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ABSTRACT: In this paper we construct a number of cubic interaction vertices for massless
bosonic and fermionic higher spin fields in flat four dimensional space. First of all, we
construct these cubic vertices in AdS, space using a so-called Fradkin-Vasiliev approach,
which works only for the non-zero cosmological constant. Then we consider a flat limit
taking care on all the higher derivative terms which FV-approach generates. We restrict
ourselves with the four dimensions because this allows us to use the frame-like multispinor
formalism which greatly simplifies all calculations and provides a description for bosons

and fermions on equal footing.
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1 Introduction

The construction of the cubic interaction vertices for the higher spin fields is the very
first but important step in the investigation of their consistent interactions. The complete
classification of all cubic vertices for massless and massive bosonic and fermionic fields
were obtained in the light-cone formalism for d > 4 dimensions by Metsaev [1-3], while
the classification for the massless fields in d = 3 appeared only quite recently [4, 5]. As
for the Lorentz covariant realisation for these vertices, till now most results deal with the
massless fields, where the main guiding principle is the gauge invariance, which severely
restricts a possible form of the interactions. A lot of interesting results were developed
in the so-called metric-like formalism (see e.g. [6-28] for the bosons and [29, 30] for the
fermions). As for the frame-like formalism (which usually leads to the much more compact
and elegant expressions, especially when one uses the differential form language) the most



general results were obtained in [31] (see also [32]) where the generic cubic vertices for the
massless bosonic fields with spins s1 > so > s3 satisfying a triangular relation s; < s9 + s3
for AdS, space with d > 4 have been constructed. The construction was based on the so-
called Fradkin-Vasiliev approach [33, 34] where the non-zero cosmological constant plays a
crucial role so that taking a flat limit appears to be a non-trivial task.

Let us briefly describe the Fradkin-Vasiliev approach to the construction of cubic ver-
tices. First of all, recall that in the frame-like formalism a massless higher spin field
is described by the set of one-forms ®, each one having its own gauge transformations
(schematically)

00® ~ Dn +en

where e is the background frame. For each one-form a corresponding gauge invariant
two-form (curvature) can be constructed

R~DP+ed

Moreover, for the non-zero cosmological constant the free Lagrangian can be rewritten in
the explicitly gauge invariant form

ﬁo ~ Z akRkRk

where coefficients aj are determined by the so-called extra field decoupling conditions.
The construction of the interactions begins with the most general quadratic deforma-
tions for the initial curvatures

R=>R=R+AR, AR~ dd

One of the nice features of such approach is that these deformations simultaneously deter-
mine the corresponding form for the corrections to the gauge transformations that can be
directly read from that of the curvatures

(51‘1) ~ ‘1’77

At this step the main requirement is that these deformed curvatures must transform co-
variantly

57A2~R17

Note that the deformation procedure is independent for each of the three fields. Then one
has to take the sum of the three Lagrangians, replace initial curvatures by the deformed
ones and require that the resulting Lagrangian be gauge invariant. This leads to the
relations on the previously independent constants and results in the cubic vertex that is
(on-shell) gauge invariant.

Recall that all cubic vertices can be subdivided into three different types. The first one
we call “trivially gauge invariant” because they can be written in terms of gauge invariant
objects and deform neither gauge transformations nor gauge algebra. The second type —
so-called abelian or Chern-Simons like vertices which do have non-trivial corrections to



the gauge transformations, but the algebra remains to be abelian. At last, the third type
— non-abelian or Yang-Mills type vertices which deform both the gauge transformations
and the algebra. In [31] Vasiliev has constructed the most general cubic vertices for the
three massless higher spin bosonic fields in d > 4 dimensions and shown that they appear
to be the combinations of the non-abelian and abelian vertices, so that all such vertices
from the Metsaev classification [1] satisfying the triangular relation s; < s 4 s3 (assuming
s1 > sg > s3) are reproduced. Since these vertices have different number of derivatives, it
is not a trivial task to extract a particular vertex and/or take a flat limit.

The situation is drastically simplified in four dimensions. Indeed, as has been shown
by Metsaev [1, 2] (see also [6, 24] for bosonic cubic vertices in four dimensions), all abelian
vertices are absent leaving us only the non-abelian ones. In the frame-like formalism this
result is easy to understand because the abelian vertices look like RR® and so must be
five-forms. But even in this case to take the flat limit is not so simple because the general
procedure described above still generate a lot of terms with a number of derivatives greater
than the correct one (s1+ s2 — s3 for bosons and s; + so — s3 — 1 for fermions). In this paper
we restrict ourselves to the four dimensions and use the multispinor frame-like formalism
(which greatly simplifies all calculations and allows us to treat bosons and fermions on
equal footing) to reconstruct all non-abelian bosonic and fermionic vertices. We have
managed to show that all these higher derivative terms combine into total derivatives or
cancel on-shell so that we can safely take a flat limit and obtain (surprisingly) simple form
for the flat vertices. Note that the procedure for the construction of cubic vertices we use
produces only parity even ones, while the results of [24] show that there exist parity odd
vertices with the same number of derivatives, How these vertices can be reproduced is still
an open question.

The paper is organised as follows. In section 2 we provide all necessary information
on the multispinor frame-like description for the massless higher spin bosons and fermions.
Sections 3 and 4 contain a number of simple but instructive examples of the vertices
with spin-2 and spin-J, correspondingly (and, to our opinion, they are of some interest by
themselves). Section 5 contains our results for the cubic vertices with arbitrary spin bosons
and fermions, while most technical details were moved into two appendices.

