since the collisional
Boltzmann equations for neutrinos are not easy to solve in the very early universe. This
approximation is switched off early enough (when |τ̇ν |/H < 1000, where H is the conformal
Hubble parameter), so that it does not bias our results.

2.2 Cosmological model: parametrization and priors

Our cosmological model of interest consists of an extended ΛCDM model that includes the
tensor-to-scalar ratio r0.05, and massive neutrinos’ mass sum, energy density, and interaction
strength parametrized with

∑
mν , Neff , and Geff respectively. Note that the model with

all 3 interacting neutrinos (3ν-interacting, flavour independent) and the model with only 1
interacting neutrino (1ν-interacting, flavour specific) both have the same parameters.

Thus, both our 3ν-interacting and 1ν-interacting cosmological models can be repre-
sented by the same following parameter vector:

θ = {Ωch
2,Ωbh

2, 100θMC , τ, ln(1010As), ns, r0.05,
∑

mν , Neff , log10

[
GeffMeV2

]
}. (2.2)

Here, the first six parameters pertain to the ΛCDM model. Ωch
2 and Ωbh

2 are the physical
densities at present (z = 0) for cold dark matter and baryons respectively, 100θMC is the
parameter used by CosmoMC as an approximation for the angular size of the sound horizon,
θs. We have τ as the reionization optical depth, and ln(1010As) and ns are, respectively,
the amplitude and spectral index of the primordial scalar fluctuations, at a pivot scale of
k = 0.05h Mpc−1. The tensor-to-scalar ratio r0.05 is an important parameter for inflationary
models, and we also consider a pivot scale of k = 0.05h Mpc−1 for this parameter.
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Table 1. Uniform priors for all the cosmological model parameters.

Parameter Prior

Ωbh
2 0.019→ 0.025

Ωch
2 0.095→ 0.145

100θMC 1.03→ 1.05
τ 0.01→ 0.1
ns 0.885→ 1.04
ln (1010As) 2.5→ 3.7
r0.05 0→ 0.3∑
mν [eV] 0.005→ 1

Neff 2→ 5
log10

[
GeffMeV2

]
−5.5→−0.1

We assume a degenerate hierarchy of neutrino masses, i.e., each neutrino has a mass of
mν = 1

3

∑
mν . Currently there is no conclusive evidence for preference of normal or inverted

hierarchy of neutrino masses [20, 87–91], and thus the degenerate approximation is okay to
be used as far as current or even future cosmological data is concerned [92, 93]. We use a flat
prior on log10

[
GeffMeV2

]
instead of Geff as it allows us to vary the parameter over multiple

orders of magnitude. Inside the logarithm Geff is expressed in units of MeV−2.
Note that in this work, we divide the Neff equally among the 3 neutrinos. So in the

3ν-interacting model, all of the Neff is associated with the self-interacting neutrinos, whereas
in the 1ν-interacting model, only Neff/3 is associated with self-interacting neutrinos and the
rest corresponds to free-streaming neutrinos.

The priors on each model parameter is listed in table 1. As the posterior for log10

[
GeffMeV2

]
is bimodal for the full range [−5.5,−0.1] [45], to obtain parameter constraints pertaining to
each individual mode, we split the prior range in two: −5.5 → −2.3 for the Moderately In-
teracting mode (denoted MIν) and −2.3→ −0.1 for the Strongly Interacting mode (denoted
SIν). This is done for both the 3ν-interacting and 1ν-interacting cases.

We also perform analysis in the ΛCDM + Neff +
∑
mν + r0.05 model, as we want to

compare the interacting models with the non-interacting case. We denote this model by NIν.

2.3 Datasets

We use the full CMB temperature and polarisation data (i.e. TT, TE, EE + lowE) from
the Planck 2018 public data release [11]. We simply denote this as Planck18. Specifically,
TT denotes the low-l and high-l temperature power spectra, whereas TE denotes the high-l
temperature and E-mode polarisation cross-spectra, EE denotes the high-l E-mode polari-
sation spectra, and lowE denotes the low-l E mode polarisation spectra. Here we mention
that we use the full Planck likelihood where all the nuisance parameters are varied along
with the main model parameters. We also use the B-mode CMB power spectra data from
the BICEP2/Keck array public data release [3] that includes observations up to 2018, and
denote this simply as BK18. We always use Planck18 and BK18 together, and name this
combination CMB.
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CMB ≡ Planck18 + BK18

In addition to the CMB power spectra, we use an additional dataset combination which
consists of Planck 2018 CMB lensing [78], BAO and RSD measurements from SDSS-III BOSS
DR12 [79], additional BAO measurements from MGS [80] and 6dFGS [81], and SNe Ia lumi-
nosity distance measurements from the Pantheon sample [82]. We denote this combination
as EXT.

