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1. Introduction. Aumann and Shapley [4] developed the theory of
non-atomic games for coalitions of players, Lebesgue measurable sets in
[0,1], which was originated by Aumann [2], [3]. Aubin [1] worked on
^-person games on fuzzy coalitions. Fuzzy coalitions are called ideal
coalitions by Aumann and Shapley.

In this paper we consider a general σ-finite measure space (X, _^7 j")
as the set of all players, a family ^t of bounded measurable functions
on X as the set of fuzzy coalitions and a superadditive functional on
^ as a game. First of all we construct a signed measure associated
with a given game which enables us to clarify various properties of
fuzzy games, and prove finally that the core &v defined by the excess
coincides with a core £&v defined by the set of all undominated allo-
cations.

We give here some comments on the game-theoretic background of
the present paper. The functional v of the game represents a certain
profit of the coalitions of players in the game. The superadditivity of
v reflects the property that the cooperation of players in the game has
an effect on profits of players, while the additive game v is called ines-
sential because the cooperation is of no effect. In the study of the
games in the functional formulation, the emphasis is laid on the inves-
tigation of dominance structures on the set s^v of all allocations rather
than the determination of the strategy. For this purpose, we treat
strategically equivalent classes of the games. The solutions of the game
in this treatment are some special subsets of j < which are stable in a
sense under the dominance relation. In the present paper we consider
only two subsets of j^ζ. Let e(m) be the difference v(m) — a(m) between
the profit v(m) and an imputed value α(m) where a e s/v. Then, e(m) is
the excess of the profit of the coalition m which is not imputed to the
members of m if it is possible for us to imagine them. The set ^ of
the allocations a which satisfy e(m) ^ 0 for any m e ^? is acceptable for
the players because each coalition gains at least its own earnings. We
call the subset ^ of sfv the core of the game and an allocation in <g%
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a core-allocation. Let f(B) be the set of the all allocations which are
not dominated by any allocation belonging to a subset B of j*ζ. We
call the mapping / : 2^v -> 2^* "undom" where 2^υ stands for the class
of all subsets of j*fv. Then, 3f% mentioned in the previous paragraph is
the image of sfv under the undom mapping /. Generally cj^%^i2f% but
these two subsets of j < coincide in the superadditive games considered
hitherto. This coincidence will be proved also in the present one.

2. Game and associated signed measure. Let (X, J?~, μ) be a σ-
finite measure space. A measurable set is called a coalition. A mea-
surable function m is called a fuzzy coalition or an ideal coalition if
0 ^ m ^ 1 a.e. Let ^t denote the set of all fuzzy coalitions. Let ΠA

be the set of all partitions of a coalition A to finite or countably infinite
coalitions.

A real valued functional v on ^t is called a game if it satisfies

(VI) [Superadditivity] v(m^) + v{m2) <* v{mι + m2) whenever mlf m2,
mt + m2e ^.

(V2) [Continuity] limfc v(mk) = v{m) whenever m, mk e ^ ( & = 1 , 2, •)
and lima mk = m a.e.

(V3) [Totalboundedness] supu.}eΠχΣn\v(lZt)\<°°, where l z < denotes
the indicator function of Xt.

(V4) [Positive homogeneity] v(alA) = av(lA) whenever a is a constant
with alAe^t.

Let ^ be the set of all games.
For any game v, it is easily seen that
(V5) v(lA) = 0 whenever μ(A) = 0,
(V6) S U p ^ e ^ Σ J ^ W K - ,
(V7) V(1Λ) ^ Σ*t;(l^) for any {AJe/^.
In fact, (V5), (V6) and (V7) follow from (V4) + (V2), from (V3) and

from (VI) + (V6), respectively.
A game v is called inessential if it satisfies
(A) [Additivity] v{m^) + v(m2) = v{mt + m2) whenever mlf m2, m^ +

Let sf be the set of all inessential games.

THEOREM 2.1. (i) For any vs T] there exists a ^-absolutely con-
tinuous signed measure Xv on J?~ such that

mdXυ

for all m e ^ and Xυ is maximal in thes ense that if X is a μ-absolutely

v(m) ^ 1
J2
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continuous signed measure on ^ and if v(lA) ^ X(A) for all A e
χv ^ x on J^

If v^O on ^, xv^>0on &\ (Xυ is called a signed measure associated
with v.)

