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Preface 

Viewing hierarchies as combinatorial object s underlie s many important area s of 
current scientifi c investigation . Example s of areas where this i s the case are biology , 
evolutionary studie s an d taxonomy , genera l classificatio n theory , data/knowledg e 
bases, cognitiv e model s an d linguistica l structures , industria l control , etc . Th e 
mathematical approac h t o th e stud y o f hierarchie s represent s th e theoretica l un -
derpinning o f many importan t area s o f current scientifi c investigation . Biolog y ha s 
benefited fro m thi s researc h an d ha s als o stimulate d th e mathematica l stud y o f 
hierarchies. 

This collectio n present s a  se t o f refereed paper s writte n mostl y b y th e partici -
pants i n th e Worksho p "Mathematica l Hierarchie s an d Biology " hel d a t DIMAC S 
13-15 Novembe r 1996 . Th e paper s an d som e o f th e result s describe d implemen t 
many o f th e discussion s an d suggestion s fo r revisio n mad e b y th e othe r partici -
pants an d editors . O f tw o extrem e format s o f a  scientifi c publication , monograph s 
and journals, the curren t editio n has taken som e features o f both, combinin g review 
papers an d paper s presentin g th e lates t results . 

The paper s ca n roughl y b e organize d int o th e followin g fou r areas : 

1. Combinatoria l modelin g o f th e evolutionar y processe s (G . Estabrook ; C . 
Nehaniv an d J . Rhodes ; M. Bonet , C . Phillips , T . Warnow , and S . Yooseph; 
R. Pag e an d M . Charlestone ; O . Eulenstein , B . Mirkin , an d M . Vingron ; 
A. Rzhetsky , F . Ayala , L . Hsu , C . Chang , an d A . Yoshida ; M . Steel , V . 
Moulton, an d C . Tuffley ) 

2. Reconstructin g tree s fro m dissimilarit y dat a (K . Atteson ; 0 . Gascuel ; A . 
Guenoche; B . Leclerc and V . Makarenkov; F.-J . Lapoint e an d P.-A . Landry ; 
the pape r b y M . Stee l e t a l in ite m 1  can b e pu t here , too ) 

3. Relate d mathematica l issue s (P . Pardalo s an d X . Deng ; P . Hanse n an d D . 
Werra; F . Robert s an d L . Sheng; E. Kubicka , G . Kubicki , an d F . McMorris ; 
T. Przytycka ; F . McMorri s an d R . Powers ) 

4. Clusterin g an d dat a analysi s (A . Dress ; I . Van Mechelen , S . Rosenberg , an d 
P. D e Boeck ; L . Hubert , P . Arabie , an d J . Meulman ; D . Carro l an d G . D e 
Soete; B . Mirkin ; A . Meystel ) 

The reade r shoul d b e awar e tha t ther e ar e man y othe r aspect s o f mathemat -
ical hierarchie s covere d an d man y interconnection s amon g th e paper s beyon d th e 
grouping accordin g t o th e fou r classe s above . Th e subject s ca n b e identifie d usin g 
the content s an d inde x t o the volume . Th e interconnection s ca n be found base d o n 
mathematical problems analyzed, formalisms used , and on the substantive problem s 
involved. 

The paper s i n the volum e provid e a  contemporary sampl e o f many ne w result s 
in hierarch y theor y wit h application s i n biology , psychology , dat a analysi s an d 

ix 
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systems engineering , an d shoul d b e o f us e t o researcher s i n discret e mathematics , 
computational biolog y an d man y othe r areas . 

B. Mi r kin 
F.R. McMorri s 
F.S. Robert s 
A. Rzhetsk y 

Licensed to AMS.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/publications/ebooks/terms



DIMACS Serie s i n Discret e Mathematic s 
and Theoretica l Compute r Scienc e 
Volume 37 , 199 7 

Ancestor-Descendant Relations and Incompatible Data: Motivatio n 
for Research in Discrete Mathematics 

George Estabrook 

ABSTRACT. Th e species in a collection of biological species may have evolved i n such 
a way that each species has a unique species as its immediate ancestor and that the entire 
collection has a single most recent common ancestor. Som e or all of the species ancestral 
to those in the collection may be missing from the collection. Th e concept "is an ancestor 
of ca n be construed as a  relation on the collection o f species extended to includ e any 
missing ancestors, the Ancestor relation. 

Comparative biological data for such a collection are partitions of the collection into 
classes considered equivalent with respect to some basis for comparison. A  task of interest 
to comparativ e biologist s i s t o reconstruc t th e unknow n Ancesto r relatio n from 
comparative data . I n th e mi d 1960' s som e wel l know n biologists , includin g Wilso n 
(1965), Cami n an d Soka l (1965) , an d Henni g (1966 ) bega n t o realiz e tha t ofte n 
comparative dat a wer e someho w contradictory , s o tha t thi s reconstructio n wa s 
confounded. 

Estabrook (1968) formulated this problem in the terms of discrete mathematics. A 
partition accurately reflects the Ancestor relation if its classes are all convex on the Hasse 
diagram of the Ancesto r relation. Tw o partitions are contradictory if there does not exists 
any ancestor-like relation o n whose Hass e diagra m al l classe s o f both ar e convex. A 
desire to understand these contradictions, and to find realistic ways to resolve them, have 
motivated related research i n discrete mathematics sinc e that time. Thi s essay reviews 
some progress and describes some of the present open questions. 

1. Biological Concepts 
For the past 14 0 years, students of natural history have been interested to guess 

how species are related historically through the process of evolutionary change, first 
clearly articulate d t o western scienc e by Wallace an d Darwi n i n 1858 . Increasin g 
during the twentieth century, natural historians have stated their guesses with tree-like 
diagrams. Thes e are often somewha t vague , suc h a s the cactu s diagra m o f Bessey 
(1915), the splattered rain drops of Benson (1957), or the fans of Cronquist (1968); but 
also sometime s mor e specific , suc h a s th e fairl y wel l resolve d branchin g tre e o f 
flowering plant orders of Takhtjan (1969 ) or the quite explicit diagrams of estimated 
Ancestor relations of Hall and Clements (1923), who indicated right on the diagram 
where specific features are hypothesized to have undergone evolutionary change. 

The contemporary concept s o f phylogenetic tree ar e diverse , an d controversial . 
Some remain vague. Th e concept underlying this discussion is illustrated in Figure 1. 
On the left i s a diagram o f branching lines (the phyletic lines) , with one line at the 
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2 GEORGE ESTABROO K 

bottom tha t successivel y branche s t o produce severa l lin e end s nea r th e top . Th e 
vertical direction up the page represents time passing from past at the bottom to more 
present neare r th e top . Th e tim e scal e i s no t specifie d beyon d monotone . Th e 
horizontal direction means nothing beyond providing the space to draw the branching 
of the lines. Nea r the upper ends of the lines often occu r symbolic or real names of 
species or other grouping of "related" organisms. I n this discussion these groupings 
will always be called species, both to simplify expositio n and to avoid complications 
not so central to the concepts to be presented. 

The concept of species is also diverse, controversial, and sometimes vague. Here , 
two organisms are considered to "belong to the same species" if they would be capable 
of breeding together to create reproductively competent progeny, provided they were of 
compatible mating types, reproductively ready, and close enough in time and space to 
effect sexua l union o f gametes. Man y natural historians believe that "belon g to the 
same species" is almost a n equivalence relation whos e "almost " classe s ar e species . 
This biologica l concep t i s usefu l a s a n idea , eve n i f practica l problem s o f testin g 
species membership make it impossible to actually check most organisms. Generall y 
creatures that look very similar except in ways that vary among known families or that 
vary as plastic developmental responses to different environments , are considered to 
belong to the same species. On e important reason why this "almost " equivalence is 
not an equivalence arises with the origin of a new species from its immediate ancestor. 
A speciation even t occur s where rapid evolutionar y change s resul t i n a  descendan t 
species with some features different from its immediate ancestor. I t seems reasonable 
that progeny should belong to the same species as their parents , yet from ancestral 
species t o descendan t specie s ther e exist s a n unbroke n chai n o f parent s an d thei r 
children. I f every individual belong s to some species then at some point a parent must 
belong to one species and its progeny to another. 

Different resolution s of this apparent problem contribute to the rise of contending 
schools o f though t amon g evolutionar y an d systemati c biologists . On e resolutio n 
suggests that the time scale on which we view ancestor-descendant relation s among 
species is very large compared with the generation time of an individual, making the 
few hundreds or thousands of generations during which evolutionary change processes 
take plac e see m essentiall y invisible . Individual s tha t ar e involve d i n th e rapi d 

Figure 1. 
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ANCESTOR-DESCENDANT RELATION S AN D INCOMPATIBL E DAT A 3 

evolutionary chang e process , an d thu s belon g ambiguousl y t o th e ancesto r o r th e 
descendant species , ar e considere d t o belong t o neither . W e eras e thes e from the 
phylogenetic tree, as shown by the small gaps in Figure 1 . Th e resulting unbroken 
line segments each represent a single species, of which there are 10. Som e species are 
ancestors of others, expressed as the Ancestor relation, i.e. , pairs (a,b)  of species in 
which a  is an ancestor o f b. Th e Ancestor relation i s reflexive, antisymmetric , and 
transitive, and satisfies treeness: for any two species x andy, the descendants of x and 
the descendants of y ar e either disjoin t o r one set of descendants contains the other. 
The Hasse diagram for the Ancestor relation is also shown on the right. 

a b c d e f g 

Figure 2. 
The phylogenetic tree of Figure 2 is shown in Figures 3 and 4, where arrows point 

to speciation events at the beginning of a new branch. Th e resulting ancestor relation 
is shown to the right. Differen t speciatio n events result in different ancesto r relations, 
even thoug h th e phylogeneti c tree s ar e th e same . Figur e 5  illustrate s a n extinc t 
species, X, which gave rise to b at evolutionary event * . Unobserve d extinct species 
will be shown as empty circles in Hasse diagrams that include them. Thes e diagrams 
look different, ye t they are related by being derived from the same phylogenetic tree. 

Figure 3. 
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4 GEORGE ESTABROO K 

Natural questions arise. Ca n any Ancestor relation aris e from a given phylogenetic 
tree? (No ) Ar e ther e enlightenin g characterization s o f th e Ancesto r relation s 
determined by a given phylogenetic tree? of phylogenetic trees determined by a given 
Ancestor relation? Som e progress has been made, but I believe there is still room for 
an elegant treatment. 

Figure 4. 
Commonly, evolutionar y biologists have comparative dat a wit h whic h t o guess 

about the evolutionary history of a study group of related species. On e aspect of this 
history that i s interesting to guess is the historically true  Ancestor relation , denoted 
throughout with a capital letter. Relation s that are ancestor-like serving as estimates 
or possibilitie s bu t no t presume d t o b e tru e ar e referre d t o a s ancesto r relations . 
Comparative data are illustrated in Figure 6, where species of flowers: a, b9 c, d, e, are 
compared with respect to 4 different base s for comparison: flower shape, leaf petiole, 

Figure 5. 
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ANCESTOR-DESCENDANT RELATION S AND  INCOMPATIBL E DAT A 5 

phyllotaxy and hair. Eac h basis for comparison provides a criterion to decide whether 
two species are the same or different wit h respec t to that basis . Suc h a  basis i s an 
equivalence, called a  character by comparative biologists, whose equivalence classes 
are called character states. I n Figure 6, the states of each character have been labeled 
with A and B arbitrarily to distinguish them. Stat e membership of each species for 
each character i s shown in Figure 6 with a matrix. T o make a relationship between 
such comparative data and the evolutionary history for these species, we hypothesize 
that the change in feature tha t distinguishe s one character stat e from another aros e 
during a speciation event at some particular place on the phylogenetic tree (Estabrook 
et al. 1975). 

To understand how we might use comparative dat a to guess about evolutionar y 
history w e examin e ho w characte r state s woul d aris e a t speciatio n event s o n a 
phylogenetic tree. Figur e 7 shows where the features of a single basis for comparison 
changed in the phylogenetic tree of Figure 2. Fo r example, the species may be some 
flowering plants , and the basis for compariso n ma y be the color o f the flower . Th e 
ancestral flower color may have been yellow but changed to blue during the speciation 
at the lower arrow and subsequently to white during the speciation at the upper arrow. 
All the other speciations in the evolutionary history of these species involved changes 
in features othe r than flowe r color . Thi s results i n three character state s for flowe r 
color: th e yello w specie s represente d b y f  an d g  amon g moder n species ; th e blu e 
species represente d b y c , d  an d e  amon g moder n species ; an d th e whit e specie s 
represented b y moder n specie s a  an d b.  Thes e characte r state s ma y als o contai n 
unobserved extinct species as well. I f we collapse the phylogenetic tree into the states 
of the character flower color, these states inherit a tree order, whose Hasse diagram is 

Hair f\ 
Figure 6. 
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6 GEORGE ESTABROO K 

also shown in Figure 7, called the character stat e tree of flower color. I t i s possible 
that som e o f th e unobserve d extinc t ancestor s belonge d t o characte r state s whos e 
defining feature s ar e no t represente d amon g th e observabl e moder n specie s unde r 
study. Figur e 8 shows what would become of character stat e tree i  if there were an 
additional change in flower color at speciations indicated with ii or iv. A  discussion of 
character state trees and phylogenetic trees is found in Estabrook (1984). No t all 

a b e d e f g 

i 

Figure 7. 
character stat e tree s ca n b e th e resul t o f collapsin g th e Ancesto r relation , o r th e 
phylogenetic tre e from which i t i s derived, a s described above , but onl y those tha t 
correctly indicate true speciation events, which are called true character state trees. A 
character state tree is true (as a hypothesis about the Ancestor relation) if it is a (lower 
semi-lattice) homomorphi c imag e o f th e Hass e diagra m o f th e Ancesto r relatio n 
(Estabrook et al. 1975). 

Figure 8. 
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8 G E O R G E ESTABROO K 

including itself. Al l such subsets for a character state tree is a tree of subsets: eithe r 
these subsets are disjoint o r they contain each other. I n Figure 1 0 the double arrows 
indicate th e bi-uniqu e correspondenc e betwee n tree s o f subset s an d characte r stat e 
trees. Th e sum of two character state trees is the character stat e tree of the union of 
their trees of subsets. 

Not ever y pair o f character stat e trees can b e added; th e unio n o f the tree s of 
subsets of two character state trees may not be a tree of subsets, as illustrated in Figure 
11. Th e problem wil l always be a violation o f treeness. I f two character stat e trees 
cannot be added, then their sets of associated phylogenetic trees are disjoint. Conside r 
again comparativ e data . Evolutionar y biologist s hav e hypothesize d tha t th e 
distinctions use d t o defin e character s correspon d t o speciatio n event s o n th e 
phylogenetic tree of the species under stud y and have expressed these hypotheses as 
character state trees. Whe n character state trees cannot be added it is because there is 
no structurally possible phylogenetic tree that can be collapsed into each of them by 
placement o f hypothetical speciatio n events . Suc h character stat e trees are logically 
incompatible (mutuall y contradictory) a s hypotheses about the Ancestor relation . At 
least one of them must be false. 

Compatible character state trees can be added to get a new character state tree that 
is a  refinement o f eac h o f it s terms; the su m approximate s som e ancesto r relatio n 
(perhaps no t TH E Ancesto r relation ) i n mor e detail . Not e tha t possibl e ancesto r 
relations ar e characte r stat e tree s wit h a t mos t on e specie s i n an y state . S o th e 
collection o f all possible character stat e trees include s the Ancesto r relatio n w e are 
trying to estimate. I f we limit unobserved extinct ancestors to those hypothesized to be 
immediate ancestors of more than one species, then fo r a  finite stud y collection S  of 

a b b de 
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ANCESTOR-DESCENDANT RELATION S AND  INCOMPATIBL E DAT A 9 

species, only a finite number of possible character state trees exists. The y have been 
counted by McMorris and Zaslavsky (1981). Whe n S has three species they number 
32, an d ar e show n i n Figure 12 . Th e relation "ca n be refined into " (in the above 
sense) induce s a  lowe r sem i lattic e structur e o n characte r stat e trees , wher e uppe r 
bounds exist only for compatible character stat e trees but lower bounds always exist. 
The Hasse diagram for the character state trees of Figure 12 are shown in Figure 13. 
Identification o r creatio n o f results t o describ e mor e completel y th e natur e o f thi s 
family of semilatices would be interesting. 

Compatibility does not guarantee truth, but incompatibility does guarantee that at 
least one character state tree is false, and provides the evolutionary biologist with an 
objective basi s fo r evaluatin g data . Suppos e many characte r stat e trees hav e been 
found t o b e pairwis e compatible . The n ther e i s a  singl e phylogeneti c tre e (an d 

Figure 12. 
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10 G E O R G E ESTABROO K 

speciation events ) that wil l accommodat e them al l a t onc e (Estabrook e t al . 1976a , 
1976b). Thi s result , illustrate d i n Figur e 14 , guarantee d th e accurac y o f extan t 
algorithms to analyze comparative data and enable discrete mathematics to provide a 
useful service to evolutionary biologists. 

Camin and Soka l (1965) , using fossi l hors e bone data, were among the firs t t o 
explicitly formulate character state trees as hypotheses of evolutionary relationships. I t 
was clear to them that conflict s amon g these character stat e trees would have to be 
resolved someho w t o mak e a n estimat e o f th e Ancesto r relation . Wilso n (1965) , 
Hennig (1966 ) an d LeQuesn e (1969 ) al l kne w tha t violation s o f treeness evidenc e 
conflicting hypothese s an d al l thre e describe d mechanicall y distinc t bu t logicall y 
equivalent tests for the compatibility of characters with two states. Cami n and Sokal 
(1965) suggested a minimizing criterion, studied by Estabrook (1968). Criteri a of this 

Figure 13. 
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kind have been devised for three decades, and heuristic parsimony algorithms for them 
implemented in a variety of commercially available computer programs, such as PAUP 
(Swofford 1991) . Bu t a  bette r understandin g o f the cause s o f incompatibilit y wa s 
needed so to more credibly resolve them. 

2. Causes of Incompatibility 
If character stat e trees (CSTs) are incompatible, then a t leas t one is false. On e 

way for a CST to be false is for the stated direction of evolutionary change to be false. 
If this wer e so , then som e other stat e coul d b e chose n fo r ancestra l an d th e CS T 
directed awa y from it to produce a true CST. McMorri s (1977) showed that i n the 
case of a pair of incompatible CST's with two states directed so that the one with the 
most species in i t was taken as ancestral, they would always remain incompatibl e if 

Figure 14. 
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12 G E O R G E ESTABROO K 

either or both CST were directed the other way. A  simila r resul t for CSTs with any 
number of states was presented by Estabrook an d Meacham (1979) , who defined on e 
CST t o b e undirected  tree  equivalent  (ut ) t o anothe r i f th e edge s o f on e coul d b e 
redirected to convert it to the other, as illustrated by the four CSTs of Fig 15 . Here "I 
ut II " i s fals e becaus e th e state s ar e different ; an d " I u t III " i s fals e becaus e th e 
undirected edges are different; but "I ut IV" is true because the lower edge of I can be 
reversed to create IV. A  CS T i s directe d common equal primitive (cep ) i f for ever y 
directed edge the sum of the species in the states toward which i t is directed does not 
exceed half the total number of observed species. CS T I of Fig 1 5 is not cep because 
the lower arrow points towards states containing i n sum four species , whic h exceed s 
7/2; CST IV is cep. 

Every u t equivalenc e clas s contain s a  ce p member . I f tw o ce p CST s ar e 
incompatible, the n s o wil l b e an y pai r o f CST s chose n from  thei r respectiv e u t 
equivalence classes. Contrapositively , i f any pair of CSTs is compatible so will be any 
pair of cep CSTs from their respective ut classes. Th e sum of compatible cep CSTs is 
cep. Thu s a compatibility analysis of cep representatives of data derived CSTs using 
the results of Estabrook et al (1976a&b) reveals only incompatibilities that are not the 
result of conflicting directions. Meacha m (1984) discusses the ramifications of this for 
comparative biology. Th e enumeration of cep CST's and their refinement lowe r semi-
lattice deserves study. 

Suppose CST I of Fig 15 were true. CS T III is incompatible with CST I (and thus 
false) not just because the direction o f the hypothesized evolutionar y change between 
state {fg}  an d stat e {d 9e} i s wrong , bu t als o becaus e th e stat e hypothesize d t o b e 
derived from  {a,b 9c} i s als o wrong , a n erro r i n proximity's . Withou t proximity' s 

Figure 15. 
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specified, dat a tak e th e for m o f qualitative  taxonomic characters (QTCs) whos e 
character states are the equivalence classes of a basis for comparison among species. 
Two QTCs are potentially compatible if there exists a way to connect the states of each 
with directed edges to make compatible CSTs. I f two CSTs are ut incompatible but 
potentially compatible as QTCs their incompatibility is a disagreement in proximity's, 
which could be resolved by hypothesizing differen t proximity's . Thes e concepts are 
illustrated in Fig 16. 

Fitch (1975) and Estabrook and Landrum (1975) conjectured logicall y equivalent 
n/c conditions for two QTCs to be potentially compatible. The procedure is illustrated 
in Fig 17. with a data matrix in which capital letters name the states of QTCs I, II, and 
III, labeling the rows, to which belong species, labeling the columns with lower case 
letters. Fo r each pair of QTCs, their state contingency matrix contains an entry (X) if 
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14 G E O R G E ESTABROO K 

some species occurs in both the row and the column state . A  closed path o f rook's 
moves, absen t i n th e lef t matri x bu t show n i n th e right , indicate d incompatibility . 
This conjecture , togethe r wit h a n algorith m fo r implementin g it , wa s prove d b y 
Estabrook an d McMori s (1977) and applie d b y Boulter e t a l (1979 ) to amin o acid 
sequence data. Fitc h (1977) showed by example that pairwise potential compatibility 
of al l pair s o f QTC s i n a  se t wa s no t sufficien t fo r thei r potentia l set-wis e 
compatibility, as shown in Figure 18 a and 18b . Her e the proximity's for I  and II to 
realize their potential compatibility require state B in the middle, but the proximity's 
for II and HI to realize their potential compatibility require state A to be in the middle. 
Since states A and B cannot both be in the middle, I, II, and III cannot simultaneously 
be compatible. 

For tw o stat e QTCs , ther e i s onl y on e undirecte d tree , s o incompatibilit y o f 
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proximity can never exist, and the methods of Estabrook et al (1976b) and McMorris 
(1977) describe d abov e provid e th e basi s fo r fas t an d efficien t analysi s o f data . 
Because they address only this case of two-state QTCs, the results of Agarwala e t al 
(1995), although the y may provide a  basis fo r speedin g up alread y fas t algorithms , 
seem not to address this difficul t problem . Gavri l (1974) characterized intersectio n 
graphs of subtrees of trees as the chordal graphs to provide a possible abstract context 
for this problem. Meacha m (1983) applied these concepts directly to the problems of 
character compatibilit y analysi s an d define d th e relate d concep t o f partia l binar y 
factors. McMorri s et al (1994) , Argawala an d Fernandez-Baca (1994) , and Kannan 
and Warnow (1995) discuss triangulating vertex colored graphs, and give results that 
seem to recognize whether group-wise potential incompatibilities among QTCs exist. 

Currently, enormous quantities of DNA/RNA base pair, and amino acid, sequence 

Licensed to AMS.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/publications/ebooks/terms



ANCESTOR-DESCENDANT RELATION S AN D INCOMPATIBL E DAT A 15 

Basic Dfc U M»Tw x 

av»A CWacte^s I  H  HI 

IE I E HI 
a R R R 
b B R C 
C & B R 
d C B B 
e C C C 

Figure 18a. 

4 

ttfl 
HB, 
EC1 

Eft 
1 6 
HC 

ER\ 
me 
nrc| 

rfl 
X I 

i ' 

IB 
X 

TT^ 

IC 
. 

y 1 
[EJ 

Xfl I B I C 
1 X X 

nr 
X] 

1*1 

IPIIB E C 
"xl 

"xj 

_X| 
"Tj 

"xi ac 
Figure 18b. 

Licensed to AMS.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/publications/ebooks/terms



16 G E O R G E ESTABROO K 

data are being produced by molecular biologists. Fo r such data, virtually no basis in 
an understanding o f natural history , development , physiologica l function , etc . exists 
for hypothesizing proximity's o r direction fo r CSTs , so these data remain a s QTCs. 
However, a QTC still retains content as a hypothesis about the Ancestor relation: a 
QTC is false i f no CST realized with its states is an order homomorphic image of the 
Ancestor relation. Th e states of a true QTC can be extended to include the unobserved 

Figure 19. 
species in the Ancestor relation so that they are all convex on the Hasse diagram of the 
Ancestor relation. Thi s means that between any two species in such an extended state 
there exist s a n undirecte d pat h o f covers from one to the othe r tha t include s onl y 
species in this extended state. Thi s is illustrated in Figure 19., which shows the Hasse 
diagram fo r par t o f a n ancesto r relatio n wher e letter s indicat e observe d species , 
numbers indicate unobserved species , solid line s enclose convex groups , and dotte d 
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lines enclos e non-convex groups . Fals e QTC s have on e o r mor e stat e tha t i s non-
convex in this sense . A  better understanding o f the nature o f the contradictions in 
groupwise incompatibl e QTC s woul d b e a  significan t contribution . A  QT C 
counterpart of the refinement lower semi-lattice of CSTs requires definition and study. 

3. Rehypothesizing Characters to Resolve Incompatibility 
One approac h t o rehypothesizin g character s i s t o d o nothing . Onl y a  fe w 

historically true characters can construct a fairly refined lower bound for the Ancestor 
relation. Ther e may not b e any historically tru e character s (Bau m an d Estabrook , 
1978), but i f there are, they will al l belong to the sam e se t o f mutually compatible 
characters, whose sum lies below the Ancestor relation. Thus , the sum of any set of 
mutually compatibl e character s i s a  partia l estimat e o f th e Ancesto r relation . 
Typically, in natural data the vast majority o f pairs of characters are not compatible. 
In Figure 6, only one of the six pairs of characters is compatible. Th e sum of these 
two compatible characters gives the undirected tree of Figure 20, which also shows a 
phylogenetic tree consistent with its cep ordering. 

There may be several distinct sets of mutually compatible characters among those 
structured by a comparative biologist for the estimation o f the Ancestor relation, the 
sums o f the character s i n eac h producin g distinc t estimates . Ho w can w e choose 
among them? Biologica l considerations, such as functional dependencie s or parallel 
selective pressures , migh t offe r non-historica l explanation s fo r th e observe d 
compatibility o f som e o f th e sets , suggestin g a  choic e amon g th e remainin g sets . 
When one of these has been used to estimate an Ancestor relation, this estimate may 
suggest plausible ways to further divide states into two or more smaller ones convex on 
the Hasse diagram of this estimate to reflect thi s paralle. selection i n rehypothesized 
compatible characters. Thes e considerations of parallel evolution are best carried out 
by biological specialists, guided by patterns of compatibility revealed by analysis. 

Another reaso n wh y character s migh t b e historicall y incorrec t i s th e observe d 
structures on which the comparisons are based might not be homologous. Structur e X 
in species a is homologous with structure Y in species b if there is a single structure Z 
in the most recent ancesto r specie s o f a  an d b  from which bot h X  and Y  evolved. 
Figure 21 shows such homologous structures on the left, but on the right shown non-
homologous structure s evolve d from  tw o differen t structure s i n th e mos t recen t 
ancestor specie s o f a  an d b.  Typically , whe n closel y related specie s ar e compared , 
homologous structure s loo k simila r an d non-homologou s structure s loo k different . 
Mistakes i n recognizing homolog y occur whe n non-homologous structure s loo k the 

Figure 21. 
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similar, calle d convergence , an d (les s often ) whe n homologou s structure s loo k 
radically different, afte r muc h evolutionary change. Figur e 22 shows how this might 
happen in the evolution of a morphological feature: i f only species a> b,  c, and d are 
not yet extinct and still available for observation, then the distinction shor t Vs long 
petals would yield a  character historicall y fals e (shor t peta l stat e not convex). Th e 
short petal s o f a  ar e not homologous wit h th e shor t petal s o f d,  becaus e i n the 
evolution of the immediate descendant of a there was a duplication of petals that was 
not detecte d i n th e compariso n o f petal s later . Perhap s a  carefu l stud y o f the 
development of petals in the flower bud would suggest this duplication and provide a 
basis for resolving some of the incompatibilities this character might show with others. 

To correc t non-conve x (false ) characte r state s tha t aris e from comparing non -
homologous structures it is helpful t o understand what evolutionary changes resulted 
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in the misleading similarity. Sometime s distinct, clearly non-homologous structures in 
ancestors come to look similar as a result of selection to use them in similar ways. Fo r 
example, the "leaves" of monocots (like grass) evolved from the petioles of their dicot 
(like magnolia ) ancestors , from which th e lea f par t ha s bee n lost . Th e ancestra l 
structures ar e no t similar , unlik e th e cas e o f duplicatio n i n whic h th e ancestra l 
structures are initially quite similar prior to evolutionary change. 

Duplication and subsequent independent change and loss of parts can also occur 
at the molecular level , where duplicate segment s of DNA or RNA are incorporate d 
into the strand and subsequently replicated in daughter cells. Whe n this happens in 
reproductive cells , thes e replicate d copie s ar e passe d o n t o progen y an d becom e 
available for separate evolutionary change futures (Ohno, 1970) . Unti l the two copies 
have evolved into recognizably distinc t entities , homology mistakes ar e likel y to be 

Figure 23. 
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made: ar e there two copies? if yes, which copy in one species to compare with which 
copy i n another? ; i f no has on e been lost ? o r wer e ther e neve r tw o copie s i n th e 
ancestry? Figur e 23 illustrate s thi s process . Her e 7  specie s ar e show n b y circles 
labeled a  throug h g.  Insid e th e circle s ar e show n som e gene s labele d X , Y , Z ; 
underlined and double underlined indicate the result of evolutionary changes in genes. 
Within species a and b are shown gene duplication events . Line s connecting species 
show th e phylogeneti c continuit y o f changin g gene s i n th e Ancesto r relatio n o f 
species. Th e Ancestor relation for genes is in the lower left, and that for gene families 
lower right. Eac h gene family gives rise to a CST corresponding to the change events 
for the genes in that family, shown in Figure 24a. Th e sum of these three CSTs is the 
Ancestor relation . Figure 24b shows the case when specie s b  and d  ar e unobserved 
ancestors. I f n o mistake s i n homolog y ar e mad e i n recognizin g whic h 

Figure 24b. 
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genes belon g t o whic h families , the n thei r correspondin g QTC s ar e sufficien t t o 
determine the branching of the species tree. But , for example , mistaking X double 
underline as a member of the Y family would suggest that c  and a were both in the 
"not yet evolved " state fo r characte r X , which woul d make this a  nonconvex state . 
This mistake woul d b e especially dangerou s becaus e i t woul d resul t i n compatibl e 
characters that would determine an incorrect ancestor relation. 

The problem o f aligning sequence s of bases comprising parts o f DNA or RNA 
molecules i s a  problem i n estimating homologous correspondence. Onc e sequences 
representing the species under stud y have been aligned, this alignment determine s a 
QTC for each position by placing together in the same state all species with the same 
base in that position. Thes e QTCs could be false if the alignment contains mistakes in 
homology. Fo r transcribing regions, aligning the corresponding amino acid sequences 
helps reduce errors in homology, as does a consideration of the secondary and tertiary 
structure of the resulting protein, but in most cases biological consideration s canno t 
dissipate al l uncertainty . Needlema n an d Wunch (1970) and Waterman an d Smit h 
(1981) were among the first to propose algorithms to automatically align sequences to 
produce hypothese s o f homologou s correspondence . Thes e algorithm s tr y t o mak e 
sequences look as similar as possible by introducing gaps to slide amino acids into new 
positions, and by manipulating sequences in other ways as well, so to align positions 
with the same amino acids. A  variety of rules to measure the success of minimizing 
gaps an d manipulation s whil e maximizin g th e similarit y amon g sequence s ha s 
produced a variety of criteria. Man y have been implemented in clever algorithms to 
analyze large data sets. McClur e et al. (1994) and Day and McMorris (1994) critically 
compared some of them. 

These algorithms often d o an excellent job of finding and aligning the invariant 
positions to produce credible global alignments that concentrate uncertainty in a few 
highly variable local areas. Althoug h the invariant positions are important to enable 
the estimation of global alignments by maximizing similarity, the variable positions, 
where estimate s o f homology ar e leas t certain , ar e th e one s potentiall y usefu l fo r 
estimating the Ancestor relation. Maximizin g compatibility, instead of similarity, to 
align these remaining variable positions, may hypothesize homologous correspondence 
in a  more biologically realisti c way . Ho w to d o this pose s a  proble m fo r discret e 
mathematics to solve. 

Meacham (1981 ) suggeste d tha t i f an y permutatio n o f th e specie s amon g th e 
character states is equally likely then a character could be considered random. Usin g 
random CSTs with the same state tree orders and same numbers o f species in each 
state, h e calculate d th e probabilit y tha t a  give n se t o f character s b e mutuall y 
compatible at random. A  mutually compatible set of characters likely to be compatible 
at rando m ma y no t indicat e history . Recently , Meacha m ha s enriche d hi s 
combinatoric procedures with powerfiil simulating techniques to enable the analysis of 
data sets with hundreds of QTCs such as are now commonly generated by automatic 
protein o r DNA/RN A sequencin g machines , an d t o calculat e th e distribution s o f a 
random variabl e associate d wit h eac h character , whos e valu e i s th e numbe r o f 
remaining character s wit h whic h i t i s potentiall y compatible . Character s wit h 
observed potentia l compatibilit y count s typical o f random value s may be considered 
unlikely t o reflec t history . I f ther e i s n o basi s fo r correctin g them , the y ca n b e 
confidently ignored . Thi s analysis has recently been applied by Meacham (1994 ) to 
lower Angiosperms, and by Camacho et al. (1997) to Crustacea. 
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4. Automatic Character Restructuring to Resolve Incompatibility 
When patterns o f compatibility have been considered , additiona l understandin g 

with whic h t o rehypothesiz e character s ha s bee n exhausted , apparentl y rando m 
characters eliminated, and no reasonable estimate of the Ancestor relation has been 
achieved, biologist s ca n giv e u p an d tur n th e proble m o f estimatin g th e Ancesto r 
relation ove r to a  minimizing paradigm , o f which ther e ar e many. Th e ide a i s to 
reconcile al l th e remainin g incompatibilitie s b y doin g som e a d ho c thin g a s 
infrequently as possible (parsimony). 

Algorithms t o us e paralle l and/o r reverse d evolutio n t o automaticall y 
rehypothesize character s by breaking state s into as few a s necessary smalle r states , 
under a variety of constraints, have been distributed in the popular computer package 
PAUP (Swofford, 1993) , but many other programs to do this exist, and much has been 
written abou t thes e algorithm s an d thei r application s t o data . Sometime s thes e 
algorithms generate a large number (thousands) of estimates of the Ancestor relation, 
which need to be consolidated o r themselves reconciled befor e they can be grasped. 
This pose s a  proble m fo r discret e mathematics . Margus h an d McMorri s (1981 ) 
presented som e of the earliest rigorous results. Man y people question the historical 
credibility o f automati c parsimon y algorithms , finding  i t difficul t t o believ e tha t 
evolution would favor one change over another in anticipation of reducing the number 
of parallel or reversed changes millions of years later (Meacham and Estabrook 1985), 
but thei r us e may be justified i n cases where we have no othe r basi s fo r judgment. 
Such algorithms are widely used at present. 

Incompatibilities ma y b e resolved , an d perhap s trut h revealed , als o b y 
hypothesizing differen t homologou s correspondenc e amon g th e structure s bein g 
compared. Thes e revision s i n character s ar e bes t base d o n explici t biologica l 
considerations, as discussed above. Whe n biological knowledge is exhausted, the use 
of algorithm s t o resolv e incompatibilitie s b y automaticall y hypothesizin g differen t 
homologies ma y b e justified. Goodma n e t al . (1979 ) describe d a n algorith m t o 
automatically rehypothesize homologous correspondence among genes that attempted 
to minimize events of gene duplication and subsequent loss . Pag e (this symposium) 
and Mirkin et al. (1995) more recently describe algorithms of this kind. 

The view of homologous structures, such as petals (Fig 22) or genes in organisms 
(Fig 23), can be generalized to include homologous parasites in/on organisms, and, in 
the view of some authors such as Nelson (1983), homologous species in evolving floras 
or faunas . Whe n these generalizations ar e carefull y define d s o that rea l biologica l 
meaning (not just algorithmic mechanics) can be applied to the concepts, resolution of 
conflict i n hypothesize d character s b y estimatin g homologou s correspondenc e 
accordingly can be a powerful too l for the study of co-evolution. Pag e (1994, 1996) 
describes studies applying these concepts and techniques. Identifyin g an d localizing 
character incompatibilitie s i n this context , an d understanding th e discrete structures 
associated wit h the m woul d enabl e biologist s t o resolv e conflict s wit h biologica l 
information an d considerations to the extent possible, before turning to an automatic 
algorithm. 

5. Variation in Paradigm 
The details o f the paradig m definin g character s an d thei r historica l truth , an d 

consequently definin g logica l compatibilit y an d associate d discret e structures , hav e 
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been chosen to reflect a  particular for m o f data and body of biological concepts . I n 
some cases, variations in these details may be exigent and may give rise to differen t 
structures with interesting properties to discover. 

Additional constraint s aris e from  knowledg e o f fossils . Whe n dat a reliabl y 
indicate th e pas t tim e spa n durin g whic h th e specie s unde r stud y lived , an y 
hypothesized ancestor relation that contains a descendant that evolved before one of its 
ancestors, or after it s immediate ancestor had gone extinct, is false. I n some studies, 
some geologists consider the stratigraphic data of paleontologists to be reliable for this 
purpose (Fisher, 1994; Huelsenbeck, 1994 ; Wagner, 1995) . Recal l that two characters 
are compatibl e i f they ar e eac h structur e preservin g (homomorphic ) image s o f th e 
same possibl e ancesto r relation . Becaus e know n tim e span s fo r specie s eliminat e 
many possibl e ancesto r relations , the y ma y als o conver t formerl y compatibl e 
characters to incompatible ones. Individua l characters may be incompatible with the 
time span data . Thes e concepts are illustrated i n Fig 25, where dark vertica l line s 
represent the time spans of the species whose labels are below them. Characte r I  is 
false becaus e it s lef t stat e i s no t convex ; Characte r I I i s true ; an d a s a  cladisti c 
character, III violates direction in the transition to its upper right state. 

If fossi l record s ar e especiall y thoroughl y sampled , worker s ma y conside r i t 
unlikely that unobserved ancestors actually existed and so disqualify ancestor relations 
that contain them (Alroy , 1995 ; Huelsenbeck, 1991) . As argued earlier , disqualifie d 
ancestor relation s reduc e compatibilities , an d creat e new , uninvestigate d discret e 
mathematical structures . Indeed , fo r explainin g awa y incompatibilities , creatin g 
unobserved ancestor s ma y see m t o b e a s a d ho c a s th e otherwis e unjustifie d 
subdivisions o f state s tha t for m th e basi s fo r th e popula r parsimon y algorithm s 
discussed earlier . Fishe r (1994) , among others , has suggeste d addin g penaltie s fo r 

b d 
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Figure 25. 
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using specie s tha t di d no t exis t whe n the y wer e neede d (o r ever ) t o penaltie s fo r 
subdividing state s t o mak e a  minimizin g criterio n fo r parsimon y algorithm s tha t 
would take this into consideration. 

However, th e eliminatio n o f unobserve d ancestor s from  Ancesto r relation s i s 
much more interesting than it s use as a  parsimony criterion , becaus e this makes i t 
possible for one-state characters to contradict eac h other. A  one-state character i s a 
subset of the species under study determined by the possession of a feature; this subset, 
enlarged by the inclusion of any unobserved ancestors also possessing this feature, i s 
hypothesized to be convex on the Ancestor relation. Th e character is one-state because 
no hypothesis is advanced about the rest of the species. A n example is the evolution of 
restriction enzym e recognitio n sites . Thes e ar e short , comple x DN A sequence s 
recognized by enzymes, in which any change results i n nonrecognition . Molecula r 
biological techniques reveal whether a  species has a given site . Th e site is likely to 
have evolved only once but have been easily lost many times. Therefore , the subset of 
species with the site (together with their ancestors with the site) may be convex, but 
species lacking the site (together with their ancestors lacking the site) are not so likely 
to be. (Templeto n et al, 1992) provide an example of this kind of data. 

When unobserved ancestors can be assigned to any state required, then fo r an y 
collection of one-state characters there is always an Ancestor relation o n which they 
are all convex. Becaus e they are not contractible in this sense, they assert nothing and 
so are useless for estimating the Ancestor relation. Minimizin g the number of times 
one-state propertie s ar e los t provide s a n a d ho c parsimon y criterion , calle d Doll o 
parsimony, for estimating the Ancestor relation (Felsenstein 1979 , 1983) with one on 
which all the one-states are convex. Whe n unobserved ancestors are not permitted in 
the Ancestor relation, then one-state characters can contradict each other, which gives 
rise to a potentially interesting and largely unstudied body of discrete structures. 

One view of incompatible characters looks at unobserved ancestors as the site of 
the conflict, where some such ancestors would have to belong to two (or more) states 
of the same character, were all the states to have convex extensions on any estimate of 
the Ancestor relation . On e way to resolve these incompatibilitie s i s to allow some 
unobserved ancestors to belong (in some sense) to both states at the same time, i.e., be 
polymorphic. Suc h polymorphisms ca n alway s resolve incompatibilities , ofte n i n a 
wide variety of ways. Thus , without som e biological justification fo r som e and not 
others, polymorphi c resolution s ar e no t biologicall y compelling . However , i f n o 
further biologica l evidence is available, estimating the Ancestor relation by choosing 
one tha t minimize s th e numbe r o f polymorphism s provide s ye t anothe r a d ho c 
parsimony criterion, discussed by Felsenstein (1979) and Benham et al. (1995). Bone t 
et al. (in review) present algorithms to determine the existence of an ancestor relation 
that resolve s al l incompatibilitie s fo r a  give n collectio n o f character s b y includin g 
unobserved ancestors that belong to no more than a given number of states of the same 
character, and when such exists to produce an example. 

Finally, we can allow the Ancestor relation to include more than one immediate 
ancestor for some species. Suc h might be the case if one species evolved as the result 
of hybridization between two other species. Th e Ancestor relation shown in Figure 26 
has tw o immediat e ancestor s fo r specie s e.  Als o show n ar e tw o QTC s tha t ar e 
incompatible fo r a  tre e ancesto r relation , bu t whos e state s ar e al l conve x o n th e 
Ancestor relation shown. I n fact, any incompatibility can be resolved by hypothesizing 
hybridizations, which would seem uninteresting therefor, unless constrained somehow. 
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Biological constraint s ar e compelling , whe n available . Cort i e t al . (1986 ) 
described mic e whos e genomi c configuration s mad e i t possibl e fo r onl y a  smal l 
fraction t o hybridize. They hypothesized hybridization to resolve incompatibilities only 
when i t was genomically possible. I t i s possible tha t hybridizatio n occurre d i n the 
distant past during the evolution of an unobserved ancestor. Fo r example, within the 
rose family , apple s an d thei r relative s ma y have evolve d from a  hybrid betwee n a 
plum-like ancestor and a spiraea-like ancestor, millions of years ago (Campbell et al. 
1995). I f allowing one hybridization in the Ancestor relation resolves a surprisingly 
large number o f incompatibilities i n character s o f the ros e family , the n thi s would 
support this hypothesis. Ancesto r relations with one hybridization can be enumerated 
and displayed as functional directed graphs (Harary et al. 1965) , which may provide a 
first step toward a better understanding of one hybrid incompatibility. 

Figure 26. 
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Alroy (1995 ) propose s t o admi t hybrid s i n th e Ancesto r relatio n bu t no t 
unobserved ancestors . H e then proceede d t o construc t a n estimat e from  one-stat e 
characters by including a fixed number of edges in the diagram of the ancestor relation 
in such a way as to minimize the number o f convex pieces of character states . H e 
suggests that the purpose of such a diagram may not be so much to estimate the true 
Ancestor relation as to reveal the patterns of compatibility and incompatibility in the 
data. 

In thi s spirit , i t ma y be interestin g t o resolve al l incompatibilitie s throug h th e 
introduction o f sufficient cycle s in the graph of the ancestor relation , as a  means of 
revealing the patterns of incompatibility for the edification o f scientists. I n the case of 
two-state characters, Bandelt (1994) has proposed median networks for thi s purpose, 
and Bandel t e t al . (1996 ) hav e applie d th e concept s t o a  stud y o f mitochondria l 
diversity within an Amerindian tribe (Ward et al. 1991). 

It is interesting to note that revealing patterns of incompatibility for the edification 
of scientists, who are thereby aided to use whatever they know about their science to 
explain or resolve them, was a primary goal of original research during the 70's on the 
discrete structure s o f compatibilit y analysis . Th e compute r program s writte n t o 
implement thes e result s (Fiala , 1984 ) explicitl y exhibi t incompatibilit y cycle s fo r 
multi-state characte r stat e trees . I  believ e tha t th e primar y potentia l fo r futur e 
contributions o f discrete mathematics t o the estimatio n o f the Ancesto r relatio n by 
biological scientists centers on the elucidation of the structure of incompatibilities in 
the data, so that these can be better resolved or explained by scientific means, and does 
not cente r s o much o n algorithm s t o automaticall y resolv e incompatibilitie s whe n 
science fails to do so. 
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Krohn-Rhodes Theory , Hierarchie s & ; Evolution 

Chxystopher L . Nehaniv an d Joh n L . Rhode s 

ABSTRACT. W e giv e a  natura l axiomatizatio n fo r th e notio n o f hierarchica l 
complexity measures fo r biologica l systems modelle d by finite-stat e automata . 
The algebrai c theor y o f automata i s applie d t o sho w th e existenc e o f a  uniqu e 
maximal complexit y measur e satisfyin g thes e axioms , an d relate s hierarchi -
cal complexit y t o globa l semigrou p theory . W e the n stud y th e rat e a t whic h 
hierarchical complexit y ca n evolv e i n biologica l system s assumin g evolutio n 
is "a s slo w a s possible " fro m th e perspectiv e o f computationa l powe r o f or -
ganisms. Explici t bound s o n th e evolutio n o f complexit y ar e derive d showin g 
that , whil e th e evolutionar y change s i n hierarchica l complexit y ar e bounded , 
in som e circumstance s complexit y ma y mor e tha n doubl e i n certai n 'geniu s 
jumps ' o f evolution . I n fact , example s sho w tha t ou r bound s ar e sharp . W e 
sketch the structur e wher e such complexity jumps ar e known t o occur and not e 
some similarities to previously identified mechanisms in biological evolutionar y 
transitions. 

1. Introductio n 

1.1. Complexit y Increase . Biologist s generall y agre e tha t evolutio n nee d 
not entai l "progress" , ye t a t th e sam e tim e i t i s clea r tha t th e histor y o f 
life show s ther e ha s bee n complexity  increase  i n majo r evolutionar y transition s 
[Bon88, MSS95] . Mor e comple x organisms d o no t supplan t th e les s complex ; in -
deed, despit e anthropocentri c views , w e are livin g in th e ag e o f bacteria , th e mos t 
successful typ e o f organism, i f on e measure s succes s b y shee r numbers . Neverthe -
less, for increase s i n siz e or complexit y ther e seem s t o alway s be "roo m a t th e top " 
in th e evolutionar y sense , due , i n part , t o th e exploitatio n o f ne w environmenta l 
niches b y th e innovator s [Bon88] . 

This raise s th e questio n o f ho w t o measur e complexit y increase , an d th e logi -
cally prio r questio n o f rigorously measurin g complexit y a t all . W e show tha t onc e 
a complexit y measur e ha s been reasonabl y denned , on e can as k (an d answer ) ques -
tions concernin g th e rat e an d smoothnes s o f evolutionary complexit y increase . 

The Cartesia n viewpoin t leadin g t o th e modellin g o f organism s b y finit e au -
tomata firs t blossome d i n th e 1960 s wit h th e pioneerin g wor k o f severa l indepen -
dent researchers : Krohn , Langer , an d Rhode s [KLR67 , RhoTla] , Lindenmeye r 
[Lin68], an d Kauffma n [Kau72] , Th e moder n mechanisti c viewpoin t o f cellu -
lar machinery , environmen t an d genom e interactin g vi a feedbac k control , an d th e 
extension o f thi s viewpoin t t o growt h an d development , fi t withi n a n automata -
theoretic viewpoint . O f cours e researc h int o thes e area s proceed s no w a t a  furiou s 
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30 CHRYSTOPHER L . NEHANI V AND  JOH N L . RHODE S 

pace, a s do effort s t o exploi t thi s knowledge fo r medical , scientific , agricultura l an d 
economic gain . 

We axiomatiz e th e notio n o f complexit y measure s fo r biologica l systems . As -
suming tha t livin g system s ca n b e adequatel y modelle d usin g finit e automata , w e 
find th e (unique ) integer-value d complexit y measur e satisfyin g th e axioms . W e 
show tha t ther e ar e mathematicall y demonstrabl e bound s o n complexit y change , 
and calculat e the m explicitly . I t i s perhap s surprisin g that , eve n assumin g slow -
as-possible chang e i n the computationa l powe r o f organisms, while complexity ma y 
fall o r ris e ver y slowly , in certai n circumstance s i t ma y mor e tha n double ! (I n on e 
generation, complexit y ca n g o fro m n  t o 2 n +  1. ) O r conversely , i t ma y fall  t o 
slightly les s tha n hal f it s valu e fo r a n immediat e ancestor . Thes e result s d o no t 
depend o n th e constructio n o f an y particular  models , bu t onl y o n th e assumptio n 
that modellin g o f organisms a s finite automat a i s possible i n principle . 

Examples o f such 'genius-jumps ' o f evolution ar e constructe d usin g technique s 
of Krohn-Rhodes algebrai c automat a an d semigrou p theor y establishin g th e sharp -
ness o f th e bound s i n ou r forthcomin g pape r [NR] . Wor k o n th e natur e o f evolu -
tionary transitions [Bus87 , Ohn70 , DeR96 , MSS95 ] supports th e idea that hier -
archical structuring an d interaction o f previously existin g non-interacting o r weakl y 
interacting component s o f biologica l systems, o r th e constructio n o f a  highe r leve l 
structure fro m modifie d multipl e instance s o f biologica l subsystems , ar e commo n 
mechanisms of evolutionary jumps in complexity . Ou r mathematica l examples als o 
exhibit thes e properties . Thi s suggest s tha t innovativ e re-arrangemen t o f existin g 
components int o hierarchical structure s ma y be a  generi c mechanis m o f complexit y 
increase i n th e evolution o f all possible biologica l systems. Perhap s th e mathemati -
cal principles studie d i n this paper constrai n th e natur e o f evolutionary complexit y 
increase t o occu r onl y o r primaril y i n thi s manner . 

1.2. Tw o Kind s o f Hierarchy . Th e notio n o f hierarchy emerge s her e i n a t 
least tw o ways : Firstly , th e axiomatizatio n o f th e ide a o f th e number  of  levels 
needed to  describe  a  biological  system wil l yield a  measure o f the minimum  amoun t 
of hierarchica l structurin g neede d i n understandin g th e syste m —  not e wel l tha t 
this wil l not  captur e th e numbe r o f level s tha t actuall y occu r withi n th e structur e 
of a  particula r organis m o r biologica l system , no r wil l knowin g thi s hierarchica l 
complexity answer th e ver y difficul t question s o f how to identity th e level s of struc-
turing, o r unit s o f structure , no r eve n whethe r the y b e anatomical , physiological , 
developmental, ecologica l o r o f other other , possibl y mixed , natures . Nevertheless , 
efforts t o calculat e th e hierarchica l complexit y o f a  biologica l system wil l naturall y 
lead on e t o as k an d refin e suc h questions , bu t th e fac t o f hierarchical complexity' s 
well-definedness doe s not depend o n the answers to such questions. Th e hierarchica l 
complexity value is an intrinsic  propert y o f any finite-state mode l of the organism. 1 

Secondly, sinc e finite-stat e model s o f biologica l system s eac h hav e a n intrinsi c 
integer-valued hierarchica l complexity , i t i s natura l t o conside r thos e whos e com -
plexity takes a  particular valu e n a s a class. Thi s corresponds t o the famous Krohn -
Rhodes hierarch y o f finite-stat e automat a (or , equivalently , o f finit e semigroups) . 

1 Note tha t thi s further implie s tha t th e hierarchica l complexity valu e is an intrinsi c propert y 
of the organis m itself, i f w e defin e th e hierarchica l complexity o f th e organis m as th e minimu m hi -
erarchical complexity over al l 'adequate ' automata model s for th e organism . O f course , 'adequate ' 
would hav e t o b e formall y defined . 
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In particular , th e clas s o f al l biologica l system s tha t ca n b e modelle d b y finite -
state machine s o f hierarchica l complexit y no t exceedin g n  enjoy s severa l algebrai c 
closure properties : colonie s o f non-interacting member s (aggregation s o f individu -
als) fro m th e clas s ar e als o i n th e class , an d thos e organism s whos e representin g 
state-automata ca n b e emulate d b y organism s o r non-interactin g aggregation s o f 
organisms in a  class ar e also in th e class . I f interaction occur s betwee n unit s o f th e 
class, the n th e hierarchica l complexit y ma y o r ma y no t increase . Thu s th e secon d 
aspect o f complexit y i s comparative , placin g a  syste m i n relatio n t o others , i n a 
hierarchy o f increasingly comple x classe s o f systems . 

These propertie s fo r a  rigorous measure o f hierarchical complexit y are capture d 
in th e complexit y axiom s below . The y entail , fo r instance , tha t a  multicellula r 
organism i s a t leas t a s comple x a s it s constituen t cells . I t ma y b e usefu l an d i s 
intriguing t o quantif y an d trea t i n a  forma l wa y th e compariso n o f hierarchica l 
complexity o f various biological systems. Considering , fo r example , a group of free-
living non-interactin g bacteria , w e woul d lik e t o formall y compar e it s complexit y 
to tha t o f the filamentou s cyanobacteriu m Anabaena  catenula  i n whic h som e cell s 
differentiate int o nitrogen-fixin g heterocyst s [MW72 , Lin68] , o r t o compare thes e 
to single-celle d eukaryoti c cell s wit h thei r man y organelle s —  som e o f whic h ar e 
believed to be of endosymbiotic origin [Mar81] — and then compare the complexit y 
of thes e t o tha t o f th e developmen t an d inversio n i n colonia l sphere s o f Volvox 
carteri o r th e morphogenesi s an d differentiatio n o f th e stal k an d spore s o f th e 
cellular slim e mold Diciyostelium  discoidium  fro m free-livin g singl e cells , and the n 
to compare these to cellular communities that compris e higher metazoan individual s 
[Bus87, Bon88 , Gil94] . Ou r goa l is to offe r a  formal, quantitativ e wa y t o d o thi s 
by takin g advantag e o f tool s from algebra . 

2. Informatio n & ; Hierarchy i n th e Majo r Evolutionar y Transition s 

J. Maynard Smit h and E . Szathmary [MSS95 ] following L . Buss [Bus87 ] iden-
tify majo r transition s i n evolutio n fro m replicatin g molecule s t o population s o f 
molecules i n compartments ; fro m independen t replicator s t o chromosomes ; fro m 
RNA a s gen e an d enzym e t o DN A an d protei n (geneti c code) ; fro m prokaryote s 
to eukaryotes ; fro m asexua l clone s t o sexua l populations ; fro m protist s t o ani -
mals, plants , fung i (multicellularity , cel l differentiation) ; fro m solitar y individual s 
to colonies (with non-reproductiv e castes) ; from primat e societie s t o human societ y 
(language). 

A mai n sourc e o f majo r transition s o f evolutio n [MSS95 ] an d thos e i n th e 
evolution o f individualit y [Bus87 ] o n ou r plane t involve s chang e i n th e manne r i n 
which information i s represented o r interpreted . Thi s suggest s tha t th e applicatio n 
of automat a theor y t o th e stud y o f evolutionar y transition s i s appropriate . I t i s 
worth notin g tha t th e curren t model s o f genomi c contro l ove r cel l stat e i n cellula r 
and molecula r biolog y ar e essentiall y automat a models , a s made explici t fo r exam -
ple b y Kauffma n [Kau72 ] fo r feedbac k contro l o f protei n biosynthesis ; b y Krohn , 
Langer, and Rhode s [KLR67 ] for th e Kreb s cycle ; and by Lindenmeyer [Lin68 ] for 
simple models of development. Takin g the automata-theoretic viewpoin t a s a start -
ing point , w e appl y Krohn-Rhode s algebrai c automat a theor y [KRT68 , Eil76 ] t o 
gain insigh t int o th e mathematica l consequence s o f suc h a  viewpoin t fo r biologica l 
systems. 
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A secon d majo r sourc e o f evolutionar y transition s ha s bee n th e appearanc e o f 
new level s o f hierarchical structure , a s i s obvious i n th e man y example s discusse d b y 
[MSS95] . W e axiomatiz e th e notio n o f hierarchica l complexit y o f au toma ta model s 
of biological systems , an d the n stud y th e implication s o f th e algebrai c approac h fo r 
the mathemat ica l analysi s o f hierarchica l complexit y an d it s evolution . 

3 . C o m p l e x i t y M e a s u r e s fo r L iv in g Organ i sm s 

Attempts t o measur e th e complexit y o f organism s i n a  systemati c fashio n hav e 
resulted i n severa l proposals , surveye d b y Bonne r [Bon88 , Ch . 6 ] an d Raf f an d 
Kaufman [RK83 , Ch . 11] . Fo r example , th e genome  size  —  th e numbe r o f base -
pairs o f D N A i n th e haploi d complemen t o f an organism' s genom e —  ha s lon g bee n 
discussed a s a  measur e o f complexit y (cf.  Sparro w et  al  [SPU72] , Cavalier-Smit h 
[Cav85] an d [Bon88 , R K 8 3 , MSS95] ) , bu t varie s widel y eve n fo r closel y re -
lated tax a o f apparentl y simila r complexity . Presumabl y th e amoun t codin g D N A , 
possibly omitt in g duplicate d genes , woul d provid e a  bette r measur e [Cav85] . 

The number  of  cell  types  [Bon65 , Kau69 ] a  multicellula r organis m ma y hav e 
during th e cours e o f it s lif e cycl e i s a n interestin g complexit y measure . Kauffma n 
has argue d tha t th e numbe r o f cel l type s correspond s t o th e numbe r o f stabl e 
states fo r a  give n genome , relatin g thi s measur e t o a n automata-theoret i c viewpoint . 
Bonner ha s show n tha t th e siz e o f aclonal organism s correlate s wit h interna l divisio n 
of labo r (a s measure d b y numbe r o f cel l types ) an d studie d th e questio n o f wh y 
increased siz e shoul d requir e mor e cel l type s [Bon88] . Not e tha t th e numbe r o f 
cell type s i s a  statisti c whos e valu e ma y wel l depen d o n ou r curren t biochemica l 
knowledge an d whos e estimate d valu e ma y b e subjec t t o varianc e o f opinion . 

Our approac h her e wil l b e t o tak e th e informa l notio n number  of  levels  in  a 
hierarchy of  organization  a s th e motivatio n fo r axiom s o n hierarchica l complexit y 
measures fo r biologica l systems . Th e measur e w e shal l defin e ha s th e virtu e o f 
mathemat ica l precisio n an d well-definednes s withou t th e requiremen t o f knowin g 
the futur e o f biologica l theories . I t satisfie s a  se t o f axiom s tha t an y goo d measur e 
of hierarchica l complexit y should . Thus , whil e it s particula r value s o n au toma t a 
models o f a  biologica l syste m ma y b e difficul t t o calculat e o r adequat e model s ma y 
not b e availabl e unti l furthe r biologica l detail s unfold , th e valu e o f th e complexit y 
measure o n eac h particula r au toma t a mode l o f an y particula r biologica l syste m ha s 
an unchangin g value . Furthermore , ou r hierarchica l complexit y measur e i s relate d 
by numerica l dominanc e t o al l others satisfyin g th e complexit y axiom s as the uniqu e 
measure havin g thi s maximalit y property . 

4. A x i o m a t i z i n g C o m p l e x i t y 

In ou r axiomatizatio n o f hierarchica l complexity , w e wil l no t b e concerne d wit h 
how a  biologica l syste m i s built , o r eve n abou t th e 'right 5 component s t o identif y 
or th e ' r ight ' boundarie s t o dra w betwee n it s levels . Generall y on e expect s tha t 
endeavoring t o answe r th e abov e wil l requir e on e t o fram e difficul t an d impor tan t 
questions o f researc h fo r biochemistry , molecula r genetics , cellula r biology , an d 
physiology, anatomy , developmen t an d ecolog y o f particula r organisms . 

Fortunately, b y askin g onl y fo r th e hierarchica l complexit y an d no t fo r a n 
explicit hierarchica l description , th e abov e issue s ca n b e initiall y avoide d an d 
addressed a s th e stat e o f ou r biologica l knowledg e expands . Assumin g th e 
automata-theoret ic modellin g o f biologica l system s ca n b e don e i n principl e i s al l 
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that i s needed . 

Given an y automato n X , w e canonically associat e t o i t a  transformatio n semi -
group generated b y considering the semigroup of state-transition mapping s induce d 
by al l possibl e sequence s o f input s t o th e automato n actin g o n it s states . Se e th e 
appendix for details . Th e appendix collect s the mathematica l notions and notatio n 
used i n th e sequel . Reader s wh o ar e biologist s ma y wis h t o ski p mos t o f th e ap -
pendix o n firs t reading . Mathematician s fee l mor e comfortabl e t o rea d throug h i t 
now o r refe r t o i t a s necessary . Th e appendi x als o explain s an d give s example s o f 
the notio n o f wreat h produc t o f transformatio n semigroups , whic h formalize s th e 
intuitive concep t o f hierarchical compositio n o f automata . 

4.1. Hierarchica l Complexit y Axioms . A  function c  : A — • N, from trans -
formation semigroup s canonicall y associate d t o finit e automat a (modellin g organ -
isms) to the natural numbers is called a hierarchical complexity measure  if it satisfies : 

1. If  X  and  Y  are  combined  hierarchically,  the  result  has  complexity  not  ex-
ceeding the sum  of  complexities  of  X and  Y. 
(This correspond s t o th e wreat h produc t o f transformation semigroups. ) 

c(X\Y)<c{X) +  c{Y) 

2. If  X  and  Y  are  combined,  but  do  not interact,  the  complexity  of  the  whole 
is just the  maximum  of  complexities  of  X and  Y. 
(This correspond s t o direc t produc t fo r transformatio n semigroups , an d t o 
direct produc t o r disjoin t unio n o f automata. ) 

c(X xY)  =  max(c(X),c(Y) ) 

3. IfY  can  do  everything  X  can,  then  X  is  not  more  complex  than  Y. 

If X  - < y, the n c(X)  <  c(Y) 

4. Every  X  can  be  constructed from  components  of  minimal  complexity. 

For al l -X" , X -<  X n I  — -l -X"i, for som e Xi  wit h c(Xi)  <  1 

5. Initial  Condition:  If  G  is  a  finite group,  then  c(G)  <  1 . If  A  has  only  trivial 
subgroups then c(A)  —  0. 

Axioms 1 , 2 , 3  should obviousl y b e propertie s o f an y goo d hierarchica l com -
plexity measure . Axio m 4  reflects th e scientist' s (partiall y reductionist ) optimis m 
that everythin g shoul d b e constructibl e fro m fundamenta l buildin g blocks , whil e 
axiom 5  say s tha t (a t least ) certai n elementar y buildin g block s shoul d hav e lo w 
complexity.2 

If, i n addition , i t satisfie s th e followin g axiom , c  is called the  [maximal]  hierar-
chical complexity  measure. 

2The somewha t technica l looking axiom 5  is equivalent t o th e conjunctio n of two more trans -
parent conditions : (5a ) system s whic h canno t coun t modul o n  fo r an y n  >  2  shoul d hav e com -
plexity 0 ; an d (5b ) thos e finit e system s i n whic h th e effec t o f every inpu t ca n b e undon e withou t 
affecting computationa l power hav e complexit y a t mos t 1 . I t i s clea r tha t th e latte r have almos t 
no life-lik e properties , beyon d a  kin d o f crystallin e homeostati c symmetry , a s the y maintai n re -
versibility i n th e fac e o f al l input s an d thu s canno t 'die' . Th e semigroup s associate d wit h the m 
are th e so-calle d finite right-simpl e semigroups , an d hav e for m G  X  Br, wher e G  i s a  grou p an d 
BT i s a  right-zero semigrou p (b y definition , satisfyin g th e la w xy  =  y) . 
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6. Maximality:  If  f  :  A — > N  satisfies  the  preceding  axioms,  then  for  all  X,  we 
have f(X)  <c(X). 

5. K r o h n - R h o d e s T h e o r y a n d t h e C o m p l e x i t y M e a s u r e 

We no w sho w tha t existenc e an d uniquenes s o f th e hierarchica l complexit y 
measure follow s fro m th e Krohn-Rhode s Theore m [KR65] : 

T H E O R E M 5. 1 ( P r i m e D e c o m p o s i t i o n T h e o r e m ) . For  every  finite trans-
formation semigroup  X,  there  exist  finite groups  and  semigroups  X{  with  no  non-
trivial subgroups  such  that 

X^Xnl-'-lXL (• ) 

(One can  build  any  X  from  group  and  aperiodic  semigroup  automata.)  Moreover, 
if G  is  a  finite simple  group  which  divides  the  semigroup  of  X,  then  G  divides  the 
semigroup of  X , for  some  1  <  i  <  n. 

T H E O R E M 5.2 . There  exists  a  unique  maximal  hierarchical  complexity  measure 
cpx :  A — > N . To  define  cpx(X),  consider  all  decompositions  of  the  form  (*) . We 
have : 

X ^A nlGnl 4 „ _ i I'-lAilGil  il t-_i 1  • • • Mi i  d M o , 

where Ai  has  no  nontrivial  subgroup  and  Gi  is  a  nontrivial  group. 
Then cpx(X)  —  least  n  for  which  such  a  decomposition  of  X  exists. 

N o t e : cpx(X)  is  the  least  number  of  active  computing  (group)  levels  required  in 
order to  build  X  hierarchically  from  simple  components. 

Proof: Axiom s 4  an d 5  ar e immediat e fo r cpx,  an d 3  follow s fro m transitivit y o f 
'-<'. Sinc e th e wreat h produc t o f group s i s a  grou p an d th e wreat h produc t o f 
aperiodics i s aperiodic , axio m 1  follows b y hierarchicall y combinin g minima l lengt h 
decompositions o f X  an d Y . B y takin g direc t product s o f component s i n shortes t 
decompositions o f X  an d Y , on e obtain s axio m 2 . Finally , i f c  i s a  complexit y 
measure satisfyin g axiom s 1-5 , the n takin g a  shortes t Krohn-Rhode s decompositio n 
of X  a s above : 

c(X) <  c(A n I  Gn I  An-i I  •  • • Mi I  Gi M o ) b y axio m 3 

< c(A n) +  c(G n) +  •  • • + c(Gi)  +  c(A 0) b y axio m 1 

< n  b y axio m 5 

< cpx(X), 

so axio m 6  holds . Moreover , th e maxima l complexit y measur e i s unique , for , i f 
cpx1 wer e another , the n cpx\X)  <  cpx(X)  <  cpx f(X) b y tw o application s o f axio m 
6. • 

6. C o n t i n u i t y &  J u m p i n e s s i n t h e E v o l u t i o n o f C o m p l e x i t y 

Assuming descen t i s "a s smoot h a s ca n be " —  withou t 'hopefu l monsters " 
and moreove r withou t an y intermediate s bein g skippe d ove r —  i n th e evolutio n o f 
hierarchical complexity, 3 w e ask , How  does  complexity  increase,  smoothly  or  with 
jumps ? 

3 Without th e assumptio n o f smoot h evolution , th e jump s canno t b e bounde d unles s som e 
other constraint s ar e accepted . 
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Formally, suppose tha t durin g descen t wit h modificatio n w e have a sequence of 
organisms (represente d b y the semigroups associate d t o the finite-state automat a 
modelling them ) o f increasing computationa l power : 

S i <S 2 •<  <S n. 

Suppose, furthermore , tha t n o prope r intermediate s coul d possibl y b e intro -
duced int o the sequence: 

If Si  <T  -<  S i+U the n 5 , - ^ T o r T ^ 5,-+i . 
Each divisio n Si  - < Si+i  i s "maximal" . A  divisio n Si  -<  Si+i i s calle d proper  i f 
Si ^  Si+i . W e will stud y th e hierarchical complexit y change s possibl e i n a  singl e 
step o f such a n unrefinable chain. 4 

7. Bound s o n Complexit y Jump s i n Evolutio n 

[This sectio n assume s a  knowledg e o f semigrou p theor y an d algebrai c automat a 
theory suc h a s may be obtaine d fro m [KRT68 , E1176 ] o r th e surve y sectio n o f 
[AHNR95]. Th e appendix give s definition s o f terms an d notation use d here. ] 

THEOREM 7. 1 (Jum p Lemma) . Let  S  <  T be  a maximal  proper  division  of 
finite semigroups.  Then  either: 

(1) S  is  a  homomorphic image  of  T and 

cpx(S) <  cpx(T) <  cpx(S) +  1, 

or 
(2) S  is  a  maximal subsemigroup  of  T and 

cpx(S) <  cpx(T) <  2cpx(S) +  1 . 

Proof: By hierarchica l complexit y axio m 3 , on e has tha t cpx(S)  <  cpx(T).  B y 
definition o f division (^(),  we have tha t S  <-< — Tf <T  fo r some subsemigroup T'  o f 
T mappin g homomorphically ont o S.  B y maximality of the division, i t follows tha t 
either (1 ) T =  T (s o S *« - T is a maximal proper surmorphis m [Rho67 , KRT68] ) 
or (2 ) 5 =  T  (s o 5 i s a maximal prope r subsemigrou p o f T [GGR68 , KRT68]) . 

For cas e (1) , by the classification o f maximal prope r surmorphism s ([Rho67] , 
[KRT68] o r [RW89]) , th e surjective morphis m (p  is either (i ) injectiv e whe n re -
stricted t o eac h subgrou p o f T, henc e b y the Fundamenta l Lemm a o f Complexit y 
[Rho68, Rho71b , Rho74 ] o r [Til76 , Ch . XII], cpx(S) =  cpx(T);  o r (ii ) for reg -
ular element s ti,t 2 G  T, if <p(ti)  =  ^(^2 ) then t\  an d t2 ar e £-equivalent, henc e by 
[AHNR95], [KRT68] , or [RW89] , cpx(T) <  cpx(S) +  1. 

In case  (2) , S i s a maxima l prope r subsemigrou p o f T. An d by [GGR68 ] o r 
[KRT68], T  \ S  C  J, fo r some J-clas s J  o f T. Le t / b e the two-sided idea l 

1= {xeT:J  jtj  x}. 

Now T =  I  US, whenc e by "V-union-T " techniqu e [KRT68 , Ch . 5, Sec. 4], [Eil76, 
Prop. 3.5 ] or [Neh95 , Sec . 3], we have T - < T I  ~S\ and cpx(T) <  cpx(I) +cpx(S). 
Now I  =  I\JUJ.  W e have I  \  J  C  S  an d so cpx(I \  J)  <  cpx(S).  Le t E  b e a 

4 One migh t als o conside r unrefinable chain s wit h eac h step eithe r increasin g or decreasing in 
computational power . Sinc e thi s jus t correspond s t o the reversal o f some maxima l division s '-<', 
our result s —  which boun d th e complexit y change s o n the two sides o f the '-< ' - wil l appl y als o 
to thi s mor e genera l situation . 
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system o f idempotents fo r I  (on e idempotent fro m eac h maxima l non-null J'-class) . 
Then cpx(EIE)  =  cpx(I)  b y th e Reductio n Theore m ([T1176 , Ch . XII]) , an d 

EIE =  E(I\JU  J)E 

= E(I  \  J)E  U  EJE 

C I \ J U G e , 

where G e i s the maximal subgroup o f J  containin g a n e  £  E,  o r empty i f J i s a nul l 
^7-class. 

We hav e EIE*  -<  I\J*  I  S T. NO W cpx(I)  =  cpx(EIE)  <  cpx(I  \  J)  +  1  < 
cpx(S) +  1 . Therefor e 

cpx(S) <  cpx(T) <  cpx(I)  - f cpx(S)  <  2cpx(S)  +  1 . 

D 

To summarize : I n cas e (1 ) (th e maxima l prope r surmorphis m case) , cpx(S)  £ 
{cpx(T),cpx(T) —  1}, whenc e hierarchica l complexit y increase s b y a t mos t one : 
cpx(S) <  cpx(T) <  cpx(S) +  l. Whil e in case (2 ) (th e maxima l subsemigroup case) , 
the bound s o n complexit y increase , assumin g a n unrefinabl e chai n o f descent , ar e 
given b y 

cpx(S) <  cpx(T) <  2cpx(S)  +  1 . 

Complexity ma y mor e tha n double ! 

8. Sharpnes s o f t h e Bounds : 'Geniu s J u m p s ' 

We considered a  sequenc e o f finite semigroup s 

Si - < S2 -<  <  Sn 

representing a n a s continuou s a s possibl e sequenc e o f organism s an d showe d tha t 
always 

cpx(Si) <  cpx(Si+i) <  2cpx(Si)  +  1 . 

In fact , i t i s possibl e t o construc t 5 , <  S*+i , a  maxima l prope r subsemigrou p 
as above with cpx(Si+i)  —  2cpz(Sj ) + l ,  so these bound s are attained. Th e explici t 
construction o f such a  pai r involve s techniques beyon d th e scop e o f this paper , an d 
full detail s will be published elsewhere [NR] . However , i t i s possible to give a sketch 
of the sourc e o f complexity increas e i n th e example s s o far constructed . 
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Beginning wit h a  structure containin g complexit y n  components , whic h d o no t 
interact o r interac t onl y weakly , 

cpx n  1 1 cpx n 

Two component s no t interactin g (pre-exist in g s tructures) . 

a superstructur e i s constructe d i n whic h th e complexit y n  component s interac t 
hierarchically, resultin g i n a  chai n wit h a  ne w intermediat e level , 

cpx n 

cpx 1 

cpx n 

New bio log ica l syste m integratin g tw o ex i s t in g subsystem s hierarchical ly . 

such tha t th e biosyste m canno t globall y b e describe d (i n th e sens e o f a  givin g a 
shortest Krohn-Rhode s decomposition ) wit h les s tha n 2n  -f 1  essential (non-trivia l 
group) coordinat e levels . 

9. Concludin g Remark s 

One observe s tha t th e 'geniu s jumps ' whos e structur e i s outline d abov e rel y 
on existin g fragmentation/inefficienc y o r the y woul d no t b e possible . Tw o majo r 
factors i n th e majo r evolutionar y transition s [Ohn70 , Bus87 , MSS95 ] discusse d 
above ar e (1 ) chang e i n information  encoding/us e an d (2 ) hierarchical  structuring 
of pre-existin g unit s (wit h adaptations) : divisio n o f labo r /  specializatio n /  dif -
ferentiation, duplicatio n an d divergence , symbiosis , epigenesis . Th e structur e w e 
observed i n th e above-sketche d 'geniu s jumps' i s very clos e conceptuall y t o transi -
tions of type (2 ) and ma y be typica l of evolutionary complexity jumps. W e see tha t 
possibly divergen t duplicate d unit s or , mor e generally , duplicat e complexit y unit s 
are bein g integrate d t o yield highe r leve l complexity i n the mathematica l example s 
and i n cas e (2) . Thi s mechanis m i s eviden t i n symbiogenesis , epigenesis , an d th e 
rest o f th e case  (2 ) examples . Th e mathematica l an d biologica l example s rel y o n 
fragmentation o r unstructure d duplication , an d eliminat e it , t o achiev e a  'geniu s 
jump'. Whethe r an d ho w shift s i n the wa y biologica l systems us e information , i.e. 
type (1 ) transitions , ca n b e understoo d i n thi s manne r remain s t o b e explored . 

Evolution o f complexity an d evolutio n o f development i n living systems ar e no t 
well enoug h understood , bu t a  mathematica l treatmen t o f hierarchica l complexit y 
may she d som e ligh t o n thes e problems . Curren t controversie s o f punctationalis m 
vs. gradualism in evolution may seem naive in the pure light of algebra once a deeper 
mechanistic understandin g o f genetic contro l i n development an d it s interpla y wit h 
extra-genomic factor s ha s bee n attained . I f on e accept s tha t organism s ma y b e 
modelled a s finit e automata , the n hierarchica l complexit y increas e ma y b e bette r 
understood vi a th e algebrai c theor y o f automata . Indeed , ou r result s sho w tha t 
large jump s i n hierarchica l complexit y ar e possibl e i n principl e withi n th e stric t 
bounds prove d her e an d sugges t tha t analogou s abstrac t mathematica l structur e 
may li e behind man y o r al l suc h evolutionar y complexit y jumps . 

It i s only fair t o mention tha t th e notion o f hierarchical combinatio n we consid-
ered i n defining th e complexit y of an automata model of an organism was restricte d 
in th e sens e tha t informatio n abou t state s coul d neve r flow  bac k t o highe r level s 
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in th e hierarchy . On e coul d remov e thi s restrictio n b y developin g a n alternat e ap -
proach usin g th e block  product o f semigroup s (e.g.  [RW89] ) rathe r tha n wreat h 
products o f transformatio n semigroups . Th e analo g o f th e Prim e Decompositio n 
Theorem i s available for th e bloc k product , bu t th e analysi s o f complexity i s com-
plicated b y th e fac t tha t thi s produc t i s no t associativ e o n th e clas s o f al l finit e 
semigroups. 

Appendix: Mathematica l Concept s an d Notatio n 

This appendi x collect s som e standar d mathematica l notatio n fo r algebrai c 
automata an d semigrou p theory . 

Semigroups, Automata , Transformatio n Semigroups . A  semigroup  i s a  se t 
S wit h a  binar y multiplicatio n define d o n i t satisfyin g th e associativ e law : (xy)z  = 
x(yz). A n automaton  X  —  (Q, 5) i s a set o f states Q  together with , for eac h symbo l 
s of an input alphabe t 5 , a n associated [state-transition ] function fro m Q  to Q  (als o 
denoted b y s).  A  specia l case  o f thi s i s a  transformation  semigroup  (Q , S), whic h 
is a righ t actio n o f a semigrou p 5  o n a  se t o f states Q , i.e. , a  rule takin g q  G  Q an d 
s G  S t o q-s  G  Q, satisfying (q-s)-s f =  q-ss'  fo r al l q G Q, and s , sf G  5. Give n an y 
automaton X  w e canonically associat e t o i t a  transformatio n semigrou p generate d 
by considerin g th e semigrou p o f state-transitio n mapping s induce d b y al l possibl e 
sequences o f input s t o th e automato n actin g o n it s states. 5 T o avoi d trivialities , 
we shall alway s assume tha t stat e sets , inpu t sets , an d semigroup s ar e non-empty . 
Generally w e shall require tha t tw o distinct input s a  ^  a'  t o an automato n diffe r a t 
least at one state x:  x-a  ^  x-o!.  Suc h an automaton is called faithful Th e restrictio n 
of faithfulness i s really no t essential , a s one can 'faithfulize ' X  b y identifying inpu t 
symbols which hav e th e sam e action . 

For semigroups , a  homomorphism  (or , mor e briefly , a  morphism)  fro m S  t o T 
is a  function <p  :  S —>  T  suc h tha t (p(ss')  =  <p(s)(p(s')  fo r al l s , sf G  S. A  morphis m 
known t o b e surjectiv e (onto ) wil l be calle d a  surmorphism  an d b e denote d wit h a 
double-headed arro w <p  :  S — >-> T; the semigroup T is then said to be a homomorphic 
image o f 5 . A n injectiv e (one-to-one ) morphis m (p  i s called a n embedding  o f S  int o 
T. T  i s a  subsemigroup  o f S  i f T  i s a  subse t o f S  close d unde r multiplication . W e 
write T  <  S  i f T  i s a  subsemigrou p o f S  or , mor e generally , embed s i n S.  I f ther e 
is a  bijectiv e (one-to-on e an d onto ) morphis m fro m S  t o T , w e sa y tha t S  an d T 
are isomorphic  an d writ e S  =  T.  Th e notatio n S  -<  T  mean s 5  i s a  homomorphi c 
image o f a  subsemigrou p o f T . Intuitively , T  ca n emulat e an y computatio n o f S . 
In suc h a  case , w e say S  divides  T. 

If X  —  (Q , S) an d Y  =  {U,T)  ar e automat a o r transformatio n semigroup s 
a morphism  <p  fro m X  t o Y  consist s a  functio n (pi  :  Q  — > U  an d a  mappin g 
<p2 :  S  — > T (whic h i s require d t o a  semigrou p morphis m i n th e transformatio n 
semigroup case) , such tha t fo r al l q G Q and s  G  5, on e has (pi(q  • s) —  <fi(q)  • <P2(s)-
Surmorphism, embedding , isomorphis m an d divisio n o f transformation semigroup s 
are define d analogously . I f Y  divide s X , i t i s also common t o sa y tha t X  covers  Y 

5 I t i s als o possible t o conside r automat a wit h outpu t behavior . Unde r standar d conventions , 
output i s a  functio n o f th e curren t stat e o r o f th e curren t stat e an d inpu t symbol . Knowin g 
the stat e (an d possibl y inpu t symbol ) o f a n automato n allow s on e t o recove r outpu t behavio r a s 
necessary, s o i t nee d no t b e considere d explicitly . 
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and tha t X  emulates  Y. 

New A u t o m a t a fro m Old . Fo r transformatio n semigroup s X  =  (Q,S)  an d 
Y =  (U,T),  thei r wreath  product Y  IX  i s the transformatio n semigrou p with state s 
U x  Q  an d semigrou p consistin g o f al l pair s (/ , s)  wher e /  :  Q  — • T an d s  G  S 
with action : (u , q) • (/ , s)  =  (u  •  /(<?), # • s).  Thu s th e actio n o f inpu t (/ , s)  o n th e 
X componen t i s independen t o f the Y  componen t bu t depend s onl y o n th e input , 
while the action o n Y  depend s o n the input an d th e state o f the X  component . W e 
have multiplicatio n ( / ' ,$ ' ) ( / , s)  =  (h,s's)  wher e h(q)  =  f(q)f(q  •  s) , a  produc t i n 
T. T o understand actio n an d th e multiplicatio n i n th e semigroup , observe tha t 

((u,q)if',s'))if,s) =  (u-f'(q),q-s')if,s)  =  (u-f'(q)f(q-s),q-s's)  =  (u-h(q),q-s's), 

and indeed , th e elemen t h(q)  G  T applie d t o u  i s a  functio n onl y o f th e inpu t an d 
the stat e q,  whil e th e elemen t s fs G  S  applie d t o q  depend s onl y o n th e inpu t 
(/ ' , s')(f,  s).  Th e wreat h produc t i s a n associativ e produc t o n th e clas s o f al l 
transformation semigroups . Notic e tha t ther e i s a  hierarchica l dependenc e o f Y 
and o n X.  B y iteratin g thi s construction , on e ma y tak e th e wreat h produc t o f an y 
sequence o f components . 

The direct  product  (U,T)  x  (Q , 5) o f automat a [resp . transformatio n semi -
groups] ha s stat e se t U  x  Q  an d input s [resp . semigroup ] T  x  S  wit h component -
wise action : (u , q) •  (£ , s) —  (u-t,q -  s). Thi s i s th e case  o f no interactio n betwee n 
components. 

A cascade  of automata X  an d Y  a s above has states U  xQ an d an y set o f inputs 
(/, s)  wit h /  :  Q  — • T an d s  G  5, actin g o n th e state s a s fo r th e wreat h product . 
The wreath produc t i s the transformation semigrou p version o f a generic cascade o f 
automata: I t i s easy t o see that ever y cascad e o f two automata (includin g o f course 
their direc t product ) embed s i n th e wreat h produc t o f thei r associate d transfor -
mation semigroup s (c/ . [Eil76 , KRT68]) . Thus , th e wreat h produc t provide s th e 
formal algebraic framework fo r th e notion o f hierarchical combination o f automata . 

Given a  semigrou p 5 , w e defin e 5 # t o b e S  i f S  contain s a n identit y elemen t 
1 G  S wit h s i =  Is  —  s  for al l s G  5, otherwis e w e take 5# t o be S  wit h new identit y 
element 1  adjoined. I f X  =  (Q , 5) i s a n automato n o r transformatio n semigroup , 
we define X * =  (Q , 5#), wher e th e identit y o f 5 # act s a s th e identit y functio n o n 
all states i n Q.  Als o X =  (Q , 5), where fo r eac h state q  G Q a  constant ma p takin g 
value q  has bee n adjoine d a s a n elemen t o f 5 . 

The disjoint  union  o f automata X  UY  ha s stat e se t Q  x  U  and input s S  U  T, 
with 

(a u)-i-{ ( g ' ' ' u ) i f i E 5 
[Q: j  I  (*,t*-i ) i f i € T 

Observe tha t thi s automato n generate s th e direc t produc t a t th e associate d trans -
formation semigrou p leve l i f X  an d Y  contai n identit y transformations . Whence , 
XUY embed s i n X*  x  Y \ 

For a  semigrou p 5 , on e obtain s a  canonicall y it s so-calle d right  regular 
representation (S*,S),  wit h state s 5* , semigrou p S  an d actio n s  •  s'  =  ss'  fo r al l 
s G  5# an d s'  G  S. IfS  and  T  are  semigroups,  we  shall  write  S  I  T for  the  wreath 
product of  their  right  regular  representations. 

Ideals , Groups , an d Green ' s Relat ion s i n Semigroups . A  subsemigrou p I 
of S i s called a n ideal  if SIS C  / , an d a  left  ideal  if SI C  I.  Right  ideals  are define d 
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analogously. On e say s tha t fo r s,t  G  5 , tha t s  >j  t  (read : "s  i s J-above"  t)  i f 
t G  S# s S # , th e principa l idea l generate d b y s.  Thi s comprise s a  transitiv e relatio n 
on 5 . On e say s tha t t  i s J"-equivalent  t o s  i f s  an d t  generat e th e sam e principa l 
ideals. A  J-class  o f S  i s maxima l subse t o f S  consistin g o f jT-equivalen t elements . 
The notat io n s  >j  t  (read : " 5 i s strictl y J '-abov e tf")  mean s tha t s  i s ^7-abov e bu t 
not J '-equivalen t £ , while s  ^j  t  i s th e negatio n o f this . A  J'-clas s i s sai d t o b e null 
if ss'  £  J  fo r al l s , s r G  J. A n elemen t 5  G 5 i s regular  i f it s ^7-clas s i s no t null . 

By considerin g lef t principa l ideals , on e obtain s analogousl y th e transitiv e £ -
relation: s  >L  t  (read : "s  i s £-abov e t")  i f t  G  5*5 . S o on e ha s als o notion s o f 
C-equivalence an d C-class.  Th e H-relation  >R  ma y b e define d a s th e dua l o f th e 
^-relat ion. 

A group  i s a  semigrou p S  wit h exactl y on e £-clas s an d exactl y on e 7^-class ; 
or, equivalently , S  ha s a n identit y e  an d fo r eac h elemen t s  i n 5 , ther e exist s a n 
inverse s f i n S  wit h ss'  —  s'  s —  e.  A  grou p i s calle d simple  i f it s homomorphi c 
images ar e jus t itsel f an d th e on e elemen t grou p (u p t o isomorphism) . A  finit e 
semigroup eac h o f whos e subgroup s hav e onl y on e elemen t i s calle d aperiodic. 

E x a m p l e s o f Hierarchica l C o m b i n a t i o n . I t ma y b e usefu l t o not e som e 
familiar example s o f wreat h produc t coordinates : 

Symmetries on  a  Pentagon.  Le t u s imagin e a  regula r polygo n wit h n  vertice s i n th e 
plane wit h on e verte x topmost . Le t Z n denot e th e cycli c grou p o f orde r n.  B y ou r 
convention 7L n \ 7L2 denotes th e wreat h produc t o f th e righ t regula r representation s 
of 7L n an d Z2 . Symmetrie s o f a  pentago n compris e th e dihedra l grou p D 5 (resp . 
D n fo r th e regula r n-gon) , whic h i s covere d b y suc h a  wreat h product . I f w e pain t 
one sid e o f th e pentago n whit e an d th e othe r black , an d numbe r th e vertice s o f th e 
pentagon clockwis e o n th e whit e sid e fro m 0  t o 4 , the n a  pai r (fc , color) determine s 
a configuratio n o f th e pentago n wher e w e understan d k  G  Z5 a s th e numbe r o n th e 
currently topmos t verte x an d color  G  7L 2 as th e colo r o f th e fac e w e see , eithe r 0 
denoting whit e o r 1  denotin g black . Thi s give s a  coordinat e representatio n o f th e 
state o f th e pentagon . 

As fo r symmetries , le t u s conside r firs t th e 'flip ' F  —  rotatio n o f 18 0 degree s 
about th e axi s throug h th e cente r o f th e figur e an d topmos t vertex . Th e effec t 
of thi s actio n i s clearl y (k,  color)  •  F —  (k  +  0 , color +  1) , sinc e th e sam e verte x 
is stil l topmos t bu t th e othe r sid e no w face s us . Le t u s conside r th e rotatio n R 
counterclockwise throug h ^ p , o r 7 2 degree s fo r th e pentagon . Rotat io n R  leave s 
the colo r componen t unchanged , but , i f th e colo r i s white , increase s th e topmos t 
vertex numbe r b y 1 , wherea s i f th e colo r facin g u s i s black , th e topmos t verte x 
number i s decrease d b y 1  (modul o 5) . 

Thus w e hav e (fc , color) •  R =  (k  +  f  (color),  color  - f 0 ) wher e f  (white)  —  1 an d 
f (black) —  4  ( tha t is , — 1 modul o 5) . Sinc e 0  i s i n th e semigrou p Z 2 an d /  i s a 
function fro m th e stat e i n Z 2 t o th e semigrou p Z5 , i t i s clea r tha t thi s expresse s R 
as a  membe r o f th e wreat h product . 

It i s well-know n tha t F  an d R  generat e al l symmetrie s o f th e polygo n (wit h 
FRF th e invers e o f R).  Sinc e th e semigrou p componen t o f a  wreat h produc t 
is close d unde r composition , al l symmetrie s ar e expressibl e i n thi s hierarchica l 
coordinate manner . Thi s coordinatizatio n constitute s a  coverin g o f th e symmetr y 
au tomaton (pentagon  states^'D^)  b y Z 5 I  Z2. Actuall y i n thi s case , w e eve n hav e 
an embedding , sinc e state s an d symmetrie s hav e uniqu e representative s ('lifts' ) i n 
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the wreat h product . Similarly , replacin g 5  wit h an y intege r n  >  3  i n th e argumen t 
above yield s a  wreat h produc t coordinatizatio n i n 7L n \ Z2 o f th e symmetr y grou p 
D n o f a  regula r n-side d polygon . 

Decimal Expansion  and  Clocks.  Th e s tandar d cloc k fac e combine s a  modul o 6 0 
counter, Zeo ? fo r minute s (an d anothe r fo r seconds ) wit h a  modul o 1 2 counter , 
Z12, fo r hours . Th e to p o f th e hierarch y i s seconds , o n whic h depen d min -
utes, an d the n hours , constitutin g a  convenien t wreat h produc t embeddin g o f 
a modul o 43 , 200 (6 0 x  6 0 x  12 ) counte r fo r second s i n th e half-day . Passag e 
of on e secon d add s 1  t o th e second s counte r an d zer o elsewhere , unles s th e 
seconds stat e i s 5 9 i n whic h cas e th e nex t (minute ) au tomato n add s 1  t o it s 
state an d zer o i s adde d t o th e hour s counter ; unles s bot h minute s an d second s 
have stat e 59 , i n whic h case , w e als o ge t plu s 1  o n hours . Thus , th e passag e o f 
one secon d i s describe d i n thes e familia r wreat h produc t coordinates . Consid -
eration o f a .m. o r p .m . give s u s anothe r Z 2 counter a t a  deepe r leve l o f dependency . 

The reade r i s invited t o chec k tha t th e additio n an d carr y rule s fo r bas e 1 0 additio n 
tha t sh e o r h e learne d i n elementar y schoo l ar e i n fac t ' just ' a  wreat h produc t 
coordinatization o f th e righ t regula r representatio n o f th e additiv e semigrou p o f 
natural number s (N , +) b y a  cascad e o f (countabl y many ) modul o te n counter s 
Zio. I n th e cas e o f th e non-negativ e rea l number s unde r addition , th e decima l 
expansion als o induce s a  coverin g (b y a  Z-indexe d hierarch y o f Zio's) , bu t not e 
tha t thi s wreat h produc t coordinatizatio n i s n o longe r a n embeddin g sinc e som e 
numbers hav e mor e tha n on e decima l representation . 
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Inferring Evolutionar y Tree s fro m Polymorphi c Characters , 
and a n Analysi s o f th e Indo-Europea n Famil y o f Language s 

Maria Bonet, Cynthi a Phillips, Tandy Warnow, and Shibu Yooseph 

ABSTRACT. I n thi s paper w e conside r th e proble m o f constructing phylogenie s 
in th e presenc e o f polymorphi c characte r data . W e als o discus s th e resul t o f 
applying our techniques to studying the evolutio n of the Indo-European famil y 
of languages . 

1. I n t r o d u c t i o n 

Determining th e evolutionar y histor y o f a  se t S  o f object s ( tax a o r species ) i s 
a proble m wit h application s i n a  numbe r o f domain s suc h a s biology , comparativ e 
linguistics, an d literature . Primar y da t a use d t o compar e differen t tax a (whethe r 
biological species , populations , o r languages ) ca n b e describe d usin g characters. 
Characters describ e aspect s o f the element s o f S.  Typically , a  characte r c  part i t ion s 
the se t S  int o equivalence classe s an d ca n thu s b e describe d a s a  function c  :  S — • Z r, 
where Z r =  {0 ,1 , . . . ,r —  1} . Th e valu e c(s)  i s calle d th e character  state  o f c  o n s , 
where s  G  S. 

In thi s pape r w e describ e tre e constructio n whe n character s ar e permit te d t o 
have more  than  one  character  state  o n a  give n object . W e cal l this th e polymorphism 
problem. Th e definitio n o f a  characte r i s thu s extende d t o c  :  5  — > 2Z —  {0}. A 
character whic h i s permit te d t o hav e mor e tha n on e stat e o n a  give n objec t wil l b e 
called a  polymorphic  character,  an d on e whic h ca n hav e onl y on e stat e fo r ever y 
object i s referre d t o a s a  monomorphic  character. 

Polymorphism i s a  well-documente d phenomeno n i n severa l area s lik e biolog y 
[9] an d historica l linguistic s [13] . Ou r furthe r discussion s wil l b e restricte d t o 
historical linguistics , wher e w e are intereste d i n studyin g th e evolutio n o f languages . 
The technique s discusse d her e ca n b e use d fo r som e biologica l da t a set s a s well . 
Other technique s fo r dealin g wit h biologica l da t a set s ar e mentione d i n [3] . 
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The major contributio n o f this paper i s a methodology for inferrin g perfec t phy -
logenies from monomorphi c an d polymorphi c characters . Recen t wor k i n historica l 
linguistics [13 ] has shown tha t perfec t phylogenie s should b e obtainable from prop -
erly selected an d encode d linguisti c characters . Algorithm s for constructin g perfec t 
phylogenies fro m monomorphi c character s wer e use d i n [13 ] t o analyz e th e Indo -
European famil y o f languages , whos e first-order  subgroupin g ha d bee n argue d fo r 
decades withou t resolution . Th e methodology we propose here significantly extend s 
the range of the data tha t ca n be analyzed i n historical linguistics . W e have applie d 
this methodology to the data se t studie d b y Warnow, Ringe, and Taylor . Detectio n 
and resolutio n o f polymorphis m le d t o a  modificatio n o f thei r initiall y propose d 
phylogeny, whic h wa s base d onl y o n monomorphi c characters . Ou r methodolog y 
and it s result s wer e presente d a t th e Symposiu m o n th e Frontier s o f Scienc e a t th e 
National Academ y o f Science s i n Novembe r 1995 . 

The res t o f th e pape r i s organized a s follows . I n Sectio n 2 , w e briefl y discus s 
historical linguistics character data , and the evolutionary tree construction criterio n 
used i n historica l linguistics . I n Sectio n 3 , we discuss th e cause s o f polymorphis m 
in historica l linguistics . I n Section 4 , we discuss th e proble m o f inferring tree s fro m 
polymorphic dat a set s an d describ e algorithm s fo r tre e construction . I n Sectio n 
5.3, w e discus s method s t o dea l wit h dat a set s containin g bot h polymorphi c an d 
monomorphic dat a sets . Finally , i n Sectio n 6 , we present ou r analysi s o f th e Indo -
European dat a se t studie d b y [13] . Thi s i s an extende d abstrac t an d a s such , th e 
proofs hav e bee n omitte d a s the y will  appea r i n th e journal versio n o f thi s paper . 

2. Historica l linguistic s 

In historica l linguistics , th e followin g type s o f character s [13 ] occur : Lexical 
characters, wher e th e characte r i s a  semanti c slo t (wor d meaning) ; Morphological 
characters, wher e the character i s generally a grammatical feature; an d Phonological 
characters, wher e th e characte r i s a  soun d change . 

Once th e ra w characte r dat a i s available , th e encodin g o f th e characte r state s 
is done usin g cognatio n judgements base d o n th e Comparative  Method  [13] . 

In [13] , i t wa s als o show n tha t al l properl y selecte d an d encode d character s 
should be convex  (or compatible)  on the true evolutionary tree. A  character i s convex 
on a  tre e T  i f i t i s possible t o labe l th e interna l node s o f T  s o tha t eac h characte r 
state o f tha t characte r arise s exactl y once . A  tree , i n whic h ever y characte r i s 
convex, i s called a  perfect  phylogeny. 