EXT ≡ Planck 2018 lensing + BAO + RSD + SNe Ia

2.4 Parameter sampling and analysis

To effectively sample the bimodal posterior distribution and to calculate Bayesian evidences,
we use the nested sampling package Polychord [94, 95] added to CosmoMC [76, 96]. This ex-
tension to CosmoMC is known as CosmoChord [97]. We used high settings of 4000 live points
with boost posterior = 3 for the runs that incorporated the full range of log10

[
GeffMeV2

]
,

i.e., −5.5→−0.1. This is to compute accurate posterior distributions and Bayesian evidences
for the bimodal posterior scenario. The posterior distributions from the non-interacting case
(NIν), and the moderately interacting (MIν), and the strongly interacting case SIν are all
unimodal, and thus require a less intensive settings of 2000 live points and boost posterior =
0. We use HMcode [98] (included with the CosmoChord package) to handle non-linearities.
We use GetDist [99] to generate the parameter bounds and posterior plots.

3 Results

Our main results from the cosmological parameter estimation runs are tabulated in table 2,
and visualised in figures 1–6. Below we briefly summarize our results regarding the cosmo-
logical parameters:

• log10

[
GeffMeV2

]
and 100θMC : The posterior distributions for log10

[
GeffMeV2

]
and

100θMC are shown in figure 1 and figure 2 respectively, for the runs with full prior-
range of log10

[
GeffMeV2

]
. For both the parameters, we find the two-peak structure

previously established in literature. There are, however, differences in the peak struc-
ture as we move from the 3ν-interacting scenario to the 1ν-interacting scenario. In
the log10

[
GeffMeV2

]
posteriors, the SIν peak is centered around log10

[
GeffMeV2

]
'

−1.6 to − 1.7. The main difference between the log10

[
GeffMeV2

]
posteriors is that in

the 1ν-interacting model the SIν peak is far more prominent, and the posterior does
not vanish between the two peaks. This happens because the cosmological data is less
constraining to the 1ν-interacting scenario as the interaction is limited to only one
species of neutrino. From the 100θMC posteriors, we see that in the 3ν-interacting case
the MIν (left peaks) and SIν (right peaks) modes are completely separated from each
other (a 6.6σ separation for the CMB+EXT dataset), whereas for the 1ν-interacting
case, the MIν and SIν peaks overlap with each other. This is again due to the fact that
limiting the interaction to only one neutrino species leads to much smaller shifts in the
peaks of the CMB anisotropies power spectra, which leads to overlapping MIν and SIν
peaks.
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3ν interacting 1ν interacting