(ii) For any v e V, v e sf iff there exists a μ-absolutely continuous
signed measure Xv on ^ such that

v(m) = I mdxv
X

for all

PROOF, (i) Define

λ.(A) = inf Σ v(l8i)

for Ae^7 Consider {Ak}ke ΠA and ε > 0. Then there exists {Ski}te ΠA]c

such that Xυ(Ak) + Φk ^ Σav(l8kt), and so Σfcλv(Afc) + ε ^ Σiu,Mhki) ^
\V(A). Hence Σfcλ,(Afc) ^ λv(A).

On the other hand, there exists {S^eΠί such that \V(A) + ε ^
Σ* v(l5<). Since {Ŝ  Π Ak}k e 77S., we have v(l5<) = v(Σfc l^n^) ^ Σ* v(ls<nilJb).
Hence λ,(A) + ε ^ ^,^(l S in^ f c) ^ Σfeλ,(Afc), and so λ,(A) ^ Σfcλv(Afc).

Consequently λβ(A) = Σfc^v(Afc).
Therefore λ. is a signed measures. Xv is clearly jM-absolutely continuous.

Since v(lA) ^ λ/A) for all A e ^ by virtue of (VI), (V4) and (V2), we

have v{m) ^ \ mdxv for all m e ^ 1

We shall show the maximality of λv. Let λ be a signed measure as
in the theorem and let A e &~. Then λ(A) = Σ* ̂ (S<) ^ Σί v(1^) for any

6i7^, and so λ(A) ^ i n f { 5 . } e / 7 4 Σ ^ ( W = λ*(^)
It is clear that if v ^ 0 on ^, then λ, ^ 0 on ^ 7
(ii) Suppose vej^. Then λ, defined as in the proof of (i) satisfies

for any A e ^ and so, by virtue of (A), (V4) and (V2),

= \ md\v for any m e
JiSΓ

The converse is clear.
COROLLARY 2.2. Let ve T. Then v ? j / iff v(l) > \V(X).

3. Strategical equivalence. Let u,v€Tl If there exists an a e
and a constant c > 0 with % = cv + α, t; is said to be strategically equi-
valent to u and is denoted by v — u.

Let it, i; e 5^ u is called a [0, l]-standard of v provided that v ~ u
and, in the case of v e sf,

u = 0
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and, in t h e case of v

u ^ 0 , u(l) = 1 , bejzf, 0 <*b ̂ u implies b = 0 .

Note that if u is standardized as above, then Xu = 0 on ^ 7 In fact,

put δ(m) = I mdxu for m e ^ Then bej^O^b^u and so 6 = 0 or,

equivalently, λM = 0.

THEOREM 3.1. For any ve ψ\ there exists a unique [0, ί]-standard
of v.

PROOF. It is enough only to consider the case of v g sf. Since
v(X) — Xυ(X) > 0 by Corollary 2.2, we can define

u{m) = (v(m) - ^mdX^ I (v(l) - \V(X))

for me^f. Then i t is clear t h a t ueTlv~u,u^0 and u(ΐ) = 1.

Suppose 6 e J ^ and 0 ^ 6 ^ ^ . Then

- Xυ(X))-Xb)(A)

for A 6 ̂ T Hence, by the maximality of λv, λδ = 0 and so b — 0. There-
fore w is a [0, l]-standard of v.

Now we shall show the uniqueness of standardization. Suppose that
u and u' are [0, l]-standards of v. Since ur ~ u, u = cu' + a for some
α e J ^ and some c > 0. Then u^ a and %' ^ — (l/c)a. Consider the
supporting set D of the Hahn decomposition of the signed measure Xa

and put a^m) — a(m lD), a2(m) = —a(mΛDc). Then a = ax — α2, α^ α2 e

and, for any m

= I mdXa ̂  0 ,

u\m) ^ ^'(m l̂ c) ^ (l/c)α2(m) = -(1/c) ί mdλα ^ 0 .