3. Polymorphis m i n historica l linguistic s 

When studying the Indo-European dat a set , i t was discovered tha t som e charac-
ters wer e polymorphic , for exampl e more than on e word i s available in a  particula r 
semantic slo t (conside r big  and large).  Polymorphis m arise s du e t o severa l reasons . 
Convergence o f meanings ove r time , borrowin g o f synonyms from othe r languages , 
and th e inabilit y o f modern-da y linguist s t o detec t subtl e difference s o f meanin g 
in word s fro m ancien t languages , ca n al l produc e polymorphi c characters . Som e 
such cases , lik e English little  and small,  aris e b y th e convergenc e o f meaning s ove r 
time; others , lik e America n Englis h stone  an d rock  (t o describ e a  smal l chun k o f 
the substance tha t ca n b e thrown) , ar e instance s o f replacement i n progress (rock  is 
replacing stone  i n tha t basi c meaning in America) . Stil l others , like English big  and 
large, resul t fro m th e borrowin g o f synonym s fro m differen t source s (large  havin g 
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been borrowe d fro m French , whil e big  appear s t o b e o f Scandinavia n origin , an d 
both hav e undergon e som e shif t o f meaning withi n English ; th e origina l Ol d Englis h 
word survive s onl y i n th e nam e Mitchell).  I n workin g wit h olde r stage s o f language s 
we ar e no t alway s abl e t o determin e whic h o f severa l word s mos t usuall y expresse d 
a basi c meaning ; fo r example , Vedi c Sanskri t present s u s wit h fou r commo n verb s 
meaning tie,  an d becaus e th e text s ar e poetic , w e canno t sa y wit h certaint y whic h 
word wa s use d t o describ e archetypa l act s o f tyin g (withou t furthe r connotations ) 
in ordinar y speech ; i n suc h case s w e ca n d o n o bette r tha n lis t al l o f th e possibl e 
alternatives. [10] 

It ca n b e show n tha t th e differen t manifestation s o f polymorphism i n linguistic s 
each ca n b e describe d b y th e conflatio n o f two o r mor e distinc t linguisti c characters . 
Often w e ar e abl e t o determin e th e precis e numbe r o f monomorphic character s tha t 
have merge d int o th e polymorphi c character . 

As mentione d before , i n linguistics , i t ha s bee n observe d tha t monomorphi c 
characters ar e convex  o n th e tru e evolutionar y tree . 

D E F I N I T I O N 1 . Given  a  set S  oftaxa  defined  by  a  set  C  of  characters  (\C\  =  k), 
where each  Cj  G  C is  a  function  Cj  :  S — • (2Z —  {0}) , let  T  be  a  tree  which  is  leaf-
labelled by  the  taxa  in  S  and  with  each  internal  node  v  labelled  with  a  vector  from 
(2Z —  {0})* such  that  the  value  ofcj(v)  is  given  by  the  j t h component  of  this  vector. 
A character  (polymorphic  or  monomorphic)  c  is  c o n v e x on  T  if  for  all  i  € Z,  the 
set X Cii =  {t) G V(T)  :  i G  c(v)} is  connected.  T  is  a  perfec t p h y l o g e n y if  every 
character is  convex. 

For polymorphis m cause d b y convergenc e o f conve x monomorphi c characters , 
polymorphism ca n b e considere d a  separation  problem . 

D E F I N I T I O N 2 . A  polymorphic  character  c  with  r  states  is  s e p a r a t e d into 
characters a i , . . . ,  et\ by  a  function  f  :  { 0 , 1 , . . . ,  r —  1 } — • { ! , . . . , / } where 
aj (i)  =  c _ 1 ( i ) if  f(i)  —  j . Undetermined  values  o / a i , . . . , a j are  arbitrary. 
In particular  singleton s maintain  the  spirit  of  character  c.  That  is,  if  f(i)  /  j  for 
any i  G  c(s) (species  s  does  not  contain  any  state  mapped  to  character  j),  then  let 
aj (ctj(s))  =  {s}  (s  has  a  unique  state  for  aj). 

3 . 1 . P r o b l e m 1 : Separa t io n i n t o I  c o n v e x charac ters . 

Input: Se t S  o f tax a define d b y se t C  o f characters . 
Question: Ca n w e separat e eac h characte r int o a t mos t /  monomorphi c characters , s o 

that a  perfec t phylogen y exist s fo r th e derive d se t o f monomorphi c charac -
ters? 

Due t o inadequat e historica l evidence , inpu t da t a ma y no t reflec t th e actua l 
degree o f polymorphism. Separatio n ma y b e necessar y t o obtai n convexit y eve n i f al l 
input character s appea r monomorphic . Fo r example , conside r fou r language s wit h 
three characters : A  =  (1 , 2,1), B  =  (1 , 2, 2), C =  (1 , 2 ,1), D  =  (1 , 2, 2). Suppos e th e 
first tw o character s convolv e (meaning s merge ) an d linguist s detec t onl y one of thes e 
characters fo r eac h language . Thi s polymorphi c characte r appear s monomorphic : 
A =  (1 ,1) , B =  (1 , 2), C =  (2 ,1) , D -  (2 , 2). Ther e i s n o perfec t phylogen y fo r thi s 
set, bu t w e ca n separat e th e first  characte r int o tw o suc h tha t ther e i s a  perfec t 
phylogeny: A  -  (1 , a, 1) , B =  (1 , 6, 2), C =  (c , 2 ,1), an d D  -  (d , 2, 2). Becaus e o f 
lost information , w e canno t completel y determin e th e inferred  character s a, - (henc e 
the us e o f singletons) . 

Licensed to AMS.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/publications/ebooks/terms



46 MARI A B O N E T , CYNTHI A PHILLIPS , TAND Y WARNOW , AN D SHIB U Y O O S E P H 

DEFINITION 3 . A  tree T which  has  polymorphic characters  is  said to have loa d 
/ if  for every  character  c  £ C and  every v  G V(T), \c(v)\  <  I. 

3.2. Proble m 2 : /-loa d perfec t phylogeny . 

Input:: Se t S of taxa denne d b y set C of (possibly) polymorphi c characters . 
Question:: Doe s an /-load perfec t phylogen y exist ? 

We now state the Theorem tha t show s that th e two problems are in fact equiv -
alent. 

THEOREM 4 . Given  a  set of taxa defined  by  a set C of  polymorphic characters, 
T is  an l-load perfect phylogeny for C if and only  if we can separate each  polymorphic 
character into  at  most  I  monomorphic  characters  such  that  T  is  also  a  perfect 
phylogeny for  the derived set  C f. 

4. Inferrin g Perfec t Phylogenie s fro m Polymorphi c Character s 

When the maximum permissible loa d for each characte r i s not given, the prob-
lem of inferring perfec t phylogenie s is best state d a s a minimum load  problem. Thi s 
is addressed i n Section 4.1 . Whe n the maximum permissible load for each characte r 
is given, w e have tw o algorithms which can construct perfec t phylogenies ; bot h are 
efficient whe n th e number o f characters i s small. Thes e algorithm s ar e presente d 
in Sectio n 5 . When th e character se t includes a  sufficient numbe r o f monomorphic 
characters, we hav e a third algorith m whic h combine s techniques for monomorphi c 
and polymorphi c characters . Thi s algorith m i s presented i n 5.3 . 

4.1. Mi n Loa d Problems . Whe n convexity of the monomorphic constituent s 
of the polymorphic character s i s a reasonabl e request , w e may seek a  tre e wit h a 
pre-specified loa d bound , o r else we may see k a  tree wit h a  minimum possible loa d 
bound. W e cal l the latter proble m th e Minimum Loa d Problem . 

We not e tha t th e Minimum Loa d Proble m i s NP-hard , sinc e th e question o f 
whether a  l-loa d Perfec t Phylogen y exist s i s NP-Complet e [2 , 12] . Th e 2-loa d 
Perfect Phylogen y Problem is the next question to consider. Th e various parameter s 
to th e proble m ar e n , th e numbe r o f species ; k,  th e numbe r o f (polymorphic ) 
characters; an d r, the maximum number o f states pe r character. 

THEOREM 5 . ( i) : The  Min Load Problem can  be  solved in polynomial time 
for all  fixed n. 

(ii): The  Min Load Problem  can  be solved in polynomial time  when  r  — 2. 
(iii): The  Min Load Problem is  NP-hard for  all  fixed k. 
(iv): The  Min Load Problem  is  NP-hard for  all  fixed r > 3 . 
(v) : Determining  whether  a  2-load perfect  phylogeny  exists  is  solvable in  poly-

nomial time  for  all  fixed n. 
(vi): Determining  whether  a  2-load perfect phylogeny  exists  is  solvable in poly-

nomial time  for  r — 2. 
(vii): Determining  whether  a  2-load perfect phylogeny  exists  is  solvable in poly-

nomial time  for  all  fixed k. 
(viii): Determining  whether  a  2-load perfect  phylogeny  exists  is  NP-complete 

for all  fixed r > 3 . 

This theore m show s tha t any  polynomial tim e algorith m requires  both k  and / 
bounded (unde r P  ^  NP  assumption) . W e note her e tha t i f r i s bounded the n /  is 
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also bounded . Thu s th e cas e o f bounded k  an d r  i s reduce d t o solvin g th e cas e o f 
bounded k  an d L 

5. Algorithm s fo r Perfec t Phylogenie s fro m Polymorphi c Character s 

In this sectio n w e present th e tw o algorithm s fo r inferrin g perfec t phylogenie s 
from polymorphi c data when we know the load bound. Althoug h th e algorithms we 
will present assum e a  universal load bound , thes e algorithm s can b e easily modifie d 
to allo w individua l loa d bound s fo r eac h character , an d wil l achiev e comparabl e 
running times . Fo r th e sak e o f clarity , w e wil l present thes e algorithm s a s thoug h 
the loa d boun d i s th e sam e fo r eac h character ; th e runtime s o f thes e algorithm s 
when implemente d t o handl e variabl e constraint s ar e give n withi n thei r respectiv e 
sections. 

5.1. A  Combinatoria l Algorith m fo r fixe d k  an d / . Th e algorith m 
we presen t i s a n extensio n an d simplificatio n o f th e algorith m o f Agarwal a an d 
Fernandez-Baca [1] . Fo r th e remainde r o f thi s sectio n th e ter m perfect  phylogeny 
refers t o a n /-loa d perfec t phylogeny . 

Because eac h characte r ha s onl y r  state s an d eac h nod e ca n choos e a t mos t I 
of these i n a n /-loa d perfec t phylogeny , th e numbe r o f possibl e label s fo r node s i n 
the tre e i s 0(r lk). Le t u s cal l thi s se t S* , an d not e tha t S  C  S*  (sinc e otherwis e 
some nod e i n S  ha s loa d greate r tha n /) . I n contras t t o th e algorith m i n [1] , we 
do no t requir e tha t th e interna l node s b e labelle d distinctl y fro m th e specie s i n 5 , 
and instea d will  permit specie s i n S  t o b e interna l node s becaus e w e can transfor m 
any perfec t phylogen y in which som e species i n S  labe l internal node s into a perfec t 
phylogeny i n whic h al l specie s labe l leave s b y attachin g a  lea f fo r s  t o th e interna l 
node labelle d b y s. 

We need som e preliminary definition s an d facts . 

DEFINITION 6 . The  Extende d Hammin g distanc e of  e  —  (x,y)  is 
Ylcec \ c(x)^c(y)\> where  A  denotes  the  symmetric  difference.  However,  we  will 
call this  the  Hammin g distance , understanding  this  to  refer  to  the  extended  Ham-
ming distance. 

We not e tha t i f a  perfec t phylogen y exist s fo r 5 , the n on e exist s wher e th e 
Hamming distanc e o n an y edg e i s exactl y one . W e wil l see k a  perfec t phylogen y 
with this property. Workin g with such perfect phylogenie s allows us to quickly solve 
subproblems, becaus e i t limit s th e numbe r o f way s a  (maximall y refined ) perfec t 
phylogeny ca n b e constructed . 

DEFINITION 7 . (See  [6])  Given x  E  S*, the  equivalence  relation  E x is  the  tran-
sitive closure  of  the following relation  E' x on  S~{x):  aE xb if  there  exists  character 
c such  that  (c(a)  C\  c(b)) —  c(x)  ^  0 . We  denote  this  set  of  equivalence  classes  by 
(S-{x})/x. 

Some fact s follo w fro m thi s definition . Le t x  b e a n interna l nod e o f a  perfec t 
phylogeny T . 

Fact 1 : Tw o species in S  whic h are in the same equivalence class of (5— {x})/x 
must b e i n th e sam e componen t o f T  —  {x}. 

Fact 2 : I f a  perfec t phylogen y exist s fo r S  U  {x}, the n ther e i s a  perfec t 
phylogeny T  i n whic h th e component s o f T  —  {x} hav e lea f set s whic h ar e th e 
components o f ( 5 —  {x})/x. 
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Fact 2 does not necessarily hol d simultaneously for al l internal nodes of a perfec t 
phylogeny T . Instea d th e following fac t i s true fo r every interna l nod e o f T. 

Fact 3 : Consider T  as rooted at x. Le t G be an equivalence class of (S— {x})/x, 
and le t y = ICCLT(G).  Le t v b ea nod e o f T o n the path fro m x  and y (thu s v  = x 
or v  =  y  i s also possible) . The n ther e exis t Hi, ... ,  Ht in (S  —  {v})/v  suc h tha t 
# i U  •  • •  U Ht =  G. 

We no w present a  dynami c programmin g algorith m fo r constructin g perfec t 
phylogenies fro m polymorphi c data . W e define th e search  graph  SG —  (V, E) a s 
follows. Eac h verte x i n V  i s associated wit h a  pai r [G,z] , wher e G  = S  o r G  G 
(S — {x})/x, an d represents th e question: Does  GU{x} have  a  perfect phylogeny?". 
The edges of the search grap h are of the form ([G , x][S, a?]), and all pairs of the for m 
( [ G I , E I ] , [G2 , £2]) wher e G\  C  G2 and x\ an d E 2 satisf y Y^cec  \ c(xi)Ac(x2)\ —  1 . 
There ar e 0(r/ fc) node s of type [5 , x], and 0(nrlk) o f type [G,x]  (because ther e are 
at mos t n  equivalenc e classe s i n (S  —  {x})/x).  Also , ther e ar e 0(nr '* ) edge s of 
type ([G , z][S, z]), and 0(nlkrlk+1) o f type ([Gi,xi],  [G2 , £2])? since th e outdegree 
of every nod e i s at mos t Ikr. 

DEFINITION 8 . Given  a  node  [G , x], a  set of  nodes [Hi,  y], [5*2, y]» • • •  > [-Hp? y] 
such that  (a)  Hamming(x,y)=l and  (b) U{H{ = G  is  called  a bundle. 

There can be multiple bundles going into [G, a;], corresponding to the maximally 
refined perfec t phylogenie s of G U {x}. I f [Hi,  y] , [H2, y], • .. , [#p, y] is a bundle for 
[G, a;] and al l the subproblem s hav e perfec t phylogenies , the n ther e i s a  perfec t 
phylogeny fo r GU {x} wit h subtree s T , labelled b y Hi. W e can also have a  bundl e 
of just on e edge (i.e . ([G,y],[G,x])) ; such a bundle indicates the existence of a perfec t 
phylogeny T  for G U {y} in which th e node correspondin g t o y has only one child. 
This i s necessary i f we require al l edges t o have Hammin g distance 1 . 

5.1.1. The  Algorithm  PHYLOGENY(S).  Firs t creat e th e searc h grap h G S-
For eac h nod e [G , z], determin e it s bundles . Not e tha t som e incomin g edge s 
([Gi, a?i], [G, x]) ma y not correspon d t o an y bundl e becaus e ( 5 — {£i})/# i doe s 
not hav e th e proper for m (i.e . G may not be the union o f a subset o f the compo-
nents o f (5 — {xi})/xi).  Remov e suc h edges . No w for each bundle , comput e the 
size of the bundl e (numbe r o f edges) &, - an d set a counter count, - equa l t o &,-. Eac h 
node [Gi , xi] tha t i s a predecessor o f node [G2 , £2] is given a pointer t o the counter 
for it s bundle. W e initialize a queue o f "true" node s a s empty. 

We locate eac h nod e [G , x] with \G\  = 1, mark i t as "true" , and place i t in the 
queue. W e then pul l a node [Gi , xi] out of the queu e and process i t as follows. For 
each edg e in the search grap h ([Gi , xi], [G2, £2]), we decrement th e counter fo r the 
appropriate bundl e int o [G2 , £2]- I f the counter i s decremented t o 0, then al l edges 
of the bundl e hav e been se t to true and node [G2 , £2] is added t o the queue. Whe n 
we have processe d al l edges ou t of node [Gi , xi] we choose anothe r nod e fro m the 
queue an d continue. I f we ever tr y to enqueue a  nod e o f the form [S , £-], then the 
instance ha s a perfec t phylogeny . I f the queue i s emptied withou t eve r labellin g a 
node o f this for m a s "true" , the n ther e i s no perfect phylogeny . 

As we enqueue "true " nodes , w e build a  topolog y fo r a perfec t phylogen y for 
the subproble m represente d b y tha t node , ultimatel y buildin g on e for th e whol e 
problem i f it exists . W e denote th e topology o f the perfec t phylogen y fo r [G , x] by 
T[G, x].  W e enqueue [G , x] when a  bundle [Hi,  y],  [J5f2» y]» • • •  > [Hp, y] is found suc h 
that eac h [#«,y ] ha s been determine d t o be "true, " an d hence a  topology T[Hi,y] 
for eac h subproble m ha s already bee n determined . W e create a  new node v.  I f 
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x G  5 , the n w e labe l th e nod e x.  Otherwis e i t remain s unlabelle d fo r now . A 
method fo r labellin g thes e node s i s part o f the proo f o f Theorem 9  (which w e have 
omitted here) . W e take each o f the tree s T[H\,  y] , T[#2, y], • • •  , T[Hp, y] , merge th e 
roots int o a  singl e node , an d mak e thi s nod e a  chil d o f nod e v.  Onc e [G , x] ha s 
been enqueued , w e construc t th e tre e T[G,  x]  an d w e d o no t conside r an y mor e 
edges enterin g [G , x]. Thu s w e only comput e on e topolog y pe r "true " subproblem . 

LEMMA 1 . If  there  exists  a  perfect  phytogeny  for  S  U  {x}, then  the  algorithm 
PHYLOGENY assigns  true  to  [G , x], for each  G G  (S -  {x})/x. 

THEOREM 9 . The  algorithm  PHYLOGENY(S)  runs  in  time  0(r lk+1lkn), and 
returns "yes"  if  and  only  if  S  has  a  perfect phytogeny. 

Comment : Whe n individua l loa d bound s l c ar e given , th e algorith m ca n b e 
modified t o ru n i n 0(r L+1Ln), wher e L  =  Ylcec  '« • 

5,2. A  Graph-Theoreti c Algorith m fo r Fixe d k  an d / . I n thi s sectio n 
we give a  graph-theoretic algorith m fo r th e /-loa d perfec t phylogen y problem . Th e 
algorithm we present i s based upo n a  characterization o f intersection graph s derive d 
from /-loa d perfec t phylogenie s a s a  particula r kin d o f vertex-colore d triangulate d 
(i.e. chordal ) graphs . Base d upo n thi s characterizatio n w e will  deriv e a n efficien t 
algorithm fo r th e /-loa d perfec t phylogen y proble m whe n w e can fi x bot h I  and k. 

5.2.1. Preliminary  Definitions.  Le t G  = (V , E) b e a graph. A  vertex colorin g 
of G is a function color  :  V — • Z.  W e do not requir e tha t color  b e a  proper  colorin g 
(a colorin g function i s proper i f and onl y i f V(v, u) G  E, color(v)  ^  color(u)). 

The neighbou r se t T(v)  o f a  verte x v  i s th e se t o f al l vertice s i n th e grap h 
adjacent t o v.  A  verte x v  i s simplicia l i f T(v)  i s a  clique , i.e . al l vertice s i n T(v) 
are adjacent . 

Given a graph G  = (V , E) an d a  vertex colorin g c : V — • Z,  a  monochromati c 
clique i n G  i s a  cliqu e wit h verte x se t VQ  C V  suc h tha t color(v)  —  color(w) fo r 
all v,  w G  Vb. A  grap h G  =  (V , E) i s triangulate d i f i t ha s n o induce d cycle s o f 
size fou r o r greater . Give n a  vertex-colore d grap h G  =  (V , E), w e sa y tha t G  i s 
/-triangulated i f G is both triangulate d an d ha s n o monochromatic clique s of size 
greater tha n / . W e say tha t G  has a n Z-triangulatio n G f =  (V , Ef) i f E  C  E'  an d 
G' i s /-triangulated . 

Let /  =  (5 , C) b e a n inpu t t o th e phylogen y problem . Fo r a  G  G, w e defin e 
a,- =  {s  G  S :  i G  a(s)}. Th e Partitio n Intersectio n Grap h o f I  i s th e vertex -
colored grap h (G j =  (V,E),color)  define d b y V  =  {cti  :  a G  C},E =  {(ai,(3j)  : 
aiC\f3j ^  0 , where i  /  j  i f a =  (3}  and for a  ^  /5 , co/or(at) =  color  (a j) = £ color{(38). 
Note tha t becaus e th e input 7  can have load greater tha n one , the colorin g functio n 
color ma y no t b e proper . Thi s definitio n o f partitio n intersectio n graph s i s a n 
extension o f th e on e i n [7] . 

The mai n result s leadin g t o th e algorith m ca n b e paraphrase d a s follows : 

• Le t I  b e a n inpu t t o the /-loa d perfec t phylogen y problem . The n ther e i s an 
/-load perfec t phylogen y for I  i f and onl y i f the partitio n intersectio n grap h 
Gj ha s a n Z-triangulation . 

• Give n a  grap h G  whic h i s vertex-colore d usin g k  color s (no t necessaril y 
properly colored) , w e ca n determin e i n tim e polynomia l i n fixe d k  an d / 
whether G  ha s a n Z-triangulatio n an d construc t th e /-triangulatio n whe n i t 
does. 
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• Give n a n /-triangulatio n G f o f Gi,  w e can construc t a n /-loa d perfec t phy -
logeny i n polynomia l time . 

As a  consequence , w e wil l provid e a n algorith m fo r determinin g i f a n /-loa d 
perfect phylogen y exist s fo r k  polymorphi c character s define d o n n  specie s i n 
Odrk3!2)^1 +n(kl) 2) time. 

5.2.2. Characterization  of  I-triangulated  graphs.  Ther e i s a  wel l know n char -
acterization o f triangulate d graph s a s intersectio n graph s o f subtrees o f a  tre e [4] . 
In thi s section , w e wil l loo k a t a n extensio n o f thi s particula r characterizatio n fo r 
/-triangulated graphs . 

THEOREM 10 . Let  G  =  (V(G),E(G))  be  a  vertex-colored  graph.  Then  G  is 
I-triangulated if  and  only  if  there  exists  a  tree  T  =  (V(T),  E(T))  together  with 

functions ip  : V(G) — • {subtrees  ofT}  and  <j)  :  V(T) — • {maximal  cliques  of  G} 
such that 

1. (v , w) e  E(G)  iff  (p(v)  fl <p(w)  ^  0 
2. tp(v)  =  {ue  V(T)  :  v E  <t>(u)} 
3. V v G V(T),<j)(v) has  at  most  I  vertices  of  the  same  color 

THEOREM 11 . Given  an  instance  I  of  the  l-load  perfect  phylogeny  problem,  let 
Gi be  the corresponding  partition  intersection  graph.  Then  I  has  a  solution iff  Gj 
has an  l-triangulation. 

5.2.3. I-triangulating  a  vertex-colored graph.  I n this section we turn to the prob-
lem o f /-triangulatin g a  vertex-colore d graph . Th e solutio n t o thi s proble m make s 
use o f severa l propertie s o f triangulate d graph s an d als o o f a  particula r clas s o f 
triangulated graph s calle d fc-trees. 

Further definitions : Triangulate d graph s admi t orderings , vi,V2,. . . ,  v„, 
on th e verte x se t suc h tha t fo r eac h i , Ni  =  T(vi)  0  {vt+i , v,-+2,... ,  vn} i s a  cliqu e 
[5]. Thes e ordering s ar e calle d perfec t eliminatio n schemes . 

Consider a  grap h G  =  (V , E) wit h |V | =  n  >  k  tha t contain s a t leas t on e 
^-clique. Suc h a  graph G  is a fc-tree  i f the node s o f G  can b e ordered vi , ^ 2 , . .. ,  vn 

whereby Tc(vi)  C\  {v,-+i , u;+2> • • • , vn} i s a fc-clique for al l i  wit h 1  < i  <  n — k.  A 
fc-tree also ha s th e followin g recursiv e definition : th e complet e grap h o n k  vertice s 
is a  fc-tree;  i f G  =  (V , E) i s a  fc-tree,  an d S  C  V  i s a  fc-clique,  the n th e grap h 
formed b y addin g a  ne w verte x v  an d attachin g i t t o eac h verte x i n S  i s als o a 
fc-tree. Eac h fc-tree  ma y b e constructe d usin g severa l differen t sequence s o f thes e 
operations. Th e initia l se t S  C  V  i s called a  basi s fo r th e fc-tree. 

A se t 5 , o f vertices , o f a  grap h G  i s calle d a  vertex-separato r i f G  —  S  i s 
disconnected. 

For a  grap h G  —  (V, E) an d vertex-separato r S  C  V  wit h C  a  componen t o f 
G —  5 , w e defin e C  U  cl(S ) t o b e th e grap h forme d b y addin g t o th e subgrap h o f 
G induce d b y C  U  S sufficien t edge s t o mak e S  int o a  clique . Le t G  =  (V , E) b e a 
^-colored graph . W e say that G  is a (k,l)-partitio n intersectio n grap h i f (a) th e 
maximum monochromati c cliqu e siz e i s / , an d (b ) G  i s edg e covere d b y ^/-cliques . 
Note tha t th e maximu m clique siz e i n a  (fc , Z)-partition intersectio n grap h i s kl. 

The algorith m we present fo r /-triangulatin g a  vertex-colore d grap h i s based o n 
dynamic programming . I t i s based o n the algorith m o f [8 ] for triangulatin g colore d 
graphs. W e wil l need th e followin g lemm a in ou r algorithm . 

LEMMA 2 . Let  G  be  a  (fe , /)-partition intersection  graph.  Then  G  can  be  l-
triangulated if  and  only  if  there  exists  a  set  K  C  V  of  size  (kl  —  1) which  is  a 
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separator for  G  such  that  for  all  components  C  of  G  —  K, C  U  cl(K) can  be  l-
triangulated. 

PROOF. I t ca n b e show n tha t G  ha s a n /-triangulatio n if f i t ha s a n / -
triangulation (? ' which is a (kl  — l)-tree. I f such a  G f exists , then G'  ha s a separato r 
of size kl  —  1  which i s a  cliqu e b y [11] . Th e convers e i s straightforward. • 

We are thu s motivate d t o make th e followin g definition : 

DEFINITION 12 . Let  G  =  (V,E)  be  a  vertex-colored  graph  with  k  colors  and 
with maximum  monochromatic  clique  size  I.  A  potential  basis  for  G f, the  l-
iriangulation of  G,  is  a  subset  Vo  C  V  such  that  (a)  \VQ\  =  kl  —  1 and  (b)  Vo 
is a  vertex  separator  for  G.  IfVoCV  satisfies  both  these conditions  then  we  say 
that Vo  is a  potential basi s for  G,  and  call  Vo a ph-set. 

Our dynami c programmin g algorith m will  solv e th e /-loa d proble m whe n th e 
input i s a (k,  /)-partition intersectio n graph . A s our inpu t graph s may not b e (fc , /)-
partition intersectio n graphs , w e need th e followin g result : 

LEMMA 3 . Let  G  =  (V , E) be  vertex-colored with  a  coloring function color  (us-
ing k  colors)  and  assume  that  the  maximum  monochromatic  clique  size  is  I.  Then 
there exists  a  (fc, l)-partition intersection  graph  Gf —  (V, E r) such  that  the  following 
is true: 

• For  every  pb-set  S  C  V  containing  (k  —  1 ) colors  and  every  component  C 
of G' —  S, C  U  S has  all  k colors  present, 

• G  can  be  I-triangulated if  and  only  if  G'  can  be  I-triangulated, and 
• The  number  of  vertices  in  G'  is  \V\  +  \E\(kl  —  2). 

We now have the basis for an algorithm for computing /-triangulations of vertex-
colored graphs : 
Algorithm B : /-triangulatin g k- colored graph s 

Step 1: : Embe d G  in a  (k,  /)-partition intersectio n graph , G' . 
Step 2: : Comput e al l pfr-sets Vo  C V(G') y an d al l component s C  o f G'  —  Vo. 

The subproblem s C  U  cl(Vo) ar e the n bucke t sorte d b y size . 
Step 3: : Us e dynami c programmin g t o determin e th e answer s fo r eac h sub -

problem i n turn . 
Step 4: : I f ther e i s a  pb-se t VQ  such tha t fo r al l component s C  o f G'  —  Vb , 

CUcZ(Vb) i s has a n /-triangulation , the n retur n (Yes) , els e retur n (No) . 
It i s clear tha t w e need t o indicat e ho w w e implement Ste p 3 . 

Solving Subproblem s usin g Dynami c Programming : W e have thus reduce d 
the proble m o f determining whethe r th e grap h G  ca n b e /-triangulate d t o lookin g 
at graph s o f the for m C  U cl(S), wher e S  i s a pfr-set , C  i s one o f the component s o f 
Gf —  5 , an d w e presume G'  t o b e a  (fc , /)-partition intersectio n graph . 

The followin g Theore m tell s u s whe n th e /-triangulatio n ca n b e done . 

THEOREM 13 . Let  G  =  (V,E)  be  a  (k,  I)-partition  intersection  graph  with 
\V\ >  kl  +  1 . Let  So  be  a  pb-set  and  let  C  be  a  component  of  G  —  So- Then 
C U  cl(So) can  be  I-triangulated if  and  only  if  there  exists  some  vertex  v  in  C  and 
a family of  pb-sets F  such  that  the  following is  true: 

1. For  each  M  G  F, M  C  So  U {v}, and  M  is  a  separator  for  C  U  cl(So) and 
forG, 
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2. For  each vertex x  G  So there is a Mx E  F and a component C x ofG—M x and 
ofCUcl(So) —  Mx such  that  \C X\ < \C\ and CxUcl(Mx) can  be I-triangulated. 

3. Every  edge  in C is  in exactly  one  Cx given  above. 

We can now conclud e wit h ou r final theorem . 

THEOREM 14 . Let G —  (V, E) be  a (fc , I)-partition intersection  graph  and  let 
S C  V be  apb-set and  C be  a component of  G — S. Then  we  can determine  whether 
C U  cl(S) can  be I-triangulated simply  by  knowing the  "answer"  for  each  smaller 
graph of the form C f U cl(Sf), where  Sf is  a pb-set and  C' is  a component of  G — S'. 

We summarize wit h th e following: 

THEOREM 15 . Let G — (V,E) be  a (k, I)-partition intersection  graph.  We  can 
in 0 ( | V | H + 1 ) time  determine  whether  G  can  be I-triangulated, and  produce the 
l-triangulation when  it  exists. 

5.2.4. Summary  of  the  algorithm  to  solve  the  I-load  perfect  phylogeny  prob-
lem. Give n I,  comput e th e Partitio n Intersectio n Graph , Gi,  an d embed Gi  i n 
a (fc , Z)-partition intersectio n grap h G'j.  Us e Algorithm B  to determine i f G\ can 
be /-triangulated , an d compute th e triangulation G'j  if it exists . I f there i s no l-
triangulation, Retur n No . Else , us e G'{ to compute th e /-load perfec t phylogen y 
T. 

THEOREM 16 . The  l-load perfect phylogeny  problem  can  be  solved and the l-load 
perfect phylogeny  constructed  (when  it  exists)  in  0(nk2l2 +  (rk 3l2)k1+1) time. 

Comment: I n the case wher e individua l loa d bound s l c ar e given, th e algo-
rithm can be modified t o run in 0(nL2 - f (rkL2)L+1), wher e L  = ^2cec ^ * 

5.3, Inferrin g Perfec t Phylogenie s fro m Mixe d Data . I n the previou s 
section w e presented tw o algorithms for inferrin g perfec t phylogenie s from polymor -
phic characte r data ; thes e algorithm s ha d running time s whic h wer e exponentia l 
in Z , wher e L  =  Ylc^c  k > anc ^ k ls  th e load boun d fo r the character c . W e ca n 
use thes e algorithm s directl y fo r set s o f character s whe n som e o f the character s 
are monomorphi c and some are polymorphic, bu t the expense woul d b e too large. 
This follow s sinc e i n typica l dat a sets , th e number o f characters k  i s the larges t 
parameter, ofte n i n the hundreds o r thousands ; sinc e L  >  k,  algorithm s tha t ar e 
exponential i n L  ar e prohibitivel y costly . Instead , w e propose a  metho d whic h 
should b e efficient whe n th e number o f monomorphic character s i s sufficient t o re-
duce th e number o f minimal perfec t phylogenie s t o a smal l number . I n practice , 
as th e majority o f the characters wil l b e monomorphic , thi s i s likely t o be ver y 
efficient. Th e method w e propose involves two steps, and is efficient whe n the num-
ber o f minimal perfec t phylogenie s generate d fro m th e monomorphic character s is 
small. 
Algorithm C: 
Step 1 : Infe r al l minimal perfec t phylogenie s fro m th e monomorphic characters , 
using [6]. 
Step 2 : Determin e whethe r an y of the minimal perfec t phylogenie s obtaine d i n 
Step 1  can be refined s o that eac h polymorphi c characte r i s convex on it within the 
specified loa d bound . 
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5.3.1. Discussion  of  Step  1:  Th e algorith m i n [6 ] ha s runnin g tim e whic h i s 
0 ( 2 2 r + r fc£+ 3 +  Mk mn), wher e M  i s th e numbe r o f minima l perfec t phylogenie s 
and k m i s th e numbe r o f monomorphic characters . Thi s i s theoretically expensiv e 
if r , th e numbe r o f states , i s to o large ; however , i n practice , th e algorith m work s 
quickly a s lon g a s no t to o man y o f th e character s hav e larg e numbe r o f states . 
Also, i n practice , a s lon g a s th e monomorphi c character s ar e independen t o f eac h 
other an d compris e a  suitabl y larg e set , ther e wil l be ver y fe w perfec t phylogenies . 
Thus, w e expec t Ste p 1  to b e ver y fast , an d t o produc e ver y fe w minima l perfec t 
phylogenies. 

5.3.2. Discussion  of  Step  2:  W e consider th e followin g problem : 
Problem: Refining  a  tree 

Input:: Leaf-labelle d tre e T , an d se t C  o f polymorphi c characters , eac h wit h 
an individua l loa d bound . 

Question:: Doe s a  perfec t phylogen y T f exis t fo r th e polymorphi c characters , 
subject t o th e constrain t tha t T'  i s a  refinemen t o f T ? 

Algorithm D : 
For eac h interna l v  £  T  whic h ha s degre e greate r tha n 3 , do: 

1. Le t T(v)  =  Ti(v)UT2(v)  wher e Ti(v)  consist s of all the neighbours of v which 
are leave s an d ^(w ) consist s o f al l th e non-lea f neighbour s o f v.  Fo r eac h 
v>j G  ^2(v) ad d a n e w nod e Wj  on th e edg e (v,  Uj). Comput e th e labellin g of 
Wj so as to make every characte r conve x (eac h characte r mus t contai n ever y 
state tha t appear s o n bot h side s o f Wj). 

2. I f som e new nod e ha s a  loa d fo r a  characte r tha t exceed s th e state d boun d 
for tha t character , RETURN(No) . Le t S v =  Ti(v)  U  {WJ\WJ i s a  ne w nod e 
and Wj  i s a  neighbo r o f v}.  Us e an y o f th e algorithm s fro m Sectio n 5  t o 
determine i f ther e i s a  perfec t phylogen y fo r (S v, C).  I f any (S„ , C) fail s t o 
have a  perfec t phylogen y the n RETURN(No) , els e RETURN(yes) . 

THEOREM 17 . Algorithm  D  correctly  determines  whether  a  perfect  phylogeny 
T' exists  refining  T  within  the  stated  load  bounds,  and  can  be  modified to  produce 
the perfect  phylogeny  T " in  time  ram{0(r L+1 Ln 2), 0(n 2L2 +  n(rfc£ 2)L + 1)}. 

In Algorithm  D,  i f \S V\ i s smal l the n i t ma y b e cheape r i n practic e t o loo k a t 
all possible leaf-labelle d topologie s o n S v rathe r tha n us e th e algorithm s of Sectio n 
5 to determin e th e existenc e o f perfect phylogenie s o n S v. 

6. Polymorphis m i n Linguistic s 

Properly chose n an d encode d character s i n Linguistic s hav e bee n show n t o b e 
convex o n the tru e tree , s o that wit h prope r scholarshi p w e should b e abl e t o infe r 
a perfect  phylogeny.  I n recen t wor k o n an Indo-Europea n dat a set , [13 ] found tha t 
there wa s extensiv e presenc e o f polymorphi c character s (3 5 ou t o f 22 0 character s 
were polymorphic) . Th e degre e o f polymorphis m fo r eac h polymorphi c characte r 
could b e determine d fro m th e dat a wit h hig h confidence , s o tha t th e questio n o f 
inferring th e correc t tre e amounte d t o determining i f a perfec t phylogen y existe d i n 
which each character wa s permitted a  maximum degree of polymorphism (i.e . load ) 
on the tree . Figur e 1  shows th e tre e tha t the y no w posit . Thi s was obtained usin g 
Algorithm D , whic h w e describe d earlier . Thi s tre e i s infac t differen t fro m thei r 
earlier hypothesi s (whic h wa s presente d a t th e NA S Symposiu m o n th e Frontier s 
of Scienc e i n Novembe r 1995 ) an d als o th e tre e tha t wa s presente d i n [3] . Thi s 
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tree ha s bee n obtaine d a s a  resul t o f usin g mor e data . Thi s tre e show s a  limite d 
support fo r Indo-Hittit e hypothesi s (tha t is , th e firs t subfamil y t o brea k of f fro m 
the roo t o f th e Indo-Europea n evolutionar y tre e shoul d b e th e Anatolia n branch) , 
moderate suppor t fo r th e Italo-Celti c hypothesi s (tha t is , Itali c an d Celti c shoul d 
be sister s withi n th e tree , an d withou t a  thir d sister) , an d a  significan t suppor t fo r 
a subgrou p o f Greek an d Armenian . 

HITTITE 

TOCHARIAN B 

ITALIC CELTI C 

ALBANIAN 

GREEK ARMENIA N 

OLD CHURC H LITHUANIA N VEDI C AVESTA N 
SLAVIC 

FIGURE 1 . Th e tre e o n the Indo-European dat a set . Albania n ca n 
be o n an y o f th e thic k edges . Th e tre e jus t indicate s a  roote d 
topology withou t an y edg e lengths . 

7. Conclusio n 

In thi s pape r w e introduce d a n algorithmi c stud y o f th e proble m o f inferrin g 
evolutionary tree s i n th e presenc e o f polymorphi c characters . Th e result s o f ou r 
analysis o f th e dat a se t studie d b y Warnow , Ring e an d Taylo r ha s le d t o a  ne w 
hypothesis fo r th e evolutio n o f th e Indo-Europea n languages . 
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Reconciled Tree s an d Incongruen t Gen e an d Specie s Tree s 

Roderic D . M. Pag e an d Michae l A . Charlesto n 

ABSTRACT. W e present a  metho d fo r visualisin g and quantifyin g th e relation -
ship between a  pair of gene and species trees that construct s a third tree terme d 
the reconcile d tree . Give n a  gen e tre e an d a  specie s tre e th e reconcile d tre e 
represents th e histor y o f th e gen e tre e embedde d withi n th e specie s tree . Th e 
reconciled tre e i s constructe d fro m on e o r mor e subtree s o f th e specie s tree , 
and contain s th e gen e tre e a s a  subtree . Th e relationshi p betwee n th e gen e 
and specie s tre e ca n b e expresse d in term s o f th e numbe r o f gene duplication s 
and gen e losse s required t o construc t th e reconcile d tree . Thi s numbe r ca n b e 
used a s a n optimalit y criterio n for selectin g the specie s tree tha t bes t account s 
for th e observe d gen e tree . 

Introduction 

The ke y assumptio n tha t motivate s molecula r systematic s i s tha t evolution -
ary tree s fo r gene s als o contai n informatio n abou t th e evolutionar y relationship s 
of organisms . Indeed , i t i s ofte n assume d tha t gen e tree s an d specie s tree s ar e 
isomorphic; onc e th e gen e tre e i s obtaine d th e specie s tre e ca n b e obtaine d sim -
ply b y relabellin g th e leave s o f th e gen e tre e wit h th e name s o f th e correspondin g 
species. However , tw o observation s contradic t thi s assumption : (1 ) specie s ma y 
contain mor e tha n on e cop y o f th e sam e gene , an d (2 ) differen t gen e tree s ma y 
imply differen t specie s trees . I f tw o o r mor e copie s o f th e gen e ar e sequence d the n 
relabelling th e gen e tre e wit h th e specie s name s will  resul t i n som e specie s occur -
ring mor e tha n once . I n thi s cas e ther e i s n o longe r a  one-to-on e correspondenc e 
between th e gen e and specie s trees , raisin g the proble m of how to extrac t th e latte r 
from th e former . I f differen t gen e tree s suppor t differen t specie s tree s (tha t is , th e 
gene tree s ar e incongruent ) the n thi s raise s th e questio n o f ho w t o choose  amon g 
these alternativ e specie s trees . 

Our goa l in this pape r i s to outline a n approac h fo r visualisin g the relationshi p 
between gen e and specie s trees . Thi s method employ s a third tre e which we call th e 
reconciled tree . Th e term comes from Goodman' s goal [7 ] of reconciling incongruen t 
gene and specie s trees . Th e reconcile d tre e correspond s t o a  map between th e gen e 
and specie s tre e whic h associate s eac h nod e i n th e gen e tre e wit h a  nod e i n th e 
species tree . Unles s th e reconcile d tre e i s identica l to , o r a  subtre e of , th e specie s 
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tree the n th e reconcile d tre e ha s associate d wit h i t a  cos t tha t i s th e su m o f 
the numbe r o f gene duplicatio n an d gen e los s events require d t o reconcil e th e gen e 
and specie s trees . Give n tha t w e can comput e th e "cost " o f reconciling a  gen e an d 
species tree , thi s cost ca n be used a s an optimality criterion for choosin g the specie s 
tree tha t yield s th e leas t costl y reconcile d tre e fo r a  give n gen e tree . Becaus e o f 
the vas t numbe r o f evolutionar y tree s fo r eve n a  fe w specie s [6 ] w e wil l typicall y 
need t o rel y o n heuristic s t o searc h fo r optima l specie s trees . W e outlin e th e us e 
of technique s fo r characteristin g th e searc h landscap e tha t allo w insigh t int o th e 
performance o f variou s searc h strategie s fo r findin g th e optima l specie s tree . W e 
use thi s techniqu e t o reanalys e th e 5 3 gene tree s studie d b y Guig o et  al.  [8] . 

To avoid potential confusion i t i s useful t o clarify ho w this approach differ s fro m 
consensus method s [1 , 11 ] whic h i t superficiall y resembles . Consensu s method s 
operate o n tw o or more trees wit h th e same termina l label s and ar e use d t o displa y 
the exten t t o whic h tw o o r mor e tree s agre e o n relationship s amon g th e sam e se t 
of objects . Reconcile d trees , however , operat e o n tree s fo r differen t entitie s (e.g. , 
genes and organisms ) whic h are i n some sense associated (i t i s this association tha t 
allows us t o compar e th e tree s b y establishin g a  relationshi p betwee n th e termina l 
labels i n th e tw o trees) . Furthermore , a  reconcile d tre e result s fro m embeddin g 
one tre e int o another . I n a n importan t sense , whic h w e elaborat e o n below , th e 
reconciled tre e combine s informatio n fro m bot h th e tree s bein g compared , unlik e 
consensus method s whic h represen t onl y share d information . 

Maps betwee n tree s 

Central t o th e concep t o f a  reconcile d tre e i s th e notio n o f a  ma p betwee n 
two trees . Thi s ide a wa s firs t introduce d b y Goodma n et  al  [7 ] an d ha s recentl y 
attracted renewe d attentio n [4 , 8 , 13 , 16] . Fo r simplicity , le t u s initiall y assum e 
that w e have only a single gene in each o f our study species . T o distinguish betwee n 
genes an d specie s w e wil l us e th e conventio n o f labellin g specie s b y th e letter s 
a, 6, c , . . ., an d th e gene s fro m thos e specie s b y 1,2,3, . . . , wher e gen e 1  i s fro m 
species a , gen e 2  fro m specie s b , an d s o on . Le t G  b e a  binar y gen e tre e fo r n 
sequences obtaine d fro m n  species , an d S  b e th e binar y specie s tre e (Figur e 1) . 

a b e d 

1 2 3  4  a b e d 

\y \ y 
\ /23 4 \  /bed 

1234 abed 

G S 

FIGURE 1 . Exampl e gen e an d specie s tree s G  an d S 
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For an y nod e g  G  G , le t r)(g)  b e th e se t o f specie s i n whic h occu r th e extan t 
genes descendan t fro m g.  Also , fo r an y g  G  G, le t M{g)  G  S  b e th e smalles t nod e 
in S  tha t include s # , tha t i s th e smalles t cluste r satisfyin g rj(g)  C  M(#) . Th e nod e 
M(g) G  5  correspond s t o th e mos t recen t commo n ancesto r o f al l th e specie s i n 
which eithe r g  (i f g  i s a  leaf ) o r al l th e gene s descendan t fro m g  occur . Th e m a p 
between th e interna l node s i n th e tw o tree s i n Figur e 1  i s show n i n Figur e 2 . 

F I G U R E 2 . Mappin g fro m gen e tre e G  int o specie s tre e S. 

Constructing a  m a p amount s t o findin g fo r eac h nod e g  G  G  th e mos t recen t 
common ancesto r o f al l th e specie s containin g gene s tha t descen d fro m g.  I n th e 
example i n Figur e 2 , th e descendant s o f # 3 ar e foun d i n specie s b  and c , henc e # 3 
corresponds t o th e mos t recen t commo n ancesto r o f thes e specie s i n 5 , namel y 82. 

D u p l i c a t i o n s . I f eac h g  ha s a  uniqu e imag e M(g)  the n G  an d S  ar e sai d t o b e 
consistent I f G  an d S  ar e no t consisten t the n ther e wil l b e case s wher e mor e tha n 
one nod e i n G  map s ont o th e sam e nod e i n S.  Thes e case s ar e terme d duplications . 

D E F I N I T I O N 1 . A  duplicatio n is  an  internal  node  g  G  G  for  which  M(g)  — 
M(g\) or  M(g)  =  M(g r), where  g\  and  g r and  the  left  and  right  children  of  g, 
respectively. 

For th e tree s i n Figur e 2 , M{g2)  —  M(g^) =  82 , henc e ther e i s a  duplicatio n a t 

Reconciled t ree s 

Reconciling tw o incongruen t gen e an d specie s tree s require s postulatin g a  com -
bination o f gen e duplication s an d losse s [7] . A  duplicatio n result s i n tw o copie s o f 
the gene , henc e w e woul d expec t al l th e descendant s o f th e specie s lineag e i n whic h 
the duplicatio n too k plac e t o posses s thos e tw o copies . I f the y d o no t the n w e mus t 
postulate gen e losses . Figur e 3  show s th e gen e tre e G  fro m Figur e 1  embedde d i n 
its specie s tre e 5 , an d th e correspondin g reconcile d tree . 

The duplicatio n a t # 2 result s i n tw o pair s o f gen e lineages . Thre e gen e losse s 
(one eac h i n specie s 6 , c , an d d)  ar e require d t o accoun t fo r th e absenc e o f on e o r 
other o f th e tw o gen e lineage s i n thos e species . I f ther e ha d bee n n o gen e losse s 
then th e gen e tre e woul d compris e seve n leaves . Thi s complet e gen e tre e i s th e 
reconciled tre e [14 , 16] . 
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a b  c  (d)  (b)  (c)  d 
1 2 3  4 

8X * , 

G embedde d i n S  Reconcile d tre e 

FIGURE 3 . Embeddin g o f a  gen e tre e int o a  specie s tree , an d th e 
"unfolded" gen e tre e formin g th e reconcile d tree . 

The reconcile d tre e R  ha s tw o importan t propertie s whic h allo w i t t o depic t 
the relationshi p betwee n th e gen e an d specie s tree . Th e firs t propert y i s tha t 
the observe d gen e tre e i s a  subtre e o f th e reconcile d tre e (Figur e 3) . Th e secon d 
property i s tha t i f w e label eac h lea f o f th e reconcile d tre e wit h th e correspondin g 
species labe l the n th e cluster s o f th e reconcile d tre e ar e al l cluster s o f th e specie s 
tree (Figur e 4) . 

a b  c  (d)  (b)  (c)  d 

abed 

FIGURE 4 . Relabelle d reconcile d tree . 
Each cluste r i n th e reconcile d tre e i s als o a  cluste r i n th e specie s tree . 

However, wherea s i n S  th e cluster s o f an y tw o childre n o f a  nod e s  G  S  ar e 
disjoint, i n th e reconcile d tre e an y tw o chil d cluster s o f an interna l nod e r  E  R  ar e 
either disjoin t o r identical . Th e late r cas e correspond s t o a  duplication . 
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Computing number s o f losses . I f th e gen e tre e i s a  stric t subtre e o f th e 
reconciled tree , the n ther e mus t hav e bee n gen e losses . T o compute th e numbe r o f 
losses we can colo r th e leave s o f the reconcile d tre e wit h eithe r {1 } (presence ) o r 0 
(absence) o f th e gene . Eac h interna l nod e g  is assigne d th e colo r c g —  c gi U  c9r. I f 
cgi ^ c9r — 0  ^n e n o n e ° f ^ n e node' s children ha s los t a  gene. Henc e we can comput e 
the numbe r o f losses i n a  single post-order traversa l (i.e. , from lea f vertices t o root ) 
of th e reconcile d tree . I n example s w e hav e trie d thi s procedur e find s th e sam e 
number o f losses a s the formula e i n [8 ] and [13 ] which compute losse s a s a functio n 
of th e numbe r o f node s betwee n M(g)  an d M(gi)  an d M(g r) fo r eac h interna l 
node i n th e gen e tree . Fo r forma l proo f o f th e equivalenc e o f thes e measure s se e 
Eulenstein, Mirki n an d Vingro n (i n thi s volume) . 

Constructing th e reconcile d tree . I n a  reconcile d tre e a  duplicatio n i s 
indicated b y a  nod e whos e tw o childre n hav e th e sam e cluste r (Figur e 4) . Henc e 
the reconcile d tre e i s assembled fro m subtree s o f 5. Th e following i s a sketch o f the 
algorithm i n [16 ] fo r constructin g a  reconcile d tre e R  fo r gen e tre e G  an d specie s 
tree 5 : 

: Ste p 1 . Le t R  =  S.  Colo r eac h lea f i n R  wit h {1} . 

a b  c  d 

R 

FIGURE 5 . Ste p 1 : Eac h lea f i s colored wit h {1} . 

: Ste p 2 . Travers e G  i n preorde r (i.e. , fro m roo t t o lea f vertices) . Fo r eac h 
node g  tha t i s a  duplicatio n g o t o ste p 3 . I f th e tre e ha s bee n completel y 
traversed g o to ste p 5 . 

: Ste p 3 . Fin d th e nod e r  £  R  tha t correspond s t o M(g).  Cop y th e bubtre e i n 
5 roote d a t M(g)  an d ad d thi s t o R  belo w r . Insertin g thi s subtre e create s 
an additional node x  whic h corresponds t o the gen e duplication a t g.  Figur e 
6 shows thi s ste p fo r th e tree s i n Figur e 1 . 

: Ste p 4 . Colo r th e descendant s o f th e tw o subtree s roote d a t x  t o reflec t th e 
presence o f th e gene . Le t x\  an d x r b e th e lef t an d righ t childre n o f z , 
respectively. Fo r eac h termina l descendan t i  o f xj  £  i2 , i f i  G  v(gi)  the n 
color i t {1} ; otherwis e colo r i t 0 . W e revers e th e color s fo r x r, th e righ t 
child o f x. 

The interna l node s ar e colore d usin g th e rul e c g =  c gi U  c9r. Th e resul t 
of thi s ste p fo r th e tree s i n Figur e 1  is show n i n Figur e 7 , wher e •  =  {1 } 
and o  = 0 . Retur n t o ste p 2 . 
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a b  c  d  b'  c'  d' 

R 

FIGURE 6 . Ste p 3 : Addin g th e subtre e roote d a t M(g2). 

R 

FIGURE 7 . Ste p 4 : Colorin g th e reconcile d tree . 
The reconcile d tre e wit h node s colore d t o indicat e th e presenc e (e ) o r absenc e 

(o) o f a  gen e lineage . 

: Ste p 5 . Comput e th e numbe r o f losses a s describe d above . 

Properties o f reconcile d trees . Th e forma l propertie s o f reconcile d tree s 
have bee n littl e explored . On e possibilit y fo r thei r exploratio n i s modellin g the m 
using multisets [12 ] as sketched b y Page [16] . Clearl y the reconciled tre e for a  given 
G an d S  i s unique, bu t thi s i s not sufficien t t o guarante e th e followin g conjectures : 
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1. Th e reconcile d tre e R(G,  S)  minimise s th e su m d  o f duplications . 
2. Th e reconcile d tre e R(G,  S)  minimise s th e su m (d  +  I)  o f duplication s an d 

losses. 
3. Fo r a  give n G , al l S  tha t minimis e (d  +  I)  als o minimis e d. 

These question s ar e believe d t o b e ope n a t th e t im e o f writing , an d invit e 
investigation. 

Note tha t th e mathemat ica l result s presente d her e ar e no t restricte d t o binar y 
gene an d specie s trees . Th e mappin g an d constructio n o f reconcile d tree s i s well -
defined an d consisten t fo r polytomou s trees . ( A polytomou s tre e i s on e whic h 
contains interna l vertice s wit h degre e greate r tha n three. ) However , interpretatio n 
of such tree s mus t b e cautious . Ther e ar e tw o possible interpretation s o f polytomies : 
hard an d soft  [10] . 

All the immediat e descendent s o f a hard polytom y ar e assume d t o hav e diverge d 
at th e sam e t ime , wherea s i n a  sof t pol y tomy th e descendant s ar e assume d t o hav e 
diverged a t different , unknown , times . 

E m b e d d i n g s u b t r e e s . I f w e ar e comparin g mor e tha n on e gen e tre e wit h a 
species tre e the n i t wil l ofte n b e th e cas e tha t no t al l th e gene s ar e know n i n al l th e 
species o f interest . Whil e th e algorithm s fo r mappin g tw o tree s an d fo r constructin g 
the reconcile d tre e ar e stil l applicabl e i n thi s case , th e numbe r o f losse s compute d 
needs t o b e interprete d carefully . Fo r example , i n th e algorith m give n abov e a  gen e 
tree fo r fou r gene s ma y b e perfectl y consisten t wit h a  large r specie s tre e (o n n  >  4 
species say) , bu t th e lac k o f gene s i n th e remainin g ( n —  4 ) o f thos e specie s wil l 
be counte d a s losses . Give n th e uneve n taxonomi c samplin g i n th e sequenc e da t a 
bases (e.g. , th e predominanc e o f mammal s amon g th e 10 1 genes i n th e SWISPRO T 
da ta bas e liste d b y Guig o et  al.  [8] ) a  mor e reasonabl e interpretatio n ma y b e tha t 
these specie s simpl y hav e no t bee n sequence d fo r tha t gene . 

One solutio n t o thi s proble m i s to construc t th e reconcile d tre e fro m th e subtre e 
that result s fro m prunin g th e specie s fo r whic h th e gen e locu s i s unknown . A n 
alternative i s t o introduc e a  thir d color , " ?" , fo r thos e leave s i n th e reconcile d 
tree tha t correspon d t o specie s tha t lac k an y representative s o f th e gene , tha t i s 
s £  (S  \G).  I f neithe r chil d o f g  ha s colo r "? " the n th e rul e presente d i n sectio n 
3.1 stil l applies . However , i f eithe r on e o f th e othe r child , bu t no t both , i s "? " the n 
g take s th e colo r o f th e othe r child . I f bot h childre n ar e "? " the n g  —  "? " Th e 
advantage o f constructin g th e reconcile d tre e fo r th e complet e se t o f specie s i s tha t 
the reconcile d tre e agai n highlight s thos e specie s whic h w e migh t expec t t o harbou r 
undiscovered sequence s relate d t o th e subse t o f know n sequences . Fo r a  differen t 
t reatment o f th e sam e proble m se e Mirki n e t a l [13] . 

K i n d s o f d u p l i c a t i o n s . Fo r eas e o f presentatio n s o fa r w e hav e considere d 
only th e cas e wher e eac h specie s ha s a  singl e gene , whic h i s the onl y cas e considere d 
by Guig o et  al.  [8 ] and Mirki n e t a l [13] . However , w e may hav e gen e tree s i n whic h 
more tha n on e sequenc e i s availabl e fro m th e sam e species . I n thi s instanc e ther e 
will b e on e o r mor e g  G  G wher e rj(gi)  O  rj(gr) ^  0 . However , w e ca n sho w tha t fo r 
any suc h nod e # , eithe r on e o r bot h o f it s childre n wil l m a p ont o th e sam e nod e i n 
the specie s tre e an d henc e b e correctl y interprete d a s a  gen e duplication : 

L E M M A 1 . For  g  £  V(G)  (V{G)  is  the  vertex  set  of  G)  with  children  g\  and  g r 

such that  rj(gi)  C\rj(g r) ^  0 , the  embedding  mapping  M  described  above  is  such  that 
either M(g)  —  M(gi) or  M(g)  —  M(gr) or  both. 
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P R O O F . Le t M(gi)  =  z , M(g r) —  y,  an d M(g)  =  z.  The n x  i s th e smalles t 
superset i n S  o f 77(0/) , y  i s th e smalles t superse t i n S  o f r)(g r), an d z  th e smalles t 
superset i n S  o f 77(g) . Choos e a  G  vidi)  ^v(9r)'  Suppos e tha t z  £  {x,y}.  The n 
we mus t hav e z  D  x  an d z  D  y  sinc e 5  i s a  tree . Sinc e a  G  #7 the n z  P i y =  0 , a 
contradiction. • 

H e u r i s t i c searche s fo r o p t i m a l spec ie s t ree s 

The cos t o f mapping a  gen e tre e int o a  specie s tre e ca n b e use d a s a n optimalit y 
criterion fo r choosin g amon g alternativ e specie s trees . I f the specie s tre e i s unknow n 
then a  natura l candidat e fo r i t i s th e tre e tha t yeild s th e leas t costl y reconcile d tre e 
[8, 16 , 19] . Give n th e larg e number s o f possibl e tree s fo r eve n moderat e number s 
of specie s [6 ] w e wil l usuall y hav e t o rel y o n heuristic s whic h d o no t guarante e t o 
find th e globall y optima l solution . 

One approac h i s t o searc h tre e spac e usin g tre e perturbation s suc h a s th e well -
known Neares t Neighbou r Interchang e (NNI ) [23] . A n initia l startin g specie s tre e i s 
chosen an d it s cos t i s compute d b y reconcilin g i t wit h th e gen e tree . Th e star t tre e 
is the n perturbe d i n searc h o f a  bette r tree . I f on e i s found , th e searc h continue s 
from th e bette r tree , repeatin g unti l n o perturbatio n produce s a n improvement . 
This strateg y o f hil l climbin g i s sensitiv e t o th e initia l startin g tree , an d t o th e 
conformation o f th e landscap e fo r th e proble m instanc e [3] . I n particular , i f th e 
search landscap e ha s severa l locall y optima l peak s th e heuristi c searc h ma y find 
a specie s tre e whic h i s locall y optima l bu t fa r remove d fro m th e globa l opt imum . 
This proble m ca n b e clearl y illustrate d usin g th e recen t stud y b y Guig o et  al.  o f 
53 gene s fro m a  rang e o f eukaryote s [8] . 

Eukaryote e x a m p l e . Guig o et  al.  too k 5 3 gen e tree s an d searche d fo r th e 
least-cost specie s tre e wit h whic h t o reconcil e them . 

Tree p e r t u r b a t i o n s a n d t h e searc h l a n d s c a p e . Takin g a  landscap e ap -
proach t o th e investigatio n o f tre e spac e i s a  fruitfu l metho d o f determinin g th e na -
ture o f phylogeneti c signa l i n a  da t a set . I n thi s sectio n w e describ e ho w landscape -
based method s wer e use d t o asses s th e ruggednes s o f th e landscap e o f th e solutio n 
space t o thi s proble m instance . 

We performe d 5 0 simpl e hill-climbin g heuristi c searches , wit h randoml y chose n 
starting trees , usin g eac h o f tw o set s o f tre e perturbation s t o mov e betwee n esti -
mated specie s trees . A t eac h ste p i n a  search , th e curren t tre e woul d b e perturbe d 
until eithe r a  bette r tre e (wit h lowe r tota l cost ) wa s found , o r al l instance s o f th e 
perturbat ion wer e trie d withou t success , a t whic h poin t th e searc h woul d b e halted . 
The initia l trees , chose n a t random , wer e identica l fo r th e tw o searc h strategies . 

The firs t tre e perturbat io n use d wa s Neares t Neighbou r Interchang e (NNI , [23] ) 
by itself ; th e secon d se t o f perturbation s (ALT ) alternate d betwee n NN I an d Cu t 
and Past e (C&P , als o know n a s Subtre e Prunin g an d Regraftin g o r SP R [22]) . 
Thus th e adjacencie s i n th e secon d landscap e include d thos e i n th e first . 

The NN I searc h wa s foun d t o b e markedl y poore r i n recoverin g least-cos t so -
lutions (trees ) t o thi s proble m instance : i n al l 5 0 NN I run s th e bes t tre e found , o f 
cost 171 , was obtaine d jus t once . Th e bes t tre e foun d usin g th e AL T metho d ha d a 
cost o f 15 9 (3 6 duplication s an d 12 3 losses) , whic h wa s obtaine d 6  times . Not e als o 
tha t al l bu t on e o f th e NN I searche s wa s les s successfu l tha n al l th e AL T searches . 
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Figure 8  shows the cost s of the bes t tree s found i n each o f the searches , fo r NN I 
and AL T methods , plotte d agains t maxima l steepes t clim b lengt h [3] . Fro m thi s 
figure w e ca n deduc e tha t th e landscap e induce d b y th e NN I adjacencie s i s mor e 
"rugged" tha n tha t induce d b y (NN I +  C&P ) a s wit h th e AL T search . 

Since ou r bes t tre e foun d wa s stil l obtaine d onl y 6  time s i n th e 5 0 runs , w e 
must stres s th e importanc e o f performin g multipl e searche s fro m rando m startin g 
points [9] . We cannot begi n t o have confidence i n the globa l optimality o f our bes t 
solutions found , unti l w e have encountere d the m man y times . 

450 
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• NN I 
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• • 
• •  • 
• •• • 

• •  • 
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climb length 

FIGURE 8 . Th e maxima l steepest clim b lengths fo r 5 0 NNI an d 5 0 
ALT searches . 

In th e abov e figure w e see the markedl y poore r performanc e o f simple NN I 
searching compare d wit h th e AL T search (q.v.) . I n 5 0 NNI searches non e 
found th e bes t foun d wit h th e AL T search. 

Guigo et  a/.'s preferred specie s tree is shown in Figure 9(a) , for which they foun d 
46 duplication s an d 10 1 losses . Usin g th e algorith m fo r constructin g reconcile d 
trees w e also found 4 6 duplication s bu t a n additiona l 4 4 losses , fo r a  tota l cos t o f 
46 + 14 5 =  191 . The sam e cost wa s found usin g formula from [13] , hence we suspect 
that Guig o et  aJ.' s value for th e losse s is an error . Guig o et  al  also report tha t thei r 
best specie s tre e i s wholly consisten t wit h 1 8 of the gen e trees , howeve r w e find i t 
is consistent wit h onl y 17 . 

Our bes t tre e foun d usin g th e AL T searche s ha s a  cos t o f 15 9 (3 6 duplication s 
+ 12 3 losses) an d i s consistent wit h 2 5 of the gen e tree s (Figur e 9(b)) . 

Using Page' s progra m COMPONEN T [15 ] w e found tha t th e Guig o et  al.  tre e 
is 7  NN I step s fro m thei r see d tre e (Figur e 9(c)) . Thi s distanc e i s substantiall y 
shorter tha n mos t o f our NN I climbs , but compariso n o f the searche s o n thi s basi s 
is confounde d b y th e differenc e i n countin g method s o f th e author s an d o f Guig o 
et al..  I t i s interestin g t o not e tha t th e bes t tre e foun d (Figur e 9(b) ) i n th e AL T 
searches i s 13 NNI steps from thei r see d tree , an d 1 5 NNI steps fro m thei r bes t tre e 
found, s o in a  very loos e sense th e heuristi c searc h strateg y adopte d b y Guig o et  al 
went i n th e wron g "direction " fro m th e see d tree . 
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FIGURE 9 . Thre e specie s tree s fo r th e 5 3 gene trees : (a ) Guig o et 
a/.'s tree ; (b ) ou r tree ; (c ) Guig o et  a/.' s see d tree . 

The bes t tree s found . A  mor e thoroug h searc h le d t o th e discover y o f 1 1 
more trees , eac h requirin g 3 6 duplication s an d 12 3 losses, an d whic h differe d onl y 
slightly fro m eac h other . Th e mos t biologicall y reasonabl e on e i s tha t show n i n 
Figure 9(b) . Th e Adam s consensu s tre e [2 ] o f thes e 1 2 tree s i s show n i n Figur e 
10(a), an d th e stric t consensu s i s in Figur e 10(b) . 
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FIGURE 10 . Adam s an d Stric t consensu s tree s 
of th e 1 2 least-cos t specie s tree s foun d fro m 5 3 gene trees . 

Note tha t o f th e origina l 5 3 gen e trees , onl y 4  ha d a  mollus c sequence , an d 
only one ha d a n Agnathan , s o it i s perhaps no t surprisin g tha t i t i s these tw o tax a 
whose positio n i s so odd i n th e optima l tree s w e found . 

Limitations 

Allele phylogenie s an d coalescence . I n thi s pape r w e have focussed o n in -
terpreting reconcile d tree s i n terms o f gene duplications an d losses . Descendant s o f 
one o r mor e gen e duplication s ar e paralogou s [5] . However , orthologou s sequence s 
(which b y definitio n hav e no t undergon e gen e duplication ) ma y als o b e presen t i n 
multiple copie s (alleles ) an d ma y yiel d gen e tree s whic h ar e discordan t wit h th e 
species tree . I n thi s contex t "duplications " inferre d b y th e reconcile d tre e ar e no t 
literally gene duplications; rather the y represen t coalescence s (instance s o f commo n 
ancestry) o f intraspecifi c allel e lineages . Rathe r tha n number s o f duplications an d 
lossess i t ma y b e mor e biologically meaningfu l t o coun t othe r aspect s o f the recon -
ciled tree , suc h a s th e numbe r o f time s a  pai r o f allele s fro m tw o differen t specie s 
fail t o coalesc e i n the immediat e ancesto r o f those species . Failure s o f the allele s t o 
coalesce, dept h t o coalescence , an d number s o f gen e lineage s presen t o n eac h edg e 
in th e specie s tre e ar e amon g th e parameter s tha t coul d b e readil y measured . 

Horizontal Transfer . Fro m a biological perspective perhap s th e greates t lim -
itation o f thi s approac h i s tha t i t exclude s an y possibilit y o f horizonta l transfe r o f 
genes between differen t specie s lineages [21] . Reconcile d tree s requir e tha t a  species 
always acquires it s genes from it s immediate ancestors , wherea s horizonta l transfe r 
implies tha t a  specie s ma y hav e acquire d a  gen e fro m another , contemporaneou s 
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lineage. Horizonta l transfe r introduce s ne w complication s because w e are no longer 
simply intereste d i n embeddin g on e tre e insid e another . I n particular , horizonta l 
transfer establishe s link s betwee n edge s o f th e specie s tree . Give n tha t horizonta l 
transfer mus t tak e plac e betwee n contemporaneou s lineage s no t al l th e possibl e 
pairs o f edge s wil l be vali d horizonta l transfers . Pag e [17 ] pointed ou t tha t trans -
fers canno t tak e plac e betwee n a  lineage and eithe r it s descendants o r it s ancestors . 
However, b y itsel f thi s rul e i s inadequat e t o ensur e tha t onl y logicall y vali d hori -
zontal transfer s ar e postulate d [20] . Conside r th e exampl e shown i n Figur e 1 1 of a 
species tre e wit h tw o possibl e horizonta l transfer s indicated . 

W 
FIGURE 11 . A  pai r o f incompatible horizonta l transfe r event s 

In each case  th e transfe r i s between a  pai r o f edges where neithe r edg e is ances-
tral t o the other , satisfyin g th e rule in [17] . However , considered togethe r thes e tw o 
horizontal transfer s ar e mutually incompatible , as they stand . Ther e i s no orderin g 
of the interna l node s o f the specie s tre e tha t wil l allow both switche s t o tak e plac e 
without on e transfe r goin g forward o r bac k i n tim e (Figur e 12) . 

Horizontal transfe r introduce s additiona l complexit y becaus e w e hav e t o con -
sider th e relativ e (temporal ) orde r o f interna l node s i n th e evolutionar y tree . Th e 
challenge i s t o develo p methodologie s whic h ar e capabl e o f dealin g wit h al l th e 
complexities introduce d b y horizonta l transfers . Thi s i s bein g undertake n b y th e 
authors an d i s intended t o b e include d i n th e nex t releas e o f TREEMA P [18] . 

Conclusions 

Reconciled tree s ar e a  simpl e way t o visualis e th e relationshi p betwee n a  gen e 
and a  specie s tree . B y displayin g th e complet e histor y o f th e gen e the y allo w u s 
to se e wher e gen e duplication s (bot h directl y observe d an d inferred ) occurred , an d 
which specie s migh t yiel d furthe r sequence s o f th e sam e gen e family . Fo r thes e 
reasons w e find the m mor e intuitiv e tha n th e labellin g schem e adopte d b y Mirki n 
et al.  [13] . Th e reconcile d tre e suggest s a  straightforwar d measur e o f the degre e o f 
fit betwee n a  gen e tre e an d a  species tree , namel y th e numbe r o f gene duplication s 
and gen e losses required t o reconcile th e tw o trees . Thi s measur e ca n b e used a s an 
optimality criterion fo r selectin g among competing species trees . However , searche s 
using this criterion mus t be conducted wit h care in order t o avoid suboptimal species 
trees. 
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Time 
0 - T -

1 -U 

2-4-

5-L-
FIGURE 12 . Tw o tempora l ordering s o f th e interna l node s o f th e 
tree i n Figur e 1 1 

The horizonta l transfer s si  an d 32 are incompatible becaus e ther e i s no or-
dering o f the internal node s o f the tre e i n Figur e 1 1 that wil l ensur e tha t 
both s i an d 82  take plac e betwee n contemporaneou s taxa . 

References 

[1] E . N. Adams. Consensu s technique s an d the comparison of taxonomic trees . Systematic  Zo-
ology, 21:390-7 , 1972 . 

[2] E . N. Adams. N-tree s a s nestings: Complexity , similarity , and consensus. Journal  of  Classi-
fication, 3:299-317 , 1986 . 

[3] M . A. Charleston . Toward s a  characterizatio n o f landscapes o f combinatoria l optimisatio n 
problems, with specia l reference to the phylogeny problem. Journal  of  Computational  Biology, 
2:439-50, 1995 . 

[4] O . Eulenstein and M. Vingron. On the equivalence of two tre e mappin g measures . Arbeitspa-
piere der  GMD,  Germany,  986 , 1995 . 

[5] W . M. Fitch. Distinguishing homologous from analogou s proteins. Systematic  Zoology,  19:99 -
113, 1970 . 

[6] L . R. Foulds and R. W. Robinson. Enumeration of binary phylogenetic trees. In Combinatorial 
Mathematics IX,  Lectur e Note s i n Mathematics 884 , pages 187-202 . Springer , Berlin , 1980. 

[7] M . Goodman, J . Czelusniak , G . W. Moore , A . E. Romero-Herrera, an d G. Matsuda. Fitt in g 
the gen e lineag e int o it s specie s lineage : A  parsimon y strateg y illustrate d b y cladogram s 
constructed fro m globi n sequences . Systematic  Zoology,  28:132-68 , 1979 . 

[8] R . Guigo , I . Muchnik , an d T . F . Smith . Reconstructio n o f ancien t molecula r phylogeny . 
Molecular Phylogenetics  and  Evolution, 6:189-213 , 1996. 

[9] D . R . Maddison . Th e discover y an d importanc e o f multipl e island s o f mos t parsimoniou s 
trees. Systematic  Zoology,  40:315-28 , 1991. 

[10] W . Maddison . Reconstructin g characte r evolutio n o n polytomou s cladograms . Cladistics, 
5:365-377, 1989. 

[11] T . Margus h an d F . R . McMorris . Consensu s n-trees . Bulletin  of  Mathematical  Biology, 
43:239-44, 1981. 

[12] N . Minaka . Cladogram s an d reticulate d graphs : A  proposa l fo r graphi c representatio n o f 
cladistic structures . Bulletin  of  the Biogeographic  Society  of  Japan,  45:1-10 , 1990 . 

[13] B . Mirkin, I. Muchnik, an d T.F. Smith . A biologically consisten t mode l for comparing molec -
ular phylogenies . Journal  of  Computational  Biology,  2:493-507 , 1995 . 

[14] R . D. M. Page. Componen t analysis : A  valian t failure ? Cladistics,  6:119-36 , 1990. 
[15] R . D . M . Page . COMPONENT . Versio n 2.0 , 1993 . Tre e compariso n softwar e fo r 

Microsoft ®/Windows™ . 
[16] R . D . M. Page . Map s betwee n tree s an d cladisti c analysi s o f historical association s amon g 

genes, organisms , and areas. Systematic  Biology,  43:58-77 , 1994 . 

Licensed to AMS.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/publications/ebooks/terms



70 RODERI C D . M . PAG E AN D MICHAE L A . CHARLESTO N 

[17] R . D . M. Page . Parallel phylogenies: Reconstructin g the history of host-parasite assemblages . 
Cladistics, 10:155-73 , 1994 . 

[18] R . D . M . Pag e an d M . A . Charleston . TREEMA P program . Versio n 2.0 . Platforms : 
Microsoft /Window s ,  Macintosh .  In prep. 

[19] R . D . M . Pag e an d M . A . Charleston . From gene t o organisma l phylogeny: Reconcile d tree s 
and th e gen e tree/specie s tre e problem. Molecular  Phylogenetics  and  Evolution,  (i n press) . 

[20] F . Ronquist . Reconstructin g th e histor y o f host-parasit e association s usin g generalise d par -
simony. Cladistics,  11:73-89 , 1995 . 

[21] M . W . Smith , D.-F . Feng , an d R . F . Doolittle . Evolutio n b y acquistion : Th e cas e fo r hori -
zontal gen e transfers . Trends  in  Biochemical  Sciences,  17:489-93 , 1992 . 

[22] D . L . Swoffor d an d G. J . Olsen . Phylogeny reconstruction. In David M. Hilli s an d C. Moritz , 
editors, Molecular  Systematics,  chapte r 11 , pages 411-501 . Sinaue r Associates , Sunderland , 
1990. 

[23] M . S . Waterma n an d T . F . Smith . On  th e similarit y o f dendrograms . Journal  of  Theoretical 
Biology, 73:789-800 , 1978 . 

DIVISION O F ENVIRONMENTA L AN D EVOLUTIONAR Y BIOLOGY , INSTITUT E O F BIOMEDICA L AN D 

LIFE SCIENCES , UNIVERSIT Y O F GLASGOW , GLASGO W G1 2 8QQ , SCOTLAND , UNITE D KINGDOM. , 

PHONE: 44-141-330-4778 , FAX : 44-141-330-597 1 
E-mail address:  r . page0bio.gla.ac.uk 

DIVISION O F ENVIRONMENTA L AN D EVOLUTIONAR Y BIOLOGY , INSTITUT E O F BIOMEDICA L AN D 

LIFE SCIENCES , UNIVERSIT Y O F GLASGOW , GLASGO W G1 2 8QQ , SCOTLAND , UNITE D KINGDOM. , 

PHONE: 44-141-330-5346 , FAX : 44-141-330-597 1 
E-mail address:  m.a. charlestonQbio.gla.ac.uk 

Licensed to AMS.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/publications/ebooks/terms

page0bio.gla.ac.uk
charlestonQbio.gla.ac.uk


DIMACS Serie s i n Discret e Mathematic s 
and Theoretica l Compute r Scienc e 
Volume 37 , 199 7 

Comparison o f Annotatin g Duplication , Tre e Mapping , an d 
Copying a s Method s t o Compar e Gen e Tree s wit h Specie s 

Trees 

Oliver Eulenstein, Boris Mirkin, and Martin Vingron 

ABSTRACT. Thi s pape r review s the authors ' wor k o n the ide a of employing th e 
mechanism o f gene duplication i n explaining the difference s betwee n a  gene an d 
species trees . Thre e existin g approache s ar e presente d a s base d on : (a ) tree -
mapping, (b ) annotatin g duplication , an d (c ) copyin g duplicatio n modeling . 
Correspondences betwee n (a ) an d (b) , an d (b ) an d (c ) ar e mathematicall y 
explored. I t i s proven , i n particular , tha t approache s (b ) an d (c ) lea d t o equi -
valent duplicatio n histories . Moreover , al l th e thre e approache s equivalentl y 
count th e number s o f duplication s an d losse s neede d t o explai n al l th e diffe -
rences betwee n trees . 

1. Introductio n 

It i s today generall y accepte d tha t an y tw o forms o f life on eart h hav e evolve d 
from a  commo n ancesto r (J.M . Smit h [18] , Li an d Grau r [13]) . On e aim o f evolu -
tionary biolog y i s the reconstructio n o f the evolutionar y histor y o f current species . 
Based o n th e assumptio n o f commo n ancestor s thi s histor y ca n b e depicte d a s a 
tree, generall y calle d a  phylogeneti c tree . It s node s correspon d t o ancestra l specie s 
and it s edge s ar e lines o f descent . 

The identities o f species and the states of their various characters changed alon g 
the branche s o f th e sam e evolutionar y tree . Studyin g th e histor y o f a  characte r i s 
the mai n sourc e o f information fo r th e reconstructio n o f evolutionary relationship s 
among species . However , i t i s o f prim e importanc e t o stud y character s tha t ar e 
based o n evolutionary comparabl e structures , calle d homologous . A  fly and a  bir d 
both hav e wings and ye t the bird i s not more closely related to insects than t o othe r 
vertebrates. Th e wing s o f bird s an d flies  ar e believe d t o b e incomparabl e structu -
res. The y see m unlikel y t o hav e evolve d fro m th e sam e structur e i n thei r mos t 
recent commo n ancestor . Estimatin g histor y fro m comparison s o f structure s non -
comparable i n thi s sens e may lead t o errors . Wit h th e ris e of molecular biolog y th e 
DNA sequences of genes have become available. Thes e sequences provide DNA bas e 
pairs tha t ca n b e treate d a s character s fro m whic h t o estimat e phylogeneti c tree s 
(see e.g. Fitc h an d Margolias h [9] , Nei [15] , Felsenstein [8]).  However , determinin g 
which genes actually ar e comparable may be problematic. Ther e exist large familie s 
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of related gene s tha t hav e evolved through th e processe s o f gene duplication . Onc e 
a gene has been duplicated , eac h copy can evolve distinct variations . Distinc t copie s 
of the sam e gen e ar e calle d paralogous . Subsequentl y a  singl e specie s ma y contai n 
none, one , o r severa l copie s o f wha t wa s a  singl e gen e i n a n ancestor . I n orde r t o 
derive a tree tha t correctl y reflect s th e evolution of species of this particula r family , 
one woul d lik e t o kno w whic h copie s o f th e gen e ar e th e comparabl e ones . Goo d 
estimates ar e generall y onl y possibl e afte r carefu l stud y o f th e entir e family . Th e 
tree derive d fro m a  selectio n o f gene s fro m a  gen e famil y an d th e tre e describin g 
the evolutio n o f species wil l frequently hav e different topologies . W e will cal l a  tre e 
describing th e evolutio n o f a  se t o f genes th e gene  tree  and th e tre e describin g th e 
evolution o f species th e species  tree. 

a-hum an Ot-hois e fi-chim p huma n chim p hors e 

FIGURE 1 . Incongruen t gen e an d specie s trees . 

Because they describ e the evolution o f different entities , a  gene  tree  and species 
tree may b e differen t i n spit e o f th e fac t tha t thei r evolutionar y representatio n i s 
correct. Conside r fo r exampl e th e gene  tree  an d species  tree  fo r th e hemoglobi n 
family i n Figure 1  (see, e.g. L i and Grau r [13]) . Goodma n e t al . [10 ] reasoned tha t 
this incongruenc e migh t resul t fro m mistakin g paralogou s gene s fo r orthologous . 
The gen e famil y o f hemoglobi n gene s i n vertebrate s contains , amon g others , tw o 
types o f genes : a-hemoglobi n an d ^-hemoglobin . Bot h type s evolve d fro m a n 
ancestral hemoglobin that existe d prior to the vertebrates. Thi s ancestra l gene then 
was duplicate d an d th e tw o ne w paralogou s gene s (copies ) gav e ris e t o vertebrat e 
a- an d /^-hemoglobins , respectively . A  researcher studyin g th e a-hemoglobin s fro m 
man, chimpanzee , an d hors e wil l find  tha t ma n an d chimpanze e hav e a  commo n 
ancestor whic h i n tur n ha s a  commo n ancesto r wit h th e horse . I f th e researche r 
studied ^-hemoglobin s fro m th e sam e se t o f species h e woul d fin d th e sam e result . 
Were thi s famil y no t a s well-studie d a s i t i s today , th e researche r might , however , 
have chosen a /3-gene from chim p and a-genes from ma n and horse as the basis of his 
analysis. Consequentl y h e woul d hav e foun d tha t ma n an d hors e grou p togethe r 
with chim p o f olde r evolutionar y origin . Thi s i s believe d t o b e correc t fo r thi s 
particular selectio n o f genes , but incorrec t fo r th e evolutio n o f these species . 

Figure 2  reflects th e complet e gene  tree  for th e a-genes an d the /3-genes of man , 
chimp an d horse . Not e tha t th e gene  tree  of Figur e 1  is a  subtre e o f the complet e 
gene tree  and th e complet e gene  tree  is a duplication o f the species  tree  in Figure 1 . 
Assume w e woul d b e awar e o f th e duplicatio n event s i n th e species  tree.  The n w e 
would be able to outline the topology o f the species  tree  and t o embed ou r gene  tree 
into it . W e woul d obtai n a  reconcile d gen e tre e whic h represent s i n ou r cas e th e 
complete gene  tree.  Thus , possibl e discrepancie s betwee n a  gene  tree  and a  species 
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a-human Ol-chim p a-hors e P-huma n P-chim p p-hors e 

FIGURE 2 . Complet e gen e tree . 

tree can b e explaine d b y postulatin g duplicatio n event s tha t gav e ris e t o differen t 
copies of a gene. Pro m the theoretical poin t o f view there is an unlimited numbe r o f 
sets o f duplicatio n event s tha t resul t i n a  possibl e reconcile d tree . Goodma n e t al . 
[10] outline d a  strateg y b y postulatin g th e duplication s require d fo r a  reconcile d 
tree. Mor e recentl y thi s metho d ha s bee n elaborate d i n Pag e [17] , Mirki n e t al . 
[14] an d Guig o e t al . [12] . 

To introduce the basic logic we need to introduce gene and species trees in more 
detail. Th e basi c assumption wil l be that exactl y on e gene from eac h contemporar y 
species i s present i n th e gen e tree. Suc h a n over-simplificatio n i s made fo r th e sak e 
of simplicity and , moreover , possibilit y o f the resultin g mathematica l analysis . Be -
sides, it i s more a requirement t o the representation o f data rather than a  restriction 
to th e evolutionar y processe s covered . I n th e exampl e considered , on e should hav e 
two gen e trees , on e fo r hemoglobi n a-lineage , th e othe r fo r /3-lineage , t o compar e 
each wit h a  specie s tree . W e ma y sa y tha t th e ter m "gene " i s use d her e i n th e 
meaning o f molecular biology , a s an y distinc t sequenc e variant , no t a  membe r o f a 
prespecified paralogou s family . I n general , differen t gene s should b e treated withi n 
different gen e families t o yield gen e trees satisfyin g th e basi c assumptio n (a s i t wa s 
unintentionally don e b y Guigo , Muchni k an d Smit h [12]) . O n th e othe r hand , th e 
assumption ca n b e relaxed , whic h i s however a  subjec t fo r separat e treatment . 

Based o n th e assumptio n above , w e may us e th e conventio n t o denot e a  con -
temporary specie s an d a  contemporary gen e from tha t specie s by the sam e symbol , 
which muc h simplifie s th e subsequen t mathematica l analysis . W e wil l use integer s 
for thi s purpose . Not e that a n ancestra l gene is uniquely specifie d b y the se t o f con-
temporary gene s (leave s of the gen e tree ) descendin g fro m it . Likewise , an ancien t 
species i s uniquely specifie d b y th e contemporar y specie s descendin g fro m it . 

Duplication event s ar e postulated base d o n a  function , calle d th e tree  mapping 
function. Thi s functio n map s eac h contemporar y o r ancestra l gen e of the gen e tre e 
onto a  specie s i n th e specie s tree . Thi s species , too , ma y eithe r b e contemporary , 
i.e. correspon d t o a  lea f o f th e specie s tree , o r ancestral , i.e . correspon d t o a n 
inner nod e o f th e specie s tree . Th e tre e mappin g functio n map s a  gen e ont o th e 
most recen t specie s tha t i s presumed t o hav e contained tha t gene . Ho w to find  ou t 
whether a  species possesse d a  certain gen e is easily see n from a n example . Assum e 
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that a n ancestra l gen e ha s a s contemporar y descendan t genes , 1 , 2 , an d 3 , an d s o 
call the ancestra l gen e {1,2,3} . Any  specie s havin g 1 , 2 , an d 3  among descendan t 
species possesse d a  gen e ancestra l t o gene s 1 , 2 , an d 3  an d thu s ancestra l als o t o 
gene {1,2,3} . Th e mos t recen t o f these ancien t specie s (calle d sometime s th e least 
common ancestor)  i s the mappin g imag e o f {1,2,3} . 

The tree mapping need s not b e injective: i t may map a  parent gene , say a  node 
a of the gene tree, onto the same species as one of a's immediat e descendant s calle d 
children, ca  (w e denot e a  fixe d bu t arbitraril y chose n chil d o f a  nod e a  wit h ca). 
This mean s tha t th e mos t recen t specie s whic h possesse d gen e a  i s als o th e mos t 
recent specie s i n whic h on e finds  it s chil d gen e ca.  I n thi s cas e th e bifurcatio n o f 
a i n th e gen e tre e i s no t consisten t wit h th e bifurcatio n o f it s imag e i n th e specie s 
tree. Th e bifurcatio n o f a  take s plac e i n th e imag e an d make s gen e an d specie s 
tree inconsisten t wit h eac h other . I n ou r mode l th e bifurcatio n o f a  suggest s tha t 
the specie s tha t i s it s mappin g imag e possesse d tw o copie s o f gen e a , sa y a + an d 
a—. Th e existenc e o f two copies i s postulated t o b e du e t o a  prio r duplicatio n o f a 
predecessor gene , a t wha t w e cal l a  duplication  node  in th e specie s tree . Sinc e w e 
do no t hav e knowledge o f a  specie s tha t possesse d ca  and no t a  we can identif y ca 
with on e copy , say a- h Th e sibling , denote d a s ca,  o f ca  is the othe r cop y a—  if ca 
maps ont o th e sam e specie s nod e a s ca.  I f ca  map s ont o a  specie s descendan t t o 
the duplicatio n node , i t i s a  descendan t gen e o f a— . Thi s distinctio n i s th e basi s 
for distinguishin g betwee n two-sid e an d one-sid e duplication s below . 

The numbe r o f duplications an d othe r relevan t event s needed t o explai n a  gene 
tree fro m a  give n species  tree  ha s bee n use d a s a n asymmetri c distanc e measur e 
between th e tw o tree s b y Goodma n et  al  [10] . Amon g thos e events , th e onl y on e 
visible i n term s o f evolutionar y tree s i s th e los s o f a  certai n se t o f gene s (see , e.g. , 
Nelson an d Platnic k [16] , Page [17]) . I n ou r exampl e thos e ar e th e /3-hemoglobi n 
genes from ma n an d hors e an d th e a-hemoglobi n gen e from chimp . Th e los t gene s 
might no t constitut e leave s but entir e subtrees . O f course, the number o f lost gene s 
will grow wit h th e numbe r o f duplications . 

To determine th e placemen t o f gene duplication alon g the specie s tre e w e need 
to furthe r elaborat e o n the inconsistencie s betwee n a  gene an d specie s tree s cause d 
by duplication s an d losses . W e discuss thre e approache s t o this : (a ) tree-mapping , 
(b) annotatin g duplication , an d (c ) copyin g duplication . 

Tree-mapping (a ) ha s bee n considere d b y Guigo , Muchni k an d Smit h [12] , 
whose basi c ide a i s t o measur e th e inconsistency , o r mappin g cost , o f an y dupli -
cation hypothesi s b y th e su m ove r al l gene s o f number s o f intermediat e specie s 
nodes betwee n th e mappin g imag e o f a  gen e node an d th e imag e o f it s parent . N o 
biologically meanigfu l motivatio n i s give n t o thi s cos t evaluatio n o f th e mappin g 
which is claimed by the authors to count fo r al l the loss events related to underlyin g 
duplications. Thi s cos t measur e i s minimized (wit h a  local search algorithm ) i n th e 
reconstructed evolutionar y tre e foun d i n Guigo , Muchni k an d Smit h [12] . 

Annotating duplicatio n (b ) develope d i n Mirki n et  al  [14] (se e als o Eulenstei n 
and Vingro n [7 ] an d L . Zhan g [19] ) involve s a  mathematica l mode l o f th e dupli -
cation histor y correspondin g t o a  duplicatio n gen e nod e g.  Al l th e leave s i n th e 
species tree whos e correspondin g gene s belong to eg  are annotated b y + , an d t o eg 
by - . Th e patter n o f th e sig n label s the n naturall y ascend s i n th e specie s tre e t o 
the imag e o f g.  Th e maximu m specie s node s havin g al l thei r conten t annotate d b y 
the sam e sig n labe l correspon d t o th e los s events . 
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Copying duplicatio n (c) , though neve r develope d mathematically , i s expresse d 
quite clearl y i n th e concep t o f reconcile d tre e (se e Nelso n an d Platnic k [16 ] an d 
Page [17]) . I n thi s concept , th e specie s subtre e havin g a  duplicatio n nod e a t it s 
root i s double d s o tha t on e cop y o f th e subtre e keep s on e cop y o f th e duplicat e 
gene g  whil e th e othe r subtree , anothe r cop y o f th e gen e (a s show n i n Figur e 2) . 
In eac h o f th e tre e copies , th e gen e i s no t observe d i n som e o f th e specie s tha t 
are claime d t o b e "extinct" . Bein g a  two-dimensiona l graphica l construction , th e 
copying duplicatio n become s les s clea r whe n multipl e an d neste d duplication s o f 
genes ar e hypothesize d t o explai n th e difference s betwee n a  specie s an d gen e tree . 

The purpose o f this paper i s to formally defin e al l three approache s an d t o des -
cribe correspondences foun d amon g them. I n particular , w e prove that th e numbe r 
of loss events accounte d b y eac h o f the approache s i s the same . Th e pape r integra -
tes th e earlie r wor k o f th e author s explorin g interconnection s betwee n approache s 
(a) an d (b ) (Eulenstei n an d Vingro n [7] , Eulenstei n e t al . [5] ) an d (b ) an d (c ) 
(Eulenstein e t al . [6]) ; proofs o f some statement s fro m thos e paper s ar e omitted . 

In Sectio n 2 , we formally defin e th e notions just introduce d an d illustrat e the m 
with a n example . Comparin g approache s (a ) an d (b ) i s don e i n Sectio n 3 . I n 
Section 4 , approaches (b ) an d (c ) ar e compared . Sectio n 5  is a  shor t conclusion . 

2. Thre e Approache s t o Comparin g Gen e an d Specie s Tree s 

2.1. Basi c Definitions . Th e model for evolutionar y histor y w e deal with i s a 
rooted binary tree with the leaf set labeled by indices from a n iV-element se t / . Th e 
indices labe l biologica l tax a unde r consideratio n and , simultaneously , gene s one-to-
one correspondin g t o th e taxa . Th e basi c assumptio n "on e specie s -  on e gene " i s 
the ground fo r such a  twofold functio n o f the indices , which simplifies mathematica l 
formulas an d derivations . If , fo r instance , a  subse t g  C  I  refer s t o gene s an d s  C  I 
refers t o species , expressions s  C  #, 5Dp , an d sUg  ar e meaningful sinc e both g  an d 
s ar e index subsets . Relatio n s  C  g can b e interprete d a s "th e genes correspondin g 
to specie s i n s  al l belon g t o g"  o r "th e se t o f specie s correspondin g t o gene s i n g 
includes se t s" . Th e othe r set-theoreti c expression s ar e interprete d similarly . 

A rooted tree, T, i s considered a s a nested se t of clusters, T  C  2 J , which include s 
the singletons (leaves ) {i},i  G  /, an d I  itsel f (th e root) . Thi s implies that th e term s 
"node of a tree" an d "cluste r in a tree" are considered synonymous in this paper. B y 
T(t) w e denot e th e subtre e o f T  roote d a t t  G  T; tha t is , T(t)  =  {f  G  T :  t' C  t}. 
An importan t propert y o f a  neste d tre e i s tha t an y tw o o f it s node s ar e eithe r 
nonoverlapping o r neste d (Estabroo k an d McMorri s [3]) . 

A nod e t  G  T  i s interna l i f i t i s neithe r a  singleto n no r th e root . Th e tw o 
children o f a n interna l nod e t  G  T wil l b e denote d b y ct  an d ct  (assignin g c  and c 
arbitrarily). Th e paren t o f a  nod e t  G  T wil l b e denote d b y pt.  Fo r ever y subse t 
J C  / , th e leas t commo n ancesto r o f J  i n T  i s minimu m o f th e node s t  G  T suc h 
that J  Ct.  Th e leas t commo n ancesto r o f J  wil l be denote d b y CIT(J). 

A species tree wil l be denote d b y 5 , wit h it s cluster s (nodes ) s  G  5, an d a  gene 
tree b y G , wit h it s cluster s (nodes ) g  G  G. A s explained above , bot h type s o f tree s 
are subset s o f 2 J . 

Fig. 3  shows a  specie s tre e an d gen e tree . Th e lette r c  in th e gen e tre e mark s 
gene cluste r {1,2,3 } an d th e lette r F , i n th e specie s tree , mark s specie s cluste r 
{4,5,7}. Cluster s G  an d 7  ar e childre n o f F.  Subtre e S(F)  contain s 4 , 5 , 7 , 
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FIGURE 3 . A  gene tree , G , an d a  specie s tree , S. 

G =  {4,5 } and F.  Fo r a  subse t J  =  {1,2,3,4 } it s leas t commo n ancesto r i s b  in G 
and A  i n S. 

2.2. Tre e Mappin g Modeling . Th e tree  mapping  functio n i s just th e leas t 
common ancesto r mappin g as  i n tre e S  applie d t o gen e cluster s g  € G : as{g)  i s 
the minimu m specie s cluste r containin g al l genes from g. 

A pai r (g,s)  G  G x  S  i s calle d a  one-side  duplication  i f eithe r as(g)  =  as(cg) 
or as(g)  =  as  (eg) (bu t no t both) . A  pai r (g,s)  € G  x  S  i s calle d a  two-side 
duplication i f both o f the equation s hold . A  pair (g,  s) i s called a  duplication  i f i t i s 
either a  one-sid e o r two-side duplication . Th e numbe r o f one-side duplication s wil l 
be denote d 0(G,S).  Sometimes , whe n ther e i s n o ambiguity , w e refe r t o eithe r s 
or g  i n a  duplicatio n pai r (# , s) a s a  duplication , too . 

Let us say that s  is between s'  an d s" , o r s  € [s' , 5"] if 5' C  s  C  s" (s , s', s" € 5) . 
A node s  € 5  wil l be called a  ^-intermediate i f it i s between as(g)  an d as(pg).  Th e 
set o f al l ^-intermediat e node s wil l b e denote d I g. Cardinalitie s o f thes e set s ca n 
be employed a s (local ) measure s o f difference betwee n tree s G  and S.  I n particular , 
the set s are empty i f G =  S.  Le t u s refer t o the tota l numbe r o f intermediate node s 
in mappin g G  int o S  a s t o th e cost  mapping  index , M(G , 5): 

(1) M(G,S ) =  £ | J , | 
geG 

This ^-intermediat e nod e concep t i s implicitl y exploite d i n Guigo , Muchni k 
and Smit h [12 ] where th e followin g cos t C(g)  (i n comparin g G  an d 5 ) i s assigne d 
to ever y nod e g  G  G: C(g)  equal s \I cg\ - f \hg\,  th e tota l numbe r o f eg-  an d cg-
intermediate node s i n S  (plu s 1  whe n g  i s a  one-sid e duplication) . Thei r cos t 
function C(G,S)  i s defined a s th e su m o f al l cost s C(g),  g  6  G . (Actually , Guigo , 
Muchnik, an d Smit h [12 ] ad d t o tha t th e numbe r o f al l th e duplications ; w e dro p 
this latte r ter m sinc e i t i s irrelevan t i n th e presen t context. ) Evidently , C(G,S) 
equals the tota l numbe r o f the intermediat e node s in S  plu s the numbe r o f one-side 
duplications, a s als o observed b y Eulenstei n an d Vingro n [7 ] in thei r streamlinin g 
of the measures : 

(2) C(G,  S)  =  M(G,  S)  +  0(G,  S) 

To illustrat e th e tree-mappin g concepts , le t u s conside r th e exampl e o f gen e 
and specie s trees presented o n Fig . 3. Th e mappin g i s shown in Fig . 4 . I t i s readily 
seen tha t ther e ar e tw o duplications , a t gen e node s a  (two-side ) an d c  (one-side) , 
needed t o explai n al l th e difference s betwee n G  an d S.  Th e image s o f al l gen e 
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FIGURE 4 . Th e leas t commo n ancesto r mappin g tre e G  int o tre e 
S fro m Fig . 3 . 

child-parent pair s ar e liste d i n Tabl e 1 . W e ca n se e tha t ther e ar e 7  intermediat e 
nodes i n total , whic h make s the cos t functio n equa l t o 8 . 