CMB CMB+EXT CMB CMB+EXT

ns

NIν 0.959± 0.009 0.965± 0.006 0.959± 0.009 0.965± 0.006

MIν 0.960+0.008
−0.009 0.963+0.008

−0.007 0.959± 0.009 0.964+0.007
−0.006

SIν 0.930± 0.008 0.930± 0.006 0.950+0.008
−0.009 0.954± 0.007

r0.05

NIν < 0.034 < 0.037 < 0.034 < 0.037

MIν < 0.033 < 0.034 < 0.034 < 0.037

SIν < 0.038 < 0.037 < 0.034 < 0.035

log10

[
GeffMeV2

] NIν − − − −
MIν < −3.52 < −3.32 < −2.99 < −2.4

SIν −1.67+0.16
−0.12 −1.70+0.17

−0.10 −1.67+0.38
−0.33 −1.59+0.33

−0.39

100θMC

NIν 1.04112± 0.00045 1.04112± 0.00041 1.04112± 0.00045 1.04112± 0.00041

MIν 1.04106± 0.00045 1.04111± 0.00044 1.04109± 0.00047 1.04109± 0.00042

SIν 1.04564+0.00077
−0.00053 1.04554+0.00083

−0.00051 1.04243+0.00061
−0.00054 1.04262+0.00059

−0.00054

Ωbh
2

NIν 0.02224± 0.00023 0.02238± 0.00017 0.02224± 0.00023 0.02238± 0.00017

MIν 0.02226+0.00023
−0.00021 0.02233± 0.00019 0.02226± 0.00024 0.02237+0.00017

−0.00018

SIν 0.02235± 0.00023 0.02236± 0.00018 0.02226+0.00022
−0.00024 0.02236+0.00018

−0.00020

Ωch
2

NIν 0.1184+0.0030
−0.0033 0.1185± 0.0027 0.1184+0.0030

−0.0033 0.1185± 0.0027

MIν 0.1191+0.0028
−0.0029 0.1184+0.0028

−0.0030 0.1186± 0.0032 0.1189± 0.0028

SIν 0.1167+0.0030
−0.0032 0.1160± 0.0027 0.1186± 0.0031 0.1185+0.0030

−0.0035

Σmν [eV]

NIν < 0.235 < 0.119 < 0.235 < 0.119

MIν < 0.248 < 0.121 < 0.252 < 0.120

SIν < 0.276 < 0.161 < 0.268 < 0.145

Neff

NIν 2.91± 0.20 2.99± 0.16 2.91± 0.20 2.99± 0.16

MIν 2.96± 0.19 2.97+0.17
−0.19 2.93± 0.21 3.01± 0.16

SIν 2.78+0.18
−0.20 2.76+0.15

−0.17 2.91+0.19
−0.21 2.96+0.18

−0.21

H0 [km/s/Mpc]

NIν 66.2+1.7
−1.6 67.4± 1.0 66.2+1.7

−1.6 67.4± 1.0

MIν 66.4+1.8
−1.5 67.2± 1.1 66.3+1.9

−1.7 67.5± 1.0

SIν 66.7+1.8
−1.7 66.9+1.0

−1.1 66.4+1.8
−1.7 67.5+1.1

−1.3

Z/ZNIν

NIν 1.000 1.000 1.000 1.000

MIν 1.547 0.342 1.785 1.318

SIν 0.079 0.102 1.279 1.158

−2 [log (L/LNIν)]

NIν 0 0 0 0

MIν -1.58 1.02 -1.89 1.40

SIν 5.59 3.80 -1.52 -1.19

Table 2. Parameter constraints in the non-interacting model (NIν), moderately interacting model
(MIν) and the strongly interacting model (SIν). For MIν and SIν, we have the two scenarios: i)
all 3 neutrinos interacting, and ii) only 1 neutrino interacting. The constraints are reported for
two different dataset combinations: CMB and CMB+EXT. Marginalized constraints are given at
1σ, whereas upper bounds are given at 2σ. For each dataset combination we have also reported the
difference in best-fit log-likelihoods and the ratio of Bayesian evidences w.r.t. the non-interacting case
NIν. Details about the models and datasets are given in section 2 Please note that we have opted
not to present formal parameter constraints for the runs with the full range in interaction strength.
The reason is that in some cases the strongly interacting region does not carry enough weight to be
seen at 2σ (this is for example the case for the CMB+EXT 3ν-interacting case). Whether this occurs
depends on the lower boundary for the interaction strength because we use a logarithmic prior, and
therefore, for the runs with the full range in interaction strength the posterior confidence regions will
depend very strongly on the assumed prior. For the cases where we separate the two regions this
effect is much less pronounced, which is why we choose this way of presenting our results.
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Figure 1. Posterior distributions of log10

[
GeffMeV2

]
from the runs with the full range of coupling

strengths log10

[
GeffMeV2

]
, for the two cases: all 3 neutrinos interacting (3ν-interacting), and only

1 neutrino interacting (1ν-interacting). We have provided the plots for two dataset combinations:
Planck18+BK18 and Planck18+BK18+EXT. Compared to the 3ν-interacting case, the 1ν-interacting
case has a much more pronounced SIν peak. Details about models and datasets are given in section
2.
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Figure 2. Posterior distributions of 100θMC from the runs with full range of the coupling
strength log10