Hence aλ = 0, (l/c)α2 = 0 and so α = 0. Then, since 1 = u(l) = u'(l), we
have c = 1 and u = u'.

4. Allocation and core-allocation. Let veψ* and a e s/. a is called
an allocation for v if

α(l) = v(X) , a(m) ^ I mdXvJx

for any m e ̂ *C
Let s/v denote the set of all allocations for v.

PROPOSITION 4.1. (i) s/υ Φ 0 for any ve T. (ii) JK = W /or
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PROOF, (i) Let u be the [0, l]-standard of v and v = cu + a for some
a e s/ and for some c > 0. Consider a mapping / of sfn to j^ζ defined
by /(#) = c# + a. Take a ^-absolutely continuous probability measure
p on <β?~ and put α(m) = I mdp for m e ^ . Then α e j^ζ, because

JX

u(l) = 1 and λtt = 0. Since sfv is equipollent to j ^ by the mapping /,
we have J^VΦ Q).

(ii) Clearly v e j*ς. Let α e j * ; . Then λβ(X) = α(l) = v(l) = λ.(X)

and moreover λα ^ λv since \ mdXa = α(m) ̂  I mcίλ,,. Hence λα = λv and
jx }x

so α = v.

Let v e f and a e sf. a is called a core-allocation for v if

α(l) = v(l) , a{m) ^ v(m)

for any m e .^1
Let ^ denote the set of all core-allocations for v. <^v is called the

core for v.

Then we have clearly:
PROPOSITION 4.2. (i) ^ C J K for any ve Tl

(ii) <g% = W /or αwy v € j ^
Let v eT^\ J^. v is called an essential constant-sum game if (̂1 )̂ +

v(lAc) = v(l) for any Ae^.
PROPOSITION 4.3. If v is an essential constant-sum game, then ^v —

0 .
PROOF. Suppose ^ Φ 0 and choose a e <ĝ . Then, for any A e

α( l j ^ v(lJ, a(lAc) ^ v(l^c), v(l) - α(l) = α( l j + α(l^) ^ v( l j + v(l
v(l), so that it must be a(lA) = ^(1^). Hence t;(lJ ^ λβ(Λ) for all A e
and so, by the maximality of λv, we get λv ^ λβ. Since a e j^ζ and so
λα ^ λv, we have Xυ = λα. Hence v(l) = α(l) = λβ(JC) = λ^X) which
contradicts t ί J ^ by Corollary 2.2. Therefore ^ = 0 .

5. Domination. Let $, y e J^ζ. If there exists an m e ^Jt such that
v(m) ^ x(m) > y(m), we say x dominates y and use the notation "x > y".

If no x dominates y, we say y is an undominated allocation for v.
Let 3fv denote the set of all undominated allocations for v.

If there exists a bijection / of j < to s*fv such that

x>y iff f(x)>f(y)

for any cc, 2/ e j ^ , we say u is isomorphic to 1; or J K is isomorphic to
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and use the notation "u = v".

THEOREM 5.1. Let u,veT. If u is strategically equivalent to v, u
is isomorphic to v.

PROOF. Let v be expressed as v = cu + a for some a e sf and some
c > 0.

First we shall show

(1) λ. = cXu + Xa.

Since v(m) ^ I md(cXu + λα), the maximality of Xv implies XΌ ̂  cXu +

λα. On the other hand, since u(m) ^ \ md((l/c)Xυ — (l/c)λβ), the maxi-
Jx

mality of λtt implies λu ^ (l/c)λv — (l/c)λβ. Hence (1) holds.
We shall now prove u = v. Consider a mapping / of sfu to sfv

defined by f(x) = ex + a for x 6 j^ς. Suppose a e J < . Then f(x) e j ^
/(fl5)(l) = v(X) and, by (1), f{x)(m) ^ I md(cXu + Xa) = I mdλv for any m.
Hence /(#) 6 j < . Similarly, we can show that if # 6 Jzfv, then f~\y) =

— (l/c)α 6 j^ζ. It is now easily seen that / is an isomorphism.
THEOREM 5.2. 3f% = ^ .

PROOF OF <jf%ςz3fv. Let αe j ^ v \ ^ v . Then there exists an xe v

which dominates α. Hence v{m) ^ α(m) > a(m) for some m, and so αe
j < \ ί T , . Therefore ^ v c ^ .

