911
Progress of Theoretical Physics, Vol. 124, No. 5, November 2010

Master Equations for Gravitational Perturbations
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In this paper, we derive the master equations for gravitational perturbations of vector
and scalar type for static vacuum Lovelock black holes. Together with our previous work on
the tensor type perturbation, we now provide the full set of master equations that governs all
types of gravitational perturbations of static vacuum Lovelock black holes in any dimensions.
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§1. Introduction

There is a long history in black hole perturbation theory since the seminal paper
by Regge and Wheeler.)3) Tt is well known that there exist master equations for
gravitational perturbations of static black holes in 4 dimensions.)® Surprisingly,
the master equations have been obtained even for stationary black holes.?)6) It
should be mentioned that the master equations for gravitational perturbations have
played an important role in gravitational wave physics.

Recently, higher-dimensional black holes have attracted much attention. This
is because higher-dimensional black holes could be created at the LHC.”) In fact,
in the context of the braneworld with large extra dimensions, the predicted pro-
duction rate of black holes is within reach of accelerators. Another reason is that
higher-dimensional black holes have been used to analyze strongly coupled finite tem-
perature field theories through the AdS/CFT correspondence. Needless to say, the
master equations of gravitational perturbations of black holes in higher dimensions
are crucial for the developments of these subjects.

The master equations for gravitational perturbations of higher-dimensional sta-
tic black holes have been obtained by Kodama and Ishibashi.®) For stationary black
holes, unfortunately, there exist only partial results. To investigate the stability of
rotating black holes, a group theoretical method is developed.?”) The method is used
to obtain the master equations for gravitational perturbations of squashed black
holes'®12) and 5-dimensional rotating black holes with equal angular momenta.'3)
The master equations for a special class of rotating black holes in more than 5 di-
mensions are also studied.!®16) Still, it is an open issue if the master equations
exist for general rotating black holes and black rings.

We should notice that, in higher dimensions, Einstein theory is not a unique
theory with the second-order differential equations. Indeed, the most general theory
of gravity is Lovelock theory which is degenerated into Einstein theory in 4 dimen-
sions. In fact, Lovelock theory is a natural extension of Einstein theory in that
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912 T. Takahashi and J. Soda

the Lovelock theory contains terms only up to the second order derivatives in the
equations of motion. In Lovelock theory, it is known that there exist static spherical
symmetric black hole solutions'”) and topological black hole solutions.’® Hence, it
is legitimate to suppose black holes produced at the LHC are of this type.lg) Thus,
it is important to obtain master equations in order to study these Lovelock black
holes.

The following argument also stresses the importance of Lovelock theory. The
point is that black holes are produced at the fundamental scale of higher-dimensional
theories. At such high energy, Einstein theory would be no longer valid. In fact, as is
well known, string theory predicts Einstein theory only in the low energy limit.2?) In
string theory, there are higher curvature corrections in addition to Einstein-Hilbert
term.2?) Thus, it is natural to extend gravitational theory into those with higher
power of curvature in higher dimensions. It is Lovelock theory that belongs to such
class of theories.2!)

In the case of second order Lovelock theory, the so-called Einstein-Gauss-Bonnet
theory, the master equation for tensor perturbations has been obtained.?2) The re-
sult has also been extended to the scalar and vector perturbations.?3) Although
FEinstein-Gauss-Bonnet theory is the most general theory in five and six dimensions,
it is not so in more than six dimensions. For example, when we consider ten dimen-
sional black holes, we need to incorporate the fourth order Lovelock term. Indeed,
when we consider black holes at the LHC, it is important to consider these higher
order Lovelock terms.?¥) Hence, in this paper, we derive the master equations for
gravitational perturbations of black holes in any order Lovelock theory, namely, in
any dimensions. We have already derived the master equation for tensor perturba-
tions of static Lovelock black holes in any dimensions.2?) In this paper, we derive
master equations for vector and scalar perturbations of static Lovelock black holes.

The organization of this paper is as follows. In §2, we briefly review Lovelock
theory and static Lovelock black hole solutions. In §3, we express the linear Lovelock
tensor in terms of the perturbed Riemann tensor. In §4, for completeness, we derive
previous results for tensor perturbations.??) In 85, we derive the master equation for
vector perturbations. In §6, we deduce the master equation for scalar perturbations.
The final section 7 is devoted to the conclusion.

