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1 Introduction

The past decade has seen substantial improvements in the accuracy of fully exclusive event
generators. Matching schemes to simultaneously combine multiple leading-order (LO) ma-
trix elements have been interfaced with parton shower (PS) routines and implemented in
many event generators [1-9]. It has also become possible to match general next-to-leading-
order (NLO) calculations with a parton shower and produce physical event samples that
describe sufficiently inclusive distributions at NLO [10-16]. These NLO+PS event gen-
erators are now part of the standard tool set for experimental analyses and have made
significant impact on phenomenology. Recently, the merging of NLO calculations of differ-
ent multiplicities has been addressed by several groups [17-25]. Event generators continue
to push to higher precision, and the LHC physics program will continue to rely on progress
in this area.

The frontier of fixed-order precision is calculations at next-to-next-to-leading order
(NNLO) in QCD perturbation theory. Fully differential NNLO calculations exist for several
important hadron-collider processes involving W, Z, +, and Higgs bosons as well as top
quarks [26-34], and the technology for these calculations is continually being pushed toward
more complex topologies [35-37]. Although experimental analyses regularly make use of
NNLO cross sections and distributions, there are many challenges inherent in directly
comparing fixed-order results with data.

An event generator that matches NNLO calculations with a parton shower would be an
ideal tool to bridge the gap between pure fixed-order calculations and the needs of experi-
mentalists. It would provide hadron-level events that can be more easily interfaced with an
analysis while maintaining NNLO accuracy for the underlying hard process, extending the
power and flexibility of an NLO+PS generator to NNLO+PS. An important first step in
this direction has been taken in ref. [38], where a MINLO-improved POWHEG simulation
for Higgs plus one jet [24] was used to produce an NNLO-+PS event sample for Higgs boson
production by reweighting the events to the NNLO Higgs rapidity distribution.

In this work, we present a general method for combining NNLO calculations with
leading-logarithmic (LL) resummation to produce fully differential cross sections and for
attaching a parton shower routine to produce complete events. We derive the conditions
that an NNLO-+LL generator must satisfy and provide a construction that satisfies these.
We also comment on the approach in ref. [38] and show how it can be derived as a special
case of our results.

Theoretically, there are two conceptually very distinct aspects to interfacing a fixed-
order calculation with a parton shower event generator. The first aspect is the LL im-
provement of the fully differential NNLO calculation. This corresponds to matching an
LL resummed calculation with an NNLO calculation to obtain a combined NNLO+LL
calculation, and doing so at a fully differential level. This aspect is, a priori, completely
independent of any particular parton shower algorithm or program and can be performed
solely at the partonic (or matrix-element) level. Here, the NNLO calculation first needs to
be recast in a way that is suitable for fully differential event generation. Beyond leading
order, the cross section for a fixed number of partons is infrared divergent and thus ill de-



fined, meaning that to generate physical events with a given number of partons, the events
must correspond to a physically well-defined and infrared-safe partonic jet cross section. In
other words, each four-vector in the event should represent a partonic jet, which includes
the contribution of an arbitrary number of unresolved emissions below some jet resolution
cutoff. The NNLO calculation written in this way is then matched to an LL resummed
calculation to obtain a combined fully differential NNLO+LL calculation.

The second aspect is to attach an exclusive parton shower Monte Carlo to this
NNLO+LL calculation. In this step, events with N, N + 1, and N + 2 partons of the
NNLO-+LL calculation are handed to a parton shower algorithm, which generates ad-
ditional emissions. Here, one has to take care of double counting between the shower
emissions and the partonic calculation as well as the compatibility of the LL parton shower
evolution with the partonic LL resummation.

The conceptual distinction between these two aspects has already been stressed in
refs. [22, 39, 40]. It becomes particularly important at NNLO. As we will see, the first
aspect of obtaining a consistent fully differential NNLO+LL matched calculation is the
more challenging one, which is why most of our discussion will focus on it. Once this
step has been carried out, the step of attaching a parton shower algorithm is relatively
straightforward.

This paper is organized as follows. In section 2, we discuss in detail the general
framework for generating physical events beyond leading order. The main outcome of
this section will be to identify the “Monte Carlo (MC) cross sections” do™°, which are
the partonic jet cross sections according to which the different event multiplicities are
distributed. In particular, we show how the fixed-order (FO) calculation is cast into this
form to make it suitable for event generation. In section 3, we discuss the general procedure
and conditions for combining the pure FO and pure LL calculations into a matched FO+LL
calculation. As an instructive exercise, we review the corresponding MC cross section for
the known cases of LO+LL and NLO+LL calculations. In section 4, we then discuss in
detail how to construct the MC cross sections for an NNLO+LL calculation. In section 5,
we discuss how to interface the NNLO+LL calculation with a parton shower, including
the conditions needed to avoid any double counting that might arise. In section 6, we
discuss how our method encompasses proposed and existing approaches [22, 38, 41], and

in section 7, we give our conclusions.

2 General setup

2.1 Monte Carlo phase space integration vs. event generation
2.1.1 Monte Carlo phase space integration

Consider the cross section for some infrared-safe N-jet measurement My, which can con-
tain a number of cuts (0 functions) as well as differential measurements (§ functions) of
observables, which we collectively refer to as X. At leading order in perturbation theory,
the cross section for measuring X is given by

oO(X) = /dch Bn(®n) Mx(®y), (2.1)



where By (®y) is the tree-level (Born) squared matrix element for N emissions. In case of
hadronic collisions, we assume that the relevant parton densities (PDF) have already been
convolved with the matrix elements, and we will therefore avoid writing them out explicitly
in our formulae. The measurement function Mx (®y) implements the measurement on the
N-body phase space point ®5. In particular, since Mx is infrared safe, it cuts off any
possible IR divergences in By(®y). To obtain o(X) from eq. (2.1), one usually performs
the phase space integral over ® numerically. Due to the large dimensionality of N-body
phase space, the typical method of choice is Monte Carlo integration: we generate points
® ) with relative weights such that they are distributed according to By (®y).! For each
generated point @y, we evaluate Mx(®y) and record the result for X into appropriate
histograms with the associated weight of the point ® .
At next-to-leading order in perturbation theory, o(X) is given by

UNLO(X> :/dCI)N (BN + VN)(q)N) Mx(CI)N) + /d(I)N—i-l BN+1((I>N+1)M)(((I)N+1) . (22)

The virtual one-loop contribution Vx and the (N + 1)-parton real-emission contribution
Bpny1 are separately IR divergent. A convenient way to handle these divergences is the
standard subtraction method, where one writes?

N0 (X) = / ddy (By + VE)(@x) Mx(y) (2.3)

+/d‘I>N+1 {BN+1(‘I>N+1) Mx(®n+1) = Y O (®n+1) MX@%(‘I’NH)]}

Here, vaf denotes the virtual contribution including the appropriate integrated subtraction
terms to render it IR finite. The C7,, are the corresponding real-emission subtraction
terms. Written in this way, the ® and ® x4 integrals are separately IR finite and can
each be performed numerically by Monte Carlo integration.

The @y integral in eq. (2.3) can be performed as before at LO, except that the ®y
points are now distributed according to By + VI\? . The ®pn41 integral is more involved
now due to the presence of the subtraction terms. Their precise form is not important for
our discussion. What is relevant is that generically several subtraction terms are needed
to remove all possible IR singularities in By and that in each subtraction term, the
measurement must be performed on a (in principle) different projected N-body phase
space point @%((ID N+1). As a result, each generated point ® ;1 contributes multiple times
to each histogram with multiple weights distributed according to By4+1 and C}7, |, which

'To be precise, if ® 5 points are generated according to a probability distribution P(®x), each point gets
assigned the weight w(®n) = By (Pn)/P(®n). The effective distribution of points is then w(®y)P(Pn) =
Bn(®n), as desired. The simplest would be to use a flat sampling P(®x) = 1, while P(®n) =~ By (®Pn)
would be statistically more efficient. While the choice for P(®y) is important for the statistical efficiency
of the Monte Carlo integration, it is not relevant for our discussion.

2 Alternatively, one can keep the ®x point fixed during the ®x. 1 integration and evaluate the same
Mx (@) for all the subtraction counterterms and different Mx [®7, 1 (® )] for each different BR, ; contri-
bution, where > B, = By41. This approach might be better for efficiency reasons and more suitable
for matching with the parton shower.



are separately IR divergent. As we approach any IR-singular region, the different X values
obtained for the real emission term and the relevant subtraction terms approach each other
and eventually fall into the same histogram bin, where the IR-divergent contributions of
real emission and subtractions cancel each other.

2.1.2 Monte Carlo event generation

The above Monte Carlo phase space integration is how essentially all (N)NLO programs
using subtractions operate. Its main feature is that it allows one to obtain the exact
result (up to limitations due to numerical precision) for arbitrary IR-safe observables. It
can be contrasted with the event generation used in (parton shower) Monte Carlo event
generators. In an event generator, the basic goal is to produce physical events that are
generated and stored once and that can be repeatedly processed later, e.g., by performing
various measurements on them.

Theoretically, performing a measurement M x on the stored events is exactly equivalent
to making a theoretical prediction for o(X). To illustrate this with a trivial example,
imagine we want to compute o“©(X) in eq. (2.1) by generating events. To do so, we take

MC

do
= By(®y)  and ULO(X):/dth dq)zN Mx(®y). (2.4)
N

dagfv
do N

We now first generate a number of points @ (the actual generation routine can be the same
as before), call them “N-parton events,” and store them together with their weights. These
events are distributed according to the “MC cross section” do¥%;/d®x. In the second step,
we run over all stored events, evaluate the measurement M X_(<I> ~), and record the result
for X into histograms with the associated weight of each event. The result for ¢ (X)
obtained in this way is obviously identical to that obtained by performing the Monte Carlo
integration of eq. (2.1) as described there. We have merely changed from two operations in
a single loop into two separate loops with one operation each. In practice, this separation
becomes vital as soon as the additional processing steps performed on the events become
very involved (theoretically and/or computationally intensive). This is the case when the
events are run through a parton shower and hadronization routine, which then also allows
one to perform much more detailed measurements, such as propagating them through a
complete detector simulation and using them in different experimental analyses.

Now, if we try to perform the NLO calculation in eq. (2.3) with the same approach,
then for each generated and stored ® i point with weight proportional to Byi1, we
would also have to keep track and store the complete set of associated (correlated) ®73
events with weights —C}/, ;(®n41). In principle, this is possible and would again give
the identical result for o(X) as before (some fixed-order programs can indeed be run in
this mode). However, for experimental purposes, e.g., when matching onto parton shower
routines, it is impractical to deal with such “effective” events that consist of a number
of correlated unphysical events with large and opposite weights. The point is that By
and O}, separately are not physical cross sections. Their individual contributions are IR
divergent, and the divergences only cancel each other to give a physical result once they
are combined into a physical measurement, i.e., a single histogram bin.



Therefore, the goal is to generate events that are physical in the sense that the contri-
bution from each event should correspond to an IR-safe cross section; i.e., all IR divergences
should cancel on a per-event basis rather than between several unphysical events.® Con-
ceptually, this implies that each N-parton event should be considered a “bin entry” in a
partonic N-jet measurement, which is IR finite and fully differential in the corresponding
partonic N-jet phase space. In other words, the generated N-parton events really represent
points in an N-jet phase space rather than an N-parton phase space.

The definition of an N-jet cross section requires the presence of an N-jet resolution
variable, which we call Ty. It is defined such that for an N-parton phase space point
Tn(®n) = 0, while for @/~ we have Ty (Pys) — 0 in the IR limit 5, — ¢ . Additional
emissions below Ty < T5" are considered unresolved and 7" is called the N-jet resolution
scale. When generating events with N and N + 1 partons, they are distributed according
to the following Monte Carlo (MC) cross sections:

do.l\'lc
® events: — N (TR
N drbN( N
dol i
® .1 events: dq)—iJr(TN > TR (2.5)
N—+1

The cross section o(X) measured from these events is given by

dO.MC dO.MC
o(X) = / d@y 2 (TR") Mx (Bw) + / d@NH%(TN > TE) My (Py41). (2.6)
N N+1

Physically, doX¢/d® y(T$™) is a fully differential exclusive partonic N-jet cross section.

Perturbatively, it is the cross section for the emission of N identified partons plus any
number of unresolved emissions below the resolution scale T5". (At higher orders, this
includes the necessary virtual corrections to render it IR finite.) Hence, as mentioned
already, ® 5 really means <I>Jf,t here, and when specifying the jet resolution variable Ty,
one also needs to specify how unresolved emissions with Ty < 75" are projected onto the
partonic N-jet phase space @Jﬁt in which the events are distributed. To avoid cluttering
the notation, we suppress the explicit “jet” label in the rest of the paper.

The cross section do¥,,,/d®ny1(Ty > T™) in egs. (2.5) and (2.6) is an inclusive
partonic (IV + 1)-jet cross section. Perturbatively, it is the cross section for the emission of
N + 1 identified partons above the N-jet resolution scale 75", It includes any number of
additional emissions, which are mapped onto the partonic (N + 1)-jet phase space Py 41 =
<I>Jf,t+1 of the N + 1 identified partons (or rather partonic jets). The jet resolution variable
Tn is part of the full @1, and we use the argument Ty > T to explicitly indicate the
fact that do¥%, ; only has support for Ty above T

3Note that the problem is not the use of weighted events to obtain the desired distribution, since as
long as the weighted events are statistically independent, they can be (partially) unweighted. What is very
impractical is to have unphysical events that must be treated as correlated due to their individual weights
being IR divergent, since there is no reasonable way to unweight these. One can also have an “intermediate”
case, where the final cross section is made up of independent IR-finite parts, some of which still require
events with negative weights. This causes much less severe but still important practical complications and
so should be avoided if possible.



This procedure is essentially what every generator of physical events does, either
implicitly or explicitly. For example, in a pure parton shower generator, 7Ty corresponds
to the shower evolution variable, and 75" is the parton shower cutoff. In this case,
doN®/d® N (TH™) is the no-emission probability, and do¥{, ;/d®ni1(Ty > TH™) is the
probability to have at least one emission above T". This is discussed in detail in
section 2.3.

We now want to cast the FO calculation in eq. (2.2) into a form suitable for event
generation by applying the logic in eqgs. (2.5) and (2.6) at fixed order. We start by consid-
ering the trivial example of an LO calculation. Since at tree level there are no additional
emissions, we do not need to specify a resolution variable, the N jets coincide with the N
tree-level partons, and measuring the N-jet phase space simply returns the full N-parton
information. Thus, at LO, the “MC measurement” function defining the MC cross section is

MMC(®§V) =6(PN — (I)/N) . (2.7)

That is, the partonic phase space ®'y; going into the measurement is mapped trivially onto
the partonic N-jet phase space &y = @J]f,t of the Monte Carlo events. Inserting this into
the LO calculation in eq. (2.1), we obtain

do¥y

dd N

- / Ay By (') Mo (@y) = By(Pw) (2.8)

which is the obvious result and corresponds to eq. (2.4).

