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Topological Methods in Cardinal Utllity Theoryl

Gerard Debreu
Cowles Foundation at Yale University

The concept of cardinal utility 1s studied in three different sltuations
(stochastic objects of choice, stochastic act of choice, independent factors
of the action set) in this article by means of the seme mathematical result
giving a topological characterization of three families of parallel straight
lines in a plane. This result, proved first by G. Thomsen [24] under differ-
entiability assumptions, and later by W. Blaschke [2] in its present general
form (see alsc W. Blaschke and é. Bol [3]), cen be briefly deecribed as
follows. Consider the topologlecal image G of a 2-dimensional convex set
and in it three families of curves (in each family & curve is the topological
image of a real interval and depends continuously in a one-to-one fashion on
a paremeter varying in a real interval) such that (a) through a point of @
goes exactly one curve of each family, (b) two curves of different families
have et most one common point. Is there a topological transformation carrying
these three families of curves into three families of parallel straight lines?
In the affirmative, the hexagonal configuration of Fig. l.a will be observed:
let P bhe en arbitrary point of G , draw through it a curve of each family,
and take on one of these curves an arbitrary point A ; by drawing through A
the curves of the other two families one may obtein B , B'; from them one

may obtain C , C'; 1t 1s clear that if two of the curves marked by arrows

1. A technical report of research underteken by the Cowles Foundation for
Research in Economics under contract with the Office of Naval Research. Re-
production in whole or in part is permitted for any purpose of the United
States Government. I am very grateful to S. Kakutani, T. C. Koopmans, J.
Marschak, and P. A, Samuelson for their comments on the various topics I
will discuss. -
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intersect, the third one must concur with them, for the same construction
carried out for three families of parallel straight lines ylelds three con-

current lines. Thus & necessary condition for the existence of the desired

N N |
N

Fig. l.a FPig. 1.b Fig. 1.0

topologleal transformetion is thet the hexagon of Fig. l.& can be completed
for every P and A such thet the curves involved in the construction
intersect. The theorem of Thomsen-Blaschke asserts that thle 1s &lso &
sufficlent condition. Two equivalent forms of that condition are represented
in Pig. 1.b and Fig. l.c which are self-explanatory. They are necessary for
the same reason as above. They are sufficient since they obviously imply
the condition of Fig. l.a. Actually & stronger theorem 1s true: 1if every
point of G has a neighborhood in which one of the three configurations of
Fig. 1 holds, then there is on G & topological transformation of the desired
type.

Of the three applications which will now be made of this theorem to
utility theory, the first two ones have been presented in detall elssvhere

[10], i9], and for them only a brief account will be given.
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1. Stochastic QObjects of Choice

Difficulties have been met with in the testing of the axioms offered
by J. von Neumann and 0. Morgenstern [17] (or of axioms equivalent to them)
for the existence of a cardinal utility in this situation. Some of them may
be ascribed to the inabllity of subjects to grasp the meaning of complex
prospects. This has led D. Davidson and P. Suppes [6]2 to suggest that
the subjects be presented only with the simplest type of uncertain prospect,
namely even-chance mixtures of pairs of sure prospects. An axiomatization
of this case will be given here. Iet S be a set of pure prospects (e.g.,
commodity bundles). Given two elements & and b of § , the symbol ab
denotes the prospéct of having & with probability % or b with prob-
ability i-. The set S5 x S of prospects is completely preordered by the

relation £

S vhich is read "is not preferred to." As usual,”™~ ieg read

"is indifferent to,” and > 1s reed "is preferred to." In thls context

one puts the

Definition: A utility function is a real-valued, order-preserving function
———

u on 8 x 8 such that

=

u{ab) = [u(ea) + u(bb)] for every &2 and d in S .

The problem of finding conditions on S and :s which guarantee the
existence of a utllity function defined in this fashion has been considered
by F. P. Remsey [19] and, more recently, by D. Davidson and P. Suppes [6],

D. Davidson, P. Suppes and S. Siegel [7], P. Suppes [23]. The object of this

sectlon is to present & simple solution. The axioms will be:

(1) 8 1s connected and separable

2, And not D. Davidson and J. Marschek [5] as I asserted in [10].
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(2) £ is & complete preordering of S x S such that
{abeSxSJabk a'b' <} and {abeSxS|a‘bﬁ a'b‘}

ere closed for every a'b' in 8 x S.

(3) [a.lb2 < a,b, and 13.2135 -’é .!@!.5'b2]=%-[‘l:35al 5 bla.3 .

The last one being clearly e necessary condition for the existence

of a utility function. One can then prove:

Theorem: Under assumptions (1), (2), (3), there is a continuous utility

function determined up to &n increasing linear transformation.

The proof uses a representation of S x S in Re. According to [8],
there is a continuous real-valued, order-preserving function f on § x S.
Iet ab be & generic element of S x 8.