[
GeffMeV2

]
, for the two cases: all 3 neutrinos interacting (3ν-interacting), and only

1 neutrino interacting (1ν-interacting). We have provided the results for two dataset combinations:
Planck18+BK18 and Planck18+BK18+EXT. Compared to the 3ν-interacting case, the 1ν-interacting
case has a much smaller shift in the SIν peak, i.e., in the 1ν-interacting case, the two peaks overlap.
Details about models and datasets are given in section 2.
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Figure 3. Here we provide 2D contour plots in the ns − r0.05 plane for different cosmo-
logical models. We have provided the results for two dataset combinations: Planck18+BK18
and Planck18+BK18+EXT. All the plots are from runs with full range of the coupling strength
log10

[
GeffMeV2

]
. Apart from the 2D plots, the area covered by the magenta lines is the area pre-

dicted by Natural inflation for e-foldings 50 < N∗ < 60, whereas the black lines give the region
predicted by Coleman-Weinberg inflation (which prefers a very small tensor-to-scalar ratio) for the
same e-folding range. The smaller circle represents N∗ = 50, whereas the larger circle represents
N∗ = 60. From the plots, it is clear that both in ΛCDM + r0.05 and NIν model, these two infla-
tionary models are disfavoured at more that 2σ by the Planck18+BK18+EXT data, whereas in the
3ν-interacting and 1ν-interacting cases, the inflationary models are allowed at 2σ, but not at 1σ.
Details about models and datasets are given in section 2.

• ns and r0.05: For the runs incorporating the full prior range of log10

[
GeffMeV2

]
, we

provide the ns− r0.05 2D correlation plots in figure 3 for the 3ν-interacting and the 1ν-
interacting scenarios (the two bottom panels), along with the plots for the ΛCDM+r0.05

model and the NIν model (the two top panels). We can see that in the ΛCDM +
r0.05 model, both the Natural Inflation (NI) and Coleman-Weingberg Inflation (CWI)
models are rejected at much more than 2σ. The same is true for the PBH DM related
inflationary models (ns ' 0.95), although not shown in the figure. Incorporating the
NIν model, however, leads to an expansion of the allowed parameter space. The main
reason for expansion of the allowed parameter space in the NIν model is a strong
positive correlation between Neff and ns [31], as Neff strongly affects the expansion
history in the early universe. We found a correlation-coefficient of R = +0.84 between
the two parameters in the NIν model with the CMB+EXT dataset combination, and
R = +0.87 with CMB-only data. There is also a small positive correlation between
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Figure 4. Here we provide 2D contour plots in the ns − r0.05 plane for the 3ν-interacting and
1ν-interacting cases, separately for the MIν and SIν modes. We have provided the results for two
dataset combinations: Planck18+BK18 and Planck18+BK18+EXT. Apart from the 2D plots, the area
covered by the magenta lines is the area predicted by Natural inflation for e-foldings 50 < N∗ < 60,
whereas the black lines give the region predicted by Coleman-Weinberg inflation (which prefers a very
small tensor-to-scalar ratio) for the same e-folding range. The smaller circle represents N∗ = 50,
whereas the larger circle represents N∗ = 60. We see that the contours for the MIν mode are closer
to the ΛCDM + r0.05 case, whereas the SIν mode causes the contours to shift towards the left, with
the 3ν-interacting model causing a much greater shift than the 1ν-interacting model. Details about
models and datasets are given in section 2.

∑
mν and ns (R = +0.22 with CMB+EXT dataset), but this is not the dominant

effect. But still, the NI and CWI are rejected at 2σ when the full CMB+EXT dataset
is considered. Again, the same is true for the PBH DM related inflationary models
which require ns ' 0.95 to account for all dark matter as PBHs.

However, once we consider the 3ν and 1ν-interacting models, all these inflationary
models are allowed at 2σ even with the most constraining CMB+EXT dataset. We
emphasize here that lower ns values (compared to ΛCDM) are preferred by the SIν
modes of the interacting models. This is clearly seen in figure 4 where we provide
the ns − r0.05 contours separately for the MIν and SIν models. As seen in figure 4,
the 3ν-interacting SIν model causes a large shift towards left in the ns values and can
comfortably accommodate the NI at 1σ, and the CWI at 2σ. On the other hand the
1ν-interacting SIν model causes a much smaller shift towards the left in ns (as the
self-interaction is limited to only 1 neutrino species), but can accommodate both NI
and CWI at 1σ. Thus, if future experiments find evidence for such strong interactions
(' 109 times stronger than weak interaction) in at least one of the neutrino species, both
Natural and CW inflation can remain afloat as viable inflationary theories. At the same
time, we notice that the PBH DM related inflationary models can be accommodated
at 1σ in the 1ν-interacting SIν model, but are disfavoured in the 3ν-interacting SIν
model. It is also to be noted that the MIν model in both the 3ν and 1ν-interacting
scenarios can accommodate all these inflationary models at 2σ.