Starting at NLO, the fully differential MC measurement becomes nontrivial. We now
need to specify how the measurement function acts on both ®y and ®n1q points. At
NLO, the definition of the MC cross sections given below eq. (2.6) corresponds to the fully
differential MC measurements

MMC((I)/N) = 5((I>N - q>/]\f) >
Mm(¢§v+1) =6[PN — ‘I’N(‘I)/NH)] O[Tn ( /N+1) < TN
+0(Png1 — Pyyy) O[TV (Pl yy) > THM] (2.9)

For these to be IR safe, Ty (®n41) can be any IR-safe resolution variable, and P N(PN+1)
can be any IR-safe projection from ®xi; to ®y. In particular, Tn(®y) = 0, and
TN (®Pn41) > TR cuts off all IR-singular regions in ®n41. Below the resolution scale
Tjﬁut, the additional emission in ® 41 remains unresolved, and ® 41 is projected onto a
corresponding ®y point via ® N(®n41). Above T, the additional emission is resolved,
and we measure the full &1 dependence. Inserting eq. (2.9) into eq. (2.2), we obtain

do© do
Y- (TNY) = (B + V) (@) +/ L By (@) O[T (@) < TR,
d(I)N d(IDN
dUg?\/-&-l
—=—(Tn > T\") = Bn1(®n11) O[Tn (PN 1) > TR, (2.10)
d®ni1
where in the first equation, we have abbreviated
do .
N+l Edq)N_H (5[(I)N—(I)N(‘I)N+1)]. (211)
doy



Using eq. (2.10) as the MC cross sections in eq. (2.5), we can generate physical NLO events.
Of course, to distribute our N-parton events, we still have to perform the NLO calculation
in doN¢/d® N (T5") (which may be nontrivial and require subtractions as in eq. (2.3), but
which we will assume exists).

We can ask to what extent other measurements My are reproduced at NLO when
using eq. (2.10) together with eq. (2.6):

o(X) = /d‘I)N (BN + VN)(®N) Mx(PN) + /d‘I’NH Bni1(®Pn41) (2.12)
(BT (®avs1) < TR Mx[@ (@) + [T (@v41) > TR Mo (@) }

Comparing to eq. (2.2), it is clear that observables are correct to the appropriate fixed
order if and only if they are insensitive to the unresolved region of phase space below T
where the measurement is evaluated on the projected phase space point P N(®Pn41) rather
than the exact ® 1. That is,

e N-jet (integrated) observables are correct to NLO y up to power corrections that scale
as O(as TS /TET), where TS is the typical resolution scale to which the measure-
ment is sensitive, i.e., up to which it integrates over ® 1. In particular, it should
contain the complete unresolved region of ® 1 where Ty (®ny1) < T

o (N +1)-jet (differential) observables are correct to LO x4 if they only include contri-
butions in the resolved region of ® 1, i.e., if their Mx (P xn41) completely excludes
the unresolved Ty (®n11) < T region.

Here, M-jet observables are those that receive their first nonzero contribution from an M-
parton final state, and N"LO refers to the O(a) correction relative to the corresponding
tree-level M-parton result.

An example of the effective resolution scale T]\efﬁ is in Higgs boson production with

cut)

a veto on extra jets (requiring pjfit < p7t). If the resolution variable 7Ty is chosen to be

t

the transverse momentum of the hardest jet, then ’Tﬁ,ﬁ = p3''. For a different resolution

variable, Tﬁﬁ corresponds to the effective scale in Ty to which the cut on pjﬁt is sensitive.
For example, if Ty is chosen to be the pr of the Higgs, then T]{’fff ~ pSit
be beam thrust [42], then TEF ~ my (pSe /mp) V2 [43).

The presence of power corrections in 73" /T clearly highlights the formal limitation

. If it is chosen to

fundamental to the event generation method, namely that we inevitably lose the fully
differential information below the resolution cutoff. This is the price we have to pay for
the event-by-event IR-finiteness. Fortunately, in practice, this is not a problem, since
we can always make 7" small enough such that either power corrections in Ty are
irrelevant or else, if we do probe scales of order 7", the FO expansion breaks down and
resummed perturbation theory is required to obtain a stable prediction. In this case, the
only observables for which we cannot obtain an accurate FO result are those for which we
would not want to use the FO calculation in the first place.

One might think that the breakdown of the FO expansion indicates that our events
also become unphysical again. However, the important point is that the events (or more



precisely the underlying MC cross sections) are still defined in a physical IR-safe way. For
very small 75", we are simply going into an extremely exclusive and thus IR-sensitive
region, where the FO calculation itself breaks down, irrespectively of how it is performed.
This is precisely the region where improving the FO calculation with the parton-shower
LL resummation or a higher-order resummation becomes necessary to obtain a meaningful
perturbative result. Rewriting the FO calculation in this way forms the basis (and in fact
is a necessary precondition) for combining it with a parton shower event generator. As
we will see later, after including the LL improvement, 75" will become equivalent to the

parton shower cutoff.

2.2 Event generation at NNLO

To implement an NNLO calculation in the form of event generation, we first have to extend
eq. (2.5) to include (N + 2)-parton events. To do so, we split do¥%,; into an exclusive
doN%, and an inclusive do¥{,, using an additional (N + 1)-jet resolution scale T
Events with N, N + 1, and N + 2 partons are then distributed according to the following

MC cross sections:

do\°©
do

MC

do
® 41 events: NEL (T > TR T, (2.13)
d®n i1

MC
dosv o
dPn 2

(TN")

d events:

® o events: (Tv > TH™ T > TR -

The cross section o(X) measured from these events is given by

dO.MC dO.MC
o(X) = / ady N (o) Ay () + / Ay STNEL (T S TR TR ) Moy (P 4)
d®y d®ni1
dal\;?\] 2
+ / APy G2 (Thy > T, Tocss > TH) Mx(Bvsa) (2.14)
+

Here, doX¢(T"™) is defined as before as an exclusive partonic N-jet cross section, i.e., the
IR-finite cross section for N identified partons plus any number of unresolved emissions
below the resolution scale 7", Next, donNS 1 (Tn > T TatY) is an exclusive partonic
(N 4 1)-jet cross section and is also IR finite. It contains N + 1 identified partons plus any
number of unresolved emissions below the resolution scale T]\C,‘fl. The argument Ty > T
indicates that the cross section only has support above 75", which acts as the condition
to have one additional resolved parton. Finally, do¥% , o(7Tn > T Ty > Tﬁ;ljfl) is an
inclusive partonic (N + 2)-jet cross section and is also IR finite. It contains at least N + 2
identified partons, where two additional partons are required to be above 7" and Tﬁ‘jrtl,
respectively, as well as any number of additional emissions. Compared to eq. (2.5), where
N + 1 was the highest multiplicity and inclusive over additional emissions, now both N
and N + 1 are exclusive multiplicities, while the highest multiplicity is NV + 2 and is again
inclusive over additional emissions. In figure 1, we illustrate the regions in Ty and Ty11
contributing to each multiplicity.
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cut
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Figure 1. Ilustration of the N-jet, (N + 1)-jet, and (N + 2)-jet regions in eq. (2.13) for resolution
variables that satisfy Ty+1 < Ty (e.g., the pr of the leading and subleading jet or N-jettiness [44]).
The N-jet bin has Ty < T5"* and is represented by N-parton events with Ty = Ty+1 = 0 (shown by
the black dot at the origin). The (N +1)-jet bin has Tx > T and Ty41 < Ty, and is represented
by (N + 1)-parton events with Ty11 = 0 (shown by the black line on the Ty axis). The inclusive
(N +2)-jet bin has Ty > T§" and Ty11 > TR', and is represented by (N + 2)-parton events.

At fixed NNLO, the cross section o(X) is given by

S NNLO(x) / Ay (By + Vi + W) (@) Mx (Dy)
+ /dq)N-H (Bn+1 4+ Vng1) (@ng1) Mx (Pny1)

+ /dq’N+2 BNni2(®Pn12) Mx(Pny2), (2.15)

where Wy contains the two-loop virtual corrections for N partons and Vi1 the one-loop
virtual corrections for N+1 partons. In principle, the phase space integrals in eq. (2.15) can
again be performed by Monte Carlo integration using subtractions. Since the singularity
structure of the real, virtual, and real-virtual contributions is much more complex than at
NLO, the required subtractions are far more intricate now.

We now want to recast eq. (2.15) in the form of eq. (2.14). At NNLO, the general
definition of the MC cross sections given below eq. (2.14) corresponds to the following MC
measurement functions:

MMC(CPQV) =6(PN — (I)/N) )
Myc(®y11) = 8[@n — En (D)) O[T (Pyy) < TR (2.16)
+ (N1 — Pyyy) O[T () > TRY,
Miyc(®y1) = 8[@N — (Do) O[T (Pyrs) < TR
+ 61N 11 — DN 1 (Pl o) O[TN (D) > TR O[T 11 (Plysn) < TR
+ (PN — Plyio) O[TV (Phyia) > TR O[T 11 (Plyia) > TR -

~10 -



For these measurements to be IR safe, Ty and Ty 11 can be any IR-safe resolution variables,
and the various & ~(®ar) can be any IR-safe phase space projections. These conditions are
much more nontrivial at NNLO compared to NLO, since we now need explicit projections
from @2 down to ®y, and furthermore, the condition Ty (®nt2) > T must cut off all
double-unresolved IR-singular regions of ® 2. For example, at NLO, T could simply be
defined as the pr or virtuality of the one additional emission (which is IR safe at NLO).
However, taking Ty and Ty +1 as the pr or virtuality of each of the two additional emissions
is not IR safe at NNLO. Instead, a properly IR-safe NNLO generalization for Ty would
be to define it as the py of the additional jet using an explicit jet algorithm with some
jet radius R. This corresponds to using a “local” resolution variable. Another choice is to
define it as the Y pr of all additional emissions or N-jettiness [44]. These correspond to
“global” resolution variables.
Plugging eq. (2.16) back into eq. (2.15), we obtain the required MC cross sections,

dO.MC
d@Jsz (Tﬁut) = (By + VN + Wn)(®n)
do
+/ dg;l (By+1 + V1) (Pn1) O[T (Pv41) < TR™
do
—I—/ N+2 Bnio(®ni2) O[T (Pnio) < THM],
4D
dons

cut, scut
d(I)N+1 (TN > TN 7TN+1)

= (BN41+ VN+1)(®n41) OTN (Pnvg1) > TRM]

do
+ /O@ZT Bsa(@n42) O[T (Praa) > T O Thvar (Bnvan) < TEY],
Jr

MC
dosvyo

(Tv > TR, T > T
d® N2

= By+2(Pn+2) O[Tw (Pn2) > TN O[Twv1(@vr2) > TRH] (2.17)
where we have defined the generalization of eq. (2.11),

d® .
M = 4dy, 5[0y — Dy (D)) (2.18)
ddy

Note that the implementation of the constraint Ty > T in doy, is nontrivial now.

For simplicity, we have not written any subtractions in eq. (2.17), which will be needed in
some form when evaluating the cross sections numerically to separate out and cancel the IR
divergences in the virtual and real emission contributions. Applying the MC measurement
functions in eq. (2.16) to the required subtraction terms is straightforward. The precise
form of the subtractions is, however, not important for our discussion, and one can apply
for example the NNLO subtraction techniques in refs. [45-48].

As at NLO, writing the NNLO calculation in terms of IR-finite MC cross sections, as
above, forms the basis for using it in an exclusive event generator for physical events. Using
eq. (2.17) together with eq. (2.14), the cross section for some measurement Mx obtained
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in this way is
o(X) = / Dy (By + Vv + W) (@) Mx (@)
+ [y (Brs + Vi) (@xs)
X {H[TN(‘I)NH) < TR Mx[@n(Pns1)] + O[Th (Pi1) > TH™] MX((I)N—H)}
+ /d¢N+2 Bni2(Pny2)

X 01T (@ 42) < TH™] Mx [ (@+2)]
+O0[Tn (Pn+2) > TR O[T 1 (Pn42) < TR Mx [@n41(Pn2)]

+ 9[TN(¢N+2) > Tﬁut] H[TN+1((I)N+2) > Tf/u_,fl] Mx((I)N+2)} . (2.19)

This has the same inevitable limitations that we already saw in the NLO case. Since
N-parton and (N + 1)-parton events correspond to partonic N-jet and (N + 1)-jet cross
sections, the measurement is evaluated on the corresponding projected phase space points
in the unresolved regions of phase space. Therefore, the cross section o(X) is correct to the
required fixed order (up to power corrections in the resolution scales) for measurements X
that are insensitive to the unresolved regions of phase space. This means:

e N-jet observables are correct to NNLOy if they integrate over the complete un-
resolved regions of ®n;q1 and Pyyo. [Power corrections are at most of relative
O(as T /TRE) and O(a2 T34 /TR ) where TR and T | are the typical resolution
scales up to which the measurement integrates over ® 11 and ® 2, and generically
T ST

e (N + 1)-jet observables are correct to NLOy 41 if they only include contributions in
the resolved region of ® 1, while integrating over the complete unresolved region of
® 2. [Power corrections are at most of relative (9(0437']%‘_‘&1 Tﬁil) where Tﬁil <Tn
is the typical resolution scale up to which the measurement integrates over ®xo.]

e (N + 2)-jet observables are correct to LOxo if they only include contributions in
the resolved region of @y 0.

As before, M-jet observables receive their tree-level contribution from an M-parton final
state, and N"LO s refers to the O(a) correction relative to that. The definition of T can
be understood using an example similar to that used when discussing MC cross sections at
NLO. These properties are fundamental to the event generation method and are shared by
all implementations. In turn, they will also be the necessary conditions on the FO accuracy
that should be maintained by the NNLO-+LL calculation.

Although 7" and ]{}‘fl are jet resolution scales, they will typically not define jets
that are reasonable to measure experimentally. They effectively serve as IR cutoffs below
which observables should be inclusive over unresolved emissions (which in fact means they
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should be smaller than the typical scales probed in the experimental jet measurements).
In practice, T and ]‘\’,‘jfl can again be made sufficiently small such that FO perturbation
theory is no longer appropriate to describe observables that probe emissions at or below
these scales. As at NLO, at this point, we are not losing any relevant fixed-order infor-
mation, and the parton shower or higher-order resummation is required to provide a valid
perturbative description.

To conclude this subsection, we stress that so far we have not done any showering; we
have simply rewritten the FO calculation in a form suitable to generate physical events.
This will be our starting point for obtaining a fully differential NNLO y+LL calculation
and defines the partonic jet cross sections that we will require as inputs from the FO
calculation. We assume these are available to us, and we will not discuss the techniques
used to compute them. For do% ; and do¥% ,, these are the same inputs that are required
in the corresponding NLOpn41+LL calculation. The genuine NNLO input required is the
cumulant cross section doN¢/d®y(T5"). We assume that it is provided to us by the FO
calculation in a form that allows us to obtain a numerical result for any needed @ point
and 75" value. This is likely to be a challenging part in the practical implementation, and
its availability might restrict the possible choices for the concrete definitions of Tn (P n42)

and @N(QDNH) that can be used.

2.3 Event generation at LL

The parton shower produces events whose cross sections include resummed contributions
from all orders in perturbation theory. These resummed rates account for the large can-
cellations between virtual and real emissions in the IR region of phase space. The shower
can therefore describe the resummation region of observables more accurately than FO
calculations as well as produce high-multiplicity final states than can be passed through
hadronization routines to produce realistic events. In this subsection, we are interested in
using the parton shower approximation to obtain a resummed calculation for the MC cross
sections at leading-logarithmic (LL) order. This will serve as the basis for the LL improve-
ment of the FO cross sections to obtain matched FO+LL calculations in sections 3 and 4.
Note that here, we are not interested in the algorithmic construction of the parton shower.
Formulating the LL calculation in a parton-shower-like fashion will facilitate attaching an
actual parton shower to the matched FO+LL calculation.