Using the notation a = f(aa) and B = £(bb), one defines the representation
by &b~ (a,8). Since S ig& connected, the range of o« is a resl interval
Z . The indifference classes of S x S are represented by curves in I x I,

two of which are drawn in Fig. 2.8. These indifference curves have the marked

diagonel as an axls of symmetry, and on any one of them one varieble is a

Fig. 2.& Fig. 2.b
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decreasing function of the other. If the function f happened to be a
utility function, the indifference curves would satisfy the relation

a+83 = constant and would thus be straight lines perpendicular to the
disgonal as in Fig. 2.b. Since two real-valued, order-preserving functions
on S x 8 are derived from one another by an increasing transformation,
the proof amounts to showing that there is an inecreasing transformation
on both coordinates carrying the indifference curves of Fig. 2.a into

the straight lines perpendicular to the diegonal of Fig. 2.b. Such a
transformation carries the following three famllies of curves, the verti-
cals, the horizontals, the indifference curves into the followlng three
famillies of parallel straight lines, the verticals, the horizontals, the
perpendiculars to the diagonal. It exists if and only if the condition of
Thomsen-Blaschke is satisfied. And it is emey to check, using (3), that

the hexagonal confilguration of Fig. l.b holds in Fig. 2.a.

2. Stochastic Act of Choiceq5

Instead of introducing & stochastic element in the object of cholce,
one can introduce it in the act of choice. Let 8 be a set of actions.
The subject is presented with a pair (a,b) of actions in S and asked to
choose one. He is assumed to choose & with probebility p(a,db) end b

with probabllity p(b,a) = 1 - p(a,b). Formally:

(1) 8 is a set, p is a function from S x S to [0,1] such that

p{a,b) + p(b,a) = 1 for every (a,b) in S x S.

3, I wish to add to the bibliography of [9] the following items which
appeared too late to be included in it: J. S. Chipman [4], N. Georgescu-
Roegen [12], R. D. Luce [16], and J. Pfanzagl [18].



Tt is natural to give to the inequality p(e,b) > p{c,d) the inter-
pretation "a is preferred tc b more than ¢ 1is preferred to d ,”

i.e., to put the

Definition: A utility function for (S,p) is & real-valued function u

on S such that

[p(2,d) € plc,d)le=>[u(a) - u(d) < ule) - u(a)l.

D. Davidson and J. Marschek {5], who have studied this aspect of
cardinal utility, remerk that u(a) - u(b) < wu{ec) - u{d) 1is equivalent
to u(a) - u(e) < u(d) - u(d), hence that the existence of a utility

function for (S,p) implies

(2) [p(a,b) s p(e,d) J<===>[p(a,c) 5 p(b,d)].

This will be taken as the second axiom. The last one is & continuity

condition:

(3) If p(b,a) < @< p(e,8), then there 18 d in S such that p(d,a) = q.

One cen prove:

Theorem: Under assumptions (1), (2), (3), there is for (S,p) & utility function

determined up to an increasing linesr transformation.

The proof uses & representation of S in [0,1]. Iet k be an arbitrary
element of S which will be kept fixed. The generic element a of 8§ is
represented by the number « = p(a,k). According to (3), the range of a
is an interval & in [0,1]). The number p(a,b) is readily seen, on account
of (2), to depend only on the images «a, B of a,b in the representation.

Iet n be the function defined on I x X in this way,

p(a,b) = n(a,B)
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It is clear that finding a utility function u for (S,p) is equivalent

to finding & utility funetion Vv for (E,r), the two utility functions being

related by

u(a) = v (a).

In Fig. 3.8 five isoprobability curves heve been drawn. The marked

diagonal corresponds to the probability L , two curves corresponding to
2

v(E)
v (B)

wa)

v(Z)

Fig. 3.8 Flg. 3.b

probabilities adding up to 1 are symmetric of each other with respect
to that diagonal, and on any isoprobabllity curve one variable 1s an increasing
function of the other. The proof of the theorem amounts to showing that there
is an incressing transformation V' on both coordinates carrying the isoprob-
ability curves of Fig. 3.a into the straight lines (B} - v(a) = constant
of Fig. 3.b. Such a transformation cerries the following three families of
curves, the verticals, the horizontals, the isoprobablility curves into the
following three families of parallel straight lines, the verticals, the
‘horizontals, the parallels to the diagonal. It existe 1f and only if the
condition of Thomsen-Blaschke is satisfied. And 1t is easy to check, using

(2), that the hexegonal confilguration of Fig. l.a holds in Fig. 3.a.
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3. Indegendent Factors of the Action Set

The last situation where a cardinal utility will be defined is a
generalization of the classical economic problem of independent commod-
ities., A calculus solution and references to the literature will be
found in P. A. Samuelson [20] Chap. 7 (other questions closely related
to the present topic have been studied by W. Leontief in [14], [15]
equally with a calculus technique). Differentiability assumptions will
be dropped here. This will result, &s usual, not only in & more general
but also in a more natural answer.