§2. Static Lovelock black holes

In this section, we review Lovelock theory and introduce static black hole solu-
tions.

In Ref. 21), the most general symmetric, divergence free rank (1,1) tensor is
constructed out of a metric and its first and second derivatives. The corresponding
Lagrangian can be constructed from m-th order Lovelock terms

1
L, = _5)\101---)\mamR)\101P11€1 Ry pmbm (2:1)

- 2m P1KE1 " PmBEm mOm

where R),”" is the Riemann tensor in D dimensions and (5;‘11,‘311/;\21,?:: is the general-
ized totally antisymmetric Kronecker delta defined by
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Then, Lovelock Lagrangian in D dimensions is defined by

k
L= cmlm (2-2)
m=0

where we defined the maximum order k = [(D—1)/2] and ¢, are arbitrary constants.
Here, [z] represents the maximum integer satisfying [z] < z. Hereafter, we set

co = —2A, ¢c1 = a1 =1 and ¢, = a/m (m > 2), for convenience. Taking variation
of the Lagrangian with respect to the metric, we can derive the Lovelock equation
i 1 a
0=G1 = A8~ 3 St ST A By P R, (29)
m=1

As shown in Refs. 17) and 18), there exist static exact black hole solutions of
the Lovelock equations. Let us consider the following metric:
2 o dr? 2= .47 ]
ds* = —f(r)dt* + —— + r*y;dz’da’ | (2-4)
f(r)
where 7;; is the metric of n = D — 2-dimensional constant curvature space with a
curvature k = 1,0 or — 1. Using this metric ansatz, we can calculate Riemann tensor
components as

1 /

Ry, = —f? , Ryt =R = —2f—r5ij ;
RiM = (HT—Qf) (5ik5jl _ 5i15jk> _ (2:5)
Substituting (2-5) into (2-3) and defining a new variable ¢ (r) by
flr)=r—r%(r) (2-6)
we obtain an algebraic equation
E L, [2me? N 91 i
Wyl Emzz o le (n=p) U7 | - ey = - (27)

In (2-7), we used n = D — 2 and p is a constant of integration which is related to
the ADM mass of black holes as20)

2/“.‘.(n+1)/2

M = I'((n+1)/2) "

(2:8)
where we used a unit 167G = 1.

In the following sections, we study gravitational perturbations around the gen-
eral vacuum solutions (2-6) obtained by solving algebraic equation (2-7).

220z 1snbny |z uosenb Aq 266616171 L6/S/vZ L /elonie/did/woo dnoolwepeoe)/:sdyy wol pspeojumoq
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§3. Linear Lovelock tensor

In this section, we present general formulas for the linear Lovelock tensor around
the solution (2-4). The method introduced in this section is based on symmetry of
the static Lovelock black holes. In detail, the point is that only Ry, Ry%, R,.™
and R;;* have nonzero value for the Riemann tensor due to the metric ansatz (2-4).

From now on, we use y, v, --- for (t,r,z%), z, y, --- for (r,2%), and i, j, ---
for (z"), respectively. With this notation, we can show that
Ot 0y = {n — (m — 1)o7 (31)

by induction. This formula is useful for later calculations. It is also easy to see that
the linear Lovelock tensor reads

k

5g1/ - _ am 6V}\10‘1~'~)\m0m
w E

2(m+l) HP1IKEL " PmBEm

m=1
XR}\lalpll-il . R)\m710m7lpm71%m715R)\ PmBm (3,2)

mOm
Let us explain how to calculate 6G! in detail and merely present final results
for other components. First of all, we consider the totally antisymmetric Kronecker
delta in 6G!, namely, §iAro1-Amom - Bacause of the antisymmetry, ¢ cannot show up

tp1K1PmEm
twice in the indexes. Hence, this Kronecker delta can be rewritten as

ty1y2--Y2m—1Y2m __ SY1Y2--Y2m—1Y2m
5ta:1932~~-902m_1502m - 6331732"'$2m71732m ) (33)

where we used properties 6! = 1 and (5fcp = 0. Thus, we can rewrite 6G! as
a
t _ m Y1Yy2--Y2m—-1Y2m
5gt - E <_ 2m+1) 5$1$2"'x2m71$2m
m

x —3Z — x —1Z
2m—3T2m 26Ry2m_1y2m 2m—1T2m .