The parton shower directly works as an event generator and is fundamentally based
on evolution in a resolution variable T, which characterizes the scale of an emission. Sub-
sequent emissions occur at increasingly smaller values of 7, down to a low-scale cutoff
T ~ 1 GeV, where the perturbative parton shower description ceases to be valid. Below
this cutoff, one enters the nonperturbative regime, where hadronization models are used.
In the leading-logarithmic limit, all emissions are strongly ordered; i.e., each emission oc-
curs at a much smaller value of 7 than the previous one, such that all emissions can be
considered independent. Due to this single-emission nature, at LL, there is no distinc-
tion between global and local resolution variables that are equivalent for a single emission.
Hence, we can define the N-jet resolution variable 7Ty as the emission scale T of the N + 1st
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emission, with the resolution scale 73" given by the shower cutoff 7" i.e.,
Tn=T(N->N+1), Tap=TN+1->N+2), T=T4 =T (2.20)

To start, we consider an N-jet process (with N partons at the Born level) and are
interested in generating events with N and N + 1 partons as in egs. (2.5) and (2.6). The
MC cross sections using the above N-jet resolution variable are then given at LL order as

dO.I\rIC
ﬁ(ﬂ&“) = BN(®n) AN (PN THM),
dagg\fﬂ

Ayt (Tw >TE") = D SR (@n+1) AN[PR(@n1); TR (@) O1TR (@ vs1) > TR

= SF(Png) An(RR: TR O(TR > TR, (2.21)

where all ingredients and the notation we have introduced are discussed in detail in the
following. To shorten the notation, we will often drop the explicit dependence on ® 1 for
most objects, as in the last line of eq. (2.21), but one should keep in mind that in general,
all objects which depend on the emission label m (which is explained below) have ® 1 as
their argument.

First, An(®n; TE") is the N-parton Sudakov factor, which effectively sums the domi-
nant contribution from an arbitrary number of unresolved emission below 75" at LL, cor-
responding to the general definition of doN¢/d® y (T5") [cf. the discussion below eq. (2.6)].
It can be written as

An(Pn;T) = exp [— /dT'PN(q)N,T') 0T >T)|, (2.22)

where Pn(®y,T) is a global N — N + 1 splitting function which sums over all possible
single-parton emissions from each parton in @y at the emission scale 7. It arises from
projecting the full emission phase space d®y1/d®y, which contains the complete set of
splitting variables, onto the resolution variable T,

Pr(@x.T) = Y [ dnss PR(BA10) 31T = T (@) 30y — B (@) (223

The m labels in egs. (2.21) and (2.23) run over all the possible (IR-singular) emission
channels (¢ — qg, g — 99, g — qq, etc.), including the information of which parton in ®y
was split and which two partons in ®n41 resulted from the splitting. For each emission
channel m, 7™ (®xn41) determines the relevant emission scale, and the splitting function
PR (Pn+1) contains all coupling and kinematic prefactors times the usual Altarelli-Parisi
splitting function. For simplicity, we keep the upper limit 7 < 7. on the emission scale
T implicit in the definition of P4

“In general, the upper limit 7 < 7,7 (®n+1) is a function of the full ®x41 and can be different for
different m. It can be determined purely by phase space limits or by an explicit upper cutoff of some form
in order to turn off the resummation above Tmax-
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Finally, the projection @%(QJ N+1) can be any IR-safe projection and as before, specifies
how the partonic ® .1 is mapped onto the partonic N-jet phase space point &y = <I>j]\e,t, in
which the N-parton events are distributed. The projection can be different for each m. (As
far as the parton shower goes, @% is the inverse of the momentum reshuffling performed
when splitting & — P41 in channel m.)

Coming to do¥%; in eq. (2.21), the differential parton shower rate for the emission

with index m is given by its splitting function times the Born contribution,
SR 41 (Dxs1) = B[R @41)] PR(@rva) (2.24)

For future use, we also define

Snr1(Pn1) = > SR (@n1), (2.25)

which is the LL approximation of the full real emission contribution By 41 in the IR-singular
limit. The Sudakov factor Ay (®7; T37) appearing in do¥f,; in eq. (2.21) is the same as
in eq. (2.22) but evaluated at the emission scale T3". It effectively resums the contributions
from arbitrary additional emissions below 75" at LL.

The cross section for some measurement M x obtained from the LL MC cross sections

in eq. (2.21) is
o(X) = /dq)N BN (®N) An(®n; TR™) Mx (®y)

+ / Dy 3 SRy (xsn) An (R TR 0T > TR™) M (Byvs) . (2.26)

To generate multiple emissions, one iteratively applies the splitting functions and Sudakov
factors starting from the Born N-parton events. This is most easily thought of as a recursive
procedure, where each additional emission is defined relative to the previously generated
multiplicity. The Sudakov factor and splitting functions used to generate each emission
then determine the relative weights of events.

To discuss the perturbative accuracy, we define

L=In(Tn/Q), Lewt = In(T3™/Q) , (2.27)

where @ ~ T is a typical hard scale in the process. Formally, the resummation corre-
sponds to a reorganization of the perturbative series, which is achieved by expanding in o
while counting®

aL? ~ 1, as L2

~ 1, orequivalently, L ~ Lcy ~ ozs_l/Q . (2.28)

The leading-logarithmic order is O(1) in this counting. For the cumulant cross section in-

cut

tegrated up to Ty, this corresponds to resumming all terms ~ amL2"

7Lz relative to the Born

cross section, while for the cross section differential in Ty, this corresponds to resumming
all terms ~ a”L?"~1/Ty. For a general measurement, this means:

5We use the simple logarithmic counting for the cross section, so LL stands for LL,. Higher-order
resummation is usually performed not for the cross section but for the logarithm of the cross section and
using the stronger counting asL ~ 1.
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e N-jet (integrated) observables are correct to LL resumming all terms ~
al an"(Tﬁﬁ/ Q), where here, TSI is the typical resolution up to which the mea-
surement is integrated. (In particular, for do}¢/d® y(T), we have T = Tut.)

e (N + 1)-jet (differential) observables are correct to LL resumming all terms
~ o In®" (T /Q) /TSR, where here, T is the typical resolution to which the
measurement is sensitive. (In particular, for do¥%, ;/d®y11(7x), we have THE=Ty.)

The parton shower intrinsically preserves probability, which is a consequence of the
fact that it is formulated as a Markov chain process, with the probability of each emission
given by the exact differential of the integrated probability. Taking the special case where
Mx(®ny1) = Mx[®7(Pny1)], we precisely reproduce the total leading-order N-jet cross
section from eq. (2.26),

o(X) = / A { By (@) A(@; TR™) My (B5) + By (@) [1 — A (@: T5)] M (@)}
=/d<1>N By (Pn) Mx(Pn)- (2.29)

Here, we used the fact that the differential 7n spectrum is the exact derivative of the
integrated 73" cumulant cross section,

3 / D11 STy (D) A (@i TR (TR > TH™) 6(@ — B3)

_ By(®y) / AT Py (@x, T) Ay (@x: T) O(T > TS

= Bn(®n)[1 — An(®n; TH)] - (2.30)

As a result, the 75" dependence precisely cancels between the cumulant and the integrated
spectrum in eq. (2.29). For a general measurement Mx(®xn41) that cannot be written in
terms of the shower projection é]mv, the LO cross section is reproduced up to small power
corrections ~ 75" /@, which introduce a small residual 73" dependence.

In the resummation counting of eq. (2.28), the Sudakov factors in egs. (2.26) and (2.29)
are O(1), and in particular, 1 — Ay (T5") ~ O(1), despite the fact that its FO expansion
would start at «s, which is essential for eq. (2.29) to work out. What happens is that
Sni1 ~ asL/Tx, which upon integration over Ty > T, becomes oz L2, ~ 1. In other

words, the Ty spectrum at small Ty is O(1) at LL, even though at fixed order, it only
starts at ag.

3 Combining fully differential FO calculations with LL resummation

In this section, we discuss the general conditions to combine the fully differential FO and
LL calculations in an event generator. After the general discussion in section 3.1, we will
review the LO+LL and NLO+LL cases in the following subsections. The NNLO+LL case
is then discussed in detail in section 4.
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3.1 General discussion

The goal of combining the FO calculation with the LL resummation is to improve the
perturbative accuracy in the resummation region, where the FO expansion itself becomes
invalid, to attain at least the O(1) accuracy provided by the LL resummation there. At
the same time, the perturbative accuracy of the FO calculation must be maintained in the
FO region where the resummation is unimportant.

As a necessary precondition, the combined FO+LL calculation must be simultaneously
correct to the desired fixed order (LO, NLO, etc.) and resummation order (LL, NLL, etc.).
Here, the fixed order is counted as usual by powers of ay, while the resummation order is
dictated by the logarithmic counting in eq. (2.28),

asl?~1, astut ~ 1, orequivalently, L ~ Lcy ~ a;l/z,
where L = In(Ty/Q) and Ly, = In(75"/Q) [see eq. (2.27)]. Therefore, the MC cross
sections of the FO+LL calculation have to satisfy the conditions

[dO,MC] _ dO_MC—FO 7 [dO_MC] _ dO,MC—LL ’ (3'1)

FO LL

which require that, upon expanding/truncating the MC cross sections to either FO or LL,
denoted by [---]ro or [- - ]rL, the pure FO or LL results appearing on the right-hand sides
in eq. (3.1) correctly reproduce the results in section 2. These conditions ensure that the
input MC cross sections for each event multiplicity have the desired perturbative accuracy
in both the resummation and fixed-order regions. For example, at NLO+LL, where we need
events with N and IV + 1 partons, the MC cross sections doy® and do¥%, ; are correct to
NLOpy+LL and LO y11+LL, respectively. Similarly, for NNLO+LL, where we need events
with IV, N+1, and N +2 partons, the corresponding dox®, doyS ;, and do¥%, , are correct
to NNLOny+LL, NLOy41+LL, and LO N o+LL, respectively.

We also have to achieve the desired perturbative accuracy at FO and LL for general
measurements Mx. As discussed in section 2, when generating physical events, o(X) is
predicted at the desired accuracy only up to power corrections in the resolution scale T,
which should therefore be as small as possible. At the same time, for integrated N-jet
observables, the residual dependence on the resolution scale 7¢" in the pure FO and LL
calculations is at most power suppressed. The important condition is now that the same
must also hold for the combined FO+LL calculation. Therefore:

e Since T]{}“t must be taken as small as possible to minimize power corrections, it is
imperative that logarithms of 7" must be counted as in eq. (2.28), for which we
adopt the notation Ocyt, such that ol L7, ~ Ocut(agfm/ 2).

e For integrated N-jet and (NN + 1)-jet observables that in fixed order are predicted at
o™ with corrections starting at O(a?*!), any residual logarithmic dependence on the

cut Zn—i—l)

jet resolution scales 7" and Tx " must be Ocye(ag , i.e., only give corrections

at the level of accuracy (or higher) as expected from higher FO corrections.
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To ensure this, the conditions in eq. (3.1) alone are not sufficient. In addition, the MC
cross sections for different multiplicities must be consistent with each other and satisfy
the relation®

d d MC d@ do’MC
dTJ\Cr[d(‘;N ms)]frc 7 = [ S ol = T (@) G (T > T (32)

up t0 Oeut(aZ™t1) violations for an N?LOy+LL calculation. (The missing exact depen-
dence on ® 41 below T3 will still introduce the same power corrections in 7" for general
measurements Mx as in the pure FO and LL cases.) On the right-hand side, the fully dif-
ferential ® 1 dependence is projected onto {®x, Tx}. The condition then enforces that
the resulting differential Ty spectrum, at any Ty > Ty and for any fixed @y, is the
derivative of the cumulant with respect to its 75 argument, such that the dependence on
T]\C,Ut cancels between the cumulant and the spectrum to the desired order. To make this
explicit, integrating eq. (3.2) over Ty, we obtain the equivalent condition for the cumulant
being the integral of the 7Ty spectrum. That is, for any 75 > 75" and any fixed @y, we
have the condition

dO-MC (T ) dgl\[( (Tcut) /dq)N—H do_g?\f—‘rl
doy N dey dPniq

(T > TN") 0(Tn < Ty) (3.3)

up to Ocys (2™ t1) violations for an N?LOx+LL calculation. In particular, the T de-
pendence must cancel between the two terms on the right-hand side to the desired order.

In figure 2, we show how the FO and resummed contributions determine the accu-
racy of the cross sections in different regions of phase space. In table 1, we summarize
the perturbative accuracy as well as the size of uncontrolled higher-order corrections from
fixed order, resummed, and residual resolution scale dependence for integrated N-jet ob-
servables and differential (IV + 1)-jet observables for various FO+LL orders. To give an
example, at NNLOy+LL, integrated N-jet observables are supposed to get the O(a?),
O(al), and O(a?) terms correct, with corrections starting at O(a?). This implies that
the 7" dependence must cancel such that it only appears at Ocyt(az3), so the lowest-
order dependence must be of the form a?L*, % ~ O.u(ad) or higher. A residual 7™
dependence of the form a2[1 — Ay (T5")], which starts at fixed O(a?), counts as Oyt (a?)
because Ay (Ti") ~ Ocut(1). Hence, such a 7" dependence would spoil the desired
O(a?) accuracy of the NNLO+LL calculation.

When increasing the FO accuracy, the condition in eq. (3.2) becomes more and more
stringent and thus more challenging. As we saw in section 2.3, in the LL calculation, the
cancellation of the 75" dependence to all orders is achieved by virtue of the fact that
the differential cross section in Ty is given by the exact derivative of the cumulant cross
section with respect to T5". The same is also obviously true for the pure FO calculation.
A simple and generic method to ensure the cancellation of the resolution scale dependence
(up to power corrections) also for the FO+LL calculation is thus to explicitly construct

5In general, the projection from ®n11 to ®x and the definition of T (®x+1) can depend on the emission
channel inside dag(jv_ﬂ, which we have kept implicit in eq. (3.2). In a given implementation, this dependence
is naturally accounted for, as we will see in the discussions below.
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Resummation Transition Fixed Order Resummation Transition Fixed Order

pert. accuracy pert. accuracy pert. accuracy pert. accuracy
z — N"LO
= 0z
o =
S Y
3 LL LL

N"LL i/ N"LL
N"LO 4
“ut '
T T N

Figure 2. Illustration of the perturbative accuracy of the cross section in different regions of the jet
resolution variable Tx. On the left, we show the differential spectrum in 7y, and on the right, we
show the cumulant as a function of 7,5, which approaches the total N-jet cross section (blue dashed
line) for large 7. For large TI\([C), the FO contributions (blue) determine the perturbative accuracy.
As TA(,C) decreases into the transition region, the resummed terms become increasingly important.
At small ’TI\(,C), the resummation order determines the perturbative accuracy. The LL accuracy

(green) that determines the shape at small TJS,C) can be improved by higher-order resummation
(orange). In the LL cumulant, we show that two different 75" values (dotted vertical lines) should
produce the same cumulant cross section above T,

the spectrum and cumulant by enforcing egs. (3.2) and (3.3) exactly. There are different
choices for doing so, as we will see in section 4, as well as different options for the practical
implementation, which we will come back to in section 6.

Note that, a priori, we do not require the resummation order to match the perturbative
accuracy of the fixed order. For example, the NLL terms in an NNLO+LL cross section
are allowed to be incorrectly predicted, even though in the resummation region, they are
formally more important than the NNLO terms. These higher-order resummed terms will
affect observables in the singular regime at small T]\e,ff but not observables at large Tﬁﬁ,
which are controlled by FO corrections. In section 4, we will explicitly see how the mismatch
between the LL resummation and the NNLO calculation enters. A consistent matching of
fixed order and resummation at the same perturbative accuracy would clearly be a desirable
feature. As was shown in ref. [22], by performing the resummation at NNLL, the merging
of two NLO calculations with different multiplicities arises as a byproduct. Maintaining the
perturbative accuracy with higher-order matrix elements and higher-order resummation is
obviously more challenging as more ingredients are required and additional complications
arise; e.g., one has to employ a resolution variable that is resummable to the desired
order. These issues were thoroughly addressed in ref. [22], and we discuss the connection

in section 6.1.