Consider a consumer meking a consumption plan represented by a m-
tuple x of réal numbers, where m is the number of commodities. If
the c¢lass of commodlties 1s partitioned into n subelasses indicated by
an index i rumning from 1 to n , a consumption plan can also be re-

presented by the n-tuple (xi) where x_, 18 the tuple of real components

i
of x corresponding to the ith subclass of commodities. For certain
partitions of the class of commodities one is led to try to represent the
preferences of the consumer for x by a real-valued function w "of the

form

n
W) = 3wl .
ufx) A u, (x,

Examples are: 1) the partition according to basic needs, focd, housing,
clothing, etc.; 2) when the consumption plan covers several consecutive
time-intervals and the definition of a commodity includes the time-interval
in which it is availsble, the partition accordiﬁg to the time-interval

(see, for instance, R. H. Strotz [21], [22], W. M. Gorman (13]).
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The main concepts of the analysis can now be formally introduced:

(1) Given n connected, separable spaces Sl, ssay Sn s jé is & complete

n
preordering of their product S = || 8

such that {; es | x> x'? and
i:l s -

i

|

ix e85 | x fi x‘} are closed for every x' in S5 .

Definition: A utility function is & real-valued, order-preserving function

u on S such that for every x = (xi) in 8

n

= I 3
u(x) Z ui(xi)

where u, is a real«valued function on Si for every 1 =1, ..., D,

The concept which is basic to the solution ie that of independence.
Iet N Dbe the set of the first n Integers, and let I be an arbitrary

subset of N . Imagine that the x, where 1 e I are given, then the

1
/ 1 ]
preordering -~ on 5 1induces on the product ¢ S1 & precrderling which
: leI
will be called the preordering given (xi) . It is ¢lear that this pre-
ilel
ordering is independent of the particular tuple (xi) chosen if there is
leI

& utility function on 8 . Thus a necessary condition for the existence of
a utility has been obtained; it will be shown to be sufficlent provided
that S has more than two essential fectors. The factor Si will be sald

to be inessentlasl if for every (xJ) all the elements of S, are in-

J#L

different for the preordering given (x,) ; otherwise 1t will be said to

I 9

be essentlal., Summing up:



- 10 -

Definitions: Iet 1 T©e a subset of N = {l, c1ey n} , and for every 1 € T

let x, Dbe an element of S, . The preordering given (xi) is the pre-
iel

ordering induced by Té; on | I 3, when the element of 8, 1s equal to x

14T i i i

for every i € I . The n factors of 8 are independent if for every subset

I of N the preordering given (xi) is independent of (xi) . The factor
1el ieI

S8, 1is essential if for some (x not all its elements are lndifferent for

)
' I g

the preordering given (xJ) .
J#L

Theorem: Under assumption (1), if the n factors of S are independent,

and if more than two of them are essential, there is a continuous utility

function determined up to an increasing linear transformation.

The case of two essential factors of S , which has been discussed by
E. Adams and R. Fagot [1], and W. Edwards [11], is an immediate generalization
of the first situation etudiad above from which it differs only by the
absence of the symmetry displeyed by Fig. 2.a. The solution of this case

will appear here only implicitly as & step in the following proof.

Proof of the theorem: Denote by ﬁé~ the preordering given (xJ) (which

1 JH
is independent of (xj) by assumption). It is easily seen that
I
<K s >> << ey >
(2) x, 7 % for every i implies (xi) (xi .

According to [ 8] there is on S & continuous real-valued, order-

preserving function v and similarly there is on each Si a real-valued,
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order-preserving function v By (2) the imege y of x by v depends

i

only on the images Yy of x, by v let f be the function defined

i 4
in this fashion.

(3) Y= £y e ¥) -

The image T, of Si by vy is a real interval since S, is con-

i i

nected and vy is contlinuous. Thie interval degenerates to a polnt if

n
and only if S, is inessential., The function f from T = ] | to

i i
i=1
the reals is increasing in each variable; 1t is also continuous in each

variable. It follows, without difficulty, that f 1s continuous.
The initial problem which consiste in finding the n+l real-valued

functions u ey un, u defined respectively on Sl, veey Sn’ 5 is

l’
equivalent to the notably simpler one of finding n+l real-valued, in-

creasing transformations tl’

vees T £(T) such that (3) becomes

vy tn, t defined respectively on

Tl’

) = = t(5)
'ta = Z t -

It is this second problem which will now be solved. Tt wlll be assumed
that there are nc inesgsential sets Si , 1.2., no degenerate intervals
Ti , #ince theilr role 1s trivial. The terminology end the notation adcpted
for the preordering of S will be freely used for the preordering obtained
by carrying it over to T 1n the obvious fashion.