For the proof of ^ c ^ , we need lemmas.

LEMMA 5.3. Let veT\J^ and let u be the [0, ϊ\-standard of v.
Then ^ = <gftt implies &v = &v.

The proof is easy and so omitted.

LEMMA 5.4. Let ue T] u ^ 0, u(ϊ) = 1 and let XQ be a μ-absolntely
continuous probability measure on &~ such that

u(m0) > \ modxo

for some m0 6 ^ C Then there exists a μ-absolutely continuous probability
measure Xt on ^~ such that

\ m1dxι > \
jx l

for some mx 6

PROOF. Let S be the support of λ0, that is, S = {dxo/dμ > 0}, where
dxoldμ is the Radon-Nikodym derivative of λ0 with respect to μ. Then
μ(S) > 0.
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The case of μ(Sc) = 0. In this case, S is not an atom. In fact, if
S is an atom, m0 is constant μ-a.e. on X. Denote its constant value by
c. Then clearly c > 0, and

1 = u(l) = (l/c)u(m0) > (l/c)( modλo = 1 ,
Jx

which is a contradiction. Hence S is not an atom.
By the continuity (V2) of v, there exists an ε (0 < ε <̂  1) such that

u(mε) > \ mεdxo,
Jx

where mε = mo l { w o^ } + £ l(mo<s}

Since S is not an atom, it is easily seen that, even if mε is constant
μ-a.e. on S, there exists a constant ε0 (^ε) and two measurable sets Su S2

such that

Sλ c S Π {mε ^ ε0} , S2 c S Π {mε ^ ε0} ,

Si Π S2 = 0 , μ(Si) > 0 , μ(S2) > 0 .

Then, note that λoίSJ > 0, λo(S2) > 0.

Choose a number 7 with u(mε) > 7 > I mεdx0.
Jx

By the continuity (V2) of v, there exists a constant η (0 < 27 < ε)
such that uCmJ > 7, where mx = (m, — V) lst + m. l ^

There exists a constant α (>1) such that

a \ medλ0 + \ m εdλ 0,
}s2 )sc

2

7

Take a constant /3 (0 < β < 1) for which (1 - β)-X0(S1) = (α - l) λo(S2).
Define

/3 λo(A Π Sx) + α λo(A Π S2) + λo(A n (Sx U S2)
c)

for A e ^ T Then λx is a μ-absolutely continuous probability measure on
^ T Moreover

u(m^ > 7 > a I meώλ0 + \ mεdxo
}s2 }sc

2

S f f f

tw ĉί ( Λ Xo) + I WiίZ {β Xo) + I ΊΐiidXo = I Widλit ,
S2 JSi J(Sf

1U-S2)
c Jx

S r

x ι ι Jx x

S \ /r r \

TϊbξCvΛiQ I ~~ I I Tfί'iίZ'λiQ ~~" 1 7?v^Ct'λ»i I —- ϋi ~~" e/2 ,
5 2 / VjSi }sλ /

= (l mε
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say,

J Ί = (α — 1) \ m£dxo ^ (a — l)εo λo(S2) ,

J 2 = (1 - β) I (m£ - ^)ώλ0 ̂  (1 — /3)(ε0 - >

so t h a t

Ji ~ J2 ^ (α - l)εo λo(S2) - (1 - /3)(ε0 - η

= (1 - /3)^ λo(Si) > 0 .

Therefore

16(mi) > I midλi > I m^λo.
Jx Jx

Γfee case o/ μ(Sc) > 0. Define

-i f f

Then mx e ̂ ^ and u{m^) ^ ^(m0) > \ moαλo = \ m^Xo.
Jx Jx

Choose a number 7 with u(m^) > 7 > I m^dX^ and a ^-absolutely
Jx

J

continuous measure λ on ̂ ~ with λ(Sc) = 1.
Define

n S) + -2-nA.λ(A n

1 c
χo(A n S) +

1 — c 1 — c

for A e ̂ 7 where c = \ m^λo < 1. Then λx is a ̂ -absolutely continuous
JX C

probability measure on ^~ and \ mιdxι = 7, so that
Jx

JX JX

The proof of Lemma 5.4 is completed.