3.2 LO+LL

The LL calculation performs the LL resummation in Ty and 73", as outlined in section 2.3.
It naturally contains the full LOy contribution, so it is already LOxn+LL correct but
does not include the full contribution from the LO> x4 matrix elements for additional
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T ~ Q (fixed order) T < @ (resummation)
N-jet observables
LOy 1+ O(ay) O(1)
NLOy 1+ a5+ 0(a?) O(1)
NNLOy 1+as+a2+0(a?) O(1)
LON-+LL 14 O(a) 14+ 0(ai’?)
LOvN+1+LL || 1+ O(as) + Ocy(a?) 14+ 0(ai’?)
NLOy+LL 1+ o + O(a2) + Oen (022) 1+ O0(al’?)
NLOy n414LL || 14 g + O(02) + Ocy (a22) 1+ 0(ai'?)
NNLON+LL || 1+ g+ a2 + O(0?) + Ocut (a23) | 1+ O(ab’?)
(N + 1)-jet observables

LOyn X X

NLOy 1+ O(aw) O(1)
NNLOy 1+ as+ 0(a?) O(1)
LOy+LL o(1) 14+ O(as?)
LONN+14+LL || 1+ O(as) + Ocur(aZl) 1+ 0(al?
NLOy+LL 1+ O(as) + Ocu(aZl) 1+ O0(at/?)
NLON n41+LL || 1+ g + O(a2) + Ocut (022) 1+ 0O(at?)
NNLON+LL || 1+ g+ O(a2) + Ocyt (222) 1+ 0(al?

Table 1. Perturbative accuracy of N-jet (integrated) and (N + 1)-jet (differential) observables
satisfied at different FO and FO+LL. Here, 75T is the effective scale to which the observables are
sensitive. For Tﬁﬁ ~ @, the perturbative accuracy is set by the FO expansion, with corrections
from higher FO contributions as well as residual 75" dependence. (The latter will depend on the
details of the matching, so we show the minimal required accuracy, which has to match the FO
level of accuracy; see the discussion of eq. (3.2) for more details.) For T < @, the perturbative
accuracy is set by the resummation counting in eq. (2.28).

jet multiplicities (beyond the shower approximation). The goal of LO+LL matching is to
combine the LO>n41 calculations with the LL resummation, an example of which is the
CKKW method [1-3, 7].

Considering the matching of LOy, LOn41, and LL, denoted as LOy n41+LL, the
exclusive N-jet and inclusive (IV + 1)-jet MC cross sections are

dO.I\'IC
ﬁ(m‘“) = Bn(®n) An(®n; TRY),
dal\>d§\7+1 cut m . ot
TN-H(TN > TN ) = ZBN—H(@N-H) AN(@N;W) 9(7}(}” > TN ),
= S Brn(@xi) Ay(@n T 0T > TN} - (3.4)
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Here, the B} | are defined such that By = > B 41, and whenever an emission m
becomes IR singular, B}, ; contains all its divergences. A possible choice would be to
take B, | = Bny1(SR,1/SNn+1). For ease of notation, from here on we always group the
emission label m on expressions with the notation ) {---}; to denote that all relevant
terms within the curly brackets receive a label m.

The cross sections in eq. (3.4) are correct to LOx and LOpy4 respectively, simply
because any corrections to By or Byyi are of higher fixed order. The Sudakov factors
multiplying the Born contributions render the N-jet cumulant correct to LL in 75" and
the (N + 1)-jet spectrum correct to LL in Ty.

To discuss the perturbative accuracy of integrated N-jet observables from residual 7"

dependence, we rewrite do¥y, ; in eq. (3.4) as

dogf\u_l . .
e} cu — @ q) .
ANy (Tv > TN™) Z{SNH( N+1) AN (PN T)

m

+ (Bns1— Sni1)(@ny1) An(Py; TN)}m O(TH > TN™). (3.5)

The first term on the right-hand side is identical to the pure LL cross section, and when
projected onto @y and integrated over Ty, it produces By (®n)[1 — An(Pn; T5™)], which
exactly cancels the 75" dependence in the cumulant doN°(75") [see eq. (2.30)]. The
second term corresponds to the FO matching correction, making do¥%,,; to be LOy41
accurate. Its T]\C,“t dependence is determined by the accuracy of Byy1 — Sy41. If this
difference contains subleading singular dependence on 7y, which would be terms ~ a, /7y,

nLZn—l

~Y
s ~cut

then the 73" dependence in integrated N-jet observables will be of order «
Ocut(a;/ 2). Interestingly, this is not actually sufficient to preserve the 1+ O(as) accuracy
required at LOy (see table 1). In the case that Syy1 does reproduce the full singular
structure of Byy1 (which generically will not be the case for parton showers), then the
residual ij,ut dependence will only appear as (’)Cut(ost]\C,“t) power corrections. Improved
LO+LL methods that explicitly remove this residual Ocut(ai/ 2) dependence and restore
the LOy accuracy have been discussed in detail in refs. [21, 41, 49, 50]. They essentially
enforce the consistency conditions in eq. (3.3).

Finally, we note that at LOy ny41+LL, another possible valid choice for do¥f ; is
to take

do-l\lc
d@]jv (TN"™) = Bn(®n) An(Pn; TR™)
da-g?v"’l cut IS
+(Byar = Sye) (@)} OTH > TR, (36)

where compared to eq. (3.5), we have dropped the Sudakov factor in the last line. The T
dependence in this case is different numerically but of the same accuracy as for eq. (3.5),
depending in the same way on the extent to which Sy reproduces the IR singularities
of BN+1.
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3.3 NLO+LL

The matching of fully differential NLO calculations to parton shower routines has been
addressed by several frameworks [10, 12, 15, 22, 51, 52]. Here, we review the general
structure of the underlying matched NLO+LL calculation.

The MC cross sections underlying the MC@QNLO [10] and POWHEG [12, 13] approaches
are given by’

doy’ Cu dO’§N cu dUB_S cu
resugmed FO matching
doXiv g dof y Sn11(PNy1)
= o >7—cut — { = + + A (I) 77- 7— >7—cut}
Woner (Tv > TN") ; Tox |g . By(®y) N(®n; Tn) O(Tw ) i
daf&il t
T M 3.7
dq)N_;,_l (TN > T ) ) ( )
where
dO’ﬁ S cut d(I)N-i-l cut
d(I)N Em: / (BN+1 — Sn+1)(Pn41) (T < TR™M) i
B-S
7N — =N (T > TR = Z{ Byi1— Sni1)(@n41) 0(Ty > mut)} (3.8)
APy - m

are the FO matching corrections, and

do?
dq;;v = (Bn + VN)(®N) + %:{/djg;l SN+1(‘1>N+1)} (3.9)

m

is essentially the inclusive NLOpy cross section, but using the real emission given by Sn41
instead of Bn1. This means that Sy41 must contain the full IR singularities of By in
the limit 7y — 0, such that upon integration, the virtual IR divergences of Vi are canceled
in eq. (3.9).

We can easily check that eq. (3.7) is correct to NLO and LL, i.e., that it satisfies
eq. (3.1). Dropping the NLO corrections, which amounts to taking do? N — By and

MC

dropping the daf,_ in doy”, we reproduce the LOy n41+LL result in eq. (3.6). Using the

fixed O(as) expansion of the Sudakov,

Ceuty _ 1 1 /dq)N-H cut 2
A (@ TS = 1 BN@N);{ AL St (@) 0T > TH) b +0(d),

m
(3.10)
we see that expanding eq. (3.7) to NLO exactly reproduces eq. (2.10) at NLOy and LOpy 41,
where the Ty in the NLO calculation is now the same m-dependent resolution variable that
is used in the LL calculation.

"For POWHEG, dagN/dCDN = Bn(®n). In MC@NLO, S events are generated with a weight de-
termined by da‘gN/d@N, while H events are generated according to dagfjil/d'iw“ = > {(Bny1—
SN+1)(Pn41)}m-
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As written in eq. (3.7), the MC cross sections exactly satisfy eqgs. (3.2) and (3.3).
In fact, they do so separately for the resummed contributions proportional to da§ NAN
and the FO matching corrections daﬁ_s and da?&il. The difference in the MC@QNLO
and POWHEG implementations lies in the (effective) choice of Sy41, which we discuss
briefly next.

In MC@QNLO,

SN1(®n+1) = G(TR) PSR (P p1) + [1 = G(TRY)] X1 (PN 41)
with lim G(Tn) =0, G(Tn>T&") =1, (3.11)
Tn—0

where PSYy,; denotes the parton shower approximation to By for channel m as deter-
mined by the splitting factors used in an actual parton shower algorithm like HERWIG or
PytHiA, CF., | could be used as an NLO subtraction for B}, and the purpose of G(7x)
is to smoothly join the two. [In principle, G(Tn) = G, (®n+1) can depend on m and
the full ®n41.]

Note that the value of Sy for Ty < Tﬁ“t was not needed in the LL and LO+LL
discussions but is needed here, and the expressions we use are specific to the NLO+LL
construction. In our formulation of eq. (3.7), the MC@NLO method corresponds to taking
G(Tn > Ti") = 1, since an actual parton shower is used to generate the Sudakov factor
and 75" is identical to the parton shower cutoff. The condition limz, 0 G(Ty) = 0 is
necessary to ensure that all IR divergences cancel in the limit 75 — 0, because PSy11
does not provide a valid NLO subtraction.

Even though there is no explicit 75" dependence in eq. (3.9), the fact that PSyyq does
not reproduce the full IR singularities of By41 causes an implicit logarithmic sensitivity
to scales < 75U in do? . To see this, we rewrite Sy41 = Cni1+ G(Tn)(PSy+1 — On1),
such that

d®y

m

oS
‘ zji[\f = (By + Vn)(®N) + Zm:{/dqwﬂ CN+1(‘I’N+1)}

+ ;{/d:fg;l (PSN4+1 — Cni1)(PN41) G(TN)} ) (3.12)

m

The first three terms are IR finite and 7,{"* independent. The last term is also IR finite
since limyy, 0 G(Ty) = 0. However, since G(Ty > Ti") = 1, the subleading singular
dependence in PSyy1 — C4 is integrated down to 75" and only cut off below, which
means this last term scales as Ocut(oz;/ 2).8 Taking into account this implicit 75" depen-
dence, do2y = do2(TE), the conditions in eqs. (3.2) and (3.3) are no longer satis-
fied exactlgf. Rather: in the FO region, integrated IN-jet observables are only accurate to
1+ as + O(a?) + Ocut (ag’/ %), while differential (N + 1)-jet observables are only accurate

to 14+ O(as) + Ocut(a;/ 2). Formally, this is not sufficient to maintain the perturbative

8The Tx"* dependence becomes explicit if one takes G(Tx > T") = 6(Tn > T™), in which case the

u

integral would produce an explicit In 75", For a smooth G, this logarithm is smeared out, but the integral

has the same scaling.
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accuracy expected at NLOy and LOpyy1, cf. table 1. In practice, the numerical impact de-
pends on how well the employed parton shower algorithm is able to capture the subleading
singular structure of the full real emission contribution. In refs. [10, 11], this was shown to
be a minor problem.

In POWHEG, Sy is constructed by dividing the full By between the IR-singular
regions for the different emission channels,

SN+1(PNt1) = BN+1(‘I’N+1) ON+1(Pn+1) F(TN),
with Z W = T]%go O =1, lim F(Ty)=1. (3.13)

Tn—0

The conditions imposed on the O, ; ensure that the full By is obtained in any singular
limit, such that Sy1 reproduces the full IR-singular structure and da> n is IR finite. The
function F(7y) is included so the resummation can be turned off by letting F(7x) — 0 at
large Tx. [In principle, F(Ty) = Fy',;(®n11) can depend on m and the full @y, 1.] In this
case, since Syy1 contains the full singular structure also above 75", there is no implicit
T dependence. Strictly speaking, this is true as long as ©™ and F do not introduce a
sensitivity to small Ty.

The full &1 dependence in dagﬁi\, 41 10 eq. (3.7) is determined by Sy41(®ny1) in
the resummation term, i.e., by the approximate ®x; dependence in the splitting factor
that determines the Sudakov factor. The FO matching correction, daf&il ~ (Bny1 —
Sn+1)(Pn41), additively corrects the approximate ®n41 dependence in Sy to the full
LOpn41 dependence given by By41. Another possible approach is to also multiply this
term by the Sudakov factor, or equivalently, directly use the full By11 dependence in the
resummed spectrum, such that

doy® t d §N t daﬁ_s t
o An(@n; T U 3.14
do¥% dod Bni1(®Pn+1) -
—=(Tn > T\") = {— S AN (O T) 6(T >7'C“t}
ddn 11 (Tw ) ; Ay |4, Bu(@n) N(PN;TN) O(TN ) -

This corresponds to the usual CKKW procedure for LOy n41+LL in eq. (3.4). It is also
analogous to the GENEVA method in ref. [22], where the ® x4 -differential FO calculation is
multiplicatively combined with the Ty spectrum resummed to higher order. In eq. (3.14),
the spectrum is not the exact derivative of the cumulant anymore, resulting in a residual
T dependence in the integrated cross section. The effective correction term by which
eq. (3.3) is violated and that gets added to the correct NLOpx cross section is given by

do .
/ | g;l (Bnt1 — Sn+1)(@n11) [An(@n; Tw) — 1] (T > T (3.15)
In fixed order, this is O(a?) and beyond NLOy. However, its impact on the perturbative
accuracy depends again on the extent to which the IR singularities of Byy1 are correctly
reproduced by Sy41. If Syy1 contains the full IR singularities, so By4+1 — Sny41 is finite
for Ty — 0, then the leading term in eq. (3.15) scales as T$"a2 In?(7"/Q), which is
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Ocut(asTﬁUt). Therefore, in this case, the correction can be regarded as a power correc-
tion. If Sy11 does not reproduce the full IR singularities, so that By11 — Sy+1 contains
subleading divergences ~ as/7y, then the leading term scales as a2 In®(7,$"/Q). Hence,
in this case the correction is of Ocut(ai/ 2) and clearly violates the NLOy+LL accuracy,
which allows at most Oy (a?) corrections (see the first column of table 1). Note that the
perturbative accuracy of the residual 75" dependence in either case here is the same as in
eq. (3.4) at LOn, n4+1+LL. The reason is that it is determined by the resummation counting
and the NLO matching by itself only improves the FO accuracy.

4 Combining NNLO calculations with LL resummation

As we saw in section 2.2, at NNLO, we need events representing N, N + 1, and N + 2
partonic jets, defined through the N-jet and (IV 4 1)-jet resolution variables 7Ty and Ty 1.
The same is therefore also the case at NNLO-+LL. Hence, we need to construct expressions
for the corresponding fully differential MC cross sections [see egs. (2.13) and (2.14)]

do’® t ONG1 t. t dag?\fﬂ t
cu cu cu cu . 41
dDy (TN™) Dy (Tn > TN TN 5 dD 1o —==(Tn > TN, Ty > TNG1) - (4.1)

As discussed in section 3.1, at NNLO+LL we require that N-jet observables are correct
to NNLON+LL, (N + 1)-jet observables to NLOx41+LL, and (/N + 2)-jet observables to
LOn42+LL, provided that any observable built from these cross sections is sufficiently
inclusive over the unresolved regions of phase space. Since the FO calculation is sup-
plemented with the LL resummation of the jet resolution variables 7Ty and Ty.i1, the
perturbative accuracy of the prediction in the IR-singular regime is improved relative to
the pure FO calculation, which breaks down in this region. The required perturbative
accuracy at NNLO+LL in the FO and resummation regions is summarized in table 1.