Notations and conventions. We use a formalism where all objects are multispinors
p(k)al) o ¢ = 1,2 which have k completely symmetric undotted and ! completely sym-
metric dotted indices. In all expressions where indices are denoted with the same letter
and are placed on the same level, e.g.

k) gl

they are assumed to be symmetrized and symmetrization is defined as the sum of the
minimal number of necessary terms. Besides, all the fields we consider are the one-forms
(and the gauge parameters are zero-forms), while all the terms in the Lagrangians are the
four-forms. In this, all the wedge product signs A will be systematically omitted.



We work in AdSy space (and its flat limit) described by the background frame e and
the background Lorentz covariant derivative D satisfying

Dead —_ 0’ DD(I)a(k)d(l) — _)\Q[EQB@a(k—l)ﬁd(l) + Edﬂ'@a(k)d(l_l)ﬂ.] (11)
where two-forms E*?) and E*?2) are defined as follows

e2GePB = B pop | o pop (1.2)

2 Kinematics

In this section we provide all necessary information on the frame-like multispinor formalism
for the massless higher spin bosonic and fermionic fields.

A massless integer spin-s s > 2 boson is described by the set of multispinor one-forms
Qals—ltm)a(s—1-m) ( < |m| < s — 1, where m = 0 corresponds to the physical field,
m = £1 — auxiliary ones, while others are the so-called extra fields. All fields have their
own gauge transformations:

59(1(2372) — Dna(2372) + )\Qeadna(st?))d

6Qa(sfl+m)o'¢(sflfm) — Dna(sfler)d(sflfm) + eﬂdna(371+m)/5d(5727m)
+ )\2ea6na(572+m)d(sflfm)ﬁ (21)

5Hoz(s—1)d(s—1) _ Dna(s—l)d(s—l) + eﬂdna(s—l)ﬁd(s—Q) + 6a5na(s—2)d(s—1)ﬁ

Moreover, for each field a gauge invariant two-form can be constructed:
RO(25-2) — pa2s-2) 4 \2.a, o(2s-3)d
Ra(s=14m)als—1-m) _ poals—l+m)i(s—1-m) 4 o dqals—1+m)Ba(s—2-m)
+ A2ea,8.Qa(572+m)d(sflfm)/3 (2.2)

Ta(sfl)o’z(sfl) _ DHa(sfl)d(sfl) + eﬁo’zﬂa(sfl)ﬁd(sfﬂ + eaBQa(sfl)d(sfl)ﬁ
We refer to such two-forms as curvatures. These curvatures satisfy the following differential
identities:

DR&(2572) _ _)\ZeadRa(Zsf?))o}
DRa(sfl+m)d(sflfm) — _eﬁdRa(571+m)ﬁd(3727m) - )\QeaﬁRa(372+m)d(5717m)B (23)

DTeGNa61) = dpals—1)Ba(s—2) _ eaBRa(sq)a(sq)ﬁ
On-shell all the curvatures, except the highest ones, are zero, while the highest one satisfy
DR272 ~0,  egR* 3~ (2.4)
Note that zero-curvature conditions imply that on-shell
DHA-DA-D) = o dqals)Ba(s=2) _p ..
pQels—THma(s—lom) _ _ g agals—T+m)Bas=2-m) 4 0()2) (2.5)



Hence, on-shell the auxiliary field expresses the non-zero derivatives of the physical field,
the extra field Q(5+1)4(s=3) expresses the non-zero derivatives of the auxiliary field etc. The
field Qe(s=1+m)a(s—1-m) t}g expresses the mth derivatives of the physical field which do not
vanish on-shell. Whenever we talk about the number of derivatives, we imply the number
of derivatives of the physical field and count the mth extra field as an mth derivative.

At last, the free Lagrangian can be written in the explicitly gauge invariant form

s—1
. s Z (25 - 2)' a(s—14+m)a(s—1—m)
=iy A= (s =1+ m)l(s — 1 —m)rzm [Ra(s*Hm)a(s*l*m)R

- Ra(s—1—m)d(s—1+m)Ra(s_1_m)d(S_1+m):| (2.6)
Note that the torsion 7(5=1)4(s=1) is absent in this expression. Formally, this Lagrangian
contains a lot of higher derivative terms. However, due to the smart choice of the coefficients
(coming from the so-called extra fields decoupling conditions) all these terms vanish (up to
the total derivatives). So written in components the Lagrangian reduces to the usual form
in terms of the physical and auxiliary fields only. In particular, it does not contain any
terms singular in the flat limit A — 0. Recall also that in the multispinor formalism we use
parity operation simply interchanges the dotted and undotted indices and so it correlates
with the conjugation. The choose made (with the imaginary unit ¢ and minus sign) takes
into account that the Lagrangian being four-form implicitly contains a Levi-Civita symbol.