•
∑
mν : The 1D posterior distributions of the sum of neutrino masses parameter is given

in the left panel of figure 5. We find that while the 3ν-interacting and the 1ν-interacting
SIν model prefers somewhat larger values of

∑
mν than the MIν models or the NIν

model, the obtained upper limit on
∑
mν does not differ significantly (typically less
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Figure 5. 1D posterior distributions of
∑
mν [eV] and Neff for the MIν and SIν modes sepa-

rately, for the two cases: all 3 neutrinos interacting (3ν-interacting), and only 1 neutrino interacting
(1ν-interacting). We have provided the results for the Planck18+BK18+EXT dataset combination.
Details about models and datasets are given in section 2.
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Figure 6. Left panel shows the 1D posterior distributions of H0 [km/s/Mpc] for the MIν and SIν
modes separately, for the two cases: all 3 neutrinos interacting (3ν-interacting), and only 1 neutrino
interacting (1ν-interacting). The left panel also provides H0 posteriors for the ΛCDM + r0.05 and
NIν models. The shaded grey region corresponds to the 1σ and 2σ allowed regions from the local
distance ladder measurement of H0 from the SH0ES collaboration [100]. The right panel shows the
2D correlation plot between Neff and H0. We have provided the results for Planck18+BK18+EXT
dataset combination. Details about models and datasets are given in section 2.
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than 20–30%). This implies that the cosmological neutrino mass bounds quoted in
literature are quite robust against the introduction of non-standard self-interactions
(via a heavy mediator) in the neutrino sector. Also see [101] for the effect of CMB
B-mode data on neutrino mass bounds.

• Neff and H0: The 1D posterior distributions of Neff is given in the right panel of figure 5.
We find that the 3ν-interacting MIν model and the 1ν-interacting MIν and SIν model
lead to similar bounds on Neff as in the non-interacting NIν model. However, the 3ν-
interacting SIν model leads to Neff values which are slightly lower than the NIν model,
although there is no statistically significant difference. The 1D posterior distribution of
the Hubble constant (H0) is given in the left panel of figure 6, whereas the 2D Neff−H0

correlation plots are given in the right panel of the same. What we find is that the
inferred mean value of H0 from the interacting models and the NIν model is similar to
the standard ΛCDM + r0.05 model. However, the introduction of the new parameters
leads to much larger 1σ errors on the inferred H0, which implies a reduction in the
Hubble tension in the NIν and the interacting neutrino models. From 4.9σ in the
ΛCDM model [100], the tension reduces to 3.9σ in the NIν model and 3ν-interacting
MIν model, 4.2σ in the 3ν-interacting SIν model, 3.8σ in the 1ν-interacting MIν model,
and 3.5σ in the 1ν-interacting SIν model (for the CMB+EXT dataset). However, it
is clear that the interacting models do not perform significantly better than the non-
interacting model and they do not solve the Hubble tension. This is in agreement with
previous studies that did not include tensor perturbations [45, 72, 102].

3.1 Model selection

To assess the goodness of fit to the data of the MIν and SIν models compared to the non-
interacting model NIν, we employ two different statistical methods.

• The Bayesian evidence ratio Z/ZNIν , i.e., the Bayesian evidence for the 3ν and 1ν-
interacting models (MIν and SIν modes separately) divided by the Bayesian evidence
of the non-interacting model (NIν). The calculated Z/ZNIν values are given in the
table 2. In agreement with our previous work [45], we see that the 3ν-interacting SIν
model is disfavoured (according to Jeffrey’s scale [103]) compared to the NIν model.
We had seen in [45] that the Planck 2018 high-l polarization data is responsible for
the disfavouring of the 3ν-interacting SIν model. For the 3ν-interacting scenario, for
the CMB only dataset combination, the MIν model is slightly preferred compared to
the NIν model, whereas for the CMB+EXT dataset, it is mildly disfavoured. In the
1ν-interacting scenario, both MIν and SIν models are only slightly preferred, for both
CMB and CMB+EXT dataset combinations, to the NIν model. Thus we see that the
1ν-interacting SIν model is not disfavoured by the cosmological data, even though the
3ν-interacting SIν model is disfavoured.