To construct the NNLO+LL MC cross sections, it will be convenient to proceed in
two steps. In section 4.1, we first consider the separation between the exclusive N-jet and
inclusive (N + 1)-jet cross sections using 7n and construct the corresponding exclusive
doy(T5") and inclusive do¥$, 1 (Tn > TE™). In section 4.2, we then consider the further
separation of do¥{ | (Txy > Ty") into the final exclusive doyS ,(Tny > Tyt Ty, ) and
inclusive do¥§ , o(Tn > T Ty > T]\Cffl) using Tn+1. To make the notation as transpar-
ent as possible, we drop the emission labels m throughout this section. They can be inserted
straightforwardly into all formulae giving the different contributions to the cross sections.

4.1 The exclusive N-jet and inclusive (N + 1)-jet cross sections

As we have already seen at LO and NLO, it is convenient to divide the full FO exclusive
N-jet cross section, dU]FVO(T]S,ut), into a singular and a nonsingular contribution,’

da cu do§ cu doB=C cu
(TR = SR + (TR (42)
FO singular FO nonsingular

9To be precise, singular terms in the cumulant contain logarithms of 75" or constants, while nonsingular
terms vanish as 75" — 0. In the spectrum, singular terms contain plus distributions or delta functions of
Tn, while nonsingular terms contain no singular distributions and at most integrable singularities.
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At NNLO, do{P(T£") is given in eq. (2.17). Its singular approximation is given by

dJ]CV cut
N
do
i / dqj’v;l (Cn41 4+ VCON11)(@n41) O[T (Brv41) < T
do
i / dgf Cn2(Pn42) O[Tn (Pw+2) < TR, (4.3)

where Cni1, VCni1, and Cnyo reproduce the exact IR singularities of Byi1, Vi1,
and Bp4o, respectively; i.e., they correspond to a valid set of NNLO subtractions, such
that eq. (4.3) is IR finite. The full logarithmic 73" dependence arises from integrating
Bn+1, Vg1, and Byya, over the IR-singular region, which is fully reproduced by the
CNn+1, VCnN41, and Cn4o contributions in eq. (4.3). Therefore, da%(T]\C,“t) contains all

logarithms in 75", while the remainder daﬁ_C(T]{}m) in eq. (4.2) is a power correction

in 75Ut

To identify the relevant terms, we rewrite the N-jet MC cross section in terms of a
resummed contribution and FO matching corrections. As we have seen at NLO+LL in
section 3.3, the LL resummed contribution can be obtained by multiplying an inclusive
cross section by the LL Sudakov factor for 73" The resulting expression in general differs
from the correct FO result by both singular and nonsingular terms in 7", which are
accounted for by adding corresponding FO singular and nonsingular matching corrections.

This gives
doMe dfng doC—5 doB-C
C 1: N cuty _ ZN AN(D e cut N cut N cut ) 4.4
resu;nrmed FO singular matching  FO nonsingular
matching

The first term is the resummed contribution, where dagN is the singular approximation of
the inclusive FO N-jet cross section, obtained by dropi)ing the (T < T™) in eq. (4.3).
It is by construction 75" independent, so all dependence on 73" in the resummed term re-
sides in the Sudakov factor An (@ y; T5™), which sums the LL series in 75", The remaining
two terms are FO matching corrections to ensure the correct FO expansion of eq. (4.4).

The last term in eq. (4.4), labeled B — C, is the FO nonsingular term from eq. (4.2).
It contains the difference between the full FO contribution and its singular limit,

daﬁ_c t da}zfo t daff i
cuty _ cuty cuty 4.
(TR = R - (TR (4.5)

As discussed above, it contains no logarithmic dependence on 7M.

The second term in eq. (4.4), labeled C' — S, is the singular FO matching correction. It
contains the difference between the singular approximation containing the full logarithmic
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T dependence and that obtained by expanding the resummed term in fixed order; i.e.,

dag_s ¢ do$; ¢ do€y
cuty — N ety _ N A (D TEUE
A% (TA™) d@N(TN ) aDy N(PN; TRNM) o
do
= _/ d$;1 (CN-i-l - SN+1)<¢N+1) G(TN > T]\Cfut) + O(ag) . (46)

Hence, it supplies the FO singular terms in 7" that are not contained in the resummed
contribution. In the second line, we show the NLO result for illustration. As already
discussed in section 3.3, since the splitting function Sy generically only reproduces the
leading singularities in Cy41, da%fs (T5™) can in general contain logarithmic dependence
as large as asLey at NLO and o2L3,, at NNLO, which contribute at Ocy (ai/ 2) with the
counting of eq. (2.28).

A potential problem with implementing eq. (4.4) is the presence of explicit logarithms
in do;% (T"), which become large as 7" is reduced, meaning in particular do$ ™ (7,¢)
diverges for 75" — 0. While by construction this divergence cancels in physical observ-
ables, it could give rise to events with large or even negative weights. To circumvent
this and regulate the logarithmic divergence, we can alternatively choose to multiply the
singular matching terms with the Sudakov factor and write

doMe dUgN d5¢-5 doB-C
C 9. N cuty _ 2 N cut An (P cut N cut 4.7
e 2 o (7 = [ T2 4 SO (TR A T + X (), (4)
FO singular matching FO nonsingular
~~ matching

resummed

where the FO singular matching corrections are now given by

da/]?’/'_s(Tcut)_ dU]CV_S(Tcut) 1
doy N T [den N T ANRN TS ) ro

do
T /CD];[VH (Cnt1 = Sn41)(Pn41) (T > TH™) +O(a2) . (4.8)

Note that, while multiplying with the Sudakov factor helps to suppress the FO Ty log-
arithms in d'&]c\;_s (TX"), this choice does not amount to an actual resummation of these
logarithms. A downside of this choice is that it introduces a more complicated 7" depen-
dence at all orders that must be canceled in inclusive N-jet observables. Since d&’g_s (TX")

can contain logarithms a?L2 ., multiplying with the Sudakov factor introduces terms of
nLanl
s Hcut

The singular matching correction is always required if the resummation term does

order o

not contain all logarithms of 75" to the desired fixed order. Even if Syi1 in eq. (4.6)
contains the full subleading singularities at NLO (as in POWHEG where Cn41 = Sy41, SO
do;5 (TE") = 0), at NNLO, do;% (TS") can still contain terms ~ a2L2y, ~ Ocut(cs).
Hence, to achieve NNLO y+LL accuracy, it is essential to enforce the consistency conditions
in egs. (3.2) and (3.3) for the daf]_s or d'&](f,_s contributions. Otherwise, these terms can
easily generate a residual Ti"* dependence in inclusive observables that destroys their

perturbative accuracy.
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To construct the inclusive (N + 1)-jet MC cross section, do¥$,,;(Ty > T§™), as with
doy" before, we split it into a resummed contribution and FO singular and nonsingular
matching corrections. Following the above discussion, these different contributions are
constructed from their corresponding counterparts in eqs. (4.4) and (4.7) by explicitly
enforcing eqs. (3.2) and (3.3). This gives

do¥S, do§ SN1(PNt1) o s
Case 1: — 2N (s Font =N PONHLENIU A (@ T ) 0T > T80
d(I)N—H( ) = 3y |g o (@) N(®N;TN) O(Ty > TN™)
do QNsl do 51\/01
+ cut + cut
+ —=(Tn > Ty ————(Tn > Ty 4.9
d‘I)N_H ( ) d(I)N—f—l ( ) ( )
doM¢ d C d~C S
Case 2: ﬂ('ﬁv>7}§m) :{[ IoN (TN)] M O(Tv >TN")
d®yq doy d®y on—by Bn(PN)
dggNil cut do fNil cut
+ = (TN > TR MAN (O T) + o (T > TR,
dPn41 den1

(4.10)

where the various ingredients are discussed in detail in sections 4.1.1 and 4.1.2. For case 1,
the FO singular and nonsingular matching terms are pure FO corrections, and to obtain
them, it is sufficient to enforce that do¥$; 41 expands to the correct NLO cross section.
For case 2, the singular matching correction is more complicated, and its Ty dependence
is obtained by taking the derivative of da$ % (7,¢") An(T5™) in eq. (4.7) with respect
to Tx"*. This ensures that the singular matching corrections in the spectrum correctly
integrate up to cancel the corresponding 75" dependence in the cumulant. '°
Before we give the detailed expressions for all ingredients required to construct
egs. (4.4), (4.7), (4.9), and (4.10), it is instructive to see how the NLO+LL case arises
from this notation. At NLO, we have
dUgN
ddy

d®
= (By + V)(@x) + [ Oy (@), (111)

c-S

and the singular matching corrections for the cumulant, doy, "7, are given in the second

line of eq. (4.6) [or eq. (4.8) for dNC 5]. The nonsingular matching correction is

da—ﬁ_c cut dq)N+1 cut
(T8"™) = (BNt1 — Cn41)(@n11) O(Tv < TN™) (4.12)
do N do N
The corresponding results for the differential spectrum are
do ngd cut d~§N§-1 cut cut
(T >T ) 7(TN>T ) (CN+1—SN+1)((I)N+1)9(TN>TN ),

dPy 1 dPn4q

do zBNSjA

(Tv > TN™) = (Bng1 — Ong1) (Pn41) 0(Tw > TR™M)
(4.13)

d®ni1

ONotice that there might be points in ®x41 for which BN(@N) = 0 due to either kinematical or PDF
effects. To avoid that the ratio Sny1(®n11)/Bn(®n) goes to infinity, one has to define Sy 41 such that it
vanishes for these points. This implies that the contributions from these phase space regions are contained

Cc—-S ~C— S

in do or do
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Note that do®~° and do®~° are equal at this order. They only start to differ at NNLO,
where the cross terms in the FO expansion of the product d&'g_s AN become relevant.

As discussed in section 3.3, the splitting function of POWHEG given in eq. (3.13)
reproduces the full singular dependence of the real emission. Thus, one can choose Cy11 =
Sn+1, such that do;™ = 0 and do€y, = do$ y;, and cases 1 and 2 both reduce to eq. (3.7).

For MC@QNLO, the splitting function is given in eq. (3.11). It depends on a function
G(Tw), which for the sake of illustration we can choose as G(Tn) = 0(Ty > Ti™) (even
though this is not the choice made in the MC@NLO implementation). In this case, the
expression for do$  given in eq. (3.12) is equivalent to do2y = do¥y + dEg_S , which
corresponds to case 2 in eq. (4.7) for the cumulant. However: the corrésponding spectrum
in eq. (3.7) is not that of case 2 in eq. (4.10). This is the origin of the residual T
dependence in MC@NLO discussed below eq. (3.12).

It should be clear from the discussion so far that the expressions in eqgs. (4.4) and (4.9)
for case 1, or alternatively egs. (4.7) and (4.10) for case 2, provide a completely general
result for the FO+LL matching valid to any fixed order. The explicit NNLO+LL expres-
sions are given in detail below in section 4.1.1 for case 1 and section 4.1.2 for case 2.
Besides the choice one has between the two cases, different implementations can be ob-
tained by making different choices for the C'n11, VCi41, and Cnyo contributions that are
used to approximate the singular behavior of the full theory, as well as for the splitting
function Sy that is used to define the Sudakov factor. This amounts to shifting non-
singular corrections or subleading logarithms between the resummed contribution and the
FO matching corrections.

4.1.1 Case 1l

Here, we use doy”(Ty\"") as given in eq. (4.4) with its corresponding inclusive do¥§;, , (Tn >

T]\C,Ut) given in eq. (4.9), which we repeat here for completeness:

do\© ¢ do Q N ¢ dag_s deB-¢
cuty _ = A P cu cut N cut
doly 4 do$y SN+1(PN+1) <
=2 (T > TR = == S Y AN (BN ) 0(Tw > T
DDry (Tn > TN™) Ty |y o, Bn(®y) N(PN; TN) O(Tn > TR™)
dO'ngil cut do‘fﬁgl cut
+ 7d(I)N+1 (TN > Ty ) + 7d(I)N+1 (TN > TN )

The explicit expressions for all ingredients are given in the following. By construction,
these are correct to NNLOy and NLOp41 and include the correct LL resummation for
T and Ty, respectively. Also, each of the three terms in the cumulant and spectrum
separately satisfy the exact consistency relations in egs. (3.2) and (3.3) without any residual
T dependence.
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The singular inclusive cross section, dagN, appearing in the resummed terms is ob-
tained by removing the constraints on 7y in eq. (4.3), which gives

do€ dd
=N — (By + Vi + Wa)(@n) + / Nt (Ot + VO 1) (Pyii)
d(I)N d(I)N
dd
+/ N2 Cni2(Prya). (4.14)
d®

Since dag s explicitly 73" independent, the resummed terms satisfy eq. (3.2) because
[see eq. (2.30)]

(4.15)
The nonsingular matching correction, daﬁ_c, is defined in eq. (4.5). Taking the dif-
ference of egs. (2.17) and (4.3), we can immediately obtain its NNLO result,

doB-C . doNLO daN -
do
= / dqj)v;l (BN+1 — CN+1 + VN+1 — VCN+1)((I)N+1) G[TN((I)N—H) < Tcut]
do
+/ dcgf (BNt2 = Cn2) (@ny2) O[T (®ny2) < TR (4.16)

The differential equivalent dUngil(TN > T is defined exactly analogously,

dagxfgl (7— > Tcut) — do g%\fo-‘rl (7— > Tcut) do §N+1 (7— > Tcut)
d®n 1 - dPnp d®n1q

= (Bn4+1 — Cn+1+ Vg1 — VON41)(@n11) O[TN (@ rt1) > T™M]

dod
+/ N2 (Bygo — Onga) (®ngo) O[T (Pry2) > TN, (4.17)
d®ni1

and one can easily see that eqs. (4.16) and (4.17) explicitly satisfy the consistency condition
in eq. (3.3).