A massless half-integer spin-s s > % fermion is described by a set of multispinor one-
forms @(s—1+m)a(s—1-m) ) < ;| < s — 1, where m = +Y% correspond to the physical
fields, all others being the extra ones. The gauge transformations look very similar to the
bosonic case the main difference is the transformation for the physical fields:

5@01(25—2) _ DCa(Zs—Z) + )\Qeadca(Qs—S)d
6(1)04(5—1+m)d(8—1—m) _ DCa(s—l—l—m)d(s—l—m) + eﬁdga(s—1+m)ﬁd(s—2—m)
+ AQeaBCa(s—Z-‘rm)o'z(s—l—m)B (27)
sPpe(s—1R)a(s—%) _ Dca(sfl/z)d(sf%) + eﬂdga(sfl/z)ﬁd(sf%) + )\earéga(sf%)d(sf%)ﬁ

Similarly, a set of the gauge invariant two-forms can be constructed:

f-oz(stl) _ Dq)a(2871) + )\Zeadq)a@sz)d

f-a(s—l—i-m)d(s—l—m) _ D(I)a(s—1+m)d¢(s—1—m) dq)a(s—l—i-m)ﬂo'z(s—Q—m)

+ep

+ )\26046(1)04(3—24-771)(54(3_1_7”)5 (28)
Fals—lR)als—Hh) _ pgals—ats—%) | eﬁa@a(sfl/z)ﬁa(s—%) + )\eaﬂ,q)a(s—%)a(s—i‘/z)ﬁ'

The differential identities for them have the form:

D‘/—_‘a(2372) — _A2€adfa(2373)d
D‘/—_-a(sfler)d(sflfm) —_ _eﬂd‘/—_-a(371+m)5d(5727m) — )\QGO‘B‘FQ(372+m)d(5717m)B (29)

DFels—h)a(s—%) _ 76661‘/—_-a(s—1/2),8d(s—5/2) _ )\6016]:04(8—372)d(8—?72)5



On-shell all these curvatures, except the highest ones, are zero, while the highest ones satisfy
DF®2 ~ 0, egtFr® I x 0 (2.10)

Again, the zero-curvature conditions imply that the field Pa(s—letm)a(s—F2—m) expresses
the mth derivatives of the physical field d(s=/2)&s=%) which do not vanish on-shell.

At last, the free Lagrangian can be written as

s—1
Lo=(=1) Z;/ (s—14+m)l(s—1—m)Ix\2m
m=Y,
fa(s—l—l—m)d(s—l—m)fa(s_l+m)d(s_l_m) + h.c. (2.11)

The same comments on the higher derivative terms, flat limit and parity as above are
applicable here, note however that the absence of imaginery unit is related with anticom-
mutativity of fermions.

3 Graviton

In this section we consider all possible vertices with spin-2 field. They will serve as the
simple illustration for both the general method and all four possible types of vertices.
Besides, interaction with gravity is always of some interest by itself.
We describe a free massless spin-2 field with the one-forms h®%, w®? + h.c. with the
initial gauge transformations
5wo¢(2) _ Dna(Z) o A2€ad5ad
Sho% = Dgod 4 eﬁanaﬁ + eaﬁ_naﬂ (3_1)
The corresponding linearized gauge invariant curvature and torsion have the form:
Ra(2) — Dwa(?) + )\Zeadhad
T = Dh** + egw™” + e jw™ (3.2)
On-shell we have (note the difference with (2.4))
T ~0, DR ~0,  e*R* +e*;RY ~0 (3.3)

At last, the free Lagrangian can be written as

i
Ly = FRQ(Q)RO((Q) + h.c. (3.4)
There are only two possible types of vertices satisfying the triangular relation, namely
(s +1,s,2) and (s,s,2). For both of them, the cases with s = 2 turn out to be special,

resulting in four different cases in total. We consider them in turn.



3.1 Vertex (s+1,s,2), s > 2

We use X and F for the field with spin s+ 1 and its curvatures and €2 and R — for spin s.
Using the general formulas given in appendix A, it easy to construct deformations for the
curvatures of all three fields.! For the spin s + 1 components we obtain:

A]:a(Qs) _ ao)\QQa(Qs—Q)wa@)
A]_-a(Qs—l)o'z _ ao)\2Qa(2s—2)had + ao)\2Qa(2s—3)dwa(2) (35)
Afa(Qs—Q)d(Z) _ aOQa(25—2)wd(2) + O()\2)

where ag is a coupling constant and we always choose normalization so that all coefficients
in the deformations are proportional to the positive degree of A. The only variations of the
deformed curvatures that do not vanish on-shell are

SF2) — 22 Ra(23—2)no¢(2) _ 7701(23—2)Ra(2):| (3.6)
Now we turn to the spin-s components and obtain:

a(2s— a(2s— (25— : al(25—2) 3
AR5 = pgnr @2 g o) 4 2 AT ROCITDI s 4 o APRACmDR)

AR (25=3)6 _ boza(2873)ﬁ(2)dwﬁ(2) +0(\?) (3.7)

In this case, the variations of the deformed curvatures that do not vanish on-shell are
§Ra(s=2) _ g [fa@s_z)m)nm) B Ca(QS—Q)B(Q)RB(Q)} (3.8)

At last, for the spin-2 we get
o a2 s—2 a 25—3)0
AR = g2 P20 0 o) + (25 = 2) NPT s
om0 o) (3.9)
ATad = c02a5(23*2)é‘95(2572) -+ COZao’z,@(2572)QB(2872) + O()\Z)

with the non-vanishing variations being:
SR — [ Fo@BCs 2y - a8 6(28_2)} (3.10)

Now we take the sum of the free Lagrangians and replace the free curvatures by the
deformed ones. The gauge variation of the resulting Lagrangian produces:

o [ s(2s = Dag | (—1)%
55:[ \25—2 + 252 Fa(25-2)8(2)

c —1)5*15(25 — 1)a _
n [0 (=) s( ) o] Foze_2)ayn” I RO®)

RO(25-2)B(2)

AQ )\28—2

Co -1 st (25—
- [Afr : )\25)—2 }Ra@s—?)( @202 Ry (3.11)

'Here and in what follows we provide only the terms which give non-zero contribution to the flat vertices.