Now we go back to the proof of Theorem 5.2.

PROOF OF 3FV C ^ . The case ofvej^ί By Propositions 4.1 and 4.2,
j * ; = {̂ } = if,. Hence ^ = ^ v .

Γfte case o/ i e f \ j ^ By virtue of Lemma 5.3, it is enough to
prove that if u is the [0, l]-standard of vf ^ u c ^ u . Let α e χ \ ^ ,
Then xa is a //-absolutely continuous probability measure on ^~ and

u(mQ) > \ mQdXa for some m o e , j ;
Jx

Hence, by Lemma 5.4, there exists a ^-absolutely continuous pro-
bability measure Xλ on _̂ ~ such that
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M(WI) > I m1dλί > I m.dXa
JX JX

for some mλ e ^ . Put x(m) = \ mdx1 for m e ^ . Then x e j ^ u and a?
Jx

dominates a, and so α 6 J K \ 3f* Therefore ^ c <ĝ . The proof of
Theorem 5.2 is completed.

6. Another formulation. In this section, we shall give another
formulation of the theory by changing the definitions of ^ core-
allocation and domination. It should be noticed here that we have still
all theorems and propositions in the same forms as described previously
and moreover we have entirely no need of changing of their proofs except
that of Theorem 5.2.

Let ^t denote either the set of all fuzzy coalitions or the set of
all indicator functions of coalitions. In the latter case of ^f, we note
that

( i ) (VI), (V2) and (V4) may be restated as follows:
(VI) v(lAl) + v(lA2) ^ v(lAίljA2) whenever Ax and A2 are disjoint mod μ;
(V2) limfc v(lΛj) = v(lA) whenever limλ Ak = A mod μ;
(V4) v(0) = 0;

and, for example,

(ii) "vim) ^ I md\v for all m e ^ ^ " in Theorem 2.1 is reduced to

"v(lA) ^ λ,(A) for all A e jF? '
Before changing the definition of core-allocation, we note that a is

an allocation for v iff

α ( l ) = t ; ( l ) f a(lA)^

for any A e J^.
Let t e Γ and a e s/ί a is called a core-allocation for v if

for any A

Let x, ye s/v. If there exists an A 6 ^ such that

μ(A) > 0 , v(lA) ^ x(lA) , dxjdμ > dxjdμ μ-a.e. on

we say x dominates y.
PROOF OF THEOREM 5.2 UNDER THE PRESENT FORMULATION. The

implication ^vcz&v is easily shown as in the proof of the previous
Theorem 5.2.

Proof of &v<z%fv. Let aej^v\^v. Then there exists an A e ^
such that v(lA) > λβ(A). Then μ(A) > 0, μ(Ac) > 0 and moreover λα(Ac) -
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XV(AC) ^ v(lA) - λα(A), because

(λα(A
c) - xv(Ac)) - (v(ίA) - λβ(A)) = λβ(X) - t d J - λ,(Ac)

- v(ϊ) - *(1J - Xυ(Ac) ^ vd^.) - λ,(Ac) ^ 0 .

Hence there exists a ^-absolutely continuous measure p on ^ such that

dp/dμ > 0 μ-a.e. on A ,

dxjdμ — dλjdμ ^ dp/dμ ^ 0 jM-a.e. on Ac ,

p(A) = V(AC) = vd^) - λβ(A) .

Define

λ(#) = λβ(S) + p(E Π A) - p(£? n Ac)

for Ee^~. Then λ is a ^-absolutely continuous signed measure on

Put αp(m) = \ mdλ for m G j : Then

λβ(J5 n A) + λ.(-& n AC) - p(j© n AC)

^ λβ(-S n A) + λ,(ί? n AC) ^

for any E e ^ 7 because

xa(E n A°) - p(E n i ' ) =

iϊϊLdμ = XV(E Π A') .

Hence x e J K Moreover

= λβ(A) + p(A) - λ(A) = ajdJ ,

= dxjdμ + dp/dμ > dxjdμ μ-a.e .

on A.
Hence # dominates a and so αe j^ζ\3f%m Therefore 3fv c <
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