Finally, the singular matching corrections, do®~%, are defined as
da}c\‘;S do§ do gN
Tcut N Tcut [ An (P ’Tcut ,
d® N ( )= do ( )- ddy n(@N ) NNLOy
dUgNil do gN 1
= T > Tcut + 7— > Tcut 4.18
d®nq ( )= d®py 1 ( ) (4.18)
do¢ S P -
- qu Sn+1(Oy1) An(®n; Ta) O(Tw > TH™) :
d®N |py—éy Bn(®n NLOx 41

By definition, they satisfy eqgs. (3.2) and (3.3) because each of the terms on the right-
hand sides do so. To obtain their explicit expressions, we use the NNLO expansion of the
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Sudakov factor, which we write as
An(@n; TR) = 1+ AQ (@ TH™) + AR (0x; T,

1
d®y41 S](V)+1((I)N+1)

( cut
AN (On TV) = = d®y  DBn(Py)

0(Tw > TS,

(2)
SP (@
(A (@; TR / APy i1 Sy (N+1) O(Tn > TE™) . (4.19)

A( CI) cut
(@n; TN = doy  Bn(®y)

l\.')\r—t

(n)

Here, we used Sy, to denote the af contribution to Sy1; i.e.,

Sn1(Pn41) = SV (Bxvan) + ST (Pavgr) + o+ (4.20)

For convenience, we also define the subtracted one-loop virtual correction, which is the
IR-finite NLO term in do¥,

4o
VS (@N) = Vn(®n) +/ dg;l Cng1(Prni1) . (4.21)

The differential version is easier to obtain (since it does not explicitly require Ag\%))
we find
c-S

d02N+1
d®ni1

= (Cng1 + VCON£1)(@N41) 0(Tn > TR) +

, and

(Tv > TN™) (4.22)

d® N2
dPy i1

Cn+2(Pn42) O[T (Pnt2) > TN

s S (®ns1) | VE(Gw)
S\ (@ng1)  Bn(®n)

The cumulant version is given by

LAl <<I>N,TN>] SO (@xi1) 0T > TE).

oS Ay dotyS
oN (T = _/ N+t COZNHL (o enty

de
_ / dé)v;l (Cys1 + VON) (@) O[T (@rgr) > T (4.23)
de
_/ d(gﬂ Cn42(PN+2) G[TN(@NH) > TRm
N
_BN(q)N) [A ((I)N,TCUt) ((EN,TCUt)} _ VJ\?(‘PN)A ((PN,Tcut).

cut

The integrals here are explicitly over Ty > , which cuts off all IR singularities that do
not cancel between the full FO singular contrlbutions and their LL approximation arising
from the Sudakov expansion, which is given by the last lines in eqs. (4.22) and (4.23).
Note that Cnyo here fulfills two roles. First, it produces the leading double logarithms
(Lt + L3,,) (for the cumulant). The o?L?, is always canceled by the square [Ag\l,)]z

s cut

inside Ag\?), and the a2L2, is also canceled if AEV) produces the correct single logarithm
as Loyt at NLO. Second, the (N+1)-parton virtual IR divergences in VCy 41 are canceled by
the Ty+1 — 0 limit in the ® o integral over Cy 1o, where the remainder is an as(angut +
Oéchut) correction. Generically, these are only partially canceled by the corresponding

%% A (Tcut) term.

~ 31—



4.1.2 Case 2

For this case, we use doN°(T5") as given in eq. (4.7), with its corresponding inclusive
do¥% 1 (Tn > Tiu) given in eq. (4.10), which we repeat here for completeness:

doy® t dofy oy t o, doy ¢ t
cu _ = Cuty | A (P oy T cu
do§ dofy 5§ Sn1(®
>N+1 (7- > Tcut) _ { |: >N + (TN>:| M (T > TCUt)
d‘I)N_H d(I)N d(I)N <I>N:<i>N B (CI)N)
d~C S R do B-C
+ >N+1 (7- > TCUt)}AN((I)N; TN) >N+1 (7- > Tcut)
d®ni dPpy 1

The explicit expressions for all ingredients are given in the following. As for case 1, these
are correct to NNLOy and NLOpy4; and include the correct LL resummation for T]\C[”t
and Ty, respectively. The resummation terms involving dagNA ~ and the nonsingular FO
matching terms, doB~C, are the same as in case 1 [see eq. (4.14) and eqs. (4.16) and (4.17)]
and separately satisfy the consistency relations in egs. (3.2) and (3.3).

S-C

The difference to case 1 is how the singular matching corrections, do , are included.

For the cumulant, we have

dNC S dO’CiS 1
Tcut — [ N Tcut :|

dd (73"%) doy (7§ )AN(@N;TJE,“) NNLOw

daz%_s t
= o 4.24

o (T8 (4.24)
AD (. ety [ PN+ _ g cut
+ AN (@n; TR™) e (CN4+1 = Sy )(@N11) O[TN (Pv41) > TR,

where do$,™%(T¢") is given in eq. (4.23). The corresponding differential result in the
spectrum is obtained by requiring eq. (3.3),

~C-8

dosnig
Tie > TR
By | )
dO'C_S )
- d@zji,VT (T > T — {A%)@N;TN) (Chs1 = ST ) (@n1) (4.25)
+

n SJ%L@NH) /dq’§v+1

B ((i) ) doy (CN+1 o S](\}ll)( /]V+1) Q[TN(Q)IN_H) > TN]}G(TN > 7']§2[ut)7
N(¥N

where dag&il(TN > Tx) is given in eq. (4.22). One can easily check that with this result
the expression for do¥%,; in case 2 expands to the correct NLOy 1 result.
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4.2 The exclusive (N + 1)-jet and inclusive (N + 2)-jet cross sections

The inclusive (N + 1)-jet MC cross section is divided into the exclusive (N + 1)-jet and

inclusive (N + 2)-jet MC cross sections using a resolution scale Tﬁ}_‘:l,

do¥ dony
= TN > 7-cut — TN > Tcut; cut
Qo T > TR = 5 (T > TR TR

/ APy 4o Xy 4o

cut cut . 4.9
AD sy APy 1o (Tv > TN T4 > Tat) (4.26)

Note that this is just a special case of the consistency condition in eq. (3.3) applied to Ty 1
and taking Ty, = Ty

The inclusive do¥$, | already resums the leading logarithms of 7y in the (N 4+ 1)-
parton phase space. On top of that, we also want to resum the leading logarithms of T]{}‘fl
and Ty 1 appearing in doy ; ( ]f,‘_fl) and do¥%,,5(Tn+1). The LL resummation for Ty 1

is obtained using the (N + 1)-parton Sudakov factor, A1, which is defined as

A (o TR = exp{— [ s SesalBsn) i, (py2) > Tﬁ“ﬁl]}, (4.27)
N+1 Bny1(®n1)

where the upper limit on the integration over Ty41 should be chosen of order Tx. Note
that the (IV + 1)-parton splitting function Sn42 enters in the Sudakov factor relative to
the (N + 1)-parton Born matrix element Bpy1, which is required to correctly sum the
logarithms of 7x 41 across the whole range of 7Ty, even for Ty ~ Tp**. In terms of the
resummation accuracy, achieving (N)LOy41+LL implies that the (N + 1)-parton Sudakov
factor must multiply the complete By 11 matrix element to obtain the LL resummation of
Tn+1 (or T]f,‘jfl) in the limit Ty41 < Ty for both Ty < T and Ty ~ T,

Given these considerations, we again divide the exclusive (N + 1)-jet and inclusive
(N +2)-jet MC cross sections into a resummed contribution and FO matching corrections,

doN% 4
+ t. t
Tt (T > TR TR
do’S, do§7y  doBZ¢
+1 N+1 N+1
= = (Tn>T\") A1 (Pn1: ThGL) + b (T > TR TR
d®ny1 d®ny1 APy
~ —_—— =
resummed FO singular FO nonsing.
matching matching
MC
I>N+2 T Teut T Teut
m( N > TN T > TN
do’S, Sni2(Pni2) .
N+1 N+2\¥ N+42
= N s | RN A (s ) 0T > TR
N+1 dyi1=byiy BN+1(PN 11

c-5 B-C
<d02N+2 dos s

cut cut ) 4.98
APy 12 APy 12 >(TN > TN Tvetr > Tava) ( )

This has precisely the structure of the usual NLOy41+LL calculation [see eq. (3.7)], but
with the dependence on the singular and nonsingular FO matching corrections, do®—%

and doB~C, written out explicitly. Furthermore, dJ’ZC;V (T > TH™) is the singular
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approximation to the full (N +1)-jet inclusive cross section on which the Ty 41 resummation
acts. The crucial difference compared to the usual NLO+LL case discussed in section 3.3
is that the NLOx,1+LL calculation is used down to very small values Ty > T, and
o do’z(;v 1 (T > T™) now has to include the LL resummation in 7y. In terms of the

inclusive do¥%, 1 (Tv > TA™) [given by either eq. (4.9) or eq. (4.10)], we can write it as

da,ﬁv+1 do¥$
—=——=(Tn > Tcut = ZT2N+1 Ty > Tcut
d®n4 (T > 75 d® x4 (Tv > T5")
dd
- dq)gi (Bny2 — Cni2)(®ni2) O[Tn (Pnyo) > TEM], (4.29)

where the second term on the right-hand side removes the dependence on Bpy.ys from
dagfvﬂ; i.e., it removes the last line in do?&il in eq. (4.17). By definition of Cn 42, this
term has no logarithmic dependence on 7x and therefore does not affect the LL resumma-
tion in Ty. Expanding this to fixed NLOp 1 reproduces the N 4 1 version of eq. (4.11),

dO,IC
%(TN > Tﬁut)] = (By41+ V1) (@n41)
N+1 NLOyn 1

do
+/ N2 CN+2((I)N+2) 6[TN(@N+2) > T]Szut] . (430)
dPpy 1

This shows that, in the limit of turning off the 7 resummation, eq. (4.28) reproduces the
correct NLO p1+LL result as required.

The FO matching corrections are determined by imposing the correct NLOxn41 and
LOxn 2 expansions of eq. (4.28). The nonsingular matching corrections are given as

daﬁ:r? (T > Tcut. Tcut )
APy 41 N s IN+1
d®
= /d@gii (Bn12 — On42)(@n+42) O[TN (@n12) > TR 0T 41(Pns2) < TR,
de&iQ cut cut
Ty N> TR T > Ti)
= (Bn42 — Ong2) (Pn42) O[T (Ps2) > TR 0[Tn1(P2) > Tal s (4.31)

and (again by definition of Cxy2) have no logarithmic dependence on T]S,lfl. For the
singular matching corrections, we then find
O_C—S
L (T > TR TRA)
N+1

4o G
— _/ N+2 {CN+2(<I>N+2) O[Tn (Pny2) > TA™M] — Snt2(Pny2) O[Tn (Pn 1) > TJ\CfUt]}
d®n g

X O[Tn11(Pn2) > TNl
@(TN > TR Ty > TR
Tres N TN > TR
- {CN+2(‘I’N+2) O[Tn (Dnva) > TR — Snra(Pna) O[Tw (D 1) > T]\Cfm]}

X 9[TN+1((I)N+2) > T]S]l_l‘fl] . (4.32)
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Here, we can explicitly see the mismatch between the exact definition of Ty (Pn42) re-
quired at NNLOpy and the shower approximation in the Syys term, which inherits the
‘i)N+1((I)N+2) dependence from the projection from ®yo to @y in the (N 4 1)-jet Su-
dakov factor. Generically, this can introduce a subleading logarithmic dependence on T

c-5 (even in the limit Syy2 = Cny2), whose coefficient scales as ~ T]%“t.

in do

With the above results, we can check that no residual T]\C,‘_fl dependence (beyond power
corrections) is introduced in physical observables because eqgs. (3.2) and (3.3) are explicitly
satisfied. For the FO matching corrections, this is clear from their above expressions.
The resummed terms also combine correctly to the inclusive d(f’>CN 41 using the equivalent

relation to eq. (2.30) for the (N + 1)-parton Sudakov,

do S d -

/d(I)N+2 v AN+2) ANt (N1 Th1) 0(Tven > T) = 1= An 1 (Pnga; Tas) -
N+1 By11(®Nn41)

(4.33)

Using this relation, we can also easily check that eq. (4.26) is satisfied. Upon integration

over d®yyo/dPy41, the da%jﬁ and dag]}iz terms cancel each other, while the daﬁlg

and daf&iz terms combine to precisely cancel the second line in eq. (4.29). Hence, we
precisely get back do¥,;(Tn > TN"), which shows that no residual 7¢"* dependence is
introduced.

In the above construction, we have the same amount of freedom as in section 4.1 in
how to implement the Ty resummation and where to put the FO singular corrections.
Above, we have used the analog of case 1 from section 4.1, where do®~% is included at

fixed order. Various alternatives are:

e One can multiply dag_?lq by the Axy1 Sudakov, analogous to case 2 in section 4.1.

In this case, eq. (4.26) is maintained exactly when the corresponding case 2 version
is also used for the differential spectrum.

e One has the freedom in eq. (4.29) and all the results following it to use a Cy_,
different from the Cn 42 used in section 4.1. This includes whether one uses Ty (P y12)
or TN(Cﬁ N+1) to implement the Ty > T]S,ut constraint for the C', 4o contribution. In
particular, one could use a simpler NLOy 4 subtraction for C', 4o+ (In general, this
can change the logarithmic dependence on 7y at the subleading level.)

e One can use different choices for Sy49. In particular, in conjunction with using an

49, one can use a POWHEG approach for NLOy1+LL, such that one
/

can take Syyo = Cly_ .

alternative C'y

5 Matching the NNLO+LL calculation with a parton shower

In the previous sections, we have shown how to consistently combine LO, NLO, and NNLO
calculations with LL resummation and how to obtain the MC cross sections do\°, da}‘{,(jrl,
and do¥$ 4o- In this section, we discuss how to interface the corresponding N-parton,
(N + 1)-parton, and (N + 2)-parton events with a parton shower and avoid any double
counting of phase space between the partonic calculation and the parton shower. The
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resulting NNLO+LL event generator will thus be able to produce events with any parton
multiplicity.

The NNLO+LL MC cross sections in section 4 provide resummation in the resolution
variables Ty and 7Tn41, but in general, do not explicitly resum large logarithms arising
in singular regions of phase space for other observables. In the resummation regime, the
shape of a generic exclusive observable will therefore only be accurately predicted after the
addition of the parton shower, which in general provides LL accuracy. Furthermore, care
must be taken when interfacing to the parton shower such that the perturbative accuracy

MC

provided by the MC cross sections dojy; is maintained. This includes the FO accuracy,

the LL accuracy in the evolution variables, and the absence of residual dependence on the
resolution scales 75" and ]\C,‘fl Precisely, the matching with the parton shower must

satisfy three conditions:

1. Any exclusive observable must be correct to at least LL in the resummation regime.
This includes the resolution variables Ty and Ty 1, for which the LL accuracy of the
MC cross sections must be maintained. Additionally, the LL accuracy requirement
extends to observables requiring more than N + 2 jets, for which the parton shower
provides the only prediction.

2. The FO accuracy of any observable should be that of the NNLO calculation (see
section 2.2), which means:

e N-jet observables are correct to NNLO y up to power corrections of relative order
O(as TS /TET) and O(a27%, /TEl ), where TET and T | are the effective
resolution scales to which the observable is sensitive.

e (N + 1)-jet observables are correct to NLOx if they only include contribu-

tions in the resolved region of ®x 1, up to power corrections of relative order

O(as T8 /TR ), where TR | is the effective resolution scale to which the ob-
servable is sensitive.

e (N +2)-jet observables are correct to LOp 2 if they only include contributions
in the resolved region of ®pys.

Note that no FO accuracy is implied for observables sensitive to the unresolved regions
of phase space, Ty < TN" and T 41 < TN, as the parton shower provides the only
prediction in these regions (see below).

3. For observables that must be correct to N”LO, any residual dependence on the res-
olution scales T\ and 75", must enter at Ocys (aznth).

The conditions above naturally echo those imposed on the MC cross sections in sec-
tion 3.1, and in particular, ensure that no double counting occurs in the matching. In fact,
in cases where the parton shower yields events with < N+ 2 partons, the exact phase space
constraints implemented by the MC cross section definitions can be used on the shower (see
figure 1). In cases with more emissions, one must develop analogous constraints making
sure the above conditions remain satisfied.
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5.1 LL shower constraints

Condition 1 above requires us to maintain the LL accuracy of the event sample and combine
it with the parton shower LL resummation for additional emissions. For this purpose, the
identical considerations apply to our NNLO-+LL calculation as in the case of interfacing a
merged LOy n41,n4+2+LL calculation with a parton shower [1-9]. The reason is that, as
far as the LL structure is concerned, the only relevance of the higher FO accuracy in our
case is that it imposes a tighter constraint in condition 3 above. However, since the parton
shower is formulated such that the probability of an emission is the exact differential of
the no-emission probability [i.e., of the Sudakov factor, see eq. (2.30)], condition 3 will be
satisfied as long as any additional constraints imposed on the parton shower do not spoil
this relation.