Thus the invariance of the deformed Lagrangian requires
(_1)8+18(28 _ 1)@0 — )\28_4C0, (_1)sb0 — —)\28_460 (312)

Now we consider a cubic vertex that follows from the deformed Lagrangian. Due to the
relations on the coupling constants given above we find that the terms with the highest
number of derivatives (and singular in the flat limit) combine into the total derivative and
can be dropped out. At the next level we obtain terms with the correct number N = 2s—1
of derivatives, so we can safely take a flat limit and, after a number of cancellations, obtain
a very simple result:

El = C()Dwa(g)Za(2)d(25_2)9d(25_2) + h.c. (3.13)

We see that the spin-2 field enters through the gauge invariant curvature, while the invari-
ance of the vertex under the other gauge transformations can be checked using the on-shell
identities (3.3) and the corrections to the physical graviton transformations:

6hao'z _ COgao’zB(stQ)nB@s_Q) o Cogadﬂ‘@sf?)gﬂ.@s_z) + h.c. (314)

Let us stress that this result holds also for the case when s is half-integer, i.e. both higher
spin fields are fermions.

3.2 Vertex (s,s,2), s > 2

In this case the vertex is symmetric on the two spin-s fields, so for simplicity we assume
that we have just one such field. The part of the deformation for the spin-s components
we need have the form:

ARa(28—2) _ GOQa(2s—3),3waB + ao)\QQa(Qs—i‘l)BhaB
ARa(?s—S)d _ aOQa(2S_3)ﬁhdﬁ + GOQa(2s—4)ﬂdwaﬁ
+ agQ PPt O(A2) (3.15)

while the non-vanishing variations of the deformed curvatures look like:
57@&(2372) = a [Ra(2573)ﬁna6 _ na(2573)ﬁRaﬂ] (316)
The corresponding expressions for the deformations of spin-2 curvature and torsion are:

ARa(Q) _ COQ&,B(2S—3)QO¢B(28_3) + CO)\QQQB(2S_4)BQaﬁ .

(2s—4)p
+ AP QRO+ O (3.17)
ATOE — COQaﬁ(QS_S)QdIB(ZS—?)) + COQQIB(QS_S)Q@B@S,;;) + O()\2)
and for the non-vanishing variations
SR ~ 2607?,&5(2873)7]&5(25,3) (3.18)



The invariance of the deformed Lagrangian requires
(—=1)%(2s — 2)ap = 42> ~¢q (3.19)

As in the previous case, due to this relation the terms in the cubic vertex with 2s derivatives
combine into the total derivative and can be dropped out so that we can safely take a flat
limit and obtain one more simple result:

L= 2CQDwa59ad(2573)Qﬁd@s,g) + h.c. (3.20)

Here the spin-2 also enters only through the gauge invariant curvature, while the invariance
under remaining gauge transformations holds due to the on-shell identities (3.3) and the
corresponding corrections to the physical graviton transformations:

5ho¢d _ COQ&,B(ZS 3),,& Cona6(2573)ﬂd

n ﬁ(28 3) +hc (321)

B(25—3)
Note that these results are in agreement with the particular case of the (3,3,2) vertex
which has been considered in [35] (see also [7, 10, 11] for the metric-like formulation). Note
also that in this case this results works for the fermionic case where s is half-integer as well.

3.3 Vertex (3,2,2)

This case is special and provides a simple example of the whole class of vertices where
two lower spins are equal. As far as we know, in the metric-like formulation this vertex
was considered for the first time in [7], while in the frame-like formalism — in [35]. Note
that this vertex is antisymmetric on the spin-2 fields so that we must have two different
spin-2 particles.
The deformations for all curvatures have the form now:
AFD = Q@) (2
AJ—;a(S)d — aOQa(Z)had + aOHozo'zwa@)
AR = pon* PRy g0 + 20N> T* @R g 4 b N HO PP o (3.22)
2 2)5(2 25 (2) 8 2 2)3(2
AR = con2)B( )QB(2) +2¢oA2n )ﬂﬂHBB 1 coAZH2)5( )95(2)
while non-vanishing variations are:
§FW = qo[RP ) — (@) ge)]
SR2) = p, [F (2 )ﬁ( )77/5( 9 — C* (2)8(2 )Rg(z)] (3.23)
SR = o[ F2)BC <6(2) e (2)5(2)736(2)]

The invariance of the deformed Lagrangian requires
6a0 = )\2b0, Co = —bo (3.24)

As usual, the terms with 5 derivatives combine into total derivative, while 3-derivative
terms give the following flat vertex:

L1 = by D2y H* PP i59) + 26002 2* PP 0w, 5 — (Q 3 w) + hec. (3.25)



3.4 Vertex (2,2,2)

This very well known vertex provides the simplest example of self-interaction, so for com-
pleteness we briefly give it here. The curvature deformation looks like:

AR® = qowPw®s + ao)\2haﬁha5 (3.26)

The deformed Lagrangian is automatically gauge invariant. The terms in the cubic vertex
with four derivatives combine into the total derivative leaving us with:

L= aoDwagho‘dhﬁd — aoeofj‘hgdw‘”oﬁ7 + h.c. (3.27)

4 Gravitino

In this section we present two more simple examples — vertices with the spin-J field.
Taking into account the even in the higher spin theory the supersymmetry plays a distin-
guished role, we think they worth to be considered. The spin-% itself is described by the
one-forms ¥®, ¥® with the gauge invariant two-forms:

F* = Dy® 4 Xe%ap®

F% = Dy + \eg (4.1)
and the free Lagrangian
1
Ly = XFQFO‘ + h.c. (4.2)

There are two types of vertices satisfying the strict triangle inequality and corresponding
to the two types of the massless supermultiplets — (s + 2, s,%) and (s + 1, s + %, %).