• The difference in log-likelihoods, i.e. −2 [log (L/LNIν)], between the 3ν and 1ν-interacting
models (MIν and SIν modes separately) and the non-interacting model (NIν) at their
respective best-fit points. Since the interacting models have an extra parameter, we
also use the Akaike information criterion (AIC) [104] to penalise the models for the
same. It can be defined as:

AIC = 2k − 2 logL , (3.1)
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where k is the number of parameters in the model. We find

∆AIC = AICMIν −AICNIν = 2− 2 log [LMIν/LNIν ] (3.2)

and similarly for SIν. Taking the values of table 2, we see that the 3ν-interacting SIν
model leads to ∆AIC = 7.59 with CMB data, and ∆AIC = 5.80 with CMB+EXT, both
implying that the model is disfavoured compared to the NIν model. For all the other
interacting models, ∆AIC remains positive but small, implying that the 3ν-interacting
MIν model and the 1ν-interacting MIν and SIν models are only mildly disfavoured
compared to the NIν model.

From the two statistical considerations, we can conclude that the 3ν-interacting SIν
model is disfavoured by the cosmological data, whereas the other interacting models cannot
be considered so, i.e., they lead to similar fits to the data compared to the non-interacting
NIν model.

4 Conclusions

Inflation is theorized to give rise to the perturbations in the universe through quantum fluc-
tuations in the inflaton field. And there are a plethora of inflationary models available in the
literature. Here we consider two of them, the Natural inflation and the Coleman-Weinberg
(CW) inflation, both of which are heavily disfavoured (at more than 2σ) by the current cos-
mological data in the standard cosmological model involving scalar and tensor perturbations,
ΛCDM + r0.05. We also consider single field inflationary models with an inflection point that
can produce majority or all of dark matter as primordial black holes (PBHs). Such inflation-
ary models require a scalar spectral index ns ' 0.95 and are disfavoured at more than 2σ as
well. We refer to these models as PBH DM related inflationary models.

In this work, however, we consider an extension to the standard cosmological model,
where we introduce self-interactions among massive neutrinos, mediated via a heavy scalar.
We work in the effective 4-fermion interaction limit, and use the well established relaxation
time approximation to modify the neutrino Boltzmann equations for both the scalar and ten-
sor cases. Our baseline parameterization is ΛCDM + r0.05 + log10

[
GeffMeV2

]
+Neff +

∑
mν .

We consider two different scenarios: i) all 3 neutrino spieces interacting with the same cou-
pling strength (“3ν-interacting”), ii) only 1 neutrino species interacting (“1ν-interacting”).
We test these scenarios against a combination of cosmological datasets. We have used the
latest CMB temperature, polarisation,and lensing data from the Planck 2018 data release,
the latest CMB B-mode data from the BICEP/Keck collaboration, BAO and RSD measure-
ments from SDSS-III BOSS DR-12, additional BAO measurements from MGS and 6dFGS,
and uncalibrated SNe Ia luminosity distance data from the Pantheon sample.

The motivation towards studying this model in the context of the inflationary models
is that previous studies had shown that strongly self-interacting neutrinos can accommo-
date a lower value of the scalar spectral index, ns, than the standard cosmological model.
This, in turn, means that the preferred ns and r0.05 values in this model can allow for the
aforementioned inflationary models, making them viable again. Indeed, we find, that is the
case. When we vary log10

[
GeffMeV2

]
, in its full prior range, both the 3ν-interacting and

1ν-interacting models allow the Natural inflation, Coleman-Weinberg inflation, and PBH DM
related inflationary models at 2σ in the ns−r0.05 plane, although they are disfavoured at 1σ.
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In agreement with previous studies involving non-standard neutrino interactions with
a heavy mediator, we find that the posterior of log10