The simultaneous LL resummation of Ty and Ty4+1 in the NNLO+LL calculation can
be achieved by choosing both variables to be equivalent (at the single-emission/LL level)
to the same local shower evolution variable 7 [see eq. (2.20)], in which case we can assume
that they are ordered as Tyi1 < Tn-

5.1.1 Equivalent resummation and shower evolution variables

The simplest case is when the evolution variable of the parton shower is equivalent to T
(i.e., it has the same LL structure). The event sample with N, N+1, and N 42 partons can
then be viewed as the result of the first two steps in the normal parton shower evolution in
T, and attaching the parton shower simply corresponds to continuing this evolution down
to the shower cutoff, where the relevant starting scale, Tres, is given by the scale of the last

emission or the resolution scale, namely

o Tres = T for the N-parton events

® Jres = ﬁ,‘_‘fl for the (IV + 1)-parton events

® Tres = Tn+1(Pn42) for the (N + 2)-parton events

In this case, conditions 1 and 3 are automatically satisfied because the parton shower itself
respects them.

This is precisely consistent with the physical interpretation of the MC cross sections.
The doy(T5™) and do (Tn > T TN, ) cross sections represented by the N-parton
and (N 4+ 1)-parton events are exclusive jet cross sections defined to only include additional
emissions below 7" and Ty, The do¥% o(Tn > TR™, Tv1 > Tx'Y) cross section
represented by the (N + 2)-parton events is an inclusive cross section defined to contain
any number of additional emissions below Tn ;.

Note also that, in principle, one can choose 7™ = ﬁ“ﬁl to be equal (or very close) to
the actual shower cutoff 7", such that no (or very few) additional emissions need to be

generated for the N-jet and (N + 1)-jet samples.
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5.1.2 Different resummation and shower evolution variables

If the local evolution variable 7’ of the parton shower differs in its LL structure from the
variable T used to implement the LL resummation in the partonic FO+LL calculation,
one has to utilize a veto procedure on the shower to achieve condition 1. In principle,
two approaches may be used here, using either a vetoed shower algorithm or a global veto
procedure. Additionally, one has to specify the starting scale of the shower evolution.

The use of a vetoed parton shower was discussed in detail in refs. [1, 12] for the case
where T is the pr of an emission and using an angular-ordered parton shower where T’
is the emission angle. The same veto procedure can be applied here. The vetoed shower
works by evolving in 7”7, and in each emission step, only emissions satisfying the constraint
T < Tres are allowed, where Tres is given as above. If an emission at some 7 violates
this constraint, it is vetoed, and the evolution continues from 7. This vetoed shower
exponentiates the T < Tres constraint, which effectively transforms the shower evolution
variable from 77 into T.

In the global veto procedure, one lets the evolution proceed undisturbed. After the
showering is done, the showered event is accepted if the condition 7 < Tyes is satisfied for
all emissions. If this is not the case, the showering is repeated from the start on the same
partonic event, and this is done until an acceptable showered event is generated. This
second approach is certainly less efficient, but it has the advantage that one does not need
to modify the parton shower algorithm at all.

In either vetoing approach, one has to choose appropriate starting scales for the 7’
evolution. First, one determines the maximal starting scale T ,., which should be either
the value T

o ax (@) that one would normally choose when starting the shower directly from

Bn(®p), or the maximum value of 7’ kinematically allowed for a given Tres, whichever
is smaller. The simplest approach is then to start the shower at 7., for all partons. A
somewhat better approach is to choose the starting scale according to the emission history.!!
For partons that had no emissions, the shower is started at 7. .. For the daughter partons
of an extra emission step in the (IV + 1)-jet and (NN + 2)-jet samples, the shower is started

i

from the scale 7T

s Of the emission. The possible additional emissions for 7. > T’ > T/

are then added by running a truncated shower [12] from T... to T, along the parent

max

parton line of the emission.

5.2 FO shower constraints

The constraints on the shower implied by condition 2 are simpler for event samples with
higher jet multiplicity, as the desired perturbative accuracy is lower. Therefore, we start
by discussing the (N + 2)-jet sample, working our way down to the N-jet sample. Note
that if the shower evolves directly in 7 and both 7g™ and Ty, are set to the shower
cutoff, only the (N + 2)-jet sample gets showered, and the additional complications arising
for the (N + 1)-jet and N-jet samples become irrelevant.

HThe LL resummation in Ty and Tn+1 is formulated as a consecutive sum over emission channels m
when splitting from N to N + 1 partons (in the construction of do¥% ;) and from N 41 to N + 2 partons
(in the construction of daﬁ“}v_,_g). Hence, we can naturally associate each contribution in this sum with an
emission history for going from the underlying ®n to the final ® 11 or ®n42 point.
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5.2.1 Showering the (N + 2)-jet event sample

The MC cross section do¥y, 5 of the NNLO+LL calculation is given in eq. (4.28). Its per-
turbative accuracy is LOn49+LL, which the parton shower can easily maintain by applying
constraints analogous to those applied to the highest jet multiplicity in an LO+4LL matched
event sample. The LO 9 accuracy of the cross section is automatically guaranteed by the
fact that additional emissions from the parton shower are higher order in «g. Therefore,
there are no additional FO constraints on the shower. (Strictly speaking, the showered
events in this sample must still satisfy the constraints Ty > Ty and Tni1 > T]{}‘fl. If
Tn+1 < Tn, ignoring this gives rise to at most power corrections.)

5.2.2 Showering the (N + 1)-jet event sample

The MC cross section doyS,(Tn > Ty Tyty) of the NNLO+4LL calculation is given
in eq. (4.28). It contains the integrated cross section for Tyi1 < TN%; calculated to
NLOpy4+1+LL. Before adding the parton shower, it is represented by (N 4 1)-parton events,
which have Ty, = 0 (see figure 1). By adding emissions, the parton shower distributes
the events located at Ty4+1 = 0 to nonzero Ty41 values. In doing so, it must respect the
exclusive (N 4 1)-jet definition of the cross section; i.e., the cross section for Tyy1 < Ty
after showering has to remain accurate to NLOy41+LL. Since the parton shower preserves
the total cross section, this means it is only allowed to fill out the region 0 < Tyy1 < Tﬁ‘jfl.
[The cross section for Tni1(Pny2) > T
sample generated from do¥§, o(Tn > TC S TN > TR

At LL accuracy, this is achieved by vetoing shower emissions with 7 > T]\C,‘ffl, as dis-

", is already included in the inclusive (NN + 2)-jet

cussed in section 5.1. In addition, to satisfy condition 2, it is also necessary that the cross
section for Tyy1 < Ty'Y, remains correct to NLOy1. The veto on single emissions with
T > C“tl is sufficient for this purpose as well, so we do not require an additional con-
straint on the shower. To see this, consider the shower emission with the largest value of
T, and sum over all other emissions. Strictly speaking, we need the emission to satisfy
TNH[&)NH((I)NH,(I)rad)] < 7}}_{“1, where ®,,4 is the emission phase space and @NH is
the inverse of the phase space projection ®ny1(®Py2) that is used in the NLOy; cal-
culation. The single-emission veto in the shower corresponds to imposing the constraint
T = TNH[@RSH(CI)NH, Draq)] < TN, where @%SH is the phase space map used in the
parton shower. In principle, the two constraints can be different since the two phase space
maps can be different. However, both maps have to be IR safe and must agree in the IR
limit ’T]\‘}uﬁl — 0. Therefore, the difference can be at most a power correction in Tﬁ‘jfl
From this discussion, it follows that a generic (N + 1)-jet observable receives at most

cut

power corrections from showering of O(asT\M /Ty +1) where Tﬁil is the effective scale

that the observable is sensitive to. Similarly, since do¥%, | contributes at O(«;) to generic
N-jet observables, they receive at most power corrections of O(a2TM, /TS +1> Hence,
condition 2 is satisfied. In fact, as long as the TCUtl value is kept small, the spectrum for
Tn41 < Tﬁ‘jﬁl is correctly described by the shower. The parton shower therefore improves
the description of the previously unresolved region Ty11 < T]{}‘jfl. As a result, the power

corrections induced by the shower actually compensate for the power corrections in the
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partonic calculation arising from the unresolved region below Tﬁ‘ljl. Of course, this is only

true if the shower cutoff is lower than ]{}“thl

5.2.3 Showering the N-jet event sample

The MC cross section dol“(7T5™) of the NNLO+LL calculation is given in eq. (4.4) or
eq. (4.7). It contains the integrated cross section for Ty < 7" calculated to NNLOy+LL,
which before showering, is represented by N-parton events with 7n = 0.

The basic considerations here are similar as for the (N + 1)-jet case. Repeating the
discussion in section 5.2.2, the shower must be constrained not to change the cross section
for Ty < Tx"™, but only to fill out the Ty spectrum below T3". Since the action of the
parton shower is entirely within the N-jet cumulant bin, the induced power corrections of
O(asTE /TEE) are again at the level allowed by condition 2 and will actually improve the
prediction of observables, because the unshowered events at Ty = 0 are distributed over
the previously unresolved region Ty < 75" with an LL-accurate shape.

There is a further complication, however, that arises starting at NNLO. At NLO+LL,
the resolution variable must have two properties: it must realize an IR-safe separation of
the phase space at the level of a single emission, and it must have an LL resummation.
Because LL resummation arises from exponentiating independent emissions, these two
properties are essentially one and the same. For example, in an NLO+LL calculation
of vector boson production, the resolution variable separating events with 0 jets and 1
jet can be chosen as the transverse momentum of the leading parton, with 0-jet events
corresponding to pr < p$" and 1-jet events corresponding to pr > p$'. At NNLO+LL,
however, the story is different: defining the jet resolution variable analogous to the shower
evolution in terms of independent single-parton variables is no longer sufficient to also
ensure the IR safety of the NNLO 0-jet cross section. To see how the problem arises, it is
instructive to consider again the example of vector boson production with two emissions
illustrated in figure 3. Demanding that the transverse momentum of each emitted parton

is below p'* (dashed lines) does not yield an IR-safe definition for the 0-jet cross section.

If the two partons are collinear to each other and each satisfies pg) < pM*, while their sum

gives 10(T1 ) + pg? ) > pS*t, this IR-divergent contribution would be included in the 0-jet cross
section, while the corresponding IR-divergent virtual diagram on the right would contribute
to the 1-jet cross section. As already discussed in section 2.2, we must use a resolution
variable which is properly IR-safe at NNLO. For example, we can sum over all emissions
(Tn = >_ pr) or combine them using an IR-safe jet-clustering procedure (7 = ;t)

From this discussion, it is clear that the constraint Ty < 75" that the parton shower
needs to satisfy cannot be formulated in terms of individual emissions but must take at
least two emissions into account. Generally, it is not sufficient to only consider the two
hardest emissions, since they do not necessarily correspond to the hardest jet of the NNLO
calculation. Therefore, the NNLO constraint can only be imposed via a global veto after
the showering. In case one uses a vetoed shower with a single-emission local veto to enforce
the LL constraints as described in section 5.1, the additional NNLO constraint should be
enforced separately.
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Figure 3. Ilustration of the issues in defining an IR-safe phase space separation at NNLO using
single-parton variables in the case of vector boson production. Limiting each emission to be below

pS (dashed lines) results in a miscancellation of IR divergences between the tree-level contribution

on the left, which would contribute to do}®(p$*"), and the corresponding one-loop contribution on

the right, which would contribute to do¥§ (pr > ).

6 Implementation and relation to existing approaches

In this section, we discuss the relation of our framework to recent related work and the
NNLO+PS implementation given in ref. [38]. This will show that our method is indeed
quite general and encompasses these other approaches. It also illustrates that an actual
implementation of our results is indeed feasible.

6.1 GENEVA

The motivation to build an NNLO+LL event generator is to interface the most precise
FO calculations available with a parton shower routine to be able to simulate realistic
events with high perturbative accuracy. Whenever higher logarithmic resummation is also
available (NLL for several resolution variables, NNLL for certain resolution variables such
as N-jettiness, and NNLL' for select processes'?), it can be implemented to also improve
the perturbative accuracy in the resummation region (see figure 2) following the GENEVA
approach [22].

If NNLL' resummation is available, the resummation order matches the fixed NNLO
accuracy in the sense that all NNLO singular terms are naturally included in the resum-
mation. Hence, the FO singular matching correction vanishes,

dag_s
dd®y

(T8") =0, (6.1)

because the FO expansion of the NNLL' resummed result reproduces the full NNLO sin-
gular corrections. The remaining contributions in the N-jet MC cross section can then be
associated as follows:

dUgN do_resummed
=N A P cut N cut
daﬁ_c . do_nNonsingular .
cu cuty 92
DT - D (TR (6.2)

12yWhile NNLL resummation includes all logarithmic terms through NNLO, NNLL’ also includes delta
function terms to capture all NNLO singular terms including the 2-loop virtual corrections.
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That is, the cross section takes the form of a traditional resummed calculation, with the FO
nonsingular corrections corresponding to daffc and the higher-order resummed cumulant
replacing the resummation term do$ Ay (75"). The same relations also apply for the
exclusive (N 4 1)-jet and inclusive (N + 2)-jet cross sections.

The results in ref. [22] took this approach, using a jet resolution variable 73 for which
higher-order logarithmic resummation is available. There, the NNLL’ resummation for
ete™ — jets for small 75 was used together with the NLOs nonsingular terms, combined
with the fully differential 3-jet cross section at NLOj3, and interfaced with a parton shower
algorithm. As discussed above, the resummation to NNLL’ already incorporates the full
singular contributions up to NNLO, including the two-loop virtual corrections. Thus, the
only missing contributions to make the calculation in ref. [22] correct to full NNLOy are
the nonsingular corrections at NNLO,. Since they scale as a power correction in 75", one
could also take the value of 75" small enough to make their numerical impact small.

6.2 NNLO+PS using HJ-MiNLO

Results combining the inclusive NNLO Higgs cross section with a parton shower algorithm
were presented recently in ref. [38]. This approach uses the Multi-Scale Improved NLO
(MINLO) calculation for the production of Higgs in association with a jet [53], in which
the POWHEG HJ calculation [54] is supplemented by an analytic Sudakov resummation
factor, which includes logarithmic terms that become large as the transverse momentum of
the Higgs boson tends to zero. The Sudakov factor effectively regulates the divergences in
the POWHEG HJ calculation when the transverse momentum of the Higgs boson, ¢, goes
to zero. As a result, the HJI-MINLO sample can be used over the whole phase space even
in the limit g7 — 0. In practice, it is used down to gr of order Aqcp ~ 1 GeV.

It was shown in ref. [24] that by explicitly including NNLL information in the Sudakov
factor, the HJ-MINLO cross section integrates up to the correct inclusive Higgs cross
section at NLOg. The HJ-MINLO sample is then reweighted to the differential NNLOg
Higgs cross section, which is facilitated by the fact that it is only singly differential in the
Higgs rapidity. This provides NNLOg accurate predictions for 0-jet observables without
spoiling the NLO; accuracy of 1-jet observables. One feature of this approach is that it
does not require a Higgs + 0O-jet sample, since the full NNLOg information of inclusive
Higgs production is explicitly included through the reweighting factor.