4.1 Vertex (s + Y,s,%), s > 2
We begin with the deformations for all curvatures (keeping only necessary terms):
AF@1) — goaQe(2-2) o
AF2s=2a _ g 00252y L O())
AR = 25D yy 4 poape2 Dy, (4.3)
AF® = o@D 0500, o)+ coA®P 00, L+ O(N)
Non-vanishing variations have the form:
SFRsD) — o \[ROs—2) g _ pal2s-2) pra)
sP(2s-2) _ bO[]_—a(2s—2)/3<ﬂ _ Ca(2s—2)5Fﬁ] (4.4)
SF = co[FPE a0 0y — (PETIRg 0, o]

The invariance of the deformed Lagrangian requires

(_1)s+1(28 o 1)a0 — )\237300’ (—1)Sb0 — )\237300 (45)

~10 -



The resulting flat vertex with the correct number of derivatives N = 2s—2 (after the higher
derivative terms combine into total derivative and were dropped out) takes the form:

L1 = cgDha®*** D0y 5, o) + hec. (4.6)

Once again we find that the lowest spin field enters through its gauge invariant curvature
only, while to check the invariance under the remaining gauge transformations one has to
take into account the corrections to the gravitino gauge transformations:

S = Coq’dﬂ(2s_2)775(2s—2) _ COCaﬁ(zs_2)QB.(2$_2) + hee. (4.7)

4.2 Vertex (s+ 1,5+ ¥%,3), s > 2

This case appears to be very similar, so we will be brief. The appropriate deformations
look like:

AR&(?S) _ ao)\(I)a(Qs—l)woa
ARoc(Qs—l)éc — aoq)a(QS_l)ﬂ)d + O()\)
AJ—_-a(Qs—l) _ bOQa(Zs—l)ﬁwﬁ + bo)\Qa(QS_l)Bw[g (48)

o afB(2s—1 aB(2s—1
AFY = o2 A )q)ﬁ(Qs—l) + oA o )q),B.(QS*l)

while the relations on the coupling constants are:
(—1)512sa9 = =A% 2, (=1)*by = A% 72¢ (4.9)
The resulting flat cubic vertex with N = 2s — 1 derivatives appears to be
L1 = coDyo QDD 0 1) + hec. (4.10)

The results given above hold only for s > 2, while the case s = 1 turns out to be
special (as all cases where two lowest spins are equal). This vertex (2,%,%) is very well
known being a part of the NV = 1 supergravity, but for completeness we briefly provide this
vertex in our current formalism.

The deformations now are very simple

AR = —eohiy

Scouy’ (4.11)

AF® = cow®Pihg + coAh* Vg

AT =

and the flat vertex has the form:

L1 = coDoh®ihs — coeaawP g + h.c. (4.12)

- 11 -



5 Arbitrary spins

In this section we consider general case of three arbitrary spins s; > so > s3. We introduce
their convenient combinations:

51=83+s3—81—1, S9=84+83—83—1, S3=814+8—s3—1 (51)

Note that if spins s1 2 3 satisfy the triangular relations these combinations are always non-
negative: 3193 > 0. Moreover, even if two of the three fields are fermions and two of the
three sy 23 are half-integer, the corresponding 5123 are always integer. Let us give here
some useful relations on them:

§14 80 = 2(83 — 1), 514+ 83 = 2(82 — 1), S9 + 53 = 2(81 — 1) (5.2)

We begin with the bosonic case and then make necessary adjustment for the fermionic
one. We use notations 3, F for the fields component and curvatures for the highest spin s1,
Q, R for spin s9 and w, R for the lowest spin s3 correspondingly.

The deformations for all curvatures of the highest spin s; have the form:

81 min(m,82) )
A Fe(2s1—2—m)a(m) _ Z Z a Qe Gs=mADB(S1=k)a(m—1)B (k) ,ja(s2—Dal)
k=0 =0

B(51—k)B(k)

(5.3)
where coefficients ay (see appendix A for details) look like

(51)! (5.4)

W= G — k™

Strictly speaking, these coefficients must be multiplied by A raised to some positive power,
but to simplify formulas we temporarily set A = 1. We restore them by dimensionality of
terms whenever it is necessary.