x1T2
><Ryﬂ/z e Rme—Sme—Q

Here, when taking the summation of x;,, and y,, we have to consider three cases. One
is that there is no r index, that is, all x;,, and y, are i, and j,, respectively. For the
other two cases, we have r index. Assume z, = r, then, there must exist p/ such
that y, = r because the totally antisymmetric delta consists of Kronecker delta.
One possibility is xoq—1 = 7 or x9¢ = r (1 < ¢ < m — 1). For this case, p/ must be
p = 2¢—1 or 2¢ because of the background property (2-5). The remaining possibility
is Toym_1 = 1 Or X2, = 7. For this case, we have to take p/ =2m — 1 or 2m. The
reason is as follows. If p’ # 2m—1nor p’ # 2m, there must exist ¢ (1< q < 2m—2)
such that Yy =1 For example, if we take y; = r, 1 or x2 must be 7 because of the
formula (2-5). In any case, 0145 must be zero because of the antisymmetry. To
summarize, G} can be written as

0G; = Z <_ 2::11)

Jidem p . d1t2 o, )
X [5- Rj ;" "% X - X R,

J . i2m—302m—2 § R . . 2m—1%2m
11 12m 2m—3J2m—2 J2m—1J2m
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+4( )5J1 J2m—1

i1i2m—1
LT 9213 . . 12m—412m—3 . . 12m—212m—1
XRyj " Ry 27 X X Rjorn_sjzm—3 Ry 2jzm
J1J2m—1 . 1112 . . 12m—312m—2 . 12m—1T .
+ 4511 o Rjijo X X Ry sjom_2 Ry, v . (34)

Substituting the background quantities (2-5) into (3-4) and using the formula (3-1),
we can proceed as

k
6= 3 ()

m=1

1
% 2m71 K= f " 5]1 ]2m611 . 57;2m—25R‘ . izm_ligm
Joam—2 J2m—1J2m

7,2 11°12m
B f/ K*f m—2
4(m—1)2m2 [ —=
+4( ) < 2r r2
5511 522: 115;1 o 5127” 35R]2m 2]2m 1227n_2/i27n_1

11 92m—1 J1

m—1
+4 A 2m—1 (K/ - f) 5.]1 J2m— 1521 . 522m 26R]2m lrlzm_lT]

k 1 2m—1 o f m—1
£l (400} ()
m=1 p=2
2m—2 ’ . m—2 ) ‘
+(m — 1){ IT (- p>} (jf) (”T2f> )5%51%]-#’“
=2
2m—2p H—f m—1 ) .
(Mo} () son
p=1
= —La I5LOR ™ — —595R ir 35
T 2(n— D)pn2 RO g (3-5)

where we used the relation 65}6Rklij = 2656§5Rklij in the last equality. Here, T'(1)
is defined by

2m—2

k
T(r)=r" oW =" [ 14+ ) am [[ e—p) pv™ | ] - (36)

p=1

Similarly, we can deduce other components of the linear Lovelock tensor. The
results are as follows:

!

t ik ir
3t =~y 50k 0 R ™ — —— 616 R, ",
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T

0] =~ §OR;T
0G; = ﬁ‘%mm‘ik + %6&/’" :
G, = —m(sga@faﬂik - Tn—T_lag‘aRjﬁ ,
0G; = ﬁ‘%fmm‘ik + rn—T_léth” :
3G! = (n_fm (6Ry" + 6R,™) + D) (Z_ 2)rn_35{“6Rikjl
5 WT_I SRy, + ﬁm <6Rtk“ + 5Rr,€”) 3k
+ r 81080 Rgg'” (3-7)

2(n —1)(n —2)rn—3

Thus, in order to derive the linear Lovelock equations, we need to know the perturbed
Riemann tensor (5RWP)‘.