[
GeffMeV2

]
is bimodal and thus can

be divided into two modes: a moderately interacting mode (MIν) and a strongly interacting
mode (SIν). It is to be noted that the MIν produces parameter constraints close (but not
completely similar) to the non-interacting case (NIν, i.e., Geff = 0), whereas it is the SIν
mode which is responsible for most of the shift in the ns parameter to lower values. When we
perform our analyses by separating the modes, we find that the SIν mode in the 3ν-interacting
model produces a large shift in the ns, such that it can comfortably accommodate the Natural
inflation within 1σ. However, we find that the 3ν-interacting SIν mode is disfavoured by the
data (in terms of both Bayesian evidence and raw likelihood), whereas both modes of the
1ν-interacting model produce a similar fit to the data as the non-interacting mode. The 1ν-
interacting SIν mode, however, produces a smaller shift in ns, which is expected considering
the effects of the self-interaction are limited to one neutrino species. Interestingly, the 1ν-
interacting SIν model can still accommodate both Natural and CW inflation within 1σ for
certain e-folds close to N∗ = 60, and also allows the PBH DM related inflationary models
at 1σ. Thus, if future experiments find evidence for such strong interactions (' 109 times
stronger than weak interaction) in one of the neutrino species, these inflationary models
can remain afloat as viable inflationary theories. Meanwhile, both the 3ν-interacting and
1ν-interacting MIν models can accommodate all these inflationary models at 2σ.

Lastly, we note that the NIν, 3ν-interacting, and the 1ν-interacting models can partially
reduce the Hubble tension, although they do not solve it. Moreover, the interacting models
do not perform significantly better than the non-interacting model, in agreement with recent
studies that used only scalar perturbation equations [45, 72, 102].
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[98] A. Mead, S. Brieden, T. Tröster, and C. Heymans, “HMcode-2020: Improved modelling of
non-linear cosmological power spectra with baryonic feedback,” arXiv:2009.01858

[astro-ph.CO].

[99] A. Lewis, “GetDist: a Python package for analysing Monte Carlo samples,”
arXiv:1910.13970 [astro-ph.IM]. https://getdist.readthedocs.io.

[100] A. G. Riess et al., “A Comprehensive Measurement of the Local Value of the Hubble
Constant with 1 km/s/Mpc Uncertainty from the Hubble Space Telescope and the SH0ES
Team,” arXiv:2112.04510 [astro-ph.CO].

[101] S. Roy Choudhury and S. Choubey, “Constraining light sterile neutrino mass with the
BICEP2/Keck Array 2014 B-mode polarization data,” Eur. Phys. J. C 79 no. 7, (2019) 557,
arXiv:1807.10294 [astro-ph.CO].

[102] S. R. Choudhury, S. Hannestad, and T. Tram, “Massive neutrino self-interactions and the
Hubble tension,” J. Phys. Conf. Ser. 2156 no. 1, (2021) 012016.

[103] H. Jeffreys, The Theory of Probability. Oxford Classic Texts in the Physical Sciences. OUP
Oxford, 1998. https://books.google.dk/books?id=vh9Act9rtzQC.

[104] H. Akaike, “A new look at the statistical model identification,” IEEE Transactions on
Automatic Control 19 no. 6, (1974) 716–723.

– 22 –

http://dx.doi.org/10.1093/mnras/stv1911
http://arxiv.org/abs/1506.00171
http://arxiv.org/abs/1506.00171
http://dx.doi.org/10.1093/mnrasl/slv047
http://dx.doi.org/10.1093/mnrasl/slv047
http://arxiv.org/abs/1502.01856
http://dx.doi.org/10.1103/PhysRevD.87.103529
http://dx.doi.org/10.1103/PhysRevD.87.103529
http://arxiv.org/abs/1304.4473
http://arxiv.org/abs/https://doi.org/10.5281/zenodo.3370086
http://arxiv.org/abs/2009.01858
http://arxiv.org/abs/2009.01858
http://arxiv.org/abs/1910.13970
https://getdist.readthedocs.io
http://arxiv.org/abs/2112.04510
http://dx.doi.org/10.1140/epjc/s10052-019-7063-2
http://arxiv.org/abs/1807.10294
http://dx.doi.org/10.1088/1742-6596/2156/1/012016
https://books.google.dk/books?id=vh9Act9rtzQC
http://dx.doi.org/10.1109/TAC.1974.1100705
http://dx.doi.org/10.1109/TAC.1974.1100705

	1 Introduction
	2 Methodology
	2.1 Cosmological perturbation equations
	2.2 Cosmological model: parametrization and priors
	2.3 Datasets
	2.4 Parameter sampling and analysis

	3 Results
	3.1 Model selection

	4 Conclusions