Similarly, for the two other spins so 3 we consider

89 min(m,s1)

AR&(QSQ—Q—m)d(m):Z Z bkza(§3—m+l)ﬁ(§2—k)d(m—l)B(k)wa(§1—l)o'z(l)
k=0 1=0

B(52—k)B(k)
(5.5)

$3 min(m,51) .
AR@(?sg—Z—m)d(m) _ Z Z Ckzoz(éz—m+l),3(§3—k)d(m—l),B(k)ro(él—l)o'c(l)ﬁ(§3_k)ﬂ_(k)
=0

k=0
(5.6)
with the corresponding coefficients
55)! 5o)!
b = 2! o = 58! (5.7)

— 2 _\83)
(5o — k)KL (35 — k)KL Y

Now we take a sum of the three Lagrangians, replace the initial curvatures by the deformed
ones and require the resulting deformed Lagrangian to be invariant. The non-vanishing

- 12 —



on-shell variations have the form:

5J—:'a(281—2) — ao[Ra(§3),3(§1)77a(§2)6(§1) _ na(§3)6(§1)Ra<§2)ﬁ(§1)]
SR — PO o)) gati) | (5.8)
SR*2s3=2) — ¢ [Ra(§2)ﬂ(§3)na(§1)ﬁ(§3) — 7704(§2)5(§3)Ra(§1)ﬂ(§3)]

Then the invariance of the Lagrangian requires (for what follows it is important to restore
the A dependence here):
(_1)51 (§A2 + ?3)! a()_ (§A1 + %3)! bo_ (éAl + ?2)! Cf)_
(82)!(83)! A2s1—2 (81)!(83)! A\2s2—2 (81)!(82)! A2s3—2
Now let us turn to the cubic vertex. Recall, that all the curvatures except the highest
ones, i.e. F21-2) Ra22-2) and R2%3-2) (and their conjugates), vanish on-shell. So

it seems that the simplest way to obtain the cubic vertex is to take into account their

— —(-1)® = (-1 (5.9)

deformations only. But this produce a lot of terms with the number of derivatives greater
than N = s; 4+ s2 — s3, moreover, their coefficients will be proportional to the negative
degrees of A\ and so will be singular in the flat limit. Note that due to relation on the
constants given above the terms with the highest number of derivatives, namely s; + so +
s3 — 2 combine into total derivative and can be dropped out, but it still leaves a lot of other
dangerous terms (exceptions are the vertices with lowest spin-2 and spin-%). So before
taking a flat limit we must show that all these terms somehow vanish on-shell. It turns out
that the best strategy is to keep all the curvatures and all their deformations. In this way
we managed to show (see appendix B for details) that all such terms combine into total
derivatives or cancel each other so we safely can take a flat limit. The procedure we followed
produce also a lot of terms which have the correct number s; + so — s3 of derivatives and
contribute to the flat vertex. By rather long but straightforward calculations (ones again
see appendix B) we reduced the final results to (we dare say) the simplest form possible.

Among all cubic vertices there are four possible types, namely s; > s9 > s3, s1 = 9 >
s3, S1 > So = s3 and s] = s9 = s3, and, as we have seen on the simple examples above,
have to be considered separately.

5.1 Vertex s1 > s3 > s3
First of all note that the relation (5.9) implies that
ag ~ /\2(81_83)00, b() ~ )\2(82_83)60

It means that in the flat limit all deformations for the two higher spins vanish and as a result
the flat vertex must be trivially invariant under the lowest spin field gauge transformations.
And indeed, we managed to reduce this vertex to very simple form

L= QCoDwa(§2)g(§l)Ea(§2)d(§3)95(§1)d(§3) + h.c. (5.10)

where the lowest spin field enters through the gauge invariant curvature. As for the in-
variance under the other gauge transformations, it can be easily checked with the help of
on-shell identities (2.4) or (2.10). Recall that even if the two of the three fields are fermions
so that two of the three s 23 are half-integer, the combinations 5123 are always integer
and so the formula above works for the fermionic vertices as well.
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5.2 Vertex s1 = s3 > s3

First of all note that these vertices are symmetric on the two higher spin fields if s3 is even
(so it may be one and the same field) and antisymmetric if s3 is odd. In all other respects,
including considerations on the gauge invariance, they are very similar to the previous case.
The flat vertex turns out to be

L1 = 260D (g5 1)5(s51)[ECETHEDQBED L 04 (—1)5(8 0 Q)] + hee. (5.11)

so the lowest spin field also enters only through the gauge invariant curvature. Note
also, that in this case the two higher spin fields can be fermions, but lower spin field is
always boson.

5.3 Vertex s1 > s3 = s3

For the even highest spin s; such vertex must be symmetric on the two lower spin ones, so
it may be one and the same field, while for the odd s; it must be antisymmetric and we
must have two different fields with the same spin. We have seen on the simple examples
above that this case is indeed special and the vertex has a more complicated form. Indeed,
the relations on the coupling constants

ag ~ 21 753)¢g bo ~ ¢o

show that only corrections to the higher spin transformations vanish in the flat limit and
so the vertex cannot be trivially gauge invariant under the gauge transformations of the

lower spin fields. The most simple result we have managed to obtain looks like:
elsi—1)B(s1—1) a(31)

Ly = CODwa(sl—l)ﬂ(ﬁﬂ B(s1—1)

S1 ~ R
teoy (?} B 111521)' €75 Za(s1-1ya(s 2 Q01T VIETRIR a1 =20
51— k)k!
k=0
+ (=1)* (2 < w) + h.c (5.12)

B(51—k)B(k)

The first term has the same structure as in the general case the main difference is that the
highest spin enters through its physical component that has different on-shell relations. As
a result, the first term is not gauge invariant by itself and the gauge invariance requires
that the number of algebraic terms to be added.

Note that in this case the two lower spin fields can be fermions, while the highest spin
one is always boson.