Since Lovelock black holes have n-dimensional symmetric space, we can classify
perturbations into tensor, vector and scalar type perturbations. In following sections,
we treat these three type of perturbations separately.

§4. Master equation for tensor perturbations

In this section, we derive the master equation for tensor perturbations of static
Lovelock black holes.
Tensor perturbations around the solution (2-4) is characterized by

0gap =0, 0gai =0, 3gij = r’¢(t,r)hi(z") (4-1)

where a,b = (t,r) and ¢(t,r) represents the dynamical degrees of freedom. Here,

tensor harmonics h;; are defined by

VFVihij = —vihij . V'hij =0, 57hij =0, (42)
where V' denotes a covariant derivative with respect to ¥;; and the eigenvalue is
given by 4y =0({+n—1)—2, ({ =2,3,4---) for K = 1 and positive real numbers
for k = —1,0. Note that indexes i, j,--- are raised or lowered by %;;.

For tensor perturbations, from (3:7), it is clear that components other than 593

vanish and the terms proportional to 5,{ in (5917 also disappear. Therefore, what we
have to calculate are 6 Ry, 6R,;”7 and 6{”6Rim9l. From the metric ansatz (2-4) and
(4-1), these components can be deduced as

o _fé
2of 4

h.J
i

SRy = [
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SRy = [—f¢ + (-f—, - i) ¢l] hi
4 r

, 2
5;716Rimjl — |: fgb H+7t

4 hi . (4-3)

Then, substituting these results into (3:7), we can calculate 5gg' as follows:

(n— 1)r”_2égij

/1

' . . T )
=T ((5Rtit] + 5R”7"J) + (7:7 2) 5lm5Rimﬂ
) F7° 0 ' o eI |5
2 AGIIE <T+T+T>¢ T Sy ¢

Separating the variables ¢(r,t) = x(r)e”*! we can derive the master equation

for the tensor perturbations from the linear Lovelock equation G, = 0 as follows:

” 2 /!
2y <f2— 2y > o e 6

Here, we should stress that we have assumed nothing for Lovelock coefficients and
f(r). Hence, the master equation we derived is quite general.

Furthermore, introducing a new function ¥(r) = x(r)ry/T" (r) and using tortoise
coordinate r* which is defined as dr*/dr = 1/f(r), we can transform the master
equation (4-5) into Schrédinger type equation

d2w * 2
— 2 + Vi(r(r)¥ = wv | (4-6)
where we have defined the effective potential
(26 +7)fdInT’ 1 d d ;
Vi(r) = — (f=rVT') . 4.7
t(r) (n—2)r dr * T\/Ffdr fdrr (47)

Here, we have assumed 7" > 0 in order to avoid ghost instability.2%)
§5. Master equation for vector perturbations

In this section, we consider vector perturbations of static Lovelock black holes
and derive the master equation.
We take the Regge-Wheeler gauge

0 0 V;
59#,, = 0 0 W; s (5' 1)
sym sym ‘ 0

where v; and w; satisfy transverse condition V'v; = V'w; = 0 and “sym” represents
symmetric part of metric perturbations.
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918 T. Takahashi and J. Soda

From the ansatz (5-1), it is clear that §G! = 6G" = §G; = 0. The components
of cSRWpA which is necessary for calculations of non-zero components of 6G,, are as
follows:

5Rtkij:*”";—4f(5ivi—5;;w) f—3(5“ 50’
J
kY

~5-3 [ vj‘k‘ +o ‘klj (6 v 5;’9&)]
f J i’ i 25 i 5’ . j 2 j
5,3 op (V" —w v op (v —w v )
ir _ £
5Rtr = 27“31) +2r2'l} s
o 2 (G~ )+ e )
1 , , .
+2_7“4 [w3|k‘ —wz‘kb — k(0w féfcwj)} ,

+-oF (wjll +w ‘]) -0 (w]‘k +wkj)] , (5-2)

where we use |i as a covariant derivative with respect to 7;; instead of V;. Then,
substituting these results into (3-7), we can get the linear Lovelock tensor as follows:

!