TABLE 1 . Mappin g o f the gen e node-parent pair s int o th e specie s nodes . 

G-node 

I 
2 
3 
4 
5 
6 
7 
8 

g 
f 
e 
d 
c 
b 

Parent 
d 
d 
c 
e 
e 
f 

g 
g 
f 
a 
b 
c 
b 
a 

Node S-imag e 
1 
2 
3 
4 
5 
6 
7 
8 
E 
A 
G 
C 
C 
A 

Parent S-imag e 
C 
C 
C 
G 
G 
A 
E 
E 
A 
A 
A 
C 
A 
A 

Number o f Intermediate s j 
1 
0 
1 
0 
0 
1 
1 
0 
0 
0 
2 
0 
1 
0 

2.3. Annotatin g Duplicatio n Modeling . An y duplicatio n nod e mark s a 
difference i n patterns o f divergence between the specie s tree and th e gene tree. Th e 
difference i s readil y see n i n comparin g th e childre n o f a  duplicatio n pai r (g,s).  I t 
is characterized b y th e followin g "inconsistency " conditio n (Mirki n e t al . [14]) : 

(3) ^ C s an d eg  n cs  ^  0  and eg  D cs ^  0 

for a n appropriat e denotatio n o f childre n o f g.  Suc h a n inconsistenc y require s a 
duplication o f the ancestra l gen e g  postulated i n th e ancestra l specie s s  s o that al l 
species containin g gene s descendan t fro m gen e eg  carr y on e cop y o f th e duplicat e 
gene an d al l specie s containin g gene s descendan t fro m gen e eg  contai n th e othe r 
copy (Duplication/Speciatio n Principl e i n Mirkin , Muchni k an d Smit h [14]) . 

A mapping S  : S(s) — > {+/— , +, —, 0} is referred to as an annotating  duplication 
if and onl y i f fo r an y s'  G  5(s), 

S(s') =  0  i f bot h o f th e tw o followin g condition s hold : (a ) s'  f)  eg =  0  and (b ) 
s' n eg = 0; 
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S(s') i s +  o r —  i f either o f (a ) o r (b ) holds , an d 
5(s') =  + / - i f none o f (a ) an d (b ) holds . 
The mapping S  indicates whether one , the other , bot h o r neither duplicat e gen e 

is present a t eac h nod e o f the specie s tre e (se e Fig . 5) . 
The evolutionar y histor y o f th e duplicatio n generate d b y a n inconsisten t pai r 

(#, s), wher e s  —  ss(#), ca n b e considere d i n th e framewor k o f the basi c partitio n 
{c<7, eg} of  g  put int o the contex t o f species subtree S(as(g)).  Th e element s o f each 
of the classes , eg  or eg,  are interprete d a s the currentl y livin g specie s bearin g onl y 
one o f th e copie s o f th e duplicate d gen e g.  Du e t o th e definitio n o f annotatin g S 
above an y nod e s  G  S(as(g)) ca n b e qualifie d a s one-copy  ( + o r —  only ) i f g  n s  i s 
included i n one of the classes only or mixed  (an d labeled by +/— mark ) i f ^overlap s 
both o f them. A  particular evolutionar y meanin g i s assigned t o maxima l one-cop y 
nodes s  G  S(as(g)): eac h o f the m correspond s t o th e even t o f loss  o f a  duplicat e 
copy. 

Explicitly, th e concep t o f loss ca n b e formulate d a s follows. A  node s  G  S wil l 
be referre d t o a s a  g-loss i f and onl y i f any o f the two equivalent statement s i s true : 

(i) s  fl g C  eg  or s  D g C  eg,  bu t thi s i s not tru e fo r it s parent , ps\ 
(ii) s  fl eg = 0  or s  fl eg = 0 , bu t thi s i s not tru e fo r it s parent , ps. 
In th e cas e when bot h o f the inclusion s i n (i) , or equations i n (ii) , are satisfied , 

that is , i f s  f) g =  0 , ther e i s no informatio n t o assig n a  cop y o f th e duplicatio n t o 
s; thi s correspond s t o wha t i s calle d gap  i n Mirkin , Muchni k an d Smit h [14] . I t 
should b e note d howeve r that , i n the latte r paper , th e concep t o f gap i s considere d 
somewhat ambigousl y s o tha t th e curren t meanin g correspond s t o tha t base d o n 
the Duplication/speciatio n principl e (p . 500 ) whil e that introduce d o n p . 49 8 may 
refer no t onl y t o th e losses , but som e smalle r nodes , too . 

A #-loss s  that i s not gappe d (s o that s  D g ^  0 ) wil l be referred t o a s a  charge d 
loss. 

As th e gen e an d specie s tree s presente d i n Fig . 4  giv e tw o duplicatio n pairs , 
(a, A) an d (c , C), correspondin g annotatin g duplication s ar e show n i n Fig . 5 . Th e 
losses are shown wit h boxe s in th e copie s o f the specie s tree . Specie s from differen t 
children o f a  duplicat e gene s ar e labeled b y differen t sig n labels , +  o r - , accordin g 
to annotatin g duplication . W e can see that ther e ar e 5  losses for (a , A) an d 3  losses 
for (c,C),  whic h give s 8  losse s i n total , whic h wa s th e sam e counte d b y th e cos t 
function above . 

Guigo, Muchnik an d Smit h [12 ] defined tha t C(G,S)  i n (2 ) was always exactl y 
the tota l numbe r o f losse s i n duplication-base d comparin g G  an d 5 , whic h wa s 
conjectured b y Mirkin , Muchni k an d Smit h [14 ] wit h regar d t o th e losse s define d 
in term s o f th e latter' s concep t o f (annotating ) duplication . Th e conjectur e ha s 
been differentl y prove d b y Eulenstei n an d Vingro n [7] , Zhang [19] , and Eulenstein , 
Mirkin an d Vingro n [5 ] (se e Sectio n 3  below). 

2.4. Copying/Reconcilin g Duplicatio n Modeling . I n th e previou s ac -
count, th e duplication s hav e bee n considere d a s virtua l ones : th e specie s evolu -
tionary tre e wa s no t affected , bu t jus t annotate d wit h particula r gen e histories . 
However, on e migh t als o thin k o f a  duplicatio n s  G  S a s o f reall y occurre d i n th e 
evolution, a s tha t presente d i n Fig.2 , an d thu s requirin g correspondin g chang e o f 
the specie s tree . Suc h a  chang e assume s tha t th e subtre e S(s)  i s double d i n S  s o 
that on e copy o f the subtre e keep s one copy o f the duplicat e gen e g  while the othe r 
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FIGURE 5 . Th e losse s for tw o duplications , Aa  an d Cc,  presente d 
by boxe s i n sig n labele d copie s o f specie s subtrees . 

subtree, anothe r cop y o f th e gene . Suc h a  transformatio n o f S  int o a  "reconci -
led" tre e ha s bee n develope d b y natura l historian s (se e Page [17 ] for references ) t o 
reconcile th e informatio n i n tre e S  wit h tha t i n tree G. 

The definition o f reconciled tree presented b y Page in [17] , p. 63-64 , is based o n 
the concep t o f multise t tre e containin g an y specie s nod e a s man y time s a s needed . 
Evidently, car e mus t b e take n t o labe l th e duplicate s accurately , whic h ha s no t 
always bee n don e i n [17 ] an d earlie r works . 

To giv e a n appropriat e mathematica l definitio n t o th e concep t o f copyin g du -
plication, suppos e a  duplicatio n o f gene G  occurre d durin g th e evolutio n o f s  G  5, 
just befor e th e ancestra l specie s s  appeared . Th e duplicatio n i s conceive d a s tw o 
copies of subtree 5(s) , each labeled by the corresponding copy, c\  o r c 2, of the gene . 
This mean s tha t ever y nod e s'  G  S(s) i s recode d a s s'c\  i n on e cop y o f S(s)  an d 
s'c2 i n the othe r copy . Th e copie s are denoted a s S(s)ci  an d S(s)c2.  I n eac h o f th e 
trees, S(s)ci  an d S(s)c 2, som e of the leaves correspond t o species in i " and som e d o 
not. Th e firs t wil l b e calle d active , th e secon d non-activ e (extinct , i n terminolog y 
of Pag e [17]) . Le t u s denot e th e se t o f activ e specie s i  G  s  i n S(s)ck  b y Ck(s) 
(k =  1,2) . I n principle , ci(s ) f l C2(s)  ^  0  sinc e bot h o f th e gen e copie s ca n b e 
present i n currentl y livin g species . However , i n th e contex t o f presen t paper , w e 
analyze the case when only one of the diverged gene copies is present in the materia l 
under consideration . Thi s requiremen t i s a  prerequisit e t o definin g th e concep t o f 
annotating duplicatio n above . Therefore , w e postulate her e tha t th e activ e specie s 
sets ar e not overlapping : C\(s)  Dc2(s) =  0 . A t th e sam e time , ther e i s no need tha t 
every specie s i n s  i s active ; tha t is , there ca n b e s  — (ci(s ) U  c2(s)) ^  0  so tha t n o 
information o n th e cop y C\  or c 2 i n i  G  s — (ci(s ) U  c2(s)) i s available . Finally , le t 
us denot e b y S(S){C-L,C 2} th e labele d roote d tre e consistin g o f two subtrees , S(s)ci 
and S(s)c2,  whos e roots , sc\  an d sc 2 ar e childre n o f th e forma l roo t labele d b y 5 , 
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not necessaril y a  subse t o f I.  Thi s time , i t i s th e unio n o f al l specie s i n s  copied , 
that is , the cluste r correspondin g t o s  consist s o f new, relabeled leaves , ic\  an d ic2, 
for al l i  G  s.  Th e tre e S(s){ci,C2 } alon g wit h th e activ e set s c\(s)  an d C2{s)  is 
a graph-theoreti c mode l o f th e concep t o f copyin g duplication . Not e tha t al l th e 
nodes o f 5(s){ci,C2 } ar e labeled , i n contras t t o th e origina l gen e an d specie s tree s 
that ar e considere d leaf-labele d only . 

The maxima l subset s o f non-activ e leave s i n S(s){ci,C2 } ca n b e interprete d 
as losse s o f th e correspondin g geneti c materia l (se e Pag e [17]) , whic h lead s t o 
the followin g definition . Le t u s conside r an y nod e sc  G  S(s){ci,C2}  a s a  cluste r 
consisting o f the leave s i n th e correspondin g subtree . Then , a  subse t t  e  I  wil l b e 
referred t o a s a  species  cluster  i f ther e exist s a  nod e sc  G  S(s){ci,C2} suc h tha t 
i G  t i f an d onl y i f ic  G  sc. A  maxima l specie s cluste r consistin g o f the non-activ e 
copies wil l be referre d t o a s a  Moss . 

In Fig . 6 , a  copyin g duplicatio n i n th e specie s tre e root , A,  i s presen t a s cor -
responding t o th e duplicatio n pai r Aa.  Th e label s o f childre n o f a  i n G , b  and / , 
are exploite d a s th e duplicat e cop y labels . Th e leave s i n correspondin g childre n b 
and /  cluster s ar e marked b y a  as active ones ; the other , non-active , leaves by star ; 
Mosses ar e show n b y boxes . 

lb 3 b 2 b 6 b 4 b 5 b 7 b 8 b I f 3 f 2 f 6 f 4 f 5 f 7 f 8 f 

a a  a  *  a  a  *  *  *  *  *  a  *  *  a  a 

FIGURE 6 . A  copyin g duplicatio n tre e fo r duplicatio n pai r Aa  i n 
Fig. 5 ; b  and / , th e label s o f childre n o f a  i n G , ar e use d a s th e 
duplicate labels . 

In term s o f th e specie s tre e 5 , implementatio n o f a  copyin g gen e duplicatio n 
in it s nod e s  G  S i s b y substitutio n o f th e subtre e S(s)  wit h th e duplicate d tre e 
5(s){ci,C2}. Othe r duplication s i n S(s)  ca n b e implemente d recursivel y i n eithe r 
subtree, S(s)c\  o r 5(s)c2 , b y addin g ne w label s t o thos e o f previou s duplications . 
The activ e specie s set s o f thes e subsequen t duplication s mus t b e subset s o f th e 
previous activ e sets . Le t u s formulat e a  "labeled " versio n o f th e reconcilin g 
algorithm fro m Pag e [17 ] implementing thi s construction . 
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Algorithm for  Constructing  Labeled  Reconciled Tree 

The algorith m recursivel y update s th e tre e R  unde r processin g b y 
observing pair s (g,r)  e  G  x  R  i n thei r natura l partia l order : 

Initially, pu t R  —  S an d th e natura l partia l orde r bein g jus t set -
theoretic inclusio n o n pair s (# , s) G  G x  5 . 

Any tim e whe n (p,r ) i s a  duplication , replac e th e subtre e R(r) 
with th e copyin g duplicatio n subtree , R(r){cg,cg},  consistin g o f 
two copies o f R(r)  havin g r  a s thei r parent . T o all the nod e label s 
in on e o f th e copie s i s adde d th e symbo l eg;  t o th e node s i n th e 
other cop y th e symbo l eg  is added . I n th e cop y labele d eg,  al l th e 
leaves i  &  eg ar e labele d non-activ e wit h "*" ; i n th e othe r copy , 
label th e leave s i  $ • eg with "*" . 

Update the natural partia l orde r to include those pairs (<? , r) whos e 
label suffixe s contai n a  node abov e g  in G. 
Go to the next duplication pai r (g,  r); end, if there is no duplicatio n 
pair left . 

The fina l outpu t i s the labele d reconcile d tre e R(G,S). 

lU3bd2bdl l*3b3 2h3 6 b 4 b 5 b 7 b g b 

FIGURE 7 . Th e reconcile d labele d tre e R(G,S). 

To illustrate the algorithm , le t u s apply i t t o G  and S  i n Fig . 4. Sinc e there ar e 
only tw o duplicatio n pairs , {a,  A) an d (c , C), ther e ar e onl y tw o copyin g iteration s 
needed. Tre e R  resultin g fro m S  afte r th e firs t iteratio n is , actually, tha t show n i n 
Fig. 6 . Th e fina l reconcile d tre e i s drawn i n Fig . 7 . W e can se e that th e numbe r o f 
Mosses i s again 8 . Moreover , they obviousl y correspon d t o th e losse s in Fig . 5 . 

In Eulenstein, Mirki n and Vingron [6] , a general concept of the joint duplicatio n 
history tre e i s introduced . Th e question s o f correctnes s o f th e algorith m abov e 
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(impossibility o f cycles ) an d correspondenc e betwee n losse s an d *-losse s ar e als o 
addressed i n tha t paper , whic h wil l b e reviewe d i n Sectio n 4 . 

3. Correspondenc e Betwee n Losse s an d Intermediate s 

3.1. Som e Structura l Propertie s o f th e Losses . Th e se t o f al l ^-losses , 
for a  g  G  G given , wil l b e denote d b y L g; i t ha s a  fairl y simpl e structure . 

STATEMENT 1 . For  any  g  G  G,  L g is  a  partition of  as(g)  whose  restriction  to 
g fits strictly  within  the  basic  partition {eg,eg}. 

Proof: Indeed , th e losse s ar e node s i n S  and , thus , mus t no t overla p eac h 
other (sinc e the y ma y no t b e neste d b y th e requiremen t o f thei r maximality) . O n 
the othe r hand , an y lea f i  G  as{g) belong s t o a  #-loss : i f not , {(}  i s a  g-los s o n 
its own . Th e fac t tha t g  fl s  fits  withi n partitio n {eg,  eg} fo r an y #-los s s  follow s 
directly from th e definition . Moreover , i t canno t b e only two ^-losses because ther e 
is no inconsistency i n suc h a  case . • 

It follows , fro m th e statement , tha t th e minimu m numbe r o f ^-losses , fo r an y 
g, i s 3. Th e only case when i t i s possible is that g  is a one-side duplication an d tha t 
one of the image s as  (eg) and as  (eg) which i s strictly include d i n as  (g) ha s bot h o f 
its childre n bein g ^-losses . 

Particular attentio n wil l b e pai d t o th e losse s tha t ar e childre n o f th e corre -
sponding duplicatio n nodes . 

STATEMENT 2 . A  child,  cs,  of  a  duplication  node  s  G  S is  a  g-loss if  and  only 
tf (g-> s) is a  one-side  duplication;  that  is,  as(cg)  C  s  —  as(g) =  as(cg)  (under 
appropriate c  and  c  labeling),  and  cs  D as (eg) =  0 . 

Proof: Le t u s show , initially , tha t i f cs  overlap s as  {eg) the n i t i s no t a  g-
loss sinc e i t overlap s bot h eg  an d eg.  Indeed , th e fac t o f overlappin g mean s tha t 
as(eg) Q  es,  whic h implie s eg  Dcs ^  0 . Th e othe r condition , eg  n cs  ^  0  follow s 
from th e fac t tha t s  =  as  (eg), whic h mean s tha t eg  must overla p bot h childre n o f 
s. 

If cs  doe s no t overla p as(cg),  the n i t doe s no t overla p eg  either , whic h i s no t 
true fo r it s paren t s.  D 

It follow s fro m statemen t 2  tha t th e tota l numbe r o f th e "child " losse s (eac h 
being a  chil d o f a  duplication ) i s equa l t o th e numbe r o f one-sid e duplications , 
0(G,S). 

The propert y prove n implie s als o tha t n o chil d o f a  two-sid e duplicatio n (g,  s) 
can b e a  #-loss , thus bot h mus t b e mixe d nodes . 

3.2. Principa l Correspondence . Le t u s conside r a n arbitrar y s  G  S  an d 
denote th e se t o f duplications (or , those one-side duplications ) g  G  G fo r whic h s  i s 
a g-loss (or , a  g-loss being a  child of as(g)) b y D s (or , by O s). Obviously , O s C  D s. 
Let u s denot e b y P s th e se t o f al l node s g  fo r whic h ps  i s a  ^-intermediat e whil e 
s i s it s collatera l child . Th e latte r denotatio n mean s tha t g  G  P s i f an d onl y i f 
the paren t o f 5 , ps,. belongs i n th e pat h connectin g as(g)  an d as(pg)  i n S  s o tha t 
ps G  [as{g), as(pg)}  alon g with the other child , s',  oips  (no t s)  als o belonging to th e 
path a s presente d i n Fig . 8  where th e trees , G  an d S,  ar e draw n a s just triangles . 
While ps  mus t b e betwee n th e images , as(g)  an d as(pg),  coincidin g wit h neithe r 
of them, th e siblin g o f s,  s',  ma y coincid e wit h as(g)-

We ar e goin g to prov e tha t thes e set s ar e interelate d s o tha t 
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FIGURE 8 . Th e se t P s consist s o f nodes g  € G  satisfyin g th e con -
figuration concernin g pat h betwee n as(g)  an d as(pg)  i n S  presen -
ted. 

(4) |I>, | =  |P , | + | 0 . | 

Summing u p equation s i n (4 ) b y al l s  G  5, w e will ge t th e followin g result . 

STATEMENT 3 . The  total  number  of  losses, L(G y S),  is  equal to the total  number 
of the  mapping  intermediate  nodes  plus the  number  of  one-side  duplications: 

(5) L{G,S)  =  M{G,S)  +  0(G,S) 

This statemen t prove s tha t th e numbe r o f losse s L(G,S)  i s exactl y th e cos t 
function, C(G,  5) , introduced b y Guigo et al . i n [12] , which gives a correspondenc e 
between th e tree-mappin g an d annotatin g approaches . However , thi s correspon -
dence relate s onl y t o th e numbers : th e intermediat e node s ar e not , an d cannot , 
be th e losses . A n interpretatio n o f th e intermediat e node s followin g fro m (4 ) i s 
discussed belo w i n sectio n 3.4 . 

3.3. A  Technica l Proof . I n Eulenstei n an d Vingro n [7 ] equation (4 ) i s con -
sidered i n th e for m \D S\ —  \Os\ =  \P S\. Th e equatio n i s state d a s a  mai n resul t 
(Theorem 4.2) , thoug h i n a  differen t notation . A n edge , (s,ps) , i s denote d b y e 
while L*(e)  denote s subse t P s an d C*(e ) i s used t o denot e subse t D s —  Os. 

Then, L*(e ) i s partitione d int o tw o parts , 14(e) , bein g define d a s thos e ele -
ments o f L*(e ) als o i n C*(e) , an d Z£(e) , th e rest . Similarly , C*(e ) i s partitione d 
into Cl(e)  an d C£(e) . Th e Ven n diagra m o f thes e subset s i n th e se t o f al l gen e 
tree node s i s shown i n Fig . 9 . 

After this , th e essentia l statemen t become s |Z£(e) | =  |CJ(e) | whic h i s prove n 
in Eulenstei n an d Vingro n [7 ] by, first , observin g tha t L\(e)  i s an antichai n (non e 
of its element s i s a par t o f another one ) whil e every node i n C£(e ) contain s a  nod e 
from I£(e) , and , second , analyzin g th e propertie s o f the tre e obtaine d fro m G  b y 
cutting of f al l the node s descendin g fro m node s i n Z£(e) . 

A proble m wit h th e proo f outline d abov e i s tha t i t i s rathe r technica l an d 
gives no biologically interprete d correspondenc e betwee n set s L*  (e) =  D s —  Os an d 
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FIGURE 9 . Ven n diagra m o f set s L*(e)  an d C*(e) . 

C*(e) —  P s wher e e  =  (s,ps).  I n th e pape r b y Eulenstei n e t al . [5] , suc h a n 
interpretational proo f ha s bee n provided , a s follows . 

3.4. A n Interpretativ e Proof . Le t u s fix an interio r s  € S  an d conside r al l 
those duplicatio n pair s (g,a>s(g))  that satisf y th e followin g conditions : (i)  s  i s no t 
a chil d o f a>s(g),  an d (ii)  s  i s a  #-loss . A  typica l patter n i s shown i n Fig . 10 . Now , 
let u s fix an inclusion-maxima l g  from th e se t o f duplications satisfyin g (i)  an d (ii) 
to dea l wit h i t i n the res t o f this section . I t ca n happe n that , fo r a n s  given , ther e 
is n o suc h duplication s a t all . Th e followin g relate s t o th e cas e whe n duplication s 
satisfying (i)  an d (ii)  exist . 

FIGURE 10 . Th e structur e o f Q(g)  wit h respec t t o s  an d it s siblin g s'. 

It ca n b e prove n that , sinc e g  unde r consideratio n i s maximal , s  i s a  charge d 
(not gapped ) gAoss  s o that , sa y g  D s C  eg  [5] ; i n Fig . 1 0 thi s los s i s labele d b y 
plus. Le t u s conside r subtre e G(g)  an d defin e node s Pi,...,p g £  G(g)  tha t ar e 
maximal part s o f som e node s i n S(s')  (s*  is the collatera l chil d o f ps, se e Fig . 10 ) 
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while thei r sibling s ar e no t part s o f s.  Le t u s denot e th e se t o f thes e node s b y 
Q(9) —  {<7i > •••> <7g}- Obviously , non e o f th e node s gk  € Q(g)  overlap s s  sinc e the y 
are part s o f it s sibling . 

STATEMENT 4 . For  any  gk  G  Q(g),  ps  is  a  gk-intermediate while  s is  the  colla-
teral child.  Moreover,  no  other  node  g  € G(g)  exists  so  that  ps  is  a  g-intermediate 
and s  is  the  collateral  child. 

Proof: Indeed , as(gk)  C  ps  because , a s wa s define d above , gk  C  s'  wher e s' 
is th e siblin g o f s.  O n th e othe r hand , ps  C  a>s(pgk)  sinc e pgk  i s no t include d i n 
ps =  s  U  s' (b y definitio n o f gk)  thoug h overlap s it . Nod e 5  is th e collatera l chil d 
since gk  Q  s*. 

Then, fo r ps  t o b e a n intermediat e alon g wit h s  th e collatera l child , fo r a  pai r 
(§iP9)i P9  € G{g),  i t must b e g C  s'  wher e s'  i s the other siblin g of s, while pg <£.  ps. 
That implie s tha t g  mus t b e a  maxima l nod e t o b e a  par t o f a  nod e i n S(s') , bu t 
its siblin g i s not a  par t o f s.  Thus , g  has bee n counte d i n Q(g).  • 

Thus, w e have proven tha t 

(6) Q(g)  =  P snG(g) 

Now, we are going to explore whether differen t duplication s in (D s —  05) flG(p ) 
can b e assigne d t o differen t element s in Q(g).  I t i s expected tha t th e answe r i s yes, 
which ca n b e exploite d i n provin g equatio n (4) . 

A one-to-on e assignmen t o f th e duplication s t o element s o f Q(g)  ca n b e don e 
with a  procedur e involvin g th e followin g concepts . Le t u s partitio n th e node s 
in Q(g)  int o tw o classe s b y charge : A(g)  -  thos e charge d a s s ; an d B(g)  -  thos e 
charged alternately . A n importan t thin g i s tha t B(g)  canno t b e empt y sinc e ps 
must b e mixed . Thus , q  =  \A(g)\  +  \B(g)\  an d \B(g)\  >  0 . I t i s no t difficul t t o 
establish a  one-to-on e duplicatio n assignmen t fo r th e node s i n B(g)  an d the n t o 
move o n considerin g th e othe r par t o f Q(g),  whic h ca n b e exploite d i n a  recursiv e 
manner: a t eac h step , a  non-empt y subse t o f th e remainin g par t o f Q(g)  i s sepa -
rated t o mak e a n eas y duplicatio n assignmen t an d the n mov e on t o th e rest , unti l 
no nonassigned elements in Q(g) remain . Th e procedure can be described as follows. 

One-to-One Assigning  Duplications  from  (D s —  Os)OG(g) to  Ele-
ments of  Q(g) 

0. Initia l setting : Q  4-  Q(g). 

1. Fin d !-£?(<? ) | differen t duplication s fo r th e node s i n B(g)  an d 
extract B(g)  fro m Q:  Q  « - Q  -  B(g)  alon g wit h q  « - |Q| . Thi s 
is done vi a considerin g th e leas t commo n ancestors , 05(^1,^2) , fo r 
every pai r <7i,# 2 G  B(g).  Al l o f the m ar e righ t duplication s a s 
stated i n the Statemen t 5  below. B y the propertie s o f binary trees , 
exactly \B(g)\  —  1  of the m ar e different , which , togethe r wit h th e 
top duplicatio n g,  give s \B(g)\  differen t duplications . 

2. Chec k whethe r Q  =  0 . I f yes , end. I f not , g o to 3 . 
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3. Fin d a ^ 6 Q an d a  correspondin g duplicatio n §k  alon g wit h 
the correspondin g se t Q((jk)  C  Q  suc h tha t B((jk)  ^  0  in th e cor -
responding partitio n o f Q(cjk)  by charge . [Fo r an y gk,  duplicatio n 

\gk i s define d a s th e minima l ancesto r o f gk  (i n G)  t o overla p 5 , 
which i s justified b y Statemen t 6  below. B y it s ver y definition , gk 
belongs to the par t o f G(g) charge d as s and, thus , is different fro m 
the duplication s assigne d a t ste p 1. ] Sinc e al l th e §kS  are partiall y 
ordered b y inclusion, pick  a  maximal one ; its B((jk)  ^  0 , obviously . 
Go to ste p 1  with g  — gk. 

The procedure obviously converges since Q  is decreased a t ever y step. Correct -
ness of step 1  in the procedur e i s proved b y th e following . 

STATEMENT 5 . For  any  pair of  nodes in  B(g),  their  minimal  common  ancestor 
in G  is  a  duplication,  in  G(cg),  such  that  s  is  its  non-child  loss. 

Proof: Le t g  =  ao(gi  U#2) , then, obviously , pg\ an d pg<i  ar e among the node s 
in G(g).  Thi s implie s tha t th e image s o f g  an d eac h o f it s children , eg  an d eg, 
include ps  and , thus , ar e nested . Le t as(cg)  C  as  (eg), the n both , eg  an d eg,  ar e 
parts o f as  (eg), whic h mean s tha t as(g)  —  as (eg) and , thus , g  i s a  duplication . 
Since bot h g\  an d # 2 ar e fro m eg,  s o i s g,  whic h prove s tha t bot h g  G  G(cg) an d 
s n g =  0 . Howeve r ps  include s bot h g\  an d g<i  thu s overlappin g bot h childre n o f 
g, whic h mean s tha t s  i s a  g-\oss  (gapped) . Th e fac t tha t s  i s no t a  chil d o f as(g) 
follows fro m inclusio n ps  C  as(g).  D 

Correctness o f step 3  in th e procedur e i s proved b y th e following . 

STATEMENT 6 . For  any  gk  G  A(g),  its  minimal  ancestor  gk  overlapping  s  is  a 
duplication, in  G(cg),  for  which  s  is  a  non-child  loss. 

Proof: Th e fac t tha t suc h a  gk € G(cg)  exist s follows from gk  G  G(cg)  an d th e 
assumption tha t s  f) eg ^ 0 . Ther e ar e tw o case s possible , pgk =  gk  an d pgk  C  gk, 
which wil l be considere d i n turn . 

First, le t pgk  =  gk  s o tha t pgk  H  s ^  0  and , thus , th e othe r sibling , g' k, o f gk 
overlaps 5 , too , sinc e gk  an d s  ar e no t overlapping . Le t u s sho w tha t as(pgk)  = 
asig'k), t n a t is , gk  =  pgk  i s a  one-sid e duplication . Indeed , i f as(g' k) C  as(pgk), 
then as{gk)^ as(g'k) =  0  and thus g' k may not overlap anything in the path betwee n 
as(gk) an d as(pgk),  ps  included , whic h i s no t true . Th e fac t tha t 5  is a  non-chil d 
pgk-loss follow s fro m tha t ps  overlap s bot h childre n o f as(pgk)  bu t ps  doe s no t 
coincide wit h as{pgk)> 

Second, le t pgk  C  gk  s o tha t pgk  i s a  par t o f a  chil d o f g k, say , pg k C  cgk> 
Then gk  C  cgk  so that s  n ccjk  #  0  since , otherwise , s  C\ cgk i 1 0  which contradict s 
the minimalit y o f gk.  Thus , s  an d as  (cgk) ar e overlappin g an d s o do as  (cgk) an d 
as (cgk) becaus e s  C  ps  C  as  (pgk) Q  as  (cgk). Thi s mean s tha t th e latte r tw o 
sets ar e neste d s o that , fo r instance , as(cgk)  Q  as(cgk).  Thus , bot h cgk  an d cgk 
are include d i n as  (cgk), whic h implie s g k —  cgk U cgk i s include d i n as  (cgk) and , 
therefore, as(gk)  —  as(c§k), tha t is , gk  i s a  duplicatio n indeed . Nod e 5  is gk  one -
copy since sHccjk  =  0 . However , ps include s gk  and thus overlap s cgk,  which prove s 
that s  i s a  <7fc-los s (no t bein g a  chil d o f gk  sinc e ps C  as(§k)).  n 

STATEMENT 7 . TTi e cardinalities of  P s D  G(g) and  (D s -  O s) D  G(g) coincide: 

(7) \P snG(g)\ =  \(D s-Os)nG(g)\ 
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Proof: Th e fac t tha t th e lef t par t i s no t greate r the n th e righ t follow s fro m 
correctness o f th e assignmen t procedur e becaus e equatio n (6 ) holds . O n th e othe r 
hand, g'  G  (Ds —  O s) H  G(g) implie s tha t s  i s a  #'-loss an d it s paren t ps  i s betwee n 
the image s o f g'  an d a  child , sa y cg\  ps  G  [a s (c#')>as (#')]> whic h mean s tha t 
eg' G  PSH G(g).  Thi s prove s tha t th e righ t par t i n (7 ) i s not greate r tha n th e left . 
D 

STATEMENT 8 . For  any  node  s  G  S, 

(8) |P,| = |JDa |-|0,| 

Proof: Sinc e maximal duplications g  are nonoverlapping, so are correspondin g 
subtrees, G(g).  Thus , summin g u p al l the equation s (7 ) give s (8) . • 

This complete s th e proo f o f statement 3  since (8 ) i s equivalen t t o (5) . 

4. Equivalenc e Betwee n Annotatin g an d Copyin g Duplication s 

4.1. Th e Structur e o f Duplication Node s i n G . Le t u s consider the se t of 
all duplication node s i n S . Thes e node s alon g with edge s representin g se t theoreti c 
inclusion as in a  Hasse diagram (fo r an y node, only the nodes being its "immediate " 
subsets ar e its children ) for m a  forest. Sinc e there is no overlap between the specie s 
in differen t connecte d component s o f th e forest , eac h o f th e component s ca n b e 
considered independently . Le t 5* be such a component an d G* be its correspondin g 
counterpart i n G; that is , g G  G* if and only if (g,  s) i s a duplication a t som e s  G  S*. 

STATEMENT 9 . The  set  G * is  a  connected  graph  (by  set-theoretic  inclusion), 
and thus  a  rooted tree. 

Proof: Le t (#i,si ) an d (g 2,s2) b e duplication s suc h tha t s i an d 5 2 are node s 
in 5 * connecte d b y a  pat h s o that on e o f them i s a  par t o f the other , fo r instance , 
si C  s 2. I f 9\  Q  92, then g\  an d # 2 are obviousl y connecte d i n G* . I f g\  f l #2 =  0 , 
then le t u s conside r thei r leas t commo n ancesto r i n G , g,  an d prov e tha t g  G  G* 
which implie s g\  an d g 2 ar e connecte d i n thi s case , too . I f bot h gi,g 2 wer e part s 
of eg  (o r eg),  the n eg  (o r eg),  no t g,  woul d hav e bee n th e leas t commo n ancestor , 
which show s tha t g\  C  eg  an d # 2 Q  eg.  S o g\  C  as  (eg) an d g 2 C  as  (eg), whic h 
implies si  C  as(cg)  an d s 2 C  as  (eg). Thus , as  (eg) Das (eg)  ^  0 , i.e. on e of the set s 
is a  par t o f the other , sa y as(cg)  C  as  (eg). Thu s as(g)  =  as(cg),  an d s o (g,as(g)) 
is a  duplicatio n wit h as(g)  obviousl y belongin g t o 5* . 

It remain s t o prov e no w tha t g\  an d g 2 ar e als o connecte d fo r nonoverlappin g 
s\,s2 G  5*. Th e immediat e predecessor , s , o f s\  an d S 2 i n S*  correspond s t o a 
vertex g  G  G* s o tha t pair s {#i,<7 } and {g 2,g} ar e connecte d i n G * whic h prove s 
that gi  an d g 2 ar e connected . D 

In th e remainder , w e restric t ourselve s t o th e cas e whe n S*  i s a  connecte d 
component, becaus e the result s ca n b e easily extended t o the genera l case when S * 
is a  forest . 

The se t o f the nodes of tree G* can be partitioned int o classes of nodes mappe d 
into th e sam e imag e s  G  S*. Obviously , thes e classe s ar e "convex " part s o f G* : i f 
gi an d g 2 belon g t o suc h a  class and ther e exist s a  #3 G G* suc h tha t g\  C  #3 C g 2, 
then £ 3 belongs t o th e sam e class . Indeed , as(#i ) =  as(g2)  —  s implie s as(g)  =  s 
for an y gen e tree nod e betwee n g\  an d g 2. Thi s propert y allow s us to partitio n th e 
tree G * int o roote d subtree s (withi n th e mappin g classes) , G*(g,s),  wher e s  i s th e 
common imag e o f al l the node s i n G*(g,  s)  an d g  i s it s root . Th e subtree s G*(g,  s) 
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are suppose d t o b e maximal , tha t is , an y lea f o f a  G*(g,s)  ha s it s childre n i n G * 
mapped int o node(s) differen t fro m s.  Thi s implies that an y leaf of a G* (g, s) ha s a t 
least on e of its G-children ou t o f G*. Indeed , b y the very definition o f a duplicatio n 
node, on e o r bot h o f it s childre n mus t hav e th e sam e mappin g imag e and , thus , 
belong t o G*(g,  s)  i f this on e o r both belon g t o G* . 

Let u s denot e b y G* * th e set-inclusio n tre e obtaine d fro m G * b y addin g t o i t 
all G-children o f its nodes (compar e G* with G* * i n Fig . 11) . Eac h o f the subtrees , 
G*(g,s), o f G * als o wil l b e extende d i n G* * b y addin g al l G-childre n o f it s nodes . 
The extende d G*(g,s)  wil l b e denote d b y G**(g,s).  Obviously , an y G**(#,s ) i s a 
subtree i n G** . Accordin g t o thi s construction , amon g th e leaves , gi, ..., # m , o f a 
subtree G**(g,  s) ther e may occu r both nonduplicatio n an d duplicatio n nodes . An y 
leaf, gk,  whic h i s a  duplicatio n node , i s th e roo t o f anothe r subtre e G**(gk,Sk). 
Any lea f tha t i s no t a  duplicatio n nod e i s eithe r a  lea f o f G* * o r th e paren t o f 
another subtre e G**(g',s').  Obviously , the leaves , #1, ...,#m, of G**(g,s) considere d 
as cluster s i n I  for m a  partitio n o f th e cluste r g.  Th e numbe r o f th e leaves , m , i s 
the numbe r o f duplication node s i n G**(g,  s) plu s 1 . 

In Fig . 11 , the two subtrees G**(#, s) i n G** are separated by the dashed boxes . 

4.2. Plai t Fram e an d Plai t Tree . Le t u s defin e a  concep t o f plait  frame, 
P(G*,S*), whic h is a labeled roote d binary tree following, i n general, the pattern o f 
tree G** . However , insertions from S  ar e made between differen t subtree s G**(# , s). 

To defin e P(G*,5*) , tak e G* * an d conside r al l situation s whe n a  subtree , 
G**(g,s), i s inciden t (fro m below)  t o anothe r subtree , G**(g',s');  tha t is , s  C  s' , 
and g  is either a  leaf of G** (#', s') o r a  child of a leaf, g,  of G** (gr, s'). I n the forme r 
case, the paren t o f g in G** is a node g"  G  G*(g', s'). I n the latter , th e grandparen t 
of g  (paren t o f g)  i s a  node g"  G  G*(g', s'). Le t u s denote b y 5(s , s') a  subtree o f S 
consisting of the path betwee n s  and s f i n S  (s'  included , s  excluded) alon g with th e 
collateral childre n o f the vertice s i n the pat h added . Thi s subtre e mus t b e inserte d 
between g  and th e g"  jus t defined . Whe n a  leaf , g,  o f G**(g',s')  i s g' s parent , th e 
edge (g,g)  i s substitute d b y th e subtre e S(s,s () s o tha t th e paren t o f s  i n S(s,s t) 
becomes th e paren t o f g.  Whe n ther e i s n o nod e betwee n g  an d g"  (th e forme r 
case), a  nod e g  i s inserte d i n th e edg e (g,g')  artificiall y jus t t o b e substitute d b y 
the subtre e S(s,  s')  a s above . Afte r al l insertion s ar e made , th e structur e o f th e 
plait tree , P(G*,5*) , i s defined . I t remain s t o labe l al l node s i n P(G*,S*). 

In Fig . 1 1 node b  is a  lea f paren t nod e (th e latte r case ) replace d b y th e pat h 
AB fro m S  alon g wit h collatera l children , E  o f A  and 6  of B , in P(G*,S*). 

The node s o f P(G*,5* ) ar e labele d b y word s o f for m sw  wher e s  £  S*  an d 
suffix w  G  W\ W  stand s fo r th e se t o f finite  word s ove r alphabe t G* * (tha t is , it s 
letters ar e node s o f G** ) containin g no t mor e tha n on e occurrenc e o f eac h o f th e 
letters; moreover , th e lengt h o f w  G  W i s no t greate r tha n th e dept h o f tre e G* . 
The labelin g i s define d differentl y fo r th e tw o type s o f node s i n P(G*,S*):  thos e 
inherited fro m G* * an d thos e inserte d fro m S.  Ther e ar e thus tw o rules : 

(a) Eac h node g'  G  G**( ,̂ s) i s labeled by swg'  wher e w eW  is  the suffi x o f the 
label assigne d t o it s paren t i n P(G*,  S*)  (s o that w  i s empty a t th e roo t o f G**) . 

(b) Eac h nod e s"  G  5(5, s') carrie s th e labe l s"w  wher e suffi x w  i s th e sam e 
as tha t i n th e label , s'w,  o f th e correspondin g chil d o f g" , whic h woul d hav e bee n 
assigned t o i t accordin g t o (a) . 

We ca n se e tha t th e suffi x i s constan t withi n inserte d part s an d th e prefi x i s 
constant withi n subtree s G**(g,s).  Evidently , th e suffi x show s th e pat h i n G* * 

Licensed to AMS.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/publications/ebooks/terms



ANNOTATING, TRE E MAPPING , AN D COPYIN G DUPLICATION S 8 9 

u P(G * ,  S * ) 

FIGURE 11 . Th e plai t frame , P(G*,5*) , fo r a  gen e tree , G , an d 
species tree , S  a s an extende d an d relabele d structur e o f gene sub-
trees, G * andG** . 

leading fro m th e roo t t o th e duplicat e cop y o f th e gen e a t th e correspondingl y 
labeled specie s node : an y tim e whe n a  duplicatio n occur s (a t a  gen e nod e #) , th e 
duplicate copies are distinguished b y adding to them "markin g signs" correspondin g 
to it s children , eg  an d eg.  Obviously , an y suffi x assigne d i n th e plai t frame , w  — 
gi...gp, satisfie s inclusion s g p C  .. . C  g\ alon g the correspondin g pat h i n G* * wher e 
#!,..., #p ar e considere d a s cluster s i n G . 

In the gene and specie s trees shown in Fig. 11 , tree G*, tree G** and th e labele d 
plait fram e P(G*,S*)  ar e present . Th e inserte d par t (betwee n A  an d C)  i n S  i s 
shown i n tre e P(G*,S*)  wit h cuts . 

The plai t fram e sketche s the duplicatio n histor y o f gene G  according to specie s 
tree 5 . T o sho w a  complet e histor y involvin g th e lis t o f al l curren t species , / , 
under observation , th e plait  tree,  H(G,S),  ca n b e define d a s obtaine d fro m S  b y 
substituting subtre e S(s*)  (wher e s*  is the roo t o f S*) b y the plai t fram e wit h eac h 
of it s leave s sw  replace d b y th e subtre e S(s)  alon g wit h al l it s node s s'  relabele d 
as s'w  b y addin g th e suffi x w  o f th e plai t tre e lea f (se e Fig . 12) . A n importan t 
feature i n thi s representatio n i s the label s o f the leave s o f H(G,  S)  presentin g join t 
duplication histor y o f gen e G  i n th e specie s se t I  unde r investigation . Any  lea f 
labeled b y igi...g p relate s t o a  cop y o f gen e G  i n specie s i.  I f i  £  g p, th e lea f cop y 
is extinc t o r just missin g i n th e data . I f i  G  g p, th e lea f ig\...g p correspond s t o th e 
observed occurrence of the gene in species i  G  /. Thi s is why we mark leave s ig\...g p 

with i  G  gp a s activ e whil e th e other s ar e marke d a s non-active . Th e non-activ e 
copies i n th e plai t tre e i n Fig . 1 2 are marke d b y th e asterisk , "*" . 

It ca n be easily proven tha t th e plai t tree , in fact , coincide s wit h th e reconcile d 
tree a s doe s th e tre e i n Fig . 1 2 wit h th e tre e i n Fig . 7  (u p t o mino r labelin g 
differences). T o d o that , w e nee d t o translat e th e forma t o f encodin g plai t tre e 
nodes, sw  G  S x  W, int o the forma t o f labeling node s o f the reconcile d tree . I n th e 
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latter case , th e suffi x mus t b e a  subse t o f only cop y labels . Suc h a  subset , c(w),  i s 
obtained, fo r an y sw  G  H(G,  5) , b y picking from w  thos e o f its symbols tha t relat e 
only t o childre n o f th e duplication s occurrin g alon g th e pat h leadin g t o sw.  Fo r 
example, fo r th e nod e Cabcd  i n H(G,S)  i n Fig . 12 , the cop y se t i s {6 , d}, becaus e 
a an d c  are themselve s duplications . 

STATEMENT 10 . The  plait  tree  H(G,S),  with  its  node  label  suffix  words,  w, 
relabeled as subsets  c(w),  is  the  labeled  reconciled tree  R(G,S). 

Proof: Th e rule for updating the natural partia l order in the algorithm for con -
structing th e labele d reconcile d tre e follows th e structur e o f plait fram e P(G*,S*). 
The suffixe s ar e adde d onl y fro m th e childre n eg  an d eg,  no t fro m th e duplicat e 
node g  itself . Thes e addition s correspon d t o gen e copies . • 

4.3. Losse s an d *-Losses . T o analyze the structur e o f the se t o f *-losses , we 
use th e subtree s G**(g,s)  o f th e subtre e G* * define d i n sectio n 4.1 . Fo r an y leaf , 
<7&, k =  l,...,ra , o f G**(g,s),  th e se t o f non-activ e copies  i n th e correspondingl y 
relabeled subtre e S(s)  is  s- gk-  This i s obvious i f g^  is a leaf o f G**. However , thi s 
also holds i f g^ is not a  leaf of G** because i t i s substituted b y that piec e of S  whic h 
contains s  — gk,  becaus e furthe r duplication s (an d copyin g process ) ar e withi n g^ 
as it s set-inclusio n descent . Thu s correspondin g *-losse s are maxima l node s s'  G  S 
satisfying s ' C s - ^ . 

FIGURE 12 . Th e plai t tre e H(G,  S) , for th e gen e and specie s tree s 
in Fig.l. Th e label suffixes ar e omitted below the plait frame nodes , 
for notationa l simplicity . 

In th e exampl e o f Fig . 12 , ther e ar e tw o subtree s correspondin g t o childre n b 
and /  o f duplicatio n a  wit h thei r root s Aaf  an d Aab,  respectively . Sinc e A  —  I 
in thi s case , correspondin g set s o f non-active copie s ar e A  —  f  =  {1,2,3,4 , 5} an d 
A —  b  =  {6,7,8} , respectively . Th e *-losse s ar e show n b y boxe s a s th e maxima l 
species cluster s o f non-active copies . 

The followin g tw o statement s sho w tha t th e concept s o f los s an d Mos s ar e 
equivalent. 

STATEMENT 11 . The  set  of  losses  corresponding  to  all  the duplication  nodes  of 
any subtree  G**(g,s)  of  S**,  coincides  with  the  set  of  *-losses  in  the  correspon-
ding part  of  H(G,  S)  (with  the  number  of  occurrences  of  the  same  loss  taken  into 
account). 
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Proof: Le t u s recal l tha t a  (/-loss , s'  G  5, i s define d b y th e conditio n tha t 
(s' flg' C  eg'  o r s ' f l p ' C eg')  an d s ' U s" overlap s both eg'  an d c#' , wher e s"  i s th e 
sibling o f s'  i n 5 . Sa y s'  0 g'  C  eg'  an d s " Pi eg' ^  0 ; thus ther e exist s i 0 G  s" 0  eg'. 
By constructio n o f G** , ther e exist s a  lea f <? " G G**, # " C  #' , suc h tha t i 0 G  #". 
Therefore, ther e exist s a  lea f iowg"  G  H(G,S) suc h tha t i 0 G  #" an d i u contain s 
eg' a s it s letter . Thi s implie s tha t i n th e correspondin g subtre e o f S  carryin g labe l 
suffix wg"  i n H(G,S),  th e specie s cluste r s'  contain s onl y non-activ e copie s bu t 
s' U  s" doe s not , whic h mean s tha t s'  i s a  *-cluster . 

To prove that ther e are no other *-clusters , let us make the following calculation . 
Let <7i,...,# m b e th e leave s o f G**(g,s).  A s w e hav e see n above , th e *-losse s ar e 
maximal species clusters ms—gi,...,s—gm whic h implies that the y cover m—1 time s 
every i  G  s. O n th e othe r hand , accordin g to Statemen t 1 , the losse s correspondin g 
to eac h o f th e ra  —  1  duplication node s i n G**(#,s ) for m a  partitio n o f s  s o tha t 
these partition s cove r s  also m  —  1 times, which implie s that ther e canno t exis t an y 
Moss no t bein g a  loss . • 

Summing u p al l the losse s (an d *-losses ) i n al l G**(g,  s), w e have the followin g 
corollary proven . 

STATEMENT 12 . The  sets  and  numbers  of  all  losses and  *-losses  coincide. 

5. Conclusio n 

Two concepts of duplication, apparentl y differen t thoug h based on similar ideas, 
have bee n analyze d here . I t i s prove n tha t th e pattern s o f duplication s an d thei r 
histories emerging in two approaches to modeling duplication s ar e equivalent i n th e 
special cas e that eac h species contains exactly one gene of a duplicated gen e family . 
One o f the approache s deal s wit h copyin g duplication s presente d i n th e reconcile d 
tree, th e othe r wit h annotatin g duplications . 

In th e reconcile d duplicatio n histor y tre e al l duplication s ar e inferre d i n suc h 
a wa y tha t th e tre e show s ho w th e evolutionar y proces s migh t hav e occurred . I n 
particular, th e nestin g o f duplication s i s easil y seen . I n contrast , th e annotatin g 
duplications ma y b e inferre d i n an y order , whic h make s Mirkin-Muchnik-Smith' s 
annotating constructio n no t s o graphical . Moreover , a s note d b y Pag e [17 ] th e 
reconciling technique s ca n b e easil y extende d t o th e cas e whe n severa l gen e copie s 
can be present fo r the same species (se e also section 2.4 in this paper) . Th e proble m 
of extensio n o f th e annotatin g technique s t o th e cas e o f multipl e gen e copie s has , 
to th e authors ' knowledge , neve r bee n explored . 

However, som e goo d feature s ca n b e foun d i n th e latte r approach , too : (i ) i t 
allows separating thos e non-active leaves that definitel y ar e based o n a  lack o f dat a 
rather tha n o n rea l los s -  this i s the essenc e o f th e "gappe d loss " concep t (thoug h 
some o f th e othe r non-active s als o ca n b e du e t o a  lac k o f data) ; (ii ) severa l gen e 
trees ca n b e mappe d wit h th e annotatin g duplication s ont o th e sam e specie s tree , 
thus admittin g multifacete d evolutionar y interpretation , whic h hardl y ca n b e don e 
with th e reconcilin g representation . 

Most amazingly , thes e tw o biologicall y meaningfu l construction s appea r t o b e 
highly connecte d wit h a  purely combinatoria l approac h based o n the least-common -
ancestor mapping . I t i s prove n tha t th e combinatoria l cos t functio n give s exactl y 
the numbe r (thoug h no t location ) o f losses/Mosses . Finally , w e hav e show n tha t 
counting the intermediate node s is equivalent t o counting the duplications fo r whic h 
the collatera l childre n ar e losses . 
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The least-common-ancesto r tre e mapping an d countin g the intermediat e node s 
(simultaneously, a s Eulenstein [4 ] does, or subsequently, a s suggested in Zhang [19] ) 
can be done in a linear time (ove r the size of the trees) , which makes tree-mapping a 
welcome instrumen t i n comparin g an d reconcilin g gene/specie s evolutionar y trees . 
The questio n o f ho w computationall y expensiv e i t i s t o enumerat e al l th e losse s 
(with regar d t o correspondin g duplications ) remain s open : th e annotatin g an d 
reconciling duplicatio n construction s her e require s cubi c tim e (ove r th e siz e o f th e 
trees). 

The concept s considere d her e ca n b e furthe r investigated . Fo r instance , ou r 
concept o f the labele d reconcile d tre e involve s give n specie s an d gen e trees . Howe -
ver, characteristic s o f the reconcile d o r plai t tre e shoul d b e found i n genera l terms , 
with n o particula r species/gen e tre e given . Th e problem s o f revealin g correspon -
ding gen e an d specie s structure s fro m a n abstrac t reconcile d tre e hav e ye t t o b e 
posed an d solved . 

Also, it i s interesting to investigate what kin d of interrelation exists between th e 
duplication/loss measure s analyzed in this paper an d those tree-difference measure s 
developed i n th e literatur e earlie r (see , for example , [1] , [2] and [11]) . 
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Aldehyde Dehydrogenase Data 
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ABSTRACT. Whethe r o r no t nuclea r intron s predat e th e divergenc e o f bacteri a an d 
eukaryotes i s th e centra l argumen t betwee n th e proponent s o f th e "introns-early " an d 
"introns-late" theories . I n this  stud y w e compared th e "goodness-of-fit " o f each theor y 
using a probabilistic model of exon/intron evolution and new genomic sequences o f non-
allelic genes encoding human aldehyde dehydrogenases (ALDH) . Usin g a reconstructed 
phylogenetic tree of ALDH genes we computed th e likelihoods o f obtaining the present -
day ALDH sequences under the assumptions of each competing theory. Althoug h on  the 
grounds of  their  own  assumptions  eac h theor y fi t th e ALD H dat a significantl y bette r 
than it s rival , th e mode l correspondin g t o th e "introns-early " theor y require d extensiv e 
"intron slippage, " and th e estimated slippag e rate s wer e to o hig h t o be  consisten t wit h 
previously reporte d correlation s betwee n th e boundaries o f ancient protei n module s an d 
the end s o f ancien t exons . Arguin g tha t th e molecula r mechanism s propose d fo r 
explaining intro n slippag e ar e incapabl e o f providin g suc h hig h slippag e rate s an d ar e 
incompatible wit h th e observe d intro n distributio n i n highe r eukaryotes , w e conclude d 
that the ALDH data support the "introns-late" theory. 

1. Introduction 
The "introns-early " theory suggest s tha t the "genes i n pieces" structure o f eukaryoti c 

genes emerge d lon g befor e th e Eubacteria , Archaebacteria , an d Eukaryot a diverge d a s 
separate group s (1 , 2 , 3) . Accordin g t o thi s theory , (/ ) th e present-da y exon/intro n 
structures originate d throug h th e aggregatio n o f shor t primordia l mini-gene s (15-2 0 
amino acids ) whic h wer e criticall y importan t fo r generatin g protei n diversit y throug h 
"exon shuffling, " (ii)  th e apparen t absenc e o f spliceosoma l intron s i n bacteria l an d 
organelle genome s resulte d fro m thei r secondar y loss , an d (Hi)  the nuclea r splicin g 
machinery i s a s ancien t a s ar e th e nuclea r intron s themselves . Furthermore , th e theor y 
presumes that introns can be easily lost and an '"intron slippage" mechanism exist s which 
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can displace introns for shor t distances (1-12 nucleotides; see 4) while leaving the coding 
sequence intact. 

The alternativ e "introns-late " theor y (5 , 6 , 7 ) state s tha t (i)  spli t gene s appeare d b y 
random intron insertion int o primordial continuou s protein-coding regions , (// ) th e genes 
of cellula r organelle s an d thos e o f bacteri a neve r ha d spliceosoma l introns , an d (Hi)  the 
spliceosomal machiner y emerge d throug h coevolutio n o f grou p I I self-splicin g intron s 
with eukaryoti c protein s (8 , 6 , 9) . Althoug h th e "introns-late " theor y denounce s th e 
shuffling o f primordia l exons , i t doe s no t den y neithe r th e possibilit y o f recen t exo n 
shuffling withi n eukaryoti c lineage s no r earl y protei n evolutio n b y fusion , duplication , 
and permutation o f primordial protein modules . However , th e "introns-late" theory doe s 
not permi t intro n slippag e an d thu s regard s al l intron s occupyin g differen t site s withi n 
related proteins as non-homologous. 

The followin g line s o f argumen t hav e bee n use d t o eithe r suppor t o r rejec t th e tw o 
theories. (i) A few introns were found i n homologous positions in genes duplicated before 
the separatio n o f eukaryotes an d bacteri a (supportin g "introns-early" ) (10) , although th e 
distribution o f the vast majority o f introns in such genes seems to be better explained b y 
intron insertio n (9) . (ii)  "Introns-early " supporter s correctl y predicte d th e positio n o f a 
new intron in a gene of mosquito Culex  tarsalis (11), although this was later argued to be 
a luck y coincidenc e (12 , 13 , 14) . (Hi)  "Introns-early " supporter s hav e claime d tha t 
exon/intron boundarie s statisticall y correlat e wit h th e end s o f unit s o f protei n three -
dimensional structur e (ancient "modules," e.g., see 15) , although this conclusion was also 
vigorously challenge d (14 , 16) . (iv)  Multigen e analyse s o f th e distributio n o f intro n 
phase indicated a  significant exces s of exons and exon groups with the same intron phase 
at both ends (which was presented as evidence for the "introns-early" theory; 17 , 18), but 
this coul d hav e resulte d fro m recen t exo n shufflin g events , an d i s thu s compatibl e wit h 
both theorie s (13) . (v ) Parsimoniou s reconstructions o f the evolution o f the exon/intro n 
structure i n eukaryote s supporte d th e "introns-late " vie w (9 , 14 ) bu t th e possibilit y o f 
intron slippage was completely discarded in these analyses. 

We present here a new method aimed at (/) qualitatively analyzin g new data under the 
respective assumption s o f th e tw o competin g theories , (ii)  scrutinizin g th e interna l 
consistency o f th e result s o f eac h analysis , an d (Hi)  evaluating factua l suppor t fo r th e 
assumptions underlyin g eac h theory . W e illustrat e th e applicatio n o f thi s ne w metho d 
with an analysis of aldehyde dehydrogenase (ALDH) genes. 

2. Human ALDH genes 
2.1. Huma n ALD H gene s ar e ancient . Aldehyd e dehydrogenase s ar e enzyme s 

catalyzing th e conversion o f biogenic an d foodstuf f aldehyde s int o aci d metabolite s (19 , 
20, 21) . Human s hav e a t leas t te n homologou s ALD H gene s tha t apparentl y emerge d 
from a  series o f duplications o f a  single ancestra l gen e (22 , 23 , 24, 25 , 26, 27 , 28, 29), 
and whic h hav e surprisingl y divers e exon/intro n structure s (fig . 1 , 2) . Althoug h al l 
known huma n ALDH' s ar e nuclearly encoded , a t leas t three o f the m (ALDH2 , ALDH5, 
and methylmalonate-semialdehyd e dehydrogenase , MMSDH ) hav e leade r peptide s an d 
are transported to the mitochondria after synthesis . 

A neighbor-joinin g tre e o f ALDH-like  sequence s fro m severa l eukaryoti c an d 
prokaryotic species yielded four well-defined cluster s of eukaryotic genes (fig. 3). 
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Fig. 1 . Position s o f introns withi n eigh t huma n gene s superimpose d wit h alignmen t o f corresponding protei n 
sequences. Intro n position s (arrowheads ) fo r ALDH1/2/5/6/10 an d ALDH3/7/8/9 group s ar e shown abov e and 
below th e alignment, respectively . Th e number show n nex t t o eac h arrowhea d (0 , 1 , or 2 ) indicate s th e 
"phase" o f corresponding intro n wit h respec t t o the reading fram e ( 0 - exon/intro n boundarie s ar e between 
codons, 1  - afte r th e first codo n position , an d 2 -  afte r th e second nucleotid e i n the codon). Ope n boxe s 
emphasize conservativ e sites ; closed boxe s sho w amin o aci d site s wit h establishe d function . Althoug h w e were 
able to find alternativ e plausibl e alignments , all of them predicte d th e same relativ e arrangemen t o f introns. 
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0 -  introns outside codin g regions; 
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Fig. 2 . Exon/intro n structure s o f human ALD H gene s mappe d t o the alignment o f their amin o aci d sequences . 
The sequence s themselve s ar e shown a s shaded rectangle s wher e th e shading intensit y increase s i n directio n 
from N - to C-terminus of the protein ; deletion s an d insertions ar e not shown. Eac h discontinuit y i n rectangle s 
corresponds t o an exon/intron boundar y observe d i n at least on e of the genes; triangle s an d ellipses indicat e 
only thos e intron s tha t ar e actually foun d i n the corresponding gene . Th e figure als o show s th e predicte d 
secondary structur e tha t i s assume d t o be similar fo r all compared proteins : th e hatched boxe s indicat e oc-
helices an d the filled circle s correspon d t o p-strands. Th e secondary structur e wa s predicted wit h a  neura l 
network algorith m implemente d i n progra m PH D (30, 31). Th e bottom o f the figure show s a n artificia l 
segmentation o f the protein int o ten domains whic h wa s used in computation o f the likelihood values . 

Although the average substitutio n rat e in the group IV cluster (ALDH3/7/8/10)  was 
twice as large as the rate in the group I  cluster (ALDH1/2/5/6),  eac h o f the tw o group s 
separately conformed t o a "molecular clock" (see figs. 3 and 5 A) allowing an estimation 
of the divergence times between gene s (see 32 , 33). These estimate s (fig . 5 A) indicated 
that duplication s i n grou p I  wer e likel y t o hav e occurre d muc h earlie r tha n th e 
duplications in group IV. I n our reconstruction, diversificatio n withi n grou p I happened 
during the Neoproterozoic perio d (34) , whil e duplication s i n group IV seemed t o arise 
much later , in the Phanerozoic period , whe n diverse vertebrat e and invertebrate animal s 
were already abundant. Th e latest two duplications in group IV probably too k place near 
212 and 87 million year s ago , respectively (fig . 5 A), dates which roughly correspon d to 
the appearance and then subsequent radiation of mammals. Finally, the existence of at 
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Fig. 3 . A  neighbor-joining tre e (35 ) compute d an d visualize d wit h MEG A (36 ) fro m 4 3 ALDH-lik e protei n 
sequences usin g th e Poisso n correctio n (37 , fo r ALD H dat a virtuall y al l currentl y availabl e correction s fo r 
multiple hits  giv e essentiall y th e sam e tree ) fo r multipl e hits ; th e branc h length s ar e give n i n term s o f th e 
number o f amin o aci d substitutions  pe r site . Al l site s wit h deletion s o r insertion s wer e exclude d fro m th e 
analysis. Th e shade d area s indicat e sequence s fro m eukaryoti c organisms . W e deliberatel y exclude d plan t 
ALDHs from th e analysis to facilitate interpretatio n o f the resulting phylogeny. Bootstra p p-values ar e shown 
next to the corresponding interior branches; the interior branches which were supported with 20% or less out of 
500 bootstra p replication s (39 ) wer e se t t o zero . Descriptio n o f eac h protei n sequenc e include s eithe r 
SwissProt or GenBank accession number (asterisks indicate new sequences) and protein and species names. A , 
B, C , an d D  indicate th e interio r branche s definin g fou r stabl e cluster s o f protein s fro m bot h eukaryote s an d 
eubacteria. Th e tree may indicate that a t least four ALDH-lik e genes (ALDHl/2/5/6-Yike,  ALDH3/7/8/1 0-like, 
ALDH9-\\ke, an d MMSDH-likc  genes ) pre-existed th e divergence o f eukaryotes and eubacteria . SSD H stand s 
for succinate-semilaldehyde dehydrogenase . 
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P181353 8 BAD H  Spinacia oleracea 
— r 1793 6 BAD H  Beta vulgaris 

H 11849 0 BAD H  Beta vulgaris 
' 1793 4 BAD H  Beta vulgaris 

-166484  ALD H  Aspergillus niger 
- P0815 7 ALD H  Emericella nidulans 
-46762 5 ALD H  Cladosporium herberum 

-46761 5 ALD H  Alternaria alternata 
174970 0 ALD H  S. pombe 

P4004 7 ALD H (put. ) yeas t 
, P2228 1 ALDH 1 yeas t 

~1P3287 2 ALDH 2 yeas t 
52922 3 ALD H  C. elegans 

P1188 4 ALDH 2 ra t 
46625 4 ALDH 2 mous e 
P0509 1 ALDH 2 huma n 
P2000 0 ALDH 2 bovin e 
P1276 2 ALDH 2 hors e 
P3083 7 ALDH 5 huma n 

174335 4 ALD H  Nicotiana tabacum 
54448 2 ALDH 6 huma n 
40845 3 ALDH 1 shre w 
P2746 3 ALDH 1 chicken 

P1360 1 ALDH 1 ra t 
P1543 7 ALDH 1 hors e 
P0035 2 ALDH 1 huma n 
P2454 9 ALDH 1 mous e 
52768 2 ALDH 1 shee p 
53749 8 ALDH 1 bovin e 

P4632 9 ALD H (put. ) B. subtilis 

Fungus/Plant 
/Animal 
ALDH 1/2/5/6 

- P1269 3 ALD H  Pseudomonas oleovorance 
P3084 0 ALD H  Entomoeba histolitica 

{ P4335 3 ALDH 7 huma n 
L-ALDH 8 huma n 

45 
ALDH 3 huma n 
P1188 3 ALDH 3 ra t 

. ALDH1 0 huma n 
~i—P3083 9 ALDH1 0 ra t 

ALDH3/7/8/10 

-ALDH 9 huma n 
,11849 1 BAD H  E. coli 
114540 5 BAD H  E. coli 
114540 4 BAD H  E. coli 

ALDH 9 

,14540 2 cholin e  ALD H  E. coli 
111491 9 cholin e  ALD H  E. coli 

Fig. 4. A  neighbor-joining tre e computed wit h MEG A (36 ) an d visualize d wit h TRE E VIEW progra m b y K, 
Tamura from expande d sampl e of ALDH-like protein sequence s including plant sequences . A s in the previous 
figure, th e Poisson correctio n (37 ) for multiple hit s was applied ; th e branch length s ar e given in terms of the 
number o f amino aci d substitution s pe r site. Al l sites wit h deletion s o r insertions wer e exclude d fro m the 
analysis. Althoug h thi s tree  is considerably les s stabl e than th e on e on the previou s figur e whe n teste d wit h 
bootstrap (dat a no t shown), i t clearly show s tha t ther e i s either fewe r differen t non-allelic  ALD H gene s in 
plants than in animals, or many of the plant ALDH genes are not discovered yet . 
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Fig. 5. (A) A  neighbor-joining tre e (35) computed and visualized with MEGA (36) from eleven human protein 
sequences using the Poisson correctio n fo r multiple hits (37) . Th e per cent of bootstrap (39 ) resamplings (ou t 
of 500 ) supportin g eac h sequenc e partitio n i s show n nex t t o th e correspondin g interio r branch ; th e time s o f 
divergence between huma n gene s were estimated wit h the "linearized tree " algorithm (32) . I n this estimatio n 
we used know n ALD H protein sequence s fro m Rodents , Primates , an d Artyodactyl s an d th e divergenc e tim e 
104 Myr  (33 ) fo r Rodentia/Artiodactyl a bifurcation . (B ) Th e unroote d tre e topolog y tha t wa s use d i n th e 
maximum likelihoo d analysi s o f exon/intro n organizatio n o f ALD H genes . Ther e ar e thre e pair s o f ALD H 
genes which hav e identical exon/intron pattern s within eac h pair : ALDH1 an d ALDH6, ALDH3  an d ALDH 10, 
and ALDH7 an d ALDUS. Th e unrooted tree topology is the same as the neighbor-joining tree s in figs. 3  A and 
4. Th e arrows sho w thre e alternative position s o f the tree root (i n th e maximu m likelihoo d computatio n w e 
refer to these rooted trees as tree I, tree II, and tree III, see Table 1). 

least fou r cluster s o f ALD H gene s wher e bacteria l an d eukaryoti c gene s ar e groupe d 
together (see figs. 3, 4) suggested that the divergence times of the four clusters are greater 
than 211 0 Myr,  th e estimate d ag e o f th e oldes t know n extinc t eukaryote , Crypania 
spiralis (38). 

Our phylogeneti c reconstructio n thu s indicate d tha t th e "progenote, " th e commo n 
ancestor of eukaryotes and bacteria, was likely to have at least four distinct ALDH genes, 
since anima l an d eubacteria l gene s wer e groupe d togethe r wit h hig h bootstra p (39 ) 
support. (A t least some of the hypothetically ancien t homologous ALDH genes are foun d 
in fiv e kingdom s o f livin g organisms , Bacteria , Protozoa , Plants , Fungi , an d Animals , 
although plan t ALD H gene s see m to b e studie d les s extensivel y tha n th e anima l genes , 
see fig. 4.) A n alternative explanation of the same tree would require three or more "late" 
(after th e eukaryotes/bacteri a divergence ) latera l gen e transfer s betwee n animal s an d 
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bacteria. Eithe r explanation shoul d be compatible with the maximum likelihood analysi s 
presented in the following section . 

2.2. Intro n evolutio n i n ALD H genes : comparison o f competin g theories . W e 
developed a  mode l tha t wa s flexibl e enoug h t o accoun t fo r analyse s unde r eac h riva l 
theory. Ou r mode l incorporate s th e followin g assumptions , (i)  Ther e ar e thre e majo r 
types o f elementar y event s causin g change s i n exon/intro n patterns : intro n insertion , 
intron deletion, and intron slippage, where an intron slippage is a hypothetical short-rang e 
"jump" o f a n intron withi n th e sam e gene , (ii)  The actua l numbe r o f elementar y event s 
along a  tre e branc h follow s a  Poisso n distribution . (Hi)  Th e probabilit y o f eac h ne w 
evolutionary even t given a fixed exon/intron  arrangement does no t depend o n eithe r th e 
order o r the number o f past events i n the evolutionary histor y o f the gene , (iv)  Rate s of 
intron insertion , deletio n an d slippag e ar e fixe d alon g eac h branc h o f th e tree , bu t ca n 
differ amon g branches . W e als o assume d tha t th e correc t unrooted  tre e topolog y fo r 
human ALDH gene s i s known an d ca n be meaningfully roote d i n three alternativ e way s 
(fig. 5 B). 

Starting wit h th e abov e assumptions , w e applie d a  standar d se t o f matri x 
manipulations (40 ) use d i n th e theor y o f Marko v chain s fo r derivin g transitio n 
probabilities betwee n differen t exon/intro n patterns . Thes e probabilities wer e the n use d 
to comput e th e conditiona l probabilit y ("th e likelihoo d give n data" ) o f observin g th e 
present-day gen e structures given a  specified tre e and a  fixed se t of the model paramete r 
values (41) . First , w e defined instantaneou s transitio n rat e matrice s correspondin g t o a 
first-order Marko v chain description of intron evolution. Th e entries of each matrix were 
assigned rat e parameter s A, , U. , o r §  wheneve r th e correspondin g pai r o f intro n 
arrangements wa s separate d b y a  single  intro n insertion , deletion , o r slippage , 
respectively; th e matri x entrie s wer e se t t o zer o wheneve r th e distanc e betwee n 
corresponding intro n arrangement s exceede d on e elementar y event . Th e diagona l 
elements of each rate matrix were chosen to ensure that the sum of elements i n each row 
is equa l t o zero . Fo r example , fo r a  hypothetica l gen e wit h onl y two  site s potentiall y 
hosting introns , ther e ar e fou r possibl e intron/exo n configurations : 00 , 01 , 10 , an d 11 , 
where zer o an d on e stan d fo r intro n absenc e an d presence , respectively . Thus , th e 
transition fro m configuratio n 0 0 t o configuratio n 0 1 correspond s t o a n intro n insertion ; 
the transitio n fro m 0 1 to 00 indicate s intro n loss ; a  transition fro m 1 0 to 0 1 denote s a n 
intron slippage . Th e resultin g instantaneou s transitio n rat e matrix , Q , i s the n writte n a s 
follows 

\-2X X  X  0  ]0 0 

ju -X-ju-cp  (p  X  0 1 

ju <p  -X-ju-(p  X  10 ' 

[ 0  ju  ju  -2//Jl l 
00 0 1 1 0 1 1 

where ,\ , JLI , an d <) > stand fo r th e instantaneou s rate s o f intro n insertion , deletion , an d 
slippage, respectively . Second , th e matrice s o f transitio n probabilitie s betwee n 
exon/intron arrangement s wer e compute d numericall y a s matri x exponential s o f th e 
corresponding instantaneous transition rate matrices. Thi s operation produces a  matrix of 
transition probabilities between gene arrangement states during time t  (expressed i n terms 
of th e expecte d numbe r o f event s o f eac h type) , an d i s symbolicall y expresse d a s e Qt. 
Third, the likelihood value was calculated a s described by J. Felsenstein (41) , treating the 
number o f ancestra l intron s a t th e "root " o f th e tre e an d th e mea n rate s o f intro n 
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rearrangement alon g each tree branch as model parameters . Al l numerica l computation s 
were performe d wit h th e MATLAB ® 4.0 packag e produce d b y Mat h Work s Inc . (T o 
make th e required computation s feasibl e w e divided th e ALD H gene s int o te n domain s 
(see fig . 2 ) assumin g tha t intro n slippag e wa s prohibited betwee n domains . We define d 
the boundarie s betwee n thes e domain s t o minimiz e th e numbe r o f th e ancestra l intron s 
required t o explai n th e present-da y genes , a s i s commonl y don e i n "introns-early " 
analyses. Withou t thi s segmentatio n th e computatio n o f likelihoo d function s woul d b e 
effectively impossibl e because of the large number of intermediate sequence states at each 
node o f th e tree . Indeed , eac h sequenc e wit h n  potentiall y intron-bearin g site s ca n b e 
observed i n 2" different binar y states , where 0 stands for a n intron absence , and 1  for a n 
intron presence . Thi s is a very large number even for a  moderate n  (e.g.,  more than 10 9 

for n  =  30) , an d th e likelihoo d value s hav e t o b e compute d b y evaluatin g transitio n 
probabilities throug h eac h o f 2 n state s for eac h interio r nod e o f th e tree . Fortunately , i t 
was possibl e t o comput e a n approximate  likelihoo d valu e b y assumin g tha t intro n 
slippages can move introns only within each of the ten domains shown in the figure. Onl y 
the present-da y intro n position s wer e use d fo r th e computation. ) Finally , w e use d 
multidimensional simple x numerica l optimizatio n t o fin d a  se t o f paramete r value s 
maximizing the likelihood value . (W e eliminated ALDH5  fro m th e analysis because thi s 
gene apparently resulted from a  single processed mRNA reverse transcription event. ) 

With this model we were able to directly compare the fit o f each alternative theory to 
the actua l ALD H data . Th e fi t o f an y tw o model s t o th e dat a se t ca n b e objectivel y 
compared wit h th e Akaik e Informatio n Criterio n (AIC ; ref . 42) . Th e AI C valu e i s 
computed fo r eac h riva l mode l accordin g t o a  simple formula , AIC / = 2  N,- - 2  log L h 

where N{ is the number of parameters used in the ith model, and log L, is the logarithm of 
the maximum likelihood valu e obtained unde r the model. Th e criterion i s designed suc h 
that the models that fit the data better have smaller AIC values. 

The result s o f eac h analysi s wer e completely differen t fo r eac h se t o f assumptions . 
Comparison o f AIC value s (Tabl e 1 , scenarios A , B, and C ) showed tha t the probabilit y 
of generatin g th e actua l ALD H dat a unde r th e "no-slippage " assumptio n an d th e 
"insertions only" model (= "introns-late") wa s almost 10 6 times as large as the analogou s 
probability unde r th e "deletion s only " ( = "introns-early" ) model . T o ou r surprise , 
reanalysis o f th e sam e dat a allowin g fo r "intro n slippages " ("introns-early " assumption , 
see Table 1 , D, E, and F) resulted i n a complete reversa l o f the conclusion . Tha t is , the 
model "deletion s + slippages" (= "introns-early") becam e the best with a  large advantag e 
in AIC values. 

Thus, the "intron slippage " assumption i s critical for discriminatin g betwee n the two 
theories. Belo w we scrutinize the consistency o f the available experimental data with the 
parameter estimate s obtaine d i n our maximum likelihoo d analysis . W e demonstrate tha t 
although th e mode l wit h th e smalles t ("best" ) AI C valu e correspond s t o th e "introns -
early" theory (see Table 1  D), the parameter estimates obtaine d unde r thi s mode l appea r 
incompatible wit h bot h availabl e experimenta l dat a an d previou s argument s i n favo r o f 
the "introns-early" theory. 
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Table 1 . Compariso n o f alternativ e scenario s o f exon/intro n evolutio n i n th e maximu m 
likelihood analysis . 

Scenario 
A. Only 
deletion 

Tree I/II/II I 
B. Only 
insertion 

Tree I 
Tree II/III 

C. Insertion + 
Deletion 

Tree I 
Tree II/III 

D. Deletion  + 
Slippage 

Tree I 
Tree II 
Tree III 

E. Insertion  + 
Slippage 

Tree I 
Tree II 
Tree III 

F. Deletion  + 
Insertion + 

Slippage 
Tree I 

Tree II/III 

N* 

8 

8 + 1 

8 + 8 + 1 

8 + 8 + 1 

8 + 8 + 1 

8 + 8 + 8 + 1 

InLb 

-176.75 

-165.75 
-167.16 

-165.75 
-167.16 

-92.68 
-92.67 
-92.69 

-165.320 
-163.882 
-165.992 

-92.66 
-92.67 

AICC 

369.51 

349.50 
352.32 

365.50 
368.32 

219.35 
219.34 
219.38 

364.64 
361.76 
365.98 

235.33 
235.34 

Ancestral 
intron 

number 

31d 

0e 

0e 

10e 

0e 

10e 

slipf 

0. 

0. 
0. 

0. 
0. 

11.6 
7.9 
11.7 

0. 
0. 
0. 

19.7 
22.4 

max branch 

insg 

0. 

0.02 
0.02 

0.02 
0.02 

0. 
0. 
0. 

0.02 
0.02 
0.02 

0. 
0. 

delh 

1.68 

0. 
0. 

0. 
0. 

0.23 
0.23 
0.23 

0. 
0. 
0. 

0.22 
0.22 

Note - a th e number o f model parameters, b the natural logarith m of the likelihood value, c Akaike Informatio n 
Criterion, d  th e numbe r o f ancestra l intron s wa s pre-se t rathe r tha n estimated , e  th e estimate d numbe r o f 
ancestral introns, f, g , and h th e maximum likelihood estimate s o f the rates of intron slippage , intron insertion , 
and intron deletion, respectively, expressed per site per branch of the tree. 

The result s o f ou r analyse s turne d ou t t o b e completel y differen t dependin g o n th e 
assumptions used . Compariso n o f AIC value s (Tabl e 1 , scenarios A , B, and C ) showe d 
that the probability o f generating th e actua l ALDH data under "no-slippage " assumptio n 
and th e "insertion s only " mode l ( = "introns-late" ) wa s almos t 10 6 times a s larg e a s th e 
analogous probabilit y unde r th e "deletion s only " ( = "introns-early" ) model . T o ou r 
surprise, the re-analysis of the same data allowing for "intro n slippages" ("introns-early " 
assumption, se e Table 1 , D, E, and F) resulted i n complete reversa l o f conclusion . Tha t 
is, th e mode l "deletion s + - slippages" ( = "introns-early" ) becam e "th e best " wit h a  larg e 
advantage i n AI C values . Apparently , th e "intro n slippage " assumptio n i s critica l fo r 
discriminating between the two theories and it is important to scrutinize the consistency of 
the availabl e experimenta l dat a wit h th e paramete r estimate s obtaine d i n ou r maximu m 
likelihood analysis . 

Below we demonstrate tha t although th e model wit h the smalles t ("best" ) AIC valu e 
corresponds t o th e "introns-early " theor y (se e Table 1  D), parameter estimate s obtaine d 
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under this model appear incompatible with both available experimental dat a and previous 
arguments in favor of the "introns-early" theory. 

50 100 150 20 0 25 0 30 0 
Site  numbe r 

x 4 £ -

Frecjuenc y 

(B) 
50 100 150 20 0 25 0 30 0 

Site  numbe r 

Fig. 6 . (A ) Th e non-randomnes s o f intro n distributio n alon g gen e i s effectivel y undetectabl e whe n slippag e 
rates are as high as was estimated in our maximum likelihood analysi s and the number of independent present -
day gene s unde r analysi s i s no t unrealisticall y larg e (<10,000) . Th e figur e show s a  frequency distributio n o f 
introns whic h wa s compute d throug h averagin g 1000  "present-day " gene s obtaine d i n compute r simulation . 
Each "present-day " gen e independently "evolved " fro m a  hypothetical ancestra l gen e wit h multipl e "introns " 
separated b y fifty-nucleotid e "exons " (dashe d line s indicat e position s o f th e "ancestral " introns) . Then , 
approximately tw o third s o f th e "ancestral " intron s wer e randoml y deleted , th e remainin g intron s wer e 
subjected t o "slippages " a t rate  9  slippage s pe r site . Direction , 5 ' o r 3' , o f eac h slippag e even t wa s chose n 
randomly; the length of each "leap" was sampled from a  uniform distributio n define d o n interval [1 , 12]. Note 
that i n ou r simulatio n th e "present-day " gene s wer e assumed t o evolve independently ; th e phylogenetic non -
independence o f actual present-day genes should additionall y increase  the variance o f intron distribution . (B ) 
To significantl y prov e non-randomnes s o f intro n distributio n fo r th e sam e mode l an d paramete r value s on e 
needs a very large sample of present day genes. Thi s frequency distributio n of intron positions was obtained by 
"averaging" over 100,000 (rather than 100 0 in fig. 6  A) "present-day" genes generated as described above. 

2.3. Mechanis m o f intron slippage an d distributio n o f introns i n human genes . 
At presen t ther e i s n o plausibl e know n molecula r mechanis m t o accoun t fo r frequen t 
intron slippage and that would be consistent with the actual patterns of intron distribution 
in eukaryotes . Th e simples t explanatio n fo r intro n slippag e i s deletio n o f severa l 
nucleotides a t the 3 ' end of one exon and insertion o f the same number o f nucleotides a t 
the 5' en d of the following exon . Sinc e each of the two rearrangements by itself mus t be 
extremely deleteriou s (an d putativ e intro n slippage s frequentl y leav e th e codin g regio n 
undamaged) this mechanism appears to be inappropriate for explaining frequent slippage . 
Martinez et  a/.(43 ) suggeste d a  mor e sophisticate d mechanis m base d o n th e "single -
intron-deletion" scenari o o f Fink (44) . Fink' s mechanis m include d th e followin g steps : 
(/) a  norma l excisio n o f a n intro n fro m pre-mRNA , (ii)  revers e transcriptio n o f th e 
modified pre-mRNA , and (Hi)  homologous recombination o f the resulting cDNA with the 
original gene . Martine z et  al.  (43 ) hypothesize d a n additiona l even t whic h ma y follo w 
step (i):  imprecise re-insertion o f a n excised intro n bac k int o the pre-mRNA (se e ref . 4 5 
for experimenta l evidenc e o f revers e splicing) . Th e advantag e o f th e modifie d 
mechanism i s tha t i t account s fo r a  "clean " displacemen t o f a n intro n withi n a  codin g 
region, althoug h leavin g th e suppose d twelv e base-pai r limi t fo r intro n slippag e (4 ) 
unexplained. Sinc e there is no direct evidence for reverse transcription o f cellular RNA s 
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in eukaryotic cells , and sinc e reverse transcriptio n i n retroviruses occur s onl y withi n th e 
viral particl e isolatin g cellula r RNA s fro m th e viru s enzyme , th e Fink-Martine z 
mechanism require s th e presenc e o f a  defective  retroviru s wit h a  mutatio n i n th e 
packaging signal (44). (Th e simultaneous loss of several introns, as in the human ALDH5 
gene, ca n b e explained b y re-integration o f th e reverse-transcribed mRN A bac k int o th e 
genome (44, 46).) 

Unless there exists strong selection preserving the number and/or spatia l distributio n 
of introns , evolutio n unde r th e Fink-Martine z mechanis m shoul d resul t i n ver y specifi c 
exon/intron structure s (44) : (a ) Intro n deletio n shoul d b e mor e frequen t tha n intro n 
slippage, leading to a paucity o f introns . (b) The retained intron s should b e concentrate d 
near th e 5 ' en d o f eac h gen e becaus e (i)  revers e transcriptio n begin s a t th e 3 ' poly(A ) 
tract o f mRN A bu t rarel y extend s completel y t o th e 5 ' end , an d (ii)  recombination 
between gene s and cDNAs affects th e ends of genes less frequently tha n the middle, (c ) 
As a consequence of (a) and (b), intron slippages should be rarely observed a t the ends of 
genes, especially a t the 5' end . Thes e predictions are in good accord with the exon/intron 
structures observe d i n yeas t (44 ) bu t ar e clearl y inconsisten t wit h huma n ALD H genes : 
human gene s hav e numerou s intron s whic h ar e uniformly  distribute d alon g th e codin g 
regions (see fig. 2), and to fit the "introns-early" theory hypothetical intron slippages have 
to be invoked at both ends of genes. 

Unlike intro n slippage , intro n deletio n ca n resul t fro m a  one-ste p mutatio n even t 
(rather tha n coincidenc e o f tw o o r mor e low-probabilit y events) , and , i n th e absenc e o f 
counteracting selection, should be observed more frequently tha n intron slippage. 

Finally, ther e ar e a t leas t tw o hypothetica l mechanism s explainin g intro n insertion . 
One is reverse splicing of an excised intro n int o a non-homologous pre-mRNA, followe d 
by revers e transcriptio n an d homologou s recombinatio n (44) . Anothe r possibl e 
mechanism involve s invasio n o f a  grou p I I intro n (fro m organelles ) int o th e nuclea r 
genome, followe d b y a  one-mutatio n transformatio n o f th e intro n int o a  regula r 
nucleosomal intro n (6 , 47, 48, 49, 50): only a single nucleotide substitution i s required t o 
convert "(U/C) A .. . GU" dinucleotides flankin g grou p I I introns int o canonical "G A .. . 
GT" dinucleotides flanking nuclea r introns, and it was recently discovered (51 ) that group 
II intron s fro m yeas t mitochondri a ca n integrat e directly  int o double-strande d genomi c 
DNA .  Therefore , th e integration o f group II introns into the genome is a one-step even t 
where all molecular machinery i s provided by the intron itself. 

Thus, accordin g t o plausibl e evolutionar y scenario s an d th e experimenta l evidenc e 
available today, intron slippage should be considerably less likely than intron deletion. I n 
contrast, ou r maximu m likelihoo d analysi s unde r th e "introns-early " assumption s (se e 
Table 1  D, E, and F) suggested tha t to explain rea l data under this theory intro n slippag e 
has to be two orders of magnitude more frequent tha n intron deletion. 

To demonstrat e tha t th e estimated rate s i f intro n slippag e contradic t suppor t fo r th e 
"introns-early" theor y base d o n a  putativ e correlatio n betwee n th e end s o f ancestra l 
protein "modules " an d th e boundarie s o f proto-exon s (e.g.,  se e 52) , w e performe d a 
computer simulatio n buil t o n th e assumption s o f th e "introns-early " theory . Thi s 
simulation (see fig. 6  A, B) demonstrated tha t the reported correlatio n canno t be detected 
from an y reasonable  sample of present-day gene s (say , < 10,000 ) i f intron slippag e rates 
were as high as estimated in our analysis (see fig. 6 A, B). In our simulation "present-day " 
genes independentl y "evolved " fro m a  hypothetica l ancestra l gen e wit h multipl e intron s 
separated b y fifty-nucleotid e exon s (dashe d line s indicat e position s o f th e "ancestral " 
introns). Approximatel y two thirds of the "ancestral" introns were then randomly deleted , 
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and the remaining introns were subjected t o slippage at a rate of 9 slippages per site. Th e 
direction of each slippage event (either 5' o r 3') wa s chosen randomly ; the length of each 
"leap" was sampled fro m a  uniform distributio n define d b y the interval [1 , 12]. Figure 6 
shows th e resultin g distributio n o f intron s fro m a  sampl e o f 100 0 gene s (fig . 6  A ) an d 
100,000 gene s (fig . 6  B) . (I n ou r simulatio n th e "present-day " gene s wer e assume d t o 
evolve independently ; th e phylogeneti c non-independenc e o f actua l present-da y gene s 
should increase  the variance of intron distribution.) 

Assuming tha t intron s wer e inserte d int o codin g sequence s relativel y recently , ho w 
can on e explai n th e non-randomnes s o f intro n distribution ? Recen t experimenta l dat a 
{e.g., 53) indicate that nuclear DNA of eukaryotes is non-uniformly protecte d b y proteins 
maintaining chromosom e structure . Fo r example , i t was shown tha t during transcriptio n 
of th e Dam  gen e i n yeast , eac h nucleosom e associate d wit h Dam  selectivel y shielde d 
approximately eight y bas e pair s o f yeas t DN A whil e allowin g methylatio n enzyme s t o 
freely acces s DNA i n internucleosome "linkers " (53) . Therefore , w e hypothesize tha t a 
non-uniform distributio n o f intron s i n eukaryoti c gene s coul d hav e bee n cause d b y 
preferential intro n insertio n int o stretche s o f DN A tha t wer e temporar y liberate d fro m 
nucleosome protection. 

3. Conclusion 
The "intron slippage " assumption i s the cornerstone o f many line s o f defense o f the 

"introns-early" theory , yet , accordin g t o ou r analysi s o f ALD H gene s i t i s precisely thi s 
assumption tha t lead s t o an interna l contradictio n betwee n th e argument s supportin g th e 
theory: first , contrar y to expectation, the estimated intro n slippag e rates are much higher 
than th e estimate d intro n deletio n rates ; second , hig h intro n slippag e rate s questio n th e 
reported correlatio n betwee n th e boundarie s o f th e "ancien t protei n modules " an d th e 
ends o f "proto-exons " (15) . Indeed , i f intro n slippage s ar e allowed , each  putativ e 
ancestral intro n ha d t o mov e at  least  once  t o arriv e a t th e present-da y exon/intro n 
arrangement in human ALDH genes. Thi s is because all intron positions between group s 
ALDHl/2/6 an d ALDH3/7/8/10, an d ALDH3/7/8/10 an d ALDH9 ar e different (se e fig. 2 ) 
and only one out of nine intron positions is conserved between ALDH9 and ALDH3/7/10. 
Therefore, i t i s hardl y surprisin g tha t th e rate s o f intro n slippag e estimate d i n ou r 
maximum likelihood analysis are very high (Table 1). 

In summary, the assumption o f frequent intro n slippage leads to inconsistencies wit h 
both th e availabl e bod y o f experimenta l evidenc e an d th e dat a analyse s provide d b y 
proponents o f the "introns-early" theory ; without this assumption th e human ALD H dat a 
support th e "introns-late " theory . Th e method s illustrate d i n thi s articl e ca n b e readil y 
applied t o other data sets to test the generality o f the conclusions draw n from th e ALDH 
data. 
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Dissimilarity Map s an d Substitutio n Models : 
Some Ne w Result s 

Vincent Moulton, Mike Steel, and Chris Tuffley 

ABSTRACT. I n par t on e w e describ e som e ne w result s o n reconstructin g tree s 
from distanc e measures, based on results in Peter Buneman' s pioneering (1971) 
paper. I n par t tw o w e analys e a  covarion-styl e model , o f th e typ e suggeste d 
by Walte r Fitc h (an d colleagues ) i n 197 1 tha t offer s a  plausibl e explanatio n 
for wh y sequenc e site s "appear " t o evolv e a t differen t rates . 

INTRODUCTION 

This pape r summarise s som e ne w results . Furthe r detail s (an d mos t o f th e 
proofs) wil l appea r elsewher e (se e [28 , 32]) . Th e pape r i s in tw o parts : 

Part One : Tree s wit h positively-weighte d edge s induc e a  natura l metri c 
on an y subse t o f vertices , howeve r no t ever y metri c i s representabl e i n thi s way . 
A proble m arisin g i n area s o f classification , particularl y i n evolutionar y biology , 
is ho w t o approximat e a n arbitrar y distanc e functio n b y suc h a  tre e metric , an d 
thereby estimate the underlying tree that generate d the data. Suc h transformations , 
from distance s t o tre e metric s (an d thereb y t o edge-weighte d trees ) shoul d hav e 
some basi c propertie s suc h a s continuity , s o tha t a  smal l chang e i n th e inpu t dat a 
does no t resul t i n a  drasticall y differen t tree , bu t thi s i s lacking i n severa l popula r 
methods, fo r exampl e (a s pointe d ou t b y Buneman ) i n method s tha t attemp t t o 
find a  closes t fit  tre e metric , an d (a s w e show ) i n th e popula r neighbor  joining 
method. Howeve r know n continuou s transformations , suc h a s Buneman' s origina l 
construction, ofte n produc e uninteresting (unresolved ) trees , which led Buneman t o 
suggest tha t perhap s thi s wa s "th e pric e pai d fo r continuity" . On e wa y t o extrac t 
more information (an d continuously! ) fro m distance s i s Bandelt an d Dress ' elegan t 
split decomposition  theory . Base d o n a  modificatio n o f Buneman' s construction , 
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this continuous map produces a  much larger number o f splits than Buneman' s map , 
though thes e split s generall y d o no t for m a  tree . Her e w e sugges t a n alternativ e 
modification t o th e Bunema n constructio n tha t alway s lead s t o trees , an d whic h 
are, in general, more resolved than thos e obtained vi a Buneman's construction . Ye t 
we can achieve this goal without sacrificin g continuity . Thi s suggests the possibilit y 
of finding  othe r suc h maps . 

Part Two : A  "covarion " mode l for nucleotid e substitution whic h allow s site s 
to turn "on " and "off " wit h time was proposed 25 years ago by Fitch and Markowitz . 
It has been argued that evidence supports such models over later, alternative models 
which postulat e a  stati c distributio n o f rate s acros s sites . However , i n contras t t o 
these latte r well-studie d models , littl e i s know n abou t th e analyti c propertie s o f 
the forme r model . Her e w e analys e a  covarion-styl e mode l an d sho w (i ) ho w t o 
obtain th e evolutionary distanc e betwee n tw o species from th e expecte d proportio n 
of sites where two species differ (ii ) that th e covarion model cannot b e distinguishe d 
from a  suitabl y chose n rates-across-site s mode l o n pair s o f tax a i f onl y th e trac e 
of th e join t probabilit y matri x i s considere d (i.e . th e probabilit y tha t th e tw o 
taxa ar e i n th e sam e state ) an d giv e condition s unde r whic h th e tw o model s ma y 
be distinguishe d i f th e ful l matri x i s examined , (iii ) tha t th e tw o model s can , i n 
principle, b e distinguishe d whe n ther e ar e a t leas t fou r monophyleti c group s o f 
species. I n particular , wit h a  vie w t o a  possibl e tes t o f th e covario n hypothesi s 
(against a  rates-across-sites model ) w e construct a  distance measur e whic h i s a tre e 
metric under certain versions of the covarion model (satisfyin g a  certain separabilit y 
condition) bu t which , in general , wil l not b e a  tree metric under a  rates-across-site s 
model. Suc h a  measur e ma y als o b e usefu l fo r reconstructin g th e tre e o n th e 
monophyletic group s whe n th e covario n mode l applies . 

PART ONE : DISSIMILARIT Y MAP S 

1. Tre e metrics , edge-weighte d 5-tree s an d indice s 

Let S  \—  { 1 , . . ., n} , an d defin e 

V(S) :=  {d:  S  x  S  - > E> 0 :  dxy =  d yx, d xx —  0  for al l x,y  € 5 } 

to b e th e se t o f distance  functions  o n 5 . A  distanc e functio n whic h satisfie s th e 
triangle inequality (d xy <  dxz +  dzy fo r al l x,y,z  G  S) i s said to be a  pseudo-metric. 
Endow T>(S)  with th e l p norm , tha t is , se t 

\\d-dx = h^dy-d^P; p =1>2,... 
I m&Xij  \dij  —  d\j\  p  =  oo . 

A distance functio n d o n a finite  se t S  i s said to b e a  tree  metric  i f there exist s 
a tre e T  =  (V,E),  a  ma p L  :  S - » V,  calle d a  labelling,  and a  ma p w  :  E - + M >0, 
called a n edge  weighting,  suc h tha t fo r al l x , y G S , d xy i s the su m o f w(e)  ove r al l 
edges e  in th e uniqu e pat h i n T  connectin g vertice s L(x)  an d L(y). 

We may assum e tha t th e tre e T  ha s n o vertices i n V  — L(S) o f degree less tha n 
or equa l t o two , since , a s i s easil y seen , an y tre e metri c o n S  ca n b e realize d b y 
such a  tree wit h a  suitable edg e weighting. W e call such a  tree T  (togethe r wit h it s 
associated labellin g L)  a n S-tree.  5-tree s an d tre e metric s aris e i n man y contexts , 
particularly i n phylogeneti c analysi s i n evolutionar y biolog y (see , fo r example , [2 , 
20]). 
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Two fundamenta l result s concernin g th e characterisatio n o f tre e metric s an d 
their uniquenes s o f representation dat e bac k to the 1960 s and wor k by the Russian s 
Zaretsky [36 ] an d Smolensk y [30] , an d w e recal l thes e result s an d thei r recen t 
extensions here . On e classica l resul t i s tha t a  tre e metri c ca n aris e fro m onl y on e 
triple (T , L, w) wher e T  i s an 5-tree , an d w  i s an edge weighting of T [1 , 6, 30 , 36] . 
Thus tre e metric s ar e i n a  natura l bijectiv e correspondenc e wit h positivel y edge -
weighted 5-trees , and , furthermore , ther e exis t fas t algorithm s fo r recoverin g th e 
triple (T^Ljiv)  fro m d  (see , fo r example , [1 , 2 , 19]) . W e refe r t o T  (wit h it s 
associated labellin g L)  a s th e 5-tre e associated  with  d. 