5.4 Vertex s1 = s3 =s3 =35

Similarly to the previous case, for the even spin s this vertex must be completely symmetric
on all three fields so that it may be just one and the same field and the vertex describes
its self interaction; for the odd spin s the vertex must be completely antisymmetric so we
must have three different fields with the same spin. In this case

ag ~ by ~ ¢p
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so that the corrections to the gauge transformations for all three fields survive in the flat
limit and the resulting vertex looks very similar to the previous one:

Ly = CODEQ(S 1)B(s— 1)q’a(s_l)d(s_l)éﬁﬂ(s_l)a(s—n

S — 1 )' a(s—1)B(s—1—k)B(k), a(s—2)3
+ OZ — —n 50 (s 1)ra(s_2)02 (s=1)B( )B(k) o )Wﬁ(s—l—k)ﬁ.(k)
+ min. perm.(E, Q,w) + h.c. (5.13)

Here min. perm. stands for the two cyclic permutations of ¥, w in the first term and
five permutations in the second one. It is clear that such vertices exist only for bosons.

6 Conclusion

In this paper we have constructed a number of non-trivial cubic vertices for the massless
higher spin bosonic and fermionic fields in flat four dimensional space. We begin with
Fradkin-Vasiliev approach in AdSy4 space and then consider the flat limit. The procedure
appears to be not so simple, because we have to take care on all the higher derivative
terms, which such approach generates, but the final results happen to be very simple. So
we hope that they could be useful for the future investigations. Let us stress once more
that the procedure we use produce only parity even vertices, while the construction of the
corresponding parity odd ones [24] is an open question.

As one of the future directions we see a construction of the cubic vertices for massive
and partially massless fields. The frame-like formalism for such fields is known [36-38], but
there are just a few examples of interactions till now [39-44].

One more interesting direction is the cubic vertices for the higher spin massless su-
permultiplets. Their classification was elaborated quite recently in the light-cone formal-
ism [45, 46], but for the Lorentz covariant realization there are also just a few non-trivial
results [47-51].
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A Deformations

In this appendix we calculate the combinatoric coefficients for the deformations of the
gauge invariant curvatures. Let us take as an example the curvatures of the highest spin
components. Their most general quadratic deformations are given by ansatz (5.3), which
we repeat here for the reader convenience:

§; min(m,32)

Afa(251—2—m)d(m) _ Z Z akQa(ég—m-i—l)B(él—k)d(m—l)B(k)wa(ég—l)d(l)
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Recall also that
S51=s82+s3—81—1, S3=8+853—52—1, S3=51+s2—53—1

Now let us consider variations of the deformed curvatures F = F + AF under the lowest
spin w gauge transformations. From the ansatz given above we can immediately read the
corrections to the gauge transformations:

52@(231—2—m)d(m) — ak7l7mQa(§3_m+l)ﬂ(§l_k)d(m_l)ﬂ(k)na(§2_l)d(l)ﬁ(él—/{:)B(k‘) (Al)

Taking into account these corrections, the variations of the deformed curvatures F =
F + AF appear to be

§ Fo(2s1—2—m)é(m) DQa(§3—m+l),8(§1—k;)d(m—l)B(k)na(§2—l)c’x(l)

= Aklm B(s1—k)B(k)
(@ Lt — @it m)ea’yQa(§3—m+l—l)ﬂ(§1—k)d(m—l+1)3(k)

polia=Da(-15
BE—R)B(R)

+ (k + 1)ak+1,l,me,‘/"}’Qa(gs_m—H)ﬁ(gl_k_l)d(m_l)ﬁ(k);yna(éQ_l)d(l)ﬁ(gl_k‘_l)'yﬂ.(k;)
4 ak7l7m+1ea;yQoz(53—m+l—1),8(§1—k)d(m—l)ﬁ(k)*/noc(éz—l)d(l)B(él_k)ﬁ(k)
(@t — Qg1 ) eq @ QGa—HEDBE—R)Gm—=1)3(k)

na(ég—l—l)'yd(l) R )
B(31—k)B(k)

aa(83—m—+1)B(81—k)ya(m—1-1)8(k),.a(d2—1)&(l
vQ(3 +1)B(81—k)ya( DB( ),7(2 )()5(§1—k)/5’(k’)

+ (81 — k+ Dag_1y mewﬁQa(&a—m+l)5(§1—k)7d(m—l)5(k—1)

a(S2—1)a(l
n(52=0) ()6(§1—k)6(k—1)& (A.2)

+ akim—1¢€

The main requirement here is that the deformed curvatures transform covariantly, so we
must have
7o (251 —2—m)é _ §3—m+1)B(81—k)a(m—1)B(k So—1)a(l )
§F(2s1—=2—m)a(m) _ akyl,mRa(% m+1)B(81—k)a(m—1)5( )na(sz )ex( )5@1%)&@

=k 1m DQQ(§3—m+l)5(§1—k)d(m_l)é(k)na(§2—l)d(l)ﬁ(A -
"y S1—

o a(83—m+1—1)B(51—k)o(m—1)B(k)%, (32 —1)é(l
_|_e,.yQ(3 +1-1)B(81—k)a(m—1)5( )777(2 )()ﬁ(él—k)B(k)

T (51— k)er; Qs m Gk Dam AR o)

+edea(ég—m-i—l),B(él—k)'yo'z(m—l—1)B(k)na(§2—l)d(l)B(A D
51—

+ keﬂga(ﬁsfmﬂ)ﬁ(glfk)»ya(mfz)ﬂ(kq)na(:ﬁﬂ)d(l)ﬁ(gl_k)B(k_m (A.3)

A comparison of these two expressions gives us a number of recurrent relations on the
coefficients ay,j

Ak lm+1 = Okl—1,m; Qg lm—1 = Ak l+1,m
(81 — b+ Dag—1,m = kaym, (k+ Dagrim = (51 = F)aktm
Ak I m+1 = Ak,lm, Ak lm—1 = Ak lm
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their simple solution being

(81)!
m = - A.4
Wi = e k) ™ (8.4)

Thus the result turns out to be unique up to the one arbitrary coupling constant.