2r" 235G = — r vilk‘k — kT — f {rT <vi/ — 't — gvz)} ,

n—1 T
, T oo 20\
2r" 235G = — w"k‘k — kT w — = (o — i — 2y ,
n—1 f r
9n — 1)r"5G7 — T (i o 7 (i 4w )V 5.3
(n—1)r ST oY + o) )+ T (wi +wly; , (5-3)
where we used the relation
{rf + 20— YT = (n+ D, (5-4)

and its derivative with respect to r. Then, after expanding metric perturbations by
vector harmonics V;, which satisfies V,V*V; = —v,V; with 7, = l+n—-1)—1
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Master Equations for Lovelock Black Holes 919

(¢ > 2) for k = 1 and non-negative numbers for k = 0, —1, we can get the linear
Lovelock equation as

(%—H)'DT/—JC{TT(U/—U')—%U)

(7—”—/1>wT/j£<v/—w—2v>': , (5-5)

n—1
Ty (fT/w> ~0.

Note that only two equations among these equations are independent. In fact, we
can get the third equation in (5-5) by combining a derivative of the first equation
with respect to t and a derivative of the second equation multiplied by f(r) with
respect to . Here, we use the second and third equations in (5-5). We have not
considered the exceptional mode 7y, = (n—1)x since its treatment is well known.®)27)

In this paper, we assume T is always positive otherwise there exists ghost insta-
bility for tensor perturbations. Under this assumption, we can eliminate v from the
second equation in (5-5) using the third equation. The resultant master equation is

given by
T. »T( f . ,

Furthermore, under the assumption of positivity of T', we can introduce a new
variable

x =LV

We also perform Fourier transformation y = We~®!. Thus, using the new variable

and a tortoise coordinate r*, we can rewrite Eq. (5-6) as
—O2U + V,(r)W = W | (5-7)
where we have defined the effective potential for vector perturbations
7 1 Yo / T
Vo(r) =rvT fO 0 — —. 5-8
'U(r) r f r(f TT\/F>+<TL—1 /ﬁ?) T ( )
Note that we have not assumed anything for f(r) and Lovelock coefficients a,, except

for the positivity of 7. In this sense, this Schrodinger type master equation is quite
general.

§6. Master equation for scalar perturbations

In this section, we derive the master equation for scalar perturbations of static
Lovelock black holes.
We use the Zerilli gauge:
fH H; 0
hy = sym H/f 0 , (6-1)
sym sym ‘ 7"2K7yij
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920 T. Takahashi and J. Soda

where “sym” represents symmetric part of metric perturbations.

Following Ref. 23), we derive the master equation from 6G] = 0(i # j), 6G; =0,
§Gl =0, 5G: = 0 and 6G" = 0. Taking a look at Eq. (3-7), we see that we need d Ry;"/,
SR, 5R,~jkl , 0Ry"7, SR’ and SRy** . With the Zerilli gauge, these components
can be calculated as follows:

5 Z.tj: H\J __H Kff_K i f_
Rt | +< 1+ f 4 +2 2
. 1 . 1 f
i~ pp i il LK LK
SRyi S il + < QT(fH) 4K K )
1
kl k sl k sl Isk Lsk
Ega Ly TR (ks stek
+< SK+5H TK) (oFa% — alet) |
, f , fo f e f f o\
SRy =L HW - | -LH-LK+iK + 1K\
R 2r2 i 2r FRARECEARE T

. 1 . . 1 L ) )
A — k k k k
6B, = o (HVoF — HIV]) — — (KVaf — KT

/ \
; 11 f _, 1- 1.
SR “: H+H)+H —~-H—-=-H| |, 6-2
tr [2f ( + ) , f 1] ( )
where |i denotes a covariant derivative with respect to %;;. Then, we can calculate
the linear Lovelock equations. Expanding metric perturbations in terms of scalar
harmonics Y which satisfy V,V*Y = —v,Y with 75 = £({ +n — 1) for x = 1 and
positive numbers for k£ = 0, —1, we obtain the linear Lovelock equations

8¢ =0(i#j)eT(H-H) =rT'K , (6-3)
’ 7’2f/ .
3G; =0 & —yHy +n |r(K — H) + 2K — ?K] =0, (6-4)