Given d  6  T>(S)  an d S  > 0, d  is said t o b e S-hyperbolic  i f 

dij +  dki  <  max{d;& +  dji ,du +  djk}  +  6 

for al l 2 , j , A;, / E  5. Thi s i s a  relaxatio n o f the four-point  condition,  i n whic h 6  = 0 
(for a  discussion o f this point se e [9]) . A  second classica l result state s tha t a  pseudo-
metric d  is a tree metri c i f and onl y i f d is 0-hyperbolic [6 , 30 , 36] . Mor e generally , 
a resul t originall y give n i n [17] , and whic h i s als o describe d i n [5] , states tha t i f a 
pseudo-metric d  i s 5-hyperbolic , the n ther e exist s a c ? E T(S)  wit h 

l l^-^lloo <  (H-log 2 n)5, 

where n  =  \S\.  Thus , i f S  i s small , the n d  i s clos e t o a  tre e metri c u p t o a  ter m 
that grow s slowl y i n n.  Fo r a  differen t generalisatio n o f th e 0-hyperboli c resul t t o 
"distance" function s takin g value s in a  suitably structure d Abelia n monoi d A  (an d 
the realisatio n o f such function s b y 5-tree s wit h edge s weight s i n A  \  {0} ) se e [4] . 

Let T(S)  b e th e subspac e o f V(S)  consistin g o f tree metrics , an d S(S)  b e th e 
set o f splits  o f 5, tha t is , bipartitions o f 5. Not e that eac h edge of an 5-tree induce s 
a spli t o f 5  define d b y the tw o non-empty subset s o f 5  tha t labe l th e tw o subtree s 
of T  whe n e  i s deleted . W e sa y tha t thi s spli t i s a  split  of  T  an d i s associated  t o 
edge e . Notic e als o tha t an y tre e metri c d  G  T(S) ca n b e convenientl y writte n i n 
the for m 

(1-1) d  =  £^€5(5)^0 - '&*, 

where 

Aff=A„(d):={ J 
and wher e 

w(e) i f a  i s associated t o e 
if a  i s not associate d t o an y edg e o f T , 

if a  separate s i  an d j x c  -\  _  /  ^  tf  a  s e P a r 

o*(%,3)'— |  0  o t h e r w i s e 

(a =  {A,  B}  separates  i  an d j  i f i  ^  j , and |{z , j}  C\  A\  =  1) . 
Given d  G  V(S)  w e ca n defin e som e map s fro m 5(5 ) int o E , whic h w e cal l 

indices. W e adop t th e convenien t shorthan d xy  fo r d xy. Suppos e tha t a  =  {A,B} 
is a  spli t o f 5 . Le t 

liG —  fia(d) :=  -  -  mi n {min{af r +  a' &',a£/ +  a'b}  —  (aaf +  &&')}> 
2 a,a /£A,6,b/e.B 

/i+ =  /x+(d ) : = m a x j O , ^ } , 

min {maxjaf e - f a'b'  ab' 
'€A,b,b'eB 
a+ =  a+(d ) : = m a x f O , ^ } . 

a^ =  a a(d) :=  -  •  mi n {max{af e - f a'6 7, a£/ +  a'b}  -  (aa'  +  W/)}> 
2 a,a'€^4,6,6'€B 
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The ma p / x is the Buneman  index  [6] , while a + i s the isolation  index  [3] . Clearly , 
for an y a  G  5(5), w e hav e \x G <  a a an d // + <  a+ . Th e proo f o f th e followin g 
lemma ca n b e foun d i n [3 ] and [6] . 

LEMMA 1.1 . If  d  is  an  element  ofT(S)  with  d  = E aAa '5 a, then  X a =  /x + =  a  J 
/or a//c r G  5(5). 

Let X(d)  b e th e vecto r [X a(d)} which lie s i n Rl 5(5)l, 

W(5):={A(d) :  rfGT(S)}, 

and endo w W(5 ) C  Ri 5(5)l wit h th e l p norm . Th e Z 1 norm o n th e th e spac e W(5 ) 
was propose d i n [29 ] a s a  natura l metri c fo r comparin g edge-weighte d trees . Th e 
following theore m show s that W(S)  an d T(S)  ar e homeomorphic. I n particular th e 
question o f whethe r o r no t a  ma p o f V(S)  int o T(S)  i s goo d doe s no t depen d o n 
whether w e view th e outpu t a s a  distanc e functio n o r a s a n edge-weighte d 5-tree . 
The secon d inequalit y i n Theore m 1. 2 i s als o established , usin g a  slightl y differen t 
approach, i n [10 , Lemmas 6,7] . 

THEOREM 1.2 . For  d,d'  G  T(S), we  have 

l ld-dlloo <  ||A(d)-A(cf)||i , 

||A(d)-A(d')||oo <  2.\\d-d'\U 

and both  of  these  inequalities  can  be  equalities for  any  5 . 

P R O O F . Writin g d , d' i n th e for m o f equation (1.1 ) w e hav e 

||rf — rf'Hoo = max|cL - -  d^A 

= max|I] {(TetS(5)}(A^ -X' a) •  S a(i,j)\ 

< maxE {(Te5(s)}|A(T -  X' a\ • S a(iJ) 
1,3 

< X{aes(S)}\^<T  -  K\  '  m a x { ^ ( i , i ) } 
1,3 

= | |A(d)-A(d') | | 1 . 

To obtain th e secon d inequality , w e show tha t fo r an y a  G  S(S), 

where S  = \\d  — d'||oo-
Now 

since, by definitio n o f / v an d th e triangl e inequalit y 

and 
V*(d!) < fjLa{d) +  2-6. 

This establishe s th e th e tw o inequalitie s i n the Theorem . T o see that the y ca n 
both b e equalitie s w e give the followin g tw o examples . 

For th e first  inequalit y le t d  be th e tre e metri c induce d b y th e 5-tre e give n b y 
labelling bijectivel y th e degre e on e vertice s o f a  sta r tre e ( a tre e havin g jus t on e 

_ 

< 
< 

V J < 2 - < J 

l/4(<0-
\t**(d) ~ 
2-5 

> 

•»t(d')\ 

•M<0I 
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vertex of degree larger than 1 ) by the elements of 5, an d assignin g weight a  t o eac h 
edge. Le t d!  be define d i n th e sam e way , excep t tha t w e assig n on e o f th e edge s 
weight (3  instea d o f a.  The n w e immediately se e tha t 

\\d-d'\\00 =  \\X(d)-X(d')\\ 1 =  \a-p\. 

For th e secon d inequality , tak e a  tre e wit h fou r leaves , labelle d bijectivel y b y 
S, an d wit h five  edges . Le t d  be th e metri c o n S  induce d b y assignin g weigh t 2  t o 
all five edges; let d'  b e the metri c on S  induce d b y assigning weight 1  to the centra l 
edge an d 9/ 4 t o th e othe r fou r edges . Then , 

||A(d)-A(d')||oo =  l  =  2 . | | d - d ' | | 0 0 . 

This complete s th e proof . 

• 

2. Retraction s 

2.1. Preliminaries . A  map (p  :  V(S) — > T>(S)  is a  retraction  ont o T(S)  i f 

(i) (p  i s continuous, 
(ii) <p(d)  G  T(S)  fo r al l d  G  V(S),  an d 

(hi) p(d ) =  d  for al l d e T ( S ) . 
Furthermore, i f such a  retractio n ip  is homogeneous,  tha t is , if 

(p(Xd) = \ip(d) 

for al l A  > 0  an d d  G  V{S), an d i f ip  is equivariant,  tha t is , fo r al l r  E  T,s  (th e 
permutation grou p o n S) 

V>(dT) = v(d) T, 

where 

(dT)ij =  d r ( i ) r ( j ) , 

then w e say tha t ip  is good.  These las t tw o propertie s ar e desirabl e i n application s 
in requirin g the metho d t o b e independen t o f the unit s i n which d  is measured an d 
the name s give n t o th e object s i n 5 , respectivel y [22 , 34] . 

Define a  partial orde r on the se t o f retractions a s follows. Give n two retraction s 
(̂ i,(/?2 o f V(S)  ont o T(5) , an d a  metri c d  G  T>(S),  let 

iPi(d) = X aeS(S)K(d)-Sa, t  =  l ,2 . 

We say tha t </? 2 refines ipi,  writte n ipi  •<^P2-,  i f and onl y i f for al l d  G  T>(S)  w e have 

Xi(d) < \l(d), 

for al l a  G  S(S).  A s ca n b e easil y verified , •<  i s a  partia l order . Not e tha t i f 
ipi -<  ip2,  and i f Ti,T 2 ar e th e 5-tree s associate d wit h <^i(d) , <£2(d) , respectively , 
then Ti  i s a  refinement  o f Ti , i n th e sens e tha t 7 \ ca n b e obtaine d fro m T 2 b y 
collapsing a  subse t o f edges . 

As ha s bee n pointe d ou t (se e [6 , 34] ) man y earl y map s fo r constructin g tre e 
metrics fai l t o b e continuous . I t ca n als o b e show n tha t th e currentl y popula r (i n 
biology) "neighbour-joining " metho d (se e [20 , p . 488] ) i s als o discontinuous , eve n 
when n  =  4  [28]. 
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2.2. Th e Bunema n retraction . Tw o split s a  =  {A,B},a'  =  {A',B'}  i n 
S(S) ar e sai d t o b e compatible  i f a t leas t on e o f th e intersection s AC\A f, An  B', 
B f l A 1, A ' n  JB ' i s empty . I f tw o split s a , cr' ar e no t compatibl e the n w e sa y tha t 
they ar e incompatible,  an d denot e thi s b y writin g a  L  a'.  Clearl y an y 5-tre e give s 
a se t o f pairwis e compatibl e splits : jus t tak e th e se t o f split s induce d b y th e se t 
of edge s o f th e tree . Moreove r i n [6 ] i t i s shown tha t a  se t o f pairwis e compatibl e 
splits give s ris e to a  uniqu e tree . 

THEOREM 2.1 . [6 ] The  set  {a  :  fi a >  0} is  a  pairwise compatible  collection  of 
splits, and  thus  gives  rise  to  a  unique  S-tree. 

The inde x \x  is the basi s fo r th e followin g goo d map , whic h i s given i n [6] . W e 
define th e Buneman  retraction  tps  :  *D(S) - » T(S)  b y settin g 

ipB(d) : = £{<T:^>O}/V-<5< r 

By the previous corollar y an d th e properties o f the Bunema n inde x /i , ips i s a  goo d 
map. I n addition , fro m [6] , <£>#(d) <  d, i n th e sens e tha t 

(PB^djij <  dij,  fo r al l ij  e  S. 

2.3. Th e Refine d Bunema n Retraction . I n thi s sectio n w e defin e a  ne w 
index ma p ~p a which refine s th e Bunema n index , i n th e sens e tha t "p a > fi a fo r al l 
a G  S(S), wit h stric t inequalit y holdin g fo r certai n cases . W e assum e throughou t 
this sectio n tha t n  >  4. 

Writing q  : = ab\cd  t o denot e th e bipartitio n {{a , 6}, {c, d}} o f th e subse t 
{a, 6, c, d} o f S,  le t 

Pq : = -(min{a c +  6d, ad +  6c } - (ab  + cd)) . 

Thus, give n a  spli t a  =  {A , J5} o f 5 , th e Bunema n inde x o f a  i s given b y 

a,a'€A,b,b'£B 

Let Q  b e th e se t o f q  = aa ;|66; consistin g o f al l unordered choices  o f a , a' G  A, an d 
b,b' G  B, insisting , furthermore , tha t i f \A\  >  2 , the n a  ^  a'  an d i f |JB | >  2 , the n 
b ^ b f. No w le t g i , . . . , g'lQj be a n orderin g o f the element s i n Q  suc h tha t (3 qi < (3 qj 

for al l 1  < i  <  j <  |Q| , an d defin e th e refined  Buneman  index  b y 

Note that , b y definition , /I^ . > /i ^ fo r al l c r G 5(5). 

LEMMA 2. 2 ([28]) . If  a  and  a'  are  incompatible  splits  then 

VG + / V <  0 , Jx a+ ~p a, < 0. 

This generalise s Theore m 2.1 , an d i s a  usefu l too l fo r establishin g th e nex t 
theorem. 

THEOREM 2.3 . [28 ] The  map 

ip : dn+ £ {(T:7I(y>o}/I<7 -S a, 

is a  good map, and  ips  ^  ^ -
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FIGURE 1 . All  edges are weighted 1  except  dotted  edges,  which  are 
weighted k. 

We now give a  simple exampl e t o illustrate that , i n certain cases , the refine d 
Buneman retractio n give s u s a  tre e whic h strictl y refine s th e tree give n b y the 
Buneman retractio n i.e . (ps  -< tf. 

Consider th e metric dk  on the set { 1 , . . . , 5} given b y the shortest (weighted ) 
path betwee n vertice s of the edge-weighte d grap h in Figure 1 , where al l edges hav e 
weight on e excep t thos e whic h are dotted, whic h hav e weigh t k,  for some k  > 0. 

The Bunema n tre e for dk depends upo n th e value of k. Fo r the case 0 < k < 2 
the Bunema n tre e i s simply a  vertex. I f A: >  2, then th e Buneman tre e consist s of 
one edg e of length k  — 2, with it s endpoints labelle d b y {1,2,3} and {4, 5}. Thus , 
in eithe r case , the Buneman tre e is highly unresolve d (i n the sense of [2]). 

However, in contrast to this, the refined Bunema n tre e (i.e . tha t give n by using 
the refined Bunema n index) , the topology of which also depends upo n /c , and which 
is shown in Figure 2 , is fully resolve d for k > 0. Not e tha t i n the case where k  = 1 
we get, as might b e expected, a  star tree . 

Note that , i n biological application s a t least, a  desirable feature o f a good ma p 
is that i t be efficiently computable . W e will address the computabilit y of the refine d 
Buneman retractio n and applications of the refinemen t t o biological dat a elsewher e 
[21]. 

2.4. Identifyin g S-tree s usin g the Buneman retractio n an d its refine -
ment. W e show ho w the Buneman retractio n (o r its refinement) essentiall y iden -
tifies th e underlying 5-tre e o f a tree metri c d'  when applie d t o a distance functio n 
d tha t i s close enoug h t o d!. Thi s i s summarized i n the following theorem . 

THEOREM 2.4 . Let  </? —  (fB  or  tp (the  Buneman retraction  or  its refinement). 
Suppose that  d'  G  T{S) has  associated S-tree  T  and  edge weighting w.  Let 

x : = min{iu(e) :  e E T} , 

and suppose  that  for  d G V(S)  one  has 

| | d - d ' | | 0 0 < - . 
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FIGURE 2 . The  refined  Buneman  tree:  the  top  tree  is  for the  case 
0 <  k  <  1  and  the  bottom  for  the  case  1  < k. 

Then the  S-tree,  t,  associated  to  (p(d) refines T  and  the  weight  of  any  edge  in t  that 
does not  correspond  to  an  edge  of  T  is  less  than  x.  In  particular,  if  T  is  a  fully 
resolved tree  (i.e.  every  vertex  has  degree  1 or  3),  then  t  —  T. 

P R O O F . Suppos e tp  — ips an d le t a  b e a  spli t o f T  correspondin g t o edg e e. 
Then /v(d' ) =  w{e)  >  x.  No w 

(2.1) \n a(d)-ii*(df)\<25, 

where 5  = \\d  — d'||oo5 a s i n th e proo f o f Theore m 1.2 . Hence , sinc e S  < x/2 , 

Md) >  »*(d!)-26 
> x  —  x  =  0 , 

and s o a  i s a  spli t o f t.  Thu s t  refine s T , an d i n particular , i f T  i s full y resolve d 
then t  =  T. 

If T  i s not full y resolve d an d a  i s a  spli t o f t  bu t no t T , the n b y (2.1 ) 

M d ) <  V*{d')  + 25 

< O  + x , 

and w e deduce tha t th e edg e e  of t  correspondin g t o a  ha s weigh t les s than x. 
The proo f fo r </ ? = ip  is exactl y th e same , excep t tha t th e justificatio n o f th e 

analogue o f (2.1 ) i s slightly mor e involved . 
• 
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PART T W O : SUBSTITUTIO N MODEL S 

3. Th e model s 

In orde r t o accuratel y reconstruc t evolutionar y tree s an d tim e scale s fro m 
aligned nucleotid e sequence s i t i s helpfu l t o mode l th e mechanis m b y whic h th e 
sequences cam e t o differ . Suc h model s ca n b e use d t o devis e ne w technique s fo r 
tree reconstructio n an d analysis , an d als o to determin e case s wher e existin g meth -
ods ar e likel y t o lea d t o erroneou s result s (se e for exampl e [11]) . 

The simplest and earliest models assume that eac h site evolves i.i.d. a t the sam e 
rate, an d accordin g t o simpl e Markov-styl e assumptions . However , thi s single-rat e 
assumption appear s t o b e unrealistic , an d accordingl y model s incorporatin g som e 
variation o f rates acros s sites hav e bee n propose d an d studie d t o tak e int o accoun t 
different functiona l constraint s a t differen t site s (se e fo r exampl e [7 , 31 , 35]) . A n 
alternative approac h t o accountin g fo r differin g selectiv e constraint s i s Fitc h an d 
Markowitz's "concomitantl y variabl e codons " o r "covarion " hypothesi s [15] . Thi s 
is tha t a t an y give n time , som e site s ar e invariabl e du e t o functiona l o r struc -
tural constraints , bu t tha t a s mutation s ar e fixe d elsewher e i n th e sequenc e thes e 
constraints ma y change , s o tha t site s tha t wer e previousl y invariabl e ma y becom e 
variable an d vic e versa . Th e poo l o f variabl e site s i s therefore changin g wit h tim e 
(see Figur e 3) . Sinc e it s proposa l 2 5 year s ago , i t ha s bee n argue d tha t evidenc e 
supports th e covario n hypothesis , bot h o n biochemica l grounds , an d b y providin g 
a bette r descriptio n o f certain dat a [13 , 14 , 27] . However , in contras t t o the rates -
across-sites models , littl e i s know n abou t th e analyti c propertie s o f covarion-styl e 
models. 

Here w e presen t an d analys e a  simpl e covarion-styl e model . Althoug h th e 
motivation for this model clearly says that th e i.i.d. assumptio n i s not valid , withou t 
it the mathematics becomes much more difficult. W e therefore kee p this assumptio n 
and mode l th e behaviou r onl y of a  covarion-style process , wit h a  two-stat e Marko v 
process that act s a s a "switch" , turning site s "on " (variable ) an d "off " (invariable) . 
We d o no t impos e an y restriction s o n th e Marko v proces s tha t operate s a t th e 
variable sites other tha n tha t i t i s stationary an d reversible . Usin g techniques fro m 
the theor y o f Markov processe s suc h a  mode l ma y b e analyse d an d compare d wit h 
rates-across-sites model s i n term s o f th e expecte d frequencie s o f sit e pattern s th e 
models shoul d generate . 

3.1. A  covarion-styl e model . W e mode l a  covarion-styl e proces s wit h tw o 
parts: a  "switch " process , an d a n "observable " process , whic h operate s whil e th e 
switch i s "on" . Onl y the stat e o f the observabl e process , and no t tha t o f the switc h 
process, i s able t o b e measured . 

The switc h i s governe d b y a  tw o stat e continuou s tim e Marko v proces s wit h 
state spac e O  =  {on , of f} an d rat e matri x 

V s 2 S 

where Si  >  0  fo r eac h i.  I t i s assume d t o hav e th e stationar y initia l distributio n 
a —  (<7i,02) wher e 

«2 S l 
°i =  ;  »  0" 2 = ;  , 

Si +  5 2 Si  +  S 2 
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Covarion mode l Rates-across-sites mode l 

slowf 

time 

FIGURE 3 . Contrastin g a  covario n styl e proces s an d rates-across -
sites. Unde r a  covario n styl e process , eac h sit e i s eithe r "on " o r 
"off". Site s tha t ar e of f ar e unabl e t o chang e characte r state , bu t 
may late r tur n o n (du e to characte r stat e change s elsewher e in th e 
sequence) an d b e abl e t o change . Unde r rates-across-sites , site s 
evolve a t differen t rate s (show n her e a s "fast " an d "slow") , wit h 
faster site s changin g mor e frequentl y tha n slowe r ones . Th e rat e 
at a  give n sit e i s assumed constan t acros s th e entir e tree . 

so that i t i s stationary an d time-reversible . Fo r a  background i n Markov processes , 
the reade r i s referred t o [16 ] and [24] . 

While th e switc h i s i n stat e off , th e observabl e proces s i s unabl e t o chang e 
state; however , whe n th e switc h i s i n stat e on , th e observabl e proces s i s governe d 
by a  secon d stationar y an d tim e reversibl e Marko v proces s wit h stat e spac e A  — 
{ 1 , . . . ,  r }, rat e matri x R  satisfyin g Rij  >  0  i f i  ^  j , and initia l distributio n n. 
Stationarity an d time-reversibilit y ar e equivalen t t o th e condition s 

7TR =  0  an d iT{Rij =  7TjRji  fo r al l i,j. 

In general , fo r positiv e intege r n  w e denote th e se t { 1 , . . . ,  n} b y [n] , and w e writ e 
C =  (JR , S) fo r th e covario n mode l C  wit h observabl e proces s rat e matri x R  an d 
switch proces s rat e matri x S. 

This model ma y b e alternatively formulate d i n terms o f a single time-reversibl e 
Markov proces s wit h stat e spac e A  x  O  (whic h w e identif y wit h [2r ] accordin g t o 
(i, on) f- > z , (z,off ) H > i + r) , initia l distributio n n'  =  (cri7r,cr27r ) an d 2 r x  2 r rat e 
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matrix 

Ri _  (  R~  Sil r Sil r \ 

\ S 2Ir -S 2Ir J  ' 

where I r denote s th e r  x  r  identit y matrix . In  thi s formulatio n w e assume tha t w e 
are unabl e t o distinguis h betwee n th e state s (i,on ) an d (z,off) . 

It i s easily checke d tha t R!  i s stationary an d time-reversibl e wheneve r R  an d S 
are. Further , bot h formulations lea d to the same joint probabilit y matri x fo r Ax  A. 
Using thi s formulatio n w e may als o sho w tha t th e resultin g rando m proces s o n A 
is no t i n genera l Markov , s o th e covario n mode l ma y no t b e analyse d b y simpl y 
treating i t a s a  Marko v proces s o n A. 

3.2. Rates-across-sites . A  rates-across-sites  mode l D  =  (Q,V)  consist s o f 
a stationar y an d time-reversibl e continuou s tim e Marko v proces s wit h rat e matri x 
Q an d initia l distributio n 0,  an d a  distributio n V  o f rate s i/ , whic h ma y b e eithe r 
discrete or continuous. W e denote the cumulative distribution functio n o f V b y Fp. 

Each site evolves according to rate matrix vQ  wher e v  i s chosen i.i.d. accordin g 
to V.  Th e rat e a t a  given sit e i s assumed constan t acros s the whol e tree . Thi s kin d 
of mode l ha s bee n wel l studied , se e fo r exampl e [7 , 31 , 35]. 

4. Th e tw o t ax a tre e 

Here w e calculat e th e join t probabilit y matri x fo r th e tw o tax a tre e (tha t is , 
the matri x whos e ij  entr y i s th e probabilit y tha t tax a 1  is i n stat e i  an d tax a 2 
is i n stat e j ) , an d giv e condition s unde r whic h a  suitabl y chose n rates-across-site s 
model wil l agre e with a  covario n mode l o n al l two taxa trees . W e also consider th e 
limiting case s o f th e covario n mode l a s th e rat e o f th e switc h tend s eithe r t o zer o 
or t o infinity . 

4.1. Unde r th e covario n model . Tim e reversibility implie s w e may assum e 
the tre e i s roote d a t eithe r o f th e leaves . Le t th e proces s operat e fo r tim e r  o n 
the edg e betwee n th e tw o tax a an d writ e JC(T)  fo r th e join t probabilit y matrix . 
We regar d r  a s th e "length " o f th e edge . Pu t I I =  diag(7r ) an d le t J(t)  b e th e 
joint probabilit y matri x o f the unswitche d observabl e proces s (tha t is , the Marko v 
process wit h rat e matri x R  an d initia l distributio n TT  operatin g i n th e absenc e o f 
the switch ) fo r tim e t.  I f th e occupatio n tim e o f stat e o n i n tim e r  i s the rando m 
variable X(r),  then , a s fa r a s th e observabl e proces s i s concerned , th e edg e ha s 
effective lengt h X(r).  Th e join t probabilit y matrix , give n th e valu e o f X(r),  i s 
then J{X(T)).  I t follow s tha t 

JC(T) =  E[J(X(T))]. 

Reversibility allow s u s t o obtai n a  spectra l representatio n o f J(t)  (se e Keilso n [24 , 
pp. 32-35]) . Sinc e IIR  i s symmetri c s o i s H l/2RYl~1/2 whic h therefor e ha s rea l 
eigenvalues {Xj}  an d orthonorma l eigenvector s {u^ } (relate d t o th e eigenvector s 
{VJ} o f R  b y Vj  —  II _1/2Uj an d RVJ  = XjVj).  W e then find  tha t 

r 

j = l 
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where Wj  = Y[l/2Uj an d the superscripted T  denotes transposition . Henc e 

JC(T) =  E Y,ex'X{T)wjW] 'J 

= j2 EieXjX{T)^wJ-
3=1 

From Darroc h an d Morris [8 ] we have 

(4.1) E[e xx^] =  a Ter^s+XDh, 

where D  —  ( n  n  j  an d 1 = (  1  J , and so, diagonalising S  + AD we obtain 

r 

(4.2) J c(r) =  YMe^T +  cJe»7T] Wjw], 

where / i t an d /J,J are the positive and negative root s of 

/i2 +  (s i + s2 -  A)/ i - s 2A = 0 

for A  = A  j, an d 

+ _  - ( s i + S2+/i t) / j 7 _  _  (3 1 + S 2 + ^ 7 W " 
Cj' "  (5 1 + 8 2)(l4 ~  1*J)  ^  S ' "  (* 1 + 5 2)(/X+ -  IXJ) 

These co-efficient s ma y be shown to satisfy th e following inequalities : 

LEMMA 4.1 . 

1. A j < 0  for j —  1 , . .. ,r? with  zero  occurring  as  an eigenvalue exactly  once. 
2. n + and  ji~ are  real increasing functions  of  X satisfying  fi~  <  — (s\ +  s 2) < 

-52 <  / i + < 0  on  (-oo,0]. 
3. c~|~ , cj >  0 (with  equality  only  for A  = 0 , when  c~  = 0)  and  c^ +  cj —  1 . 
4. trace(wjwj)  >  0  and ^ J =i trace(wjwj) =  1. 

An additiona l expressio n of interest i s the trace of the joint probabilit y matrix , 
which i s the probability tha t th e two species agre e a t a  give n site . Denotin g th e 
zero eigenvalu e by Ai, from equatio n (4.2 ) we obtain 

r 

(4.3) trace(J c(r)) =  7T7T T + Y^[cte^T +  cje^ T]tr&ce i wJwJ) • 
j=2 

4.2. Unde r rates-across-sites . Pu t 0 =  diag(0 ) an d let Q have eigenvalue s 
{aj}. Arguin g as for the covarion model , if 01 / 2 Q0~ 1 / / 2 ha s orthonormal eigenvec -
tors {t/j} , the n the joint probabilit y matri x JD{T)  o f the rates-across-site s mode l D 
is given by 

JD(T) = ^ne a^]ZjzJ, 
i=l 

where z 3- = Qx^2yj. W e may write thi s as 
r 

(4.4) J D{r) =  Y,M{a jT)zjz 
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where M{x)  =  E[e ux] i s th e moment  generating  function  o f X> , give n b y th e 
Lebesgue-Stieltjes integra l 

M(x) =  /  e uxdFv(v). 
Jo 

If F-p has a  continuous derivative /x> (its probability densit y function) thi s is simply 
/•OO 

M(x) =  /  e w / 2 ) M ^ 

while i f V  ha s onl y finitely  man y rate s v\ ,... ,  i/& an d P[z / = vi\  =  p ^ we have 

i= i 

As in th e covario n cas e we have 
r 

(4.5) trace ( Jp(r)) =  60 T +  ^  M  (a^ r) trace ( z ^ J ). 
2=2 

4.3. Recoverin g th e evolutionar y distanc e unde r th e tw o models . 
Equation (4.4 ) ma y b e writte n 

(4.6) J D(T) =  QM(TQ), 

where M  i s th e momen t generatin g functio n o f V  applie d t o matrices . Thi s ex -
pression ha s th e advantag e o f enablin g u s t o calculat e th e expecte d numbe r o f 
substitutions K  betwee n th e tw o taxa withou t requirin g knowledg e o f Q , vi a 

(4.7) K  =  - t rac e { 0 [M~ l ( 0 - 1 J D ( T ) ) ] } 

[18, 33] . Her e M _ 1 i s the inverse of the moment generatin g function, agai n applie d 
to matrices . Thi s expressio n give s a  tree metric , an d sinc e ro w i  o f JD{T)  sum s t o 
0i, require s knowledg e only o f V  t o reconstruc t th e tre e fro m JD(T)-

If bot h Q  an d V  ar e know n w e ma y expres s K  i n term s o f jus t th e trac e o f 
JD(T) a s 

(4.8) K  -  - t race(0Q)/^ 1( t race(JD(r))) , 

where / p ( r ) —  trace(JD(T)) ls  give n b y equatio n (4.5) . Not e tha t fp 1 exist s sinc e 
fo i s monotone decreasing . 

The propert y o f (4.4 ) tha t allow s it t o be written i n the form (4.6 ) (namely , M 
is applied t o products o f the form OLJT)  doe s not hol d for (4.2) , and i t appear s tha t a 
transformation analogou s t o (4.7 ) doe s no t exis t fo r th e covario n model . However , 
if R  an d S  ar e know n (o r estimated ) then , a s i n (4.8) , we may expres s K  i n term s 
of t race(JC(T) ) a s 

K =  - trace(ni?)cri /J 1 (trace( Jc ( r ) ) ) , 

where fcij)  —  trace(Jc(T)) i s give n b y equatio n (4.3) . Agai n fc  i s monoton e 
decreasing s o f^ 1 exists . 

Note tha t i n applications , th e joint probabilit y matri x (Jc  o r Jr>)  is estimate d 
from th e observe d joint frequenc y matri x J . Sinc e Jc  an d JD  ar e both symmetric , 
it i s usual practic e t o tak e th e symmetrise d matri x ( J +  J T ) / 2 a s th e estimate . 
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4.4. Distinguishin g betwee n th e tw o models . A  questio n o f interes t i s 
whether i t i s possible to distinguish th e covario n model from rates-across-site s fro m 
pair-wise comparison s o f sequences . Fo r a  fixed r  =  Ti , i f the rate s ar e distribute d 
according t o th e distributio n o f X(TI)/TI  the n w e hav e Jc{r\)  =  JD(T~I)  fo r C  = 
(R,S) an d D  =  (i?,X>) , s o w e canno t tel l th e covario n mode l apar t fro m rates -
across-sites. Howeve r th e distributio n o f X(T)/T  depend s o n r  whic h open s th e 
possibility that th e models may be distinguished i f more than on e pair i s considered. 
A partia l answe r t o thi s questio n i s given b y th e followin g results : 

THEOREM 4.2 . 

1. For  any  covarion  model  C there  is  a  rates-across-sites model  D  such  that 

trace{Jo{r)) —  trace(Jc{r)) 

for all  r >  0 . 
2. For  a  given  covarion  model  C  =  (R,S),  there  is  a  rates-across-sites  model 

D =  (<?,£> ) such  that 

Mr) =  Mr) 
for all  r  >  0  if  and  only  if  R  has  only  one  distinct  non-zero  eigenvalue,  in 
which case  V is  a  discrete  two  rate  distribution  and  Q  is  a  scalar  multiple 
ofR. 

3. For  a  given rates-across-sites  model  D  =  (Q,V),  there  is  a  covarion  model 
C —  (R, S)  such  that 

Mr) =  Mr) 
for all  r >  0  if  and  only  if  Q  has  only  one  distinct  non-zero  eigenvalue  and 
V is  a  discrete  two  rate  distribution,  with  both  rates greater  than  zero. 

Furthermore stationar y an d reversibl e rat e matrice s wit h exactl y on e distinc t 
non-zero eigenvalu e an d stationar y distributio n TT  ma y b e completel y characterise d 
as scala r multiple s o f the matri x 

Rir =  ln-  I r 

where 1  = ( 1 , . . . ,1 ) T . 
It follow s from Theore m 4.2 that th e trace does not contai n enough informatio n 

to distinguis h th e covario n mode l fro m rates-across-site s models , i n th e sens e tha t 
data generate d by a  covarion model could have been generated by a  suitably chose n 
rates-across-sites model . Not e howeve r tha t part s (ii ) an d (iii ) d o no t completel y 
answer th e questio n o f whe n th e tw o model s ma y b e distinguishe d o n th e basi s o f 
pair wise comparison s an d withou t knowledg e o f r . Firstly , th e requiremen t tha t 
the time s r  ar e th e sam e i s to o strong : i f Jc(r)  —  Jo{f{r)) fo r al l r  >  0  fo r a n 
increasing functio n /  suc h tha t /(0 ) =  0  and f(r)  —>  o o a s r  - > o o then w e canno t 
distinguish betwee n C  an d D.  Secondly , sinc e w e ca n onl y eve r compar e finitely 
many sequences , i t i s importan t t o kno w whe n w e ma y hav e Jciji)  =  JD{r[)  fo r 
times n , . . . ,T f e , r{, . . . ,r' k. 

Section 5  gives an alternativ e approac h t o distinguishin g betwee n th e covario n 
and rates-across-site s models . 

We include a  proo f o f Theorem 4. 2 par t (1) . Fo r proof s o f the remainin g part s 
of thi s theore m se e [32]. 
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PROOF. B y (4.3 ) an d Lemm a 4.1 , trace( Jcij)) ha s th e for m 
r 

trace( Jc(r)) =  7T7T T + ] > > ' + e ^ r +  c le^T\ 
i=2 

where c'~j,c'J  >  0  an d X^=2[ c'j~ +  C 'J] =  ^  ~ ~ 7r7rT> ^  ^  ^ a s ^  distinc t non-zer o 
eigenvalues w e may collec t term s i n e M T  fo r eac h eigenvalue , writin g trace ( J C ( T ) ) 
in the for m 

Ik 

trace( Jc(r)) =  a 0 +  ^Pa^e -^ 7" , 

where a; , ^ >  0  for eac h z  and X^ = 0
 a * —  1-

Let £ > be th e discret e distributio n o f rates suc h tha t 

p[j/ =  i/ j =  — ^ i - i  =  i , . . . ,2fc . 

1 -  a 0 

Then D  i s well-defined , an d i f D  —  (Rn,V) the n b y (4.5 ) an d Lemm a 4.1, 
r 

trace( JD(T)) —  nn T +  T ^ M(—r)trace(;ZjzJ ) 
i=2 

= 7T7r T +  M ( - r ) ( l -  7T7r T) 

2A: 

2k 

= trace(Jc(r)) . 

D 

4.5. Limitin g cases . W e conside r th e limitin g case s o f th e covario n mode l 
when th e switc h i s very slow (si , S2 — > 0) and ver y fast (si , 52 — • oo) , keeping S1/S 2 
(the rati o o f "off " site s t o "on " sites ) constant . 

For ver y slo w switche s w e expec t fe w change s betwee n th e state s o n an d of f 
to occur , s o that site s i n stat e o n wil l tend t o remai n i n stat e on , an d site s i n stat e 
off wil l ten d t o remai n i n stat e off . I n th e limitin g cas e si,S 2 — • 0  we expec t cr 2 

of the site s to b e invarian t an d o\  o f them t o b e variable . Calculatin g thi s limi t w e 
find 

J c ( r ) - > cr 2J(0)+(7i J ( r ) 

as expected . 
For fas t switche s w e expec t site s t o flip  bac k an d fort h betwee n o n an d of f 

very rapidly , an d eac h spen d abou t th e sam e amoun t o f tim e i n stat e on . Sinc e 
the expecte d tim e i n stat e o n i s <TIT , i n th e limitin g cas e si,S 2 - > o o wit h S1/S2 
constant w e expec t 

Jc{r) - > J  {(TIT). 

Calculating thi s limi t w e find  thi s i s indeed th e case . 
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C, Co 

FIGURE 4 . Th e tree joining two monophyletic groups of species C± 
and C2 . Th e circle s marke d T\  an d T 2 ar e roote d subtrees , wit h 
roots vi  an d V2  respectively . Th e edg e {^1,^2 } has lengt h r . 

5. A  tree-lik e measur e o n monophyleti c group s unde r th e covario n 
model 

One approac h t o testin g th e covario n mode l agains t rates-across-site s model s 
is to examine th e site s that ar e varied an d unvarie d i n two widely separate d group s 
of closel y relate d species . Unde r th e rates-across-site s model , i f a  give n sit e i s i n 
the sam e stat e fo r eac h membe r o f a  group o f closel y relate d taxa , the n i t i s likel y 
that th e rat e o f evolutio n a t tha t sit e i s slow . Sinc e th e rat e doe s no t chang e 
across th e tree , w e might expec t littl e chang e t o occu r i n anothe r grou p o f closel y 
related specie s tha t i s widel y separate d fro m th e first . O n th e othe r hand , unde r 
the covario n mode l i f each specie s ha s th e sam e stat e a t a  given sit e i t seem s likel y 
that th e sit e wa s of f fo r muc h o f th e time . I n a  distan t par t o f the tre e th e switc h 
might b e o n s o we no longe r expec t th e unvarie d site s i n th e tw o group s t o matc h 
up. Thi s observatio n wa s mad e b y Fitc h [12] , an d examine d b y Miyamot o an d 
Fitch [27] , who compared Cu , Zn superoxide dismutase (SOD ) sequences from seve n 
mammals an d seve n plants wit h simulate d sequence s generated unde r covario n an d 
gamma distributio n rates-across-site s models , findin g tha t th e covario n hypothesi s 
explained th e evolutio n o f the protei n bette r tha n rates-across-sites . 

The following discussio n i s also motivated b y Fitch' s observation . Fo r a  certai n 
class o f event s an d parameter s o f a  covario n mode l w e obtai n a  tree-lik e distanc e 
measure between monophyleti c groups of species that wil l not i n general be tree-like 
under rates-across-site s model s an d s o coul d lea d t o a  tes t o f th e covario n mode l 
against rates-across-sites . Th e clas s o f covario n model s fo r whic h thi s i s relevan t 
includes thos e whos e underlyin g observabl e proces s i s base d o n th e Kimur a [26 ] 
three-substitution-type mode l (K3ST ) o r on e o f it s submodel s (th e Kimur a [25 ] 
two paramete r (K2P ) an d Jukes-Canto r [23 ] (JC ) models) . 

5.1. Separabl e events . W e describ e a  clas s o f event s tha t giv e rise , unde r 
the covario n model , t o a  tree-lik e metri c tha t i s no t i n genera l tree-lik e unde r a 
rates-across-sites model . 

Suppose E  i s a n even t involvin g a n r-stat e characte r x  o n a  se t C  o f species , 
for exampl e th e event s 

Es —  ux(i) i s the sam e stat e fo r al l i  G  C" 

and 

Ed —  "x(z) i s not th e sam e stat e fo r al l i  € C" . 

Given tw o monophyleti c group s C\  an d C 2 o f species , the tre e joining the m wil l b e 
as shown i n Figur e 4 . Le t Ei  b e the even t "E  occur s fo r grou p CV ' fo r i  —  1,2. W e 
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say tha t th e event E  i s separable  under th e covarion mode l (R,  S) if 

(5.1) P[J5 i A£ 2 | 0 i =  01 , 02 =  o 2] = P[Si|0 ! =  oi]P[£ 2 |02 =  o2] 

for al l oi ,o2 £  {on , off}. Not e tha t th e separability o f a given even t ma y depend 
on R  and 5. A n analogous conditio n tha t migh t b e satisfied b y a rates-across-site s 
model (Q,V)  i s the following independence  condition: 

(5.2) P[£ i A  E2\v) =  P[EI | I / ]P [E2 | I / ] . 

Let 

pia -  P[EiAE 2 ] , 

Pi =  P[Ei] , i  = 1, 2 

and furthe r i n the case o f the covarion mode l le t Oj be the state o n or off o f the 
switch a t the vertex vi  and 

p°n -  P[Ei|0 i =  on] 

pff =  P[Ei|0 i =  off ] 

*< =  K n-Pff 

for i  = 1,2. The n unde r condition s (5.1 ) and (5.2) we have the following: 

LEMMA 5.1 . 

1. If  E is  separable under  the  covarion model  (R,S)  then 

(5.3) pi 2 -  p lP2 =  a^e'^+^S^. 

2. If  the  independence  condition  holds  for the  rates-across-sites  model  (Q,T>) 
then P12  — P1P2 does not depend on  r. 

THEOREM 5.2 . For  a tree  with  several  monophyletic  groups  C i , . . . C n at  its 
tips the  measure 

Pij = - In  \pij -PiPj\ 

is a  tree  metric  realised  by  the under-lying tree  under  a  covarion  model  for which 
E is  separable,  but  in general  is  not a tree metric  under  a  rates-across-sites model 
for which  the  independence condition  holds. 

P R O O F O F LEMMA 5. 1 AN D THEOREM 5.2 . I n th e covario n case , 

P12 =  J2  p [ £ i A £ 2 | 0 i = o i , 0 2 =  o 2]P[0i = o i , 0 2 =  o2] 
Oi,02 

= ] T P[JEi|O i =  oi]P[E 2|02 -  o 2]P[0i =  oi , 02 =  o 2], 
0 ! , 0 2 

since E  i s separable, and 

P1P2 = ] T P[Ei|O i =  O l ]P[£2 |02 -  o 2]P[0i -  Ol ]P[02 -  o 2]. 
Oi,02 

Thus 

(5.4) P12-P1P2  =  J2  ^ i | o i M ^ 2 | o 2 ] ( P [ 0 l , o 2 ] -  P[oi]P[o 2]). 
Oi,02 
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Now the joint probabilit y matri x fo r th e switc h operatin g fo r tim e r  i s 

( §2. _|_ e- ( s i + S 2 ) r i  _  e - ( s i + s 2 ) r \ 
S l_ e-Ui+S2)r ^ + e - ( S l + S 2 ) r I 

(see fo r exampl e [16 , p . 156] ) s o th e matri x o f P[0 i =  o l 502 =  o 2] -  P[0 i = 
oi]P[02 =  o 2] i s 

Hence, from (5.4) , 

P12 -P1P2 = oiW-^+'^ipT-pf^ipT-p?*)  =  aW^+'^S^ 

as claimed . 
Under rates-across-site s wit h th e independenc e conditio n holding , 

/•OO 

P[Ei A  E2) =  /  P[JS i A  E 2\v\dFv{y) 
Jo 

P[E!|i/]P[£;2|i/]dFp(z/) 
/o 

which doe s no t depen d o n r , an d similarl y 
Jo 

P[£<] =  /  W[Ei\v]dF v(y 
Jo 

does not depen d o n r, s o that p i 2 —p\p2 —  P[# i AE2] -P[£i]P[E2] doe s not depen d 
on r  either . 

Since / ^ doe s no t depen d o n th e lengt h o f the edg e betwee n Ti  an d Tj  i n th e 
rates-across-sites case , w e may rearrang e th e tre e o n th e group s withou t changin g 
the valu e o f pij , s o the tre e o n th e group s i s not uniquel y determine d b y p.  I n th e 
covarion case , i f the edg e betwee n T x an d T y ha s tota l lengt h r xy the n 

PXy =  -  111  \pXy -PxPy\ 

= -ln((Jicr 2) +  (si  +  s 2)rxy-\n\5x\-\n\5y\. 

Referring t o Figure 5  we have r^ =  T{  -f Tj, r^ =  r » -hrm +  r& etc., and Theore m 5. 2 
follows. 

• 

We conclud e b y givin g som e example s o f separabl e events . Detail s an d result s 
in greate r generalit y appea r i n [32] . 

THEOREM 5. 3 (Som e separabl e events) . The  events  E s and  Ed above  are sepa-
rable under the  covarion  model  (R,  S),  and  satisfy the  independence condition  under 
the rates-across-sites  model  (R,V),  if  R  has  one  of  the  following forms: 

1. R  =  RK,  where 

/-6 a  (3  7 
a -6  7  0 

RK ~  \  p  7  -6  a 
\ 7  (3  a  —S 
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Q c k 

Ti 

FIGURE 5 . Th e tre e o n th e fou r monophyleti c group s o f specie s 
d, Cj,  Ck  an d C\.  Th e r x ar e the edg e lengths . 

and is  the  form  of  the  matrix  used  in  the  K3ST  model.  This  includes  as 
special cases the Kimura two  parameter model  (f3  — j)  and  the  Jukes-Cantor 
model (a  =  (3  = 7). 

2. R  is  the  r  x  r  matrix  given  by  Rij =  a if  i  ^  j  and  Ru  =  ( 1 — r)a, for  any 
r. This  gives  the  fully symmetric  model,  and  includes  as  particular cases  the 
Cavender-Farris model  (r  =  2 ) and  the  Jukes-Cantor  model  (r  =  4). 

CONCLUSION 

In thi s pape r w e hav e investigate d som e propertie s o f map s fo r constructin g 
tree metrics , an d contraste d tw o model s o f nucleotid e substitution . A  featur e o f 
such models (includin g the two we described) i s that i t i s often possibl e to construc t 
distance function s o n th e sequence s whic h converg e i n probabilit y t o a  tre e metri c 
(realised b y th e underlyin g evolutionar y tree) , a s th e sequenc e lengt h tend s t o in -
finity. Thi s i s usefu l because , provide d th e underlyin g tre e i s full y resolved , the n 
any good  ma p (a s describe d i n Par t One ) applie d t o thes e distanc e functio n wil l 
reconstruct th e correc t tre e wit h hig h probabilit y fo r sufficientl y lon g sequences . 
While thi s migh t b e interpreted a s a  further advertisemen t fo r th e virtue s o f a ma p 
being good,  one i n fac t require s continuit y onl y a t point s o f T(S)  correspondin g 
to full y resolve d trees , an d mos t methods , includin g neighbor-joining , satisf y thi s 
condition. (I n cas e the underlyin g tre e i s not full y resolved , then th e reconstructe d 
tree wil l be , wit h hig h probability , a  refinemen t o f th e underlyin g tree , fo r suffi -
ciently lon g sequences , an d th e maxima l weigh t assigne d t o an y edge s tha t ar e no t 
in th e underlyin g tre e wil l ten d t o 0) . A n importan t additiona l issu e i s th e rate 
of convergenc e o f th e distanc e functio n t o a n additiv e metric , an d th e consequen t 
sequence lengt h require d t o reconstruc t th e underlyin g tre e wit h hig h probability . 
Such issue s hav e bee n addresse d b y othe r author s i n thi s book . 
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The Performanc e o f th e Neighbor-Joinin g M e t h o d o f 
Phylogeny Reconstruct io n 

Kevin Atteso n 

ABSTRACT. Biologist s hav e hotl y debate d th e merit s o f variou s method s fo r 
phylogenetic reconstruction for man y years . I n thi s paper , w e analyze th e per -
formance o f the popula r neighbor-joinin g method . I n particular , w e determin e 
the Lo o radiu s unde r whic h th e metho d wil l determine th e correc t tre e topol -
ogy. I n fact , thi s radiu s i s optima l fo r al l distance-base d methods , th e clas s 
of methods whic h include s al l know n tractabl e methods fo r whic h ther e i s an y 
sort o f performance guarantee . 

1. Discussio n 

The phylogeneti c reconstructio n proble m i s to determine th e evolutionary rela -
tionships between a  set o f species typically from informatio n containe d i n biomolec-
ular sequenc e data . Thes e evolutionar y relationship s ma y be represente d b y a  phy -
logenetic tree , tha t is , a  binar y tre e i n whic h th e extan t specie s ar e represente d a t 
the leave s an d th e interna l node s represen t possibl y extinc t commo n ancestor s o f 
the extan t species . Evolutionar y relationship s ar e hotl y debate d amon g biologist s 
and differen t relationship s ar e b e obtaine d b y differen t methods . I n recen t years , 
the growt h o f large-scal e sequencin g ha s begu n t o provid e a  wealt h o f dat a fo r 
phylogenetic reconstruction . 

The man y method s availabl e fo r phylogeneti c reconstructio n ca n b e classi -
fied int o distance-base d method s an d sequence-base d methods[SOWH96] . Al l 
known tractabl e method s fo r whic h ther e i s an y kin d o f performanc e guarante e 
are distance-base d methods . I n thi s paper , w e prov e a  resul t whic h quantifie s th e 
performance o f on e popula r method , th e neighbor-joinin g method[SN87] . I n par -
ticular, w e prov e tha t thi s computationall y efficien t metho d doe s bes t possible , 
in term s o f th e L^  radiu s a t determinin g th e topolog y o f th e tre e amongs t al l 
distance-based methods . 

This pape r i s relate d t o som e othe r result s presente d a t th e workshop . I n 
particular, Olivie r Gascue l ha s presente d a  ne w versio n o f th e neighbor-joinin g 
algorithm. Th e result s o f thi s pape r appl y t o an y varian t o f th e neighbor-joinin g 
algorithm i n whic h a  conve x updat e formul a i s use d (se e (2 ) below ) an d s o appl y 
to the varian t o f the algorith m presente d her e b y Gascue l a s wel l as other variants . 
Also, Tand y Warno w ha s presente d a  ne w algorith m fo r phylogen y reconstructio n 
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Key words  and  phrases,  phylogeneti c reconstruction , neighbor-joining . 
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which, i n additio n t o neighbor-joining , doe s bes t possibl e a t findin g th e correc t 
topology o f th e tree . 

We first presen t th e basi c result s o f the pape r an d discus s thei r significance . A 
distance-based metho d o f phylogeneti c reconstructio n take s a  matri x o f distances , 
Dij, wher e i  an d j  represen t species , an d determine s a  tre e T . No w le t T  b e a n 
edge-weighted tre e wit h edg e se t E  an d wit h positiv e weigh t /(e ) o n edg e e  £  E. 
Let D T denot e th e distance s betwee n leave s i n th e tre e T , tha t is : 

eePij 

where Pij  denote s th e se t o f edges i n th e pat h betwee n leave s i  an d j . A  distanc e 
matrix D  i s calle d additiv e i f ther e i s a  weighte d tre e T  suc h tha t D  =  D T. A 
reasonable distance-base d metho d shoul d retur n th e tre e T  whe n give n D T o r a 
distance matri x sufficientl y clos e t o D T a s input . However , fo r an y tre e T  wit h 
distance matri x D  =  D T', ther e i s a  distanc e matri x D'  an d a n additiv e distanc e 
matrix D"  suc h tha t D  an d D"  hav e distinc t topologie s bu t ar e bot h distanc e 

mineeE 2  ^ ° ^ ' ' * n ^ e ^° ° n o r m : 

ma x I A w - A' 7 

where E  i s th e se t o f edge s o f th e tre e correspondin g t o D  an d /(e ) i s th e branc h 
length o f th e edg e e  G  E. Not e tha t D n ca n b e chosen  t o hav e minimu m branc h 
length equa l t o tha t o f D.  Se e Figur e 1  fo r a  graphica l representatio n o f thi s 
relationship. Hence , n o algorith m ca n alway s correctl y reconstruc t tre e topologie s 
when th e L^  (vector ) nor m betwee n th e actua l an d measure d distanc e matrice s 
is a t leas t min e€£j - ^ . I n fact , w e demonstrat e i n th e followin g sectio n tha t th e 
neighbor-joining algorith m wil l always find th e correc t tre e i f this erro r i s less tha n 

mme6JE; "V-
By introducin g a  specifi c mode l o f the evolutio n o f biomolecula r sequences , a s 

in Farac h an d Kannan[FK96] , w e ca n determin e a n uppe r boun d o n th e sample -
size complexity , tha t is , th e numbe r o f sample s require d s o tha t th e erro r i n th e 
distances will  be withi n th e toleranc e necessar y fo r th e neighbor-joinin g algorith m 
to determin e th e topolog y wit h hig h probability . Th e mode l w e introduc e i s th e 
Cavender-Farris mode l [Far 73, Cav78] . Unde r thi s model , ther e i s a  tru e roote d 
tree T  wit h n  leave s correspondin g t o extan t observe d specie s an d interna l node s 
corresponding t o ancestral species . Fo r any species i  (extan t o r ancestral), ther e i s a 
sequence o f k  binar y random variable s (wit h only the random variable s correspond -
ing t o th e lea f sequence s bein g observed) . Th e sequenc e a t th e roo t i s generate d 
by fai r coi n flips (i.i.d . uniform) . Wit h eac h edg e e  G  E, w e associate a  probabilit y 
p(e), th e probabilit y tha t a  give n sit e o f the sequenc e wil l change alon g tha t edge . 
Each sit e o f th e sequenc e i s assume d t o mutat e i n a  Markovia n fashio n wit h re -
spect t o othe r species , tha t is , any specie s i s dependent upo n an y ancestra l specie s 
(more precisely, an y non-descendant species ) onl y through it s most recen t ancestra l 
species. Eac h sit e i s assume d t o b e independen t an d identicall y distribute d (thi s 

• H e = min-V 1 

e£E 2 

• W = min-^ ^ 
eeE 2 
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FIGURE 1 . A  graphica l representatio n o f tw o "nearest " distinc t 
tree topologies . Thank s t o Mik e Stee l fo r thi s graphica l represen -
tation. 

is perhap s th e biologicall y mos t unrealisti c assumptio n o f th e model) . Th e mode l 
generates a  sequenc e o f k  i.i.d . binar y vectors , eac h havin g on e elemen t fo r eac h 
extant species . 

Given th e Cavendar-Farri s model , le t pij  b e th e probabilit y o f mutation a t a 
given sit e betwee n extan t specie s i  an d j . Th e distanc e matri x give n by : 

D0- = - 1 1 1 ( 1 - 2 ^ ) 

is additive . Lettin g pij  denot e th e numbe r o f observe d mutation s whic h occu r 
between specie s i  an d j , we ca n estimat e Dij  by : 

Dij = - l n ( l - 2 f t f i ) 

In fact , usin g th e Azuma-Hoeffdin g inequality[GS92] , w e ca n guarante e tha t 

maxij \Dij  —  Dij  <  e  with probabilit y a t leas t S  if : 
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^(l-2lxpH))2(eXP(^Ai))2 

where n  i s the numbe r o f specie s an d k  i s the require d numbe r o f observed muta t io n 
sites. Hence , i f we allo w e  to equa l m i n e 6 £ - ^ , w e ca n guarante e tha t th e neighbor -
joining algorith m wil l find th e correc t topolog y wit h probabilit y a t leas t S  i f k  site s 
are observed . Farac h an d Kannan[FK96 ] sugges t a n algorith m whic h find s a  tre e 
which i s a  3-approximatio n o f th e neares t additiv e distanc e matr i x usin g th e L^ 
norm t o th e observe d distances , tha t is , a  tre e whos e distanc e t o th e observe d 
tree i s a t mos t 3  time s a s muc h a s th e neares t tre e t o th e observe d distances . A n 
algorithm whic h find s th e neares t additiv e distanc e matr i x woul d fin d th e correc t 
topology whe n th e distance s ar e withi n min e^E " 4 o f th e distance s o f th e tru e 
tree. However , thi s proble m i s NP-har d t o approximat e withi n | [ A B F + 9 6 ] . Wi t h 
Farach an d Kannan ' s algorithm , th e correc t topolog y i s guarantee d b e foun d i f 
the observe d distance s ar e withi n min e^E - g o f th e actua l distances . Hence , th e 
number o f sample s neede d t o b e abl e t o giv e a  prove n guarante e o f som e fixe d 
probability o f determinin g th e correc t topolog y i s u p t o 1 6 time s a s fe w fo r th e 
neighbor-joining algorith m tha n fo r th e algorith m o f Farac h an d Kannan . Note , 
however, tha t th e numbe r o f sample s neede d t o fo r thes e guarantee d performanc e 
rates i s exponentia l i n th e diamete r o f th e tre e an d s o ma y no t b e practica l i n man y 
situations o f interest . 

2. P r o o f o f R e s u l t s 

Let L  denot e th e se t o f extan t taxa . Fo r th e purpos e o f thi s paper , w e sa y tha t 
two tax a i,j  £  L  ar e neighbor s i n a  tre e T  i f an d onl y i f \Pij\  =  2 , tha t is , i f ther e 
are exactl y tw o edge s o n th e pa t h i n th e tre e betwee n th e tax a i  an d j . Th e basi c 
idea behin d th e neighbor-joinin g algorith m i s t o a t t emp t t o fin d a  pai r o f specie s i 
and j  whic h ar e neighbor s i n th e tree , modif y th e distance s s o a s t o combin e i  an d 
j int o a  singl e specie s u  an d repeat . 

The pai r o f neighbor s i  an d j  ar e chose n t o minimize : 

(1) S id =  (\L\- 2)Da  -  J2  Dik  - J2  D J* 
k k 

After combinin g i  an d j  t o for m u , th e distance s ar e update d i n th e followin g 
manner: 

(2) D uk =  \ uDik +  (l-\ u)Djk 

with distance s betwee n al l othe r tax a remainin g unchanged . Originally , Saito u an d 
Nei sugges t usin g X u —  |  fo r al l u  bu t w e conside r th e genera l cas e her e wher e 
0 <  X u <  1 . Anothe r versio n o f th e algorith m i s give n i n [SK88 ] bu t thes e version s 
are prove d equivalen t i n [Gas94] . 

A distanc e mat r i x wil l be calle d additiv e i f there i s a  tre e suc h tha t th e distanc e 
between an y tw o specie s withi n th e tree , tha t is , th e su m o f th e edg e length s o f 
the pa t h betwee n th e species , correspond s wit h tha t distanc e i n th e matr ix . Ou r 
first l emm a say s tha t i f w e combin e a  pai r o f neighbor s b y th e updat in g ste p o f th e 
algorithm o n additiv e distances , th e resul t i s th e distance s o f th e origina l tre e wit h 
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the pair o f neighbors replaced b y a single leaf hanging off of the node adjacent t o th e 
pair o f neighbors . A  similar resul t fo r Sattat h an d Tversky' s predecesso r [ST 77] o f 
Saitou and Nei's neighbor-joing algorithm was proved by Bandelt an d Dress[BD86] . 

LEMMA 1 . Let  D  be  an additive  distance  matrix  with  a  corresponding  binary 
tree T.  Fix  neighbors  i  and  j  in  T.  Let  v!  denote  the  internal  vertex  adjacent  to 
i and  j  and  u"  the  vertex  adjacent  to  v!  but  different  from  i  and  j . The  distance 
matrix on  the  set  of  taxa  (L  —  {i , j}) U  {u} with  distances  given  by  formula (2)  is 
additive and  corresponds  to  the  binary  created  by  removing i,  j  and  v!  from  T  and 
adjoining a  new leaf  u adjacent  to  u"  at  distance: 

I ({u ' , /} ) +  A0!({i,u'}) + (l-A„)i({i,« '} ) 

PROOF. Th e proo f i s straightforward . Denot e th e grap h forme d b y deletin g i , 
j an d v!  an d adjoinin g u  adjacen t t o u"  b y T" . W e firs t sho w tha t T 1 i s a  binar y 
tree. Fo r an y leaves , k  an d / , o f T  othe r tha n i  an d j , there i s a  pat h fro m k  t o 
i. Thi s pat h mus t g o through u n. Hence , ther e wil l b e a  pat h betwee n k  an d I  in 
the resultin g graph . Similarly , taking th e pat h betwee n k  an d z , removing v!  an d i 
and addin g u  yield s a  pat h betwee n k  an d u.  Hence , th e grap h i s a  tree . I n fact , 
it i s a  binar y tree . I f u"  i s internal the n i t ha s degre e 3  and so , removing th e edg e 
{uf)Uff} an d addin g edg e {it , u"} leave s th e degre e a s 3 . Otherwise , th e resultin g 
tree contain s onl y u  an d u"  an d s o i s binary . 

We mus t no w sho w tha t th e distance s i n thi s tre e ar e equa l t o th e distance s 
given b y formul a (2) . Le t D^  denot e th e distance s betwee n leave s k  an d I  o f T " 
(we continu e t o us e D  a s th e distance s o f th e origina l tre e an d a s thos e give n b y 
the formula sinc e ther e i s no ambiguity). Clearly , i f k  and I  are no t u,  w e have tha t 
D%i = DM  since neithe r th e constructio n o f T" does no t affec t th e pat h betwee n k 
and / . No w le t D kun denot e th e distanc e betwee n k  an d u"  i n T . W e have : 

Dt =  D ku„ +  I  ({u', ti"}) 4- Xul ({t , u'}) +  (1 - X u) I  ({j, *'}) 

= A„(2? fcl l«+/({ti /,ti / /}) +  /({i,tx /})) 

+ ( 1 - Xu)  (Dwu» +  I  ({tx', ti"}) + /  ({i, u'})) 
= \ uDik +  (l-\ u)Djk 

Hence, D% u — D ku an d s o the lemm a holds . • 

Note that th e neighbor selectio n criterion , formula (1) , is linear in the distance s 
which ar e linea r i n th e edg e weight s whe n D  i s additive. W e now presen t a  lemm a 
which determine s th e weight s o f thi s formul a o n eac h edge . Fo r a  tre e T  an d a n 
edge e , w e le t L k{e) denot e th e se t o f leaves i n th e componen t o f T  —  e containin g 
k (se e Figur e 2) . 

LEMMA 2 . Suppose  that  the  distances  D  are  formed from  an  additive  tree  T, 
with edge  set E.  We  have: 

(3) Sij  =  Y^ we(i,J)Ke) 
eEE 

where: 
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FIGURE 2 . A n illustratio n o f th e notatio n "£fc(e)' \ "Ljk(e) " de -
notes th e se t o f leave s i n th e componen t o f T  —  e containin g th e 
leaf k. 

W w *y%>V ~ \  -2\L  -  Li(e)\  otherwise 

where recall  that  Pij  denotes  the  set  of  edges  on  the  path  between  i  and  j  and  L 
denotes the  set  of  taxa. 

Note tha t w e(i,j) i s symmetric i n i  an d j  sinc e fo r e  E  E  —  P,-j , we have tha t 
\L-Li{e)\ =  \L-L j{e)\. 

PROOF. Firs t not e tha t fo r tax a k  an d / , th e distanc e Dki  i s th e su m o f th e 
branch length s o f th e edge s i n Pk,i'. 

Du = E  W 
e£Pk,i 

Hence: 

Sij =  (|£ | - 2)D ti - £ > * -  X>i * 
k k 

(5) =  £  (\L\  - 2)I(e ) - £  E  « e) - E  E  <( e) 
e£Pi,j k  eePi,k  k  e£P j)k 

Note tha t e  E P t,jk i f and onl y i f k  E  L —  Li(e). Hence : 

E E  <( e) = E E  w  =  E \ L - L«(e)i'(e) 
k eePi,k  e£EkeL-Li(e)  e£E 

Incorporating thi s int o (5 ) yields : 
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su =  E  (\L\-2)i(e)-j2 E  <(e)-E E '( e) 

= J2  (w - 2)'(e) - E (\ L - wi +1 1 - ^(e)i) *(e) 
eEPij e£E 

= £  ((|£ | - 2 ) - (| £ - £.-(e) | + |£ - £i(e)|) ) 1(e) 
e€Pij 

- J2  (iL-LiWl  +  lL-LMDUe) 
eeE-Pij 

However, fo r e E Pij, we have tha t \L  — Li(e)\ +  \L  — Lj(e)\ —  \L\.  Also , fo r 
e E  E —  P , j , w e have tha t \L  — Li(e)\  =  |L — Lj(e) |. Hence : 

5,J=-2 E  '( e)~2 E  |i"^(e)|/(c ) 
e€Pt,j eeE-Pij 

which wa s t o be shown. • 

We no w fin d th e difference i n Sij for non-neighbors an d neighbors. Toward s 
this end , i t would b e desirable t o determine a  lower boun d on: 

min Sk,i  — mi n Sij 
non-neighbors fc, I neighbor s i , j 

so tha t whe n w e consider Sk,i  calculate d usin g approximat e distances , w e will be 
able t o determine th e tolerance withi n whic h th e distances ca n vary. However , it 
turns ou t to be easier t o bound : 

non-neighbors & , / 

for specifi c neighbor s i  and j whic h depen d upo n k  and /. I t turn s ou t that usin g 
this les s stric t bound , ther e i s no loss i n the tightness o f the results . 

L E M M A 3 . Let  D be  additive and  the corresponding  tree  additive.  Let  S denote 
the results  of  formula (1)  applied  to  the distances  D.  If  k,l E  L are not neighbors, 
then there  is  a pair of  neighbors i,  j E  L such that  either: 

Sk,i-Sij > 2 ( | L | - 3 ) m i n / ( c ) 
e 

and {i,  j} n  {fe , / } ^l or: 

5*, i -5 , - j ->3( |L | -4)minZ(e) 
e 

and {i,j}  D  {k,l} =  0 . 

P R O O F . W e firs t summariz e th e proof . W e conside r th e subtree s hangin g of f of 
the pa t h fro m k  to / and choose i  and j t o be any pai r o f neighbors i n one o f these 
subtrees whic h doe s no t uniquely contai n a  maximal numbe r o f leaves. Th e proof 
then follow s b y case analysis . Usin g Lemm a 2 , for each e E E, the weight o n /(e ) 
in Sk,i  is at leas t tha t i n Sij. In particular, fo r edges whic h separat e i  and j fro m 
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k an d / , th e weigh t i n Sij  wil l b e substantiall y les s tha n th e weigh t i n S k}i sinc e 
the componen t containin g i  an d j  wil l b e smalle r tha n th e componen t containin g 
k an d / . Summin g bounds o n th e difference s i n th e weight s o n variou s edge s lead s 
to th e desire d result . W e now procee d wit h th e details . 

Fix any taxa k,l  G  L whic h are not neighbor s as in the statement o f the lemma . 
Choose an edge e* G  E—Pkj whic h minimizes |Zfc(e*)| . Addin g e* to the componen t 
of T  —  e* whic h contain s k  an d /  produce s a n unroote d tre e wit h a t leas t 4  leaves 
(fc, / , a  verte x o f e*  and a t leas t on e othe r whic h mus t com e of f o f P kj sinc e k  an d 
/ ar e no t neighbors) . Ever y unroote d tre e wit h a t leas t 4  leave s ha s a t leas t tw o 
pairs of neighbors an d s o this tree ha s a  pair o f neighbors whic h ar e neighbor s i n T 
(that is , a  pai r whic h i s not inciden t wit h e*) . Le t i  an d j  b e thes e neighbor s (se e 
Figure 4) . W e show tha t w e(i,j) <  w e(k, I)  and b y ho w muc h vi a case  analysi s o n 
e: 

Suppose tha t e  G  P*,/ . W e hav e tha t w e(i,j) —  —2\L  — Li(e)\  <  —  2 = 
we(k, I)  since \L  — Li(e)\  >  1  for al l e . W e now determin e a  lower boun d o n 
the quantit y YleeP k i-p { •  (we(k, I)  — we(i,j)) whic h w e have show n i s non -
negative for the case in which {& , /} D {z, j} =  0 . Le t P kj =  {k,  v^, ... ,  vm, / } 
with ra >  2  since k  and I  are not neighbors . Not e that eac h vp, fo r 1  < p  <  m 
has a n edg e e p inciden t o n i t whic h i s not i n Pk,i  sinc e th e tre e i s unroote d 
binary so that ever y internal node i s incident wit h 3  edges. Fo r some ep* (se e 
Figure 4), we have {z , j} G  L—Lk(ep+) sinc e i and j ar e neighbors and neithe r 
equals k  or /. Not e that i t must be that Li(e p*) C  Lk(e*)  sinc e ep* G  P«,fc and 
e* ^  P;,fc . Also , b y th e minimalit y o f |Lfc(e*)| , w e hav e |Lfc(e*) | <  |Ljt(e p*)| 
and s o \L  — Lk(ep*)\ =  |£,-(e p*)| < \Lk(e p*)\ o r \Lk(e p*)\ >  ^ . No w lettin g 
e' —  {vp+_i,vp*} an d e"  =  {v p*, v p++i} (se e Figur e 4) , w e hav e w e>(i,j) + 
we»(ij) =  -2(\L-Li(e')\  +  \L-Li(e")\)  =  -2\L k(ep.)\ <  -\L\.  Hence , 
for thi s pai r o f edge s w e'(i,j) +  w en(i,j) <  \L\  — 4 + w e>{k, I) -f w en{k, I). 
Suppose e  G P,,& — Ph,i- We break thi s case further int o two cases dependin g 
upon th e locatio n o f e* : 

(a) Suppos e e * i s i n th e componen t o f T  —  e  containin g 2 . I n thi s case 
L — Lk(e*)  C  L  —  Lk(e).  Not e tha t thi s i s a  stric t subse t sinc e i  G 
(L—Lfc(e)) — (L—Lk(e*)). Hence , |Lfc(e*) | >  |£fc(e) | which contradict s 
the minimality of |£fc(e*) | among {|Lfc(e) | :  e G  E —  Pfc,/}. Hence , thi s 
case doe s no t occur . 

(b) Suppos e e * is in the component o f T — e containing k.  I n thi s case , we 
have tha t L  —  Lk(e*)  C  Lk(e).  B y th e minimalit y o f |L*(e*) | amon g 
{\Lk(e)\ : e G E-P k,i}, w e have that \L\  - \L k(e*)\ >  \L\-  \L k(e)\ an d 
so w e{k,l) =  -2(\L\  -  \L k(e)\) >  ~2(\L\  -  |L fc(e*)|) >  -2|L fc(c)| = 
—2(\L\ —  |L t(e)|) =  w e(i,j). W e no w determin e a  lowe r boun d o n 
the su m o f w e(k,l) —  w e(i,j) ove r edge s fo r whic h thi s case  occur s 
which w e hav e alread y show n i s positiv e (assumin g ther e i s a t leas t 
one suc h edge) . Not e tha t sinc e i  an d j  ar e neighbor s an d h  an d I 
aren't, w e ca n assum e withou t los s o f generalit y tha t k  £  {i>j}  (b y 
choosing /  G  {hj}  i f necessary) . Hence , ther e i s a n edg e e m G  Pi, k 

which separate s i  an d j  fro m th e remainin g taxa . Fo r thi s edge , w e 
have tha t w en,(i,j) —  - 2 ( | L | - 2) an d w en,(k,l) =  - 2 i f / G  {i,j} an d 
we..,(k, I)  = -2\L  -  L k(e'")\ =  - 4 i f I  £ {i , j}. 
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i J 

FIGURE 3 . A n illustratio n o f the choic e o f neighbors i n Lemm a 3. 
The neighbor s ar e chosen  i n an y non-maxima l componen t comin g 
off o f Pk,i,  th e pat h betwee n k  an d I. 

3. Suppos e e  G  Pij. Thi s cas e i s subsume d b y cas e 2  since i  an d j  ar e sym -
metric. 

4. Suppos e e  G  E —  Pij  —  Pkj  —  P,,fc . I n thi s case , {i , j, fc, /} C  Lk(e).  Hence , 
the w e(ij) =  -2(\L\  -  \Li(e)\)  =  - 2 ( | £ | -  \L k(e)\) =  w e(k,l). 

Hence, assumin g {z , j} D  {&, /} =  0  an d usin g th e difference s i n weight s foun d i n 
item 2 b and ite m 1 : 
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FIGURE 4 . Illustratio n o f Cas e 1  of the proo f o f Lemm a 3 . 

Sk,i ~  Sij  =  ^  (w e(k, I)  - w e(i, j))  1(e) 

> Yl  (w e(k,l)-we(i,j))l(e) 
ee{e',e",e'"} 

= (w e>(k,l) -  w ei(i,j))l(e") +  (w en(k,l) -  w e"(i,j))l(e") 

+ (w em (k,l)~  W em ( i , j))l(e'") 

> (W ei (k,l)  +  W en (k,l)  -  W ei (i , j)  -  W en ( i , j) 

+wem(k, I)  — we»i(irj)) min/(e" ) 
e 

> ( - 4 -  -2 ( |L | -  2 ) + \L\  -  4)  minZ(e) =  3(|L | -  4 ) minZ(e) 

Similarly, assuming {i,j}  0  {& , /} 7^ 0 and usin g th e differenc e i n weight s foun d i n 
item 2b : 
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Sk,l -  Si  j =  ] T (W e(k, I)  -  W e(i, j))  1(e) 
e£E 

> {W en,(k,l)-We,n(i,j))l(e"') 

> ( - 2 -  -2(\L\  -  2) ) minZ(e) =  2 ( | £ | -  3 ) min/(e ) 

Hence, the theorem is proved. • 
We now introduce th e notio n tha t th e algorith m i s not give n th e exac t distances , 

D, o f a n additiv e tre e bu t som e distance s D  whic h w e wil l eventuall y assum e ar e 
sufficiently nea r D.  A s before , S  denote s th e result s o f formul a (1 ) applie d t o 
distances D  bu t als o S  th e sam e result s fo r distance s D.  W e wis h t o sho w tha t 
for an y non-neighbor s fc,  Z , there ar e neighbor s i , j  suc h tha t §k,i  >  Sij.  First , w e 
decompose: 

Sk,i —  Si j =  Sk,i  —  Sk,i +  Sk,i  -  Si  j 4 - Si j —  Si j 

Lemma 3  bound s th e middl e pai r o f term s o f th e abov e an d s o i t woul d b e natura l 

to see k a  boun d fo r \Sk,i  —  Sk,i\ fo r an y pai r fc,  I.  However , thi s doe s no t lea d t o 

the tightes t result s an d s o w e instea d boun d Sk,i  —  Sk,i +  Sij  —  Sij which , du e t o 
a cancelatio n o f terms , yield s a  tighte r bound : 

L E M M A 4 . Let  D  and  D  denote  two  distance  matrices.  We  have: 

Sk,i ~  S k,i +  Sij  -  Sij  >  - 6 ( | L | -  4 ) max A j -  £>ij 

when {i , j} D  {&, /} =  0  and,  when  {z , j} 0  {k,  1}  / 0 , 

Skj ~  S k,i +  Sij  -  Sij  >  - 4 ( | £ | -  3 ) m a x Ai -  A j 
hj 

P R O O F . Firs t not e tha t i f {i , j} =  {& , 1} then \§ij  -  Sij  +  S*, j -  Sk,i 

so th e resul t hold s i n thi s case . Le t €ij =  A j _  A j - W e have , fro m (1) : 

= 0  an d 

Sij —  Sij 4 - Sk,i —  $k,i 

(6) =  (\ L\ ~  2 ) (Cij  ~  €fc,j) +  ^  ( C*,m +  €hm ~  €,-,m ~  € j , m ) 

There ar e tw o remainin g cases : 

1. Suppos e |{z , j} f l {& , / }| =  1 . Assum e withou t los s o f generalit y tha t i  —  k. 
In thi s case , (6 ) reduce s to : 
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Sk,l —  Sk,l  +  Sij  —  Sij 

= (|£ | -  2 ) (€*,, - €ij) +  J2 i^rn  ~  C,, m) 
m 

= (|i|-3)(Cfc,|-C t-fi)+ J ^ 6 i | m - ] T 6/, , 

> -4( |L | -3)ma x 
•J A , - A ; 

Hence, th e resul t hold s i n thi s case . 
2. Otherwis e {i , j} D  {&, 1} =  0  and so : 

= ( | L | - 4 ) ( C f c , / - 6 t - , J - ) + ^  ( 6 t , m + 6 J ? m - C f c , m - € / , m ) 

> -6(|L|-4)max - Dal 

and s o the resul t hold s i n thi s case . 

• 
Now we consider th e iterative nature of the algorithm. W e consider the behavio r 

of the algorithm when given the approximate distances D  a s input assumin g updat e 
formula (2 ) i s used . Le t i n an d j n b e th e tax a chose n a s neighbor s a t th e nth 
iteration an d u n th e taxo n int o whic h the y ar e combined . W e le t D n denot e th e 
distances inpu t int o th e nth  iteration . I n particular , D 1 =  D  and : 

n»+i =  J  b li ifM#u » 

Similarly, le t S n denot e th e result s o f formul a (1 ) evaluate d a t th e distance s £) n. 
Hence, i n an d j n ar e chose n suc h tha t S"njn  i s minimal . Also , le t D n denot e th e 
"actual" distance s a t th e nth  iteration , whe n th e neighbor s whic h ar e chosen  usin g 
D ar e combined . I n othe r words , D 1 =  D  and : 

n» + l -  J  D ll i f 

" " "  \  A unJDfJ + ( l - A w n ) ^ / i f k =  u n 

It i s importan t t o not e tha t w e ar e usin g th e neighbor s i n an d j n chose n b y th e 
algorithm usin g D  an d no t D.  Finally , w e let S n denot e th e result s o f formula (1 ) 
evaluated a t th e distance s D n. W e now show that th e distance s D n an d D n d o no t 
grow further apart . 

LEMMA 5 . For  any  n,  we  have: 

max Dij -  D?j  <  max |  A; -  D tJ 
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PROOF. Th e proo f i s by induction . Th e resul t hold s fo r n  =  1  by definition . 
Now suppos e tha t th e resul t hold s fo r n . I f k,  I  ̂un, the n th e distance s ar e 

unchanj 

jjn +  l _ 

*ed an d 

- D n+1 

Uunk 

SO D n + 1 -uk\ 

= 

Dn 
uk = uk\ — DkJ .  Otherwise: 

( AwnZ}<nfe +  ( 1 —  Xun) Djn kj —  (AwnZ}|Tlfc - f ( 1 -

Xun yD?n k -  D?n k) +  ( l ~  X un) ̂ £>" n fc ~ D^^j 

< X un LDjnf c —  £*,-njJ +  ( 1 —  Xun) \Dj nk ~  ^j nk 

< \ un ma x 

: ] max fy - fly 

-f ( 1 — Awn)max bn -  D n 

" Xun) Djn^J 

Hence, th e resul t holds . 

THEOREM 1.  If  D  corresponds  with  an  additive  binary  tree  T and  if: 

• 

max Dij -  Dij < 
mine /(e ) 

then the  neighbor-joining  algorithm  reconstructs  T  when  given  D  as  input. 

PROOF. Firs t w e prov e tha t i f D n correspond s wit h a n additiv e tre e Tn — 
(Vn,En) suc h tha t min eG^n /(e ) >  mineG£;/(e), the n S n is minimize d a t a  pair 
of neighbor s i n thi s tree . Not e tha t a t th e nth  iteratio n D n i s a  distanc e matri x 
on N  —  n -j - 1  taxa sinc e tw o tax a ar e combine d a t eac h iteration . Choos e a  pai r 
of non-neighbor s k  and /  in T n an d le t i  and j  b e th e pai r o f neighbor s i n Tn 

whose existenc e i s hypothesized i n th e statemen t o f Lemm a 3 . Suppos e firs t tha t 
{*,J}n{t,i} =  0 ; 

> -6(N  -  n  - 3 ) max IjD^ , - Z) £ J +  3(J V - n  - 3 ) mi n /(e ) 

> -6(N  -  n  - 3 ) max \D kli -Dki\  +  3(JV - n  - 3 ) min/(e) 

> 0 

where w e hav e use d Lemm a 3  for th e firs t inequality , Lemm a 4  and th e assump -
tion tha t mineeE * /(e) >  mine€£; /(e) fo r th e secon d an d Lemm a 5  fo r th e third . 
Similarly, i f {k,  / } 0 {i , j} ^  0, we have: 

5~n QU  an  cn  i  c n C n A  C n an 

> -4(N  -  n  - 2 ) ma x uk,\ v k,i + 2(N  -  n  - 2 ) mi n /(e ) 
eeEn 

> -4(N  -  n  - 2 ) max \D kj -  D kA - h 2(N -  n  - 2 ) min/(e) 

> o 
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Hence, i f D n correspond s wit h a n additiv e tre e an d mm e^.En K e) ^  m m ee£j l( €) 
then S n i s minimized a t a  pai r o f neighbors i n D n. 

Now we show by induction tha t D n correspond s wit h a n additiv e tre e an d tha t 
mine£En K e) —  mm ee.E i( e)* Th e D a s e case > n  =  1 , follow s b y assumptio n o f th e 
theorem. No w suppos e tha t th e D n correspond s wit h a n additiv e tre e an d tha t 
mine€£;n /(e ) >  min e6£j 1(e).  B y th e previou s paragraph , th e S n i s minimized a t a 
pair o f neighbors i n an d j n i n D n. Hence , b y Lemm a 1 , D n+1 i s additive. Als o by 
Lemma 1 , min eG^n+i /(e ) >  min €^En J(e) « Thi s i s because fo r al l e  G  i£n + 1 , eithe r 
e G  En o r e  =  {ii , u,f}. I n eithe r case  /(e ) >  min ee^n /(e ) sinc e i n th e late r cas e 
/({tt, u"}) >  l({u',u"})  an d {v!,u"}  G  En. Hence , b y th e inductio n hypothesis , 
mmeeEn+i 1(e)  > mineG£ /(e) . 

Hence, puttin g togethe r th e result s fro m th e previou s tw o paragraphs , th e 
neighbor-joining algorith m choose s a  pai r o f neighbor s a t ever y iteration . No w le t 
Tn denot e th e tre e correspondin g t o D n an d le t L n denot e th e se t o f leaves o f T n. 
For any leaf u  £  L n, defin e th e representative s o f u, writte n L u, b e th e se t o f leaves 
of T  whic h hav e bee n combine d t o for m u,  tha t is , L u i s define d b y th e followin g 
inductive definition : 

Li U  Lj i f u —  u n fo r som e n 
{u] otherwis e 

We wil l sa y tha t a  se t o f leave s V  C  L  i s monophyleti c i f ther e i s a n edg e e(L') 
such tha t L f an d L  —  L f ar e containe d i n differen t component s o f T  —  e . Fo r an y 
monophyletic se t o f leaves I / , le t T(L f) denot e th e componen t o f T  —  e  containin g 
V. Not e tha t T(U)  i s a rooted binar y tree . Finally , let T n! denot e th e tre e forme d 
from T n b y addin g th e tre e T(L U) wit h it s roo t a t u  fo r eac h lea f u  G  L n. 

We will now demonstrate b y induction tha t L u i s monophyletic for ever y u  an d 
that i f Tnt ha s th e sam e topolog y a s T . Th e bas e case  i s clear sinc e L u —  {u} an d 
T 1 =  T . No w w e assum e tha t th e resul t hold s fo r n  an d demonstrat e tha t i t i s 
true fo r n  +  1 . B y th e inductio n hypothesis , L(i n) an d L(j n) ar e monophyletic . 
From th e previou s paragraph , i n an d j n ar e neighbor s i n T n . A s i n Lemm a 1 , le t 
unf denot e th e interna l verte x adjacen t t o i n an d j n an d u n" th e verte x adjacen t 
to u n' bu t differen t fro m i n an d j n . Sinc e th e edg e {u n',un"} separate s {i n,jn} 
from L n —  {in,jn} an d sinc e T nl ha s th e sam e topolog y a s T n , i t mus t b e tha t 
{un',unf!} separate s L(i n) U  L(jn) fro m L  -  (£(i n) U  L(jn)) an d s o L(i n) U  L(j n) 
is monophyletic. Now , th e topolog y o f T n + 1 i s that o f Tn wit h i n an d j n remove d 
by Lemm a 1 . Hence , T n+1 ha s th e sam e topolog y a s T n' sinc e T(u n) i s forme d 
from T(i n) an d T(j n) b y joining thei r root s t o it s root . 

Hence, a t eac h step , th e algorith m find s a  ne w monophyleti c grou p o f siz e a t 
least 2 , namely , L(u n). Ther e ar e exactl y n  —  3 suc h group s sinc e thes e group s 
correspond wit h interna l edge s (edge s no t adjacen t t o leaves) . Sinc e th e algorith m 
runs fo r n  —  3  steps (ther e i s no nee d t o procee d beyon d th e poin t a t whic h ther e 
are 3  remaining taxa) , i t find s al l such groups . A s i s wel l known, th e tre e topolog y 
is completed determine d b y the monophyleti c groups since these group s correspon d 
with split[BG91] . • 
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DIMACS Serie s i n Discret e Mathematic s 
and Theoretica l Compute r Scienc e 
Volume 37 , 199 7 

Concerning th e N J Algorith m an d 
Its Unweighte d Version , UN J 

Olivier Gascue l 

ABSTRACT. I n thi s pape r w e wil l presen t UNJ , th e unweighte d versio n o f th e 
NJ algorith m (Saito u an d Ne i 1987 ; Studie r an d Kepple r 1988) . W e wil l 
demonstrate that UN J i s well suited when th e dat a ar e of the (Sij ) =  (dij  +  e»j) 
type, wher e (dij)  i s a tre e distance and th e e, j ar e independent an d identicall y 
distributed nois e variables . Simulation s confir m thi s theory . O n a  mor e gen -
eral level , we study th e thre e main component s of the agglomerativ e approach , 
applied t o th e reconstructio n o f tre e distances . 

(i) W e wil l demonstrat e tha t th e selectio n criterio n fo r th e pai r t o b e 
agglomerated, used by NJ an d UNJ, retain s its meaning whatever the variance s 
and covariance s o f th e Sij  estimates . W e wil l als o provid e a  ne w proo f o f th e 
correction o f thi s criterion , base d o n it s interpretatio n i n term s o f acentralit y 
index propose d b y Mirki n (1996) . 

(ii) Usin g th e result s o f Vac h (1989) , o f whic h w e wil l provid e a  simpl e 
new demonstration , w e propose an analytica l formula whic h enables the correc t 
least-squares estimatio n o f edge length s i n 0(n 2) time , wher e n  i s th e numbe r 
of objects . 

(iii) W e wil l provide a  clas s o f admissible reduction formula e whic h guar -
antee th e findin g o f th e tru e tre e wit h additiv e data . W e propos e t o choose , 
among thes e formulae , th e minimu m varianc e reduction , s o tha t a t eac h ste p 
we use estimate s which are a s reliable as possible in choosin g the pai r t o be ag -
glomerated. W e wil l present th e genera l solution, and appl y i t t o the particula r 
data mode l retaine d here . 

1. Introductio n 

Let D  =  (dij)  b e a  tre e distanc e ove r n  objects ; T  th e uniqu e value d tre e 
admitting th e representatio n D , als o referre d t o a s th e tru e tree ; A  =  (8jj)  a  dis -
similarity matri x o f which eac h elemen t Sij  i s a n estimat e o r a  measure , generall y 
imperfect, o f th e distanc e dij.  I n thi s paper , w e propos e t o fin d T  fro m th e ob -
servation A . I n othe r words , w e try t o construc t a  value d tre e T , associate d wit h 
the tre e distanc e D  =  (dij),  whic h shoul d b e a s clos e a s possibl e t o T . O f course , 
there ar e severa l way s o f definin g th e proximit y betwee n trees . I n thi s paper , w e 
will focus o n th e structur e o f the tree s T  an d T , rathe r tha n o n th e lengt h o f thei r 
edges. Thi s proble m i s encountered i n domain s where on e trie s t o construc t a n in -
heritance phenomeno n as , fo r example , th e histor y o f manuscript s i n Archaeolog y 
(Buneman 1971) , o r th e evolutio n o f th e specie s i n Biolog y (Swoffor d et  al.  1996) . 
The tre e T  represent s th e history , th e distance s dij  represen t th e divergenc e time s 
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between thes e object s o r thes e species , an d th e dissimilaritie s Sjj  ar e estimate s o f 
these divergenc e times . 

A classica l approac h consist s i n followin g th e least-square s criterio n i n con -
structing th e positively-value d tre e whic h bes t represent s D  accordin g t o thi s cri -
terion (Cunningha m 1978 ; D e Soet e 1983 ; Rou x 1988 ; Gascue l an d Lev y 1996) . 
Although simulatio n result s ar e goo d (Kuhne r an d Felsenstei n 1994 ; Gascue l an d 
Levy 1996 ; Kuma r 1996) , thi s approac h i s no t entirel y satisfactory , since , t o th e 
best o f our knowledge , very few result s establis h a  link between th e structur e o f th e 
tree T  thu s inferre d an d th e structur e o f th e tru e tre e T . Thi s lacun a i s partiall y 
filled b y anothe r approach , whic h i s widely use d i n th e domai n o f Evolutio n (Kid d 
and Sgaramella-Zonta 1971 ; Saitou and Ne i 1987) , and which is called the minimu m 
evolution principl e (ME) . Thi s principl e consist s i n seekin g amon g al l th e possibl e 
tree structures , tha t whic h lead s t o th e "shortest " value d tree . Th e lengt h o f a 
valued tre e i s th e su m o f th e length s (valuations ) o f it s edges , an d withi n th e M E 
principle, thes e ar e estimate d usin g th e least-square s criterion , withou t th e posi -
tivity constraint . Th e structur e o f T  bein g fixed , th e lengt h o f the edge s ar e thu s 
obtained b y minimizing the Euclidea n distanc e betwee n D  an d A . Thi s minimiza -
tion proble m ha s a  uniqu e solutio n (describe d below , Sectio n 2) , an d th e lengt h 
associated wit h a  tre e structur e i s thus wel l defined. Rzhetsk y an d Ne i (1993 ) pro -
vide a  thoroug h justificatio n o f th e M E principle . The y demonstrat e tha t i f th e 
estimates (6,j ) ar e unbiased , i.e.,  E(Sij)  =  (dij),  the n th e structur e o f th e tru e 
tree T  ha s amon g al l th e possibl e tre e structures , th e shortes t expecte d length . 
This propert y justifies th e M E principl e which , i n orde r t o find th e tru e tree , seek s 
the shortes t tree . T o som e extent , th e probabilit y o f findin g th e tru e tre e i s thu s 
maximized. 

Saitou an d Ne i (1987 ) propose d a n agglomerativ e algorithm , calle d N J 
(Neighbor-Joining) whic h i s base d o n th e M E principle . A  secon d versio n o f thi s 
algorithm wa s propose d b y Studie r an d Kepple r (1988) . I t i s equivalen t t o th e 
original versio n (Gascue l 1994) , bu t simpler . N J ma y b e describe d a s follows . A t 
each step , on e consider s r  nodes , eac h representin g eithe r a n objec t o r a  grou p o f 
objects agglomerate d durin g th e previou s steps , o n whic h th e tre e T  remain s t o 
be constructe d (Figur e la) . A  criterion , denote d 5 , enable s on e t o choose , amon g 
the nodes , th e pai r t o b e agglomerated . Thi s criterio n is , i n a  way , equa l t o th e 
least-squares lengt h estimat e o f th e tre e represente d i n Figur e lb . Onc e th e pair , 
{#, y} say , is chosen, w e create th e nod e u  (Figur e lb ) an d w e determine th e lengt h 
of the edge s (a: , u) an d (y , u). The n w e replace th e node s x  an d y  b y th e nod e u  i n 
the dissimilarit y matrix , b y settin g <5 ut- =  (6 xj - f S yi)/2 fo r eac h i  differen t fro m x 
and y.  Th e proces s i s iterated unti l r  i s equal t o 3 . Finally , we join th e 3  remaining 
objects t o a  centra l nod e an d w e compute th e lengt h o f the las t 3  edges. Thi s algo -
rithm thus follows the classical scheme of bottom-up hierarchica l clustering, alread y 
used fo r tre e distance s b y Sattat h an d Tversk y (1977) . Insid e thi s scheme , N J i s 
defined b y th e thre e basi c components : (i ) th e selectio n criterio n fo r th e pai r t o 
be agglomerated ; (ii ) th e calculatio n metho d fo r th e edg e lengths ; (iii ) th e formul a 
enabling th e reductio n o f the dissimilarit y matrix . 

Although th e N J algorith m i s widely use d an d ha s yielded satisfactor y simula -
tion results (Ne i 1991 ; Gascuel and Lev y 1996) , certain questions remain concernin g 
each o f its components . 
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(a) (b ) 
FIGURE 1 . (a ) sta r tre e representing absenc e of structure; (b ) tre e 
in whic h th e pai r {x,y}  ha s bee n agglomerated . 

(i) Whe n applie d t o a  tre e distanc e D , th e selectio n criterio n i s expecte d t o 
systematically designat e a  tru e pai r o f neighbors o f the correspondin g tree . Saito u 
and Nei' s (1987 ) proo f concernin g th e correctnes s o f th e criterio n S  ha s bee n con -
tested b y Studie r an d Kepple r (1988 ) wh o provid e a  ne w proof , whic h i n tur n ha s 
been conteste d b y Mirki n (1996) . Charlesto n et  al.  (1993 ) presen t a n interestin g 
study concernin g thi s criterion , bu t the y d o no t provid e a  complet e proo f o f it s 
correctness either . 

(ii) Th e manne r i n whic h th e edg e length s ar e estimate d b y N J i s inexact , i n 
terms o f th e least-squares , whe n th e agglomerate d node s represen t no t individua l 
objects bu t rathe r group s o f objects . Thi s deficienc y ha s inspire d severa l author s 
(Sattath an d Tversky 1977 ; Brolsch 1983 ; Vach 1989; Vach and Degens 1991 ; Rzhet-
sky and Ne i 1993) to propose other formulae which are exact , bu t whic h are difficul t 
to integrat e int o th e agglomerativ e procedure . 

(iii) Finally , on e ma y questio n th e tru e meanin g o f th e N J reductio n formul a 
which, systematically , give s identica l importanc e t o node s x  an d y,  eve n whe n on e 
corresponds t o a  grou p comprisin g severa l object s an d th e othe r correspond s t o a 
single object . I n term s o f hierarchica l classification , suc h a  reductio n i s sai d t o b e 
"weighted", meanin g tha t th e object s wil l no t hav e th e sam e influenc e dependin g 
on whethe r the y belon g t o a  larg e grou p o r ar e isolated . 

This pape r wil l provid e answer s t o eac h o f thes e questions . I n orde r t o mak e 
the contex t precise , w e place a  mode l o n th e dat a makin g th e hypothesi s tha t th e 
estimates (6jj)  ar e unbiased , mutuall y independen t an d hav e th e sam e variance . A 
slightly more specific versio n o f this hypothesis consist s i n setting <5 tJ- = dij  -f dj fo r 
every i  an d j , where th e nois e variable s £ tJ- ar e i.i.d . (independen t an d identicall y 
distributed) an d o f nul l expectation . Thi s hypothesi s i s commonl y applie d whe n 
the estimates are a  result o f real observations with measuremen t errors . Withi n th e 
scope o f this model, we will demonstrate tha t i t i s meaningful t o use an unweighte d 
approach whic h allocate s the same level of importance t o each o f the initia l objects . 
Furthermore, withi n thi s mode l i t i s justified t o us e th e "ordinary " least-square s 
criterion (t o estimat e th e lengt h o f th e edges ) a s oppose d t o th e "generalized " 
least-squares criterio n whic h take s int o accoun t th e variance s an d covariance s o f 
the estimates (Sear l 1971 ; Bulmer 1991) . Takin g into consideration al l of the abov e 
factors lead s t o th e unweighte d versio n o f NJ , whic h will  b e calle d U N J i n wha t 
follows. 

This pape r i s organize d a s follows . Firstly , w e will  provid e a  certai n numbe r 
of definitions , notations , an d previou s result s (Sectio n 2) . Then , w e wil l describ e 
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the U N J algorith m an d it s mai n propertie s (Sectio n 3) . Thi s algorith m follow s th e 
same agglomerativ e schem e a s N J an d i s defined b y th e thre e component s describe d 
above whic h wil l b e studie d sequentially . Sectio n 4  demonstrate s tha t th e selectio n 
criterion use d b y U N J (identica l t o tha t o f NJ ) retain s it s meanin g whateve r th e 
variances an d covariance s o f th e 6{j  estimates , an d tha t i t i s correct , i n tha t i t 
always select s a  tru e pai r o f neighbor s whe n th e da t a ar e additive . I n Sectio n 5 , 
we demonstrat e tha t th e formul a use d b y UN J i s correc t i n th e least-square s sense . 
In orde r t o establis h thi s property , w e us e a  fundamenta l ye t relativel y unknow n 
result o f Vac h (1989) , fo r whic h w e provid e a  new , ver y simpl e proof . I n Sectio n 6 , 
we sho w tha t th e unweighte d reductio n use d b y UN J i s coheren t wit h ou r da t a 
model. Sectio n 7  compare s performance s o f N J an d UN J o n simulate d data , whil e 
Section 8  i s devote d t o discussion . 

2. P r e a m b l e 

The A  =  (Sij)  dissimilarit y i s ove r th e se t E  o f n  object s an d w e denot e 
E =  { l , 2 , . . . , n } . Th e tree s considere d her e hav e n  leave s whic h ar e labele d wit h 
each o f the object s o f E.  Throughou t thi s paper , a  distinctio n wil l be mad e betwee n 
a value d tre e an d it s structure. An y value d tre e wil l be denoted S , whil e it s structur e 
will b e denote d S . Th e structur e o f th e S  tre e i s define d b y th e se t o f biparti t ion s 
of E  correspondin g t o eac h o f it s edge s (b y removin g a n edg e fro m S , w e cu t E  int o 
two disjoin t subsets) . Eac h o f thes e biparti t ion s constitute s a  pai r {X , X}  wher e X 
may b e viewe d i n tw o differen t ways : a s a  subse t o f E  (thu s w e hav e X  —  E —  X)\ 
or a s a  roote d subtre e o f S  whos e roo t i s situate d a t th e extremit y o f th e edg e 
in questio n (X  i s the n th e subtre e situate d o n "  th e othe r sid e extremity " o f th e 
edge). Dependin g o n th e context , w e wil l us e on e o r othe r o f thes e notions . W e wil l 
discriminate betwee n trivia l bipartit ion s whic h separat e a  uniqu e objec t E  fro m al l 
the remainin g object s an d whic h ar e alway s containe d i n th e tree s studie d herein , 
and non-trivia l bipartit ion s whic h separat e subset s containin g a t leas t tw o objects . 
The cardinalit y o f X  (o r equivalentl y th e numbe r o f leave s o f th e tre e X)  wil l b e 
denoted nx  •  Th e roo t o f a  tre e wil l b e indicate d b y th e correspondin g lowe r cas e 
letter, i.e. , x  wil l b e th e roo t o f X , an d nx  wil l sometimes b e denote d n x dependin g 
on th e context . 

The tree s inferre d b y th e agglomerativ e method s suc h a s N J ar e binary , i.e., 
all thei r interna l node s ar e o f degre e 3 . Ever y tre e distanc e ma y b e represente d 
by a  tre e o f thi s type , provide d th e zero-value d edge s ar e accepted , s o tha t thi s 
characteristic i s no t restrictive . Nonetheless , suc h a  representatio n i s no t alway s 
unique, sinc e a  4-degre e nod e may , fo r example , b e represente d i n thre e differen t 
ways b y tw o 3-degre e node s separate d b y a  zero-value d edge . I n orde r t o avoi d thi s 
difficulty, whic h slow s dow n th e demonstrations , w e suppos e i n wha t follow s tha t 
the tru e tre e T  i s itsel f a  binar y tre e an d contain s onl y edge s whic h ar e strictl y 
positive. Thi s restrictio n ha s littl e practica l effect , give n tha t ever y tre e distanc e 
may b e approache d a s closel y a s desire d b y a  tre e respectin g thi s condition . 