B Flat limit

The main problem with the flat limit is that the formalism we use generates a lot of terms
with the number of derivatives greater than that of the flat vertex and their coefficients
are singular in the limit A — 0. Our first task here is to show that all such terms combine
into total derivatives or vanish on-shell and so they all can be dropped out allowing us to
take a desired limit. Let us consider contribution to the cubic vertex from the highest spin
field as an example. They have the form (schematically)

ALy~ Zfa(251—2—m)d(m)A]:O‘(QSI—Q—m)d(m)

where AF are given in (5.3). Recall that on-shell each auxiliary or extra field
ypo(si—l+mi)a(si—1-m1) jg equivalent to |m1| derivatives of the physical one, in this the
number of derivatives for each concrete term in the cubic vertex is defined by N =
|m1| + |ma| + |ms| + 1, where

m=s1—1—m
mQZSQ—l—m—i-l—k (Bl)

m3283—1—/€—l

Let us consider the contributions with positive m;j, while ms3 can be both positive or
negative. Now we consider all four possible cases, calculate the number of derivatives and
focus on terms with more than Ny = s1 + s9 — s3 derivatives.

I) mg >0, mg >0
N=s1+s0+s83—2—-2m—-2k>s1+83—s3=k<sg—1—m
IT) mg >0, mg <0
N=s1+s0—83—2m+2l>s1+s0—s3=1>m
III) my < 0, mg >0
N=58—8+583—2l >s81+8—83=>1<s3—52<0
IV) mg <0, m3g <0

N=58—8—83+24+2k>s+s0—83=>k>8—1>35
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So we see that only terms where all three mq 23 are positive (or all three are negative)
generate the higher derivatives terms. Each such contribution looks (schematically)

[DY — e¥ — A2eX]Qw

so that we have terms with explicit derivative as well as the purely algebraic ones. Let us
begin with terms DXQw. Taking into account all combinatoric coefficients (both from the
free Lagrangian as well as from the deformation parameters) we obtain

_ ) a(§3—m+1)B(51—k)a(m—1)B(k), 6(52—1)4(1 _
A= CkvlvaZa(%—m+l)5(§2—l)d(m—l)5(l)Q (5 JEL=Ratm=DAk) 05 ()6(§1—k)ﬁ(k)
B.2)
where . o
o _ (82 + 83)!(81)!ao (B.3)
PEm T (Gs —m 4 D132 — DI(m — D31 — k)IK! '
Calculating the inverse relations from the (B.1)
m=(s;—1) —m, k:M7 l:w (B.4)
2 2
where we have introduced
M1 = mi1 — Mo — M3, Mo = Mg — M1 — M3, M3 = mg — mi — My (B.5)

we can show that the denominator in the expression for Cy ., can be rewritten as follows:

S1+my\ (1= (Sat ) (S2—mma\ (S3+m3) (83—m3),
2 ’ 2 ’ 2 ' 2 ) 2 ) 2 '

Taking into account the relations on the constants ag, by and cg, we see that such con-

tributions are completely symmetric on the three fields. As a result, all such terms with
explicit derivative combine into total derivative exactly in the same way as the terms with
the highest number of derivatives do.

Now we consider purely algebraic terms of the type A2eXQw. We obtain

Ay = (85 —m+ l)Ckvlyme’Y’YEa(ég—m—&-l—1)6(§g—l)d(m—l)5(l)&
a(83—m+1—1)8(51—k)va(m—1)B(k), 6(32—1)6(1) .
0o (83 1—k)y w?'52 BE—kp) T (B.6)

where dots stand for the similar terms with index ~ contracted with one of the indices of
the field w. On the other hand, if we take the contribution of the type eQ2¥w from the
deformations of the € field, we obtain

Ag = (M = D j 5,742 (55—t iyo (31 —Da(m—i—1)8 ()

a(8s—m+D)B(52—k)a(m—I—1)8(k), 8(31—1)(1) o
) 3 2 w (31-1) B(32—k)B(R) —+ ... (B.7)

where again dots stand for the similar terms where index + is contracted with one of the
w indices. We see that the structure of these two contributions is the same provided

m=m—1l+k+1, k=1, [=k (B.8)

The resulting coefficients turn out to be equal so these two terms cancel each other. The
same holds for the two other pairs of contractions, namely (Xw) and (Qw).
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Thus all the higher derivative terms combine into total derivatives or cancel each other
and we may safely take a flat limit. We repeat our considerations but focus this time on
the terms with exactly Ny = s1 4+ so — s3 derivatives, i.e. those which do not vanish in the
flat limit. We find that there are a lot of such terms with both positive and negative ms 3.
The situation with positive mo 3 appears to be mainly the same as before, so that they also
combine into total derivatives or cancel. As for the terms with negative mgy or/and ms,
after rather long work we have managed to show that most of them can be combined into
terms proportional to the gauge invariant curvatures which vanish on-shell. All this leads
to the surprisingly simple results presented in the main text.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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