While this approach seems at first sight quite different from the discussion in this paper,
we will now show that it directly follows as a special case from our results in section 4.
Hence, it can be viewed as a specific implementation of the general method developed in this
paper. We first write the results of ref. [38] in terms of the MC cross sections dod'“(7 ")
and do¥(Ty > T™), corresponding to the exclusive Higgs + 0-jet and inclusive Higgs +
1-jet cross sections. We then show how these expressions follow directly from our general
results by making specific choices.

The 0-jet resolution variable used in ref. [38] to separate 0 from 1 or more extra jets is
the transverse momentum of the Higgs boson, so

To=qr- (6.3)
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We do not need to discuss how to separate the inclusive 1-jet sample into an exclusive
1-jet and an inclusive 2-jet sample. For this purpose, ref. [38] uses the standard POWHEG
approach, which we have already shown in section 3.3 to be a special case of our approach.

As mentioned already, the Higgs + 0-jet cross section is not included in ref. [38], since
it vanishes in the limit 77" — 0. The inclusive MC cross section for one or more jets is
then given by

d Uref (38] d O.HJ MINLO

cut cut cut

HI-MINLO g equivalent to the modified B function

from HJ-MINLO, which is obtained from the usual B function in POWHEG by multiplying

Here, the inclusive 1-jet cross section, dos

with the Sudakov factor 30(76) and subtracting its first-order expansion to maintain the
NLO; accuracy,

d®,

HJ-MINLO
dozy d®,
dd,

T {Bl((bl)[l — AV (@0; )] + Vi (1) +/

Bz<<b2)}£o<<i>o,%>. (6.5)

The term in curly brackets contains the full singular 7y dependence at NLO;. The crucial
ingredient [24] is the fact that the exponent of the Sudakov factor Ag(7p) contains the full
NNLL set of Ty logarithms to O(a?). This causes the spectrum to become the total deriva-
tive of the NLOg-correct 0-jet cumulant, da>(I;O Ao (7", up to nonsingular corrections in
To and higher orders in a;. As a result, the spectrum integrates to the correct NLOg cross
section up to power corrections that vanish as 77" — 0,

d HJ-MINLO d NLO
[ 20 (0, T+ O@?). (66)

cuty __
@, do, > T") = d<I>o

The reweighting factor E(CI)O; T in eq. (6.4) is then given by the ratio

o Tcut dO'NNLO o dO.HJ MINLO - Tcut .
Rl 75 = 2 [ [0 S 0T > T, (67)

and by construction, ensures that the Higgs + 1-jet spectrum in eq. (6.4) integrates to the
correct NNLOj inclusive Higgs cross section. At the same time, because of eq. (6.6), the
reweighting factor has the form

R(Do; To) = 1+ O(a, T§™) + O(a?), (6.8)

and therefore does not affect the NLO; accuracy of the inclusive 1-jet cross section up to
power corrections in 7. By taking 7" — Aqcp, these become negligible, and the result
becomes a valid NNLO+LL implementation.

To derive this result as a special case of our framework, we make the following two
choices:

1. Choose all singular terms equal to the exact tree-level and one-loop contributions,

C1(P1) = B1(9y), Cy(®2) = Ba(P2), VC(P1) = V(D). (6.9)
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2. Choose the splitting functions as
S{(@1) = Bi(@), (6.10)

(2 (g e, ~ Vi (®0) | A (4.
S0 = Vi) + [ G52 Bala) — Bu@n) |2+ A @)

With these two choices, the singular inclusive cross section defined in eq. (4.14) is given by
the full NNLOg expression,

C NNLO
do3, dozg

d®g ddy ’ ( )
while all FO matching corrections vanish,
dggis t da(l)gic t dagfs t dafl_c t
cu — cu’ — = cu — = cu — . ‘12
(T3 = S (™) = 0, (> T™) = 2= (> T5™) = 0. (612)

The choice of the splitting function Sa(®2) is not relevant for this discussion since its
purpose is to determine how to split the inclusive 1-jet cross section into an exclusive 1-jet
and an inclusive 2-jet cross section.

Using the results of section 4.1.1 (or section 4.1.2, which are identical in this case), we
then find for the exclusive 0-jet and inclusive 1-jet MC cross sections

dog'© cu UNNLO cu
qor (™) = =g Do(@0: T6™),
do¥{ o X0 S1(®1) A
= (To>T™) = —=— —= Ao(Po; T0) 0(To > Tg™)
dd, d(I)o D=y BO( O)
dgNNLO 1 A Vb
T i {Bl(@ﬂ [1_A(()1)(¢’0;76) - Yo (20) +Vi(®1)
d®o  |g,—¢, Bo(Po) o(®o)
do N
+ /(ﬁ@j BQ(@Q)} AQ(CI)(); 76) 9(76 > %CUt) s (613)

where in the last equation, we inserted the explicit expression for S;(®) from eq. (6.10).
We can now compare this to the HJ-MINLO result in eq. (6.4). Since the exclusive 0-jet
cross section is proportional to the Sudakov factor Ag(®g; TF™), it vanishes in the limit
T — 0. Thus, in this limit, the entire O-jet cross section can be obtained by integrating
the inclusive 1-jet result over all values of 7y, precisely analogous to what happens in
refs. [24, 38]. Since in practice, T¢" ~ Aqcp ~ 1GeV, one could also keep the 0-jet
cumulant, which would avoid introducing any additional power corrections in 7. The
term in curly brackets times the Sudakov factor Ag(®g; 7o) is equivalent to doty MNLO /d @,
in eq. (6.5), except for the additional VUC(Ci)O) term. By including this term, the prefactor in
do¥{ becomes simply the inclusive NNLO cross section normalized to the tree-level result,
dagé\mo /Bo(®g), without any need to reweight the events.

With the choice C1(®1) = By(®1) from above, V' (®) is the NLO correction to the
inclusive cross section [see eq. (4.21)],

NLO
dUZO

do. = Dol®0) + V(@) (6.14)
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and is in particular 7y independent. Although in principle there is no need to do so, we

1\[(,

can rewrite do3j and pull this term outside into the prefactor, which gives

do_l\rlc ~ N d@
2L (75 > TE™) = R(do) 4 Bi(®1)[1 — AN ($0; To)] + V(@) + /2 Bs(®,)
dd, Ao,
X Ao(Po; To) 0(To > T5™) (6.15)
with the rescaling factor
doXpO 7 (dolEO V(D) [dBy o
B — 02 20 Yo 2)(B,) Ag(® . 1
Ria) = i — {50 ) [P @) M@} (010)

The last term in the denominator here is the O(a?) cross term that arises from pulling

S
VC(®g) out into the rescaling factor. It must be kept because it scales as o2 (In7g)/7o,
which upon integration over 7T, becomes an a2 correction. Equations (6.15) and (6.16)
are now the exact equivalent of the expressions in egs. (6.4), (6.5), and (6.7). By writing
the factor in curly brackets in eq. (6.15) as S1(1 + V.¥/Bog) — (VOC/BO)S?), one can easily
check that the denominator in eq. (6.16) is exactly the integral of eq. (6.15) modulo the
R(®g) prefactor.

As we have seen, with the two choices given above, our method gives an expression
with an analogous structure as in ref. [38]. In fact, the result in eq. (6.13) that follows
immediately from our approach is automatically correct to NNLOg without requiring an
additional reweighting. Another difference is the precise form of the Sudakov factors,
Ag(Po; To) and EO(q)O; 70). In our approach, Ay is constructed from the splitting functions
Sy) (®,), while in ref. [24], Ag is obtained from the analytic ¢p NNLL resummation formula.
Both expressions have the same logarithmic dependence on 7Ty expanded to O(a?) in the
exponent. We also like to point out that in the approach of refs. [24, 38] the known
NNLL structure of the 7o = qr spectrum is essential to analytically control all singular
logarithms through O(a?). In this respect, this approach is thus closely related to the
GENEVA approach [22] discussed in section 6.1.

6.3 UNLOPS

In section 4, we have explicitly constructed the required exclusive N-jet and (N +1)-jet MC
cross sections to satisfy all the requirements to obtain a correct NNLO4LL event sample
discussed in section 3.1. Alternatively, one could also start from the inclusive FO+LL
M-jet cross sections and generate the exclusive MC cross sections numerically,

doVe do¥< do do¥<
UN (Tcut) _ ZN _/ N+1 >N+1 (7—' > TCut)’
ddy ddy Ay Ay
dong do g?\f—i—l
+ cut, gcut cut
Tn > TN T TN > TN
1on ., ( Np1) = Dot —= )

dd doMC
. / N+2 >N+2 (TN > T]%Ut7TN+1 > 7-]%1_1:1) (6.17)

d®ny2 APy

This method has been applied to merge multiple NLO+LL calculations in refs. [23, 41, 55],
where it is referred to as UNLOPS.
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Using eq. (6.17), the consistency conditions in egs. (3.2) and (3.3) between different
multiplicities is automatically enforced. The inclusive MC cross sections that are used as
inputs must be correct at the relevant FO+LL accuracy according to eq. (3.1). For do¥¥;,
this means it has to be correct to NNLOy, so it is simply given by the inclusive NNLO N

cross section,
d O.MC d UNNLO

doy d<I> N
The inclusive (IV +1)-jet cross section must be correct to NLO x4 with the T dependence

(6.18)

resummed to LL, and the inclusive (IV + 2)-jet cross section must be correct to LOnyo
with the dependence on both Tx and Ty y1 resummed to LL, for which our general results
in section 4 [see egs. (4.9) and (4.28)] can be used.

The major drawback of subtracting the integrals over the inclusive cross sections in
eq. (6.17) numerically is that one has to generate events with negative weights. The advan-
tage is that the expressions for the inclusive cross sections can be simplified substantially by
dropping all higher-order dependence inherited from lower multiplicities. For the inclusive
(N + 1)-jet cross section, one could then use, for example,

dag?\f‘i‘l cut dagfLV(?f—l cut 1) /4 cut
——=——(Tn>TN") = | =7 (Tn > TN") — Bn41(Pn+1) AN (PN Tw) 0(Tv > TR™)
d®ni1 d®n g

X AN((I)N;TN), (6.19)

which includes the correct LL resummation and expands to the correct NLOyy1 result.
One could also have written this result using a singular approximation to the inclusive cross
section and added an FO matching correction, or only have the Born-level result multiply
the Sudakov factors, and then add all higher-order terms in the FO matching correction.
This last choice corresponds to what is done in refs. [23, 41, 55]. For the inclusive (N +2)-jet
MC cross section, one could use the equivalent of the CKKW result,

——(Tn > TR, T > T) = Brra(®n+2) 0(Tw > T 0(Twv1 > T)

X AN(PN; TN) ANs1(Pn1; Tagr) - (6.20)

7 Conclusions

In this paper, we have developed a general method to combine fully differential NNLO
calculations with LL resummation in the form of an event generator for physical events that
can be directly interfaced with a parton shower. The basic quantities in our construction
are Monte Carlo (MC) cross sections

do-lk\qfc cut da%il cut, q-cut d0>N+2 cut cut
(T ) ) (TN > TN 7TN+1) (TN > TN 7TN+1 > TN—i—l) ) (71)
d(I)N d(I)N-i-l d(I)N—f—Q

representing an exclusive partonic N-jet cross section, calculated to NNLOy+LL; an ex-
clusive partonic (N + 1)-jet cross section, calculated to NLOx1+LL; and an inclusive
partonic (N + 2)-jet cross section, calculated to LOy1o+LL. We use N"LLj; to refer to
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the O(al) result relative to an M-parton tree-level result. These MC cross sections are
represented in the generator by events with N, N + 1, and N + 2 partons. They are
characterized by N-jet and (/N 4 1)-jet resolution variables 7Tn and 7Ty, with resolution
scales Ty and 75", defining the separation between them. We stress that these are not
jet-merging scales but IR cutoffs equivalent to a parton shower cutoff.

We have formulated the general conditions on the perturbative accuracy that a com-
plete and fully differential NNLO+LL calculation must satisfy. They require that the MC
cross sections must have the correct FO expansion (NNLOy for doy®, NLOy 41 for doy? ,
and LOpy 4 for do¥§,_,), as well as include the LL resummation of the resolution variables
and scales (75" for doN¢, Tn and ij,lfﬁl for do\ ;, and Ty and Ty for dagf\, 4o). In
addition, the consistent combination of FO and LL requires that all observables that are
expected to be correctly predicted at O(a7) at fixed order must be independent of the
resolution scales T§™ and 7%, up to residual corrections of Ocy¢(az"*!) [using the LL
counting in eq. (2.28)] to maintain their expected perturbative accuracy. We have shown
that this can be achieved in general by enforcing a derivative relationship between M-jet
exclusive and (M + 1)-jet inclusive cross sections.

Our main results are given in section 4, where we derive in detail the MC cross sections
needed to construct the NNLO+LL event generator. The MC cross sections are explicitly
given in terms of the constituent matrix elements used in FO calculations and the parton
shower. Our results are general, and we make no choices about the techniques used to
evaluate the FO contributions in the MC cross sections. The primary and only NNLO
ingredients that are required are a singular approximation of the inclusive NNLO N-jet
cross section, dag ~» and the corresponding NNLO subtractions, both of which are naturally
part of existing NNLO calculations. All other ingredients are NLO in nature and therefore
obtainable as in existing NLO+LL implementations. We proved that our construction
explicitly satisfies all required conditions on the perturbative accuracy of an NNLO+LL
event generator.

We have discussed how the partonic NNLO+LL event generator can be interfaced with
standard parton showers using existing technologies, as well as the constraints that must
be placed on the parton shower routine. This matching must preserve the FO and LL
accuracy of the MC partonic jet cross sections, and the parton shower will provide LL
accuracy for general N-jet, (N + 1)-jet, and (NN + 2)-jet observables, producing events at
all parton multiplicities. For the (N + 1)-jet and (N + 2)-jet samples, which are needed
to NLOy1+LL and LO o+ LL accuracy respectively, the constraints are essentially the
same as for the well-known case of NLO+PS matching. For the showering of the exclusive
N-jet sample, which is needed at NNLO y+LL accuracy, we showed that the constraints on
the parton shower cannot be implemented at the level of individual emissions as was possible
for the other multiplicities. However, a global veto on the parton shower can still be used
in this case. Alternatively, if the shower evolution variable coincides with the Ty and Ty 41
resummation variables, the resolution scales 75" and T]\C,itl can be set equal to the parton
shower cutoff itself, in which case only the inclusive (N + 2)-jet sample must be showered.

Finally, we have discussed how other methods for matching higher-order perturbative
calculations with parton showers fit into our general framework. For the well-known case

47 —



of NLO+LL matching, the POWHEG and MC@QNLO approaches naturally follow as spe-
cial cases. When employing the higher-order resummation at NNLL' as in GENEVA, the
only missing ingredients to achieve full NNLO accuracy are power-suppressed nonsingular
contributions. We have also shown explicitly how the recent results for NNLO+PS using
HJ-MINLO arise as a special case from our general results. We also commented how the
ideas of UNLOPS fit into our method.

Our results provide a path for combining the precision frontier of fixed-order calcula-
tions with the flexibility and versatility of parton shower Monte Carlo programs. There
are various steps that should be taken next toward a practical implementation. While the
comparison to existing approaches makes it clear that the implementation is feasible, it
remains to be seen what the optimal choices are to make the implementation sufficiently
generic so that new NNLO calculations can be incorporated with limited effort. Finally,
it should be clear from our discussion that our general setup not only applies to NNLO
calculations, but can also be extended to even higher order, should such results become
available, though the details remain to be worked out in this case.
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