One o f ou r objective s her e i s t o demonstrat e a  simpl e expressio n o f th e least -
squares estimatio n o f th e edg e length s o f a  tre e whos e structur e i s fixed . W e wil l 
refer onl y t o estimatio n withou t th e positivit y constraint , whic h i s justified i n th e 
case o f th e min imu m evolutio n principle . A  tre e whic h ha s negativ e valuation s doe s 
not defin e a  distance , bu t a n "unsigne d tre e dissimilarity " (Bandel t an d Stee l 1995 ) 
in whic h th e dissimilarit y betwee n tw o node s i s simpl y th e su m o f th e valuation s 
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of th e pat h linkin g thes e nodes . Give n a  A  matrix , th e least-square s estimatio n 
associates wit h th e tre e structur e S , a  value d tre e whic h w e wil l refe r t o a s th e 
"adjusted" tre e o f S , an d whic h w e wil l denot e a s S  fo r simplificatio n purposes , 
A bein g implicit . Thi s adjuste d tre e i s itsel f associate d wit h a n unsigne d tre e 
dissimilarity, als o simpl y denote d S  =  (sij).  Th e matri x expressio n o f S  a s a 
function o f S  an d o f A  i s wel l know n (Sattat h an d Tversk y 1977 ; Barthlem y an d 
Gunoche 1991) . Le t u s cal l q  th e numbe r o f edge s o f S , an d le t u s suppos e tha t 
an orde r ha s bee n chose n fo r th e edges , whic h nee d no t b e state d explicitl y fo r 
our purpos e here . Thu s w e ma y represen t al l th e edg e length s b y a  vecto r B  = 
(bi,b2,...,bq). S  may als o be represente d b y a  vector , an d w e hav e 

(1) S ' =  AB < 

where A  i s a 0-1 matrix (n(n—  l ) / 2 J xq whic h represents S . Thi s matrix is define d 

in th e followin g manner : 

A 
1 i f the k th edg e (o r bipartition ) o f S  separate s i  an d j, 

[0 otherwise , 

where (ij)  represent s th e ran k o f Sij  i n th e vecto r representatio n o f S . I n thi s 
framework, S  is the projectio n o f A  o n th e sub-spac e generate d b y the bipartition s 
of S , an d w e ge t 

(2) S ' =  A(A'A)- 1A*A*. 

The drawbac k i n thi s expressio n i s tha t i t require s th e computatio n o f th e matri x 
product A * A, whos e complexity i n time is 0(q2n2). Sinc e the tree s unde r consider -
ation are binary, we get q  = 2n  — 3, and th e computation i s thus in 0(n 4). However , 
as w e wil l se e belo w (Sectio n 5) , thi s expressio n (2 ) i s fundamenta l t o analytica l 
formulae whic h enabl e a  mor e rapi d computatio n o f edge lengths , i n 0(n 2). 

Before concludin g thi s section , w e introduc e som e notation . Le t S  b e a n ad -
justed tree , an d {X , X} an d {Y , Y} tw o bipartitions o f S . Whe n X  DY  —  0, we set 
by extensio n 

SXY =  V , S^  an d S XY =  > J <$ij , 
iexjer A  Y  iexjer 

well 

sXY =  X I 8 *j a nd S *Y - X I ' 
iexjeY A  Y  iexjer 

We wil l als o refe r t o th e "flow " i n S  o f a  roote d subtre e X.  Thi s quantity , 
denoted fx , i s the su m o f the length s o f the path s betwee n eac h lea f o f X  an d th e 
root o f X.  Le t x  b e thi s root , w e ge t 

fx =  /]  s ix an d f x =  — f x -

rtx 
3. Th e U N J algorith m 

The UN J algorith m i s summarized i n Figur e 2 . A t eac h step , i t use s an d the n 
reduces a  runnin g matri x o f siz e r  x  r  tha t w e hav e denote d A  =  (A 2J), i n orde r 
to avoi d confusio n wit h th e initia l dat a matrix . Thi s matri x i s of course initialize d 
with valu e A . 
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UNJ i s defined b y the following thre e formulae : 

selection cri ter io n 
r 

(3) Q xy =  Rx +  Ry-(r- 2)A* y, wit h R z =  ^  \ zi, 
i = l 

estimation formul a 

1 1  r 

(4) d xu —  -XXy 4 - 2/ _  \  ^L / n «(^*» ~  ̂ y«)> 

dyu obtaine d b y symmetry, and 

reduct ion formul a 

(5) A wl- = i^A^ - + w yAyi- - itfxd ™ -  w ydyu, wher e w x =  —  an d w y = — . 

Initialize th e running matrix : A  = (A aj) <— (<$*j) ; 
Initialize th e number o f remaining nodes : r  * — n; 
Initialize th e numbers o f objects pe r node : n , * — 1, 2  E { 1 , . . - , n}; 
While th e number o f nodes r  i s greater tha n 3: 

{ Comput e th e sums i£, , i £  { 1 , . . . , r } ; (a ) 
Find th e pair {x,y}  t o be agglomerated b y maximizing Q xy (3) ; (b ) 
Create the node u,  and set: nu <—  nx -\-  ny\ 
Estimate th e lengths o f edges (x,u)  an d (y,u)  usin g (4) ; (c ) 
Reduce th e running matri x A  using (5) ; (d ) 
Decrease th e number o f nodes: r  < — r —  1  } ; 

Create a  central node , and compute th e last thre e edge-length s usin g (4); 
Output th e tree found . 

FIGURE 2 . Th e UN J algorithm . 

These thre e formula e ma y be easily compare d wit h thos e propose d b y Studie r 
and Kepple r (1988 ) i n their simplifie d versio n o f NJ. The selection criterio n i s the 
same. Th e estimatio n formul a o f UN J i s a n unweighte d versio n o f tha t o f NJ. 
Indeed, th e latter ma y be expressed a s 

dxu —  n *xy •+• «/ _  « \ 2-j  (  xi  ~~  y*)' 2 ( r - 2 ) (mi 

and i s obtained fro m (4 ) by setting n, - = 1 , V  i /  2 , y, an d by replacing ( n — nu) 
by Y^ij:x,y  n» w n i c n ls  the n equa l t o (r — 2) . Similarly , the NJ reduction formul a is 
obtained fro m (5 ) by setting n x =  n y =  1 . UNJ , as described here , thu s appear s 
as th e unweighted versio n o f the N J algorith m propose d b y Studie r an d Kepple r 
(1988). It s properties ar e as follows. 

PROPERTY 1 . The  complexity  in  time  of  UNJ  is 0(n 3). 

PROPERTY 2 . The  estimation formula  (4),  combined  with  the  reduction (5),  is 
optimal, in  that whatever  the  structure of  the inferred  tree,  the  edge lengths obtained 
are identical  to  those  obtained  with  the  matrix  solution  (2).  Furthermore,  this 
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property may  be exploited within  an  algorithm in  0{n2), allowing  the  least-squares 
estimation of  edge lengths of  any fixed structure  binary  tree. 

PROPERTY 3 . Given  our  hypothesis on  the Sij estimates,  the  reduction (5)  is 
optimal in  that  it  minimizes  the  part of  the variance of  the running matrix  (\{j) 
which influences  the  choice of  the structure  ofT.  In  other  words,  at  each  step,  it 
yields estimators  which  are  as reliable as possible in choosing the pair to  be agglom-
erated. 

PROPERTY 4 . When  data  are  additive, UN  J finds  the  true tree  T. 

Property 1  is immediate. I n fact , th e algorithm carrie s ou t n — 3  steps, and 
during eac h ste p th e most costl y operation s correspon d t o lines (a ) and (b) which 
are bot h i n 0(r2). Th e complexity of UN J i s thus the same as that o f NJ. 

The firs t par t o f Property 2  will be shown i n Section 5 , while the second par t 
is simple . Indeed , th e UNJ algorithm ma y be transformed int o a n estimation al-
gorithm o f edge length s o f a binar y tre e wit h a  fixed structure , whos e complexit y 
is in 0(n2 ) . T o do this, on e simply replace s line s (a ) and (b) by a tre e traversin g 
algorithm whic h find s i n 0(r) a  pair o f neighbors o f the tre e i n question; th e most 
costly remainin g line s are now (c) and (d), both bein g i n 0(r). Thi s 0(n 2) com -
plexity is optimal, since it is linear in the size of the data . A n analogous resul t may 
be obtaine d usin g one (5.3) of the formula e propose d b y Vach and Degens (1991) . 
It woul d appea r howeve r tha t thi s typ e o f result i s relatively unknown , an d tha t 
users generally op t for the matrix solution, in 0(n*), o r for the algorithm of Rzhet-
sky an d Nei (1993) whic h i s in 0(n 3). W e would lik e t o point ou t however tha t 
formula (4 ) and this 0{n 2) algorith m onl y appl y t o binary trees . Fo r non-binary 
trees, w e have to use a more general formul a (+ ) propose d b y Vach (1989) , and the 
corresponding algorith m remain s to be studied . 

Property 3  seems natura l sinc e the notions o f unweighted mean , o f i.i.d. vari -
ables and of minimum variance estimato r ar e fundamentally linked . However , thi s 
type o f argument base d o n a data mode l i s rarely reviewe d i n the literature. Fo r 
example, it does not figure i n the comparison betwee n UPGM A and WPGMA pro -
posed by Sneath and Sokal (1973). Thi s property 3  will be made precise and proved 
in Sectio n 6. 

Property 4  is specia l i n tha t i t require s thre e sub-propertie s i n orde r t o be 
demonstrated, relatin g to formulae (3) , (4 ) and (5). Unde r the hypothesis tha t the 
data ar e additive, i.e.  A  = D , and that th e tree T  representin g D  is a binary tre e 
comprising onl y strictl y positiv e valuations , we will show that : 

PROPERTY 5 . Criterion  (S)  always  selects  a  true pair  of  neighbors in  the tree 
T, i.e. , a pair {x,y}  of  leaves linked  by  a path containing  only  one  interior node, 
denoted u. 

PROPERTY 6 . The  lengths of  the edges  (x,u) and  (y,u) resulting  from  (4)  are 
identical to  those of  the corresponding  edges  in T. 

PROPERTY 7 . Reduction  (5)  applied  to a true neighbor  pair  {x,y}  transforms 
D into  an  additive matrix  D ' which  is  represented by  the subtree of  T obtained  by 
deleting the  nodes x  and  y and  the corresponding edges. 

The combinatio n o f these thre e propertie s enable s u s to obtain the result (3.4) 
by induction, eac h step o f the algorithm consisting in reconstructing correctl y (fro m 
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the poin t o f view o f structure an d branc h length ) tw o neighborin g edge s o f T . A t 
the end , onl y thre e node s remain , an d henc e onl y on e possibl e structure , an d th e 
computation o f the length s i s correct du e t o Propert y 6 . 

Property 5  i s show n i n Sectio n 4 , whic h fill s th e lacun a indicate d b y Mirki n 
(1996) a s outline d i n ou r Introduction . Propert y 6  i s a n immediat e consequenc e 
of Propert y 2 , give n tha t th e matri x solutio n (2 ) i s obviousl y exac t i n th e cas e o f 
additive data. Finally , we will show, in Section 6 , a generalization o f the Propert y 7 
which enable s th e correctnes s proo f o f a n entir e clas s o f variant s o f NJ , includin g 
among others , N J itself , UN J an d BION J (Gascue l 1996) . 

4. Concernin g th e Q  selectio n criterio n 

UNJ retain s the same criterion as NJ t o select th e node pair to be agglomerated . 
This criterion i s open to several interpretations an d several expressions which we will 
recall briefl y (Subsectio n 4.1) . Nex t (Subsectio n 4.2) , w e wil l present , i n greate r 
detail, th e interpretatio n propose d b y Mirki n (1996 ) an d w e wil l sho w ho w thi s 
interpretation ha s th e advantag e o f retainin g it s ful l meanin g whe n w e dro p th e 
hypothesis tha t th e <5 tJ- estimates ar e mutuall y independen t an d tha t the y hav e th e 
same variance . Finall y (Subsectio n 4.3) , w e show tha t thi s interpretatio n lead s t o 
a simpl e proo f o f th e correctio n o f the Q  criterion (Propert y 5) . 

4.1. Th e differen t expression s an d interpretation s o f th e Q  criterion . 
At eac h step , w e conside r th e dissimilarit y matri x (A,j ) wher e i  an d j  represen t 
objects o r objec t cluster s alread y agglomerate d durin g th e previou s steps . Saito u 
and Ne i (1987) , a t eac h step , assimilat e thes e indice s wit h uniqu e objects , an d 
they choos e th e pai r {x , y} whic h minimize s th e least-square s lengt h estimat e o f 
the tre e represente d i n Figur e lb . Th e criterio n thu s define d i s denote d S xy^ an d 
is expresse d 

1 1  r  1  r  r 

(6) S xy =  - \xy +  2, _  2, ^2  (Xli +  A2') + ~~2 Y2  Yl  Xi i' 
^ '  »= i t = i j=i 

Studier an d Kepple r (1988 ) propos e replacin g th e S  criterio n b y th e Q  criterio n 
defined abov e (3) , withou t attachin g an y specifi c interpretatio n t o th e latter . Thi s 
new expressio n ha s th e advantag e o f leadin g t o a  complexit y i n 0(n 3); a s show n 
above (Propert y 1) . Furthermore , i t i s equivalen t t o th e origina l expressio n (6) , 
criteria S  an d Q  being linke d b y a  negative slop e linear expressio n (Gascue l 1994) . 
Vach and Degens (1991 ) indicate tha t minimizin g S (o r maximizing Q) i s equivalent 
to maximizin g th e least-square s lengt h estimat e o f th e edg e linkin g it , th e roo t o f 
the cluste r i n formation , an d s , th e cente r o f th e sta r (Figur e lb) . W e hav e als o 
shown (Gascue l 1994 ) tha t S  coul d b e interprete d a s a  continuou s versio n o f th e 
neighborliness criterio n propose d b y Sattat h an d Tversk y (1977) . 

The tre e l b doe s no t represen t th e structur e o f th e tru e tree . B y minimizin g 
at eac h ste p it s estimate d length , on e tend s t o fin d a  shor t tree , whic h justifies th e 
use o f th e S  criterio n withi n a  greed y algorith m whic h follow s th e M E principle . 
However, th e rea l reaso n why  w e systematicall y obtai n th e tru e tre e (i.e. , th e 
shortest tree ) whe n th e dat a ar e additiv e is , t o a  grea t extent , inexplicable . Th e 
same applies to the othe r interpretation s proposed , whic h thu s seem unsatisfactory . 
Moreover, th e interpretation s base d o n the length o f the tre e (Saito u an d Ne i 1987 ) 
or o f th e interna l edg e (Vac h an d Degen s 1991 ) lea d t o a  for m o f contradiction . 
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Indeed, formul a (6) , used i n estimatin g th e lengt h o f tree lb , i s only correc t a t th e 
first step , whe n eac h inde x designate s a  uniqu e object . Durin g th e followin g steps , 
some indices represent objec t clusters , an d thi s formula becomes approximate . Th e 
same applie s t o th e lengt h o f th e edg e (u,s),  an d Vac h an d Degen s (1991 ) us e a n 
exact formul a whic h i s n o longe r linked , i n a  linea r manner , t o S.  A n optima l 
formula als o exist s whic h give s the least-square s lengt h estimat e o f tree l b a t eac h 
step o f th e algorith m (availabl e o n demand) . Thes e optima l formula e ar e a  prior i 
more satisfyin g tha n th e previou s ones , i f w e accept th e propose d interpretations . 
However, w e observe with examples , that neithe r guarantee s th e finding o f the tru e 
tree whe n th e dat a ar e additive . 

4.2. Interpretin g Q  in acentralit y terms . Mirki n (1996 ) proposes anothe r 
interpretation o f Q , in acentralit y terms . Le t u s conside r fo r th e momen t tha t Q  i s 
applied t o th e tre e distanc e D . No w Q f =  Q xy/2 ma y b e expresse d a s 

(7) Qxy ~  ^xy  i  / j  cy  \y>xi ~ r Ctyi  d>xy)* 

t = i 

It i s easy t o se e tha t th e expressio n insid e th e sum , i.e. , (d xl- - f d yi —  d xy), i s equa l 
to th e lengt h o f the pat h (i , u), wher e u  (Figur e 3a ) i s the intersectio n o f the path s 
(x,y), (x,z) , an d (t/ , i). I n othe r words , thi s expressio n measure s th e acentralit y o f 
the pat h (z , y) fo r th e nod e i , an d Q'  i s equa l t o th e su m o f al l thes e measures , t o 
which d xy i s added , whic h expresse s th e acentralit y o f node s x  an d y  themselves . 
Q' i s thus a n acentralit y measuremen t o f the pai r {a? , y}. 

Let u s conside r th e example s show n i n Figure s 3 b an d 3c . I n th e firs t case , 
we examine th e pai r o f neighbor s {i , j }, whil e i n th e secon d case , w e examin e th e 
pair {i , k}. I n th e cas e o f {i , j }, Q'  i s equa l t o th e su m (dij  +  dtk  +  dtt  +  dtm)  i n 
which eac h externa l edg e i s counte d once , whil e th e edg e length s dt u an d d uv ar e 
counted, respectively , thric e an d twice . I n th e case  of {i , fc}, Ql i s equal t o th e su m 
(dik +  d tj +  d ui +  d um) i n whic h th e externa l edge s ar e alway s counte d once , bu t 
the edg e length s d tu an d d uv ar e no w counted , respectively , onc e an d twice . I t i s 
evident fro m thi s exampl e tha t whe n applie d t o a  pai r o f neighbors , th e criterio n 
counts th e interna l edge s severa l times , wherea s whe n applie d t o remot e node s i n 
the tree , th e criterio n tend s t o coun t certai n edge s l e s s often . B y applyin g th e 
criterion t o th e pai r {z , ^}, o r t o an y pai r situate d a t eithe r extremit y o f th e tree , 
each edg e i s only counte d once . 

(a) 

FIGURE 3 . (a ) th e interio r expressio n i n (7 ) i s equal t o th e lengt h 
of th e pat h (z , u); (b ) whe n th e pai r {i,j}  i s examined , d tu i s 
counted thric e an d d uv twice ; (c ) whe n th e pai r {i , k} i s examined , 
dtu i s counted onc e an d d uv twice . 
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Observations mad e i n thi s exampl e ar e demonstrate d below  (4.3 ) i n th e gen -
eral framework . Q  i s therefor e a  numerica l criterio n which , whe n applie d t o an y 
tree distanc e D , designate s a  pai r o f neighbor s o f th e tre e T  whic h represen t thi s 
distance. I n practice , w e d o no t mak e us e o f th e tre e distanc e D , bu t o f it s esti -
mation A , an d th e formul a (3 ) i s applied t o th e estimate s Sij  (o r A tJ) rathe r tha n 
to th e distance s dij.  I n reality , w e thu s us e a n estimato r Q  o f th e tru e valu e o f 
the Q  criterion . Thi s estimator Q  has a n obviou s qualit y whic h ha s no t bee n high -
lighted b y Mirki n (1996 ) ye t appear s t o b e ver y important : i t i s obtained withou t 
making an y hypothese s o n th e Sij  estimates . I n fact , i t i s eas y t o se e (Bulme r 
1991) tha t (S xi - f S yi —  S xy) i s th e generalize d least-square s estimato r o f th e su m 
(dxi - f d yi —  d xy). I n othe r words , Q  i s th e su m o f generalize d least-square s esti -
mators whic h eac h measur e th e acentralit y o f th e pai r t o b e agglomerated . Thi s 
does no t impl y tha t th e estimato r Q  thu s obtaine d i s equal , fo r an y give n tre e 
structure, t o th e generalize d least-square s estimato r o f Q.  Indeed , fo r a  give n tre e 
structure an d a  give n variance-covarianc e matrix , i t i s usuall y possibl e t o find  a n 
estimator o f Q  whos e varianc e i s smaller tha n th e varianc e o f Q.  However , w e can 
prove tha t i t i s no t possibl e t o hav e a n unbiase d estimato r othe r tha n Q , withou t 
already knowin g the structur e o f the tree . Consequentl y i n our context , Q  seems t o 
be th e onl y possibl e estimato r o f Q , an d whateve r th e natur e o f the variance s an d 
covariances o f th e S^  estimates , it s us e appear s wel l founded . W e therefor e reac h 
a differen t interpretatio n fro m tha t o f Saitou an d Ne i (1987 ) an d Vac h and Degen s 
(1991) wh o rel y o n ordinar y least-squares , thu s losin g par t o f th e meanin g whe n 
the hypothesi s o f variance identit y an d covarianc e nullit y i s dropped. Thu s th e us e 
of Q  i s justified i n approache s whic h dro p thi s hypothesi s (Gascue l 1996) . Th e us e 
of Q i s also justified withi n th e scop e o f the hypothesi s mad e in this paper , becaus e 
after a  certain numbe r o f steps th e estimator s A fJ- no longer hav e the sam e varianc e 
due t o th e mea n proces s (5) . Moreover , w e can expec t a  certai n robustnes s o f th e 
method, a t leas t concernin g it s capacit y t o find  th e structur e o f the tru e tree . 

4.3. Provin g th e correctnes s o f th e Q  criterio n (Propert y 5) . Le t D 
be a  tre e distanc e represente d b y the tre e T  whos e valuation s ar e strictl y positive , 
and whos e interna l node s ar e a t leas t o f degre e 3 . Le t u s conside r th e Q'  criterio n 
{— Q/2) define d abov e (7) , allowin g th e interpretatio n propose d i n term s o f pat h 
length of T. Le t u s suppose tha t Q'  designates the pair {1 , 2} and tha t thi s does not 
consist o f tru e neighbor s i n T . Th e pat h (1,2 ) thu s comprise s a t leas t tw o node s 
different fro m node s 1  and 2 . Amon g these , le t u s conside r node s u  and v , one edge 
away fro m 1  and fro m 2  respectively (Figur e 4) . Eac h o f thes e node s i s th e roo t 
of the subtre e denote d T u, respectivel y T v, an d tw o cases ca n occur : eithe r T u o r 
Tv contain s onl y on e lea f (Figur e 4a) ; o r thes e tw o subtrees eac h compris e severa l 
leaves (Figur e 4b) . W e wil l demonstrat e tha t i n bot h case s a  pai r o f neighbor s 
exists, whos e valu e for th e criterio n Q'  i s strictly greate r tha n th e valu e of the pai r 
{1,2}. 
Case 3a : Le t u s suppose tha t T w contain s only on e leaf (th e argumen t i s symmet -
rical fo r T v ) , an d le t u s conside r th e notation s introduce d i n Figur e 4a . W e wil l 
demonstrate tha t th e pai r o f neighbor s {1,3 } ha s a  bette r scor e tha n {1,2} . W e 
have 

r 

Q'({1,2}) =  d 12 +  d 3u +  ^^  da'. 
z=4 
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T, 

ie {/ 7 + l,...,r} 

(a) (b ) 
FIGURE 4 . (a ) T u comprise s only the lea f denoted 3 ; i G {4 , . . ., r} 
is thus any leaf and i f designate s the intersection o f the paths (1,2) , 
( l , i ) an d (2,i) . (b ) T u comprises a  pair o f neighbors , denote d 
{3, 4}, a s well as the leave s of index i varying from 5  to p; if is thus 
the intersectio n o f paths (1,3) , (1 , i) an d (3 , i); the remainin g lea f 
indices vary from p-\-1 to r; i'  thu s designates th e path intersectio n 
(1,2), ( l , t ) an d (2,i) . 

Likewise, w e also hav e 
r 

Q'({1,3}) =  d 13 + d 2u+J2(dui'+dii,>) 

r 

= d 12 + d3u 4- 22 ( dui' +  dii ') 
i = 4 

r 

= Q'({1,2})+£<*„,•, . 
2=4 

The Tv tree comprise s a t leas t on e leaf , therefor e th e las t su m i s greate r tha n 
or equa l t o d uv which , b y hypothesis , i s strictly positive , an d th e resul t i s demon -
strated. 
Case 3b : I f T u an d T v each compris e a t leas t tw o leaves , a t leas t on e o f thes e 
subtrees contain s a t th e mos t ( r —  2)/ 2 leaves . Le t u s suppos e tha t i t is Tu (th e 
argument i s symmetrical for T v). T u necessarily contain s a  true pai r o f neighbors , 
denoted {3,4} . W e wil l demonstrat e tha t thi s pai r i s bette r tha n {1,2} . Le t u s 
consider th e notation s introduce d i n Figur e 4b . W e hav e 

p r 

Q'({1,2}) =d 12 +  d3u + d4u + Yj(dUil +  dii,)+ ] T da,. 
i = 5 i=p+l 

Likewise, we also hav e 
p r 

Q'({3,4}) =  ̂ 3 4 + du + d2t + 2_^ (dtu — dui' -f da*) -f X , ( dtu + d^' +  d« ;) 
»=5 i=p+l 

r r  p 

= d 12 + d3u + d4u + ^2 d H' + X I dui ' + (r ~ 4H « - XI dui ' 
t = 5 « = p + l i  = 5 

r p 

= Q'({1,2} ) +  ] T dui ' +  A> w h e r e ^=^-4 )^ -2^^ . 
*=P+I t = 5 
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As before , w e hav e ^ Z ^u%'  > 4 » >  0 . 

Therefore, al l tha t need s t o b e show n is : A  >  0 . B y hypothesis , w e kno w tha t 
Tu contain s a t mos t ( r —  2) /2 leaves , includin g leave s 3  and 4 . Moreover , w e kno w 
that fo r ever y i  G  { 5 , . .. , p } w e have d ui> < d tu. Consequentl y 

A > (r - A)d tu -  2  (X^ ~  Adtu =  2d tu >  0, 

and th e resul t i s demonstrated . • 
We woul d lik e t o poin t ou t tha t th e cas e A  =  0  ma y occu r whe n th e nod e u 

is o f a  degre e greate r tha n 3 , an d whe n th e nod e t  i s equa l t o nod e u.  However , 
this doe s no t invalidat e th e proof , whic h hold s whe n th e degre e o f node s interna l 
to T  i s a t leas t 3 . Thi s latte r hypothesi s i s used , effectively , sinc e w e assum e tha t 
the tree s T w an d T v eac h compris e a t leas t on e leaf . Th e cas e wher e th e interna l 
nodes ma y b e o f degre e 2  require s specia l t reatmen t (a s wel l a s th e redefinitio n o f 
the notio n o f neighbor) . 

5. Least - square s e s t i m a t i o n o f e d g e l e n g t h s 

Sat ta th an d Tversk y (1977 ) wer e first  t o find  (implicitely ) th e least-square s 
estimation o f edg e length s o f a  tre e wit h fixed  structure . Brolsc h (1983) , Vac h 
(1989) an d Vac h an d Degen s (1991 ) hav e demonstrate d a  certai n numbe r o f genera l 
properties o f thi s estimation , an d the y explicitl y propos e severa l exac t formulae . 
One o f th e formula e (5.3 ) provide d b y Vac h an d Degen s (1991 ) i s equivalen t t o 
formula (4) , bu t mor e comple x du e t o th e us e o f a  reductio n formul a whic h differ s 
from (5) . I t i s give n belo w (Equatio n 10) , a s wel l a s th e proo f o f it s equivalenc e 
to formul a (4) . Likewise , Rzhetsk y an d Ne i (1993 ) independentl y foun d a n exac t 
formula whic h differ s fro m formul a (4) , ye t i s identica l wit h another , (4.6) , amon g 
the formula e o f Vac h an d Degen s (1991) . Thi s latte r formul a canno t b e integrate d 
into th e agglomerativ e procedure , an d i t i s use d i n a  specifi c algorithm , i n 0(n 3), 
to estimat e th e edg e length s onc e th e structur e ha s bee n full y determined . 

These studie s see m t o b e relativel y unknow n an d infrequentl y used , whic h 
explains wh y w e tr y t o rende r thi s sectio n sufficientl y explici t an d autonomous . 
First, i n Subsectio n 5.1 , we wil l describ e th e fundamenta l resul t o f Vach (1989 ) fo r 
which w e provid e a  ne w (t o th e bes t o f our knowledge ) an d simpl e proof . Then , i n 
Subsection 5.2 , using thi s result , w e wil l demonstrat e (Propert y 2 ) th e correctnes s 
of formul a (4) . 

5 .1 . C o n s e r v a t i o n p r o p e r t i e s . Le t A  =  (<5 tJ) b e a  dissimilarity , S  a  tre e 
structure, an d S  th e correspondin g adjuste d tre e (o r unsigne d tre e dissimilarity) . 
Using th e notatio n define d abov e (Sectio n 2) , we hav e (Vac h 1989 ) 

P R O P E R T Y 8 . For  every  bipartition  {X , X} ofS,  we  have  s x^ =  6 X^ (and 
sx~x =  ^ i x / ' 

In othe r words , th e mea n dissimilarit y betwee n th e element s o f X  an d thos e o f 
X i s identica l i n A  an d i n th e adjuste d tre e S , thi s bein g vali d fo r ever y biparti -
tion o f S . Thi s propert y i s establishe d ver y simpl y fro m th e matr i x solutio n (2) . 
Combining thi s wit h equalit y (1) , we obtai n directl y 

(8) A<S < =  A * A*. 
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The coefficients o f A* are expressed a s M*^-) and have value 1, if and only if the 
kth edg e o f S separate s i  and j. Th e kth lin e o f the equation (8 ) thus establishe s 
equality betwee n th e sum of the dissimilaritie s Sij  on the one hand, an d 6^  o n 
the othe r hand , provide d tha t i  an d j  ar e separated b y the k th edge . I n othe r 
words, Propert y 8  is established fo r the bipartition associate d wit h th e k tli edge ; 
and sinc e eac h bipartitio n (o r edge) o f S is represented b y a line of A*, Propert y 8 
is established. • 

Note that th e very same proof applies to any form of additive clustering (Mirki n 
1996), wher e i t yield s an analogeus conservatio n property . Moreover , ther e i s an-
other conservatio n propert y associate d wit h degre e 3  (or ternary) nodes , which has 
not bee n referre d t o by Vach (1989) , but which i s useful t o derive edg e lengt h es-
timates. A  ternary nod e u  is the extremity o f three edge s (u , z), (u , y) and (u, z), 
and i t i s associated wit h th e three roote d subtree s X , Y an d Z o f which x,y  an d 
z ar e the respective roots . W e may thus expres s th e following propert y relativ e to 
these subtrees : 

PROPERTY 9 . For  all ternary nodes  of  S and  for every  pair  X , Y of  subtrees 
associated with  this  node,  we  have SXY — &XY  (and SXY = &XY  ) -

In othe r words , the mean dissimilarit y betwee n th e subtrees associate d wit h a 
ternary nod e is also preserved. Thi s property is established simpl y from Propert y 8. 
Let X , Y an d Z b e the three subtree s associate d wit h u.  Accordin g t o 8 we have 

SX~X ~  ^ X l ' S YY ~  °YY  a n C * S Z~Z ~  °Z~Z' 

This resul t an d the definition o f these quantitie s enabl e u s to write th e thre e 
equations 

SXY +  sXz =  $XY  + &xz, 

SXY +  SYZ =  SXY  +  {>YZ, 

SXZ+SYZ =  f>xz+f>YZ, 

whose uniqu e solutio n correspond s t o Property 9 . • 
We would lik e to point ou t that i t is essential t o Propert y 9  that th e node be 

ternary. Whe n u  is of degree g  (> 3), a system o f g equations i s obtained (on e per 
edge) with g(g — l)/2 "unknowns " (on e per pair of subtrees), and this system may be 
satisfied withou t the mean dissimilarity between subtree s bein g conserved. I t is also 
worth notin g tha t thi s resul t i s a generalization o f a wel l known resul t i n the case 
of ultrametri c distance s obtaine d b y least-squares adjustment : th e mean distanc e 
between tw o neighboring cluster s i s identical i n the observed dissimilarit y an d in 
the ultrametri c obtained , wher e i t is represented b y the level of formation. Finally , 
let us note that , a s with ultrametrics , the dissimilarity between tw o neighbor leave s 
x and y linked b y a ternary nod e remain s unchanged , i.e.,  sxy —  6xy. 

5.2. Formul a (4 ) is correct (Propert y 2) . The results abov e directly yiel d 
correct least-square s formulae . Le t u be a ternary nod e associate d wit h th e three 
subtrees X , Y an d Z whos e roots are x, y and z respectively . Usin g Propert y 9  and 
the definition s give n abov e (Sectio n 2) , we can write th e three equation s 

^XY -  s XY -  n Yfx +  n xnY(sxu +  s yu) +  n xfY, 

$xz =  sxz  =  n zfx +nxnz(s xu +  s2U) + nxfz>> 

&YZ —  s Yz —  rizfY +riYnz(sy U -\-  szu) +  n Yfz> 
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And solvin g thes e equations , w e fin d 

(9) s xu =  -  S XY +  -  S Xz -  r  S Yz -  fx,  s yu an d s zu obtaine d b y symmetr y 

We wil l no w conside r a n agglomerativ e procedur e a s describe d i n Sectio n 3 , 
having a s it s objectiv e th e estimatio n o f th e edg e length s o f S . A t eac h step , th e 
algorithm select s tw o neighborin g edge s o f S , estimate s th e lengt h o f thes e edge s 
using formul a (4) , the n reduce s th e matr i x usin g formul a (5) . A t th e p t h step , i t 
makes us e o f r —  n —  p +1 subtree s situate d a t th e "periphery " o f S  whos e edg e 
lengths hav e alread y bee n computed , an d al l tha t remain s t o b e est imate d i s th e 
length o f th e edge s situate d a t th e "center " o f S . Suppos e tha t w e ar e a t ste p p , 
and tha t X  an d Y  ar e th e tw o tree s t o b e agglomerated . Z  represent s th e "rest " 
of th e tre e (whos e structur e i s stil l unknow n i f considere d fro m th e poin t o f vie w o f 
UN J ). Take n a s a  set , Z  regroup s th e object s o f th e r  —  2 subtree s differen t fro m 
X an d fro m Y  an d whic h hav e bee n alread y resolved , s o tha t w e hav e 

Z - U  I , 

where J  i s an y on e o f th e subtree s (subsets ) alread y resolved . W e ma y no w rewrit e 
the equatio n (9 ) a s 

(10) s xu =  -  6 XY +  7T ( r  V  ni(bxi  ~  SYI)  -  fx, 

where n\j  —  nx +  n y —  n— \ J n i-
I*X,Y 

This formul a (10 ) i s correct , an d correspond s t o formul a (5.3 ) o f Vac h an d Degen s 
(1991). W e no w nee d onl y t o sho w that , a t eac h ste p o f th e algorithm , i t coincide s 
with formul a (4) , whe n th e latte r i s combine d wit h th e reductio n (5) . A t th e firs t 
step, n o agglomeratio n ha s bee n achieved , thu s / / =  0  an d \jj  —  ^u —  fi —  fj fo r 
every "subtree " J , J  whos e respectiv e root s ar e i  an d j . I t i s eas y t o chec k tha t 
the tw o formula e coincide . Le t u s conside r th e p t h step , jus t befor e reductio n (5) , 
and suppos e tha t 
( a ) Xij  =  Su  —  fi  —  fj  fo r ever y resolve d subtre e i" , J  whos e respectiv e root s ar e 
i an d j ; 
( b ) formul a (4 ) an d equatio n (10 ) hav e coincide d durin g th e previou s computa -
tions. 

We wil l demonstrat e tha t applyin g th e reductio n (5 ) maintain s (a) , an d tha t 
(a) bein g maintained , formula e (4 ) an d (10 ) coincid e durin g th e nex t step . Thi s 
means tha t th e hypothese s (a ) an d (b ) ar e maintaine d a t ste p p  4 - 1  (jus t befor e 
the reduction) . B y induction , th e desire d resul t wil l follow s fo r al l th e step s o f th e 
algorithm, includin g th e las t (th e estimatio n o f th e las t thre e edg e lengths ) whic h 
is no t differen t fro m th e precedin g steps . Le t u s begi n wit h th e firs t point . 
(a ) i s m a i n t a i n e d : A s above , th e tw o agglomerate d subtree s ar e denote d X  an d 
y , an d the y for m a  ne w subtre e denote d U.  W e mus t chec k tha t (a ) i s maintaine d 
for th e ne w coefficient s A wl- which ar e obtaine d b y applicatio n o f reductio n (5) . W e 
have 

A>ui —  1M XAXi T " IMyAyi  1V X8XU WySy U 

~ w x(6Xi -  fx  ~  fi)  +  w y(6Yi -  fy  ~  fi)  ~  w xsxu -  WySy U 

— fiui -  fu  -  / J . 
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an admissible 
». 

reduction 

J J 
FIGURE 5 . A n admissibl e reductio n transform s th e tre e distanc e 
represented b y T , int o th e tre e distanc e represente d b y T' . 

The transition from th e first t o the second lin e uses (a) , whereas t o establish th e 
value of fu w e have used (b ) which supposes, i n particular, th e correc t computatio n 
of s xu an d s yu> Thi s complete s th e proo f o f the firs t point . 
(b) i s maintained : Fo r th e sak e o f simplicity, let u s agai n denot e a s X , Y an d U 
the tw o agglomerated subtree s an d th e tre e thu s formed , eve n thoug h thes e ar e no t 
the sam e trees a s those mentione d above , since w e are no w a t th e subsequen t step . 
Utilizing the fac t tha t (a ) i s maintained, equation (10 ) can be rewritten i n the for m 

^ 1 
SXu =  ~(Ax y +  /x+/y)+r7 r  z2  n l(^xi+fx-\-fl-^yi-fY-fl)-fx 

2 2 ( n - ^ ) j ^ y 

1 
— 0  *xy  + 2 ( n - nu) 

/ j  n I\Axi ~~  Ayi) ? 

I*X,Y 

which correspond s precisel y t o formul a (4) , an d th e proo f i s completed . • 

6, Reducin g th e dissimilarit y matri x 

In th e previou s section , w e sa w tha t th e us e o f reductio n (5 ) i s fully justifie d 
from th e poin t o f vie w o f the least-square s estimatio n o f the edg e lengths . W e wil l 
now propos e a  secon d justification , base d o n th e mode l place d o n th e data . First , 
in Subectio n 6.1 , w e sho w tha t reductio n (5 ) belong s t o a  clas s o f "admissible " 
reduction formulae , i n th e sens e tha t the y guarante e tha t th e tru e tre e t o wil l b e 
found wit h additiv e data , whe n combine d wit h selectio n criterio n (3 ) an d wit h a 
correct estimatio n formula . Then , i n Subsectio n 6.2 , w e sho w tha t amon g thes e 
admissible formulae , reductio n (5 ) corresponds , i n som e sense , t o th e minimu m 
variance reduction . 

6.1. A n admissibl e reductio n formul a class . Le t u s conside r Figur e 5 : 
given a  tre e distanc e D , represente d b y tre e T , th e selectio n criterio n (3 ) system -
atically designate s a  pair o f neighbor s o f thi s tree , denote d {#,?/} , u  bein g th e 
internal nod e separatin g thes e tw o leaves ; then , th e estimatio n formul a consist s 
in computin g th e length s o f th e edge s (x,u)  an d (y , u). Le t u s assum e tha t thi s 
formula i s correc t i n th e cas e o f additiv e data , a s i s th e cas e fo r formul a (4 ) an d 
for th e formul a use d b y NJ , an d numerou s othe r possibl e formulae . W e wil l sa y 
that a  reductio n i s admissible  i f i t transform s distanc e D  int o distanc e D ' whic h 
is represented b y th e subtre e T ' i n whic h u  i s no w a  leaf . Give n th e propertie s o f 
the selectio n criterio n an d th e estimatio n formula , i t i s clear tha t thi s prerequisit e 
is sufficient t o guarante e th e findin g o f the tru e tre e wit h additiv e data . 
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An admissibl e reductio n clas s i s define d b y th e followin g generi c formul a 

(11) Ki  =  V^xi  +  ( 1 -  lA^yi  ~  ^dxu  -  ( 1 -  fJ,)dy U, 

where fi  i s an y rea l number . Indeed , whe n thi s reductio n i s applie d t o th e tre e 
distance D , distance s d tJ- (i,j  ^  x,y)  remai n unchanged , whil e th e dissimilaritie s 
Xui newl y introduce d satisf y 

Xui =  fid xi - f ( 1 —  fi)d yi —  \xdxu —  (1 —  fi)d yu 

= V>{d xi -  d xu) +  ( 1 -  fi)(d yi -  d yu) 

the transitio n fro m th e firs t t o th e secon d lin e relying o n th e fac t tha t th e estimatio n 
formula i s correct , wherea s th e transitio n fro m th e secon d t o th e thir d i s base d o n 
the fac t tha t x  an d y  ar e neighbor s i n T . 

The N J reductio n formul a a s formulate d b y Studie r an d Kepple r (1988 ) i s 
obtained fro m expressio n (11 ) wit h pi  = 1/2 , an d tha t o f UN J wit h \i  —  nx/(nx + 
ny). A n infinit e numbe r o f othe r possibl e solution s exist . Th e resul t foun d her e 
is analogou s t o tha t o f Bandel t an d Dres s (1986 ) o n th e "convex " version s o f th e 
A D D T R E E algorith m o f Sat ta t h an d Tversk y (1977) . Fro m ou r poin t o f view , 
preference fo r a  give n N J versio n ove r anothe r versio n shoul d b e base d o n a  da t a 
model. A s w e wil l se e below , thi s enable s u s t o choos e th e min imu m varianc e 
reduction, i n othe r words , th e reductio n whic h provide s th e mor e reliabl e estimate s 
to selec t th e pair s o f tax a t o b e agglomerate d durin g th e nex t steps . 

6.2 . T h e m i n i m u m varianc e r e d u c t i o n . Firs t o f all , i t i s t o b e note d tha t 
in expressio n (11 ) ther e i s a  firs t par t (fj.\ xi +  ( 1 —  Ai)Ay,) whic h depend s o n i 
while th e secon d par t (—fjid xu —  (1 —  fJ>)dyu) i s identica l fo r ever y i.  Moreover , 
we ca n easil y demonstrat e tha t i f w e ad d a  constan t k  t o th e reductio n formula , 
then a t th e followin g ste p th e selectio n criterio n (3 ) i s increase d b y 2k  fo r ever y 
pair { z , y } , s o tha t th e additio n o f thi s constan t doe s no t affec t th e choic e o f th e 
following agglomerations , an d doe s no t therefor e influenc e th e structur e o f th e tre e 
under construction . Consequently , onl y th e varianc e o f th e firs t tw o term s ha s a n 
influence o n th e structur e o f thi s tree . 

This varianc e wil l b e qualifie d a s structural , an d fo r ever y inde x i  ( / x , y)  i t i s 
expressed 

(12) V(A„- ) =  n 2V(Xxi) +  ( 1 -  M ) 2 V ( V ) +  M l -  p)COV(\ til\9i). 

When w e tr y t o minimiz e th e su m o f th e structura l variance s induce d b y th e 
reduction, w e en d u p wit h a  secon d degre e polynomia l i n // , whos e min imu m i s 
achieved fo r 

£ (v (A„- ) -COV(A„- ,A 9 , - ) ) 

(iS) fi  =  - r — ; r -
£ (V(A„- ) +  V(A„,- ) -  2COV(A x i , X yi)) 

This i s a  ver y genera l formula . Le t u s no w tak e int o accoun t th e characteristic s 
of th e chose n da t a model . W e kno w tha t th e covarianc e term s ar e null , an d tha t 
the variance s o f th e initia l dissimilaritie s Sij  ar e equal . T o simplify , le t u s assum e 
they ar e equa l t o 1 . A t th e firs t step , w e thu s hav e /i * =  1/2 , whic h correspond s 
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to reductio n (5) , an d th e structura l varianc e o f term s A ut-, newl y created , i s 1/2 . 
We no w conside r ste p p , an d w e suppos e tha t th e minimu m varianc e reductio n (13 ) 
and reductio n (5 ) hav e coincide d u p t o now . Eac h inde x A tJ- ha s thu s a  structura l 
variance equa l t o l / n , n j , wit h th e resul t tha t th e minimu m varianc e reductio n i s 
obtained fo r 

»=i W„n,- / 
i£x,y 

Tl>X I  fly 

which correspond s t o reductio n (5) . B y induction , w e deduc e tha t th e minimu m 
variance reductio n an d reductio n (5 ) coincid e throughou t th e algorithm . Moreover , 
when applyin g reductio n (5 ) th e structura l varianc e i s minimize d fo r an y inde x i. 
It follow s tha t th e varianc e o f th e estimate s Q  obtaine d durin g th e furthe r step s 
will b e a s lo w a s possible . 

Formulae (12 ) an d (13 ) ar e ver y general . Withi n th e scop e o f ou r model , the y 
enable u s t o demonstrat e th e identit y betwee n th e min imu m varianc e reductio n an d 
reduction (5) . However , th e mai n interes t o f thes e formula e i s elsewhere , thi s resul t 
being widel y anticipated . Wha t i s interestin g i s tha t thes e formula e lea d naturall y 
to a  genera l versio n o f NJ whic h i s able t o tak e int o accoun t an y variance-covarianc e 
matr ix o f th e 6ij  estimates . Indeed , formul a (13 ) enable s fi*  t o b e calculated , thu s 
determining th e minimu m varianc e reduction . Formul a (12) , couple d wit h a n anal -
ogous formul a relatin g t o covariances , enable s th e sam e variance-covarianc e matr i x 
to b e update d a t eac h step , s o tha t th e proces s ma y b e repeate d iterativel y through -
out th e agglomerativ e procedure . Thi s i s th e metho d w e adopte d withi n th e scop e 
of a  biologica l sequenc e da t a model , and , a s expected , significan t improvement s 
were obtaine d concernin g th e capacit y t o find  th e tru e tre e (Gascue l 1996) . 

7. S i m u l a t i o n resu l t s 

In orde r t o evaluat e th e gai n obtaine d b y U N J, withi n th e scop e o f ou r model , 
we conducte d simulation s base d o n a  schem a inspire d b y Pruzansk y et  al.  (1982 ) 
and Vac h an d Degen s (1991) . Thes e wer e conducte d wit h th e 6  tre e structure s 
shown i n Figur e 6 . Th e first  thre e compris e 1 2 leaves, whil e th e othe r 3  comprise 24 . 
We find  tw o extreme s i n thes e structures : chain s (Chai n 12 , 24 ) an d perfectl y 
balanced structure s (Eql . 12 , 24) , a s wel l a s intermediar y structure s (Int . 12 , 24) . 
In th e chains , eac h (correct ) agglomeratio n consist s i n addin g a  uniqu e objec t t o 
a grou p whic h alread y ma y compris e severa l objects . I n thi s case , U N J an d N J 
should diffe r significantly , sinc e th e unweighte d reductio n (5 ) tend s t o diverg e fro m 
the weighte d reductio n o f N J whic h i s systematicall y base d o n / i =  1/2 . I n th e 
case o f balance d structures , eac h (correct ) agglomeratio n generall y agglomerate s 
two cluster s comprisin g th e sam e numbe r o f objects , an d N J an d UN J shoul d b e 
extremely close . I n th e cas e o f intermediar y structures , result s ar e expecte d t o b e 
intermediary. 

For eac h o f these structures , w e generated 50 0 valued tree s b y randoml y drawin g 
the lengt h o f th e edge s accordin g t o a  unifor m distributio n o n [0,1] . Th e tre e 
distance correspondin g t o eac h o f thes e value d tree s wa s normalize d i n orde r t o 
obtain uni t variance . T o thi s normalize d tre e distanc e wa s adde d a  gaussia n nois e 
with a  nul l expectatio n an d a  standar d deviatio n cr , wit h a  =  0.1 , 0. 3 an d 0.6 . 
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Finally, in orde r t o avoid excessivel y non-metri c data , w e added a  constant t o eac h 
dissimilarity, so tha t min(6ij)  =  0.5 . 

Chain 12 Chai n 24 

Eql. 12 Eql . 24 

Int 12 In t 24 

FIGURE 6 . Th e si x structures use d i n th e simulations . 

For eac h nois y tre e distanc e obtained , w e measured thre e criteria . 

- Th e Robinso n an d Fould s (1981 ) distanc e betwee n th e inferre d tre e an d 
the tru e tree . Thi s distanc e correspond s t o th e numbe r o f bipartition s o f 
the tru e tree , whic h ar e no t foun d b y th e inferre d tree , plu s th e numbe r o f 
bipartitions o f the inferre d tre e whic h d o no t belon g t o th e tru e tree . Sinc e 
these quantitie s ar e alway s equal , w e show in the tabl e hal f o f thi s distance , 
so tha t fo r n  object s th e criterio n (RF ) lie s betwee n 0  (whe n th e tree s ar e 
identical) an d n  —  3  (whe n non e o f th e non-trivia l bipartition s o f th e tru e 
tree hav e been found) . 

- Th e minimu m evolutio n criterio n (ME ) which , a s explaine d above , corre -
sponds t o th e least-square s lengt h estimat e o f the inferre d tree . I n th e cas e 
of NJ (whos e estimation s ar e approximate) w e used th e algorith m describe d 
here (Equatio n 4 , Section 3 ) in order t o have the exact valu e of the criterion . 
So a s t o ge t a n ide a o f the qualit y o f th e result s obtained , w e als o applie d 
this criterio n t o T , th e structur e o f the tru e tree . 

- Th e least-square s criterio n (LS) , i n othe r words , th e square d Euclidea n 
distance betwee n th e data matri x A  an d th e inferre d tre e matri x D . Du e t o 
the approximate formulae used by NJ, its performances ar e very poor insofa r 
as thi s criterio n i s concerned . Therefore , i n th e tabl e w e sho w th e result s 
obtained b y NJ, onc e the edg e lengths have been correctl y estimate d b y (4) . 
Thus w e obtain a n ide a o f th e qualit y o f th e tre e structur e inferre d b y NJ . 
As fo r th e M E criterion , w e als o applie d thi s criterio n t o T . Moreover , 
the least-square s criterio n partiall y lose s it s meanin g i f w e accep t negativ e 
valuations. I n order t o relativise the results obtained following this criterion , 
we als o measured , fo r eac h tre e inferre d an d fo r T , th e numbe r o f edge s 

Licensed to AMS.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/publications/ebooks/terms



CONCERNING T H E N J A L G O R I T H M AN D IT S U N W E I G H T E D VERSIO N 16 7 

whose estimate d lengt h i s negative . Th e greate r thei r number , th e wors e th e 
quality o f the tree , eve n i f with respec t t o least-squares , performanc e i s good . 

Results ar e give n i n Tabl e 1 . 
- I f w e conside r th e capacit y (RF ) t o recove r th e tru e tre e structure , UN J i s 

systematically bette r tha n NJ . Th e erro r reductio n i s not ver y high : betwee n 
about 10 % fo r chain s an d a  moderat e nois e (cr  =  0.1 , 0.3 ) an d 1  t o 2 % 
for balance d trees , th e reductio n fo r intermediar y tree s bein g situate d i n 
between. Th e differenc e betwee n th e numbe r o f t ime s wher e UN J i s bette r 
than NJ , an d tha t wher e i t i s worse , i s sometime s great , reachin g 40 % in th e 
case o f Chai n 2 4 an d a  =  0.3 . I n al l cases , thi s differenc e i s positive , whic h 
proves, i f proof i s needed, tha t UN J shoul d b e give n preferenc e ove r N J whe n 
assuming th e da t a mode l chose n here . Generally , thi s differenc e i s greate r 
with 2 4 object s tha n wit h 12 , whic h i s easil y explaine d becaus e i n thi s cas e 
reduction (5 ) ha s greate r lat i tud e i n differin g fro m / i =  1/2 , an d approachin g 
extreme value s 0  and 1 . I n othe r words , wit h a  larg e numbe r o f objects , UN J 
differs mor e markedl y fro m NJ , an d take s advantag e o f th e specificit y o f th e 
model. A s expected , th e metho d performance s decreas e considerabl y whe n 
the nois e a  increases . Consequently , th e absolut e gai n obtaine d b y UN J 
tends t o increase , wherea s th e relativ e gai n tend s t o diminish . 

- I f w e conside r th e minimu m evolutio n criterio n (ME) , th e tre e inferre d b y 
NJ i s generall y bette r tha n th e tru e structur e T , wherea s th e tre e inferre d 
by UN J i s ofte n bette r tha n tha t o f NJ . Give n tha t T  i s itsel f likel y t o b e 
close t o th e opt imum , thi s prove s tha t i n term s o f heuristic , UN J an d N J ar e 
very efficient . O n th e othe r hand , thi s capacit y t o b e "better " tha n T  i s a 
handicap since , fo r example , i f a  heuristi c wa s systematicall y bette r (i n thi s 
sense) tha n T , i t woul d neve r fin d exactl y T . W e thu s reac h a  wel l know n 
problem i n stochasti c optimization . Give n ou r results , th e solutio n doe s no t 
consist i n improvin g th e heuristic , bu t i n refinin g th e optimize d criterion , s o 
as t o mak e a  bette r selectio n amon g th e tree s clos e t o T . 

- Simila r comment s ma y b e mad e abou t th e least-square s criterion . W e note , 
however, tha t th e dominatio n o f N J o n T  i s weake r tha n wit h th e M E 
criterion; thi s i s n o doub t du e t o th e fac t tha t onc e adjusted , T  include s a 
rather larg e averag e numbe r o f negativ e edges . W e hav e n o explanatio n fo r 
this, an d i t merit s at tentio n i n futur e developments . Otherwise , UN J largel y 
dominates NJ , whil e a t th e sam e tim e introducin g les s negativ e edges . 

8. D i s c u s s i o n 

We hav e presente d a  secon d versio n o f NJ , whic h i s unweighte d an d whic h w e 
have calle d UNJ . W e hav e show n tha t thi s versio n i s coheren t wit h a  da t a mode l 
of th e typ e (Sij)  =  (dij  +  e%j),  where (dij)  i s a  tre e distance , an d wher e th e Sij  ar e 
independent an d identicall y distribute d nois e variables . Thi s ne w versio n derive s 
from th e origina l versio n o f Saito u an d Ne i (1987 ) an d Studie r an d Kepple r (1988) , 
and als o fro m th e result s o f Vac h (1989 ) an d Vac h an d Degen s (1991 ) concernin g 
the edg e lengt h estimation . Th e simulation s sho w tha t a n appreciabl e increas e ha s 
been at taine d b y usin g UNJ , whe n th e da t a closel y follo w th e chose n model . 

It i s no t ou r intentio n t o sugges t a  systemati c preferenc e fo r UN J ove r NJ . Ev -
erything depend s o n th e da ta . Wi t h biologica l sequenc e da t a (Swoffor d et  al.  1996 ) 
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Tree a 

0.1 N J 
UNJ 

Chain 1 2 0. 3 N J 
UNJ 

0.6 N J 
UNJ 

0.1 N J 
UNJ 

Int. 1 2 0. 3 N J 
UNJ 

0.6 N J 
UNJ 

0.1 N J 
UNJ 

Eql. 1 2 0. 3 N J 
UNJ 

0.6 N J 
UNJ 

0.1 N J 
UNJ 

Chain 2 4 0. 3 N J 
UNJ 

0.6 N J 
UNJ 

0.1 N J 
UNJ 

Int. 2 4 0. 3 N J 
UNJ 

0.6 N J 
UNJ 

0.1 N J 
UNJ 

Eql. 2 4 0. 3 N J 
UNJ 

0.6 N J 
UNJ 

R F 

0.51 
0.47 8 
1.57 
1.42 1 0 
3.44 
3.34 3 
0.33 
0.31 4 
1.18 
1.16 1 
2.62 
2.55 2 
0.20 
0.20 1 
0.80 
0.78 2 
2.00 
1.97 2 
2.18 
1.92 1 2 
7.35 
6.49 1 2 
13.3 
12.7 5 
1.00 
0.92 7 
3.26 
3.04 7 
7.73 
7.44 4 
0.67 
0.66 1 
2.27 
2.24 1 
5.26 
5.23 1 

% R F < , > 

8 5 

22 1 0 

23 1 6 

4 3 

10 9 

17 1 1 

0 0 

3 1 

9 5 

35 1 6 

58 1 7 

50 1 7 

13 6 

28 1 3 

34 2 0 

2 1 

8 6 

15 1 3 

% M E < , > 

36 6 
15 1 
73 1 2 
36 5 
95 4 
47 9 
24 4 

8 1 
62 8 
21 3 
91 6 
34 6 
14 3 

1 0 
48 8 

6 0 
74 9 
21 3 
81 1 1 
53 1 2 
99 1 
73 2 0 

100 0 
73 2 3 
50 1 4 
20 4 
87 1 0 
47 1 1 
99 1 
69 1 6 
38 9 
4 1 

78 9 
17 4 
93 5 
39 1 1 

% L S < , > 

26 1 5 
13 2 
52 3 2 
34 7 
72 2 8 
45 1 0 
20 7 
8 0 

50 2 0 
21 3 
73 2 4 
32 8 
14 3 
1 0 

45 1 1 
6 1 

71 1 2 
19 4 
40 5 1 
51 1 2 
37 6 3 
74 1 9 
47 2 3 
74 2 1 
44 1 7 
18 5 
73 2 4 
44 1 3 
75 2 5 
61 1 9 
37 8 

3 1 
75 1 2 
15 6 
87 1 2 
36 1 2 

# N E G 

0.3 0. 4 
0.2 
0.4 0. 8 
0.2 
0.6 1. 6 
0.4 
0.5 0. 6 
0.4 
0.5 1. 2 
0.5 
0.7 1. 5 
0.6 
0.5 0. 6 
0.5 
0.5 0. 8 
0.5 
0.7 1. 5 
0.6 
0.5 0. 8 
0.0 
1.0 2. 5 
0.1 
1.2 4. 7 
0.3 
0.2 0. 6 
0.1 
0.4 3. 2 
0.2 
0.8 3. 1 
0.4 
0.2 0. 6 
0.2 
0.3 1. 5 
0.3 
0.6 2. 6 
0.4 

R F i s hal f o f the Robinso n an d Fould s distanc e betwee n th e inferre d tre e an d th e tru e 
tree; th e secon d ite m fo r UN J indicate s th e percentag e o f erro r reductio n obtaine d whe n 
comparing wit h NJ . % R F < , > indicate s th e percentag e o f time s wher e UN J i s close r 
(first item ) an d farthe r (secon d item ) tha n N J fro m th e tru e tree . % M E < , >  refer s t o th e 
minimum evolutio n criterion ; in th e case of NJ, th e firs t ite m give s th e percentag e o f time s 
where th e inferre d tre e seem s bette r (accordin g t o ME ) tha n th e tru e structur e T , an d 
the secon d ite m give s th e percentag e o f time s wher e i t seem s wors e tha n T ; i n th e cas e o f 
UNJ th e items hav e th e sam e meaning, excep t tha t no w w e compare th e inferred tre e wit h 
that obtaine d b y NJ . %L S adopt s th e sam e compariso n scheme , bu t fo r th e least-square s 
criterion. # N E G indicate s th e averag e numbe r o f negative edges ; the secon d ite m fo r N J 
corresponds t o T . 

T A B L E 1 . Result s obtaine d fo r th e si x structure s o f Figur e 6 . 
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we hav e noticed , fo r example , tha t N J achieve d bette r performance s tha n U N J, i n 
terms o f abilit y t o recove r th e tru e tre e structure . Thi s i s simpl y explaine d b y th e 
fact tha t thes e da t a ar e ver y fa r fro m th e mode l chosen , particularl y concernin g th e 
hypothesis o f independenc e o f th e Sij  estimates . However , othe r da t a exis t whic h 
are close r t o th e mode l retained , fo r example , th e ADN-AD N hybridizatio n data , 
based o n physica l measure s an d i n whic h th e Sij  estimate s ar e basicall y indepen -
dent (Felsenstei n 1987) . Fo r thes e da t a an d certainl y fo r others , U N J seem s bette r 
adapted tha n NJ . 

In fact , ou r intentio n i s no t t o "defend " thi s ne w versio n o f NJ , bu t instea d t o 
present a  framewor k fo r th e implementatio n o f N  J versions , takin g int o accoun t th e 
specificity o f th e data . Withi n thi s framework , th e mode l i s expresse d throug h th e 
variance-covariance matr i x o f th e Sij  estimates . A s w e hav e shown , selectio n crite -
rion (3 ) retain s it s meanin g whateve r thi s matr i x (Subsectio n 4.2) , an d thi s latte r 
is used a t eac h ste p t o determin e th e minimu m varianc e reductio n (Subsectio n 5.2) . 
By proceedin g i n thi s wa y throughou t th e algorithm , w e ge t estimate s whic h ar e 
as reliabl e a s possibl e i n choosin g th e pai r t o b e agglomerated , an d w e increas e th e 
probability o f findin g th e tru e tree . W e hav e applie d thi s schem a her e t o a  ver y 
simple classi c model . Compare d wit h NJ , th e gain s observe d i n th e simulation s ma y 
be qualifie d a s modest , eve n thoug h the y ar e alway s positiv e (Sectio n 7) . However , 
we als o applie d thi s sam e framewor k t o biologica l sequence s (Gascue l 1996) . A s 
mentioned above , thes e da t a induc e variance s whic h var y considerabl y fro m on e es -
t imate t o another , an d als o giv e importan t covariances . Compare d wit h NJ , ther e 
is a  considerabl e gain . Fo r certai n tre e structures , w e obtai n u p t o a  50 % erro r re -
duction, i n term s o f abilit y t o recove r th e tru e tre e structure . Generall y speaking , 
we recommen d tha t thi s approac h b e use d an d explore d further , notabl y i n th e do -
main o f edge lengt h estimation , fo r whic h ther e i s no genera l solutio n othe r tha n th e 
matrix-based techniqu e (Bulme r 1991 ) whic h i s computationall y ver y expensive . 
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Order Distance s i n Tre e Reconstructio n 

A. Guenoche 

ABSTRACT. Th e orde r distanc e associate d wit h a  tre e distanc e i s als o a  tre e 
distance, an d th e tw o suppor t tree s hav e compatibl e topologies . S o w e ar e 
allowed t o comput e a  tre e topolog y fro m a  dissimilarit y D  usin g it s orde r 
distance whic h onl y depend s o n th e preorde r o f th e distanc e value s o n pairs . 
In thi s tex t w e defin e tw o methods ; th e firs t on e i s purel y ordina l an d base d 
on th e pai r preorde r correspondin g t o D;  th e secon d on e i s a  scorin g metho d 
similar t o ADDTREE . Computin g dissimilaritie s clos e t o tre e distances , w e 
show tha t thes e methods permi t t o determin e tre e topologie s ver y nea r t o th e 
initial ones . 

1. Orde r distanc e associate d wit h a  tre e distanc e 

Let D  b e a  dissimilarit y o n X  an d 0 X th e preorde r associate d wit h x  G  X 
that correspond s t o th e increasin g distanc e fro m x.  Tw o preorder s 0 X an d O y 

disagree abou t {z,t}  whe n D(x,z)  <  D(x,t)  an d D(y,t)  <  D(y,z).  Ther e i s 
a semi-agreemen t whe n D(x,z)  —  D(x,t)  bu t D(y,z)  =fi  D(y,t).  Th e distanc e 
A(0X , 0y) i s equal t o the numbe r o f pairs {z,t}  fo r whic h thes e preorder s disagree , 
plus hal f th e numbe r o f semi-agreements . A  i s th e symmetri c differenc e distanc e 
between preorde r relation s [Monjarde t 1985] . Th e orde r distanc e D 0 associate d 
with D  i s defined b y D 0(x, y)  =  A(0 X , 0 y). 

Let u s recal l tha t a  pair  preorder  i s a  preorde r o n th e se t o f pair s o f th e X 
elements. A  pair preorder ca n be defined b y a distance, pairs being ranked accordin g 
to th e increasin g distanc e value s order . Obviously , tw o distance s havin g th e sam e 
pair preorde r wil l giv e th e sam e orde r distance , an d consequently , D 0 i s th e orde r 
distance associate d wit h a  pai r preorder . 

To evaluate the distance valu e between O x an d O y, for an y element IA , we count 
the numbe r o f element s tha t ar e afte r u  i n on e preorde r an d befor e u  i n th e othe r 
one (tha t ar e disagreements ) plu s hal f th e numbe r o f pair s tha t ar e tie d i n on e 
preorder an d tha t ar e no t i n th e othe r one . Followin g thi s algorithm , t o comput e 
the orde r distanc e o n a  se t o f n  element s ha s tim e complexity 0(n 4). 

EXAMPLE 1 . 

Let 0 4 =  ( 4 <  3  <  2  <  1  < 5 ) an d 0 2 =  ( 2 <  1  = 4  <  3  =  5) . W e conside r 
elements spannin g O4 . Befor e 4  i n O2  w e just hav e {2} , then afte r 3  i n O 4 an d 
before 3  in O2  there ar e {1 , 2} and tha t i s all ; so there ar e 3  disagreements. Ther e 
are 2  semi-agreements sinc e we have a  single equality betwee n 1  and 4  and betwee n 
3 and 5 . Consequentl y D 0(2,4) =  4 . 
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From no w o n w e suppos e tha t D  i s a  tre e distance ; tha t is , D  satisfie s th e 
famous "fou r point s condition" : fo r an y x,y,z,t  E  X, 

D(x, y)  +  D(z,  t)  <  max{D(x, z)  +  D(y,  *) , D(x, t)  +  D(y , z)} 

In othe r word s amon g th e thre e sums , D(x,y)  +  D(z,t),  D(x,z)  +  D(y,t), 
D(x, t)  + D(y, z),  th e tw o greatest ar e equal . Thi s condition i s sufficient fo r a  single 
tree A  an d a  weight functio n o f its edge s suc h tha t D(x,  y)  i s equal t o the lengt h o f 
the pat h linkin g x  t o y , to exist . Tw o years ag o we have presented a t th e OSDA'9 5 
conference th e followin g theorem : 

THEOREM 1  (Bonnot , Guenoche , Perrie r 1996) . If  D  is  a  tree metric  that  can 
be represented by  A as  a  set  of  edges,  its  order  distance  D 0 is  also  a  tree  metric 
that can  be  represented by  some A 0 C  A. 

Knowing A  an d th e edge' s lengths , an d consequentl y D , i t i s eas y t o buil d 
manually A 0 an d s o t o calculat e D 0. Eac h pai r {# , y} o f element s o f X  gives  on e 
weight unit y t o th e edge s o f A  accordin g t o th e positio n o f th e middl e M(x,y) 
of th e pat h betwee n x  an d y.  I f M(# , y) i s th e commo n en d o f tw o edges , eac h 
one receive s 1/ 2 point , an d i f M(x,y)  i s betwee n th e tw o end s o f a  singl e edge , 
it receive s th e whol e point . Th e edge s o f A 0 ar e thos e tha t hav e a  positiv e tota l 
weight; thos e havin g a  weigh t equa l t o zer o vanis h fro m th e suppor t tre e o f D 0. 
And s o an edg e tha t contain s a  poin t a t equa l distanc e fro m tw o elements o f X  o n 
both side s o f thi s edg e i s kept i n A 0; a n edg e tha t doe s no t contai n a  middl e poin t 
is contracted. Th e distanc e valu e D 0(x, y)  i s the su m of the weight s alon g the pat h 
between x  an d y. 

EXAMPLE 2 . 

Let A  b e th e suppor t tre e o f th e distanc e D  show n i n Figur e 1 . Th e node s 
unlabelled b y X  ar e numbered {1 , 2}, and th e edge' s lengths are given in bold. Th e 
tree A 0 correspond s t o the orde r distanc e D 0 associate d wit h D.  Th e edge' s lengt h 
in A0 ar e the ro w sums in Table 1 . Th e edge s (1 , it) and (2 , z) i n A  hav e nul l lengt h 
in A Q\ vertice s 1  and 2  have disappear . 

D 
y 
z 
t 
u 

(l,x) 

(i,y) 
(l,u) 
(1,2) 
(2,z) 
(2,t) 

x y 
4 
4 4 
5 5 
3 3 

xy 
1/2 
1/2 
0 
0 
0 
0 

z 

3 
3 

xz 
1/2 
0 
0 
1/2 
0 
0 

t 

4 

xt 
0 
0 
0 
1 
0 
0 

xu 
1 
0 
0 
0 
0 
0 

yz 
0 
1/2 
0 
1/2 
0 
0 

yt 
0 
0 
0 
l 
0 
0 

Do_ 
y 
z 
t 
u 

yu 
0 
l 
0 
0 
0 
0 

a; 
~!~ 
6.5 
8 
2 

i zt 
0 
0 
0 
0 
0 
1 

y 

6.5 
8 
2 

zu 
0 
0 
0 
1 
0 
0 

z 

1.5 
4.5 

tu 
0 
0 
0 
1/2 
0 
1/2 

t 

6 

2 
2 
0 
9/2 
0 
3/2 

TABLE 1 . Contribution s o f pair s o f X  t o th e weigh t o f the edge s i n A 0 

So the tre e topolog y o f th e orde r distanc e associate d wit h a  tre e distanc e ca n 
be weaken , sinc e som e edge s ca n b e contracted . I t follow s fro m th e abov e tha t 
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& O 

Q^> 

4.5 

(^^y-1-^) 

FIGURE 1 . Tree s A  an d A 0. 

supporting tree of an ultrametric does not change at all, which was differently state d 
in Guenoche [1994] . For an ordinary tree distance, the shortest o f the two connected 
edges linkin g two adjacent leave s is lost; som e inner edge s can also disappear . Bu t 
for mos t quadruple s thei r topologie s ar e the sam e i n A  an d A 0. Thos e tha t ar e 
weaken hav e los t thei r inne r edge . 

2. Cons t ruc t in g a  t r e e usin g orde r distance s 

In phylogeneti c reconstructio n [Darl u &  Tassy, 1993] , the tree mode l i s basic. 
Since Darwi n an d Linnaeus , taxonomi c unit s ar e derived alon g a  tree , th e root of 
which bein g th e commo n ancestor . Thes e tree s ar e frequentl y establishe d usin g 
phenetic method s base d o n distance. Th e values are computed fro m morphologica l 
or molecula r dat a tha t ar e difficult t o evaluate. On e cannot kno w i f an attribute i s 
important o r if it has not been counte d previously . I n DNA sequences, comparin g 
characters o n sites afte r a  multipl e alignment , on e can ask if different nucleotide s 
correspond t o a singl e o r multipl e mutation ; more , tw o identical base s ca n hide a 
reversal mutation . Briefl y speaking , w e are generally doubtfu l o f distance values . 
But smal l differences ca n lead t o fundamental mistakes , a s shown i n Example 3. 

EXAMPLE 3 . 

We conside r 3  tree distance s ver y clos e togethe r tha t correspon d t o the 3  dif-
ferentiated possibl e topologie s for 4 elements: 

y 
z 
t 

X 

9 
8 
15 

y 

16 
23 

z 

17 

y 
z 
t 

X 

12 
6 
14 

y 

16 
19 

z 

18 

y 
z 
t 

X 

11 
9 
12 

y 

13 
21 

z 

19 
Ti =  {x,y\  z,t} T2 =  {x,z\y,t} 

They giv e th e sam e orde r distance , sinc e fo r eac h on e O x,Oy,Oz an d Ot 
are identical . Constructin g a  topolog y fro m I> 0, we find D 0(x,y) -j - D 0(z,t) = 
D0(x, z)  + D0(y, t) =  D0(x, t)  + D0(y, z) , and the topology T 0 = {x,  y, z, t} havin g 
no differentiated pair . 
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D0 

y 
z 
t 

x y  z 
2 
1 3 
3 5  4 

0X =  ( x < z < y < t ) 
0y =  ( y < x < z < t ) 
02 =  ( z < x < y < t ) 
Ot =  ( t < x < z < y ) 

In thi s tex t w e wan t t o measur e th e structura l differenc e betwee n a  tre e com -
puted fro m orde r distance , a  tre e compute d fro m distanc e value s an d a  tru e tree . 
We d o tha t simulatin g da t a clos e t o th e tre e model . W e star t fro m a  tre e distanc e D 
and it s suppor t tre e A.  The n w e evaluat e a  distanc e D'  clos e t o D  an d comput e it s 
order distanc e D !

0. Usin g th e A D D T R E E metho d o f Sa t ta t h &  Tversk y [1977] , we 
get tw o trees , A'  directl y fro m D f an d A' 0 fro m D f

0. W e ar e onl y intereste d i n tre e 
topologies, correspondin g t o th e edge' s lists , becaus e fo r evolutio n problems , th e se t 
of bifurcation s i s primordial . More , knowin g th e tre e structure , edge' s length s ca n 
be evaluate d minimisin g a  leas t squar e criterio n [Barthelem y &  Guenoch e 1991] . 

2 . 1 . A  p u r e l y ordina l m e t h o d . On e start s fro m distanc e D f obtaine d nois -
ing a  tre e distanc e D.  W e firs t calculat e it s orde r distanc e D'  0  a i d w e buil d th e 
tree usin g onl y thes e values . A s D f

0 onl y depend s o n th e preorde r o f th e value s o f 
£>', on e ca n us e a s da t a th e pai r preorde r o f D f. 

Example 3  prove s tha t thi s metho d doe s no t provid e systematicall y th e initia l 
topology; th e suppor t tre e o f D f

0 ma y b e no t complete , an d som e node s hav e degre e 
greater tha n 3 . I n thi s specifi c cas e i t ca n b e considere d a s a  benefit , i f w e admi t 
that non e differentiate d topolog y i s evident . 

We als o wan t t o underlin e tha t D' Q ca n b e a  tre e distance , eve n i f D'  i s not ; 
it i s obviou s i f D'  ha s th e sam e pai r preorde r tha n D.  I n tha t cas e A' Q doe s no t 
depend o n th e metho d use d t o construc t it . 

2.2 . T h e ordina l scor in g m e t h o d . Th e A D D T R E E metho d i s founde d o n 
the followin g principle : Th e tre e topolog y i s relate d t o quadruple' s topologies , 
because the y indicat e pair s tha t mus t b e joine d togethe r i n first . Fo r that , eac h 
quadruple give s scor e point s t o differentiate d pairs , an d th e selecte d pai r i s th e on e 
that ge t th e larges t numbe r o f points . I n ou r ordina l scorin g method , w e us e th e 
same principle , bu t scor e point s ar e give n accordin g t o th e orde r distanc e relativ e 
to eac h quadrupl e {z ,y , z,t}  whic h i s compute d fro m 4  preorder s O x,Oy,Oz,Ot 
reduced t o th e 4  element s {# , y, z, t}. Thi s 4-point s orde r distanc e indicate s th e 
ordinal topology  o f thi s quadruple ; i t i s th e tre e topolog y minimisin g th e su m o f 
order distance s betwee n differentiate d pair . 

In Exampl e 3 , D 0 i s a  tre e distanc e sinc e th e 3  sum s ar e equal . Whe n D  i s 
not a  tre e distance , D 0 ca n hav e tw o sum s equa l an d lowe r tha n th e thir d one . I n 
tha t cas e w e decid e tha t ther e ar e tw o ordina l topologies . Studyin g systematicall y 
all th e tota l order s o n distanc e value s betwee n fou r elements , w e hav e observe d 
that 346/720 , tha t i s practicall y 1/2 , hav e a n orde r distanc e tha t i s a  tre e metri c 
[Guenoche 1997] . 

Doing th e sam e a s fo r ADDTREE , w e giv e scor e point s t o pair s tha t realis e a n 
ordinal topology . A s w e wan t tha t an y quadrupl e giv e th e sam e numbe r o f points , 
and a s w e ma y hav e 2 , 4  o r 6  pair s t o credit , eac h quadrupl e give s 1 2 point s (t o 
have intege r scor e values) . I f th e ordina l topolog y i s unique , fo r instanc e Ti , w e 
give 6  point s t o (x,y)  an d 6  point s t o (z,t).  I f the y ar e two , fo r instanc e T i an d 
T2, pair s (z , y) , (z,  2) , (#, z)  an d (y , i) receiv e 3  points . I f th e ordina l topolog y i s To , 
the 6  involve d pair s ge t 2  points . 
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ORDINAL SCORIN G ALGORITH M 

One ste p consist s in : 

1. Fo r eac h quadrupl e {z ,y , z,i) 
(a) Comput e it s orde r distanc e restricte d t o thes e elements , 
(b) Ad d scor e point s t o pair s involve d i n a n ordina l topolog y 

2. Selec t th e pai r {x,  y}  havin g maximu m scor e 
3. Remov e {x,  y)  an d ad d a  ne w verte x w  an d tw o edge s (z , w)  an d (y , w) 
4. Evaluat e th e edge' s length s wit h th e usua l formul a 
5. Updat e th e distanc e matr i x 

In fac t i t i s a n hybri d method , becaus e distanc e value s ar e neede d t o comput e 
ordinal topologie s an d t o determin e whic h i s th e pai r t o joi n first . A s fo r AD -
D T R E E , thi s algorith m i s i n 0 ( n 5 ) , becaus e orde r distance s o n quadruple s ca n b e 
calculated i n constan t t im e (0 (1 ) ) . Nevertheles s i t i s a  t im e consumin g procedure . 

3 . P r o t o c o l fo r s imula t ion s 

To realis e compute r simulation s w e need : 

• distance s clos e t o rando m tre e metrics , 
• parameter s t o compar e topologie s o f A!  an d A! 0 t o A, 

3 . 1 . D i s t a n c e s c los e t o t re e m e t r i c s . W e wan t t o chec k method s wit h 
random X-tre e topologies . Whe n hierarchie s ar e selecte d a t random , expendin g a 
labelled tre e fro m it s leave s [Lapoint e &  Legendre , 1991] , i t i s har d t o assum e tha t 
all th e possibl e topologie s ar e tested . W e no w giv e a  metho d t o generat e a t rando m 
binary unlabelle d roote d tree s (BURT ) an d t o generat e al l o f them . W e firs t pu t 
an orde r o n suc h tree s an d coun t them . 

Let A  b e th e se t o f BURT s an d A n b e th e se t restricte d t o tree s wit h n  leaves . 
Each tre e Ai  i s th e unio n o f tw o subtree s A 9 o n th e lef t sid e an d Af  o n th e righ t 
side. W e no w defin e a  tota l orde r (denote d -< ) o n i : 

• An y tre e wit h n  leave s i s befor e a  tre e wit h m  leave s i f n  <  m. 
• Tw o tree s Ai  an d Aj  havin g th e sam e numbe r o f leave s verify : 

Ai -<  Aj  &  A 9 -<  A 9 o r A 9 =  A]  an d Af  -<  A] 

In Figur e 2  al l th e BURT s wit h a t mos t si x leave s ar e ranke d accordin g t o thi s 
order. 

A A/\/T\//\ /?\  / \ 

F I G U R E 2 . Th e 1 3 firs t BURTs . 

This orde r impose s tha t th e lef t subtre e i s neve r greate r tha n th e righ t one . 
This permit s t o coun t BURT s easil y an d als o t o selec t the m a t random . Le t T n 

be th e numbe r o f BURT s wit h n  leaves . 
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P R O P O S I T I O N 1 . T n is  given  by  the  following  recurrence  formula: 

k k-i 

Ti =  T 2 =  1  then  T 2k+1 =  £  3}T 2*+i-f- and  T 2k =  ] T 2iT 2fc-f- +  r T t ( T t +  1 ) 
•= i i = i L 

P r o o f 
If n  i s odd , le t n  =  2k  +  1 . Th e lef t subtre e ma y hav e i  <  k  element s an d th e 

right on e 2k  -\-1  —  i.  I f n i s even , n  =  2k;  w e coun t firs t tree s havin g a  lef t subtre e 
with n o mor e leave s tha n th e righ t one . The n w e coun t thos e tha t ar e balanced ; 
their numbe r i s equa l t o th e numbe r o f pairs , mayb e wit h identica l elements , i n A k. 

Computing th e numbe r o f BURTs , w e ge t th e Tabl e 2 : 

n 3  4  5  6  7  8  9  1 0 1 1 1 2 1 3 1 4 
Tn 1  2  3  6  1 1 2 3 3 6 9 8 20 7 45 1 98 3 214 9 

Table 2 : Th e number s o f bianar y unlabelle d roote d tree s wit h n  leaves . 

Now t o buil d a  rando m BUR T wit h n  leaves , w e com e bac k t o a n ol d metho d 
developped i n ou r Ph D [Guenoch e 1979] . Th e cardinalit y o f A n bein g known , an d 
A bein g properl y ordered , i t suffice s t o selec t a t rando m a n intege r 1  <  R  <  T n an d 
to buil d th e BUR T havin g thi s ran k accordin g t o th e give n order . I f R  i s selecte d 
uniformely, an y tre e ha s a n equa l probability . T o determin e th e numbe r o f leave s 
in it s subtrees , i t i s sufficien t t o comput e 

Ej =  T i T n _ i +  T 2Tn_2 +  . . +  TiT n-i 

until t o reac h R.  Th e inde x valu e i  i s th e smalles t intege r suc h tha t : 

£ t-_i <  R<  S t-

Consequently th e lef t subtre e possesse s i  leave s an d th e righ t on e ha s n  —  i. 
Just counting , w e hav e jumpe d i n A n E ,_ i trees , an d th e searche d tre e wit h ran k 
R i s exactl y th e on e wit h ran k R*  —  R  —  E ,_i amon g thos e havin g a  lef t subtre e 
with i  leaves . 

Until now , i t i s no t necessar y t o distinguis h fo r n  b y parity , because , i f n  —  2k 
we hav e E * >  T n an d th e balance d tree s ar e place d a t th e end . Bu t t o calculate , 
from i2 , th e rank s R g an d Rd  o f th e lef t an d righ t subtree s repectivel y i n Ai  an d 
A n _ t , w e mus t coun t differentl y accordin g t o n , sinc e balance d tree s occu r onl y 
when n  i s even . 

Case n  =  2k  +  1 : :  Fo r eac h on e o f th e T J lef t subtree , ther e ar e T n_,- tree s 
having thi s decomposition . I t i s agai n sufficien t t o ad d classe s o f T n_t- tree s 
until t o reac h o r overpas s R'.  I f w e not e [a: J th e intege r tha t i s no t greate r 
than £ , w e have : 

Rf 

Rg =  l+  [- —J an d R d =  R f -  (R g -  l)T n_,-
J-n-% 

Case n  =  2k:  :  I f th e lef t an d righ t subtree s d o no t hav e th e sam e numbe r o f 
leaves, the n i  <  n  —  i an d th e formula s give n abov e ar e correct . Bu t i f th e 
searched tre e i s balanced , R l —  R —  E*_i, an d w e ar e i n th e las t clas s o f tree s 
corresponding t o th e las t ter m i n th e formul a fo r T 2fc. To  respec t th e give n 
order o n BURTs , w e mus t hav e R g <  Rd  <  T k. T o evaluat e R g, on e mus t 
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compute sums : so  = 0 , si = T* , s2 =  ^ i + T& — 1,.. , Sj = Sj_ i -f 7* —  j +  1 
until to reach R f. Consequentl y w e have Sj_ i < R' < Sj . The n 

Rg =  j an d Rd = Rf —  Sj-i . 

Doing s o we have substitute d th e initial proble m o f finding th e BURT wit h 
rank R  in An wit h tw o smaller problem s o f the same type . Th e solution beein g 
evident whe n R  = 1  or when n  < 3, this algorith m converges . 

EXAMPLE 4 . 

At th e firs t step , w e build th e BUR T wit h ran k R  =  5 8 in Aio.  W e have 
Ei =  T1T 9 =  36 , E2 = T1T 9 + T2TS =  59 , and so this tre e ha s 2 leaves i n its lef t 
subtree (an d 8 on the right side) . W e get R' = 5 8 - 3 6 = 22 . A s T8 = 2 3 we obtai n 
Rg =  l an d Rd =  22 . 

At the second step , w e build on one sid e the tree wit h ran k 1  in A2 (i t is easy 
since ther e i s only one) , an d on the other sid e th e tree wit h ran k R  —  22 in A&. 
We have E 3 = 2 0 and E4 = T1T 7 + T2T6 + T3T5 + T4T4  = 24 , henc e thi s tre e has 
4 leaves in its both subtrees ; w e tackle the specific par t o f the eve n case . W e hav e 
R' -  2 2 - 2 0 = 2 . A s T4 = 2  we have R g =  1  and Rd =  2 . Bot h subtree s are 
respectively th e first on e and the second on e in A&. 

Finally th e 58-th BUR T wit h 1 0 leaves, i s drawn i n Figur e 3 , between thos e 
having rank s 5 7 and 59 . 

57 5 8 5 9 

FIGURE 3 . BURT s wit h rank s 57 , 58 and 59 in A 10. 

Now we have random binary unlabelled rooted trees , that correspon d to random 
phylogenic topologies. Forgetin g the root w e obtain an X-tree A  which can be coded 
in a  binary tabl e wit h \X\  = n rows and as much column s as the number o f edges 
in A.  I t is well known tha t a n edge correspond s t o a partition o f X i n two classes 
Xi an d X2, compose d o f the element s of X o n its both sides . Fo r each one , in the 
table, we shall give to the smallest clas s value 1  and to the largest on e value 0; this 
arbitrary choic e has no importance whe n computin g distance . 

EXAMPLE 5 . 

Labelling arbitrarily th e X-tree of Figure 4 , we get the table as indicated below . 
Each colum n correspond s t o a bipartition. Th e firs t te n are for the edges endin g in 
X an d the others ar e for the seven inne r edges . 

We now give some random weight s to these column s to compute the Hamming 
distance betwee n row s and to obtain a tree metric with thi s topology. Startin g fro m 
this table , an d a tre e distanc e £> , one can obtain anothe r distanc e D'  clos e t o D 
applying tw o differen t operations : 
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0 

1: 10000000001 1 1 1000 

2:0100000000001 1000 

3:00100000000000000 

4:000100000000001 10 

5:000010000000001 1 1 

6:000001000000001 11 

7:00000010000000100 

8:00000001000001000 

9:000000001001 11000 

0:00000000011111000 

FIGURE 4 . A  tree an d th e corresponfin g bipartitio n table . 

• Directly , b y addin g o r subtractin g t o eac h D(x,y)  a  percentag e € o f thi s 
value. Thi s e  i s bounde d b y th e maximu m degre e o f nois e r , whic h i s a 
parameter fo r simulations . Fo r an y pair , e  i s uniformly selecte d a t rando m 
between 1  and r . S o D'{x,y)  =  ( 1 ± s).D(x,y).  Som e value s ar e larger , 
others smaller , th e triangula r inequalit y i s no t necessaril y kept ; i t i s ver y 
rough. 

• Indirectly , b y modifying value s in the table correspondin g t o a  topology. W e 
add o r subtrac t a  quantity £ , bounded b y r , whic h i s also the percentag e o f 
values t o modify . The n w e compute agai n th e Hammin g distance , wit h th e 
same weights , bu t fuzzyfyin g th e tabl e we do not ge t anymor e a  tre e metric . 

The firs t kin d o f noise correspond s t o th e choic e o f an inadequat e metri c func -
tion o n X;  sometime s value s ar e ove r estimate d an d sometime s unde r estimated . 
The second kind of noise corresponds to a possible erroneous information t o evaluate 
distance; i t i s the genera l case  fo r evolutio n problems . 

To obtain dissimilaritie s clos e t o tre e metrics , w e modify : 

• distanc e values : Fo r eac h rando m tree , w e select a t rando m edge' s weights , 
compute a  tree metri c and we noise it using n(n—1)/2 rando m e  as indicate d 
above. 

• tabl e values : Fo r eac h rando m tree , w e randoml y selec t cell s i n th e tabl e 
that wil l be altered , an d w e choose a t rando m column' s weight s t o comput e 
Hamming distance . 

3.2. Parameter s t o compar e tre e topologies . T o evaluat e th e ga p be -
tween th e topologie s o f A an d A!\  o r A r

0, w e define tw o parameters, th e percentag e 
of quadruple s tha t ar e correctl y represented , an d th e percentag e o f specific bipar -
titions. 

• Accordin g to the A  tree , for any quadruple {x,  y,  z, t}, ther e ar e four possibl e 
topologies. Fo r three o f them ther e i s an inner edg e t o separate tw o differen -
tiated pairs , fo r instanc e {x,y  \  z,i). Fo r th e las t one , th e si x path s shar e a 
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common point ; w e shal l sa y tha t thi s topolog y i s weaken.  Accordin g t o th e 
other tree , A f o r A'Q,  fo r thi s sam e quadrupl e w e hav e thre e possibilities : 

— The topolog y i s th e sam e a s i n A,  weake n o r not . S o quadrupl e 
{z ,y , z,i)  i s correctl y represented ; w e coun t on e unity . 

— Only on e o f th e tw o topologie s i s weaken , whateve r i t i s A  o r A!.  Th e 
inner edg e ha s vanishe d an d w e coun t 1/ 2 unity . 

— Topologies ar e bot h differentiate d an d different ; w e d o no t coun t any -
thing. 

Parameter T q denote s th e numbe r o f unit y divide d b y th e numbe r o f 
quadruples. Th e large r i t is , th e bette r i s th e topology . 

• A n edg e separate s X  i n tw o classes . I f i t ha s on e en d i n X , on e o f thes e 
classes i s a  singleton . W e shal l nam e external  thi s kin d o f edge , i n contras t 
with th e inne r edge s havin g bot h end s wit h degre e a t leas t 3 . Comparin g A 
and A',  w e fin d commo n edge s correspondin g t o th e sam e bipartit ions , an d 
edges tha t d o no t hav e a n equivalen t i n th e othe r tree ; the y ar e specifi c o f 
one topology . I n mos t cases , A'  i s a complet e X-tre e an d ther e i s \X\  externa l 
edges share d wit h A.  Bu t fo r A'Q,  som e o f the m hav e disappeared , becaus e 
they d o no t contai n th e middl e o f an y path . No t t o disadvantag e method s 
based o n orde r distances , w e onl y coun t th e numbe r o f specifi c biparti t ion s 
corresponding t o inne r edges . 

This quanti t y i s divide d b y th e numbe r o f inne r edge s i n bot h trees . 
Let A P b e thi s secon d parameter . I t i s a  symmetrica l differenc e distanc e 
between trees , afte r contractio n o f th e externa l edges . I f w e had take n unde r 
consideration al l the bipartit ions , correspondin g t o inne r an d externa l edges , 
it woul d b e th e distanc e introduce d b y Robinso n &  Fould s [1981] . 

E X A M P L E 6 . 

In th e tw o tree s o f Figur e 5 , ther e i s onl y on e quadrupl e {x,  z,t,  u]  havin g th e 
same topology . Quadruple s {z,?/ , t,u) an d {y , z,t,u) hav e th e weake n topolog y i n 
the tre e o n th e righ t side . Th e tw o remainin g quadruple s {# , y, z,  i)  an d {x,  y , z, u} 
have differen t an d differentiate d topologie s i n bot h trees ; consequentl y T q —  2 / 5 

X 

U 

u 

F I G U R E 5 

The tre e o n th e lef t sid e ha s tw o inne r biparti t ion s {x,y  \  z,t,u)  an d 
{z ,y , z  |  t,u}.  Th e tre e o n th e righ t sid e ha s onl y on e {x,z  \  y,t,u};  Al l th e 
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three ar e specifi c an d s o AP =  1 . I f we had applie d th e Robinso n -  Foulds formula , 
one woul d hav e foun d 5  common bipartition s an d a  tre e distanc e equa l t o 3/13 . 

4. Resul t s 

For each value of r, w e have tested th e 98 BURTs with 1 0 leaves, correspondin g 
to th e 1 1 different X-tree s wit h \X\  =  1 0 draw n i n annex . I n fron t o f eac h tree , 
between brackets , w e have indicate d th e numbe r o f corresponding roote d trees . 

4.1. Ordina l method . MODIFICATION S O N DISTANCE VALUE S 
Tq AP 

A' A' 0 A!  A! 0 

T=0 
T =  .0 5 
T = . l 

r =  .1 5 1 

1 
.98 
.96 

1 .9 4 

.98 

.94 

.92 

.88 

0 
.04 
.07 
.12 

.07 

.15 

.20 

.25 

MODIFICATIONS O N TABLE VALUES 
Tq AP 

A' A' 0 A'  A' 0 

T = 0 
T =  .0 5 
T = . l 

T- = .1 5 | 

1 1 
.99 
.98 

J .9 6 

.98 

.96 

.95 

.92 

0 
.02 
.05 

1 .0 9 

.07 

.09 

.13 

.18 

4.2. Ordina l scorin g method . MODIFICATION S O N DISTANCE VALUES 
Tq AP 

A' A' 0 A'  A' 0 

r =  0 
T =  .0 5 
T = . l 

T= .1 5 

1 
.99 
.96 
.93 

.99 

.97 

.94 

.92 

0 
.03 
.09 
.13 

.07 

.10 

.17 

.19 

MODIFICATIONS O N TABLE VALUES 
Tq AP 

A' A' 0 A'  A' 0 

T = 0 
r =  .0 5 
r =  . l 

T = . 1 5 | 

1 1 
.99 
.98 

1 .9 5 

.99 

.97 

.95 

.92 

0 
.02 
.04 

| .0 9 

.07 

.09 

.14 

.19 

Following thi s protocol , w e hav e compare d th e tre e topologie s obtaine d fro m 
distance an d fro m orde r distances . Th e firs t one s ar e alway s slightl y bette r ;  i t 
means, that tree s compute d fro m distanc e value s are structurall y close r t o the tru e 
tree tha n thos e compute d usin g orde r distanc e values . 

Nevertheless, i f distance value s are no t available , and i f you just kno w th e pai r 
preorder, yo u ca n ge t a  tre e topolog y tha t i s very clos e t o th e on e o f th e tru e tree . 
It i s obvious readin g paramete r value s whe n r  =  0 . 

We bring t o the end , underlyin g tha t th e ordina l scorin g metho d i s better tha n 
the simpl e ordina l method . I t i s no t surprisin g afte r th e observatio n made : i t 
is mor e efficien t t o us e distanc e rathe r tha n pai r preorders , eve n i f yo u ar e onl y 
interested i n tre e topology . 
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We hav e draw n th e eleve n X-tree s wit h te n leave s tha t hav e a  maximu m 
number o f edges . The y correspon d t o al l th e differen t unlabelle d topologie s o f 
unrooted trees . Betwee n parenthese s i s the number o f BURTs having thi s unroote d 
topology; i t i s the numbe r o f different way s t o roo t them . 

(8)1 

(14) III 

(7)V 

(11) VII 

(5) IX 

(10) X 

11(8) 

IV (12) 

VI (11) 

VIII (5) 

XI (7) 

FIGURE 6 
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Circular order s o f tre e metrics , an d thei r use s fo r th e 
reconstruction an d fittin g o f phylogeneti c tree s 

Vladimir Makarenkov and Bruno Leclerc 

ABSTRACT. Th e circula r order s associate d wit h th e plana r drawing s o f a n X-tree (o r 
phylogenetic tree ) have bee n studied b y several authors . They allo w a n encoding o f an 
X-tree b y 2/1- 3 number s (wher e n  i s th e numbe r o f element s o f X) , th e length s o f 
some paths between leaves of the tree. It is shown here that circular orders are the same 
as those obtaine d fro m the tabl e o f a  tree metric b y a  construction du e t o Yushmano v 
[28]. I t i s als o observe d tha t this construction applie s t o an y dissimilarity , tre e metri c 
or not . Severa l fas t algorithm s (o f complexit y 0(n 2)) ar e derive d fro m thes e results : 
for th e determinatio n o f a  Yushmanov order ; fo r th e reconstructio n o f th e value d X -
tree represention o f a  tree metric; for the recognition of a  tree metric; and for the fitting 
of a  tree metric t o a given dissimilarity ; th e fitting metho d is based on successive loca l 
least square s approximations . Teste d o n variou s experimenta l an d rea l data , i t give s 
satisfactory results . 

PE3I0ME. MHorne aBTop w nojjpo6H o HccnenoBa/ w mipKyjinpHbi e nopaflK H 
cooTBeTCTByiomFie rpa(J)MHecKOM y npeftCTaB/ieHHi b X-AepeB a (HJI H 
cj)H/ioreHeTH»iecKoro aepeBa) , B  qacTHocTH B  cnyqae er o KOAHpoBaHH H nocpeflCTBOM 
2n-3 3HaqeHH H paccTOHHH H Mew« y er o JIMCTBHM H (r^ e n  npeflCTaBJiaeT CO(5O H 
qnc/io 3/ieMeHTO B MHowecTB a X) . B  HacToame H cTaTb e M M noKauteM , q-r o 
LjHpKyjiapHbie nopHAK H HBJIHIOTC H ̂ KBHBa/ieHTHbiM H nopHAKaM, BBeneHHbi M 
KDuiMaHOBWM B  [28] , KOTopw e Mory T GbiT b nonyqeH W HenocpeflCTBeHH o H 3 
MaTpnu>i paccTOHHHH . Bo/iee Toro , 3T H nopHAKH Mory T fiwT b Tanw e onpefle/ieH W 
AXIH npoH3Bo/ibHO H MaTpmjb i KO3C|)C})HAH3HTO B pa3JiHMMH . IIo/iyqeHHu e pe3yjibTaTb i 
no3BO/iH!OT BbiBecT H HecKo/ibK o HHTepecHbi x aJiropHTMO B (CJIOWHOCT H 0(n2) 
onepauHH), cpeA H KOTopw x a/iropnTMbi : RJ\*  onpeAeneHH H nopujjK a KDiuiiaHOBa , 
AJIH BOccTaHOB̂ eHH H AepeB a n o MaTpim e paccTOHHHH , t\nn  pacno3HaBaHH H 
ApeBecHOH CTpyKTyp u M  J\HH  annpoKcnMau.HH A&HHO H MaTpnii u pa3/iHqH H 
ApeBecHOH MeTpnKOH . IIoc/ieAHHH ajiropHT M ,  COCTOHUJH H H S noc/ieAOBaTejibHbix 
annpoKCHMaqHH, cor/iacH O KpHTepni o HaHMeHbiun x KBaApaTOB , flaeT  pa3yMHbi e 
pe3y/ibTaTb( B  npnwepax, H a KOTopwx O H 6bin  TecTHpoBaH . 