Gl=0s {—'ysT— nr(fT),}H —nTrfH +7T (nk — ) K

Tr2f A o "
+{n ;f +nf(r2T)}K +nTr?fK" =0, (6-5)
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Master Equations for Lovelock Black Holes 921

T2 2 . .. ’ / TQ, /
5g;j:0<:>”fr <—fH1—K)+rT(n/<c—fys)K+(nTer—i—%)K
T

—nr(Tf) H +~TH—nTrfH =0. (6-7)

Now we derive the master equation for scalar perturbations from these equations.
We do not consider exceptional gauge dependent modes v = 0 and s = nkx modes
since treatment of these modes is well known.®)27) We also assume 7" > 0 outside
the horizon again. First of all, we show that all perturbative variables H, H;, H
and K can be expressed by a single master function ¢ defined later. From Eq. (6-3),
H can be expressed by H and K as

1

rT

H=H
+T

K . (6-8)

By inspecting Eq. (6-4), we see that it is convenient to define a master function ¢ as
T
f

Then, we can express H using ¢ and K by integrating (6-4) with respect to t. The
result is given by

Hy

(4+K) . (6:9)

s / A<T) .
H=—2otrK - 50K, (6-10)
where
A(r) = =2nf + 2y +nrf . (6-11)

Note that there may exist an arbitrary function of r as a constant of integration.
However, this function can be absorbed into the definition of ¢. From Eqgs. (6-8)—
(6-10), it turns out that we need to express K by ¢ in order to express all variables
in terms of ¢. Substituting (6-10) into (6-5), we obtain such a formula

2
K=-= , (6-12)

m’fqé/ =+ (% + nrf%) ¢

where we used a relation
!

(AT) = 27T + nf{(rf —2f)T} =2(ys — nw)T (613)

which can be derived from (5-4).
Now, we are in a position to derive the master equation for the master variable
¢. From Egs. (6-6) and (6-7), we can make the following combination:

nfr x (Lh.s of (6:6)) + (1.h.s of (6:7))

AT _ : Trf
ZTH—(%—n/@)rTKan rf

(rK/ B H) N n]}rQ <f .

;H1K> . (6-14)
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922 T. Takahashi and J. Soda

Substituting (6-8)—(6-10) and (6-12) into the above equation (6-14), we get the master
equation for scalar perturbations

A2\
é— f2¢ +f2<1n<2fT>)¢+Q¢=0, (6-15)
where we have defined
f (AT 1" o o o ot
= 2 - — 7T T)— T : 1
Finally, we change the normalization of ¢ as
A
p=N(r)x, N=——. (6-17)

rVT'

It is also convenient to move on to Fourier space as y = We~ Substituting
these into the master equation (6-15) and using a tortoise coordinate r*, we obtain
Schrédinger type equation

iwt

—02U + V,(r)¥ = ¥ | (6-18)
where we have defined the effective potential for scalar perturbations
(rNT)
Volr) = 20f S N2
f N’2 f T 2

FOFON) +2P 15 — %

9 2NT
N (f@T)+2f 5 +2f N

= - (619)

We assumed that T is always positive because tensor perturbation has ghost in-
stability if this assumption is not fulfilled. However, except for this assumption, we
have not imposed any conditions on the Lovelock coefficient a,,, and f(r). Therefore,
the master equation we have derived is again quite general.

§7. Conclusion

We have succeeded in deriving master equations for gravitational perturbations
of static Lovelock black holes. The results can be regarded as a generalization of
master equations in Einstein theory derived by Kodama and Ishibashi. Of course, it
is possible to extend our analysis to charged black holes and other black holes.28):29)
Moreover, our result would serve a starting point for studying stationary black holes
in Lovelock theory. It is also interesting to consider Euclidean version of our results
in the light of black hole thermodynamics.?)

There are many applications of our master equations. In an accompanying
paper, using the master equations, we show that static Lovelock black holes with
small masses are unstable in the asymptotically flat cases.’!)  The application to
asymptotically AdS cases is also interesting from the point of view of the AdS/CFT
correspondence,32)3%) in particular, in relation to stability of holographic supercon-
ductors.3)-36)
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