By fixing the values of yﬁ, sees ¥p in the interiors of Tj’ ves Tn
(the reason for this restriction to the interiors will appear later) one
obtains a plene P of R and, in this plane, a preordering of the points
(yl, y2) of Ty xT, » It will be proved that the indifference curves of
this preordering and the parellels to the axes satisfy the condition of

Fig. 1.b in the small. Given & point of T, x T, in the plane P , one

1
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can always find in P & closed rectangular neighborhcod U of that point
having its sides parallel to the axes and such that the indifference hyper-
surface going through the greatest (according to the preordering) vertex of

U intersects the linear variety orthogonal to P through the least (ac-
cording to the preordering) vertex of U . The above restriction to interiors
was designed to insure this possibility. Consider the two indifferent points
a and b of U defined respectively by the pairs of thelr two first co-
ordinates (yi s yé) and (yi ) yg); consider similarly the two indifferent
points ¢ and d of U defined respectively by (yi s yé) and (yi s yg)

(the reasoning can be followed in Fig. L drewn for the case n = 3). To prove

2

2
Yy

Figure k4
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that the conditlon of Fig. 1.b holds is to prove that the two points

e and f of U defined respectively by (yi R yg) and (yi s yg) are
indifferent. The criterion according to which U was chogen implies
immediately that the indifference hypersurface through & &and b inter-
sects the linear variety orthogonal to P +through the point h of U
defined by (yi s yé). let p be a point in that intersection (in the
case n = 3%, p is unique). lLet also q (resp. r) be the point derived
from p by the translation he (resp. hd). Since p and b are in-
different, so are q and e by the independence essumption. Slmilarly
the indifference of p and a implies that of r and f . Finally

the indifference of ¢ and 4 implies that of q and r . Summing up,
emnqgq, gq~r , r~T ; hence e~17f .,

i t2

respectively carrying the indifference curves in

Thus there sre two continuous increasing transformations =

defined on T T

1’ T2
T, x T, into the straight lines tl(yl) + ta(ye) = constant.

A reasoning by induction will complete the proof. Assume that there

are continuoug increasing trensformations tl""’tk-l on Tl, cesy Tk-l

k-1
such that the indifference hypersurfaces in T T, ere represented by
k-1 i=1

i;}_ ti(yi) = constant. This additive representation will be extended to
% Ti . Denote ti(yi) by z; 3 the y 1indifference hypersurface in
%&ITi cen be represented by

(h) Zy+ et 2 0 =B (yk, y) o,

where &, is a continuous function of (yk, y), decreasing in Yy and
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increasing in y . Consider a point (yi, yo) interior to the domain of & -

It will be proved that this point bas & neighborhood V 1in which gk is the

sum of a function of Y and a function of y . For this, take (zlé,...,zz_l)
in Rk”l in the interior of the set of (zl, ...:;K_l) defined by:
k-1

\ o} o
2, €t (Ti) for every 1 = 1, ..., k-1 and 121 z, = 8 (yk , ¥ ). Thus,
in particular,

k-2
o] e} o O

(®) R IR R NS

Select then a closed rectangular neighborhood V of (yﬁ,‘yp) having
its sides parallel to the axes, smell encugh for the operations connected

with (6) and (7) to be possible, and let (yi, yl) be an arbitrary point

of V .
Define z . in %, (Tk-l) by
: ka2 © 1 1l .o
(6) 2 At T g (¥ ¥) .

1 1
Choose 2)5 «++) Z_, in tl(Tl), cors by (Tk_a) such that
k-2
1 o o 1
(7) 121 zy vz . =gy, v) .

(s} o (o} o (o] 0 1 1
The two points (zl, vees By oy Ze 1o yk) and (zl, ceuy zk-2’zk-1’yk)

are on the y°  indifference hypersurface according to (5) and (6). Hence,
1 1 o o
hy the independence assumption, the two points (zl, seesr Ty nr T 10 Wy
1 1 1
and (zl, vees T o Zp 10 yi) are indifferent. Since the first is on the
yl indifference hypersurface according to (7), one has
k-2

(8) 121 Zi + zt_l = sk(yi, ¥ .
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Subtracting (7) from (8) and (5) from (6), one obteins

g (vey') - 8. (60, ¥ = 5y - 4 = g ) - gy ) -
The relation

g (%5 ¥) = g ¥°) + 8 (50 ¥ - gl ¥°)

proves that 8, decomposes In V as desired.
The property in the large follows from the property in the small:
throughout its domain, gk is the sum of a decreesing function of Yy and

en increasing function of y , and can therefore be written in the form

g (no ¥) = - () +0y) .

It suffices to substitute this for g in (k) to see that t, 1s e

transformetion on Tk allowing one to extend the additive representation

. k.
LG JIT.L T,k .
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