R£SUM£. Plusieur s auteur s ont 6tudie les ordres circulates assocte s au x representations 
planaires de s X-arbres (o u arbre s phylogSnetiques) , e n particulie r pou r l e codag e d'u n 
X-arbre valu S pa r 2n- 3 longueur s d e chemin s d'un e feuill e a  un e autr e (n  etan t l e 
nombre d'el&nents d e X). On montre dans cet article que ces ordre s circulates son t les 
memes que ceux obtenus a  partir de la table d'une distance d'arbr e par une construction 
due a  Yushmano v [28] . D e plus , cett e constructio n s'appliqu e a  tout e dissimilarite , 

1991 Mathematics  Subject  Classification.  Primar y 05C05 ; Secondar y 05C85 , 92B10 . 
This researc h wa s partl y supporte d b y Espri t LTR Projec t n° 20244-ALCOM-IT . Th e author s 
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distance d'arbr e o u non . Ce s r^sultat s permetten t d'obteni r plusieur s algorithme s 
rapides (d e complexit e 0(« 2)) :  pour la  determination d'u n ordr e de Yushmanov ;  pour 
la reconstructio n d u X-arbr e valu e reprSsentan t un e distanc e d'arbr e ;  pou r l a 
reconnaissance d'un e distanc e d'arbr e ;  et pour l'ajustemen t d'un e distanc e d'arbr e a  un e 
dissimilarity d  donnee . C e dernie r comport e de s approximation s locale s successive s 
par le s moindres carr£s . II conduit a  une procedure d'ajustemen t qu i donne des rSsultat s 
int^ressants su r le s exemples su r lesquel s ell e a  6t6 testae. 

1. Introductio n 

Let X be a  finite se t with n  elements . W e conside r a  tree T  wit h leave s labelle d 
according t o X. When T  is endowed with a  non-negative edg e length function , a  tree 
metric d  o n X i s define d a s follows : fo r al l JC , y e  X,  d(x,y)  i s th e lengt h o f th e 
unique path of T  between the leaves x and y. 

The classica l representatio n o f a  metric o n X  b y th e matrix of it s value s fo r al l 
pairs of element s o f X  i s fairly redundant in the case o f a  tree metric. Two ways o f 
summarizing a  tre e metri c b y 2n- 3 entries , th e minimu m possibl e number , ar e 
presented in Leclerc [17]. Thay are both based on minimum spanning trees; previously, 
Barth61emy and Gu6noche [2], generalizing a result of Chaiken, Dewdney and Slater [7], 
have show n th e entir e matri x o f a  tre e metri c d  t o be define d b y it s restrictio n t o 
another se t R of 2n-3 entries associated wit h a  so-called diagonal  plane order  o n X. 
Diagonal plan e order s ar e defined i n geometrica l terms , i n relation wit h th e planar 
drawings of T. On the contrary, the knowledge of such a graphical representation is not 
needed for the determination of the linear orders defined by Yushmanov [28], together 
with another way of summarizing a tree metric by 2n-3 entries; Yushmanov orders are 
directly obtained from the matrix of d. 

It is shown here in Section 3 that circular and Yushmanov orders are in fact exactly 
the same. This paper is devoted to the study of these orders, and their use in an approach 
of the problems of recognition, reconstruction and fitting of tree metrics. 

The paper is organize d a s follows . Basi c definition s ar e recalled i n Sectio n 2.1; 
Section 2. 2 include s a  syntheti c presentatio n o f th e diagona l an d circula r order s 
associated with a valued X-tree, with some of their properties. Although the results of 
this sectio n ar e not new, som e of the m are given i n new statements , more complet e 
than th e previou s ones , an d wit h simplifie d proofs . Yushmanov' s results , wit h th e 
presentation o f hi s orders , ar e recalle d i n Sectio n 3.1 . I t i s emphasize d tha t th e 
definition o f Yushmano v order s extend s t o al l dissimilarities . Tw o algorithm s ar e 
given, the first one for the determination of a Yushmanov order and the second for the 
reconstruction of the valued X-tree associated with an initial tree dissimilarity. After an 
illustration o f thes e algorithm s i n Sectio n 3.2 , i t i s show n i n Sectio n 3. 3 tha t 
Yushmanov and circular orders are identical. Yushmanov orders are used in Section 4 in 
a ne w approac h o f th e proble m o f fittin g o f a  tre e metri c t o a  give n observe d 
dissimilarity. Bot h Algorithm s 4 an d 5 o f Sectio n 4.1 involv e th e solution o f a  least 
squares approximation problem at each step. The property that Yushmanov orders are 
circular i s extensivel y use d t o obtai n th e lo w tim e complexitie s o f 0(n)  i n th e 
reconstruction algorith m 2  o f Sectio n 3. 1 an d 0(n 2) i n the fitting algorithm 5 . The 
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presence of arbitrary initial choices in the last one deserves further studies. Presently, a 
procedure based on repeated uses of Algorithm 5 is proposed, involving all the possible 
first choices. In Section 4.2, some examples are presented. The procedure previously 
defined is compared with several good algorithms of the literature, and appears to be a 
competitive one. We conclude with some questions appealing for further developments. 

2. Th e encodin g o f a  value d tre e wit h n  leave s b y 2/1- 3 pat h length s 

2.1. Dissimilaritie s an d trees . Le t X  b e a  se t wit h n  elements . A 
dissimilarity o n X i s a  non-negativ e rea l functio n d  o n XxX satisfyin g th e 
following two conditions: 

• fo r all JC, y e X , d(x,y) = d(y,x)\ 

• fo r all JC, y e X , d(x,y) > d(x,x) = 0. 

The dissimilarity d is a metric if it satisfies the classical metric triangular inequality: 

for all JC, y, z e X,  d(x,z) < d(x,y) + d(y,z). 
A graph G  i s also denoted a s (V(G),£(G)) , wher e V(G)  i s the vertex se t and 

E(G) is a set of unordered pairs of distinct elements of V(G) , the edge set of G; for 
sake of brevity, an edge is denoted vv' instead of {v,v'} . The degree d(v)  of a vertex 
v is th e numbe r o f edge s e  e E(G)  suc h tha t v  e e.  A  leaf i s a  vertex o f degre e 
one. In a  graph G , a par A P betwee n tw o vertices v  and v' i s a  sequence o f edges 
Wj, ViV2, ... , v .̂jV^ , v^v'. In fact , sinc e only path s wit h al l edge s distinc t wil l be 
considered here, a path will be generally identified with the set of its edges. A tree Tis 
a graph with a  unique path, denoted T(uv)>  between any two distinct vertices u  and 
v. A tree Thas exactly IV(r)l-l edges. 

Let u be an inner vertex (that is, not a leaf) of a tree T, and an edge wv. Consider 
the se t Y  containin g u  an d al l th e vertice s v ' of T  suc h tha t uv  e T(uv').  Th e 
induced subtre e Ty  is said to be a branch of T  at  the vertex u.  All the leaves of a 
branch, except w, are leaves of T. 

We mainl y conside r her e th e so-calle d X-trees , related wit h th e se t X  b y two 
properties: (i ) th e se t o f leave s o f T  is X; (ii ) fo r an y v  e V(T)-X,  <?(v ) > 3 . 
According to the terminology in the Barth61emy and Gu6noche book [2] , this means 
that the X-trees considered here are separated and free. In such an X-tree, the role of 
the inner vertices, called also latent vertices  is just to determine the shape of the tree; 
they are often indicate d without labels in figures. An X-tree has at most 2n-2 vertices 
and thus 2n-3 edges, these numbers corresponding to the non-degenerate case where all 
the laten t vertice s hav e degre e 3 . The articulation  vertex  a(x) o f J C G  X  is the 
unique laten t verte x adjacen t t o JC (tha t is such that jca(jc) 6 E(T)).  The number of 
edges of T is denoted as jx{T) (or simply /J). 

We make correspond an X-tree T £ to any valued tree T\> with X as set of leaves 
by th e repetition o f th e followin g operation : choos e a  verte x u  o f degre e tw o in 
V(r)-X, delet e i t and replace the edges vu  and uv' incident t o u  by a  unique edge 
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vv'; se t ^(vv' ) =  V(yu)+  t\uv').  Whe n n o suc h verte x remains , a n X-tre e T  i s 
obtained; complet e th e en d lengt h functio n o n T  by settin g ^(vv' ) = £'(vv')  fo r al l 
the edges commo n t o T  and T. Th e trees T  and T hav e the same leaves and all the 
distances betwee n leave s i n T t> are preserved in T t. W e say tha t T i i s the reduced 
X-tree corresponding with Tt>. 

We conside r valued  X-trees  T e, where T  is a tree and I i s a real length functio n 
on E(T). The functions £  considered here are non-negative, wit h null values possible 
only o n th e edge s adjacen t t o leaves . Th e distance  f(v,v* ) betwee n tw o vertice s v 
and v' is equal to yLeeT(w') ^W»lt satisfie s the metric triangular inequality. 

Let X b e the class of all the X-trees T £, valued as above . A dissimilarit y d  on X 
is said to be a tree metric  if i t is representable by the length of the paths between the 
leaves of an element of X. A  tree metric is a metric. A dissimilarity on X satisfies the 
four-point condition  if , fo r all JC, y> z, w € X , 

d(x,y) + d(z,w) <  max{ d(x,z)  + d(y,w), d(x,w)  + d(y,z) }. 

THEOREM 2. 1 (Zaretski i [29] , Buneman [5] , Patrinos and Hakimi [22] , Dobson 
[15]). Let d  be  a dissimilarity on X . The  following two  conditions are equivalent: 
(i) d  is  a tree metric; 
(ii) d  satisfies  the four-point condition. 
Moreover, a tree metric admits a unique tree representation. 

As recalled in Leclerc [17], a dissimilarity satisfying th e four-point condition for all 
distinct JC , y, z , w  e  X  i s no t necessaril y a  metric , bu t i s stil l uniquel y 
representable by a valued X-tree, possibly with negative lengths on the edges adjacent 
to the leaves. Such a dissimilarity will be said a tree dissimilarity. 

Given thre e distinct vertice s u,  v, w of a tree T, there is a unique vertex whic h i s 
common t o th e thre e path s T(uv),  T(vw)  an d T(uw).  Thi s verte x i s calle d th e 
median vertex  o f th e tripl e (u,v,w)  an d denote d a s m(u,v,w) . I f JC , y, z  ar e 
three leave s o f 7 \ the n m(x,y tz) *  JC , y, z . I n a  value d tre e T t, th e distanc e 
between J C and th e pat h T(yz)  i s equa l t o t(x 9m(x,y,z)) =  ^(f(*oO+f(w) -
t(y,z)); this quantity is denoted as dist(x,T(yz)). 

X 
Figure 1 

A tripl e (jc,y,z ) o f leave s o f T  i s sai d well-formed  i f m(jc,y,z ) =  a(y). 
Equivalently, th e verte x a(y)  belong s t o the path T(xz).  Fo r instance, i n th e tree of 
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Figure 1, the triple (a,c,d) is well-formed, whereas (a,c,b) is not. Note that, if x and y 
are two leaves such that a(x) = a(y), then every triple (x,y,z) is well-formed . Here 
is a simple characterization of well-formed triples in terms of distances: 

PROPOSITION 2.2. A triple (x,y,z) of leaves of T  is  well-formed if  and only if 
the equality dist(yj(xz))  =  min^^ w^x dist(y,7\xw))  holds. 

Proof I f (x,y,z) i s a  well-formed triple , then , dist(y>T(xz))  = t(ya(y)). Fo r 
every we  X,w±x,y f conside r th e pat h T(yv)  fro m y  t o the verte x v  whic h 
is the closest to y o n the path T(xw); the path T(yv) includes th e edge ya(y), and, 
so, has a length at least equal to £(ya(y)). Conversely, the quantity dist(y,T(xw))  is 
minimized by those leaves w such that a(y) belongs to the path T(xw). 0 

m(x,y,w) a(z) 

w 

a(z) m(x,y,w) 

w 

Figure 2 Figur e 3 
Bold lines represent paths ; thin ones represent single edges. 

PROPOSITION 2.3. Let d  be  a tree metric on the set X  and  x,  y,  z  be  three 
elements of  X  such  that,  in the X-tree  representation T^of  d,  the  triple (x,z,y) 
is well-formed. Then,  the  following equality holds for any w e X-{x,y,z}: 

d(z,w) = max{ d(x,w) + d(y,z), d(y,w) + d{x,z)} -  d(x,y). 

Proof. Fo r each w e X-{x,y,z],  th e median vertex m(x,y,w)  lies eithe r o n the 
path T(xa{z))  (Figure 2) , or on the path T(ya(z))  (Figure 3) , or is equal t o a(z). 
The four-poin t conditio n expresse s a s d(x,y)  +  d(z,w) =  d(x,z) +  d(y,w) > 
d(x,w) +  d(y,z)  i n th e firs t case , a s d(x,y)  +  d(z,w)  =  d(x,w)  +  d(y,z) > 
d(x,z) +  d(y fw) i n th e second , an d a s d(x,y)  +  d(z,w)  =  d(x,z)  +  d(y,w) 
= d(x,w) + d(y,z) in the degenerate third case. The result follows. 0 

So, whe n th e tripl e (x,z,y)  i s well-formed , th e distanc e betwee n z  an d any 
element w  o f X ma y b e compute d fro m th e value s d(x,y),  d(x,z),  d{y,z), 
d(x,w) and d(y,w). 

The following notation s are used when an indexing x ly JC 2,..., xn of the set X is 
given. Fo r thre e distinc t leave s JC,- , JC.-, xk e  X,  w e se t AJj  = dist{xk,T{x-x.)) = 
Ud(xi9xk)+d(Xjfxk)-d(xiyXj)). Sinc e d  satisfie s th e triangula r metri c inequality , 
the quantities Ajj are non negative: moreover, d(xiyxj) = AJjt +  Ajk an d Ajj >  0 when 
the edge Xjfiix^ has a non-null length. We will also write ak instead of a(xk). 
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2.2. Circula r an d diagonal orders . W e now recal l a n encodin g method , 
proposed in the Barth61emy and Gu6noche [2 ] book as a generalization of a method 
given by Chaiken, Dewdney and Slater [7] in the special case of an unvalued tree. An 
order JCJ , JC2,..., x n on X is called a diagonal order  o f the X-tree T  (Dewdney [14]) 
if, fo r any integer k (modulo n), the triple (xk_x, xk, xk+l) i s well-formed. 

Consider a  graphic plana r representatio n o f T (where tw o edge s hav e no other 
common point s than a vertex) and an order obtained as follows: first, the leaf xx is 
arbitrarily chosen; then, the leaves are indexed as xv JC 2,..., xn according to a circular 
(say, clockwise) scannin g of the subset X of vertices of F. Such an order, frequentl y 
called diagonal plane  i n the literature, will be said here circular. I t has the following 
property, for any intege r k modulo n:  when moving o n the path 7XJC*JC* +1) from xk 

to xk+l, al l the branches at the encountered vertices are located on the right A circular 
order i s diagonal ; otherwise , assum e fn(x k_x,xkfxk+l) *a(x k): ther e is a branch of 
the tree at the vertex a(x k)f th e leaves of which being eithe r between x k_x and xk or 
between xk and xM i n the clockwis e scanning , a  contradiction wit h th e hypothesi s 
that the order is circular. Hence the following result holds: 

\Z* \/' 

i/\ 
Figure 4 

LEMMA 2.4. Any X-tree  T  admits a diagonal order. 

As th e following exampl e shows , circular orders constitute in the general cas e a 
proper subclass of the diagonal ones. According to a remark above, if x and y are two 
leaves suc h tha t a(x)  = a(y), the n the only conditio n o n their places in a diagonal 
order is that they are consecutive (modulo n). So, in the example of Figure 4, the order 
(1 2 3 4 5 6 7 8 9 10) is diagonal. A simple investigation leads to the conclusion that 
it is not circular. 

THEOREM 2.5 (Barth61em y and Gu6noche [2] ; see Leclerc and Makarenkov [18]) . 
Let X = {  xx, JC 2,..., x n }  be a linearly  ordered  set.  For any sequence d X2> d\->>> 
2̂3»—» du>  dii+l,...t d ln, d n_Xn of  2n- 3 strictly  positive  real  numbers,  there 

exists a  unique  valued  X-tree  T £ such  that  d i} =
 1ZeeT{xix) ^M  an d x x, JC 2,..., 

xn is  a circular order of T. 
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As stated in Leclerc and Makarenkov [18], the function I is non-negative if and only 
if th e sequenc e d l2, d l3, d lv..., d ln, d n.Vn i s extracted from a metric array . For a 
counter-example, conside r th e X-tree of Figure 5, where X = {x{, JC 2, *3, x4} . For 
such a tree, all the linear orders on X are circular. The sequence of five positiv e real 
numbers give n by dn =  dl3 =  di4 =  d2i =  2 and d34 =1 0 leads to a system of five 
linear equation s whic h ha s no solution fo r this tree : a+/ J = 2; a+y= 2 ; a+5 = 2; 
/J+y= 2; y+8 =  10 . In fact, th e sequence corresponds to the valued tree of Figure 6. 
Since the sequence wa s not extracted from a metric array, this tree has a negatively 
valued edge and is the representation of a tree dissimilarity. 

P 
*2 

*1 • f »*3 

x*s 

A 

X4* 

V 

> 

4 
v 

< 

, x 2 

w 
^ * 3 

a 
8 

X4 

Figure 5 Figur e 6 

3. A  combinatoria l obtainmen t o f circula r order s 

3.1. Yushmano v orders . In his 1984 paper [28] , Yushmanov shows  it possible 
to encode a positively valued X-tree T t by 2n-3 lengths of paths between leaves . His 
work is independent of the Chaiken et al one , even thought that, as these authors, he 
uses his results in a study of unvalued trees. The main results in Yushmanov's paper are 
recalled in this subsection wit h extensions to the cases of valued tree s and dissimi-
larities. We also provide algorithms corresponding with Yushmanov's approach. 

Let d be a tree metric on X, his matrix £> , and conside r th e sets P  o f pairs of 
elements suc h tha t th e knowledge o f th e entries (d(x,y)) t xy  € P , allow s u s to 
recover the entire matrix D, provided the tree T is already known; the sets defined by 
Chaiken et  al  an d used i n Theorem 2. 5 are of thi s type . Denot e a s p(T£) the 
minimum cardinality of such a set. In his paper, Yushmanov firs t observes that every 
quantity d(x,y)  i s a sum of lengths of edges of T. So, a subset P correspond s t o a 
set of linear equation s wit h ran k ji(J) < 2n-3. Th e equalit y p(T t) =  ^i(T) follows ; 
note that this observation remains valid when the edge lengths are no longer assumed to 
be positive . Similarly , conside r th e sets Q  such tha t the knowledge o f the entrie s 
(d(jc,y)), xy e Q,  allows us to recover D withou t any further requirements . Denote 
their minimum cardinalit y as 5(7^). Obviously, p(T£) <> 8fJ^.  Indeed, Lecler c [17] 
gives tw o ways of determining a set Q of cardinality 2/1- 3 = p(7^), thus proving the 
equality p{T t) = S(T£). Yushmano v wa s the first to exhibit suc h sets , relate d wit h 
linear ordering s JC 1? JC2,..., x n of X suc h that , fo r all k = n, n-1,..., 2 , th e triple 
(*i »**,**-1) is well-formed i n a current tree 7* with Jfc leaves . Suc h an order, calle d 
hereafter a Yushmanov order, is obtained by the procedure 1 described below: 
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Procedure 1 
Initialization. Choos e arbitraril y tw o leaves o f T £ and index them as xx an d xn. Se t 
V" = 0 an d T1 = T. 
Step 1 . Choos e a  leaf JC,,. ! i n T1 i n suc h a  way tha t the verte x a n lie s o n th e path 
7TI(jc1xn_1). Delet e th e leaf x n an d the edge anxn i n T"  and reduce th e resulting tre e 
in order to obtain the tree P"1; set V*"1 = {x n}. 
Step fc+1. Assume th e firs t k  steps have led to a tree F 1"* the set of leave s of whic h 
isX-V*-*, wher e V*- * = {*„,...,Jt,^ +1}. 
If it = n-2, the n V 2 =  {jt w,...,Jt3} an d T 2 i s reduce d t o the uniqu e edg e Xjjc 2; sinc e 
JCJ i s already fixed, the Yushmanov indexing Xj, JC2,..., JC„ is completely determined. 
Otherwise, choos e a  lea f x n_k,i i n 7 71'* i n suc h a  way tha t th e verte x a n_k lie s o n 
the pat h T n'k(xlJxn_k_l)\ delet e th e lea f x n_k an d th e edge a,,.**,,. * in T" k; reduc e 
the resulting tree in order to obtain the tree p-*-i; set V*"*"1 =  V^Ajfjc,,^} . 

The choice o f th e lea f x n_k_i i s alway s possible : th e vertex a n_k adjacent to xn_k 

in 771'* has degree at least three, defining at least three branches. Any leaf which belongs 
to a  branch which neither contains th e leaf JC J nor consists of th e edge d n.)^n.k ma y 
be chosen as Jt„_M-

The remaining proble m i s th e determinatio n o f a  Yushmanov orde r withou t th e 
knowledge of the tree T. A solution is provided by arguments already used in the proof 
of Proposition 2.2: the possible choices are the elements xn_k_x (different from JCX and 
xn_k) suc h tha t dist(x n_k,T(xn_k_iXl)) =  min w€ x-v n~k dist(x n_kfT(wxi)). 
With th e expressio n o f dist(x n.kiT(wxx)) recalle d i n Sectio n 2.1 , x n_k_x i s a n 
element we  X-V n~k minimizin g th e differenc e d(x n_k,w)-d(x{,w). Suc h a n 
element i s chosen directly on the matrix of d i n the formal statemen t of Algorithm 1 
below (se e th e notation s o f Sectio n 2.1) . I n fact , Algorith m 1  work s wit h an y 
dissimilarity matrix , tre e metric or not, as input ; so , th e definition o f a  Yushmanov 
order of X extends to all dissimilarities. 

Algorithm 1 : construction of a Yushmanov  indexing  x lfx2,...,xn of  the set X: 
Input: a finite set X with n elements ;  a dissimilarity d  on X, 
Output: a Yushmanov order (JC^ JC 2,..., *„) on X associated with d. 

Initialization Choos e arbitraril y tw o leaves xx an d xn\ W  := X-{xi,xn}', k  = 0 
Repeat 

Find xn_k_x in W such that: 
d(xn-k>xn-k-0-d(<xl>xn-k-0 =  m i n w€ W d^xn^^x\^ 
W:=W-{xn_k}; 
* = jt+l 

Until W  = 0 

In th e k-th  ste p o f Algorith m 1 , n-k-2  element s o f X  ar e examined . So , thi s 
algorithm has time complexity 0(n 2). A converse procedure allows to reconstruct the 
valued X-tre e T £ fro m th e tre e metri c d  an d a  Yushmano v orde r jc lf JC 2,..., x n 
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obtained b y Algorith m 1  applied t o d.  Conside r th e sequenc e (d(x l9x2), d(x Xfx3)9 

rf(jc2,Jc3),..., d(x l9Xi)9d(xi9xi+l) d(x l9xn)9 d(x n_l9xn)) wit h 2n- 3 terms . 

For k  =  2,... , rt-1,  w e ar e abl e t o comput e th e quantitie s A ktk+X = 

dist(xl9T(xkxk+x)) =  L(d(x l9xk) +  d(x l9xk+x) -  d(x k9xk+l)) an d Af% 1 = 

dist(xk+l9T(xxxk)) =  Ud(x l9xk+X) +  d(x k9xk+x) -  d(x l9xk))9 the y ar e assume d 

to be positive, as it is the case when the values d^ are extracted from a distance matrix. 

A sequence of valued trees T\ wit h k leaves, k  = 2,... , n , i s constructe d accordin g t o 

the following Procedure 2: 

Procure 2 
Step 1  (initialization) , T}  i s th e tre e reduced t o th e uniqu e edg e x xx2 wit h lengt h 
t(xxx2) =  d(x i9x2). 
Step A : (k =  2,...,n-l) . A  tre e T\  wit h th e leave s JC 1,JC2,..., x k ha s bee n built . 
Two cases may occur for the path T^(xxx0: 
Case 1.  Ther e exist s a  verte x u  o n thi s pat h suc h tha t t(x {9u) =  Afa+i.  I n thi s 
case, the leaf xk+x i s the only vertex to add to T\ i n order to obtain r**1"1, with th e new 
edge uxk+x o f length £(uxk+x) = Ax%

1. 
Case 2 . Ther e exist s a n edge vv ' on th e path TJ[(x l9xk) suc h tha t t(x l9v) <  A ktk+X 

< r(x 1,v'). In thi s case , a  new inne r vertex u  is added on the edge vv' , no w divide d 
into tw o edge s uv  an d wv' , wit h length s t(uv)  =  Ajc yk+x-t(xl9v) an d £(uv')  = 
K*i,v>4jgfc+i; then , as before, th e leaf xM i s added to l\ i n orde r t o obtai n 7$ +1, 
with the new edge uxk+x o f length £(u9xk+x) = ^ f j1 . 
For k = n9 the valued tree Tf i s equal to T e. 

In the next Algorith m 2 , th e fc-th step consist s o f th e examinatio n fro m edg e t o 
edge (startin g fro m JĈ ) of th e path HJC ĴCJ ) unti l th e goo d place fo r th e articulatio n 
vertex ak+{9 depending on AXyk+Xt i s found. The new leaf xk+x i s then added to the tree 
T with a new edge ak+xxk+x o f length Afy1. Not e that the number of edges examined 
at this step is no more than II W(JC^+1)I, th e number of edges o f th e path between x k 

and xk+x i n the final tree P. Som e edges are recognized as not belonging to a current 
path P(T)  i n the next step k+\ an d in the sequel ; such edges ar e included i n the se t 
E(T) (an d thei r extremities i n V(T)).  Thi s i s du e t o th e observatio n tha t any edg e 
excluded fro m the linked lis t P(T)  wil l neve r return in this list, sinc e P(T)  i s alway s 
completed wit h on e o r two new edges . Th e complexity o f Algorith m 2  i s presentl y 
estimated a s 0(L\£k&n-i  '^"(Vfc+i)' ) +  0(n) 9 an d wil l b e show n t o b e i n fac t 
0(h) i n Section 3.4 (Corollary 3.7). 

Some further notations are used in the following forma l statement of Algorithm 2: 
given tw o leave s x 9y o f a n X-tre e T 9 £(i 9T(xy))9 w  (i9T(xy)) an d 
w'(i,T(xy)) =  w(i+l,r(jc;y) ) ar e respectivel y th e length , th e initia l verte x an d th e 
terminal verte x o f th e i-th  edg e (startin g fro m JC ) of th e pat h T(xy)\  P(T)  i s th e 
linked lis t o f th e edge s o f th e pat h T(x xxk) (startin g fro m x x)9 an d E(P(T))  an d 
V(P(T)) are, respectively, the edge set and the vertex set of P(7). 
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Algorithm 2:  Reconstructing  a  valued  tree T t from a  tree  metric d  and  a 
corresponding Yushmanov order on X . 

Input: a  finit e se t X  wit h n  elements ; th e 2n- 3 entrie s d(x,y),  xy  e  {x xx2y 

*1*3» *2*3» —»*i*i' *i*i+i»—. x \xn> x n-lx
n} correspondin g wit h a 

Yushmanov order (xv JC 2,. .., xn) for a tree metric d on X. 
Output: the valued X-tree Tt = (V(T),E(T),t) associate d with d. 

Initialization V(T)  := 0; E{T)  := 0; k  := 1; P(7) := {x xx2}\ 
£(xxx2) := d O ^) 

Repeat 
k := Jfc+1; 1 := 1; S := 0 
if 4fjfc+i>0the n 

5 : = m , r ( V l ) ) 

v:=w(l,r(x/kx1)) = ^ 
P(T):=P{T)-{uv] 
if S  ^idfjt+l the n 

V(7):=V(7>{JC*} 

else u  := JC* 
while S  <  ^ijt+i d o 

V(7):=V(7>{u,v} 
£(7):=£(7>{uv} 

w := w'HJix^)) 
v := wO',^*^)) 
5 := S+WJix^)) 
P(J):=P(J)-[uv) 

if S > A\tk+i then 
' E(T):=E<jy+{a Mv} 
P(T) := /Xm{wa*+1}+{a*+1x*+1} 

t(uaM):=S-AtMl 

e(ak+lxM):=Aftl 

else />(7):=/>(7)+{ia* +1} 
l(uxM):-At%1 

until (& = n-l) 
£(7) := E(T)+E(P(T)); V(7) := V(7>V(P(7)) 

THEOREM 3.1 (Yushmanov [28]). 77^ successive uses of Procedures 1 and 2 map 
any valued X-tree T t on  itself 

Proof Th e resul t i s tru e fo r n  =  3 : in thi s case, the X-tree T  ha s on e laten t 
vertex a  adjacen t t o it s three leaves and every orde r on X  i s Yushmanov . Fo r an 
arbitrary orde r xv x 2> Jc3, the lengths A2y^ A}^  an d A\ y2 o f the edges ax lf ax 2 an d 
ax3 are determined by Procedure 2. 
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Assume that the result is true for every X'-tree, where X' is a set of cardinality n-1. 
Then, le t JCj,... , x n b e a  Yushmano v orde r o n X . B y th e inductio n hypothesis , 
Procedure 2 constructs, before its last iteration, a valued tree Tf "* wit h n-1 leave s suc h 
that: (i ) th e leave s o f T?~ l are th e element s JCJ ,^ , . . . , x n.x; an d (ii ) th e distance s 
between thes e leaves are given by the restriction of d  to X-{JC„}. By the rule used for 
choosing xn_x at the first iteration of Procedure 1, one also knows that the latent vertex 
an lie s on th e path T n_1(jc1JC/J_1); then , th e determination o f th e place o f a n o n thi s 
path is made in the last step of Procedure 2 on such a way that the distance d is realized 
by the tree Tf  fo r the pairs J C ^ an d xnxnA. B y th e propositio n 2.3 , th e inductio n 
hypothesis, and the unicity of the tree representation recalled in Theorem 2.1, Tf =  T i 

is the unique valued X-tree realizing the distance d on X. 0 

Many fitting algorithms of the literature transform a given dissimilarity matrix d 0 

on X int o a  tree metric on e d\  thi s i s th e cas e o f th e decompositio n algorith m o f 
Brossier [4] , the algorithm based on minimum spanning tree s of Leclerc [17] , or the 
reduction methods of Roux [25] and Gascuel and Levy [16] . Then, the problem of the 
reconstruction o f th e X-tree representatio n o f d  remains . Method s lik e ADDTRE E 
(Sattah and Tversky [27] ) or the scoring method of Luong [19 ] and Barth61emy and 
Gu6noche [2] are sometimes proposed in the literature for determining the corresponding 
X-tree; a s thei r tim e complexit y 0(n 5) indicates , thes e method s hav e no t bee n 
designed for this particular use. Starting from the distance matrix of d, th e successive 
uses of Algorithm s 1  and 2 provide the valued X-tree in 0(n2) time , which does not 
exceed the complexity of any fitting method. 

3.2. A n example . Fo r an illustration o f Algorithm s 1  and 2, consider th e valued 
X-tree of Figure 7. Let us start from the corresponding tree metric array (Table 1). 

Figure 7 

Set x\ =  a  and* 7 =  b  ;  then, Algorith m 1  computes th e quantitie s dist(b,T(ax)) 
€f\r v •— n H <» f n \\iY\\r>Y\ n\\Tt*c» for x = c  ,  d  , e  ,  f , g  , which gives: 
2dist(b,n&c)) = 28+25-5 = 48 
2dist(b,Jla&)) = 28+62-54 = 36 
2distQ),T(ag)) = 28+4941 = 36 
So, Jt6 may be chosen among d , 
Mst(d,T(.ac)) = 48+45-5 = 88 

2distdb,T(sd)) = 28+56-48 = 36 
2distQo,T(af)) = 28+67-59 = 36 

e , f  an d g  ; set, for instance, x& = d  an d compute: 
Mrt(d,r(ae)) = 48+8-54 = 2 
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2dtaftd,7laf)) =  48+55-59 = 44 
So, JC5 = e  and , at the next step, we have: 
2dist(e,1Xaf)) = 54+61-59 - 5 6 
Choosing x$ - f , w e compute: 

Mrt(d,7Xag)) = 48+37-41 = 44 
Mrt(e,7Tac)) = 54+51-5 = 100 
2*ta(e,7T(ag)) = 54+43-41 = 56 
2dist(f,T(ac)) = 59+56-5 = 110 

2dist(f,T(ag)) = 59+30-41 = 48, leading to oc3 = g  an d *2 = c  . 

a • 

T} 

1 b 
1 c 
d 

1 e 
1 f 
1 S 

28 

5 
48 

54 

59 

1 41 
a 

25 
56 

62 

67 

49 

b 

45 

51 

56 

38 

c 

8 

55 

37 

d 

61 

43 

e 

30 

f 

Table 1 

37 

n 

31 

Ti 

3.3. Yushmano v an d circula r order s ar e th e same . A s notice d jus t above , 
circular and Yushmanov orders are defined on two different ways. Both ways select well-
formed triples . According t o the results of this section, these two ways lead in fact to 
the same orders. 

PROPOSITION 3.2 . Every  circular  order  on  the  leaves  of  an  X-tree  T  is 
Yushmanov. 
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Proof. We prove the result by induction on n; for n = 3 , all orders on X ar e both 
circular and Yushmanov. 

Assume th e result i s true for al l X-trees wit h a t most n-1 leaves . Let T  be an X-
tree with n  leaves JC ^ JC 2,..., JC„ , indexed accordingl y wit h a  circular order. Consider 
the pat h T(x xxn_x) betwee n x x andjc^.j . Sinc e th e tripl e (* w.i,*rt,*i) i s well -
formed, w e hav e th e configuratio n o f Figur e 9 , wit h m(x n_i,xn,x{) =  an. So , th e 
vertex a n belong s t o the path T(x xxn_x)\ i t follow s tha t Procedure 1  of Sectio n 3. 1 
can be performe d t o obtain a  Yushmanov indexin g y l,y2,...,ynofX, wit h choice s 
in Initialization and Step 1 leading to yx =  jclf yn_x =  xn_x and yn =  xn. 

xi 
On 

w 

-*n-l 

xn 

Figure 9 (with the same conventions as Figures 2-3) 

Then, in the tree T, delete the vertex xn and the edge a^Kn and reduce the obtained 
tree. A  ne w tre e T  wit h th e leave s JC^... , JC,, ^ i s obtained . Fro m a  plana r 
representation o f T  admitting th e previous circula r indexing x {, JC 2,...,JCW, w e deriv e 
a plana r representatio n o f T  wit h JCj,... , x n_x a s a  circula r indexing . So , b y th e 
induction hypothesis , thi s order is Yushmanov . I t follows tha t it can be obtained by 
Procedure 1 , wit h JC X and xn_x a s vertice s chose n i n th e initia l step ; tha t is , th e 
Initialization and Step 1 mentioned just above can be continued according to Procedure 
1 in order to obtain the order JCJ ,..., xn on X. 0 

Figure 10 

PROPOSITION 3.3 . Every Yushmanov  order on  the  leaves  of  an  X-tree  T  is 
circular. 
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Proof. Let T be an X-tree wit h n  leaves JC ^ JC2,..., x n, indexe d accordin g t o a 
Yushmanov order . We must show tha t there exists a planar drawing of T  for which 
this orde r i s circular . Thi s i s obviousl y tru e fo r n  = 3 , and we proceed agai n by 
induction on n. 

Assume th e result is true for all X-trees with at most n-1 leaves, and let T be an 
X-tree wit h n  leaves. Afte r deletio n of the edge a„Kn an d reduction o f the obtained 
tree, a new tre e T  i s obtained, with leaves JCj,..., xn_x stil l indexe d accordingl y wit h 
a Yushmanov order . By the induction hypothesis , there exists a planar drawing of T 
such that this order is circular. As a consequence, there is no branch on the left when 
moving fro m JC,, ^ to xx o n the path T{x n_xxx). Ad d the vertex a n o n this pat h at 
the place specified by Algorithm 2; the drawing of the edge a^in on the left of the path 
T(xnAXi) give s xx, JC2,..., xn as a circular order of T(Figure 10) . 0 

Propositions 3.2 and 3.3 assemble into the following 

THEOREM 3.4 . An order  x x ,  x 2 ,... , x n on  the leaves of  an X-tree  T  is 
circular if and only if it is Yushmanov. 

Now, Yushmanov' s algorith m 1  appears t o be a  purely combinatorial , fre e o f 
geometric representation, construction of circular orders. For a dissimilarity d on X, a 
linear order C  on X derived fro m d by Algorithm 1  will be called "circular " if d is 
known to be a tree metric, and "Yushmanov" otherwise. 

3.4. Furthe r propertie s o f circula r order s an d recognitio n o f a  tre e 
metric. The following Algorith m 3 decides whethe r a given dissimilarity matrix d is 
a tree metric. The elements of X are examined in an order provided by Algorithm 1. 
When JC* +1 i s examined, Propositio n 2. 3 gives a  formula leadin g t o values t(j,k+l) 
of th e distance betwee n th e leaves Xj  and xk+x i n the tree T , for all; = 2,... , k- 1, 
under the hypothesis that d is a tree metric. These computed values are compared with 
the actua l one s an d the conclusion follows ; i n the statemen t below , th e "return" 
command means the exit from the algorithm. 

Algorithm 3: recognition of a tree metric 
Input: a  finit e se t X  wit h n  elements ; a  dissimilarit y d  o n X an d a 
corresponding Yushmanov order (xx, JC2,..., xn) on X. 
Output: the answer "Yes" if d is a tree metric; the answer "No" otherwise. 

Initialization 
Compute ̂ 2,3> A^ an d A^2 
if (4^ 3 > 0, 4ff3 >  0, Al2 >  0) 
else prin t "No" 

return 
* :=3 
repeat 

Compute AlMh A$ MX an d 4 f t1 
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i f (A£ M! >  0, AfM i  > 0, A\%1 >  0) the n 
for j  =  2,... , Jk-1 d o 

t(j,k+l) :=max{d(*i^)+d(x^ ^ 
i f (f(/,*+l ) *  d(x j9xk+l)) the n 

print "No" 
return 

else prin t "No" 
return 

until (k  = n+l) 
print "Yes" 

Recall 4 j =  dist(x k,T(x;Xj)) =  UdU^pWCJc^jcp-dCJc^jCy)) . Th e tim e 

complexity o f Algorith m 3  i s 0(n 2), simila r t o previous algorithm s addressin g th e 
same problem (final note in Bandelt [1], Leclerc [17]). 

Theorem 3.4 suggests some remarks about circular orders. First, as illustrated in the 
example of Section 3.2 above, when d is a tree metric, several Yushmanov orders may 
be obtained wit h th e sam e initia l vertice s x x an d *„; thi s is due to the fact that tree 
metrics are strongly constrained , althoug h thei r regularities do not directly appear in 
their matrices. So, arbitrary choices may be needed at every step. This explains why the 
number n(n-l)  o f possible initia l choice s differs fro m th e number of circula r orders 
(defined modul o n) , fo r instanc e 2n'2 fo r an X-tree wit h th e maximum numbe r n- 2 
of laten t vertices. On the other hand, in the general cas e o f a  dissimilarity d  withou t 
special properties , tie s o n th e value s o f d(x n,kfw)-d(xiiw) rarel y occu r i n 
Algorithm 1  and the number of different Yushmano v order s is close t o n(/i-l). Not e 
also tha t the choic e o f th e initia l verte x x x i n Algorith m 1  finally doe s no t matter 
when th e purpos e i s jus t t o obtai n a  circula r order , becaus e o f th e followin g 
consequence of Theorem 3.4: 

COROLLARY 3.5 . If x x, x 2 ,... , x n is  a circular  order  on  the leaves of  an X-
tree T t then,  for any  ke  {l , . . . ,n} , the  order  x k, x k+i ,... , x n ,  x { ,  x 2 ,... , 
%i is  again circular. 

Another property of circula r orders is related with the induction on the number n 
used i n th e proof o f Propositio n 3.3 . Wit h th e remark tha t th e differenc e betwee n 
d(xn_x,x^)+d(xn,x{) an d dix^^^ i s tw o time s th e lengt h o f th e new edg e a nxn, 
the following Proposition 3.6, already stated by Yushmanov, holds: 

PROPOSITION 3.6 . The  sum £(T)  of  the lengths  of  the  edges of  a  valued  X-tree 
T£ is  given  by  2£(T)  =  d(x x,x2) +  d(x 2,x3) +  d(x 3,x4) +  . . .+ d(x n_{yxn) + 
d{xwx{), provided  jq,  JC2,...,*„ is  a circular order on X. 

Especially, i n th e unvalue d case , th e su m d(x l9x2) +  d(x2j3) +... + d(x n,xx) 
is two times the number of edges of the tree. 
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COROLLARY 3.7. Algorithm 2 reconstructs a valued X-tree T  with  n  leaves  in 
0(h) operations. 

Proof. A s a consequence of the previous result applied to the unvalued case, the 
number Xi^-^- i IT w(x*%hl)l, which is an upper bound of the number of the edges 
examined in the algorithm, is two times the number of edges of the final tree. 0 

4. A  fittin g metho d 

4.1. Tw o fittin g algorithms . Thi s sectio n i s devote d t o th e problem , ver y 
often addresse d in the literature, of fitting a  tree metric t to a given dissimilarity d. 
Algorithms of various types have been given or recalled, for instance, by De Soete [12], 
Luong [19] , Saitou and Nei [26] , Barth61emy and Gudnoche [2] , Roux [25] , Leclerc 
[17], De Soete and Caroll [13] , Gascuel and L6vy [16], The best time complexity of 
such algorithms is 0(n2); the algorithms reaching such a complexity are rarely good 
for global criteria like the least squares one. In fact, the least square approximation of a 
dissimilarity d  by a tree metric t is shown to be NP-hard in Day [10 ] (see also Day 
[11]). For this problem, the heuristics giving satisfactory result s have usually a time 
complexity o f 0(n 4) o r 0(n5), th e Saitou and Nei NJ (neares t joining) metho d in 
0(n3) bein g a noticeable exception. For many problems of data analysis, where the 
purpose i s t o handle larg e dat a sets , a  complexity orde r o f 0(n 4) o r 0(n5) i s too 
high. Sinc e 0(n 5) algorithm s ar e stil l currentl y propose d fo r th e fittin g o f tre e 
metrics, it seems that the situation is different i n many applications of this problem. 
We describ e her e tw o algorithm s base d o n Yushmano v orders . The y procee d b y 
successive loca l leas t square s approximation s an d ar e basicall y i n 0(n 2). Globa l 
approximation an d repetitiv e use s wil l increas e thi s complexit y u p t o 0(n 4) o r 
0(n5) in Section 4.2, with seemingly good performances (Section 4.3). 

The principle of the algorithm i s as follows: at the step k, 2 < k £ n-1, a  current 
valued tree T\ ha s been determined, with the leaves {JCp... , JC^}. The vertex ak+l i s 
assumed t o be o n th e path TJ>(x xxk) o f thi s tre e and a  reconstruction procedur e i s 
introduced to obtain the tree TJF+l, with the further problem of the determination of the 
best place of ak+i o n the path Tt(x {xk). A t the final ste p n-1, th e valued X-tree T t 

corresponding to the tree metric t is obtained. In the determination of the best place of 
a*+1, th e length s a , (J  and y , of , respectively , th e path s 7f +1(*i0*+i) an d 
Ttl(ak+lxk) an d the edge ak+lxk+l, ar e adjusted a t each ste p according t o a least 
squares criterion. Two methods are proposed here. In Algorithm 4, the computations at 
the Ste p k  ar e based o n th e onl y tw o value s d^x^x^),  d(x k,xk+x) o f th e initia l 
dissimilarity, togethe r wit h th e value t(x lyxk) determine d a t the previous step ; this 
computation corresponds wit h Problem P ik. I n Algorithm 5, the best place for a k+i 

is determined for each edge uv of the path 7$(JCJJC*) , taking i n account al l th e initia l 
values d(Xj,x k+l), i  =  l,...,fc . Thi s computatio n correspond s wit h Proble m 
P2jfc(wv)- The edge leading to the best fitting is chosen. 
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Problem P lyk (se e Figure 11) : 

*i • r 
u <fc+i 

a 

+ x k 

Figure 11 

MINIMIZE (a  +  y  - d(xx,JC*+ i))2 + (P + 7- d(x k,xk+1))2, 

subject to: a+/J = t(x\,xk) (determine d at the previous step); a> 0; j3> 0; y> 0. 

Set A  =  rf(JCjfe,ocjt+i)-^i^ik>dCri,Xjt+i) and B =  K x i ^ ^ ^ x ^ i H ^ i ^ + i ) ; 
the problem reduces as: 

MINIMIZE a 2 +  f  +  A a +  £y, 

subject to : a > 0; y > 0; fCti***) - a ^ 0. 

With the use of the Lagrange function (see for instance Ciarlet [8] or Minoux [21]): 

F(A1,A2,A3) =s a2 + y1 + Aa + £ y- Aj a -  A2y+ A 3(a -  rOc^)), 

where X i > 0 for i =  1 , 2, 3, we obtain a  necessary conditio n o n a an d y  fo r 

reaching th e minimum: (a,y ) e  {(-^-,-£-) ; (-^-,0) ; (/(JCj,*£),-&) ; (KJCJ^.O) ; 

(0,-*);(0,0)}. 
2 

Among thes e couples , choos e th e on e satisfyin g th e constraints an d actuall y 
realizing the minimum. 

x\ • mxk 

Problem /*2,* : 

Let w v be an edge of the path T£(x xxk\ u  being it s extremity closes t t o xx. Sinc e 
the order xv JC 2,..., xk on the leaves of T\ is circular, there always exists an index p 
such tha t all th e leaves J^, . . . , x p are on the same side of a k+v whil e jcp+1,...,jc^ are 
on th e othe r sid e (Figur e 12) . Takin g in account th e distance s dist(x i7T(xxxk)) fo r 
all element s x i9 2 < i < Jfc-1, we obtain th e followin g quantit y t o minimize fo r th e 
best place for ak+l o n the edge wv: 
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Problem Pnjfuv) 

MINIMIZE (a  +  y- d(xlfxk+l))
2 +  (/J + Y" d(x kjk+l))

2 

+ ^2^p (d(xi9xM) -  ( «- dist(xlf1Xxjxd) +  dirtC*,-,^**)) +  # )2 

+ £/7+i£<£*- i ^ 1 ^ + 1 )" J3 • dist(xkJ{xxx<j) +  rfto^nx^)  +  y)2, 
subject to : a  + /3 = r(jcl9jc&); /J > 0; y> 0 ; /(jcl9u) < a < t(x vv), 

where fOĉ w ) and t(vjc k) ar e the distances betwee n th e corresponding vertice s i n 
the valued tree 7f. 

Set A! =  d(x{yxk+l), A k = d(xkjM) -  t(x {txk)f 

Ai =  d(^-,^+1) -  t(xi9xk) + f(*i >**) for 2  < / ^ p, and 
A,- = rf(*,v**+i) - Kx\Ji) fo r p+1 < i < fc-1. After reduction, the problem is now: 

MINIMIZE I l 5 ^ ( a + M , )2 +  IjH-i^k (a-^^i> 2» 
subject to : y>  0 ; r(jclfii) <  a < t(x vv). 

Setting 5 = 4p-2#, C = 2I/ ? + 1 <^ A, - 2 1 ^ ^, A, and D = - 2 1 ^^ A,-, one gets: 

MINIMIZE ka 2 +  kf-  +  £ a y +  C a +  Dy , 

subject to the same constraints. 

Consider the Lagrange function: 

F(A1,A2,A3) = kcfi+kft+Bay+Ca+DYt X l{a-t{xvv)yX2'Y^ A 3(f(jc1,w)-a). 

The necessary conditions for minimum are: 

F'a = 2J(:a + By+ C  + A2 - A3 = 0; 
F'r=2ky+Ba +  D' ^  =  0; 
Xx(a-t(xvv)) =  0; ^ 7= 0; ^(fOt^iO-a) =  0, 

where A, >0 for; = 1,2, 3. 
This system of equations leads to six possible solutions: 

1. a  =  f(*i»v), y= 0; 

2. a  =  «* 1,v),r=-Wfri !vH£ ; 
2* 

3. a  = - -£ y=0 ; 
2k 

4 - a  = BD-ZkC,y=BC-lW; 
4k2-B2' 4* 2-B2 

5. a  = f(*i,"), 7=0 ; 

2* 

Among th e couples (a,/ ) above , choos e th e one satisfying th e constraints and 
actually realizing the minimum. End of Problem P^uv). 
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Among the edges of th e path Tf(x xx^ choos e th e one realizing th e minimum. 
End of Problem P^ 

In the following statement, the notations are the same as in Algorithm 2; moreover, 
wiOJix^)) =  w(hT(xxxk)) =  wXOJix^)) =  x v 

Algorithm 4: construction of a valued X-tree from a dissimilarity d 
Input: a finite set X with n elements; a dissimilarity d on X. 
Output: a valued X-tree Tt = (V(T),E(T),£). 

Initialization. Compute a  Yushmanov orde r (jC p JC 2,..., xn) on X\ 
V(T) := {xv x 2}\ E(T)  := xxx2\ t(x xx2) : = d(xltx2); k  := 1 
Repeat 

t :=J t+l ;S :=0; i :=0 
The problem is to add the leaf JC*+1 to the current valued tree T\ wit h leaves JCI,..., JC*. 

Solve Proble m P lk (a , y) for the path Tfa xxk) 
while S  <  a do 

S = S+^rCx^) ) 
w := w(i,T(x{xk)); v := w'(i,7TxiX*)) 
if S = a the n 

V(7):=F(7)u{**+1} 
£(7):=£(7)u{*a*+1} 
£(uxk+l) : = y 

elseV(7^:=V(7)u{a*+1,x*+1} 
£(7) := (E(T)-{uv})v{ua k+vvak+l,ak+lxk+l} 
t(ak+lxk+l) : = y 
£(uak+l) := a - 5 + ^(/^(JCJ^) ) 

^(v^+1) := 5 - a 
until (f c = n) 

Algorithm 5: construction of a valued X-tree from a dissimilarity d 
This algorithm i s identica l t o Algorithm 4 , except th e instruction "Solv e Proble m 
Pljc", which is replaced with "Solve Problem P 2k. 

4.2. Tim e complexit y an d strategie s fo r th e us e o f Algorithm s 4 
and 5. Problem P lk i s solved in 0(1) and the obtainment of a Yushmanov order by 
Algorithm 1  is 0(n 2). Then , Algorithm 4  has the same time complexity 0(n 2). I n 
Problem P2 k, using the fact that the Yushmanov order is circular, we can proceed to a 
careful updating from edge to edge on the path T$(XiXk): whe n moving from the edge 
uv to the next edge vw, it is not necessary t o compute again al l the values A/. This 
computation ha s t o be don e just fo r th e A/'s suc h tha t m(x vxiyxk) =  v and i  * 1 , 
it; their number is the degree of v  minus two. The tota l number o f suc h operations 
related t o the path T^(x xxk) i s exactl y k-2,  fo r k  =  3,... , n.  Finally , thoug h th e 
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steps of Algorithm 5 seem more complicated than those of Algorithm 4, each step is at 
most 0(k) an d this algorithm is 0{n2) again . 

As reported at the beginning of thi s section, such a time complexity i s very good. 
Two 0(n 2) method s are proposed i n Leclerc [17] . They ar e based on combinatoria l 
properties of tree metrics, and not related with the least squares criterion. 

Indeed, thi s time complexity 0(n 2) i s not realistic (at least at the present state of 
this study) : th e initia l choic e o f th e element s JC j and xn i s importan t i n th e us e o f 
algorithms 4 or 5, since it determines in fact a Yushmanov order among all the possible 
ones. Further studies or experimentations wil l be necessary to have an idea of the best 
strategy for this choice. In the experimental testings of the next subsection, we use the 
low complexity of Algorithms 4 and 5 to develop the alternative approach consisting of 
trying al l th e possibl e initia l pair s (x l,xn). I t give s tw o 0(n 4 ) methods , calle d 
Methods 1 and 2, based on Algorithms 4 and 5, respectively. 

Both Methods 1 and 2 are completed with an adjustment of the lengths of the edges, 
once the topology of the obtained tree is fixed. Based on a least squares criterion on the 
differences between the obtained tree metric and the initial dissimilarity, this quadratic 
approximation is performed with the Gauss-Seidel method proposed in Barth61emy and 
Gu6noche ([8] , pp. 60-66 ; se e fo r instanc e Ciarle t [8]) . Sinc e i t require s a n 0(n 4) 
time, it is mainly interesting for algorithms having at least this complexity. Even with 
this improvement, good results may hardly be expected from Method 1 , because of the 
local characte r o f Proble m P lk. I n Method 2 , th e approximatio n i s don e o n th e 
obtained tree s that give th e best result for th e least squares criterion. The number of 
these trees is a small fixed one in Method M21 (in 0(n 4)), and of order n in Method 
M22 (in 0(/x5)). 

4.3. Experimenta l results . Algorithm s 1 , 4  an d 5  hav e bee n programme d i n 
the C++ programming language and tested on a MS-DOS machine of IBM-PC type. 

We use an evaluation method similar to that of Pruzanski , Tversky et Caroll [23], 
De Soete [12 ] and Gascuel et Levy [16] . Each data set is obtained as follows: first, an 
X-tree with n leaves and 2n-3 aretes is generated at random (for n  = 12 , 18 , 24). The 
lengths o f th e edge s ar e chosen a t random fro m a  uniform distributio n o n th e rea l 
interval [0,1] . Then , th e value s o f th e corresponding tre e metric ar e computed an d 
normalized to have a unit variance, leading t o a valued X-tree 7T . A normal random 
noise of mean 0 and variance a2 =  0.1, 0.25, 0.5 i s added to these values to obtain the 
distance d\  i n th e rar e case s wher e a  negativ e valu e d(x,y)  result s fro m thes e 
operations, this value is replaced with 0.01. A number of 10 0 data sets is generated for 
each pair of values of n and <7. 

The results obtained from our methods Ml an d M2 (with the variants M21 and M22 
described above) are compared with those of the classical NJ method. We also consider 
the tru e tre e TT  which , contrar y t o th e cas e o f observe d data , i s know n i n thes e 
experimental ones. 
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The quality of the adjustement is evaluated by the means, computed on all the tests 
corresponding to each pair (nya\ o f two quantities: 
1. Th e proportion of explained variance, as given by a formula of Pruzanski,Tversky 
and Caroll [23], where m(d) is the mean value of d and t is the fitted tree metric: 

V IxyexKdixyynid)) 2 

This quantit y i s als o determine d fo r th e tre e metri c obtaine d afte r quadrati c 
approximation (colum n "%Var+") . With this approximation, the NJ method becomes 
an 0(n4) one. 
2. Th e topological distance of Robinson and Foulds [24] between the true tree 7Tand 
the X-tree representatio n o f t.  I t i s a  leas t mov e distance , th e elementar y mov e 
between two X-trees being the deletion or the addition of the split corresponding with 
an edge; tha t is , i t is th e symmetri c differenc e metri c o n X-trees define d a s set s o f 
splits (Buneman [5] ; see Barth61emy and Gu6noche [2] , ch. V). The distance between 
two trees is expressed as a percentage of the maximum value 3n-6. 

\n =1 2 

\n =1 8 

r =2 4 

Ml 

! M2 1 

M22 

NJ 

TT 

Ml 

M21 

M22 

NJ 

TT 

Ml 

M21 

M22 

NJ 

TT 

<72 = 0.1 

88.14 

92.62 

92.62 

92.70 

90.13 

84.80 

91.33 

91.33 

91.42 

1 90.1 7 

' 82.7 4 

90.42 

90.42 

90.67 

90.00 

%VAR 

93.54 

93.66 

93.69 

93.63 

93.49 

92.26 

92.57 

92.61 

92.55 

92.46 

91.28 

91.83 

91.93 

91.89 

91.86 

%VAR+ 

12.76 

10.47 

9.80 

10.47 

17.58 

12.19 

11.64 

12.81 

23.64 

16.62 

13.54 

15.91 

RF 

a2 =  0.25 

73.93 

83.24 

83.24 

83.32 

78.08 

68.65 

80.89 

80.89 

81.06 

78.23 

65.46 

79.04 

79.04 

79.41 

78.40 

%VAR 

84.98 

85.44 

85.56 

85.44 

84.94 

82.58 

83.55 

83.73 

83.51 

83.28 

80.05 

82.07 

82.34 

82.27 

82.20 

%VAR-+ 

18.06 

16.00 

14.70 

16.27 

27.12 

20.77 

19.73 

21.75 

37.83 

28.13 

28.08 

26.82 

RF 

a2 =  0.5 1 

61.49 

73.86 

73.86 

73.49 

64.67 

51.52 

68.30 

68.30 

67.96 

63.72 

46.47 

64.62 

64.62 

66.68 

64.41 

%VAR 

75.84 

76.96 

77.17 

76.75 

75.64 

69.89 

72.12 

72.55 

72.33 

71.80 

66.24 

69.65 

70.24 

70.56 

70.35 

%VAR+ 

26.57 

21.63 1 

20.90 

22.63 

37.48 1 

31.75 

29.08 

31.04 

46.92 

37.02 

35.60 

33.79 

RF 1 

Table 2 

The analysis of th e results leads to the following observations : compared with the 
others, Metho d M l i s to o elementar y t o giv e satisfactor y results . Th e quadrati c 
approximation is a very efficient too l for the improvement of the variance percentage. 
When the rank n  is 1 2 or 18 , Method M21 gives globall y bette r results than NJ, and 
Method M22 i s globall y th e best one i n thes e tests . Nevertheless , metho d N J i s the 
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most robust when the size of the data and the variance of the noise both increase. For 
n = 24 and a2 =  0.5, it still gives the best results. 

A furthe r experimen t i s based on the data of Cas e [6 ] (immunologica l distance s 
between nin e specie s o f frogs) , frequentl y use d fo r similar testing (se e fo r instanc e 
Saitou and Nei [26] and Gascuel and L6vy [16]). Table 9 gives these distances. 

1: Aurora 
2: Boylii 
3: Cascadae 
4: Muscosa 
5: Temporaria 
6: Pretiosa 
7: Catesbiana 
8: Pipiens 
9: Tarahumarae 

1 

10 

1 3 

12 

57 

22 

8 6 

8 9 

97 

8 

7 

7 

50 

9 

6 5 

67 

7 2 

7 

4 0 

1 1 

54 

6 6 

7 9 

4 5 

1 5 

4 8 

49 

67 

Table 3 

4 8 

8 5 

8 3 

107 

54 

5 5 

60 
54 

59 4 8 

Catesbiana 

Pipiens 

Tarahumarae 

— Pretiosa 

Temporaria 

Muse osa 

Cascadae 

Boylii 

Aurora 

Figure 13 

Five fitting method s are compared here: the methods M21 and M22 of thi s paper, 
the NJ method, and two other methods recognized to give generally good results: the 
method of scores (MS) of Luong [19 ] and Barth61emy and Gu6noche [2] , based on the 
grouping o f pair s JC , y suc h tha t d(x,y)  +  d(z,w)  <  max { d(x,z)  +  d(y,w)  , 
d(x,w) +  d(y,z) }  fo r a  maximum numbe r o f pair s z , w (i t ma y b e considere d a s 

Licensed to AMS.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/publications/ebooks/terms



CIRCULAR ORDER S FO R TRE E METRIC S 205 

a refinement o f the ADDTREE method of Satta h and Tversky [27]) ; and the reduction 
method of Gascuel and L6vy [16], denoted here GL (it iteratively modifies the values of 
the dissimilarity towards a dissimilarity satisfying th e four point-condition). These last 
two methods are 0(n5). Th e best tree obtained by Method 2.2 and the corresponding 
tree metric are given in Figure 13 and Table 4. 

Five criteria are used for the comparison of the methods. The combinatorial criterion 
NI (numbe r o f inversions ) i s th e numbe r o f quadruple s xyzw  suc h tha t a  uniqu e 
minimum amon g th e thre e sum s d(x,y)  +  d(z,w) , d(x,z)  +  d(y,w)  an d 
d(x,w) +  d(y,z)  disagree s wit h th e configuratio n o f th e obtaine d X-tree . Th e 
criteria AA D ,  MA D an d MS D respectivel y correspon d to the average absolute 
difference, the maximum absolute difference and the mean squared difference between the 
values of the initial dissimilarity matrix and the obtained tree metric one. The criterion 
L, no t available here for the reduction metiiod, is the total length of the obtained valued 
X-tree, a  shor t lengt h bein g i n agreemen t wit h th e "parsimon y principle " o f 
phylogenetics. Th e criterio n value s give n i n Tabl e 5  ar e thos e obtaine d afte r th e 
quadratic approximation of the edge lengths mentioned in the previous subsection. In 
Method M21, the approximation i s just done one time , on the best tree for the least 
squares criterion. Here , Method M22, wher e n  trees are used for the approximation, 
provides a significant improvement to the few number of trees (here, three) considered 
in Metho d M21 . Th e obtaine d tre e i s topologicall y a n intermediat e betwee n thos e 
obtained by Saitou and Nei (als o by method M21), on the one hand, and Gascuel and 
L6vy, on the other hand: it just differs from the former by the exchange of the places of 
Muscosa an d Cascadae,  an d from th e latter by th e exchang e o f Temporaria  an d 
Pretiosa. Contrar y t o the Gascuel an d L6vy method , th e quadratic approximation i s 
necessary to obtain a good fit. 

1 2 3  4  5  6  7  8 
2 1 3 . 2 2 

3 1 6 . 6 1 3 . 3 9 

4 2 0 . 8 8 7 . 6 6 4 . 3 5 

5 6 0 . 6 6 4 7 . 4 3 4 4 .  1 3 3 9 . 7 8 

6 2 8 . 7 1 1 5 . 4 9 1 2 . 1 8 7 . 8 3 4 0 . 7 8 

7 7 6 . 0 3 6 2 . 8 1 5 9 . 5 0 5 5 . 1 5 8 8 . 1 2 5 0 . 3 9 

8 7 9 . 3 7 6 6 . 1 5 6 2 . 8 5 5 9 . 0 0 9 1 . 4 7 5 3 . 7 3 5 0 . 9 3 

9 9 0 . 5 2 7 7 . 3 0 7 3 . 9 9 6 9 . 6 4 1 0 2 . 6 1 6 4 . 8 7 6 2 . 0 7 4 8 . 0 0 

Table 4 

ANI AA D MA D MS D L 
Scores n . a . 4 . 7 6 1 2 . 2 5 3 2 . 8 0 1 7 2 . 0 

NJ 2 6 4 . 7 1 1 1 . 2 1 3 0 . 1 2 1 7 1 . 9 

GL 2 3 4 . 5 2 1 0 . 0 5 2 8 . 9 5 n . a . 

M 2 1 2 6 4 . 7 1 1 1 . 2 1 3 0 . 1 2 1 7 1 . 9 

M 2 2 2 3 4 . 6 1 9 . 9 7 2 8 . 2 7 1 7 0 . 7 

Table 5 
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5. Conclusio n 

The results and algorithms presented in this paper give evidence that Yushmanov 
orders are an interesting tool for the study of tree metrics. Among the questions arising 
about these orders, two of them seem especially interesting: the possible significance of 
Yushmanov order s fo r othe r type s o f dissimilarities ; an d thei r relation s wit h th e 
previously known combinatorial properties of tree metrics or X-trees (for instance the 
4-ary relations characterized by Colonius and Schutze [9], the sets of splits of Buneman 
[5] and the relations with minimum spanning trees in Leclerc [17]). 

Concerning th e fitting algorithm s of Sectio n 4, th e natural question i s to device a 
way of preserving the low complexity of Algorithms 4 or 5. Here, this low complexity 
just allowed us to generate many good candidate trees, and to look for the best solutions 
among thes e candidates. Another direction of research i s to generalize th e method to 
other criteria, for instance the weighted least square one. An algorithm based on this 
criterion and sharing some features with those presented here, but without the use of 
circular orders, has been proposed by Makarenkov [20]. 

An important fact is the geometric signification, related to planar representations, of 
Yushmanov orders. Some uses of these orders for the drawing of trees, possibly directly 
from a dissimilarity array, may be expected: for instance, circular orders correspond to 
the so-called hierarchical drawings of an X-tree (Barth61emy and Gu6noche [2] , p.28). 
In such a  drawing, inspire d by th e dendrograms o f Numerica l Taxonomy , th e latent 
vertices are represented by horizontal lines, the upper one corresponding to the choice of 
a root . Th e edges o f th e tre e are represented b y vertica l line s an d no crossings ar e 
allowed. Thes e orders , tha t can b e obtaine d a s right-lef t order s o n th e leave s i n a 
hierarchical drawing , have been studie d by Brossie r [3 ] in the case of dendrograms; 
Figure 14 shows a hierarchical drawing of the tree of Figure 4, with the right-left order 
1 0 9 4 3 6 5 8 7 2 1 , whic h i s circular . On e ma y als o expec t tha t the algorithm s 
described here could be modified i n order to lead to a new famil y o f low complexit y 
methods of hierarchical classification, very different from the single linkage algorithm, 
which is, up to our knowledge, the only one in 0(n2). 

3 4  9  1 0 

5 6 

1 2  7  8 

Figure 14 

Licensed to AMS.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/publications/ebooks/terms



CIRCULAR ORDER S FO R TRE E METRIC S 207 

References 

1. H.J . Bandelt , Recognitio n o f tre e metrics , SIAM  Journal  on  Discrete  Mathematics  3 
(1990), 1-6 . 

2. J.P . Barthelemy , A . Guenoche , Les  arbres  et  les  representations  des  proximitis, 
Masson, Paris , 1988 , transl . Trees  and  proximity  representations ,Wiley, Ne w York , 
1991. 

3 . G . Brossier , Representatio n ordonne e de s classification s hierarchiques , Statistique  et 
Analyse des  Donniesl  (1980) , 31-44 . 

4. G . Brossier , Approximatio n de s dissimilarit y pa r de s arbre s additifs , Mathimatiques  et 
Sciences humaines  91 (1985) , 5-21 . 

5. P . Buneman, Th e Recover y o f Tree s fro m Measure s o f Dissimilarity , i n Mathematics  in 
Archaeological and  Historical  Sciences  (eds . F.R. Hodson , D.G . Kendal l an d P . Tautu), 
Edinburgh Universit y Press , Edinburgh , 1971 , 387-395. 

6. S.M . Case , Biochemica l systematic s o f member s o f th e genu s Rana  nativ e t o wzster n 
North America , Systematic  Zoology  21  (1978) , 299-311 . 

7. S . Chaiken , A.K . Dewdney , P.J . Slater , A n optima l diagona l tree-code , SIAM  Journal 
on Algebraic and  Discrete Methods,  4 (1983) , 42-49 . 

8. P.G . Ciarlet , Introduction  a  Vanalyse  numirique  matricielle  et  a  I  'optimisation, 
Masson, Paris , 1985 . 

9. H . Colonius , H.H . Schulze , Tre e structur e fo r proximit y data , British  J.  Math.  Statist. 
Psychol. 3 4 (1981) , 167-180 . 

10. W.H.E . Day , Computationa l complexit y o f inferrin g phylogenie s fro m dissimilarit y 
matrices, Bull,  of  mathematical  Biology  4 9 (1987) , 461-467 . 

11. W.H.E . Day , Complexit y theory : a n introductio n fo r practitioner s o f classification , i n 
Clustering and  Classification  (ed s P . Arabie , L.J . Huber t an d G . D e Soete) , Worl d 
Scientific PubL , Rive r Edge , NJ , 1996 , 199-233 . 

12. G . D e Soete , A  Leas t square s Algorith m fo r Fittin g Additiv e Tree s t o Proximit y Data , 
Psychometrika 4 8 (1983) , 621-626 . 

13. G . De Soete , J.D. Caroll, Tree an d othe r networ k model s fo r representin g proximit y data , 
in Clustering  and  Classification  (ed s P . Arabie , L.J . Huber t an d G . D e Soete) , Worl d 
Scientific PubL , Rive r Edge , NJ , 1996 , 157-197 . 

14. A.K . Dewdney , Diagona l tree-codes , Information  and  Controls  (1979) , 234-239 . 

15. A.J . Dobson , Unroote d tree s fo r numerica l taxonomy , J.  Appl.  Prob.  1 1 (1974), 32-42 . 

16. O . Gascuel , D . Levy , A  reductio n algorith m fo r approximatin g a  (nonmetric ) 
dissimilarity b y a  tre e distance , J.  of  Classification  1 3 (1996) , 129-155 . 

17. B . Leclerc , Minimu m spannin g tree s fo r tre e metrics : abridgement s an d adjustments , / . 
of Classification  1 2 (1995) , 207-241 . 

18. B . Leclerc , V . Makarenkov , O n som e relation s betwee n 2-tree s an d tre e metrics , 
Research Repor t n ° 131 , C.A.M.S., Paris , 1997 , submitted . 

19. X . Luong , Thesis , Universit e Ren e Descartes , Paris , 1987 . 

20. V . Makarenkov , Deu x algorithme s d'approximatio n d'un e dissimilarit e pa r un e distanc e 
d'arbre a u sen s d u criter e de s moindre s carre s ponderes" , Les  cahiers  du  C.A.M.S.,  n° 
128, 1996 . 

21. M . Minoux, Programmation  matte  mat ique, thiorie et  algorithmes,  Dunod , Paris , 1983 . 

22. A.N . Patrinos , S.L . Hakimi , Th e distanc e matri x o f a  grap h an d it s tre e realization , 
Quart. Appl.  Math.  30 (1972) , 255-269 . 

Licensed to AMS.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/publications/ebooks/terms



208 VLADIMIR MAKARENKO V AN D BRUN O LECLER C 

23. S . Pruzansky , A . Tversky , ,  J.D . Caroll , Spatia l Versu s Tre e Representation s o f 
Proximity Data , Psychometrika  4 7 (1982) , 3-19 . 

24. D.R . Robinson , L.R . Foulds , Compariso n o f phylogeneti c trees , Mathematical 
Biosciences 5 3 (1981) , 131-147 . 

25. M . Roux , Technique s o f approximatio n fo r buildin g tw o tre e structures , i n Recent 
Devlopments in  Clustering  and  Data Analysis  (eds . C. Hayashi, E . Diday, M . Jambu, N. 
Ohsumi), Academic Press , New York , 1988 , 151-170 . 

26. N . Saitou , M . Nei , Th e neighbor-joinin g method : a  ne w metho d fo r reconstructin g 
phylogenetic trees , Molecular  Biology  Evolution  A  (1987), 406-425 . 

27. S . Sattah , A . Tversky , Additiv e similarit y trees , Psychometrika  4 2 (1977) , 319-345 . 

28. S.V . Yushmanov , Constructio n o f a  tre e wit h p  leave s fro m 2p- 3 element s o f it s 
distance matri x (russian) , Matematicheskie  Zametki  35 (1984) , 877-887 . 

29. K . Zaretskii , Constructio n o f a  tree on th e basis o f a  set of distance s betwee n it s leave s 
(russian), Uspekhi  Mat.  Nauk.  20 (1965) , 90-92 . 

CENTRE D'ANALYS E E T D E MATHGMATIQUE SOCIALES, £COLE DE S HAUTES 
ETUDES E N SCIENCES SOCIALES, 54 Boulevard Raspaii, F-75270 PARIS CEDEX 06, 
FRANCE. 
E-mail Address: leclerc@ehess.f r 

INSTITUTE OF CONTROL SCIENCES, 65 Profsoyuznaya, MOSCO W 117806, RUSSIA. 

Licensed to AMS.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/publications/ebooks/terms

mailto:leclerc@ehess.fr


DIMACS Serie s i n Discret e Mathematic s 
and Theoretica l Compute r Scienc e 
Volume 37 , 199 7 

Estimation of Missing Distances in Path-Length Matrices: 

Problems and Solutions 

Pierre-Alexandre Landry and Francois-Joseph Lapointe 

ABSTRACT. Certai n molecula r technique s use d i n biologica l studie s ma y lea d t o 
incomplete data sets, which greatly limit the number o f tools available for phylogeneti c 
analyses. However, lacunose {Le.  incomplete) distanc e matrices can ofte n b e estimate d 
with relative accuracy from the available data. Several authors (De Soete, 1984a , 1984b ; 
Lapointe an d Kirsch , 1995 ; Landry e t al. , 1996 ) hav e explore d th e possibilitie s o f 
estimating missin g distance s usin g tw o metri c propertie s o f path-lengt h matrices : th e 
ultrametric inequality (Hartigan , 1967 ) and the four-point conditio n (Buneman , 1971) . In 
this paper , w e hav e assesse d th e accurac y o f th e tw o estimatio n procedure s usin g a 
simulation desig n based on noiseless additive matrices (th e path-length matrice s o f trees 
obtained from DNA-hybridization data ) to assess the strengths and weaknesse s o f eac h 
method. Results show that the additive procedure is the one to choose with low levels of 
missing cells , whil e th e ultrametri c on e i s mor e accurat e wit h highe r percentage s o f 
missing data. The simulations were repeated with ultrametric path-length matrices, where 
we sho w tha t th e ultrametri c procedur e i s mor e accurat e i n mos t cases . Give n th e 
complexity o f the estimatio n problem , w e make some suggestions a s to how t o get th e 
most out of lacunose matrices in specific cases. 

Introduction 

It i s no t unusua l i n biologica l studie s t o obtai n incomplet e dat a sets , du e t o 
difficulties arisin g from the experimental methods, the lack of biological material, or to a 
combination o f unpredictable factors . Fo r example , phylogenetic analyse s relying on 
DNA hybridization or comparative serology require n2 comparisons among n  taxa, which 
can limit the number of species included i n these studies; it is not rare to end up with 
lacunose (i.e. incomplete) distance matrices in such cases. However, because distances 
are not independent from one another, metric properties can be used to estimate missing 
cells in distance matrices. Originally, De Soete (1984a) and Lapointe and Kirsch (1995) 
proposed using the ultrametric property (Hartigan, 1967) to fill lacunose matrices prior to 
phylogenetic reconstruction: 

(1) d ( i,;) < max[d( i, k)\ d(j, k)]9 for every i,; , k. 
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Kirsch et al. (in press) have also shown that the ultrametric property can be applied 
to combine matrices representing overlapping sets of taxa. But biological data rarely fi t 
the ultrametric mode l (i.e.  no t al l specie s evolve a t th e same rate) . A  more genera l 
property o f tree metrics, the four-point (o r additive) condition (Buneman, 1971) , could 
thus be used to estimate missing path-length distances more accurately: 

(2) d(i,  j) +  d(k, I)  < max[d( /, k) + d(j, /); d( /, /) + d(j, k)], for every i, j, k, I. 

Landry et al. (1996) have observed tha t additive estimations o f cells deleted fro m 
DNA-hybridization matrices were usually more accurate than the ultrametric estimations. 
Indeed, whe n th e four-poin t conditio n i s applie d t o estimate a  distance delete d fro m 
complete additiv e o r ultrametri c matrices , it s actua l valu e ca n alway s b e recovere d 
provided that this missing distance is not between terminal sister-taxa (i.e. a terminal pair 
of leaves) . Thi s i s als o tru e fo r a  distance missin g fro m a n ultrametri c matri x an d 
estimated wit h the corresponding ultrametri c property . However, Landry e t al . (1996) 
could not explain why the ultrametric property sometimes provided better estimates of 
missing distances in non-ultrametric lacunose matrices. The present paper addresses this 
specific question . Th e tw o differen t estimatio n method s wil l thu s b e applie d an d 
compared i n a  simulation desig n base d o n ultrametri c an d non-ultrametri c additiv e 
matrices, in order to assess the relative efficiency o f the competing procedures. 

Methods 

Simulation design. For comparison with previous studies, we have selected the same 
DNA-hybridization matrices [n = 7: Dasyuridae (Marsupialia); Kirsch et al. 1990, n - 9 : 
hummingbirds (Apodiformes); Bleiweiss et al. 1994, n = 11: Didelphidae (Marsupialia); 
Kirsch e t al . 1995a , n  = 13: Diprotodontia (Marsupialia) ; Springe r an d Kirsc h 1991, 
n = 15 Pteropodidae (Chiroptera); Kirsch et al. 1995b] analyzed by Lapointe and Kirsch 
(1995) an d Landr y e t al . (1996) . I n th e presen t case , w e wer e intereste d i n th e 
phylogenies reconstructed from the complete matrices. An additive tree was thus derived 
from eac h DNA-hybridization matri x usin g th e FITCH progra m implemente d i n th e 
PHYLIP package, version 3.5c (Felsenstein, 1993) . Ultrametric trees were also obtained 
from th e same matrice s wit h th e KITSC H program (Felsenstein , 1993) . FITCH and 
KITSCH both are least-squares algorithms to compute the optimal additive or ultrametric 
tree respectively fro m a  given distance matrix. The corresponding path-length matrices 
computed fro m those trees were then used in the simulations. The experimental design 
follows Landry et al. (1996): 

(a) a  lacunose matri x i s create d b y randomly removin g know n value s fro m th e 
complete matrix; 
(b) missin g cell s ar e estimate d usin g eithe r th e ultrametri c o r th e four-poin t 
condition; 
(c) a  phylogeny i s reconstructed fro m th e fille d matrix , usin g eithe r FITC H o r 
KITSCH; 
(d) the corresponding path-length matrix is computed from the phylogeny; 
(e) eac h tre e i s compare d wit h th e correspondin g phylogen y derive d fro m th e 
complete matrix. 

The lacunose matrices were generated with an increasing percentage of missing cells 
[P = {0.1, 0.2, 0.3, 0.4, 0.5, 0.6}], deleting reciprocal distances [i.e.  d(ij) an d d(j,  01 
from the complete square matrix in each case. One hundred replicates were generated for 
each combination o f n  and P. In a first serie s of simulations, matrices were filled using 
the ultrametric property (eq. 1). Then, we repeated the simulations with the same set of 
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matrices (removing exactly the same cells from th e corresponding matrices) , this time 
using th e four-poin t conditio n (eq . 2 ) to fil l th e empty cells . Deletions o f th e sam e 
distances in both series was deemed necessary to control for sampling errors due to the 
randomization. The simulations were repeated twice: first with non-ultrametric additive 
matrices, and then with ultrametric ones. 

Estimation procedure. I n orde r to estimate missing cell s in the lacunose distance 
matrices, we used the program RECALL (available from the authors upon request) based 
on the following algorithm : i ) the lacunose matrix i s read, and missing distance s ar e 
identified; ii ) fo r eac h missin g cel l encountered , ever y possibl e quarte t (additiv e 
procedure) o r triple t (ultrametri c procedure ) o f relevan t tax a i s used t o estimat e th e 
missing distance; iii) the minimum of all the estimates computed is returned as the final 
estimate o f the missing cell ; iv) the process i s repeated iterativel y unti l th e matrix i s 
completely filled. 

The ultrametric procedure will usually fill a  matrix in a single pass through the data, 
even when numerous cells are missing. On the other hand, the additive procedure will not 
always work wit h very spars e distance matrices . Indeed, whe n n o quartet contain s a 
sufficient amoun t o f information {i.e.  fiv e distance s ou t o f six) , no estimate wil l b e 
returned. In such cases, the ultrametric property needs to be called to fill th e minimum 
number of cells required to apply the four-point condition . To do so, one of the missing 
cell is selected a t random and is estimated with the ultrametric procedure. An iterative 
procedure i s thu s implemente d b y callin g th e ultrametri c an d additiv e propertie s 
recursively until the matrix is filled. 

Recovery indices. Matrices obtained by the different procedure s were compared for 
metric and topological recovery . First, we computed correlations between path-lengt h 
matrices associated with the trees derived from the original and estimated data; this was 
done to assess whether the estimation procedur e could recover the actual path-length 
distances. Then, we compared the topology of the original tree with those derived fro m 
the estimate d matrice s usin g th e partitio n metri c (Robinso n an d Foulds , 1981 ; 
computations mad e in PAUP : Swofford , 1993) . In orde r t o compare th e topologica l 
recovery for matrices of different sizes , the partition metric (pm) wa s standardized by its 
maximal possibl e valu e (In  -  6 ) fo r eac h matri x (Stee l an d Penny , 1993) . Th e 
complement o f this standardized statisti c (i.e.  1  -  pm) wa s then take n a s an inde x of 
topological similarity, with a maximal value of one for topologically identical trees, and a 
value of zero for the most different possibl e pairs of trees. The average metric recovery 
values an d th e media n o f th e topologica l recover y value s wer e finall y recorde d fo r 
comparison purposes. 

Results 

Additive matrices. The results of the simulations on additive matrices are presented 
in figure 1. As already stated by Lapointe and Kirsch (1995) and Landry et al. (1996), it is 
again clea r from ou r results that there is no relationship between recovery value s and 
matrix size. Therefore, we have to assume that the differences amon g matrices are due to 
intrinsic factor s suc h as their relative branch lengths o r topologies o f the phylogenies 
compared. For example, the topology of a tree with short internal branches is known to be 
more difficult t o recover then one with long internodes (see Lapointe and Kirsch, 1995). 

Metric recovery.  Our most strikin g resul t (se e fig . 1A ) is the superiority o f th e 
additive procedure in recovering path-length distances for most matrices (n  = 7, 9, and 
15). In those cases, the recovery levels for additive estimates are always higher than, or 
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FIGURE 1.—Metric and topological recovery values obtained for non-ultrametric additive 
matrices of increasing size (n = 7 , 9, 11, 13, 15), for varying percentages of estimated 
cells (P = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6), using the ultrametric inequality [open triangles] and 
the four-point conditio n [ope n squares]. A, path-length correlations (r); B, standardized 
partition metric values (pm)-
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FIGURE 2.—Metric and topological recovery values obtained for ultrametric matrices of 
increasing size (n = 7, 9, 11, 13, 15), for varying percentages of estimated cells (P = 0.1, 
0.2, 0.3, 0.4, 0.5, 0.6), using the ultrametric inequality [open triangles] and the four-point 
condition [open squares]. A, path-length correlations (r); B, standardized partition metric 
values (pm). 
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equal to, those based on ultrametric estimations. These results were expected, since the 
four-point conditio n i s less restrictive regarding rat e differences tha n th e ultrametric 
inequality, although additive estimation does require more information. Interestingly, one 
notices that the correlation values for additive and ultrametric estimations converge for 
the smaller matrices in  = 7, 9), as the percentage of missing cells increases; this is not 
true for som e of the larger matrices (n  = 11 , 13,). This result, however , ca n be partly 
explained by the estimation algorithm. When the number of missing cells increases, we 
know tha t i t becomes more and more difficult t o compute a n additiv e estimate . The 
program must sometimes rely on the ultrametric inequality to fill the minimum number of 
cells needed to subsequently call the four-point condition. This situation is more likely to 
happen in smaller matrices , because the number of possible quartets is function o f the 
size of the matrix. Therefore, the larger the matrix, the fewer the ultrametric estimations 
(see Landry et al., 1996). This circumstance can explain why the convergence of the two 
correlation curves is not observed for the largest matrix (n  = 15); in this particular case, 
the ultrametric procedure was never called when less than 50% of the cells needed to be 
estimated. 

It i s odd tha t both estimation method s return equivalen t recovery value s fo r two 
matrices (n = 11, 13). Even more puzzling is the fact that the ultrametric estimates are 
better when more than 30% of the cells are missing. With the same matrices, Lapointe 
and Kirsch (1995) have shown that accuracy of the ultrametric estimations depends on 
the ultrametricity o f a  given matrix . Indeed, a  particular additiv e tree may be nearly 
ultrametric. If a path-length matrix is close to being ultrametric, it is conceivable that one 
might obtai n accurat e estimate s whe n th e ultrametric propert y i s calle d fo r (se e the 
Ultrametric matrice s sectio n below) . We thus compared th e five additiv e matrice s 
(FITCH trees) with the competing ultrametric ones (KITSCH trees) to measure the fit 
between the corresponding trees. Ultrametricity of a given additive matrix was measured 
as the standardized sum of squared differences [sS S = 100*SS/n (n -1)] of the distances 
between th e scaled path-length matrice s corresponding t o FITCH an d KITSCH trees. 
This measure clearly illustrates that the more ultrametric matrices (n = 11, sSS = 0.129; 
n = 13, sSS = 0.099), ar e exactly thos e fo r whic h th e ultrametric procedur e i s more 
accurate fo r highe r value s o f P , whil e the othe r matrice s (n  = 7, sSS = 7.969; n = 9, 
sSS = 3.362; n = 15, sSS = 1.492) are more accurately filled with the four-point condition 
(see fig. 3). 

According to the tree metric properties, the use of the four-point conditio n should 
perfectly recove r ultrametri c distance s with noiseless data. However, thi s is only true 
when the missing distance is not between terminal sister-taxa. In fact, it is very likely that 
the differences observe d between the two estimation procedures reflect th e errors made 
when a distance between such sister-taxa is estimated. For an ultrametric matrix, the tree 
derived fro m th e estimate d matri x wil l bea r a  trichotomy involvin g th e sister-tax a 
(Lapointe and Kirsch, 1995) . In the case of non-ultrametric matrices, the estimation will 
vary greatly, depending o n the available set of quartets. We observed tha t the additive 
procedure is usually more precise than its ultrametric counterpart, but the errors made 
using the four-point condition are often more important. Because it is more conservative, 
the ultrametric procedure will also make smaller errors , on average, than th e additive 
procedure. Thos e error s ar e cumulativ e a s missin g distance s ar e estimate d fro m 
previously filled cells . Larger errors, such as those produced by the four-point condition, 
can then have a larger impact, especially for very sparse matrices. 
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Topological recovery.  For topologica l recover y (fig . IB) , w e als o observ e th e 
absence of relationship between the size of the matrix and the recovery levels. However, 
trees derived from matrices which were filled with the additive procedure revealed fewer 
topological errors . Also , there seems to be no clea r relationship between metri c and 
topological recovery. Yet, one notices that the procedure (additive or ultrametric) with the 
best metric recovery levels is generally the one with the best topological recovery levels. 
Interestingly, eve n when metri c recovery value s are quite simila r fo r bot h estimation 
procedures (n = 9, 11 and 15), topological recovery is usually better for the additive one. 
These results also indicate that slight variations in the estimated distances may lead to 
topological discrepancies otherwise trivial in terms of metric recovery, which is surely 
related to the short internodes in the 15-taxon tree (see fig. 3B). 

Ultrametric matrices. Repeating the simulations with ultrametric matrices assesses 
whether the additive procedure could do as well in those cases. These cross-simulations 
could help us understand th e relative behavior o f the different estimatio n procedure s 
under various conditions; i.e. lacunose ultrametric matrices estimated with ultrametric or 
additive criteria, as opposed to lacunose non-ultrametric additive matrices estimated with 
the same procedures. The results for both metric and topological recovery are presented 
in figure 2. 

Metric recovery. Our result s clearl y indicat e tha t th e estimation s base d o n th e 
ultrametric metho d ar e generall y mor e accurat e fo r ultrametri c matrice s tha n thos e 
obtained with the additive procedure (fig. 2A). This represents another indication that the 
ultrametric procedure may be better able to estimate distances between terminal sister -
taxa. Also, one notices again that matrix size is not related to average recovery levels. 
The matrices which show higher recovery values in the first series of simulations (see fig. 
1 A) once more exhibit higher correlation values. However, the recovery levels obtained 
with bot h procedure s ar e mor e simila r tha n wer e thos e observe d wit h th e additiv e 
matrices, mainl y becaus e ultrametri c matrice s represen t particula r type s o f additiv e 
matrices. Indeed, Landry et al. (1996) have shown that any missing ultrametric distance 
not involving sister-taxa can be perfectly recovered with both procedures. 

Topological recovery. Topological recovery results convey the same information a s 
in the case of additive matrices, i.e. tha t there is no relationship between matrix size and 
topological recover y (fig . 2B) . Also, metric an d topologica l recover y level s ar e not 
clearly related, as in the previous simulations based on additive matrices. As expected, 
the ultrametric procedure outperforms the additive method in all cases but one (n = 13). 
Nevertheless, the differences between the two procedures are smaller than those obtained 
with additiv e matrice s (se e fig . IB) . Her e again , thi s shoul d b e obviou s becaus e 
ultrametric distances can be estimated usin g th e four-point condition , th e reverse not 
being true. 

Discussion 

The problem of filling lacunose matrices rapidly becomes very difficult whe n many 
cells are missing. Because distances are not independent from one another, attempting to 
state clearly the factors affecting the results of the estimations can be quite hazardous. For 
example, when a missing cell is filled, i t is likely to be estimated incorrectly if terminal 
sister-taxa are involved. But how to know a priori if a distance between a terminal pair of 
taxa is missing? Also, if trees bearing short branches are considered, one is very likely to 
obtain incorrec t topologies fro m estimate d matrices , despite accurate metric recovery. 
How to asses s topologica l recover y i n such superficiall y paradoxica l cases ? Anothe r 
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concern is the fact that the four-point condition does not perform as well when the matrix 
is partly ultrametric. Would it be possible to use different procedures to estimate different 
parts of the matrix? When more than one cell is missing, all of these problems become 
more importan t a s previousl y estimate d cell s ar e use d fo r subsequen t estimations . 
Therefore, one can wonder if the order in which missing cells are estimated will have an 
effect o n the overall recovery levels . These are some of the questions one faces when 
missing cells are estimated. The following sections present solutions to these problems, or 
ways to identify them. 

The terminal sister-taxa problem. Terminal sister-taxa represent the worst problem 
when estimatin g missin g distances ; ther e i s no exac t wa y t o recove r perfectl y suc h 
missing distances. However, while accepting that the estimation of a distance between a 
terminal pai r i s likely t o be inaccurate , i t can be wiser t o estimate those cell s las t to 
minimize the errors in the subsequent estimation s o f othe r missing distances . But, in 
order to do so, one would need to identify sister-taxa without knowing the topology of the 
tree a priori. How to solve that problem? One suggestion i s to look a t the phylogeny 
derived from the filled matrix to identify terminal pairs, and check whether those involve 
taxa amon g whic h distance s wer e estimated . I f distan t tax a ar e involved , o r i f a n 
intermediate taxon is lying on the path between a pair fo which a distance was estimated 
(Lapointe and Kirsch, 1995), that estimate is probably accurate. On the other hand, if the 
distance estimated is between closely-related taxa , it is always possible that a terminal 
sister-pair was incorrectly recovered (especially if the taxa involved belong to the same 
clade). 

The shor t internode s problem . A s stated earlier , topologica l recover y o f th e 
estimated matrices depends on the metricity of the corresponding tree. Trees that present 
short internodes are known to be less stable, because they are more vulnerable to small 
estimation errors which may lead to topological inversions, especially with experimental 
data (Lapointe and Kirsch, 1995). Topological recovery can be poor, even though metric 
recovery is good; this paradox can be explained by the relatively shor t internodes in the 
corresponding tre e (fig . 3B) . On the othe r hand , eve n lo w level s o f metri c recover y 
sometimes correspond to high topological recovery levels , as in the case of the n = 11 
matrix; that particular phylogeny contains longer internal branches which confer mor e 
stability, even though metric recovery declines quickly with P.  On the other hand, the 
n = 15 matrix shows almost perfect metric recovery over all simulations, but amongst the 
poorest topological recovery. The problem is to predict the topological accurac y o f an 
estimated matrix. Assuming that metric recovery is not related to absolute branch lengths, 
we expect misplaced taxa (or entire clades) still to be supported by short internodes, as if 
they wer e positione d correctly . I t i s therefor e recommende d t o chec k whethe r th e 
estimated distances are among clades supported by short internodes. If so , one should 
treat the derived phylogeny with caution. 

The additive decomposition problem. Any additive matrix can be decomposed into 
an ultrametric an d a star component (Farris et al., 1970) . This is also true for lacunose 
additive matrices , provided tha t a t least on e row (o r column) i s complete. Following 
decomposition, one can estimate the missing cells in the ultrametric component using the 
ultrametric inequality, before adding the star component to recover the additive matrix. 
We hav e observe d tha t thi s procedur e return s exactl y th e sam e distance s a s thos e 
estimated with the four-point condition . Nevertheless, this property could be interesting 
when combining matrices, especially if one wishes to suture an ultrametric matrix with an 
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FIGURE 3.— Examples o f phylogenies derive d fro m th e complet e DNA-hybridizatio n 
matrices [A : n  = 13: Diprotodontia (Marsupialia) ; Springe r an d Kirsc h 1991 , B: n -  1 5 
Pteropodidae (Chiroptera) ; Kirsch e t al.  1995b] . Th e standardized su m of squares (sSS) 
reflects th e ultrametricit y o f th e correspondin g trees . A  show s a  nearly-ultrametri c 
additive tree, while B is not close to being ultrametric. Also note the very short internodes 
in B (all computation s made in FITCH of the PHYLIP package; Felsenstein, 1993) . 

additive one. For instance, one could extract the ultrametric component from th e additive 
matrix to combine it with an ultrametric one using the ultrametric property, and then add 
the sta r component t o the decomposed matri x a t the end. Thi s approac h coul d simplif y 
the computation s becaus e triplet s instea d o f quartet s woul d hav e t o b e considered . 
Decomposition ca n b e difficult , however , wit h ver y spars e matrice s lackin g complet e 
rows of distances. 

The filling order problem. Filling of the same lacunose matrices with permuted label s 
has confirmed tha t the order in which the estimations are done may induce minor variation s 
in metric recovery; this can in turn lead to major difference s a t the topological level . These 
topological discrepancie s shoul d b e eve n mor e likel y wit h nois y dat a (e.g . DNA -
hybridization distances ) o r whe n termina l sister-tax a ar e involve d (se e above) . In suc h a 
case, on e should be able to impose a filling orde r to obtain accurat e estimates. It would be 
interesting to develop an algorithm that computes accurate estimates regardless of the filling 
order. Yet , one should notic e tha t i t i s always possible to randomize th e labeling orde r t o 
alleviate the bias induced by the positions of the missing distances in the matrix. However , 
this does not guarantee that the estimates obtaine d wil l be more accurate. One should rel y 
on a n ad  hoc  criterio n t o selec t th e bes t estimate s i n suc h cases . Interestingly , an d t o 
emphasize thi s poin t onc e more , matrice s wit h highe r metri c recover y level s ar e no t 
necessarily the ones with the fewer topologica l errors . It would be of great interest to repeat 
the estimatio n proces s a  number o f time s t o generat e severa l trees ; a  consensus o f thos e 
trees could then be computed t o synthesize the results. This should lea d to a more accurat e 
phylogeny, o n average, than any tree based o n a particular estimation-orde r o f the lacunose 
matrix. 
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Conclusion 

This paper evaluate s th e recovery level s o f missing distance s estimated i n path-
length matrices using the ultrametric and four-point conditions . Our study also extends 
previous comparison s performed o n DNA-hybridization dat a to path-length matrice s 
corresponding t o phylogenetic trees . The results o f the simulations indicate tha t i t is 
usually more accurate to estimate missing cells using the additive procedure, when less 
than 30% of the cells are missing. However, the accuracy of the additive procedure is 
related to the ultrametricity o f the matrix estimated; that implies that nearly ultrametric 
trees will be better recovered using the ultrametric inequality, for values of P greater than 
0.30. One should stil l bear in mind that the simulations were intentionally extende d to 
high percentage s o f missin g cell s t o compar e th e tw o procedure s unde r extrem e 
conditions. With real data, it is quite rare to encounter large numbers of missing cells, and 
users should be aware that the estimations become less reliable as P  increases. On the 
basis of the present and previous results with experimental data (see Landry et al., 1996), 
we recommend giving preference to the additive procedure in most cases. Finally, let us 
reiterate tha t th e recover y level s ar e data-dependen t an d ar e affecte d b y intrinsi c 
properties of the matrices considered. In any case, missing data are to be treated with 
caution an d trees derived fro m fille d matrices , such as the implied internodal lengths , 
should always be validated thoroughly (see Kirsch et al., in press). 
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Complexity Issue s i n Hierarchica l Optimizatio n 

P.M. Pardalos an d X . Den g 

ABSTRACT. Th e stud y o f hierarch y occurrin g i n biologica l structure s reveal s 
interesting propertie s a s wel l a s limitation s du e t o stabilit y propertie s o f 
molecules. Hierarchica l optimization ca n be use d t o stud y propertie s of hierar -
chical design s tha t occu r i n biologica l structures . I n recen t year s hierarchica l 
decision processe s receive d a n increasin g interes t i n optimizatio n withi n th e 
area o f multi-leve l programming . Althoug h man y problem s o f practica l in -
terest ca n b e formulate d a s multi-leve l programmin g problems , most o f thes e 
problems ar e NP-har d fro m th e complexit y poin t o f view . W e ar e goin g t o 
discuss recen t result s regardin g th e complexit y o f variou s type s o f multi-leve l 
problems an d th e importanc e o f thes e result s i n futur e algorithmi c develop -
ments. 

1. Introductio n 

Hierarchical design s ar e foun d i n many comple x systems and , i n particular , i n 
biological systems . Natur e make s ver y differen t biologica l system s (tha t hav e spe -
cific hierarchica l composit e structures ) ou t o f ver y simila r molecula r constituents . 
In hierarchical architectura l design s of biological systems, organization i s controlled 
on length scale s rangin g from th e molecula r t o macroscopic . Thes e hierarchica l ar -
chitectures rel y o n critica l interface s tha t lin k structura l element s measure d o n 
disparate scal e [2 , 14 , 22 , 36 , 33] . First , th e structure s ar e organize d i n discret e 
levels. Second , th e level s of structural organizatio n ar e held togethe r b y specific in -
teractions betwee n components . An d finally , thes e interactin g level s ar e organize d 
into a n oriente d distinc t hierarchica l composit e syste m o f specific function . 

The stud y o f hierarch y occurrin g i n biologica l structure s reveal s interestin g 
properties a s wel l as limitation s due t o differen t propertie s o f molecules . 

Hierarchical optimization can be used t o study propertie s o f the hierarchical de-
signs. I n hierarchica l optimization , th e constrain t domai n i s implicitly determine d 
by a  serie s o f optimizatio n problem s whic h mus t b e solve d i n a  predetermine d se -
quence. I n recen t year s man y attempt s hav e bee n mad e t o develo p algorithm s fo r 
solving hierarchica l optimizatio n problem s [1 , 25, 23] . 

The mai n focu s o f thi s pape r i s t o provid e a n overvie w o f severa l complexit y 
issues relate d t o hierarchica l optimization . B y usin g complexit y w e ca n analyz e 
the intrinsi c difficult y o f optimizatio n problem s an d revea l surprisin g connection s 
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among man y othe r optimizatio n problem s an d thei r solution s [2] , Moreover , differ -
ent complexit y result s fo r differen t structure s ma y provid e u s wit h ne w insigh t int o 
the mechanism s o f thes e structure s [29] . I n th e stud y o f gam e theoretica l founda -
tion o f economics , fo r example , computat iona l complexit y ha s bee n suggeste d a s 
one importan t facto r o f "bounde d rationality " [26 , 2 8 , 9] , a  concep t introduce d 
by Simo n [32 ] (an d ma y eve n b e trace d bac k t o Clar k [7 ] a s suggeste d b y Radne r 
[31]). 

2 . Hierarchica l o p t i m i z a t i o n 

Hierarchical (o r multi-level ) optimizatio n wa s firs t define d an d studie d i n [5 , 
6] a s a  generalizatio n o f mathematica l programming . Th e simples t two-leve l (o r 
bilevel) programmin g proble m describe s a  hierarchica l syste m whic h i s compose d 
of tw o level s o f decisio n maker s an d i s state d a s follows : 

(1) ( B P ) mi n <p(x(y),y) 

(2) subjec t t o ift(x(y),y)  <  0 

(3) wher e x(y)  =  a r g m i n / ( x , y) 

(4) subjec t t o g(x,y)  <  0 , 

where X  C  R n an d Y  C  R™  ar e close d sets , ip  :  X  x  Y  -+  R p an d g  : 
X x  Y  —*  Rq ar e multifunctions , <p  an d /  ar e real-value d functions . Th e se t 
S =  {( x,y) :  x  6  X,  y  G  Y)il>(x,y)  <  0,g(x,y)  <  0 } i s th e constraint  set  o f B P 
(the vector s 0  hav e th e appropriat e dimensions) . Fo r fixe d y  G  Y" , defin e th e se t 
X(y) =  {x  G  X :  g(x,y) <  0 } an d le t H(y)  =  {x  G  X :  x G  angminweX(y) f(w,y)}-
The feasible  set  o f B P i s T  -  {(x,  y)  G  S :  x G  K(y)}. A  feasibl e poin t (z* , y*)  G  T 
is ofte n calle d a  Stackelber g equilibriu m i f y?(:c* , y*) <  v?(x , y) fo r al l (x , y)  G  T. 

Multi-level programmin g problem s hav e bee n studie d extensivel y i n thei r gen -
eral settin g durin g th e las t decade . Fo r a  continuousl y update d bibliograph y o n 
the subjec t se e [35] . I n general , hierarchica l optimizatio n problem s ar e nonconve x 
and therefore , i t i s no t eas y t o fin d globall y optima l solution s [16 , 17] . Moreover , 
suboptimal solution s ma y lea d t o bot h theoretica l an d real-worl d paradoxe s (a s fo r 
instance i n th e cas e o f networ k desig n problem s [3]) . 

Many algorithmi c development s ar e base d o n th e propertie s o f specia l case s o f 
B P (an d th e mor e genera l problem ) an d reformulation s t o equivalen t o r approxi -
mat ing models , presumabl y mor e tractable . Mos t o f th e exac t method s ar e base d 
on branc h an d boun d o r cuttin g plan e technique s an d ca n handl e onl y moderat e 
size problems . 

3 . C o m p l e x i t y i s sue s 

3 . 1 . C o m p l e x i t y o f f indin g a  g loba l s o l u t i o n . Hierarchica l optimizatio n 
problems ar e inherentl y ver y difficul t an d complex . Thi s fac t ha s bee n confirme d b y 
numerous studie s o f wha t migh t b e considere d th e simples t versio n o f B P , tha t is , 
the linear  bileve l optimizatio n problem , i.e . th e function s i n ( l)-(2 ) an d i n (3)-(4 ) 
are linear . I n 1985 , Jeroslo w [18 ] ha s show n tha t th e linea r B P i s NP-hard.  Hi s 
results wer e subsequentl y confirme d an d simplifie d i n [4 ] an d strengthene d i n [15 ] 
where i t wa s demonstrate d tha t th e linea r B P i s strongly  NP-hard. 

On th e othe r hand , thes e result s onl y stat e th e proble m i s difficult . Ther e ma y 
not b e an y limitatio n o n ho w har d thi s proble m ca n b e i n th e genera l case . Den g 
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and Papadimitrio u [10 ] have recently show n tha t th e proble m canno t b e harder : i t 
is FA^-complete . I n othe r words , give n a n NP-oracle , th e proble m ca n b e solve d 
in polynomia l tim e wit h a  polynomia l number o f call s t o th e oracl e [13 , 27] . Th e 
same resul t hold s eve n whe n ther e ar e severa l sublinea r programmin g problem s a t 
the lowe r leve l wit h share d constraint s a s lon g a s th e lowe r leve l agent s reac h a 
Nash Equilibriu m poin t bes t fo r th e uppe r leve l linea r progra m (th e foca l point ) 
[10]-

Dubas e t al . hav e considere d th e complexit y issue s o f differen t possibl e re -
sponses, includin g bot h th e wors t cas e respons e an d th e bes t case  respons e t o th e 
upper leve l agen t (th e leader) , o f th e lowe r leve l agen t (th e follower) , an d amon g 
multiple choices o f the sam e optima l value for itsel f [12] . 

In general , proo f technique s i n NP-hardnes s o f B P ca n b e summarize d a s fol -
lows. Conside r a n NP-har d proble m fo r th e reduction . W e firs t writ e i t a s a 
feasibility proble m o f a n intege r progra m o f 0  1  values fo r th e variables , sa y 
X =  {xi,  #2 , • •  • , xn}. T o forc e thes e variable s t o b e o f intege r valu e i n a  bi-leve l 
linear program , on e introduce s a  se t o f constraint s an d objectiv e function s fo r th e 
upper leve l an d th e lowe r leve l s o tha t th e uppe r leve l woul d hav e t o choose  inte -
ger value s for th e linea r intege r progra m t o maximiz e its objectiv e function , takin g 
into consideratio n ho w th e lowe r leve l progra m wil l reac t t o it s decisions . Fo r ex -
ample, w e ca n introduc e anothe r se t o f variable s Z  —  {zi, 2:2, • • •  , zn} an d th e se t 
of constraint s Zi  <  Xi,Zi  <  1  — a?,- . Th e objectiv e functio n o f th e uppe r leve l i s 
chosen t o b e m i n ^ " = 1 Z{.  W e choos e th e objectiv e functio n o f th e lowe r leve l t o 
be m a x ^ " . ^ , ' . Mak e th e contro l variable s o f th e uppe r leve l t o b e X , an d th e 
control variable s o f o f th e lowe r leve l t o b e Z.  Th e lowe r leve l wil l thu s choose 
Z{ — max{x,-, 1 — Xi}.  Becaus e o f this , th e uppe r leve l wil l choose  Xi  E  {0,1 } i n 
order t o minimiz e YM=I  Z *-

Generally speaking , B P belong s t o th e real m o f globa l optimizatio n problem s 
and thi s ha s bee n demonstrate d throug h variou s transformation s b y a  numbe r o f 
researchers, se e e.g . [23 , 25 , 24] . 

In [15 ] i t ha s bee n show n tha t th e linea r B P i s strongly  NP-hard,  b y consid -
ering th e complexit y o f a  specia l cas e o f a  linea r max-mi n optimizatio n problem . 
Max-min linea r program s ca n b e formulate d a s conve x maximizatio n (o r concav e 
minimization problems) . Th e computationa l complexit y o f min-max optimizatio n 
problems ha s bee n extensivel y studie d i n [19] . Thes e problem s ar e naturall y char -
acterized b y II^ , th e secon d leve l o f polynomial-time hierarchy . 

3.2. Complexit y o f loca l search . Computin g locall y optima l solution s i s 
presumably easie r tha n findin g globall y optimal solutions . However , fro m th e com -
plexity poin t o f vie w i t ha s bee n show n (Pardalo s an d Schnitge r [30] ) tha t th e 
problem o f checking loca l optimalit y for a  feasible poin t an d th e proble m o f check-
ing whethe r a  loca l minimu m i s strict , ar e NP-hard . Thes e complexit y result s 
remain tru e eve n fo r instance s o f quadrati c programmin g wit h a  simpl e structur e 
in the constraint s an d th e objective . Thes e result s hav e been prove n b y a  reductio n 
from th e classica l 3-Satisfiabilit y proble m [13] . Thi s reductio n ha s bee n reformu -
lated t o sho w tha t checkin g loca l optimalit y in bileve l programming i s NP-hard b y 
Vicente e t al . [34] . 

This modificatio n i s simila r t o th e on e discusse d before . Th e solutio n o f th e 
quadratic progra m i s o f som e discret e se t o f value s an d th e valu e o f th e objectiv e 
function i s zero , i f an d onl y i f th e 3SA T instanc e i s satisfiable . T o transfe r i t int o 
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a bileve l program , eac h quadrati c term , (sa y xy)  o f th e objectiv e functio n i s spli t 
into two constraint s (sa y z  <  x,z  <  y).  Th e uppe r leve l wil l minimize Y!ii=i  z%  an d 
the lowe r leve l wil l maximize it . Th e uppe r leve l control s th e origina l variable s o f 
the quadrati c program , th e lowe r leve l control s th e ne w variable s zi , 22? • • * ?  z<n-

Several issue s remai n open . I s i t possibl e tha t som e locall y optima l solution s 
are eas y t o find ? Coul d w e find larg e classe s o f problem s for whic h locall y optima l 
solutions ca n b e foun d i n polynomia l time ? 

3.3. Approximation . Jeroslo w has observed tha t fo r an y constant facto r c  > 
0, i t remain s NP-har d t o fin d a  solutio n withi n a  multiplicativ e facto r o f c  time s 
the optimum. Applyin g th e tool s of MAX SN P completeness , Den g et al . [11 ] have 
extended thi s resul t t o disallo w eve n a n additiv e constan t fo r a  sufficientl y smal l 
multiplicative factor . Tha t is , fo r sufficientl y smal l c\  >  0  an d fo r som e C 2 >  0 , 
there i s no algorithm whic h ca n guarante e a  solutio n withi n ( 1 + Ci)optimum  +  £2 
unless NP  =  P.  Thi s reduction metho d yield s a simple proof o f Jeroslow's origina l 
nonapproximability result s [8] . Thi s become s quit e obviou s i f one notice s tha t th e 
optimal valu e o f th e objectiv e functio n i n th e abov e reductio n i s zer o i f an d onl y 
if the 3SA T proble m i s satisfiable . An y multiplicativ e factor c  will not chang e thi s 
fact. Th e proble m wit h additiv e constan t i s a  littl e trick y bu t ca n stil l b e handle d 
with ease . 

3.4. Problem s solvabl e i n polynomia l time . Du e t o th e abov e negativ e 
results, positiv e result s fo r th e wors t cas e complexit y woul d onl y b e possibl e fo r 
special classes of BPs. Li u and Spence have introduced a  polynomial time algorithm 
for bilevel linear programming when there is a constant  numbe r of lower level control 
variables [21] . Den g e t al . hav e presented a  muc h simple r proo f fo r thi s resul t [11 ] 
which als o allow s fo r a n extensio n t o a  fc-level linear programmin g proble m whe n 
the tota l number o f variables controlled b y lower leve l linear programs i s a constan t 

[8]-
The ke y ide a o f thi s resul t i s th e following . Whe n th e numbe r o f contro l vari -

ables o f th e uppe r leve l progra m i s fixed , th e lowe r leve l progra m wil l mak e it s 
decision accordin g t o it s linea r program . W e assum e tha t th e lowe r leve l progra m 
will choose among all its possible optimal solutions the bes t on e for th e uppe r level . 
This ca n b e achieve d a t a  basi s solution . O n th e othe r hand , give n thi s basi s so -
lution o f th e lowe r leve l program , first , w e can chec k whethe r i t i s locall y optimal , 
independent o f th e contro l variable s o f th e uppe r level . Thus , w e ca n solv e th e 
linear progra m o f the uppe r leve l wit h th e origina l constraint s an d thi s se t o f ne w 
linear constraint s fo r thi s particula r basi s solutio n o f th e lowe r leve l program . I f 
we could gues s correctl y whic h basi s solution i s the on e o f the optimu m of the BP , 
then w e are done . However , thi s is not difficul t sinc e there ar e a t mos t a  polynomia l 
number o f basi s solution s fo r th e lowe r leve l program . W e ca n simpl y g o throug h 
each o f them . 

A moderatel y interestin g ope n proble m concern s th e complexit y o f th e B P 
when th e numbe r o f control variable s of the uppe r leve l linear program i s fixed a s a 
constant. I n another direction , suppos e w e allow a constant numbe r o f variables fo r 
both th e uppe r an d lowe r leve l program s bu t restric t th e solutio n o f th e variable s 
to b e integers . Ca n w e find a  polynomia l tim e algorith m usin g th e technique s fo r 
solving intege r programmin g o f fixed dimensio n [20 ] ? 
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3,5. Hierarchy . Fo r highe r leve l hierarchies , i n a  ver y complicate d proof , 
Jeroslow ha s show n tha t th e optima l valu e of a  (k  + l)-leve l linea r progra m i s ^ f c -
hard (an d also IIfc-hard.) Again , similar to the bilevel case, Deng and Papadimitrio u 
[10] hav e show n tha t th e proble m i s FA^ +1-complete. Th e sam e resul t hold s 
even whe n w e allo w eac h linea r progra m t o hav e severa l sublinea r program s wit h 
shared constraint s unde r th e assumptio n tha t th e lowe r leve l agent s reac h a  Nas h 
Equilibrium poin t bes t fo r th e uppe r leve l linea r progra m (th e foca l point ) a s lon g 
as th e tota l numbe r o f sublinea r program s i s a  constan t [10] . Thus , i n thi s case , 
the complexit y o f a  hierarchica l structur e i s mainl y determine d b y th e numbe r o f 
its levels . W e conjectur e tha t thi s principl e hold s eve n whe n th e lowe r leve l agent s 
act i n a  differen t bu t definit e wa y a s discusse d b y Duba s e t al. , in [12] . 

4. Remark s 

Although al l the NP-har d complexit y result s characteriz e worst-cas e instances , 
they indicat e th e intractabilit y o f th e hierarchica l optimizatio n problems . Thi s 
explains th e fac t tha t i n practic e w e can onl y solv e to optimalit y problem s o f rela -
tively smal l size . However , i t i s stil l possibl e tha t som e heuristi c method s ma y b e 
successful fo r interestin g specia l case s o f hierarchical optimizatio n problems . 

From ou r complexit y analysis , i t seem s tha t hierarchica l structure s ar e harde r 
to manag e tha n completel y centralize d systems . Then , wha t ar e th e rationalitie s 
for hierarchica l structure s t o exist ? A n answe r t o tha t questio n wil l requir e join t 
efforts b y man y scientist s fro m divers e disciplines . I n particular , answer s t o suc h 
questions ma y hel p u s t o understan d th e reaso n behin d hierarchica l structure s i n 
biology. 
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Nesticity 

Pierre Hanse n an d Dominiqu e d e Werr a 

ABSTRACT. A  hypergrap h H  =  (X,E)  i s nested  i f it s edge s ar e pairwis e 
disjoint o r include d on e int o th e other . Th e nesticity  o f H  i s define d a s 
the smalles t numbe r o f neste d partia l hypergraph s int o whic h H  ca n b e 
partitioned. Determinin g th e nesticit y o f H  reduce s t o grap h coloring . 
Hypergraphs o f nesticit y 2  ar e show n t o b e unimodular . A  prehypergraph 
H' i s obtaine d fro m a  hypergrap h H  b y specifyin g tha t som e o r al l vertice s 
from a  give n subse t o f eac h edg e ma y b e deleted . H'  i s thu s a  se t o f 
hypergraphs, calle d it s realizations.  Determinin g th e nesticit y o f a  prehyper -
graph H',  i.e. , th e smalles t nesticit y o f its realizations , reduces t o satisfiability . 

1. Nesticit y o f Hypergraph s 

Let X  =  {#i , a?2, • • •, xn} denot e a  finite set , whos e elements are called vertices. 
A hypergraph  H  =  (Ei,  E2, ..., E m) o n X  (Berg e [1] ) i s a  finit e famil y o f non -
empty subset s o f X  whos e unio n i s equa l t o X.  Thes e subset s ar e calle d edges.  A 
hypergraph H  i s nested  i f it s edge s ar e pairwis e disjoin t o r include d on e int o th e 
other: 

(1) EiHEj^Hl  o r EiCEj  o r Ej  C  E { i , j =  1,2,.. . , m. 

It i s well-known tha t th e cluster s o f entities obtaine d b y any hierarchica l clusterin g 
algorithm (se e e.g. , Gordo n [8 ] fo r a  recen t survey ) defin e a  neste d hypergraph . 
This hypergrap h ca n b e represente d i n variou s ways , e.g. , b y a  tree , a  dendrogra m 
or a n espalie r [11] . 

If a  hypergrap h H  i s no t nested , i t i s natura l t o as k int o ho w man y neste d 
hypergraphs i t ma y b e decomposed . T o mak e thi s questio n precis e recal l tha t 
a partial  hypergraph  H*  o f H  define d b y th e inde x se t J  C  {1,2 , . . . , m} i s th e 
hypergraph H*  =  (Ej  :  j E  J ). Thus , H*  is  obtained fro m H  b y deleting th e edge s 
of index j  E  {1 , 2 , . . ., ra}\J  an d th e vertice s belongin g onl y t o thos e edges . 

The nesticity  N(H)  o f H  i s the n denne d a s th e smalles t numbe r o f neste d 
partial hypergraphs int o which H  ca n b e partitioned . Thi s concep t wa s introduce d 
(without a  name ) b y Carrol l an d Corte r [4] . 
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226 PIERRE HANSE N AN D DOMINIQU E D E WERR A 

Applicat ion 1 : Multiple  trees  ([4]) . 
Several model s o f additiv e cluste r analysi s see k ho w t o explai n observe d pairwis e 
similarities betwee n entitie s o f a  give n se t b y propertie s o f subsets (o r clusters ) o f 
them. T o thi s effect , similaritie s betwee n tw o entitie s ar e expresse d a s th e su m 
of weight s o f th e cluster s t o whic h bot h entitie s belong . Cluster s an d weight s ar e 
simultaneously determine d i n orde r t o minimiz e a  los s function , suc h a s th e erro r 
sum-of-squares. Th e cluster s obtaine d ar e overlappin g an d usuall y no t nested . I n 
order t o represen t result s b y multipl e tree s i t i s aske d t o partitio n th e cluste r se t 
into th e fewes t possibl e neste d hypergraphs . 
Appl icat ion 2 : Filiation  of  Manuscripts (extensio n o f a problem o f Buneman[3]) . 
Consider a  se t o f manuscripts abou t th e sam e cycl e o f legends . Thes e manuscript s 
have bee n obtaine d throug h copying , wit h error s accumulatin g i n th e process . So , 
as lon g a s a  singl e manuscrip t i s copie d a t a  time , th e complement s o f the set s o f 
errors ar e nested . However , a  manuscrip t ma y als o b e copie d fro m tw o o r mor e 
others, i n whic h cas e som e o f th e error s ar e eliminated . Manuscript s wit h neste d 
complements of set o f errors will in turn be obtained from thi s manuscript. T o better 
understand th e filiatio n betwee n manuscript s on e ma y conside r a  hypergrap h H  = 
(E\, E2, ..., Em)  o n X  wit h X  associate d wit h th e se t o f errors i n al l manuscripts , 
and E\ ,..., E m associate d wit h th e complement s o f th e set s o f error s i n eac h o f 
them. Th e nesticit y o f H  wil l be equa l t o th e numbe r o f sourc e manuscript s plu s 
the numbe r o f correcte d ones . 

To determine the nesticity N(H)  o f a hypergraph H  i t i s convenient t o associat e 
with H  a n overlap  graph  G(H) =  (X,E)  define d a s follow s ([4]) : vertice s x t- o f G 
correspond t o edge s Ei  o f H  an d edg e {x~i,Xj}  belong s t o E  i f 

(2) EiHEj^Q,  Ei\Ej±1h  an d Ej\Ei±%, 

i.e., i f (1 ) doe s no t hol d fo r i  an d j . I n tha t case , edge s Ej  an d Ej  canno t belon g 
to th e sam e neste d partia l hypergraph . Not e tha t i f H  i s a  graph , G(H)  i s it s 
line-graph. A  coloring  of a grap h G  =  (X , E) i s a  partitio n o f its verte x se t X  int o 
stable sets,  i.e. , set s o f vertice s whic h ar e pairwis e no n adjacent . Th e chromatic 
number 7(G ) o f G  i s th e smalles t numbe r o f stabl e set s i n a  colorin g o f G.  Th e 
problem CHROMATI C NUMBER , in decisio n form , i s defined a s follows : 

INPUT: Grap h G  =  (X , E), intege r r . 
QUESTION: Doe s G  hav e a  coloring i n r  color s ? 

PROPOSITION 1 . Nesticity  of  hypergraphs  reduces  to  CHROMATI C NUMBE R as 

(3) N{H)  =  1 {G{HJ). 

PROOF. Thi s follows immediately from the fact tha t partition s of H int o nested 
partial hypergraph s correspon d t o verte x coloring s o f G(H).  • 

Carroll and Corte r [4 ] give a result close to Proposition 1 , in terms of the nesting 
graph G'(H),  whic h i s th e complementar y grap h o f the overla p graph G(H). 

PROPOSITION 2 . Determining  whether  N(H)  is  less  than or  equal to an  integer 
r is  NP-complete  for  r  >  3 . 

PROOF. An y graph G  =  (X , E) i s the overlap graph of a hypergraph H,  define d 
as follows: th e verte x set s o f H  i s equal t o th e verte x se t X  —  {x~i, ^ 2 , . . . , x n} o f G 
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plus a  se t o f vertices Y  =  {2/1,... , ym} associate d wit h th e edge s o f G . The n edge s 
of H  ar e equa l t o 

{xi U  {yj :  th e edg e associate d wit h yj  i s incident wit h Xi  in G  } } 

for i  —  1,2,. . . ,n . 
Clearly, n o tw o edge s o f H  ar e include d on e int o th e other . Moreover , the y 

intersect i f an d onl y i f the y correspon d t o endpoint s o f a n edg e o f G.  Henc e G  — 
G(H). Th e resul t the n follow s fro m CHROMATI C NUMBE R bein g NP-complet e fo r 
7(G) >  3 . • 

Determining whethe r N(H)  =  2  can b e don e i n quadrati c time : G(H)  ca n b e 
constructed i n such tim e by comparin g pai r wise lists o f vertices i n th e edges . The n 
checking whethe r j[G(H))  =  2  amounts t o finding whethe r G(H)  contain s a n od d 
cycle o r no t whic h ca n b e don e i n linea r tim e i n th e siz e o f the overla p graph , i.e. , 
again i n quadrati c tim e in th e siz e o f the input . 
Applicat ion 1  (cont inued) . Carrol l an d Corte r [4 ] conside r th e se t o f nin e 
clusters fo r 2 0 instances o f "sports " give n i n Tabl e 1 . Thes e cluster s ar e obtaine d 
from dat a o f Smith et  al  [15] , using an extende d versio n o f MAPCLUS (Corte r an d 
Carroll [6]) . 

TABLE 1 . Nin e overlappin g cluster s fro m Carrol l an d Corte r [4] . 

1 ping-pon g billiar d checker s 
2 tenni s volleybal l ping-pon g 
3 hikin g campin g 
4 footbal l basebal l basketbal l volleybal l 
5 canoein g swimmin g surfing skindivin g 
6 canoein g swimmin g skiing surfing skindivin g 

horseback-riding hikin g campin g 
7 canoein g archer y horseback-ridin g hikin g campin g 
8 boxin g fencin g archer y 
9 swimmin g skiing surfin g skindivin g 

The correspondin g overla p grap h G(H)  i s represented i n Figur e 1 . 

FIGURE 1 . Overla p grap h fo r th e dat a o f Table 1 . 

It i s easily see n tha t th e overla p grap h G(H)  i s 2-colorable . On e bicoloratio n 
is {E±,  £4, E5, E 6, E 8},{E2, E 3, E 7, E 9}. Eve n i f CHROMATI C NUMBE R i s NP-hard , 
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it i s fairly eas y t o determin e a n optima l coloring i n a  grap h wit h 5 0 to 10 0 vertices 
with a  simpl e enumerativ e algorith m (e.g . Brela z [2] , Hanse n an d Delattr e [9]) . 
For large r graphs , enumerativ e method s usin g les s immediat e bound s ca n b e use d 
(e.g., Hert z an d d e Werra [12] , and Duboi s and d e Werra [7]) . I t i s also possible t o 
modify backtrackin g rule s in these algorithm s in order t o find al l optimal colorings . 
A secondar y criterion , a s e.g . th e tota l numbe r o f vertice s i n th e neste d partia l 
hypergraphs, ma y the n b e take n int o account . 

Carroll an d Corte r [4 ] propose t o fin d N(H)  b y enumeratin g maxima l clique s 
of th e nestin g grap h G f(H) an d solvin g a  coverin g problem . Thi s las t proble m 
expresses tha t on e seek s th e minimu m numbe r o f maxima l clique s suc h tha t eac h 
vertex belong s t o a t leas t on e o f them . Suc h a n approac h i s aki n t o th e grap h 
coloring algorith m o f Christofide s [5] . I t i s known tha t enumerativ e algorithm s fo r 
7(G) whic h wor k directl y o n th e vertice s o f G  ar e mor e efficient . 

We next sho w tha t hypergraph s o f nesticity 2  have a n importan t property . 

PROPOSITION 3 . A  hypergraph  H with  N(H)  <  2  is  unimodular. 

A hypergrap h H  i s calle d unimodular  i f it s edge-verte x incidenc e matri x i s 
totally unimodular,  i.e. , i f th e determinan t o f an y squar e submatri x i s equa l t o -1, 
0, o r 1 . I t i s know n [1 ] tha t H  i s unimodula r i f an d onl y i f fo r ever y induce d 
subhypergraph JET * of H  (wit h edge s E\ , E 2, . . . , E^)  ther e exist s a  partition o f th e 
vertex se t o f H*  int o 2  subsets h,I 2 suc h tha t fo r ever y edg e Ef  o f H 

-1 <  \E* nh\  -  \E*  ni 2\ <+1 

Such a  partitio n i s called a n equitable  bicoloring. 

PROOF. W e onl y hav e t o sho w tha t an y H  wit h N(H)  <  2  ha s a n equitabl e 
bicoloring. Le t i*i , F2 be th e tw o neste d familie s o f edges whic h cove r th e edg e se t 
of H.  W e may assume withou t los s o f generality tha t eac h on e contains th e verte x 
set X  o f H  a s a n edg e an d eac h verte x o f H  a s a n edge . W e may represen t the m 
by oriente d tree s havin g th e ne w edg e X  a s roo t an d th e singleton s (associate d t o 
the vertice s o f H)  a s leaves . 

This constructio n i s illustrate d i n Figur e 2 : eac h subse t i n F\  (resp . F2)  i s a 
node of a network N\  w e introduce arc s (Ei,  Ej)  (resp . EJ , Ei))  wheneve r E{,  Ej G 
Fi (resp . F 2), Ei  C  EJ  an d ther e i s no Eh(h  ^  i,j)  suc h tha t E{  C  E h C  Ej.  W e 
link th e correspondin g singleton s i n Fi  an d i n F2  b y arc s (x,  x f) wit h capacit y 1 
and lowe r boun d o f flow equal t o zero . 

For each arc (E,- , Ej) associate d t o Fi  (resp . (Ej,Ei)  o f F2) w e have c(Ei,Ej) = 
\\Ej\/2],£(Ei, Ej)  =  [\Ej\/2\.  Le t s  b e th e sourc e o f th e networ k (i t correspond s 
to th e subse t X  i n F\  an d t  th e sin k (i t correspond s t o th e subse t X  i n F 2). The n 
there i s a  compatibl e flow from s  t o t  i n N;  i t i s obtained b y settin g f(x,  x f) =  1/ 2 
in eac h ar c betwee n singleton s an d b y pushin g thi s flow  toward s t  an d pullin g i t 
back toward s s. 

It i s wel l know n tha t ther e exist s als o a n integra l compatibl e flow  i n N  (it s 
values ar e 0  o r 1  in th e arc s (x,x r)); i t give s th e require d bipartitio n o f th e nod e 
set o f H  b y settin g x  G  h i f f(x,  x f) =  1  and x  G  h i f / (# , x f) =  0 . S o H  ha s a n 
equitable bicoloring . • 

REMARK 1 . By  considering  a  hypergraph  H  consisting  of  edges  [a,Xi]  fori = 
1, 2 , . .. ,p, we  observe  that  a  unimodular hypergraph  H may  have  a  nesticity N(H) 
as large  as we  want:  here  N(H)  —p. 
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Fi =  (abcdefg,  abc,  ab, de, fg, a,  b, c, d, e, /, g) 

F2 =  (abcdefg,  ade,  ad, bg, cf, a,  6, c, d, e, /, #) 

FIGURE 2 . Th e networ k iV " associated wit h th e neste d familie s Fi,  F2. 

2. Extensio n t o Prehypergraph s 

The second applicatio n mentionned above suggests an extension o f the nesticit y 
concept. Indeed , a  rathe r stron g underlyin g assumptio n i s made : al l manuscript s 
should b e complete . If , a s i s likel y t o b e th e case , part s o f som e manuscript s ar e 
missing, it is impossible to know whether thes e missing parts contained o r not error s 
appearing i n correspondin g part s o f othe r manuscripts . On e ca n the n as k abou t 
the nesticit y o f a hypergraph i n which th e mos t favorabl e assumption s ar e made o n 
the presenc e o r absenc e o f errors i n missin g parts . 

To captur e thi s situatio n w e nee d t o exten d th e concep t o f a  hypergrap h 
in orde r t o allo w som e vertice s t o belon g o r no t t o som e edges . Formally , a 
prehypergraph H'  =  (E[,  E'[,  E'2, E'2',..., E^E'^),  obtaine d fro m a  hypergrap h 
H =  (E 1,E2,...,Ern) i s a  famil y o f hypergraph s H  =  (Ei,  E 2,..., E m), calle d 
its realizations  an d suc h tha t 

E4 =  E[\JE'l,  ^ 0 ^ =  0 , E\±% 
(4) — 

ElCEiCE'iUE? i=  l , 2 , . . . , m . 

So, i n an y realizatio n H,  edg e Ei  contain s al l vertice s o f E{  i n E[,  whic h i s non -
empty, an d none , som e o r al l o f th e vertice s o f E",  i.e. , th e remainin g one s o f 
Ei. 

In some cases, i t i s easy t o see that tw o edges Ei  an d Ej  mus t overla p or canno t 
overlap. A  sufficient conditio n fo r Ei  an d Ej  t o overla p i s 

(5) El\Ej  /  0 , E'j\Ei  ?  0 , an d E\  n  E)  ±  0 . 

A sufficien t conditio n fo r Ei  an d Ej  no t t o overla p i s 

(6) Ei n  Ej  -  0 . 
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In genera l condition s for absenc e o f overlap wil l depend o n the presenc e o r absenc e 
of some vertice s i n E{  an d Ej . Le t u s the n introduc e variable s 

( l i f i 
W* =  \ o ot l 

_ J  verte x x k G  E iy 

' n otherwise . 

There ar e thre e case s i n whic h E{  an d Ej  d o no t overlap , whic h w e study i n turn . 

Let If!  =  25, - n E%. 
Case 1 : EiHEj  =  0 . 
This conditio n break s dow n int o th e fou r followin g ones , al l t o b e satisfied : 

(8) l.a ) ^ n ^ . =  0 ; 

(9) l.b ) f ?{n ^ =  0 <= > Yl  w * = °; 
fc|xfc€JS?{n£?j' 

(10) l.c ) S j ' n ^ =  0  <= • J2  ^ * =  ° 5 
*|arfc€.E"nEj 

(li) i.d ) ^ ' n l j =  0 <= > 5 ] mvn  =  0-
klxktEi'nE'j' 

Case 2 : # , C  ~Ej. 
This conditio n break s dow n int o th e thre e followin g ones , al l t o b e satisfied : 

(12) 2.a ) E%\Ej  =  0 ; 

(13) 2.b ) (E' inE'f)\E'; =  <D  ^= > ^  y ifc =  0 

k\xkeE'.r\Ey 

where j / i f c =  1  - y jh; 

(14) 2.c ) (E f;nE?)\Ej =  <b  <= > Yl  yikVjk^Q. 
klxkeE'i'nE'/ 

Case 3 : ~Ej  C  #,- . 
This conditio n i s similar t o Cas e 2 . Condition s ar e obtaine d b y permutin g indice s 
i an d j  i n (12)-(14) . 

The sum s ^  appearin g i n conditions (9)—(11) , (13) , (14 ) ar e boolea n ones , i.e . 
defined b y 

0 + 0  =  0 , 

(15) 1 t ° =  X ' 
( 1 5 ) 0 + 1 =  1 , 

1 + 1  =  1 . 
Let u s the n introduc e variable s z}^  zfj  an d zfj  whic h ma y b e equa l t o 1  i f th e 
conditions o f case  1 , case  2  and case  3  respectively ar e satisfie d an d otherwis e ar e 
equal t o 0 . T o ensure this , w e impose th e constraints : 

• •  • 

(16) zfj[(lij+  ^  Vjk  + YJ  ^ ^ X v yikVjkJ—0 
klxktE'.nE'j' k\x keEi'r\E'j k\x keE\'nEy 
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where 

(17) « „ = (' » f ".*>*• • 
I 0 otherwise ; 

• • 

(18) 4( 6*;+ £  y»+  £  Viky jk)=o 

where 

(19) - { i if E'^Ej  £  0 

0 otherwise ; 

(20) 4( c*;+ J2  y*+  Y,  y ikyjk)=o 
klxueEl'nEj klxkeEl'nE'/ 

where 

PI) „={ ; «*'*" 
10 otherwise . 

Let u s furthe r introduc e variable s Zij , whic h ma y b e equa l t o 1  if Ei an d Ej 
do not overlap , an d equa l t o 0  otherwise: Thi s i s expressed b y th e conditions : 

(22) zn  z}j  4 4 = 0, 

i.e., Zij  ma y b e equa l t o 1  if one o f z}-^  zfj  and zfj  i s equa l t o 1. 
Note tha t i f condition (5 ) hold s z^ = 0, if condition (6 ) hold s z^  ma y b e se t 

equal t o 1 ; if at j , bij  o r c,- j i s equa l t o 1 , zfj, zfj or zfj  respectively i s equa l t o 0. 
These observations ma y be used t o simplify th e lis t o f conditions for havin g z^ = 1. 

We no w tur n t o an expression o f nesticity fo r the prehypergrap h H'  itself . 
Assume an upper bound U  on this nesticity i s known (such a  bound may be obtaine d 
by computin g th e nesticit y o f H).  The n a  dichotomous searc h o n th e rang e [1 , U] 
is performed . Fo r a  given valu e L  in this range , w e chec k fo r th e existenc e o f a 
realization H  of H  wit h nesticit y L.  To thi s effec t le t 

{1 i f edge Ei is in th e £ th nested partia l hypergraph , 

0 otherwise . 

Consider th e se t o f equation s 
• L 

(23) Zijfj^Uttjt)  =0  i, i = 1,2, ,m, 
t=i 

L 

, m 

£ = 1 , 2 , . 

(24) n ^ = ° *=1.2, . 
t=i 

and (16 ) (18 ) (20 ) (22 ) fo r ali i , j =  1,2,^.  .,m._ 
Equation (23 ) expresse s tha t edge s Ei  and Ej  may belon g t o th e sam e neste d 

hypergraph onl y if Zij = 1 , which happen s onl y whe n on e o f th e condition s i n th e 
parenthesis o f (16 ) (18 ) or (20) is satisfied, i.e. , equa l t o 0 , or , in othe r words , in 
one o f th e thre e case s i n whic h Ei  and Ej  d o no t overlap . Equatio n (24 ) implie s 
that ever y edg e Ei  is assigned t o on e at least o f th e L  nested partia l hypergraph s 
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of the partitio n considered . I f an edg e i s assigned t o severa l partia l hypergraph s i t 
is straightforwar d t o obtai n a  solutio n i n whic h thi s doe s no t happe n b y keepin g 
only firs t assignments . 

Conditions (16 ) (18 ) (20 ) (22 ) (23 ) an d (24 ) ar e equal , afte r a  fe w multiplica -
tions, t o boolea n sum s o f product s o f boolea n variables . Gatherin g the m give s a 
boolean formul a i n disjunctiv e norma l form. W e have the n proved : 

PROPOSITION 4 . Nesticity  of  prehypergraphs reduces  to  SATISFIABILITY . 

From Proposition 2 , determining tha t th e nesticit y o f a prehypergraph i s equal 
to r  i s NP-complet e fo r r  >  3 . Th e complexit y o f th e cas e r  =  2  is open . 

While th e numbe r o f variable s an d constraint s use d i n th e reductio n give n 
above i s substantial , recen t progres s i n algorithm s fo r SATISFIABILIT Y (se e e.g. , 
Hansen an d Jaumar d [10] , Selman, Levesqu e an d Mitchel l [14 ] Jaumard , Minhe a 
and Desrosier s [13] , ) makes it likel y that nesticit y ca n be determine d fo r moderat e 
size partially define d hypergraph s i n reasonabl e time . 
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Phylogeny Graph s o f Arbitrar y Digraph s 

Fred S . Roberts an d L i Shen g 

ABSTRACT. I f D =  (V,  A)  i s a digraph, its competition  graph  C(D)  i s the grap h 
G =  (V,  E)  wit h th e same verte x se t an d a n edg e {x,  y}  i n E  fo r x  ^  y  if f ther e 
is a  verte x a  in V  s o tha t arc s (x,  a)  an d (y , a) ar e in D.  It s phylogeny  graph  i s 
the graph G  =  (V , £7) with an edge between x  ^  y  in E  if f either (as , a) an d (y , a) 
are i n A  fo r som e a  i n V  o r (sc,y ) i s in A  o r (y,  x)  i s in A . Problem s o f ecolog y 
gave ris e t o th e first  concep t an d problem s o f phylogenetic tre e reconstructio n 
to th e second . Robert s an d Shen g [1996 ] noted th e paralle l between thes e tw o 
concepts an d prove d a  variet y o f result s abou t phylogen y graph s analogou s t o 
useful an d well-know n theorem s abou t competitio n graphs . I n tha t paper , D 
is usuall y assume d t o b e acyclic , a s i s commo n i n th e ecologica l application s 
and follows from the usual assumptions in phylogenetic tree reconstruction. W e 
continue the stud y o f the analogie s between competition graphs and phylogen y 
graphs, emphasizin g th e cas e wher e D  i s a n arbitrar y digraph , no t necessaril y 
acyclic. 

1. Introductio n 

In thi s paper , w e consider th e analog y betwee n tw o graph-theoretica l concept s 
motivated b y problem s o f th e biologica l sciences . Problem s o f ecolog y stimulate d 
the developmen t o f th e concep t o f competitio n grap h i n 1968 , an d hav e le d t o a 
large literatur e tha t i s summarized i n th e article s b y Ki m [1993] , Lundgren [1989] , 
and Robert s [1997] . Motivate d b y problem s o f phylogeneti c tre e reconstruction , 
Roberts an d Shen g [1996 ] introduce d a n analogou s concep t o f phylogen y graph , 
and obtaine d a  variet y o f result s abou t phylogen y graph s tha t parallele d result s i n 
the theor y o f competitio n graphs . I n thi s paper , w e presen t severa l mor e paralle l 
results. 

We us e th e notatio n an d terminolog y o f Robert s [1976,1984] . I f D  =  (V,A) 
is a  digraph , it s competition  graph  C(D)  i s th e grap h G  =  (V , E) wit h th e sam e 
vertex se t an d a n edg e {z , y} i n E  fo r x  ^  y  if f ther e i s a  verte x a  i n V  s o tha t 
arcs (x,a)  an d (y , a) ar e i n D.  Cohe n [1968 ] introduced competitio n graph s whe n 
he was thinking o f D  a s representing a  food we b in an ecosystem , wit h vertice s th e 
species i n th e syste m an d a n ar c fro m u  t o v  meanin g tha t u  prey s o n v.  The n x 
and y  ar e adjacen t i n C(D)  if f the y hav e a  commo n prey. Competitio n graph s als o 
have applications i n communications , coding , scheduling , an d modelin g of comple x 
energy an d economi c system s (se e Raychaudhur i an d Robert s [1985 ] an d Robert s 
[1997]). 
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If D  =  (V , ̂ 4) i s a  digraph , it s phytogeny  graph  is th e grap h G  —  (V, E) wit h 
an edg e betwee n x  ^  y  i n i £ if f eithe r (z,a ) an d (y , a) ar e i n A  fo r som e a  i n V 
or (cc,y ) i s i n A  o r (y , x) i s i n A . Thi s concep t wa s motivate d b y phylogen y i n 
the followin g way . Le t u s measur e th e distanc e D(x,y)  betwee n tw o specie s i n a 
phylogenetic (evolutionary ) tre e b y th e distanc e t o th e closes t commo n ancestor , 
i.e., th e minimu m d  so that x  an d y  have a  common ancestor reachabl e fro m x  an d 
y by path s o f length a t mos t d.  Suppos e w e are give n a  se t S  o f specie s an d som e 
measure o f th e similarit y betwee n tw o species . W e wis h t o represen t th e specie s 
as vertice s o f a  phylogeneti c tre e s o tha t specie s x  an d y  ar e mor e simila r tha n 
species u  an d v  if f D(x,y)  <  D(u,v).  I n th e specia l case  wher e similaritie s ar e 
all eithe r 0  o r 1 , w e the n as k tha t x  an d y  hav e similarit y 0  if f D(x,y)  =  1  and 
similarity 1  iff D(x,  y)  —  2. A  natura l modificatio n o f thi s i s t o as k tha t x  an d y 
have similarit y 0  if f D(x,y)  —  1 and similarit y 1  iff D(x,y)  >  1 . I n thi s case , w e 
seek a  phylogeneti c tre e s o tha t x  ^  y  hav e similarit y 0  if f eithe r (x , a) an d (y , a) 
are arcs of the tre e for som e a, o r {x,  y) o r (y , x) i s an arc of the tree . Thi s gives rise 
to th e notio n o f phylogeny graph . Whil e th e motivatio n i s somewha t distan t fro m 
the practica l problem s of phylogenetic tre e reconstruction , nevertheles s i t give s rise 
to an interesting analogu e of competition graph and i t can be hoped tha t exploitin g 
the analog y betwee n competitio n graph s an d phylogen y graph s ca n eventuall y lea d 
to interestin g conclusion s abou t phylogeneti c tre e reconstructio n problems . 

If D  i s a  digrap h withou t loop s an d D'  i s th e correspondin g digrap h wit h a 
loop adde d t o eac h vertex , the n i t i s eas y t o se e tha t th e phylogen y grap h o f D  i s 
the competitio n grap h o f D'.  Th e author s than k F.R . McMorri s fo r thi s observa -
tion. I n th e earl y literatur e o f competition graphs , i t wa s assumed , becaus e o f th e 
ecological motivation , tha t th e digrap h D  wa s acycli c an d ha d n o loops . However , 
eventually thes e assumption s wer e weakene d i n par t becaus e o f non-biologica l ap -
plications an d i n par t becaus e no t al l foo d web s ar e acycli c o r loop-free . I t i s th e 
weakened case s tha t w e study here . O f course , eve n allowin g D  t o b e a n arbitrar y 
acyclic digraph rathe r tha n a  roote d tre e oriente d towar d th e root , a s is common i n 
phylogeny, already depart s fro m th e phylogen y application , s o weakening th e prop -
erties o f D  depart s eve n furthe r fro m thi s application . Th e result s w e present her e 
are relativel y straightforward . However , the y introduc e th e subjec t o f phylogen y 
graphs o f arbitrary digraphs , a  subjec t whic h w e hope wil l eventuall y giv e ris e t o 
results a s interestin g a s thos e i n th e literatur e o f competitio n graph s an d whic h 
might, eventually , b e exploite d t o sa y somethin g interestin g abou t phylogeneti c 
tree reconstructio n or , wha t i s more likely , about som e of the man y application s o f 
competition graphs . 

2. Th e Acycli c Cas e 

A majo r proble m i n th e theor y o f competitio n graph s i s t o recogniz e whe n a 
graph i s th e competitio n grap h o f som e digrap h wit h certai n properties . Fo r th e 
case o f acyclic digraphs , th e proble m i s NP-complete (Opsu t [1982]) . (Th e sam e i s 
true fo r phylogen y graphs , a s show n b y Robert s an d Shen g [1996]. ) However , w e 
have th e following characterizatio n theorem . Here , a n EC C o r edge  clique covering 
of grap h G  i s a  collectio n o f clique s (no t necessaril y maximal ) o f G  coverin g al l 
edges o f G. 

THEOREM 1 . (Dutto n &  Brigham [1983] , Lundgre n &  Maybee [1983]) . 
A graph  G  with  n  vertices  is  a  competition  graph  of  some  acyclic  digraph  if  and 
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only if  the  vertices  of  G  can  be  labeled  vi,  V2,  ...,  v n so  that  G  has  an  ECC 
{Ci, C2, . . . , C n} such  that  if  Vi  G  Cj, then  i  >  j . 

Analogously, fo r phylogen y graphs , w e have : 

T H E O R E M 2 . ( R o b e r t s a n d S h e n g [1996]) . A  graph  G  with  n  vertices  is 
a phylogeny  graph  of  some  acyclic  digraph  if  and  only  if  the  vertices  of  G  can  be 
labeled v\,  V2,  ...,  v n so  that  G  has  an  ECC  {Gi , G2,. . . , Cn-i} such  that  Vj  G  Cj 
and if  V{  G  Cj, then  i  >  j . 

3 . Arb i trar y D i g r a p h s 

Roberts an d Stei f [1983 ] gav e result s fo r competitio n graph s o f arbitrar y di -
graphs (cycle s allowed ) havin g n o loop s an d Dut to n an d Brigha m [1983 ] di d th e 
same fo r competitio n graph s o f arbitrary digraph s wit h loop s allowed . Thei r result s 
are a s follows . 

THEOREM 3 . ( D u t t o n a n d B r i g h a m [1983]) . A  graph  G  with  n  vertices  is 
the competition  graph  of  an  arbitrary  digraph  with  loops  allowed  iff  G  has  an  ECC 
of at  most  n  cliques. 

T H E O R E M 4 . ( R o b e r t s a n d Ste i f [1983]) . A  graph  G  with  n  vertices  is  the 
competition graph  of  an  arbitrary  digraph  without  loops  iff  G  has  an  ECC  of  at 
most n  cliques  and  G  is  not  K2. 

We firs t giv e a n analogu e o f Theorems 3  and 4  for phylogen y graphs . Not e tha t 
if G  =  P(D),  the n (z , x)  i s a  loo p i n D  if f {# , x}  i s a  loo p i n G . So , i f w e don' t 
allow loop s i n G , w e canno t allo w the m i n D. 

THEOREM 5 . A  graph  G  (without  loops)  with  n  vertices  is  the  phylogeny  graph 
of an  arbitrary  digraph  (without  loops)  iff  G  has  an  ECC  of  at  most  n  cliques. 

Proof . Suppos e tha t G  =  P(D)  fo r D  =  (V , A) a n arbi trar y digrap h withou t loops , 
and labe l th e vertice s o f D  a s vi , t>2 , ... , v n. Le t Cj  =  {VJ  :  (vi,Vj)  E i } U {vj}> 
j =  1 , 2 , ... , n . The n i t i s eas y t o sho w tha t {Gi , C2 , ... , G n } i s a n EC C fo r G . 

Conversely, suppos e tha t {Gi , G2 , ... , G* } i s a n EC C fo r G  wit h t  <  n.  Fo r 
i =  1 , ... , n , choos e Vi  i n Ci  an d defin e D  —  (V, A) b y lettin g A  consis t o f al l arc s 
of th e for m (# , Vj)  fo r x  ^  Vj,  x  G  Cj.  The n i t i s eas y t o se e tha t G  =  P(D)-  D 

Note: Th e firs t directio n i n th e proo f ca n b e replace d b y th e followin g argument . 
Suppose G  =  P(D).  The n G  =  C(D')  wher e D f i s define d i n th e las t paragrap h o f 
Section 1 . B y Theore m 3 , G  ha s a n EC C o f a t mos t n  cliques . 

4 . C o m p e t i t i o n N u m b e r s a n d P h y l o g e n y N u m b e r s 

In a t tempt in g t o understan d wha t graph s aros e a s competitio n graph s o f acycli c 
digraphs, Robert s [1978 ] noted tha t i f G i s any graph , the n G  plu s sufficientl y man y 
isolated vertice s i s th e competitio n grap h o f a n acycli c digraph . H e calle d th e 
smallest r  s o tha t G  plu s r  isolate d vertice s i s th e competit io n grap h o f a n acycli c 
digraph th e competition  number  k(G)  o f G . Characterizatio n o f competition graph s 
is equivalen t t o computat io n o f competitio n numbers . Ther e i s a  larg e literatur e 
about competitio n numbers , an d her e w e simpl y stat e on e resul t whic h w e inten d 
to paralle l fo r phylogen y graphs . 

The followin g resul t (state d a s correcte d b y Ki m [1988]) , gives a n uppe r boun d 
on th e competitio n number . 
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THEOREM 6 . (Lundgre n an d Maybe e [1983]) . IfG  is  a  graph ofn  vertices 
and m <  n,  then  k(G)  <  m iff  the  vertices  ofG  can  be  labeled v\, V2,  ->, vn so  that 
G has  an  ECC  {C\,  C2,  •-,  Cn + m_2} such  that  ifVi  G  Cj, then  i>  j  —  m+1. 

Any acycli c digrap h D  fo r whic h G  i s a generate d subgrap h o f P(D)  an d suc h 
that D  ha s n o arc s fro m vertice s outsid e o f G  t o G  i s calle d a  phylogeny  digraph 
for G.  (Not e tha t w e d o no t restric t ourselve s t o oriente d tree s o r insis t tha t th e 
species in G  be leaves of the tree , as is common in phylogenetic tree reconstruction. ) 
Roberts an d Shen g [1996 ] define th e phylogeny  number  p(G)  o f G to be the smalles t 
r s o tha t G  has a  phylogeny digrap h D  wit h |V(.D) | — |V(G) | =  r.  The y sho w thi s 
is well-defined an d not e that , unlik e th e situatio n wit h competitio n number , ther e 
can b e edge s i n P(D)  betwee n vertice s o f G  and vertice s o f D  no t i n G. 

The nex t resul t i s analogous t o th e Lundgren-Maybe e Theorem . 

THEOREM 7 . If  G  is  a  graph  of  n  vertices  and  m  <  n,  then  p(G)  <  m  iff 
the vertices  of  G  can  be  labeled v\, V2,  ...,  v n so  that  G  has  an  ECC  {C\,  C2,  >•-, 
C n+m_i} such  that  (i)  Vj  G  Cj+ m for  j  =  1,  2,  ...,  n  —  I and  such  that  (ii)  if 
Vi G Cj+m, j  >  1,  then  i  >  j. 

Proof. Suppos e p(G)  <  m an d D  i s an acycli c digrap h suc h tha t G  i s a generate d 
subgraph o f P(D),  D  ha s vertice s a i , 02 5 •  ••> am i n additio n t o th e vertice s o f G , 
and D  ha s no arcs from vertice s a, - to vertice s o f G. B y acyclicity o f D, th e vertice s 
of G  ca n b e labele d t>i , V2, ..., v n s o tha t (vi,Vj)  G  A(D) implie s i  >  j. Defin e 

Cj =  {vi  :  (vi.aj) G  A(D)}, j  =  1 , 2, ... , m 

and 
Cj+m =  {vt  :  (vi,Vj) G  A(D)} U  {^}, j  =  1 , 2, ... , n  - 1 . 

Since G  i s a generated subgrap h o f P(£>) , each Ck  i s a cliqu e and th e G& , k =  1 , 2, 
..., 77i + n — 1 , form a n EC C fo r G . B y construction , condition s (i ) an d (ii ) hold . 

Conversely, suppos e tha t w e are give n a  verte x labelin g and a n EC C satisfyin g 
the condition s o f th e theorem . Le t cti , 02 , ... , a m b e ne w vertice s an d defin e a 
digraph D  o n th e verte x se t V(G ) U  {ai,«2^ •••>am} as follows : I f V{  G Gj, j  =  1 , 
2, ... , m , the n le t (vj,a,j)  G  A(D);  i f Vi  G  Gj+ m ,  j  =  1 , 2 , ... , n  —  1, the n le t 
(vi,Vj) G  A(D) a s lon g a s i  /  j . Th e digrap h i s acyclic becaus e i f (vi,Vj)  G  A(D), 
then -U j G Gj+m, j  >  1 , and i  ^  j , so b y (ii) , i  >  j . I t i s straightforward t o verif y 
that G  i s a  generate d subgrap h o f P(D).  (Conditio n (i ) i s use d t o sho w tha t i f 
there i s an ar c fro m v^  to Vj  in Z) , v,- and Vj  are bot h i n Gj+ m an d s o are adjacen t 
in G. ) • 
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Agreement metrics for trees revisited 

Ewa Kubicka, Grzegorz Kubicki and F. R. McMorris 

ABSTRACT. Agreemen t metric s base d o n th e agreemen t subtre e wer e previousl y 
proposed for labeled binary trees. We continue the analysis of these metrics , introduce a 
modification, an d study the structure of geodesies. 

1. Introduction 
It i s wel l establishe d tha t developing rigorous methods fo r comparin g tree s i s 

important in systematic biology and classification theory . Fo r example, in [3] and [4], 
two metrics were introduced on the set of all leaf-labeled binar y tree s with n  leaves. 
Both were based on the notion of the agreement subtree of two trees, which is a subtree 
obtained by pruning leaves from the two trees. In the present paper, we propose some 
modifications of these metrics based on our study of the intervals between trees. 

2. Definitions and notation. 
Let S  b e a  set with n  elements . A  labeled  binary  tree  on S  i s a  tre e whos e 

leaves are in one-to-one and onto correspondence with elements of S and whose internal 
vertices are unlabeled with degree three. Tn will denote the set of all labeled binary trees 
on S. We usually will just refer to an element T e T n as a "tree". 

For T  e  T n an d X C S , pruning  th e leaves in X mean s removin g X  fro m 
Tand suppressing the vertices of degree 2 that are formed by this removal. This process 
is illustrated in Figure 1. 

3 4 

Figure 1 
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A common pruned subtree  for 7^, 7*2 e T n i s a tree that can be obtained from bot h 
7\ an d T2 b y pruning, and an agreement subtree is a common pruned subtre e with 
the maximu m numbe r o f leaves . A(Ti>  T 2) wil l denot e th e se t o f al l agreemen t 
subtrees fo r th e two trees 7^ and T2 an d let # (7^, F2) denot e th e number o f leave s 
in an agreement subtree. 

3. The simple metric and intervals 

We now recall the most straightforward propertie s of the metrics on T n tha t are 
based on the agreement subtree. The function rf:T nxTn4R define d by 

(1) d(T vT2) =  n-#(T vT2) 

for al l 7^ , T 2e T n i s clearl y a  metric o n T n. Thi s metri c i s appealin g sinc e i t 
simply counts the number of leaves which have to be pruned from both trees to obtain a 
common substructure, and there are polynomial algorithms to compute d ([1], [21, [3], 
and [5]). 

The interval determined by Tj and T2 is the following family of trees: 

(2) S{T vT$={Ts r n:d(TltT) +  d(T,T2) =  d<T l,T2)). 

Before w e characteriz e th e interva l fo r tw o arbitrar y tree s o f T n, w e nee d som e 
terminology. Suppos e tha t A  is a n agreemen t subtre e o f 7 ^ an d T 2 obtaine d b y 
pruning k+m  leave s w ^ u 2, .  . ., w^, v^, v2, .  . . , vm . Th e tree  obtained  from 
A by redrafting {u\ y w2,..., u k] according to  7\ i s the tree 

(3) A  Sjj [u v u 2, .  .., u k) =  T x -  v x -  v 2 - .  . . - v m. 

Similarly, the  tree  obtained  from A by regrafting  {v1? v2, .  . ., v m) according  to 
T2 is defined by 

(4) A  0r 2 {v lf v 2, .  . ., v m} =T 2-ul-u2-...-uk. 

The se t o f tree s obtaine d fro m A  by regraftin g {w^ , w2, . . ., uk) accordin g t o 7 ^ 
and {vj , v2 , . . . , v m) accordin g to T2 is defined as 

(5) [u v u 2, .  .., u k] ©y . A0 r 2 {v lf v 2, .  .. ,  vm} 

= {Te <T n: T-v x .  . . - vm =  A©^ [u v u 2, .  .., u k] 

mdT-ul-...-uk =  A©r2{v l f v 2, .  . ., v m }} . 

In general, by such double regrafting, we obtain a family of trees, not a single tree. 
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Theorem 1 . Let T± and  T2 be arbitrary trees  in  Tn. A tree  T  is in 
J (7*! , T^) if and only if there exists an agreement subtree A of T± an d T2 and a 
bi-partition {wj , w2, • •  •• w jfc}> ( vi» v 2> • •  •  * vm) °f xhe pruned  vertices  such 
that 

(6) Te  [u l9u2,.. . , uk}®TiA@Ti[vv v 2, .  . ., v m } . 

PROOF. Suppose first that 

(7) T e {MJ , u2,.. . , MjkJffiTjAe^tvj, v 2, .  . ., v m } . 

Then d(7 \ 7^ ) =  m  an d d(T,  T 2) =  fc.  O f course , d(T x> T 2) =  k  +  m  and , 
therefore, Te J"  (Tx T 2). 

Conversely, suppos e tha t d  (T ly T 2) =  d  (T l7 T)  +  d  (T,  T 2) =  k  +  m 
and d (r l f T)  = m. Then d (r2, 7*) = fc. There exist Ax e  MT VT) o f size 
n -  m  an d A2 6  A(T 2,T) of  siz e n  -  fc.  Th e tre e A ! i s obtaine d fro m T l (o r 
from T)  b y prunin g m  leaves , sa y vj , v 2 , . . . , v m . Th e tre e A2 i s obtaine d fro m 
T2 (o r fro m T)  b y prunin g fc  leaves , sa y « 1 , w 2 " ••»"* • Le t A  b e th e tre e 
obtained b y prunin g k  +  m  leave s w 1? w 2, .  .  . , u^,  v 1? v 2 , .  .  . ,  v m fro m T 
(see Figur e 2) . O f course , al l leave s ufs  an d v.-'s ar e distinc t becaus e otherwis e w e 
could remove less than k + m leaves to produce an agreement subtree for T± and T 2. 

Figure 2 

We wil l justif y tha t Ae #(7^ , T 2). O f course , A i s a  commo n prune d subtre e o f 
Ti an d T 2. A  i s a  maximu m commo n prune d subtre e o f T\  an d T 2, becaus e it s 
size is n  - (k  + m) and d (7^, r2) =  k + m. 

Notice that 
(8) Ai  =  A  ©r {iq , w 2, . . . , u^  an d 

A 2 s  A 0 r { v l f v 2 , . . . f v m } . 

Licensed to AMS.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/publications/ebooks/terms



242 EWA KUBICKA , GRZEGOR Z KUBICKI , AN D F . R . MCMORRI S 

Therefore, Te  {u^  u 2,..., Wfc } 0r A 0 r {v ^ v 2, . . . , v m } . • 

For illustration , i n Figure 3 , the portion o f th e interval JiT^  T 2) i s presente d 

for given tree s 7^, T2 e %  an d for one of their agreement subtrees. The three trees in 

the second row represent the family [c yf] ® T A © r {d\. 

Figure 3 
Part of J (T v T 2) for an agreement subtree A determined by white leaves 
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The diagram in Figure 4 gives the structure of th e interval J  (7^ , T2) fo r a  give n 
agreement subtre e A. Two trees in this diagram are joined by an edge if the distance 
between them is 1 . In such a case it is possible to prune one leaf from one tree above 
and regraft it according to T2 to get a tree below. 

Figure 4 
(7j, T2) interval for a given agreement subtree A 

4. The modified metric and intervals. 

Although th e metric d in the previous section is easy to compute because of the 
existence of polynomial algorithms, it does not take into account the location of pruned 
leaves. In [4] d was modified by adding a fractional part, which reflects how far apart the 
pruned leaves are, with respect to an optimal agreement subtree. 

We next recall some material from [3] . Suppose T\  an d r2 belon g to Tn an d A 
is a n agreemen t subtre e fo r 7 ^ an d T2. Le t P& denote th e se t o f al l leaves pruned 
from T l an d T 2 t o obtain A. For each x e P^,  le t A^x) denot e th e tre e obtaine d 
from Ti  b y prunin g al l leave s i n Pj±  except x  (i = 1 , 2). Now le t A(x) b e th e tre e 
formed b y addin g leave s JC J an d x2 t o A suc h tha t A(x)  i s isomorphi c t o A^JC ) 
after prunin g x 2 an d is isomorphic t o A2{x) afte r prunin g JCJ . Notice tha t A(x) ha s 
n + 1 leaves and therefore belongs to 1^+1- See Figure 5 for an illustration. 

Let s(x, A) denot e the length o f the path between th e leaves jq an d x2 i n A(x). 
In the example, s(x, A) = 4. Define 

(9) 

and 

A(A)= I  j(x,A) , 
xePA 

(10) 

Finally we set 

L(TV T 2) = mi n A(A) . 
A €*(7i,r2) 

(ID d 1(r1,r2) = d(r1,r2) + 
1 

nd(ThT2) 

^ ( ^ , ^ =  0 if7 1 = 72 

L(TV T 2) i f Tx *  T 2, and 
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Figure 5 

The functio n dj : (T n x  T n - > R  i s indeed a  metric a s wa s show n i n [3] . Also a 
dynamic programmin g approac h i s use d t o produce a n agreemen t subtre e A  whic h 
minimizes X(A)  i n polynomia l time . Suc h a n agreemen t subtre e A  i s sai d t o be 
optimal. Since an optimal agreement subtree is efficiently computable , then 
di (7*! , T 2) can be computed in polynomial time for any Tx and T2 in T n. 

Define the interval between Tx and T2 as before: 

(12) S x (T v T 2) ={Te T n: dx (T x, T)  + dx (T,  T2) = dx (T v T 2)}. 

The characterization of the intervals for the metric dx i s much easier than for the metric 
d. In the proof o f the triangle inequality for dx, presente d in [3] , it is easy to observe 
that the strict inequality dx (T v T 2) <dx(TvT) +  dx (7 , T2) holds unless 
T =  T x o r T =  T 2. Therefore we have the following result. 

Theorem 2 . For any Tx and T2 in  Tn, J (T x, T 2)= {T X,T2}. 

Some researchers might feel that having only trivial intervals is a strange property for a 
metric. Later, a new metric d2 wil l be defined which , despite its similarity t o dx, wil l 
have non-trivial intervals. In the definition o f the metric dx (an d also d2) th e functio n 
L is present Considerin g how L is defined, this function ca n be regarded as a measure 
of dissimilarit y o f tw o tree s T x an d T2. Althoug h L  i s reflexive an d symmetric , i t 
unfortunately does not satisfy the triangle inequality and therefore is not a metric. 
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In Figure 6 we present an example of three trees 7^, r2 , T3 e  T 52 for 
which the triangle inequality i s not satisfied. I n this example, U  is the full binary tree 
of 1 6 leaves. The labels of those leaves are identical in all three trees rl f T 2, and r3 , 
and a similar assumption is made for V  and W. 

Figure 6 

Let Ti  an d T2 b e tw o trees fro m T n. Usin g th e sam e notatio n a s i n the 
definition o f d  ̂we define 

(13) d 2 (T v T 2) = d (Tv T 2)+±-L (T v T 2). 

Comparing d 2 t o the metric dj , th e function d 2 simpl y ha s a different normalizatio n 
factor i n front o f L ( rl f T 2). O f course, becaus e n 2 i s a strict uppe r boun d fo r L, 
the second term is a fraction less than 1 . Figure 7 illustrates these differences . 
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Figure 7 

Theorem 3 . The function ^: T n x T n -> R w a metric  on Tn. 

PROOF. Obviously , th e function d 2
 1S  nonnegative and symmetric s o tha t we 

need only show the triangle inequality. For any T± and r2, w e have d2 (T^  T 2) < 
d (Tv T 2) +  1. Therefore, if d (Tv T 3) + d ( T3, T2) >d(Tv T 2\ the n 
d (Tv T 3) +  d (r3, T 2) > d2 (T h T 2\ an d also d2 (T v T 3) + 
d2(T3,T2)>d2(TvT2). 

Now assum e tha t d  (T ly T 3) +  d {T 3> T 2) =  d (T v T 2). Le t A zy b e a n 
agreement subtre e for th e trees T x and T; realizing th e minimum in the definition o f 
d2 (Ji,  Tj).  Le t vj , v2, .  . ., vm b e th e leave s t o b e prune d fro m T±  (and r 3 ) t o 
obtain A 1 3 an d let w lt w 2, • •  •» wfc ^e ^ e ^ eaves t 0 b e pruned fro m T 2 (an d 7* 3) to 
obtain A23. Since J (7^ , T3) + d{J3,T<$ =  d (Tx, T 2) the sets 
{vj, v 2, .  .  . , v m} an d {KJ , w 2, .  . . , u^}  ar e disjoint . I f A  denote s th e tre e 
obtained b y prunin g th e leave s Vj , v2, .  . . , vm , u x, u 2, .  . .,  u^ fro m bot h T± 
and 7*2, then notice that A can be also obtained from either A13 or A23 by pruning. 
Therefore, s  (v,-, A)  ̂s  (vf-, A13) for / = 1, 2 , .. . , k and J- (w.-, A) < 
5 (wy , A23) for ; =  1 , 2, . . ., fc. Finally, w e obtai n th e triangl e inequalit y fro m th e 
following: 
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d2(Tv T 2) <  d(T v T 2) + 

1 m 

m k 
X^(v/,A) +  ^siuj.A) 
i=l ;= 1 

k 

(14) 
= d(Tv T 3) +  - y I  j(v< , A) + rf(r3, T2) + 2>( w ;, A) 

n2 1= 1 y= l 

1 m 

d(ri,r3H^- I^(V/,A 13) ^(73,r2) + 2 ^ , A 2 3 ) 
;=i 

= j2(r l tr3) +  d2(r3, r 2) • 

The nex t theorem characterizes the interva l J2 (*i » Tl) ^ or t he m e t r i c d 2. 

Theorem 4 . Ler 7 ^ and  T 2 be  arbitrary  trees  from  T n. A  tree  T lies on 
the interval J 2 (7^ , T2) with  respect  to  d$ if  and  only  if  there  is  an  optimal 
agreement subtree  A  ofT^  and  T 2 and  a  bipartition  U,  V  of  the  pruned 
vertices such  thatTe  U® TA®T V  and for every  ue  U  and  ve  V  the  paths 
u^u2 in  A(u)  and  Vjv2 in  A(v)  have  no common internal vertices of A. 

PROOF. Suppose first that there is an optimal agreement subtree A of T±  an d 
T2 an d a bipartition U,  V of pruned vertices having th e required properties. Le t T 
belong to U®TA®T V.  Notice tha t A13 =  U® TA i s an agreement subtree o f T± 
and T, and A 23 =  A ®T V  is a n agreement subtree of T2 and T.  Because the paths 
u\u2 i n A(u) an d v^v2 inA(v)  ar e disjoin t fo r ever y u  e U  an d v  e V,  w e 
have tha t s  (v , A) =  s (v,A 13) fo r ever y verte x v  e V.  Similarly , s  (u,A)  = 
s (w, A23) fo r every ue U.  Therefore, the two weak inequalities occuring in (14) in 
the last par t of the proo f of Theorem 3 become th e equalities (T plays the role of T3) 
and d2 (Tv T)  +  d2 (r , T2) =  d2 (Tv T2). This means that T e J 2 (T v T 2). 

For the converse, suppose that 7\, T 2, and T = T 3 satisf y d2 ( r l f D  + 
d2 (7 \ T 2) =  d2 (T l9 T 2). The n i n (14 ) bot h wea k inequalitie s becom e th e 
equalities. The first one implies that A i s an optimal agreement subtree of T±  and T2. 
Because d 2 ( r l f T)  +  d2 (7 \ T 2) =  d2 (7^ , T 2) implie s th e correspondin g 
equality fo r d,  w e have that T e JiT^,  T 2) wit h respec t t o th e metri c d.  Fro m 
Theorem 1, there exist a bipartition U, V  of the prune d vertices such that 
Te U@ TA ® T V.  O f course, A1 2 =  A © r f / i s a n agreemen t subtree of T l an d 

7\ A 2 3 =  A  ®T V  i s an agreement subtree of T 2 and T. The secon d equalit y i n 

(14) implie s that s (v , A) =  s  (v , A1 3) fo r al l v  6 V  and s  (u,A) =  5 (w, A 12) 
for all u  6 £/ . This forces th e condition tha t the u-path in A(u) an d the v-path i n 
A(v) have no common internal vertices. • 

In Figure 8 the interval J^2 (7^, T2) i s presented for some tree s T x an d T2 a s 
in Figure 3. Notice that this interval is much smaller than the composing interval with 
respect to th e metric d. 
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Figure 8 
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Sparse Dynami c Programmin g fo r Maximu m Agreemen t 
Subtree Proble m 

Teresa M. Przytycka 

ABSTRACT. Th e Maximu m Agreemen t Subtre e (MAST ) arise s i n biolog y a s a 
measure o f consistenc y betwee n tw o evolutionar y tree s .  A s man y optimiza -
tion problems , th e proble m o f computin g MAS T ca n b e solve d usin g dynami c 
programming approach . A  straightforwar d dynami c programmin g algorith m 
for th e MAS T proble m take s 0(n 2) time . Th e complexit y ca n b e reduce d 
using th e observatio n tha t th e dynami c programmin g instance s arisin g i n th e 
MAST proble m ar e sparse . Thi s propert y o f ha s bee n explore d t o obtai n 
several subquadrati c tim e algorithms . I n thi s pape r w e first  revie w th e ke y 
sparsification technique s use d i n subquadrati c tim e MAST  algorithms . Subse -
quently w e develo p a  ne w 0(nlognVd)  tim e algorith m fo r tree s wit h degre e 
bounded b y d.  Fo r d  <  logn  th e algorith m take s O  (n log n log d + ndVd) time . 
This improve s upo n previou s complexit y bound s fo r thi s cas e an d fills  th e ga p 
between th e 0(n logn) tim e algorith m fo r binar y tree s an d th e 0(ny/nlogn) 
time algorith m fo r unbounde d degre e trees . 

1. Introductio n 

The Maximum Agreemen t Subtre e arise s in biology a s a measure of consistenc y 
between tw o evolutionary trees . A n evolutionary  tree  for a  species se t L  is a  roote d 
tree whos e leaves are uniquely labele d b y the specie s in L,  an d (unlabeled ) interna l 
nodes represen t ancesto r species . W e refe r t o suc h a  tre e a s a  leaf  labeled  rooted 
tree. Th e se t o f lea f label s o f a  tre e T  i s denote d L(T).  Th e size,  n , o f a  tre e i s 
defined t o b e th e numbe r o f leaves. 

For a  se t 11  such tha t II  C  L(T),w e defin e th e topological  restriction  of  T 
to L' , writte n T\L',  t o b e th e tre e obtaine d for m T  b y removin g leave s no t i n 
V an d contractin g degre e on e nodes . Formally , th e node s o f T\V  ar e define d b y 
pairs {lca T(a,6) | (a , b) G  V x  L'}  an d th e arc s ar e define d i n suc h a  wa y tha t fo r 
all (a , b) e  II  x  II ', lca T lL ' (a, b)  —  lcaT (a , b).  Her e lca T(x,y) denote s th e leas t 
common ancesto r o f nodes x  an d y  i n T.  Th e tre e T\L'  i s uniquely determine d b y 
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the tre e T  an d th e se t V.  Give n a  tree T  an d a  se t V  C  L(T)  th e tre e T\V  ca n b e 
computed i n 0(n)  tim e [5] . 

Given tw o leaf labele d tree s To , T\ wit h th e sam e se t o f leaf label s L , the Max-
imum Agreement  Subtree  proble m i s to comput e a  maximu m cardinalit y subse t II 
of L  suc h tha t TQ\L'  and T\\L'  ar e isomorphic . (Isomorphis m o f lea f labele d tree s 
is assumed t o preserv e the labels. ) Maximu m Agreemen t Subtre e proble m extend s 
in a  natura l wa y to th e cas e o f mor e than tw o trees an d t o unroote d trees . 

The first  MAS T algorith m wa s give n b y Finde n an d Gordo n [8] . Thei r algo -
rithm i s a  heuristi c algorith m tha t take s 0(n 5) tim e an d doe s no t guarante e a n 
optimal solution . Subsequently , Kubick a et  al.  [12 ] presente d a n 0(n^2+ e) l osn) 
time algorith m fo r th e binar y MAST  problem . Th e first  polynomia l tim e algo -
rithms fo r th e MAST  proble m wer e give n b y Stee l an d Warno w [15 ] an d inde -
pendently b y Goddard , Kubick a an d McMorri s [13] . Th e Steel-Warno w algorith m 
uses dynami c programmin g techniqu e an d run s i n 0(n 2) tim e o n bounde d degre e 
rooted o r unroote d tree s an d i n 0(n 4 logn) tim e o n unbounde d degre e unroote d 
trees. Subsequently , Farac h an d Thoru p gav e a n 0(n 2c^logn) tim e algorith m fo r 
the UMAST  proble m [5 ] and a n 0(n 1 , 5 logn ) tim e algorith m fo r th e roote d versio n 
of the proble m [6] . Th e algorith m o f [6 ] provides a n 0(n 1+€) tim e reductio n o f th e 
MAST proble m t o th e Unar y Weighte d Bipartit e Matchin g (UM ) proble m [9] . A t 
the sam e tim e the y sho w tha t th e MAST  proble m i s a t leas t a s har d a s th e U M 
problem. 

In practic e evolutionar y tree s have small degrees , and mos t frequentl y the y ar e 
simply binar y trees , thu s th e MAST  proble m fo r binar y an d bounde d degre e tree s 
are o f particula r interest . Farach , Przytyck a an d Thoru p [3 ] gav e a n 0(nlog 3 n) 
time algorith m fo r th e Maximu m Agreemen t Subtre e proble m fo r binar y trees . 
Subsequently, Ka o [11 ] gave an 0(n  log 2 n) algorith m fo r th e sam e problem. Kao' s 
algorithm takes 0(min{nd2 lo g dlog2 n , nd* log 3 n}) fo r degree d  trees. Finall y Col e 
and Hairhana n [2 ] improved th e algorith m o f Farach, Przytyck a an d Thoru p t o a n 
O(nlogn) tim e algorith m (se e als o [1]) . 

In thi s pape r w e discuss spars e dynami c programmin g algorithm s fo r comput -
ing MAST  fo r a  pai r o f rooted trees . W e survey various sparsificatio n result s usin g 
one genera l framework . Thi s allow s u s t o simplif y som e o f th e earlie r arguments . 
Reversing th e historica l developmen t o f the algorithm s fo r th e MAST  problem , w e 
start wit h a n outlin e th e O(nlogn ) tim e algorith m o f Cole , Farach , Hairhanan , 
Przytycka an d Thorup [1]. Subsequentl y w e generalize this algorith m t o non-binar y 
trees. Th e fac t tha t th e algorith m ca n b e generalize d t o non-binar y tree s wa s sug-
gested in [3 , 1 , 16] . I n [1 ] we concluded tha t suc h a generalization t o degree d  trees 
appears to yield an algorithm with running time 0(min{n\/dlog 2 n , ndlogn logd}). 
In th e sam e pape r a n algorith m wit h runnin g tim e 0(n\ /d logn ) wa s conjectured . 
In thi s paper , w e sho w tha t thi s conjectur e i s true . Fo r th e cas e wher e d  <  logn , 
our algorith m take s 0(n  lo g n log d + ndy/d)  time . 

1.1. Spars e dynami c programming . Th e to p leve l ide a behin d th e spars e 
dynamic programmin g approac h ca n b e describe d a s follows . Le t Ti , T 2 b e tw o 
binary trees . W e sa y tha t a  pai r (xi,X2) , wher e x ; i s a  nod e o f tre e Ti  dominates 
a pai r (x' l5 x'2) wher e x[  i s a  node o f tree Ti  i f x; i s an ancesto r o f x\.  Furthermore , 
if Xi  /  x[  fo r i  —  1,2 the n w e say tha t (xi,X2 ) properly  dominates  (x'^x^) . 
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For a  pai r o f interna l node s x\,X2  wher e X{  € T; , defin e MAST{x\,X2)  t o 
be a  maximu m agreemen t subtre e o f th e subtree s roote d a t x\  an d X2  respec-
tively. Th e quadrati c dynami c programmin g algorithm s fo r th e MAST  proble m 
relay o n th e fact , tha t give n a  pai r o f node s {x\,X2)  wher e non e o f xi  i s a  leaf , 
MAST(xi,x2) ca n be compute d i n a  constan t tim e fro m th e MAST  value s fo r a 
constant numbe r o f pair s dominate d b y (£1,2:2 ) (se e next sectio n fo r th e precis e 
algorithm). Usin g thi s observatio n th e quadratic dynami c programmin g algorith m 
proceeds b y computin g al l entrie s (z,j ) o f a n (2 n — 1 ) x  (2n  — 1 ) array , MAST 
where MAST(i,j)  =  MAST(vi,Uj).  Th e entrie s ar e compute d usin g an y partia l 
order whic h agree s wit h th e dominance partia l orde r define d above . 

Subquadratic tim e algorithm s fo r the MAST  proble m ar e based o n the obser -
vation tha t mos t o f the entries o f the array MAST  ar e not relevant fo r computin g 
the targe t valu e MAST(u2n-i^2n-i)-  I n fact , th e matrix o f the relevant value s is 
sparse. W e refer t o a dynamic programmin g algorith m tha t produce s suc h a  spars e 
table o f values a s to a  sparse  dynamic  programming  algorithm . 

In a sparse dynamic programming algorithm, we can no longer assume that eac h 
entry o f the MAST  arra y ca n be computed i n constant tim e fro m it s other entries . 
Neither w e can assume tha t entrie s of the MAST  value s can be located i n constan t 
time. Thus , tw o steps wil l b e needed . First , w e will explor e th e structur e o f the 
problem t o decid e whic h entrie s o f th e dynami c programmin g arra y ar e needed . 
Subsequently, w e address th e problem o f storing an d accessing the relevant data . 

2. Reductio n o f the numbe r o f entrie s 

Consider th e followin g 0(n 2) tim e dynami c programmin g algorith m fo r com -
puting MAST  valu e o f tw o trees T\,T 2 roote d a t R\,R2  respectivel y [15] . Th e 
algorithm processe s al l pair s o f vertices (x  1,2:2), wher e xi  € T* , in any order tha t 
agrees with the dominance order . Fo r an internal node x we use side(x) an d cntr(x) 
to denot e the two children o f x. Fo r the purpose o f the later algorithms , we let the 
central child,  denoted cntr(v),  b e the node wit h th e maximum numbe r o f descend-
ing leaves , an d we let the side  child,  denoted side(v)  b e the othe r child , wit h tie s 
broken arbitrarily . Correspondingly , cal l the arc (x,  cntr(x)) a  central  arc. 

The algorith m use s the following dynami c programmin g formula : 

binvalue(L(xo) —  L(xi)) 
if xo  and x\ ar e leaves. 

MASTixo.cntrixx)) 
if x\  i s not a  leaf . 

MAST(cntr{xo),xi) 
if xo is not a  leaf . 

MAST{x0,side(xi)) 
if xo  is not a  leaf . 

MAST(side(xo),xi) i f x\ i s not a  leaf. 
MAST(cntr(x0), cntr(xi))  + 
MAST(side(x0), side(xi)) 

if neithe r XQ  nor x\ i s a leaf . 
MAST(side(x0), cntr(xi))+ 
MAST(cntr(xo), side(xi)) 

if neither XQ  nor x\ i s a leaf. 

(2.1) MAST(x 0,xi) =  max < 
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FIGURE 1 . A  non-interesting entr y (£i ,£ 2) . 

We sa y tha t tw o subtree s S i ,S 2 o f Ti,T 2 respectivel y intersect  i f L(Si)  f l 
L(Sg) ^  0 . T o se e tha t som e entrie s o f th e arra y MAST  ar e no t relevan t i n com -
puting MAST  value , conside r th e exampl e illustrate d i n Figur e 1 . Her e subtree s 
rooted a t y\  an d z 2 d o no t intersect . I n thi s cas e fo r an y nod e z'  suc h tha t Z2  is 
an ancesto r o f z  w e have MAST(yi,z)  =  0 . Thu s w e d o no t nee d t o comput e th e 
MAST valu e fo r a  pai r ( E I , ^ ) unles s ther e exis t a  pai r o f leave s (a , b) such tha t 
l c a T i ( a , & ) =  X{. 

However, afte r thi s simpl e reductio n o f the numbe r o f entices describe d abov e 
we may stil l b e lef t wit h fl(n 2) entrie s (se e Figur e 2  a). 

Let a,b,c  G  L. W e say that a  triple a , b, c is resolved  if and onl y i f T\\{a, 6 , c} = 
T2|{a, fo, c} an d i t ha s tw o interna l nodes . Intuitively , eac h agreemen t subtre e (o f 
size a t leas t 3 ) represent s a  se t o f consistent , resolve d triples . Thi s sugges t anothe r 
natural candidat e fo r a n interestin g entry : a n entr y tha t correspond s t o a  pai r o f 
roots o f a  resolved triple . Not e tha t eve n i f we restrict th e se t o f interesting entrie s 
to th e root s o f resolved triple s th e numbe r o f such pair s remains , in th e wors t case , 
quadratic. (Se e Figure 2  b). 

To reduc e th e numbe r o f interestin g entrie s th e subquadrati c tim e algorithm s 
[1, 2 , 3 , 6 , 11 ] organiz e computatio n alon g pair s o f path s (Pi,P 2) wher e Pi  i s a 
path i n TV 

By a  centroid  path  w e mean a  maximu m pat h usin g centra l arcs . Th e verte x 
of a  centroi d path , P , tha t i s closest t o th e roo t i s called th e topmost  verte x o f thi s 
path an d i s denoted b y topmost(P). 

A centroi d pat h P  o f a  tre e T  dominate s a  centroi d pat h P'  o f th e sam e tre e 
if topmost(P)  i s a n ancesto r o f topmost(P').  Th e depth  o f a  centroi d pat h i s th e 
number o f centroi d path s properl y dominatin g it . Not e tha t th e dept h o f an y 
centroid pat h i s a t mos t logn . 

We hav e a  natura l partia l orde r o n pair s o f centroi d paths : a  pai r (Pi,P 2) 
of centroi d path s dominates  a  pai r {P[^P! 2) o f centroi d path s wher e Pi,PI 
is a  centroi d pat h o f T^ , i f an d onl y i f (topmost(Pi),topmost(P2))  dominate s 
(topmost(P{), topmost^P^)). 

Note tha t eac h verte x belong s t o a  uniqu e centroi d path . Thus , i f w e conside r 
all pairs o f centroid path s the n ever y pai r o f nodes belongs to exactly on e such pai r 
of paths . 

A pair o f centroid path s (Pi , P2) i s an interesting  pair  of  paths i f there exist s a 
pair o f label s a,  b such tha t lca T l (a , b) G Pi an d lca T2 (a, b) G P2 . 

A pair o f interna l node s (xi,x 2) wher e xi  G  T ; i s interesting  i f i t belong s t o a n 
interesting pai r o f path s an d th e sid e tree s side{x\)  an d szde(x 2) intersect . A  pai r 
(xi,x2) wher e on e o f Xi,  sa y x 2, i s a  lea f i s interesting i f L{xz)  G  L(xi). 
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FIGURE 2 . A n example showing that a  simple reduction of entries 
does no t suffice . 

LEMMA 2.1 . Let  Xi,T 2 be  two trees  such that  the  maximum  depth  of  a  centroid 
path in  any  of  the  trees  is  k.  Then  there  are  O(kn)  interesting  pairs  of  nodes  in 
(Ti.Ta). 

PROOF. Divid e th e interestin g pair s int o thre e groups : A  left  non-singleton 
interesting pair  i s a n interestin g pai r ( x i , ^ ) suc h tha t ther e exis t a n interestin g 
pair (x\^x' 2) wit h x' 2 ^  # 2 an d x 2 belongin g t o th e sam e centroi d pat h a s X2 • A 
right non-singleton  interesting  pair  i s define d i n a  symmetri c way . Th e remainin g 
pairs ar e calle d singleton  pairs.  First , w e wil l sho w tha t th e numbe r o f lef t non -
singleton pair s i s O(kn).  Th e argumen t fo r righ t non-singleto n interestin g pair s i s 
symmetrical. Le t Pi  =  u i , . . . up b e th e centroi d pat h o f T\  startin g a t th e roo t o f 
T\. Le t mi  =  \L{side(ui))\.  Fo r any ui there are 0(mi) lef t non-singleto n interestin g 
pairs o f th e for m (u{,Xj).  Sinc e Yli mi 5 : n  a n d th e numbe r o f level s i s a t mos t 
fc, th e boun d fo r non-singleto n pair s follows . Conside r a n interestin g singleto n pai r 
(ui,Vi). Le t Ui  belon g to P i an d Vi  belon g to P 2 . B y the definitio n o f an interestin g 
pair o f paths, there exis t anothe r interestin g pai r (UJ,VJ)  wher e U{  ^  Uj  and Vi  ^ Vj 
that belong s t o th e sam e pai r o f paths . Thu s i f a  pai r (ui,Vj)  wher e Ui  belongs t o 
Pi an d Vj  is ancestor o f vi i s interesting, the n i t mus t b e a  non-singleton interestin g 
pair. Thu s th e numbe r o f singleton pair s i s also O(kn).  • 

COROLLARY 2.2 . I n a  pai r o f lea f labele d tree s o f siz e n , ther e ar e O(nlogn ) 
interesting pair s o f nodes . 

LEMMA 2.3 . All  interesting  pairs  of  nodes  for  a  pair  of  trees  Xi,T 2 can  be 
identified in  0(n  lo g n) time. 

P R O O F . First , identif y th e topmos t centroi d pat h P i =  ui,...u p o f 7\ . Fo r 
any sid e subtree side(u{)  find  recursivel y al l interesting pair s i n the pai r o f subtree s 
(side(ui),T2\L(side(xo)). The n i t remain s t o find  interestin g pair s wher e th e first 
element o f the pai r belong s t o Pi . Assum e tha t i n th e recursiv e step w e stored on e 
interesting pai r pe r eac h intersectin g pai r o f sid e tree s (side(v,i),  side(x))  wher e U{ 
belongs t o P i an d x  belong s t o T 2. The n reportin g o f al l interestin g pair s o f typ e 
(ui,x) reduce s t o traversin g th e tre e T 2 i n postorder . Fo r eac h centroi d pat h w e 
check if it forms a n interesting pai r o f paths wit h P i an d i f so report al l intersectin g 
pairs o f subtre e a s interestin g pairs . • 

In ou r algorithm , w e compute i n additio n t o MAST  value s fo r interestin g pai r 
the MAST  value s fo r s o calle d supporting  pairs.  I f (#1,22 ) i s a n interestin g pair , 

Licensed to AMS.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/publications/ebooks/terms



254 TERESA M . PRZYTYCK A 

inbeaaasfcing pa i r s 

su|3pcnrtir)cr p a i r s correscxxjdirx j t o g r a a i edge s (e>sciples ) 

B SLCPcartin g p a i r s c a c r e ^ m d i n g t o r e d edge s (examples ) 

supporting pa i r s aarrespcrr±Ln g t o vi i i t e edges  (exatp les ) 

FIGURE 3 . Th e relatio n o f the pat h matchin g an d a n agreemen t mappin g 

then w e call pair (x\,  topmost(x2))  a  red  supporting pair,  (topmost(xi) , x^))  a  green 
supporting pair,  an d th e pai r (topmost(xi),topmost(xi))  a  white  supporting  pair. 
Clearly, the numbe r o f supporting pair s i s at mos t thre e time s the numbe r o f inter -
esting pairs . 

3. Spars e dynami c computatio n o f MAST  valu e fo r binar y tree s 

Let V  C  L(T).  I f Ti\L'  i s isomorphic to T2\' L then Ti\V  i s called a n agreement 
subtree an d th e isomorphis m betwee n T \ an d T 2 i s calle d a n agreement  mapping. 
We say tha t a  subtre e S\  o f T\  i s mapped ont o subtre e £ 2 o f T 2 i n thi s agreemen t 
mapping i f S\\L'  D  L(Si) i s nonempty an d i s isomorphic t o S^l-k ' fi ^(5^) . 

Consider a  pai r P\ , P 2 o f centroid path s o f Ti an d T 2 respectivel y an d conside r 
a possibl e agreemen t mappin g o f side subtree s (se e Figur e 3) . Clearl y i f v^ ,... V{ k 

and ar e node s o f P i tha t ar e mappe d t o node s U{ x,... Ui k o f P2  in th e agreemen t 
mapping the n fo r j  <  k  side(vi)  i s mappe d int o side(ui).  Thus , i n particular , fo r 
i <  k  th e pair s (v^ ,U{.) hav e to be interesting . Fo r the las t pai r (yi k,uik) (th e pai r 
(u±, V4) i n Figure 3 ) it i s also possible that th e side tree of one node is mapped ont o 
central subtre e o f th e othe r nod e an d vic e versa . I n thi s cas e th e pai r (vi k, Ui k) 
does no t nee d b e interestin g accordin g t o ou r definition . (Thi s i s th e cas e fo r th e 
pair (vs,us)  i n Figur e 3. ) However , ou r algorith m need s t o kno w th e valu e o f 
MAST(vs,us). W e wil l sho w ho w t o stor e enoug h informatio n t o comput e suc h a 
value in a n efficien t way . Th e proces s o f computing a  bes t agreemen t matchin g fo r 
an interestin g pai r o f centroid pat h i s called th e path  matching. 

Let Pi  —  ui,-..  ,u p,P2 —  vi,...vq b e a n interestin g pai r o f centroi d paths . 
Assume tha t th e MAST  valu e fo r an y supportin g dominate d properl y b y a n inter -
esting pai r (#i,£2 ) wher e x\  £  Pi  i s known . Th e proble m o f computin g MAST 
values fo r al l interestin g an d supportin g pair s o f a  give n pai r o f interestin g path s 
can b e formalized a s a  certain typ e o f a bipartite matchin g problem, calle d th e path 
matching problem  [1] . 
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Let G(Pi,P 2) —  (L  U  P,E) b e a  bipartit e multigraph , wher e eac h multi -
edge consist s o f thre e edges : a  white  edge , a  red  edge an d a  green  edge . Eac h 
of thes e edge s ha s a  weigh t associate d wit h it . Fo r an y interestin g pai r (iii,Vj) 
there i s a  multiedg e betwee n vertice s correspondin g t o ui  an d Vj . Th e whit e edg e 
in thi s multiedg e ha s weigh t equa l t o MAST(side(u{),  side(vj)),  th e re d edg e ha s 
weight equa l t o MAST(side(ui) 1 cntr(vi))  an d th e gree n edg e ha s weigh t equa l t o 
MAST(cntr(vi), side(vj)).  Furthermor e ther e i s a multiedge betwee n u p an d an y Vj 
if u p 6  L(VJ).  Finally , ther e i s a  multiedg e betwee n u p an d v q i f bot h thes e leave s 
have th e sam e label . Th e weight s o f al l edge s i n thes e multiedge s ar e one . Th e 
edges adjacen t t o u q ar e define d i n a  symmetri c way . 

Observe th e followin g relatio n betwee n edge s o f th e grap h G(Pi,P 2) an d sup -
porting pair s dominate d b y th e interestin g pair s o f (Pi ,P 2) . Conside r fo r exampl e 
a whit e edg e (ui^Vj).  Le t P[  an d P 2 b e th e centroi d path s o f side(ui)\side(vj)  an d 
side(vj)\side(ui) respectively . (Recal l tha t centroi d pat h i n a  subtre e i s inherite d 
form centroi d pat h o f th e tree) . The n th e weigh t o f a  whit e edg e i s equa l t o th e 
MAST valu e for the white supporting pair in this pair of paths. Similarl y the weigh t 
of a  gree n edg e i s equa l t o th e MAST  valu e o f a  correspondin g gree n supportin g 
pair etc . (compar e Figur e 3) . Similarl y eac h rea d an d gree n edge s correspond s t o 
supporting pai r o f the sam e color . 

We define a  proper crossing  in G(Pi , P2) t o b e a  red-green edg e pai r i n G  suc h 
that th e tw o edge s cros s an d th e endpoin t o f th e gree n edg e i n L  i s abov e tha t o f 
the re d edge . 
An Agreemen t Matchin g i n G(Pi ,P 2) . A  matchin g i n G(x)  i s a n agreemen t 
matching if : 

1. I t ha s zer o o r mor e whit e edge s an d a t mos t on e prope r crossing . 
2. N o whit e edg e crosse s an y othe r edge ; further , al l whit e edge s properl y 

dominate th e edge s i n th e prope r crossing , i f any . 

The weigh t o f an agreemen t matchin g i s the su m o f the weight s o f it s edges . 
Each such agreement matchin g defines i n a unique way mapping betwee n node s 

of P i an d P 2 i n a n agreemen t tree . Namely , th e endpoint s o f whit e edge s ar e 
mapped on e t o another . Furthermore , i f th e mappin g contain s a  prope r red-gree n 
crossing the n th e lef t en d poin t o f th e gree n edg e i s mappe d int o righ t endpoin t 
of th e re d edg e (se e Figur e 3  b ) . Mor e precisely , recal l tha t eac h white , gree n o r 
red edg e correspond s t o a  uniqu e supportin g pair . Choosin g a  give n edg e i n th e 
agreement mappin g correspond s to mapping th e subtree s roote d a t th e element s of 
the correspondin g supportin g pai r on e t o another . A  maximu m weigh t agreemen t 
matching correspond s t o a  maximu m weigh t agreemen t subtree . 

The MAST  algorith m o f [1 ] processe s interestin g pair s o f path s i n a n orde r 
that agree s wit h th e dominanc e order . Fo r eac h suc h pai r (Pi,P 2) o f interestin g 
paths i t compute s a  maximum weigh t agreemen t matchin g fo r th e graph G(P± , P2). 
Since w e need t o kno w th e weigh t o f th e edge s o f G(Pi,P 2) prio r t o startin g th e 
path matchin g algorithm , w e modify slightl y grap h G(Pi , P2) b y addin g edge s cor -
responding t o supportin g pair s tha t belon g t o (Pi ,P 2) . Th e numbe r o f edge s i n 
G(Pi,P2) increase s a t mos t thre e times . Sinc e th e maximu m agreemen t match -
ing algorith m compute s fo r ever y edg e e  i n G  a  maximu m agreemen t matchin g 
restricted t o the se t o f edges dominated b y e  the MAST  value s for thes e supportin g 
pairs wil l b e compute d a s a  partia l resul t o f th e pat h matchin g algorithm . Thu s 
processing the pairs of interesting path s i n an order tha t agree s with the dominanc e 
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order ensure s tha t prio r t o startin g th e pat h matchin g algorith m fo r a  give n pai r 
of paths , th e weight s o f al l edges i n th e correspondin g grap h G  ar e computed . 

LEMMA 3.1 . [3 ] Given  two  centroid  paths  the  path  matching  problem  can  be 
solved in  0(m  lo g n) time  where  m is  the  number  of  edges  in the  bipartite  graph. 

P R O O F . (Outline. ) Th e approac h i s similar t o th e 0(n  log n) tim e algorith m 
for th e heavies t commo n subsequenc e [10 ] wit h th e necessar y complicatio n intro -
duced b y allowin g a  proper red-gree n crossing . (Withou t tha t crossin g allowe d th e 
problem woul d b e equivalen t t o th e heavies t commo n subsequenc e problem) . 

Construct balance d binar y searc h tre e S  whos e leave s ar e th e vertice s i n R. 
Next, th e vertice s i n L  ar e considere d i n tur n i n bottom-to-to p order . Fo r eac h 
vertex U{  G  L, th e vertice s adjacen t t o i t i n R  ar e searche d fo r i n S  an d th e edge s 
incident wit h U{  are considere d i n th e bottom-u p orde r wit h respec t t o thei r lef t 
endpoint. 

For each whit e edge the larges t weigh t agreemen t matchin g fo r th e se t o f edge s 
dominated b y i t i s computed . Th e followin g informatio n i s stored a t eac h verte x z 
of 5 . Le t anc(z)  denot e th e se t o f ancestor s o f z  i n S , z  inclusiv e an d S(z)  i s th e 
subtree o f T  roote d a t z. 

1. g(z):  Fo r eac h z , max 2/6anc(z) ^(2;' ) wil l b e th e heavies t gree n edg e i n S 
which form s a  proper crossin g with eac h re d edg e i n S(z). 

2. x(z):  Thi s i s the larges t weigh t prope r crossin g amon g th e edge s i n S(z). 
3. m(z):  Thi s i s th e larges t weigh t agreemen t matchin g containin g a  whit e 

edge such tha t th e topmos t whit e edg e i s in S(z). 
4. y(z):  Thi s i s the larges t weigh t prope r crossin g suc h tha t th e gree n edg e i n 

this crossin g i s in S  bu t no t i n S(z),  th e re d edg e in this crossin g is in S(z), 
and th e gree n edg e doe s no t for m a  prope r crossin g wit h al l th e re d edge s 
in S{z). 

5. r(z):  Thi s i s the heavies t re d edg e i n S(z). 

Let e  b e a  processe d edge . Th e informatio n store d s o fa r i n S  take s int o 
account onl y th e edge s processed befor e edg e e . Fro m thi s information , th e larges t 
weight agreement matchin g containing only edges dominated by e is computed. Th e 
computation tim e i s proportiona l t o th e dept h o f th e righ t endpoin t o f e  in S  an d 
thus take s O(logn ) time . I n th e sam e tim e th e informatio n store d i n S  i s update d 
so tha t i t take s int o accoun t th e edg e e . Th e detail s ca n b e foun d i n [1] . • 

Outline o f th e 0(n  lo g n) tim e algorith m fo r computin g MAST  o f tw o bi -
nary trees . Le t BAgre e be algorithm tha t compute s MAST  value s for al l interest -
ing an d supportin g pair s fo r a  pai r o f binary trees . Th e algorith m consist s o f thre e 
parts: 

Algorithm BAgre e 

1: Le t P\  —  1x1,1̂ 2 , • • -Up.  Comput e Si  —  T2\L(side(ui)).  Thi s ca n b e don e i n 
linear tim e [6] . 

2: Fo r each pair of trees (side(ui),Si)  comput e recursively B Agree (side( ui), Si). 
3: Solv e th e Pat h Matchin g proble m fo r ever y interestin g pai r o f paths Pi , P'2 

where P' 2 i s a  centroi d pat h o f T 2 i n a n orde r agree s wit h th e dominanc e 
partial order . 
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THEOREM 3.2 . [2 , 1 ] The  MAST  for  two  binary  trees  can  be  computed  in 
0(n lo g n) time. 

P R O O F . (Outline ) Not e that a  direct applicatio n o f Lemmas 3.1 and 2. 1 leads 
to an 0(n  log 2 n) tim e algorithm. T o achieve an O(nlogn) tim e algorithm Col e an d 
Hairhanan replace d binar y searc h tre e use d i n th e pat h matchin g algorith m b y a 
weighted binar y searc h tree . Th e weight s ar e chosen  i n suc h a  wa y tha t amortize d 
complexity o f al l pat h matchin g problem s i s O(nlogn) . Fo r th e detail s o f th e 
analysis w e refer th e reade r t o [1] . • 

In th e nex t section , w e wil l show , ho w t o generaliz e thi s algorith m t o highe r 
degree trees . Fo r thi s purpos e w e nee d t o extrac t som e propertie s o f th e pat h 
matching algorithm : 

LEMMA 3.3 . For  each  edge e processed by  the path matching  algorithm  the  fol-
lowing queries  can  be  answered at  the  time  of  processing e  without  increasing  the 
approximate cost  of  the  algorithm. 

• the  weight  of  the  maximum  weight  proper crossing  dominated  by  e 
• maximum  weight  path matching  value  for the  edges  properly dominated  by  e. 
• for  each  green  edge  a  maximum  weight  green  edge  which  has  the  same  left 

endpoint as  e and  which  is  dominated  (not  necessarily  properly)  by  e. 

P R O O F . Al l these propertie s ar e immediate consequence s o f the pat h matchin g 
algorithms [1 , 2 , 3] . Th e first  tw o ar e th e bas e o f th e dynami c programmin g 
algorithm use d i n th e algorithm . Th e las t on e follow s directl y fro m th e orde r o f 
processing th e edges . • 

4. Non-binar y tree s 

In th e cas e o f non-binar y trees , th e equatio n (2.1 ) generalize s a s follows . Fo r 
a pai r o f interna l node s (xi,x 2) conside r bipartit e grap h B(xi,x 2) =  (Bi,B 2,E) 
where eac h verte x o f B{  correspond s t o th e subtre e o f T{  rooted a t a  chil d o f X{. 
There i s a n edg e betwee n b\  an d b 2 wher e bi  G B{ i f th e subtree s roote d a t 6 1 and 
b2 intersect . Th e weigh t o f thi s edg e i s MAST{b\,b 2). Isolate d vertice s ar e no t 
included i n the graph . A n edge (&i , b2) such that eac h bi  corresponds to a  side child 
of ui  o r Vi  is called a  side-side  edge . I f both bi  corresponds t o cente r children , the n 
(61,62) i s a  center-center  edge . Otherwis e i t i s respectivel y side-center  o r center-
side edge . W e wil l als o us e grap h B'(x\,x 2) obtaine d fro m B(xi,x 2) b y removin g 
the node s correspondin g t o th e centra l childre n o f x\  an d x 2. 

Let MM(B(xi,x 2)) b e th e maximu m matchin g i n B(xo,xi).  W e hav e 

f MM(B(x ux2)) 
(4.1) MAST{xi,x 2) -  max < max 6 l 6 5 l MAST(bi,x 2) 

[ max 62GjE?2 MAST(xi,b 2) 

The above equality lead s to a  natural generalizatio n o f the 0(n 2) tim e dynami c 
programming algorith m fo r binar y tree s t o a n 0(n 2) +  total.MM  algorith m fo r 
general tree s wher e total-MM  i s the tota l cos t o f the matching s performe d a t eac h 
pair (xi,x 2). Fo r th e tree s wit h degre e boun d d  ther e ar e a t mos t n 2 matching s 
each o f which involve s a  2d-verte x bipartit e graph . Thu s w e hav e immediatel y a n 
0(n2d2\fd) tim e MAST  algorith m fo r tree s wit h degre e boun d d. 

To obtain mor e efficien t algorithm s th e followin g observation s ar e used : 
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intersecting pairs of trees 

FIGURE 4 . Generalizatio n o f path matchin g t o non-binar y tree s 

i: Th e boun d o n totaLMM  ca n b e tighte n b y boundin g th e tota l numbe r o f 
edges i n al l bipartit e graph s i n al l matchings . 

ii: I n eac h bipartit e matchin g problem , i n an y se t o f edge s (b{,b)  adjacen t t o 
the sam e nod e b  and suc h tha t b{  is a  verte x o f degre e one , w e ca n remov e 
all edge s i n thi s se t excep t th e heavies t on e withou t changin g th e valu e o f 
the maximu m matching . 

iii: Th e numbe r o f matchings ca n b e bounded . Wit h a  natura l generalizatio n 
of th e concep t o f interesting pairs , th e numbe r o f matchings i s bounded b y 
the numbe r o f interesting pairs . 

The first tw o observations and the variant o f the third on e are the main buildin g 
blocks o f the 0(riy/n  log n) tim e algorith m o f Farac h an d Thorup . 

We defin e th e decompositio n o f a  tre e o f degre e highe r tha n tw o int o centroi d 
paths i n th e sam e wa y a s i n th e cas e o f binar y trees : th e centra l chil d i s a  chil d 
with larges t numbe r o f descendin g leave s (tie s ar e broke n arbitrarily ) an d th e re -
maining childre n ar e side children. Th e definition s o f interesting pair s o f paths an d 
interesting an d supportin g pair s o f nodes extend s i n th e obviou s way . 

Using th e proo f techniqu e o f Lemm a 2. 1 we obtain : 

LEMMA 4.1 . In  the  MAST  problem  for  unbounded  degree  trees  T\,  T 2 where 
the maximum  depth  of  a  centroid  path  is  bounded  by  k, the  number  of  all  side-side 
edges in all  bipartite  graphs  £(*,*) is  0(kn). 

COROLLARY 4.2 . I n the MAST  proble m fo r unbounde d degre e trees Ti , T 2 th e 
number o f interesting pair s i s O(nlogn) . 

The pat h matchin g algorith m naturall y generalize s t o non-binar y trees . Con -
sider a n interestin g pai r o f centroi d paths . Tw o example s o f possibl e set s o f inter -
esting pair s ar e illustrate d o n Figur e 4 . Th e differenc e betwee n th e case s a ) an d 
b) i s th e presenc e o r absenc e o f th e interestin g pai r denote d b y e . Th e existenc e 
of e  make s (v,i,Vj)  interesting . I n thi s cas e w e wil l comput e MAST(ui,Vj)  usin g 
formula 4.1 . In th e secon d cas e pai r (ui,Vj)  i s no t interestin g an d MAST(u{,Vj)  i s 
represented a s a  prope r crossing . 
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Similarly a s in the case of binary trees , we express the path matchin g algorith m 
as a  matchin g proble m o n a  bipartite grap h G(Pi,P2).  A s before , ther e i s a  multi -
edge consisting of a white ,  a red, an d a  green edge for on e pair o f interesting node s 
(u{, Vi). Howeve r now the weight of a white edge equals to maximum weigh t match -
ing i n th e grap h B f(ui,Vj). W e als o introduce , fo r ever y interestin g pai r (ui,Vi),  a 
gray edg e o f weigh t equa l t o th e maximu m weigh t matchin g i n B(ui,Vj).  W e ma y 
have more than on e red o f green edge in a  multiedge (bu t a t mos t on e per eac h sid e 
subtree). A s in the cas e of binary tree s each green or red edge represents a  possibl e 
agreement mappin g o f the correspondin g sid e subtree t o the cente r subtre e an d th e 
weight o f this edg e i s equal t o th e MAST  valu e correspondin g t o thi s mapping . 
Agreement Matchin g fo r non-binar y trees . Le t G(Pi,P2)  b e th e bipartit e 
graph correspondin g t o a n interestin g pai r o f path s {Pi  ^2). A  matchin g i n G  i s 
an agreemen t matchin g if : 

1. I t ha s zer o o r mor e white edge s an d a t mos t on e proper crossin g o r a t mos t 
one gra y edge . 

2. N o whit e edg e crosse s an y othe r edge ; further , al l whit e edge s properl y 
dominate th e edge s i n th e prope r crossin g o r properl y dominat e th e gra y 
edge i f i t exists . 

We proces s al l white , gray , green , an d re d edge s i n th e sam e orde r a s fo r th e 
binary tre e algorithm usin g similar binar y search tree data structure to stor e value s 
needed in the computation. Th e red or green edges belonging to the same multiedg e 
are processe d i n a n arbitrar y order . 

The ne w thin g i s that whe n processin g a n interestin g pai r (ui , Vj ) w e comput e 
two Maximu m Weigh t Matchings : fo r th e graph s B{v,i,Vj)  an d B'{ui,Vj).  Th e 
first valu e becomes the weigh t o f the correspondin g gra y edge and th e secon d valu e 
becomes th e weigh t o f the correspondin g whit e edge . Th e weight s o f red an d gree n 
edges are equal to the MAST  value s of the corresponding supportin g pairs . Modul o 
this modificatio n th e structur e o f the algorith m i s the sam e a s the structur e o f th e 
algorithm Agree . 

We refe r t o thi s generalize d algorith m a s GAgree.  Thu s w e have: 

THEOREM 4.3 . The  Algorithm  GAgree  can  be  implemented  to  run  in 
0(n lo g n) +  total  MM time. 

As a  corollar y w e obtain th e resul t o f Kao [11] . 

LEMMA 4.4 . MAST  problem  for  degree  d  trees  can  be  solved in  0(nlognd 2Vd) 
time. 

To reduc e th e cos t furthe r w e us e th e ide a o f Farac h an d Thoru p tha t allow s 
to reduc e th e tota l numbe r th e edge s i n th e matchings . 

LEMMA 4.5 . The  total  number  of  edges  in all  matchings  for  all  graphs  £?(*,* ) 
and £'(*,* ) computed  by  the  GAgree  algorithm  can  be  reduced to  0(n logn). Fur-
thermore, this  reduction  can  be  carried in  0(n  lo g n log d) total  time. 

P R O O F . Followin g the argument o f [5] , we estimate the number o f each type of 
edges separately . B y Lemm a 4.1 there ar e 0(n  logn ) side-sid e edges . Sinc e there i s 
only on e center-cente r edg e pe r interestin g pair , th e tota l numbe r o f center-cente r 
edges is O(nlogn). Th e center-side edges (and the side-center edges ) can be divided 
into two classes : Th e edge s (c , v) suc h tha t fo r som e side child u'  th e side-sid e edg e 
(u',v) i s i n th e sam e grap h B.  Th e numbe r o f th e edge s i n thi s clas s i s bounde d 

Licensed to AMS.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/publications/ebooks/terms



26 0 TERESA M . PRZYTYCK A 

by th e numbe r o f side-sid e edge s thu s i t i s 0(n  lo g n). Al l th e remainin g edge s 
(c, v') excep t fo r th e heavies t on e can b e removed withou t changin g th e cos t o f th e 
maximum matching . Symmetrica l argumen t hold s fo r side-cente r edges . Thu s th e 
number o f edges ca n b e reduce d t o 0(n  lo g n). 

To perfor m thi s reductio n i n 0(n  lo g n log d) tota l time , w e expan d th e dat a 
structure use d i n the path matchin g algorithm. Le t G  —  (LuR,E) b e the bipartit e 
graph tha t correspond s t o a  pai r o f centra l paths . Fo r eac h nod e v  E  R  w e kee p 
a binar y tre e C(v)  wit h d  leaves . Eac h lea f correspond s t o a  sid e chil d o f v  i n a n 
arbitrary bu t fixed  order . Th e tre e i s dynamicall y compute d a s edge s adjacen t t o 
nodes correspondin g t o sid e trees o f v  ar e processed . Wit h eac h lea f 6 2 of this tre e 
we associate th e valu e MAST(cntr(ui),b2).  Eac h interna l nod e has associate d wit h 
it maximum o f the values associated wit h descendan t leaves . W e store these values , 
as w e process th e re d edge s o f the multigraph . A  simila r tre e i s computed fo r eac h 
node u  e  R.  Thi s add s 0(n  lo g n log d) t o al l instance s o f the Agreemen t Matchin g 
algorithm. 

To perform th e edg e reduction i n B(u,v)  w e need t o kno w th e maximu m ove r 
the weight s o f these center-sid e edge s (c , b{) C(v) fo r whic h ther e doe s no t exist s a 
side-side edg e (6J , bi). S o far th e tre e C  i s stores th e maximu m ove r al l center-sid e 
edges. W e mas k al l b{  for whic h ther e exis t suc h a s side-sid e edg e (6^,6;) . T o d o 
so, w e iterate ove r al l side-sid e edge s (61,62 ) m  B(u,v)  an d fo r eac h suc h edg e w e 
mask th e valu e correspondin g t o th e node s 6 2 in C(v)  an d b\  i n C(u).  Whe n w e 
are done , th e valu e i n th e roo t o f C(v)  i s equa l t o th e th e maximu m weigh t ove r 
center-side edge s (cntr(v) ,62) suc h tha t fo r an y 6 1 G B\ (61,62 ) i s no t i n B.  After 
computing th e maximu m matching , w e perform anothe r iteratio n ove r al l side-sid e 
edges to unmas k al l masked leaves . Th e numbe r o f masking/unmasking operation s 
is bounded b y th e numbe r o f side-side edges . • 

Since th e tota l numbe r o f edge s i s m  =  O(nlogn) , th e maximu m weigh t i s 
W —  n , th e numbe r o f vertice s i n eac h bipartit e grap h n f =  0(d),  usin g th e 
0(m\fnJ\ogW) algorith m o f Gabo w an d Tarja n [9 ] we have: 

COROLLARY 4.6 . MAST  proble m fo r degre e d  tree s ca n b e solve d i n 
0(n log 2 n\fd) time . 

For d  <  log n w e ca n sharpe n furthe r thi s bound . Not e tha t afte r applyin g 
edge reductio n w e hav e severa l matchin g problem s wit h tota l numbe r o f edge s 
O(nlogn). Assum e tha t afte r th e edg e reduction eac h matchin g proble m i s solve d 
by thi s o f algorithm s o f complexit y 0(d 2y/d) an d O(rav^logn ) respectively , tha t 
gives a  bette r complexit y boun d fo r th e give n numbe r o f edges . Conside r al l th e 
bipartite matchin g problem s w e dea l with . I f an y o f th e bipartit e graph s B  i s no t 
connected w e coun t eac h connecte d componen t a s a  separat e matchin g problem . 
Let mi  b e th e numbe r o f edge s i n th e proble m i.  The n th e numbe r o f vertice s 
rii <  m,i  + 1 . Thu s th e tota l cos t o f al l matching s i s maximize d whe n mi  =  d  —  1 
and th e numbe r o f problems i s 0(n/dlogn).  Thu s w e have: 

COROLLARY 4.7 . MAST  proble m fo r degre e d  tree s ca n b e solve d i n 
0(n log ndVd) time . 

5. A n optima l algorith m fo r unbounde d degre e trees . 

The first  O(v^logn ) tim e algorith m fo r unbounde d degre e trees was presente d 
by Farac h an d Thorup . Th e algorith m use s the observation s i-ii i from th e previou s 
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section a s well as the following observation . Fo r a  given constan t c  one can identif y 
disjoint subproblem s o f siz e n/2 c , suc h tha t th e solution s t o thes e subproblem s 
can b e merge d i n 0(criy/nlogn)  tim e t o yiel d a  solutio n t o th e MAST  problem . 
With properl y chose n constan t c  this lead s t o a  recursiv e algorith m o f complexit y 
0(riy/n\ogn). I n the descriptio n bellow , we follow th e sam e basic approach bu t w e 
replace the mergin g procedure wit h th e generalized pat h matchin g algorithm . Thi s 
together wit h som e earlier lemmas , simplifies th e origina l algorithm a s well as some 
arguments i n it s analysis . 

The outlin e o f the (modified ) algorith m ca n b e describe d a s follows : 

Algorithm UAgre e 

Step 1 : a ) Fo r every side subtre e side(xi)  o f T\  suc h tha t xi  belong s t o a  cen -
troid pat h o n depth c  compute recursivel y UAgree(side(xi),T2\L(side(xi))). 

b) Fo r ever y subtre e side(xi)  o f T 2 suc h tha t xi  belong s t o a  centroi d 
path o n dept h c  compute BAgree(Ti\L(side(xi)),side(xi)). 

Step 2 : Us e the G  Agree algorithm to compute MAST  valu e for the interestin g 
pairs tha t belon g t o pair s o f paths o f dept h les s than c . 

THEOREM 5.1 . Algorithm  UAgree  can be  implemented to  run  in  0(n^fn\ogn) 
time. 

P R O O F . B y Lemm a 4.1 , ther e ar e O(cn)  edge s i n al l bipartit e matchin g 
problems i n ste p 2 . Thu s ste p 2  take s 0(cn^Jn\ogn)  time . I n ste p 1 , eac h 
of th e subproblem s hav e siz e a t mos t n/2 c . Chos e c  =  4  an d le t n i , . . . ,  n& 
and n[,...  ,n' k, b e th e size s o f th e subproblem s i n step , la , l b respectively . 
C{n) =  0(cn^/n\ogn)  +  ^2^  C(rii)  +  ]T \ C(n 9 whic h b y a  simpl e inductiv e ar -
gument i s 0(ny/nlogn).  • 

Note tha t a  simila r argumen t woul d appl y i f the cos t o f the matchin g wa s n 1 + e fo r 
some constan t e . Indeed , a  more careful argumen t give s an 0 (n 1 + e ) tim e reductio n 
of the MAST  t o th e Maximu m Weigh t Bipartit e Matchin g proble m [6] . 

6. Th e unifor m algorith m fo r non-binar y trees . 

In th e previou s section s w e presented a n O(nlogn ) tim e algorith m fo r binar y 
trees an d a n 0(n^fn\ogn)  algorith m fo r tree s o f unbounde d degree . Bounde d 
degree algorithm s o f previou s section s fo r larg e d  hav e wors t complexit y boun d 
than th e algorith m fo r unbounde d degre e trees . I n thi s section , w e giv e a  ne w 
uniform 0{n\fd\ogn)  tim e algorith m fo r computin g Maximu m Agreemen t Subtre e 
for tree s wit h degre e boun d d. 

Our algorith m use s the GAgre e algorithm fo r subproblem s o f smal l size . Usin g 
the sam e algorithm , i t als o compute s MAST{Tx\L{S),S)  an d MAST(S,T 2\L{S)) 
for som e smal l siz e fragments S  o f Ti  whic h formall y ar e no t roote d subtrees . Th e 
threshold valu e i s logn . Fo r larg e (bigge r tha n logn ) subproblems , th e algorith m 
is a  slightl y modifie d versio n o f GAgree . 

Algorithm Agree(Xi,T2) : 

1: Le t P i b e th e centra l pat h o f T\  tha t contain s th e roo t o f T\.  Usin g th e 
algorithm GAgre e comput e MAST(S,T 2L(S)) fo r th e followin g subtree s S 
ofT2: 
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l a : 5  i s a maximal subtre e o f size at mos t log n roote d a t a  node o f th e 
central path . 

l b : 5  i s a  log n siz e subtre e o f th e for m T\(u)  —  cntr(u) wher e u  i s a 
node o f the centra l pat h tha t doe s no t belon g t o th e subtre e define d 
in step l. a an d T\(u)  —  cntr(u) th e subtree rooted a t i t afte r removin g 
the centra l child . 

l c : 5  i s any sid e tree o f size at mos t log n tha t i s not include d i n an y of 
the subtree s above . 

2: Perfor m ste p 1  with respec t t o th e tre e T\. 
3: Fo r eac h sid e subtre e Z,  o f Ti o f siz e larger tha n log n comput e recursivel y 

A G R E E ( Z , T 2 | £ ( Z ) ) 

4: Solv e the Pat h Matchin g proble m fo r ever y interestin g pai r o f paths Pi , P2 

where P2 i s a centroid pat h o f T2. Th e order o f processing these pairs agree s 
with th e dominanc e partia l order . Us e result s o f step s 1  and 2  to spee d u p 
maximum matchin g computatio n (se e below). 

THEOREM 6.1 . The  algorithm  Agree  can  be  implemented  to  run  in 
0(n lo g n\/d) time  for  d  >  log n and  in  0(n  lo g n log d + ndy/d)  time  for  d  <  log n. 

P R O O F . B y Lemm a 4.7 , th e complexit y o f th e first  tw o step s i s 
0(n(loglogn)v /logn) =  O(nlogn ) time . Th e tim e cos t o f th e remainin g step s 
of the algorith m i s dominated b y the maximu m o f O(nlogn) an d th e cos t o f com -
puting al l remainin g matchings . 

A node X{  such tha t size(Ti(xi)  —  cntr(xi))  >  log n i s called a  branching  node. 
A side node ( a side subtree) suc h tha t th e sid e subtree roote d a t i t ha s size at mos t 
logn i s calle d smallside  nod e (subtree) . 

First, w e identify matching s tha t ca n b e computed i n constan t time . I f (xi,x 2) 
is an interesting pai r such that non e of Xi is a branching node, then pai r (x±,  x2) ha s 
been processe d i n step s 1  and 2 . Th e value s MM(B(xi ,x 2 ) ) an d MM(B'(xi,x 2)) 
can b e compute d i n constan t tim e fro m th e result s o f thes e steps . Namely , 
MM(B,(xi,x2)) i s equa l t o th e MM(J5 /(xi,x2)) compute d fo r th e pai r (xi,x 2) 
in step s 1  and 2 . Th e maximu m matchin g fo r th e grap h B{x\,x 2) i s the heavie r o f 
the followin g matchings : MM(B'(xi,x 2)) U  (cntr(xi), cntr(x 2)) an d th e matchin g 
for th e grap h B  compute d fo r th e pai r (x\,x 2) i n step s 1  and 2 . 

Thus, w e ca n restric t ou r attentio n t o thes e matchin g problem s MM(x\,x 2) 
where a t leas t on e o f X{  is a  branchin g node . 

By Lemm a 4.5 , i t suffice s t o coun t th e numbe r o f side-sid e edge s i n al l thes e 
matchings. W e divid e thes e edge s int o classes : clas s smallside-smallside  contain s 
edges whos e bot h endpoint s correspon d t o smallsid e subtree s branching-smallside, 
smallside-branching, an d branching-branching.  I n eac h cas e ter m "branching " 
stands fo r a n endpoin t associate d wit h a  nod e tha t contain s a  branchin g nod e 
in it s sid e subtree . 

Since outside o f steps 1  and 2 , the algorith m doe s not recurs e on smallside sub -
trees an d al l smallsid e subtree s ar e disjoin t thu s th e numbe r o f smallside-smallsid e 
edges i s bounded b y n . 

To bound the number of branching-branching edges, we use an argument simila r 
to th e argumen t use d i n th e proo f o f th e Lemm a 2.1 . A  singleton  edg e o f a  give n 
type i s a n edg e suc h tha t non e o f it s endpoint s i s inciden t t o anothe r edg e o f 
the sam e type . Firs t not e tha t ther e ar e 0(n)  singleto n branching-branchin g edges . 
This follows from th e observation tha t th e number o f singleton branching-branchin g 
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edges in a given recursive step is bounded b y nj logn . (I t is bounded b y the numbe r 
of leave s o f th e tre e obtaine d for m T 2 afte r removin g al l maxima l subtree s o f siz e 
less than logn) . 

To boun d non-singleto n edges , first  identif y amon g thes e edge s fat  branching-
branching edge s define d t o b e branching-branchin g edge s define d b y a  pai r o f sid e 
trees whos e intersectio n contain s a t leas t log n nodes . 

Subsequently defin e a  left-nonsingleton  fat  branching-branching  edg e a s a  fa t 
branching-branching edg e (xi,x 2) fo r whic h ther e exist s anothe r fa t branching -
branching edg e (xi,x' 2) suc h tha t x' 2 belong s t o th e sam e centra l pat h a s x 2. Le t 
ui b e a  branchin g nod e an d mi  b e th e siz e o f th e sid e tre e roote d a t thi s node . 
Then ther e i s O(mi/  logn ) fa t lef t non-singleto n branching-branchin g edges , wher e 
the lef t endpoin t i s U{.  Thu s ove r al l branchin g node s i n Pi  ther e i s 0 (n / l ogn ) 
such edge s an d summin g ove r al l recursiv e step s give s 0(n)  left-nonsingleto n fa t 
branching-branching edges . Th e argumen t fo r righ t non-singleto n fa t branching -
branching edge s i s similar . 

Now w e move t o non-fa t lef t non-singleto n branching-branchin g edges . Ther e 
are a t mos t ra;  non-fa t lef t nonsingleto n branching-branchin g edge s (ui,v)  whos e 
left endpoin t i s U{. Sinc e in the next recursiv e step a  successor o f ui an d a  successo r 
of v  canno t b e endpoint s o f a  branching-branchin g edg e th e tota l numbe r o f lef t 
non-singleton non-fa t branchin g branchin g edge s i s also 0(n). 

It remain s t o coun t smallside-branchin g edges . (Th e argumen t fo r branching -
smallside edge s i s symmetric) . Wit h respec t t o thes e edge s w e define th e lef t non -
singleton smallside-branchin g edge s i n th e standar d way . Since , i n ste p 3 , th e 
algorithm doe s no t recurs e on smallsid e trees , there i s 0(n)  suc h lef t non-singleto n 
smallside-branching edges . 

To boun d th e numbe r o f left-singleto n edges , not e tha t th e numbe r o f left -
singleton smallside-branchin g edge s whos e lef t endpoin t i s inciden t t o a n edg e o f 
another typ e i s bounde d b y th e numbe r o f edge s o f othe r type s an d thu s i s 0(n). 
Thus w e can concentrat e o n th e res t o f the edges . Note , tha t al l o f thi s remainin g 
edges tha t belon g t o th e sam e mergin g proble m fo r a  grap h B(XQ^XI)  =  (B\  U 
£2, E) an d ar e inciden t th e sam e nod e i n B 2, ca n b e replace d b y tha t on e o f the m 
that ha s bigges t weigh t (observatio n i i i n Sectio n 4) . Thus , w e ca n assum e tha t 
each branchin g verte x i n B 2 ha s a t mos t on e suc h remainin g lef t singleto n edg e 
incident t o it . Further , sinc e w e nee d t o coun t onl y th e numbe r o f edge s i n th e 
matching problem s tha t canno t b e solve d i n constan t time , w e ca n restric t ou r 
attention t o thes e matchin g problem s tha t hav e a t leas t tw o smallside-branchin g 
or branching-smallsid e edges . Assum e tha t ther e ar e tw o o r mor e lef t singleto n 
smallside-branching edge s i n MM(xi,x 2). Usin g th e sam e countin g argumen t a s 
in th e cas e o f left-nonsingleto n edge s w e obtai n tha t th e numbe r o f suc h pair s i s 
0(n). Simila r argumen t applie s whe n w e have mor e tha n on e branching-smallsid e 
edge. 

We conclude that th e number o f edges in non-constant tim e matching problem s 
can b e reduce d t o linear . Th e cos t o f th e reductio n add s O(logd ) pe r eac h pro -
cessed edge . Thu s th e tota l cos t o f the algorith m i s 0{n  log n log d + n\ogn\fd)  — 
0(nlogn\ /5) , o r usin g argumen t o f Lemm a 4. 7 w e hav e alternativ e boun d o f 
0(n log n log d + ndy/d). • 
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7. Conclusion s 

In this paper w e discussed subquadratic algorithms for th e MAST  problem . W e 
presented thes e result s usin g a  uniform framewor k tha t combine s th e techniques o f 
several paper s [1 , 3, 2 , 5 , 6] . 

We presente d a n 0(n  lo g ny/d) algorith m fo r computin g MAST  proble m fo r 
trees o f degre e bounde d b y d.  I n th e cas e whe n d  <  log n th e algorith m take s 
0{n\ogn\ogd +  nd*Jd) time . Sinc e for binar y trees , the MAST  proble m i s at leas t 
as har d a s th e longes t commo n subsequenc e proble m an d fo r tree s wit h degre e 
bound d  i t i s a t leas t a s har d a s the maximu m matchin g i n a  bipartit e grap h wit h 
0(d) vertices , th e uppe r boun d fo r th e MAST  proble m correspond s t o th e uppe r 
bound fo r th e respectiv e problem . 

The sam e sparsificatio n technique s ca n b e use d fo r th e MAST  proble m fo r 
unrooted tree s o f bounded degree , leading t o a n O(nlogn ) tim e algorith m [16] . 
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The Media n Functio n o n Wea k Hierarchie s 

F. R . McMorri s an d R . C . Power s 

ABSTRACT. Extendin g previou s wor k o n hierarchies , a  characterizatio n o f th e 
median functio n o n th e se t o f wea k hierarchie s i s given . 

1. Introductio n 

There ar e man y way s t o construc t a  classificatio n schem e fo r a  finit e se t o f 
entities 5 , an d ther e ar e several forms tha t suc h a  classification ma y take. However , 
most classificatio n scheme s wil l have on e aspec t i n common : eac h consist s o f a  se t 
of non-empty subset s o f S  calle d clusters.  Thus , i n mathematica l terminology , th e 
central par t o f an y classificatio n i s a  simpl e hypergraph  o n S  ( a se t o f non-empt y 
subsets o f S)  wit h th e cluster s bein g th e edge s an d S  th e se t o f vertices. O f cours e 
classification hypergraph s hav e additiona l restrictions . On e o f the mos t popula r i s 
that o f being a  hierarchy . A  hypergraph H  o n S  i s a hierarchy  if and onl y i f 5 G  H, 
{x} G  H  fo r al l x  G  S , an d A  0  B  G  {A, 5 , 0} for al l A,  B  G  H. 

Generalizing hierarchie s t o allo w fo r partia l overla p o f clusters , Bandel t an d 
Dress [1 ] introduced wea k hierarchies . A  hypergrap h H  i s a  weak  hierarchy  i f an d 
only i f S  G  H, {x}  G  IT for al l a  G  5, a n d i f l ^ D C E {Af)B,  AC\C,  BOC}  fo r al l 
A, B,  C  G  H. Not e tha t i f A C\ B, Af)C,  Bf)C  ar e nonempt y sets , the n A  f l B f i C 
is a  nonempt y set . Clearl y ever y hierarch y i s a  wea k hierarch y bu t no t conversely . 

We are concerne d wit h th e proble m o f forming th e consensu s o f several hierar -
chies or weak hierarchie s tha t may , for example , have been constructe d b y applyin g 
different algorithm s t o th e sam e dat a set . On e metho d o f consensus , th e media n 
function, return s thos e wea k hierarchie s tha t ar e "close " t o th e inpu t hierarchies . 
Before recallin g th e definitio n o f thi s method , w e must firs t als o recal l som e othe r 
basic terminolog y an d definitions . 

For an y se t X , le t P(X)  b e th e se t o f all subsets o f X.  Le t W  b e th e se t o f al l 
weak hierarchie s o n S  an d d  the symmetri c differenc e metri c o n P(P(S)).  Tha t is , 
for H u H 2 G  P(P(S)), d(H u H 2) =  | # i | +  |JT 2| - 2 |# i H  J5T2|. Se t W * =  U fc>0W* 
where W k i s th e fc-fold cartesian produc t o f W , an d cal l element s o f W * profiles. 
For a  profil e P  =  (H u ... , Hk) an d jf f G  P(P(S)) w e set D(H,  P)  =  £ ) L i d(JT , Hi). 
The median  function  o n W  i s the function m  :  W* — • P(W)  \  0  defined b y ra(P) = 
{H G  W: D(H,  P)  i s minimum} . I n thi s pape r w e characteriz e m  b y buildin g o n 
previous wor k characterizin g th e media n functio n o n hierarchie s [3] . We not e tha t 
the materia l reporte d her e ca n b e generalize d t o orde r theoreti c result s alon g th e 
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lines o f [2] , [5 ] and [6] , and thi s wil l b e reporte d elsewhere . I n particula r w e ca n 
show tha t Theore m 1 0 extends t o a n arbitrar y finite  distributiv e semilattice . 

2. Th e Resul t 

We will characterize m  amon g the consensus  functions  o n W, whic h ar e simpl y 
mappings c  :  W* — • P(W)  \  0 . W e start b y statin g som e standar d propertie s fo r a 
consensus functio n c.  I f c((H))  —  {H} fo r al l H  G  W, the n c  is faithful Next , c  is 
consistent i f for al l profile s P  an d P ' , th e conditio n c(P)  f l c(P f) ^  0  implies tha t 
c(PPf) =  c(P)  f l c(P'), wher e PP'  denote s th e concatenatio n o f the tw o profile s P 
and P'.  Lettin g (H) k G  Wfc b e the "constant " profil e (H) k =  (# , . . . , H),  c  satisfie s 
unanimity i f c((H) k) =  {H}  fo r al l H  G  W an d k  >  0 . I t i s easy t o se e tha t i f c  is 
faithful an d consistent , the n c  satisfies unanimity . 

It i s routine t o sho w th e followin g ([2] , [3]). 

LEMMA 1 . The  median  function  m  is  faithful and  consistent. 

Let ACS  an d P  =  (H u ... , Hk) G  W*. Th e index  o f A  i n P  i s 

The followin g formul a will  be usefu l i n th e sequel . 

LEMMA 2 . Let  A  C  S,  P  =  (H u...,Hh) G  W*, and  H  C  P(S).  IfA£H, 
then 

D(H U  {A}, P)  =  D(H,  P)  +  jb(l -  2 7(A, P)). 

PROOF. I f 4  € # , , the n d(H  U  {4},.ff,) =  d(H,Hi)  -  1 . I f , 4 £  # ; , the n 
d(ff U  {A}, Hi)  =  epT.ff O +  1 . S o £>( # U  {,4},P) =  £?=!<*( # U  {A}, fl,-) = 
E{i:A,Hi} (d(H,  fl,) -  1 ) + £ { , : ^ } ( d ( H , Hi)  +  1 ) = 

E?=i <*(fl, -ff.) +  *( 1 - 2 7 U , P) ) =  D(H,  P)  +  *(1 - 27(4 , P)). D 

A consensus functio n c  is |-co7idorcet f if , fo r an y ACS  an d P  =  (-Hi)... , #&) G 
W* suc h tha t 7 (^1^ ) =  | , J T € c(P)  i f an d onl y i f H  U  {4} G  c(P) provide d 
H U  {̂ 4} G  W . Th e nex t resul t i s an immediat e consequenc e o f Lemm a 2 . 

LEMMA 3 . The  median  function  m  is  \-condorcet . 

In [6] , som e result s o f [2 ] an d [3 ] wer e improve d t o sho w tha t a  consensu s 
function define d fo r hierarchie s i s the median function o n hierarchies i f and only if it 
is faithful, consisten t an d |-condorcet . Fo r weak hierarchies , thes e thre e propertie s 
are no t sufficien t t o characteriz e m  a s th e nex t exampl e illustrates . 

EXAMPLE 4 . Define  a  consensus  function  conWas  follows: 

c(P) =  {H  :  D\H, P)  is  maximum} 

where D f :  WxW* —*  Sf t is  given  by 

D'(H,P)= J^  \A\k(2y(A,P)-l). 
{AeH:l<\A\<n} 

Here h  is  the  length  of  the  'profile P . 
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It i s shown i n [6 ] that c  is faithful, consistent , an d |-condorce t bu t tha t c  ^ ra, 
when n  =  8  for example . 

For eac h profil e P  =  (Hi, ..., Hk)  E  W*, defin e a  weigh t functio n w(P)  =  w  : 
P(S) -  5f t by 

ti;(A) =  Jb(27(A,P)- l ) 

and le t 

Jh(P) =  {A€P(S):y(A,P)>\}. 

Note tha t it;(.4 ) >  0  i f an d onl y i f A  E  JL(P).  Simila r weightin g function s wer e 
defined i n a  slightl y differen t contex t i n [4] . 

LEMMA 5 . Let  P  =  (J3i,... , Hk) eW*.  If  H  C  J i ( P ) , fie n 

D(H,P) =  D(J,(P),P)+  Yl  W (A)' 
{A€JL(P):A<LH} 

2 

PROOF. I f w e us e th e functio n w,  the n th e formul a give n i n th e statemen t o f 
Lemma 2  becomes : D(H  U  {-4},P) =  D(H,P)  —  w(A). B y repeate d applicatio n 
of Lemm a 2  w e ge t D(H  U  {^i,..., A/}, P ) =  D ( # , P ) -  £ ( . = 1 ^ ( ^) wher e #  U 
{^4i,..., ̂ 4,} i s a proper subse t o f H  U  {Ai,..., ^4i+i } for i—  1,.. , I — 1. I n particular , 
since E  C  J ^ P ) , w e get £>(^(P) , P) =  Z>(# , P) -  E { x e j ^ M * *} « M - n 

2 

For eac h H  E  W le t 

wp(H) =  J2  W W 
{AeJL(P):AtH} 

2 

and whe n H  D  JL(P)  w e se t w p(H) =  0 . A  consensu s functio n c  is ^-weighted  if , 
for an y profil e PeW*,  c(P)  C  w(P) =  { # E  W: w p (# ) i s minimized } . 

LEMMA 6 . For  any  H  eW,  w p(H) =  w p(Hf)Ji(P)). 

PROOF. Le t H  E  W . The n { A E  J i ( P ) :  A  E  # } =  { A E  J i ( P ) :  4  E 

H H  J i ( P ) }. S o { 4 E  J i ( P ) :  - 4 g  H}  =  {A  E  J i ( P ) :  A  £  H  0  JL(P)}.  Thu s 

WP(H) =  W P(HC)JL(P)). 2  2  • 

LEMMA 7 . T/t e median  function  m  is  ^-weighted. 

PROOF. Le t P  =  (Hi,...,H k) E  W * an d #  E  m(P) . Le t A  e  H.  I f # ' = 
# - { 4 } , the n #  =  # ' U { 4 } and , b y Lemma 2, D(H,  P ) =  D(H',  P)-w(A).  Sinc e 
# E  m(P) i t follow s tha t w(A)  >  0 . S o 7(4, P) >  0 . Thu s ,9 " C JL(P)-  I t follow s 
from Lemm a 5  tha t D(H,  P ) =  D(Ji_(P),  P)  +  w p (# ) . S o w p(H) =  £>(# , P) -
D(Ji_(P), P ) . Le t JET " E  W. Then , sinc e #  E  m(P), D(H"nJ±(P),  P ) >  £>(# , P) . 
By Lemma s 5  an d 6 , ^ ( J T ) =  D(H,P)  -  D(J±(P),P)  <  D(H"  n  J ^ ( P ) , P ) -
D ( J i ( P ) , P ) =  ™ p(tf"n J i ( P ) ) =  tZJ p(tf"). S o ^ ( f f) <  tJ7p(tf" ) fo r an y H"  E  W. 
Thus H  E  w(P). I t follow s tha t m(P)  C  w(P) . Henc e m  i s §-weighted . • 

LEMMA 8 . Suppose  c  is  a  consensus  function  on  W  that  satisfies  faithfulness, 
cosistency and  \-condorcet . For  any  profile 
P =  (Hi, ..., H k) E  W* and  H  E  c(P), H  C  J i ( P ) . 
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PROOF. I f k  =  1 , then th e resul t follow s fro m faithfulness . S o w e ca n assum e 
that k  >  2 . Suppos e tha t ther e exis t H  G  c(P) an d ACS  suc h tha t H  =  H'U  {A}, 
with H'  £  H  an d 7 (A, P) <  § . 

Now suppos e tha t 7(4 , P) =  f - <  § . Le t P * =  P(H) k~2u. I t follow s fro m 

faithfulness an d consistenc y tha t c(P*)  =  { # } . Not e tha t 7(4 , P*) =  "t i -~2^ ) = 

| . I t follow s fro m |-condorce t tha t H f G  c(P*), whic h contradict s c(P*)  =  {H}. 
D 

Our nex t ai m i s t o exten d Lemm a 5 . Toward s thi s end , fo r eac h H  G  W an d 
p ew* le t 

wp(H) = £  tn(A ) 
{AeH:A^J x (P )} 

2 

and whe n i f C  J i ( P ) w e se t w p(H) —  0. Sinc e ty(^4 ) <  0  whenever A  £  JL(P)  i t 
follows tha t w p(H) <  0  for al l H  eW. 

LEMMA 9 . Let  P  =  (H u ... , Hk) G  W* an d JE T G  W. T/ie n 

£>(#, P) =  D(JL  (P) , P) +  w p(H) -  w p(H). 

PROOF. Le t H  G  W an d se t H f =  H  f)  J i ( P ) . B y Lemm a 5 , D(H',P)  = 
I>(J i (P) ,P) +  ™ p(tf'). No w H  =  H'  U  {A £  H  :  A  £  J i ( P ) } . B y repeate d 
application o f Lemm a 2  we ge t D(H,  P)  =  £>(#' , P) -  w p(IT). Henc e D ( # , P ) = 
i)(J,(P),P) + ^ W - ^ W. • 

For the next resul t note that an y set of consensus functions o n W ca n be ordered 
pointwise, i.e. , c\  <  C2  if and onl y i f ci(P) C  C2(P) fo r al l profile s P . 

THEOREM 10 . The  median  function  rn  on  W  is  the  maximum  element  of  the 
set of  all  consensus functions  on  W which  are  faithful, consistent,  ^-condorcet,  and 
^-weighted. 

PROOF. I t follow s fro m Lemma s 1,3 , an d 7  tha t m  i s faithful , consistent , | -
condorcet, an d |-weighted . 

Suppose that th e consensus function c  on W i s faithful, consistent , |-condorcet , 
and |-weighted . I t follow s fro m Lemm a 8  tha t H  C  JL(P)  fo r al l P  G  W* an d 
H G  c(P).  Sinc e c  i s f-weighted , w p(H) <  w p{H!) fo r an y H'  G  W. Now , b y 
Lemmas 5  and 9 , D(H,  P)  =  JD(Ji(P) , P) +  t^(JT ) <  £>(Ji(P) , P) +  tu^tf ' ) < 
^ ( ^ ( P ) , P ) +  w p(H') -  ^ ( J T ' ) =  D(Jy ;, P) fo r al l F  E  W  an d P  G  W*. S o 
c(P) C  ra(P).  Sinc e P  wa s arbitrar y i t follow s tha t c  <  m.  Henc e ra  i s th e 
maximum elemen t o f th e se t o f al l consensu s function s o n W  whic h ar e faithful , 
consistent, |-condorcet , an d |-weighted . • 

We conclude thi s paper wit h the following open problem. Characteriz e th e clas s 
of consensus functions o n W tha t satisf y th e axioms of faithfulness, consistenc y an d 
|-condorcet. 
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Towards a  Theor y o f Holisti c Clusterin g 

Andreas W.M. Dress 

ABSTRACT. I n thi s note , cluste r theor y i s presente d fro m a  rathe r abstrac t 
point o f view , basi c know n result s ar e reviewe d fro m thi s vie w point , an d 
some ne w result s whic h motivate d th e propose d approach , a s wel l a s som e 
new problem s whic h naturall y aris e i n thi s context , ar e presented . 

1. A  Local-Globa l Approac h t o Clusterin g 

Clustering procedure s (a s well as many othe r mathematica l techniques ) ca n b e 
viewed a s methods fo r extractin g globall y relevan t feature s fro m locall y distribute d 
information. A  rather natural , simple and sufficiently genera l conceptual framewor k 
for describin g clusterin g procedure s is , therefore , th e followin g one : W e assum e 
that, fo r an y given (generall y finite)  se t X , w e can form th e se t Inf  (X)  comprisin g 
all possibl e structure s define d o n X  whic h encod e th e informatio n regardin g X  w e 
are seeking: thi s coul d b e the se t o f all tree structure s o r th e se t o f al l ultrametric s 
definable o n X,  o r jus t th e se t V(V(X))  o f al l subset s o f th e powe r se t V{X)  o f 
X. I n addition , w e assum e that , fo r an y pai r (X,Y)  consistin g o f a  se t X  an d a 
subset Y  o f X , informatio n regardin g X  implie s informatio n regardin g Y  whic h i s 
expressed i n for m o f a  ma p 

res —  resx-+Y  •  Inf  {X)  — > InfiY)  :  i t- > i\y 

called th e restriction  map  (relativ e t o X  an d F) , an d w e assum e consistenc y o f 
restriction b y requirin g that , fo r al l Z  C  Y  C  X  an d i  £  Inf(X) , w e hav e 

i\z =  (i\y)\z  • 

Finally, we assume that ther e is a concept o f compatibility  o f information, expresse d 
for eac h se t X  a s abov e i n term s o f a  -  not necessaril y symmetri c -  binary relatio n 

Cpbx C  Infx  x  Infx 

- wit h (i,j)  € Cpbx  implyin g tha t give n informatio n "z" , the informatio n " j " is 
compatible wit h (o r eve n implie d by ) "i" . A  natura l requiremen t fo r thes e com -
patibility relation s is , of course , tha t al l these relation s ar e reflexive  an d hereditary 
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272 ANDREAS W.M . DRES S 

with respec t t o restriction , tha t is , one has (i,  i) G  Cpbx fo r al l X  an d i  G  Inf (X) 
as wel l a s 

^\YJ\Y) £ CpbY 

for al l Y  C  X  an d (i,j)  G  Cpbx- Anothe r propert y on e ma y o r ma y no t wan t t o 
require i s transitivity , tha t i s tha t (i,j),  (j,k)  G  Cpbx fo r som e X  alway s implie s 
(i,k) eCpb x. 

Now, locall y distribute d informatio n ca n b e expresse d i n term s o f element s 
iy G  Inf (Y)  -  with Y  runnin g throug h th e se t y  C  V(X)  o f al l thos e -  generall y 
small -  subset s Y  o f X  fo r whic h certifie d informatio n iy  G  Inf (Y)  i s availabl e 
and, give n suc h a  famil y (iy)Yey  o f certified loca l information , w e may as k fo r al l 
elements i x G  Inf (X)  wit h (iy,i xW) G  Cpfc (Y) fo r al l F  G  y. 

This schem e o f formalizin g clusterin g procedure s ha s th e advantag e tha t i t 
allows fo r th e separatio n o f various stage s o f clustering , i n particula r i t allow s on e 
to clearl y separat e th e tas k o f setting u p a n appropriat e forma l mode l fo r th e kin d 
of informatio n w e ar e seekin g fro m (a ) analysin g th e mode l fro m a  mathematica l 
point o f vie w an d (b ) designin g an d analysin g algorithm s fo r actuall y computin g 
globally relevan t informatio n fro m loca l data . 

In thi s note , we'l l stud y i n particula r th e followin g tw o basi c clusterin g mod -
els whic h we'l l du b th e affine  an d th e projective  clusterin g model : I n th e affin e 
clustering model , th e informatio n w e seek i s gathere d i n term s o f a  collectio n C  of 
clusters, tha t is , of subset s C  o f the se t X  o f object s i n question ; s o we hav e 

Inf (X)  =  Cl aff(X) :=  V(P(X)). 

There ar e severa l way s t o define , fo r an y pai r (X,Y)  wit h F C I , th e associate d 
restriction map . Th e mos t natura l on e probably i s using intersectio n wit h Y,  tha t 
is puttin g 

resx-^Y(C) =  del X-+Y =  del a
x
f^Y : = {Y  D  C \  C G  C} 

for an y C  C  V(X),  als o sometime s calle d th e deletion  operator  becaus e element s 
outside Y  ar e jus t neglecte d and , henceforth , deleted . Another , sometime s inter -
esting an d usefu l choic e i s using th e contraction  operator,  defined b y 

contractX->Y(C) =  contract a
x
f^Y(C) : = {C  C  Y  \  C  U  (X -  Y)  G  C} , 

or it s dual,  the focus  operator,  define d b y 

focusx^Y(C) =  focus a
x
fiY(C) :=  {C  C  Y  |  C € C} 

which focuses attentio n t o only those clusters C  G  C  which ar e already containe d i n 
Y. I t i s clear tha t thes e thre e operator s satisf y th e consistenc y conditio n describe d 
above. I n thi s note , we'l l onl y conside r th e deletio n operato r whe n dealin g wit h 
Claff. 

Finally, a t leas t whe n dealin g wit h Cl a^, w e define th e binar y relatio n 

Cpbx C  Inf  (X)  x  Inf  (X) 

by 
Cpbx -  Cpb a

x
ff : = {(C,C)  G  Inf{X)2 \C  D C'}. 
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The projective clustering model is defined i n a rather simila r way except tha t w e 
replace the subset s C  o f X b y the split s S  o f X, tha t i s unordered pair s S  =  {A , B) 
of subset s o f X  wit h AU  B  =  X  an d A  n  B  —  0 o r -  equivalentl y -  equivalenc e 
relations ~  define d o n X  with , a t most , tw o distinc t equivalenc e classes . So , wit h 
Sp(X) denotin g th e se t o f al l split s o f X, w e pu t 

Clproj(X):=V{Sp{X)), 

we defin e 

resX-+Y(S) =  del X->y(S) =  del p^Y(S) :=  {{Af)Y,B HY}\  {A,  B}  G  S} 

for al l Y  C  X  an d S  C  <Sp(X), and w e defin e 

Cpbpp : = {(5 ,5 0 e  <Sp(X) 2 |<S D <S'} . 

Of course , on e coul d als o defin e a  restrictio n operato r whic h i s analogou s simulta -
neously t o th e contractio n an d th e focu s operato r b y puttin g 

contractX->Y(S) =  contract p^Y(S) : = {{A , 5} G  5p(F) |  {A, £ U  {X -  Y)}  G  <S} ; 

yet, w e will not stud y thi s restriction operato r i n the presen t not e an d just mentio n 
in passin g tha t i n th e specia l cas e # ( X -  Y)  =  1 , bot h restrictio n operators , 
projective deletio n an d projectiv e contraction , coincide . 

Note als o tha t i n bot h set-up s th e non-uniquenes s o f th e solutio n %x  we ar e 
seeking for an y give n some family (iyWeyiy  QV(X))  i s not a  problem a s - almos t 
by definition -  there exists always a unique largest element %x  G Cla^^pro^{X) suc h 
that %x  is a  solutio n i f and onl y i f (i x,ix) £  Cpb aff/proj(X). 

These model s formaliz e th e followin g idea : Give n a  collectio n X  o f object s 
under consideration , w e seek to specif y "relevant " subset s C  (o r split s S  =  {A , B}) 
of X whic h group together element s of X whic h exhibit a  certain degree of similarity 
relative to each othe r (o r shar e enough commo n features ) s o as to distinguis h the m 
clearly, a s a  clas s C  (o r A , o r £ ) , fro m al l element s outsid e thi s class . W e assum e 
further tha t fo r (a t leas t some ) smal l subset s Y  o f X,  th e dat a w e ca n star t wit h 
allow u s t o specif y easil y an d directl y thos e subset s (o r splits ) o f Y  whic h ar e 
considered t o b e relevan t a s far a s only object s fro m Y  ar e concerned , an d w e then 
ask for those subsets C  (o r splits S)  o f X which , when restricted t o any such F C I , 
produce only such subsets (o r splits ) o f Y  whic h have been specified befor e a s bein g 
of some relevanc e relativ e t o Y. 

Of course , ther e ar e simpl e relation s betwee n affin e an d projectiv e clustering : 
Given a  system C  C V(X)  o f clusters , we can associat e t o i t a  system S  o f split s of 
X b y puttin g 

S =  S(C)  : = {{C , X -  C}  |  C G  C} , 

and give n a  syste m S  C  Sp(X)  o f split s o f X, w e can associat e t o i t th e syste m 

C = C(S)  : = {C  C  X |  {C, X -  C}  G  S}. 

Clearly, w e have 
S(C(S)) = S 

and 
C(S{C)) =  {C  C  X  |  C € C  o r X-C&S}. 
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Yet, ther e i s a  bette r wa y t o relat e affin e an d projectiv e clusterin g whic h als o 
explains wh y the term s affine  and projective  wer e suggested i n this context : Give n 
a se t X  a s abov e an d a  syste m C  of cluster s C  C  X , w e ma y ad d t o X  anothe r 
ideal elemen t at  infinity  denote d b y * , an d the n for m th e spli t syste m S*(C)  o f 
X* : = X U { * } , define d b y 

< S * ( C ) : = { { C , X * - C } | C G C } , 

while give n a  syste m S  o f split s o f X* , w e ma y for m th e syste m C*(«S ) o f cluster s 
in X  define d b y 

C*(S) -={CCX\  {C , X* -  C)  G  S}. 

Clearly, w e hav e S*(C*(<S) ) =  S  fo r ever y S  C  <Sp(X* ) a s wel l a s C*(5*(C) ) =  C 
for ever y C  C  V(X).  We'l l als o se e late r o n tha t relevan t propertie s o f cluste r 
systems C  C  P(X ) easil y translat e int o correspondin g propertie s o f spli t system s 
S C  <Sp(X*) , an d tha t simila r result s the n hol d i n bot h situations . Moreover , a s 
in geometry , i t wil l tur n ou t tha t whil e th e affin e versio n i s mor e easil y graspe d 
and reflect s th e naiv e intuitiv e understandin g o f clustering , th e projectiv e versio n 
(which, fro m th e affin e poin t o f view , consist s i n forgettin g th e specia l rol e o f th e 
point a t infinit y use d i n forming split s from clusters ) allow s one often mor e elegan t 
formulations o f theorems an d proofs . 

Regarding th e abov e se t up , th e followin g problem s arise : 

(1) Give n some data regarding the elements of X, e.g . a  - perhaps only partiall y 
known -  (dis)similarit y matrix , an d som e type o f problem, e.g . th e proble m 
of (re)constructin g fro m thes e dat a th e topolog y o f a  (phylogenetic ) tree , 
what i s th e appropriat e choic e fo r th e se t y  o f "small " subset s an d whic h 
definition d o we use to expres s th e loca l information w e have in term s o f a n 
element i Y G  Inf (Y ) =  Cl aff/proj(Y)? 

(2) Give n a  famil y (iy)Yey  o f loca l data , wha t i s th e optima l algorith m fo r 
computing th e associate d uniqu e larges t solutio n 

~ix G Inf(X) =  Cl aff/proj(X)? 

(3) And , closel y relate d t o tha t question , ar e ther e a  priori uppe r bound s re -
garding th e numbe r o f cluster s o r split s i n ix  ? 

(4) I n addition , the following question s are of interest als o in the genera l contex t 
outlined above : 

• give n y  C  V(X)  an d i  G  Inf (X) , wha t ca n b e sai d abou t al l ix  G 
Inf{X) wit h (ijy , % X\Y) € Cpb (Y) fo r al l Y  G  y ?  Obviously , thi s 
is th e cas e fo r al l ix  G  Inf  (X)  wit h (i,ix)  G  Cpb(X)  wheneve r 
compatibility i s hereditar y wit h respec t t o restriction . So , th e mos t 
basic questio n i n thi s contex t i s how t o characteris e thos e y  C  V(X) 
and i  G  Inf (X ) fo r whic h thi s obviousl y sufficien t conditio n i s als o 
necessary, tha t is , for whic h 

{ixeInf(X)\(i,ix)£Cpb(X)} 

equals th e se t 

{ix 6  Inf(X)  |  (i\Y,ix\y) € Cpb(Y)  fo r al l Y  e  3>}. 
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• give n y  C  V{X)  an d a  famil y o f element s iy  G  Inf (Y)  (Y  G  y), 
when doe s there exist som e - or even a unique - element %x  G Inf (X) 
with ix\y  —  iy  fo r al l Y  e  y? 

In th e following , we'l l first  collec t som e o f wha t i s alread y know n regardin g 
these question s fo r specia l choice s o f y  C  V(X)  an d o f th e famil y (iy)yey,  an d 
then we'l l addres s questio n (3 ) i n som e mor e detai l allowin g y  an d (iy)yey  t o b e 
almost arbitrary . 

2. Som e Previou s Resul t s 

2.1 Hierarchie s 

According t o well-establishe d tradition s (cf . [G87]) , a  hierarchy  C  defined o n a 
set X  -  or , fo r short , a n X—hierarchy  -  i s define d t o b e a  subse t C  of V(X)  suc h 
that 

C inc 2 G{Ci , c 2 , 0} 
holds for al l C\, C 2 G  C.  Fo r technical reasons, we require also that 0  G C  and X  G  C 
should hol d fo r an y X  -hierarch y C  which the n automaticall y implie s als o that C  is 
closed with respec t t o intersection. Give n a  similarity measure s  defined o n X  (tha t 
is, jus t a  ma p 5  :  X x  X  — • R satisfyin g th e symmetr y conditio n s(x,y)  =  s(y,x) 
for al l x,y  G  X),  a n X— hierarchy C s ca n b e associate d wit h s  accordin g t o th e 
definition 

Cs := {C  C  X  |  s(a, b)  > s(a,  c)  fo r al l a,b  G  C an d c G l - C } . 

It i s wel l know n that , fo r an y X— hierarchy C  C  V(X),  on e ca n alway s find  som e 
similarity measur e s  defined o n X  wit h C  = C s an d that , wit h n  : = # X , on e alway s 
has # C <  2n . Thi s ca n eithe r b e see n b y induction , usin g th e fac t tha t fo r ever y 
maximal cluste r Co  G C  which i s different fro m X,  C  decomposes into the thre e set s 
{X}, {C  G  C | C C  Co } an d {C  G  C \ C  H  C0 =  0 } -  with th e las t tw o havin g onl y 
the empt y se t 0  G V(X) i n common. Followin g an idea of Boris Mirkin (cf . [M97]) , 
it ca n als o b e deduce d a s follows : Give n a n X— hierarchy C  and a  cluste r C  G  C, 
let 

V(C) C  IR(X) :=  {/ :  X - • R  | £  / (* ) -  0 } 

denote th e rea l vecto r spac e o f al l map s /  fro m X  int o E  whic h vanis h outsid e 
C, ar e orthogona l t o ever y constan t ma p (relativ e t o th e canonica l inne r produc t 
defined o n M x) , an d ar e constan t o n ever y prope r subcluste r C  o f C.  I t i s easil y 
seen tha t V(C)  i s differen t fro m 0  i f an d onl y i f C  contain s a t leas t tw o distinc t 
elements, and tha t an y two such subspace s V(C)  an d V(C)  ar e orthogonal t o eac h 
other fo r an y C,C  E  C with C  ^  C . Actually , a  simple induction argumen t simila r 
to th e on e use d jus t abov e establishe s tha t Zj^(X ) i s the orthogona l direc t su m o f 
the spaces V(C)  (C  G  C) . Yet , even without establishin g this fact , th e constructio n 
yields, for n  : = # X a s above , the inequalit y 

#C <  # { C G  C  | #C <  1 } + dim E I R(X) <  ( 1 + n)  +  (n  -  1 ) =  2 n 

- and , hence , show s also that fo r a n X— hierarchy C  C V(X) wit h # C =  2n  on e ha s 
necessarily dim ^ V(C)  =  1  for eac h C  G  C  with # C >  1 . 
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All that ca n be put easil y into the framework considere d in the previous section : 
First, w e note that a  set system C CV(X) wit h 0  G C  and X G  C  is an X- hierarchy 
if and onl y if C\y =  {COY  \  C  G  C}  C  V(Y)  i s a y-hierarchy fo r every Y  CX  wit h 
# y =  3 : indeed , i f there would exist some subsets Ci , C2 EC  wit h 0  7^ CinC2 7 ^ C; 
for i  =  1 , 2, the n puttin g y  : = {a , 6, c} with a  G  C\ D  C2, &  G  C\ -  (C\  D  C2) an d 
c G  C 2 —  (C i D  C2) produce s a  subse t y  o f cardinalit y 3  s o tha t C\y  i s no t a 
Y—hierarchy. Hence , puttin g 

y:=V<3(X) =  {YCX\#Y<3} 

and choosing , fo r eac h Y  G  y,  a  y-hierarch y z y G  P ( P ( y )) =  Cl aff{Y), th e 
resulting se t syste m 

~ix := { C C  X I  C fl y G  2 y fo r al l 7 G ^ } 

surely i s a n X-hierarchy . I n addition , give n eithe r a n X-hierarch y C  C P ( I ) o r 
a similarit y measur e 5  defined o n X , w e may conside r th e y-hierarchie s 

iY =  %c ~  c\ Y =  {c n  y 1  c G  C}  G  ci aff{Y) 

or 

respectively, fo r ever y Y  € y.  I t i s then eas y t o se e tha t C  (or C s) coincide s wit h 

~ix := { C C  X I  C H y G  iy  fo r al l F G ^ G Cl aff(X). 

This hold s essentiall y b y definitio n i n cas e w e star t wit h a  similarit y measur e s 
because, give n som e C  C  X , w e clearl y hav e s(a , 6) >  s(a,c)  fo r al l a , 6 G C an d 
c G X —  C  i f and onl y if , fo r an y Y  G  y, th e sam e inequalit y s(a,b)  >  s(a,c)  hold s 
for al l a, 6 G  C H  y an d c  G  y \ C, tha t is , i f an d onl y i f C  f l Y  G  Cs | y x y holds . 
If, o n th e othe r hand , w e star t wit h a n X—hierarch y C , then clearl y C  C i x hold s 
by definitio n o f ix,  whil e ix  C  C  - and , hence , equalit y -  hold s fo r th e followin g 
reasons: first,  give n som e C  € ix,  w e ma y assum e w.l.o. g tha t 0  ^  C  ^  X  holds , 
so we ca n find  element s a  G  C an d b  G X —  C.  Next , fo r an y x  G  C, w e ca n find 
some C  =  C' X eC wit h 

{a, x} =  C  f l {a, 6, x} = C^ . fl {a , 6, x}, 

that is , wit h a,x  e  C f
x an d b  g C' x. A s C  is a  hierarch y an d w e hav e a  G  CJ, fl CJ 

for al l x,y  e  C,  w e mus t hav e C^ . C  C' y o r C ^ C  C ^ fo r al l x,y  G  C, s o th e se t 
of thes e cluster s i s linearl y ordere d and , hence , contain s a  uniqu e larges t cluste r 
C' =  C"(6 ) G  C which stil l doe s no t contai n fr,  but -  i n vie w o f x  G  C^. C  C"(6 ) -
contains ever y elemen t x  fro m C ; so , for ever y b  G X  —  C, w e can find  som e cluste r 
C"(6) G C wit h 

CCC'( i ) ) CX-{b}. 

Hence, w e ge t 

C  =  H  C"(fc)eC , 
6GX- C 

as claimed . 

Finally, i t ca n als o be show n tha t wheneve r a  y-hierarchy iy  C  P ( y) i s given 
for ever y Y  € y,  th e correspondin g X—hierarch y 

ix'={CCX\CnY ei Y fo r al l F G ^ } 
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satisfies th e relatio n 

ix\y =  iy 

for ever y Y  G  y i f an d onl y i f tha t hold s fo r ever y subse t Z  C.  X  oi  cardinalit y a t 
most 4  and th e correspondingl y define d Z— hierarchy 

%z : = {C  C  Z  |  C H Y G  % Y fo r ever y Y  G  3 > n P(Z) } 

(and ever y F  G  ynV(Z)): I t i s obvious tha t thi s conditio n i s necessary i n vie w of 
ix\z C  i z and , hence , iy  =  z x | y =  ix | z | y C  2Z ) y C  iy. 

To establish th e converse , on e may defin e 

(a, 6) := { c G X  |  c G {a, 6} or {a , 6} 0 «{a>&,c}} 

for al l a,b  € X  (whethe r a  ^  b  or a  =  b)  and first  not e tha t Y  G  y, iy\y  Q  iy, 
for al l Y'  C  y , an d (a,6 ) G  z^ fo r al l a,b  € Y  wil l impl y ix\y  —  iy becaus e w e 
surely have ®,Y € ix\y,  whil e every other subse t i n iy i s of the form {a , b} for som e 
a,6 G  y i n whic h cas e w e have {a, b} =  (a,b)  C\Y  € %x\y  becaus e c  € Y  —  {a,b} 
implies c  0 (a , b) in vie w o f {a , 6} G i y and , therefore , {a , 6} G «V|{a,6,c} Q *{a,&,c}-

Next, not e tha t -  vice versa -  ix\y  —  iy fo r al l y  G   ̂als o implie s (a , 6) G  ix 
for al l a,  6 G  X becaus e th e smalles t subse t C  i n ix  containin g a  an d b  (tha t is , 
the intersectio n o f al l thos e subsets ) surel y mus t contai n (a , b) in vie w o f {a , 6} C 
C f l {a , 6, c} G  *{ a,6,c} f° r al l c  G  X  and , therefore , c  G  C  fo r al l c  G  X  wit h 
{a, 6} ^  ̂ {a,&,c} > whil e i t canno t contai n an y c  no t i n (a , 6) becaus e fo r an y suc h 
c w e hav e c  $  {a,b}  an d {a , b} G  i{ a,&,c} =  *x|{ a,&,c}> s o ther e mus t exis t som e 
C G  ix wit h C " fl {a,b,c}  =  {a , 6} which surel y implie s C  C  C  a s wel l a s c  0  C " 
and, hence , c  ^ C , a s claimed . 

So, i t remain s t o sho w tha t w e hav e (a , b) G  ix fo r al l a,  6 G X wheneve r w e 
have (a,6 ) f l Z  G  iz fo r al l Z  C  X  wit h a,b  e  Z  an d # Z <  4  o r -  equivalentl y -
whenever w e hav e (a , 6) fl {& , c, d} G  *{&,c,d} f° r au " a,  6, c, d G  X. So , assum e th e 
latter, pick  a , 6 G X an d conside r (a , b) f)Y fo r som e y  G  y. I f #({a , 5}UF) <  4 , 
then (a , 6) fl ({a , fe} U 7) G  ^{ a,6}uy b y assumption , s o we also clearl y hav e 

(a, b) n y =  ((a, 6) n ({a, 6} u y)) n y G  i{atb}uY\Y Q  *Y. 

Otherwise, w e hav e a  ^  b,  #y =  3  an d a yb £  Y.  Assum e (a, b) C\Y  $  iy.  The n 
there exis t x,y,z  G  X wit h x  G  (a , 6) f l y , y  0  (a , 6) f l y  an d y  =  {x,y,z}. 
Prom ou r assumption , w e get {a,x}  —  (a, b) D {a,x,y} G  i{a,x,y}> tha t i s y £  (a,x). 
Hence, i f als o z  £  (a , b) fl y , w e ca n replac e y  b y z  i n th e abov e argumen t whic h 
leads t o z  $.  (a, re) and, hence , 

(a, 6) fl {x , 2/, z) =  {x } = (a , a) H  {a, 2/, z} G i{ x,j,,z} =  *y , 

while, i f z  G  (a, b) fl y, w e ca n replac e x  b y z  i n th e abov e argumen t whic h lead s 
to y  $  (a , z). Hence , a s z  G  (a, x) o r x  G  (a,z) becaus e w e canno t simultaneousl y 
have {a,x } G  i{a,x,z} a n d { a>z} £  ^{a,z,z} 5 we have eithe r 

(a, 6) n y =  {x, z} = (a , x) n y 

or w e hav e 
(a,6)ny =  {x,z} = (a,z)ny , 

so -  in an y cas e -  we have (a , b) D y G  zy, a s claimed . 
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Another wa y to deduc e th e sam e resul t i s also of some interest : give n a  famil y 
of hierarchies iy(Y  £  30 , defin e a  ternary relatio n ab\c  on X  b y 

ab\c & c  ^ a,b  an d {a , b} G *{ a,&,c} 

(a, b,c G  X). Clearly , on e ha s 
(HI) ab\c  <3 » 6a| c 
and 
(H2) ab\c  & ac|d = * 6 ^ d 
for al l a,b,c,d  G  X, th e latte r becaus e b  = d  woul d impl y #{a,b,c}  —  3 a s wel l 
as wel l a s {a , b) G  *{ a,6,c} a n d {a,c } G  ̂ { a,&,c} m  contradictio n t o 0  ^  {a}  = 
{a, b} fl {a , c} ^  {a,6},{a,c} . An d i t i s als o clea r tha t fo r an y ternar y relatio n 
satisfying (HI ) an d (H2 ) th e se t syste m C  consisting o f al l subsets C  C  X  wit h ab\c 
for al l a , b G C an d c  G X —  C  i s a  hierarchy . 

Next observ e tha t i n cas e 

(a,6)n{fc,c,d} ei{ b,c,d} 

holds fo r al l a,b,c,d  G  X , on e also ha s 
(H3) a&| c & ac|d = > a&|d 
as wel l a s 
(H4) a&| d & ac|d =» bc\d 
for al l a, 6, c, c? G X . On e can then show that ther e is a canonical 1- 1 correspondenc e 
between (a ) ternar y relation s define d o n a  finite  se t X  satisfyin g (HI) , (H2) , (H3 ) 
and (H4 ) an d (b ) hierarchie s C  C V{X),  give n by associatin g t o an y suc h relation -
as above - the se t syste m C  consisting o f all subsets C  C  X  wit h ab\c  for al l a, 6 G C 
and c  G X —  C, o r -  vice versa -  to an y X—hierarch y C  the ternar y relatio n define d 
by 

ab\c <=> ther e exist s som e C  G  C  with a,b  £  C  an d c  G X  —  C. 

The fac t tha t thi s set s up indeed a  one-to-one correspondence i s almost equiva -
lent t o th e above-mentione d fac t that , fo r an y famil y iy(Y  G  y) o f Y— hierarchies, 
we have ix\y  =  W  for  al l F  G  ^  i f and onl y we have %z\y  — iy  for  al l Z  C  X wit h 
# Z <  4  and al l Y  G  y  D  P(Z), s o any on e o f these tw o facts ca n be deduce d easil y 
from th e othe r one . 

Altogether, w e see  tha t th e theor y o f hierarchie s -  including th e wa y the y ar e 
related t o similarit y measure s -  fits  perfectl y wel l int o th e conceptua l framewor k 
developed i n th e previou s section . 

2.2 Tree s 

Given a  se t X , a  tre e structur e o n X  i s a  tripl e (V,E,</>)  consistin g o f a  se t V 
- calle d th e se t o f vertices  o r nodes  o f tha t tre e structur e -  ,  a  subse t E  o f th e se t 
£>2(V) : = { e C  V  |  #e =  2 } of subsets o f V  o f cardinality 2  - called th e se t o f edge s 
-, an d a  ma p <j>  :  X — > V  suc h tha t th e pai r (V , E) i s a  tree , tha t is , suc h tha t fo r 
any tw o vertice s v,v'  ther e exist s on e an d onl y on e pai r (d,p)  =  (d(v,v'),p(v,v')) 
consisting o f a  natura l numbe r 

d = d(v,v')  =  d E{v,v') GN o 
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- calle d th e (combinatoria l o r unweighted ) distance  betwee n v  an d v'  (relativ e t o 
(V,E)) -  and a  sequenc e 

p = p(v,v') = p
E{v,v') =  ( i ; 0 ,vi , . . . ,v d) 

of length d  + 1  of vertice s 

Vi =Pi(v,v') =pf(v,v') 

(i —  0 , . . . ,  d) fro m V  wit h v 0 =  v,  Vd =  v*,  and wit h 

e» =  e»(v,v ;) =  ef(v,v') : = {v i_ i ,Vt } G  JB 

for al H =  1 , . . . ,  d a s wel l a s Vi-i  ^  i>i+ i fo r al l i  —  1 , . .. ,  d — 1 , calle d th e pa£/ i 
from v  t o i> ' (i n th e tre e {V,E))  (cf . [BD86]) . I t i s easil y see n tha t -  wit h thes e 
notations -  on e mus t hav e #{t>o , t>i, • • •  , Vrf} = d  4- 1 and # { e i , . . . ,  e^} =  d , tha t 
the se t 

A(v,v') =  A E(y,v') : = { e i , . . . ,e rf} 
coincides wit h th e intersectio n o f al l subset s E'  o f E  fo r whic h ther e exis t vertice s 
wo : = i>,u>i,.. . jiyjf e : = i> ' from V  wit h {u)i-i,Wi}  G  £' fo r al H =  1 , . . . ,  fc, and 
that fo r v , v', i>" G V one has pi(u, v') =  pi(v , t>") for som e z (assumed t o be a t mos t 
equal t o min(d(v,v /),d(v,vn)) s o tha t bot h term s ar e defined ) i f an d onl y i f i  i s 
smaller tha n o r equa l t o 

d(v;v',v") : = #(A(v,t/ ' ) n  A(t/,v") ) 

and, hence , 

A(t/, v") =  (A(t/ , i/) U  A(v, v")) -  (A(v , t/') n  A(v , v")), 

the symmetri c differenc e betwee n A(v,v')  an d A(v,v"). 

A tree structure (V,  E, </> ) define d o n X  i s said to be an X—tree i f (i ) E  coincide s 

with it s subse t I ) A((/)(x),  (f>(y))  an d i f (ii ) fo r ever y verte x v  G  V —  4>{X)  ther e 
x,yeX 

exist a t leas t thre e distinc t edge s ei,e2,e3 G  -E containing v.  Equivalently , definin g 
an equivalenc e relatio n "~ " o n X  fo r eac h e  G  E b y 

x~7/<£>e£ A(0(x),0(2/)) , 

a tre e structur e (V , E, (j>)  define d o n X  i s an X— tree i f (i ) none of these equivalenc e 
relations i s trivial i n whic h cas e the associate d se t o f equivalence classe s consist s o f 
exactly tw o (non-empty! ) subset s o f X  and , hence , constitute s i n particula r a  spli t 
Se £  Sp(X),  an d i f (ii ) fo r an y tw o edge s e , e' G  E on e ha s 

Se - Se> & e = e'. 

It i s easil y see n an d wel l know n tha t b y associatin g t o an y tre e structur e (V , E, <j>) 
defined o n a  se t X  th e tripl e (V',E',(/>')  define d b y 

V : =  (f>(X)U{veV\3<#{Se\veeeE,#Se = 2}}, 

E' : = {{v,w}  G  V 2(V) |  there exis t e,f  eE 

with v  G  e,w G  / an d S e =  S f ^  {X}}, 

and 
0' :  X - > V  :  x *->  0(z ) 

is a n X— tree whic h i s calle d th e X— tree induce d b y th e tre e structur e (V,E,(j)). 
Clearly (V , £, 0 ) =  (V , £ ' , 0' ) i f and onl y i f (F , £, 0 ) i s an X- t r ee . 
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It i s als o easil y see n an d well-know n (se e fo r instanc e [B71 ] an d [BD86] ) that , 
for an y two tree structure s (Vi , E\, </>i)  an d (V2 , E2, fa)  define d o n X, th e followin g 
assertions ar e equivalent : 

(Al) The  set  S(V\,Ei,fa)  : = {S ei ,  | e\ G  Ei,#Sei —  2} coincides  with  the  corre-
spondingly defined  set  <S(V2 , £2 , fa). 

(A2) There  exist  maps  w\  :  E\ — • R> o andw^  :  £2 —> • ^> o swcf t that  for allx,y  G  X 
and A i : = A ^ ^ x ) , 0i(y)) , A 2 : = A E2{fa{x),fa(y)) one  has 

eiEAi e 2GA2 

(A3) Fo r £/i e corresponding  induced  X —trees  (V/, JB{, C/4) an d (V^E^fa),  one  has 

dEi{<t>l
l{x),<t>'l{y))=dE>{<}>l

2(x),<t>'2{y)) 

for all  x,y e  X. 

(A4) T/ier e ea;z5̂ 5 one  (and  only  one!)  bijection  a  :  V{ -4 - V̂ ' between  the  sets  of 
vertices of  the corresponding  induced  X —trees such that  E' 2 — {a(e[) \  e[  G  E[} and 
fa =  a  o  fa . 

If on e and , hence , al l o f thes e assertion s hold , th e tre e structure s (Vi,Ei,fa) 
and (V2,E2,fa)  ar e calle d equivalent. 

Clearly, an y tre e structur e (V , E, fa  define d o n X  i s equivalen t t o it s induce d 
X—tree an d tha t X— tree i s determine d uniquel y u p t o canonica l isomorphis m b y 
the equivalence class of (V, E, fa.  I t is also well-known that fo r any X—tree (V , E, fa 
and an y tw o edge s e,e ' G  E,  th e tw o associate d split s S e an d S' e G  S P(X) ar e 
compatible, tha t is , the se t { A Pi A' \  A  G  Se,A' G  Se '} contain s a t mos t thre e non -
empty subset s o f X.  An d i t ha s bee n establishe d b y P . Bunema n (cf . [B71] ) that , 
vice versa , fo r a  finite  se t X  an d an y se t S  C  Sp(X) o f split s S  =  {  A, £?} G <Sp(X ) 
which ar e pairwis e compatible , tha t is , wit h 

# { A n  A'  I A G  5 , A7 G  5 ' , A n A ' ^  0 } < 3 

for al l 5 , S' G  <S , there exist s a  tree structur e (V , E, fa  fo r X  wit h <S(V , £7,0) =  5 . 

Actually, assumin g withou t los s o f generalit y {X , 0} ^  5 , a n X - t r e e (V,E,fa 
with tha t propert y ca n b e define d a s follows : pu t 

V : = { v :  S - > P(X) I  v(S) G  5 an d v(5i ) n  v(S 2) 7 ^ 0 for al l 5 , Si, S2 G  <S} , 

£ : = {{!;,«; } e y | # { 5 G 5 | t ; ( S ) # t i ; ( S )} =  l } , 

and 
<I>:X ->V:xv>(v x:S-> V{X)  :  5 i- > S{X)), 

where S(x)  G  5 denote s tha t subse t A  of X containe d -  as an elemen t -  in S  whic h 
contains x. 

Hence, (equivalenc e classe s of ) tre e structure s define d o n a  finite  se t X  ca n b e 
identified wit h subset s S  o f the se t Sp(X)  o f al l split s o f X i n which an y tw o split s 
S,S' G  S  ar e compatible,  tha t is , satisfy th e abov e conditio n 

#{A n  A 11 A G 5 , A' G  S' , A n A'  ^  0 } <  3 , 
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and non e coincide s wit h {X , 0}. 

Consequently, als o th e theor y o f tre e structure s fit s nicel y int o th e framewor k 
proposed i n th e previou s section : give n a  finite  se t X  an d a  subse t S  o f th e se t 
Sp(X) o f al l split s o f X, i t i s eas y t o se e tha t S  represent s a  tre e structur e o f X  -
that is , one ha s 

#{AC)A' \AeS,A'  eS'^ADA'  /  0 } < 3 

for al l 5 , S' G  S -  i f and onl y i f this hold s fo r S\ Y =  {{A  n  Y , B n  Y } \ {A,  B}  G  S} 
for al l Y  C  X  wit h # Y <  4 . 

Vice versa , puttin g y  : = V<i(X)  :=  {Y C  X \  #Y <  4 } and choosing , fo r eac h 
Y G  y, a  se t 2 y C  <Sp(Y ) o f pairwis e compatibl e split s -  including , fo r th e sak e 
of technica l simplicit y -  th e trivia l spli t {Y , 0} induce d b y th e trivia l equivalenc e 
relation, th e associate d elemen t %x  G  CZpr0J(X) define d b y 

lx : = {{A,B}  e  Sp(X)  |  {AHY,BnY} e  iy  fo r al l Y e  y} 

always represent s a  tre e structur e o n X. 

It i s also easy t o se e that i n cas e # X =  n  + 1 , one has # 5 <  2 n fo r al l subset s 
S C  Sp(X)  o f pairwise compatible splits (includin g possibly the empty split) , eithe r 
by provin g thi s directl y o r b y -  afte r choosin g som e XQ  G X t o pla y th e rol e o f th e 
"point a t infinity " -  replacing S  C  Sp(X)  b y 

CX0(5) : = { A C X -  {x 0} | {A, X -  A } G 5} 

and notin g tha t C X°(S) U  {0,X -  {x 0}} i s necessaril y a n ( X -  {x 0}) -  hierarch y 
whenever an y tw o split s i n S  ar e compatibl e -  actually , an y tw o split s i n S  ar e 
pairwise compatibl e i f and onl y i f CX(S) U  {0, X -  {x}}  i s an ( X -  {x})  -  hierarch y 
for ever y x  G  X. 

To construc t a n X—tre e fro m loca l dat a i n thi s way , the decisio n abou t whic h 
tree structure t o choose for an y given small subse t Y  G  3^ can be based o n whateve r 
creed on e adhere s to : give n a  distanc e d  :  X x  X  - > E  define d o n X , on e migh t -
for an y Y  G  y  -  take al l split s { A, B} o f Y  wit h 

d(a, a') +  d(6,6' ) <  d(a , 6) + d(a',  b') 

for al l a,  a1 £  A  an d b,b'  £  B  i n whic h cas e th e correspondin g famil y z x o f split s 
of X  i s exactl y th e se t SBuneman(d)  o f al l split s {A,B}  o f X  satisfyin g exactl y 
the sam e requirement . A s indicate d b y ou r notation , thi s se t o f split s an d th e 
corresponding tre e structur e wa s considere d alread y b y P , Bunema n i n th e pape r 
[B71] mentione d alread y abov e which , b y th e way , wa s devote d t o archeologica l 
classification. 

If X i s a se t o f sequences x  =  {x\ ,... ,Xk)  whos e entries x\  al l come from som e 
alphabet A  o n whic h a  metri c dj±  is define d (e.g . th e trivia l metri c d^(a , 6 ) : = 
1 —  Sab))  there ar e man y alternative s t o defin e iy  G  Sp(Y) fo r al l Y  G  y: I f al l 
sequences ar e o f the sam e lengt h k,  on e ca n defin e a  metri c d  on X  b y 

k 

d(x,y) : = ^2d A(xuyi) 
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for al l x  =  (xi ,... ,  a;*;), 7/ = (?/i,.. . ,yk)  € X  an d the n procee d a s above . On e ma y 
also explore, for each F G ^ , th e very few possible tree structures definable o n Y an d 
then decid e for th e most parsimonious tree structure a s the appropriat e loca l input . 
In general , on e wil l firs t hav e t o alig n th e sequence s accordin g t o som e alignmen t 
score, an d on e migh t the n us e just tha t scor e (o r a  distanc e measur e derive d fro m 
it) fo r constructin g th e Bunema n split s (t o whic h en d on e ma y actuall y restric t 
oneself t o pairwis e alignment) . Instead , on e might tr y t o simultaneousl y construct , 
for each Y  G  y,  th e tree structure a s well as the alignment -  again, say , by explorin g 
all possible tree structure s -  and the n invok e a parsimony o r a  maximum likelihoo d 
principle. 

For real data sets , it might actuall y be advisable to explore all or, a t least , quit e 
a few of these alternatives a s only those splits can be trusted a s being reliable which 
are observe d i n man y o f th e resultin g X— trees; -  actually , a n extensiv e literatur e 
exists regarding ho w to construc t a  consensus  tre e structur e fro m man y give n one s 
(cf. fo r exampl e [DM85] ) whic h coul d als o be evoke d a t tha t stage , eve n thoug h i n 
most practica l case s - at least , whe n i t come s to problem s in phylogen y -  there wil l 
be onl y a  few doubtfu l split s whic h shoul d rathe r b e discusse d individually , takin g 
into accoun t al l sort s o f arguments an d no t exclusivel y onl y thos e whic h ar e base d 
on forma l tree-constructio n and/o r consensu s procedures . 

To conclude thi s subsection , w e just mentio n tha t i n analog y t o the affin e case , 
given a  family iy  G  Clpr°i{Y) (Y  e  y  =  V<±{X))  o f tree structures , ther e exist s a 
tree structure ix  G  Clproj(X) wit h ix\y  —  iy  fo r al l Y G  y i f and onl y if this hold s 
for an y subse t Z  o f X  o f cardinality a t mos t 5 , that is , if and onl y i f for an y subse t 
Z o f X  wit h # Z <  5  there exist s a  tre e structur e iz  G  Clpro^(Z) wit h %z\y  —  iy 
for al l Y  G  y D  V(Z) (cf . [BD86]) . 

2.3 Wea k Hierarchie s an d Weakl y Compatibl e Spli t System s 

Next, I  wan t t o poin t ou t tha t als o the theor y o f weak hierarchie s an d weakl y 
compatible spli t system s a s develope d i n [BD89 ] an d [BD92 ] fits  nicel y int o th e 
above framework . Accordin g t o [BD89] , a weak  hierarchy C  defined o n a  se t X  i s a 
subset o f V(X)  suc h tha t d  n  C 2 n  C3 G  {Cx n  C 2, C 2 n  C 3, C 3 n Ci} hold s for al l 
Ci,C2,C3 G  C. 

It follow s tha t a  subse t C  of V(X)  i s a  wea k hierarch y define d o n X  i f an d 
only i f C| y : = {C  C\Y  \C  G  C} i s a  wea k hierarch y define d o n Y  fo r ever y Y  G 
y : = V<z(X)  whic h i n tur n i s th e cas e i f an d onl y i f C\y  doe s no t contai n al l 
three subset s o f Y  o f cardinalit y 2  fo r ever y Y  C  X  o f cardinalit y 3 . Hence , 
given a  wea k hierarch y iy  C  V(Y)  fo r ever y Y  e  y,  th e correspondin g subse t 
'ix =  {C  C  X\C  H  Y G  iy  fo r Y  G  y}  C  V{X)  o f V(X)  wil l alway s b e a 
weak hierarchy , too . Moreover , i t follow s easil y fro m adaptin g th e first  (rathe r 
trivial) par t o f a n argumen t presente d i n 2. 1 t o thi s situation , tha t no w w e hav e 
resx-+y(ix) —  iy for  al l Y  G  y i n cas e (i ) ever y wea k hierarch y iy  contain s Y 
and th e empt y se t amon g it s cluster s an d i s close d wit h respec t t o intersectio n 
and (ii ) w e hav e resz-+y(iz)  —  iy for  al l Z  C  X  o f cardinalit y a t mos t 5  and al l 
Y eyn  V(Z)  (wit h 'iz  : = {C  C  Z  \  C n  Y  G  iy  fo r al l Y  G  ^  H  V(Z)}, o f course) . 
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That i t i s no t enoug h t o requir e conditio n (ii ) fo r al l subset s Z C I o f cardi -
nality a t mos t 4  can b e deduce d fro m th e followin g simpl e (counter)example : 
put X  : = {1,2,3,4,5} , pu t iy  : = V(Y)  i f #Y  <  2, and i n cas e # 7 =  3  pu t 

f W) \{{1 ,2} ,{3 ,4} } i f 5 £ F , 
i y : = < {Y}UV< 1(Y) i£Y  =  {3,4,5} , 

I W ) -  {{« , 5} | a G  y  -  {5} } else . 

It i s easy t o se e tha t thi s implie s 

Hi,2,3,4} =  {{1,2,3,4}}UP< 2({1,2,3,4})-{{1,2},{3,4}}, 

*{i,2,a,5} =  {{l ,2 ,a ,5},{l ,2 ,a} ,{ l ,a} ,{2,a}}UP<i({l ,2 ,a ,5} ) 

for a  = 3, 4 an d 

Ha,3,4,5} - {{a , 3,4, 5}, {a, 3}, {a, 4}} U V<i ({a , 3,4,5} ) 

for a  —  1,2 fro m whic h formula e on e ca n easil y conclud e tha t conditio n (ii ) i s 
fulfilled i n thi s exampl e fo r al l Z  C  X  wit h # Z <  4 . Yet , ther e can' t b e a  subse t 
C C  X  wit h C  ei x (tha t is , wit h C  n  7  G  iy fo r al l 7  C  I  wit h # y <  3 ) a s 
well a s C  f l {1,2,5 } =  {1,2 } becaus e an y C  G  ix wit h {1,2 } C  C  mus t intersec t 
{1,2, a} (a  G {3,4}) i n the only subse t i n i{i,2,a} containing {1,2 } which i s {1,2 , a} 
itself, s o we must hav e 3,4 G  C whic h implie s tha t C  mus t intersec t {3,4,5 } in th e 
only subse t i n ̂ {3,4,5 } containing {3,4 } whic h i s {3,4,5 } itself . So , w e mus t hav e 
5 G  C and , hence , C  fl {1,2,5 } /  {1,2} , a s claimed . 

It i s easy t o se e that on e has # C <  #V<2(X)  =  f  J  -f-{ I  -f (  n  1  for 

every weak hierarchy denne d o n a  set X  o f cardinality n : Indee d thi s follow s easil y 
from th e fac t tha t fo r an y non-empt y cluste r C  i n a  wea k hierarch y C  there exis t 
a,b G  C wit h C  C  C  fo r al l C  € C  with a,b  € C  becaus e otherwis e ther e woul d 
exist a  smalles t subse t T  o f C  o f cardinality >  2  and C  C  C" for ever y C  € C  with 
T C  C" , so for an y thre e distinc t element s ai , 02,03 G  T  ther e woul d exist , fo r eac h 
i G  {1, 2,3}, some cluste r C{  € C  with a ^ £  C ; an d T  -  {a{}  C  C* , in contradictio n 
t o C i n C 2 n C 3 € { C i n C 2 , C 2 n C 3 , C 3nd} fo r al l C i ,C 2 ,C 3 £ £ • 

Next, i t is obvious that for any weak hierarchy C C P ( I) w e have C C ix fo r th e 
weak hierarchy ix  associate d wit h th e famil y i y : = C\y  (Y  G  y),  an d tha t equalit y 
implies tha t C  is closed wit h respec t t o intersection provide d tha t tha t hold s fo r al l 
iy (Y  G  y). Mor e precisely (se e below), it can be shown that ix  i s always containe d 
in the smalles t intersection-close d subse t C  ofV(X) containin g {X}\JC  (whic h -  for 
a wea k hierarch y C  - i s easil y see n t o coincid e wit h {X}  U  {C\ f l C2 \ C\,C2  G  C}) 
and, hence , tha t C  alway s coincide s wit h th e wea k hierarch y jx  associate d wit h 
the famil y jy  :=  iy  (wit h iy , o f course , denotin g th e smalles t intersection-close d 
subset o f V(Y)  containin g {Y}  U  iy). Not e als o tha t iy  wil l alway s coincid e wit h 
iy —  JY  provide d C  contains X  a s wel l a s ever y subse t C C I o f cardinalit y <  1 ; 
so in thi s case , we will alway s have i x —C. 

Finally, give n a  symmetri c ma p s  :  X2 — > E , th e se t syste m H s define d a s 

HS(C) :=  {C CX\  s(a , b) > min(s(a,  c) , s(b, c)) fo r al l a,b  G  C an d c  G X  -  C} 

always i s a n intersection-close d wea k hierarch y (whic h wa s th e startin g poin t fo r 
their discussio n i n [BD89]) . Clearly , H s i s th e wea k hierarch y ix  associate d wit h 
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the famil y o f weak hierarchie s iy  \—  HS(C\YXY) (Y  £  y)-  So , as in the case of 
hierarchies, there is a simple way to construct loca l information i n the form o f weak 
hierarchies fro m othe r loca l informatio n (her e give n in the form o f the map s) an d 
to deriv e th e desired globa l informatio n directl y fro m thes e locall y define d wea k 
hierarchies withou t furthe r recours e t o any other for m o f local informatio n fro m 
which thes e locall y define d wea k hierarchie s migh t hav e bee n deduced . 

Similarly (cf . [BD92]) , weakl y compatibl e spli t system s S  ar e defined t o be 
those subset s S  of Sp(X) fo r which no three split s 

Si =  {Ai,Bi} , S 2 = {A2,B2}, S 3e{A3,B3}eS 

with Ai fl A2 H A3 ^ 0 , A 1 n B2 n B3 ^ 0 , Bi n A2 n B3 ^ 0  and Bx n B2 n A3 ^ 0 
exist or , equivalenty, for which 

CX(S) :={ACX  -  {x}  | {A, X -  A}  G 5} 

is a  wea k hierarch y define d o n X —  {#}, for every x  G  X. So , we have # 5 < 

( 2  ) +  ( 1  ) +  ( 0  ) =  (  " 2 '  )  + 1 = ( * * )  + 1 forever, famil y 5 o"f 
weakly compatibl e split s (includin g possibl y th e trivial spli t {X , 0}) define d o n a 
set X  o f cardinality n  + 1. 

It follow s easil y from th e results in [BD92] and [BD93] - or from th e results re-
garding weak hierarchies just reporte d abov e and the relation between (affine ) wea k 
hierarchies an d (projective ) weakl y compatibl e spli t system s - that als o the theory 
of weakl y compatibl e spli t system s fits  excellentl y int o the conceptual framewor k 
developed i n §1. I n particular , suc h spli t system s ca n also b e viewed a s result -
ing fro m th e proposed "standard " procedur e o f extracting globall y relevan t fro m 
locally distribute d information , provide d tha t tha t locall y distribute d informatio n 
conforms t o some rathe r mil d an d easily specifie d requirements . 

A certai n generalizatio n o f weak hierarchie s wa s discussed i n [BD94], where a 
collection C  of subsets o f X wa s defined t o be a weak hierarchy of  breadth at  most 
k i f for all C\, C2,... ,  C^+i G  C one has 

d n  C2 n • • • n Ck+1 e  {f| d  \  j - l , . . . , k 4-1} 

or, equivalently , i f ther e exis t n o cluster s C i , . . . ,  Cfc+i G  C  an d element s 
£ 1 , . . . ,a;jfe+ i G  X wit h Xi  G Cj i f and only i f i ^  j . Clearly , C  C V(X)  i s a 
weak hierarch y o f breadth a t most k  if and only i f there exist s a t least on e subset 
of cardinality k  in any subset Y  C  X of  cardinality k  + 1 which is not contained in 
C\Y —  {C HY\C G  C} - that is , if and only i f C\y- i s a weak hierarch y o f breadth 
at mos t k  for every Y  G  V<k+i{X).  Equivalently , C  C V(X) i s a weak hierarch y of 
breadth a t most k  if and only if one has 

V(Y) =  {clnC2n-'nC£nY\£eNo, c u... ,C eeC} 
for som e Y C  X onl y if #F < k. A s above, thi s implie s easil y 

# c < * 7 . S i W - ( ; ) + ( i f c - 1 ) + ( l b » 2 ) + . . . + ( » ) 

for an y such C  C V(X) (an d n := # X) a s any C G C  necessarily contain s a  subse t 
T o f cardinality a t most k  with C  C C fo r every C  e  C with T  C C" . 
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Note als o (cf . [BD94] ) tha t a  collectio n C  C  V(X)  o f subset s o f X  i s a  wea k 
hierarchy o f breadt h a t mos t k  i f an d onl y if , fo r an y ma p s  :  C —> E  wit h s(C)  < 
s(C') fo r al l C,C  eC  wit h C  D  C", one ha s #A  <  k  fo r an y subse t ACX  wit h 

max(s(C) \ACCeC)<  max(s(C)  \A-{a}CC'  eC) 

for al l a  e  A. 

And i t i s als o eas y t o se e tha t give n a  wea k hierarch y iy  C  V(Y)  of  breadt h 
at mos t k  fo r an y subse t Y  o f X  o f cardinalit y a t mos t k  +  1  whic h i s close d 
with respec t t o intersectio n an d contain s Y  a s wel l a s th e empt y se t 0 , w e hav e 
resx-^Y^x) =  W  fo r al l Y  G  V<k+i(X) i f an d onl y i f w e have resz->y(iz)  —  iy 
for al l Z  C  X  o f cardinality a t mos t 2f c + 1  and al l y  G   ̂n  7>(Z) (wit h z z denne d 
relative t o th e iy  fo r al l Z  in  X  jus t a s above , o f course) . 

And finally,  give n a  weak hierarchy C  C V(X) o f breadth a t mos t fc, we always 
have C  C  ix  C  C  for th e wea k hierarch y i x o f breadt h a t mos t k  associate d wit h 
the famil y iy  : = C\y  (Y  G  P<jfc+i(X)) an d th e smalles t intersection-close d subse t 
C ofV(X)  containin g {X}  U  C which i n thi s cas e coincide s wit h 

{X}u{dn--nck\cir" ,ckec}. 
Moreover, i x —  C  holds i f an d onl y i f iy  contain s Y  an d i s close d wit h respec t t o 
pair wise intersection fo r eac h Y  G  V<k+i(X))  whic h i n tur n i s surely th e cas e if X 
and al l subset s o f cardinality a t mos t k  —  1  belong t o C. 

To prove these statements, i t i s enough to show that C  — ix  hold s if C coincides 
with C. Otherwise, there would exist some subset ACX  wit h A  G  ix\C and , hence, 
there would also exist some smallest subse t Z  o f X wit h AnZ  &  C\z-  I t follows tha t 
for an y z  G  Z, ther e woul d exis t som e C z G  C  with A  D (Z -  {z})  =  C ZC)(Z -  {z}) 
as wel l &s  An  Z  ^  C z D  Z and , hence , wit h 

r ny-  I  (AnZ)-{z}iizeAnz, 
° * M Z - \ (AnZ)U{z}e\se. 

While th e first  assertio n implie s #( A P i Z) <  k  i n vie w o f the assumptio n tha t 
C is a  weak hierarchy o f breadth a t mos t fc, the secon d assertio n implie s {Z\A)  <  1 
because z\, z 2 G  Z\A an d z\  ^  z 2 woul d imply C Zl CiC Z2 HZ =  Afi Z i n contradictio n 
to C Zl D  Cz2 G  C  and ou r choic e of A  an d Z . So , we would hav e # Z <  fc + 1 , now 
in contradictio n t o th e fac t tha t thi s implie s A  0  Z  G  iz =  C\z  fo r al l A  G  ix i n 
view o f th e definitio n o f ix • 

3. Som e Uppe r Bound s Regardin g Mor e Genera l 
Cluster System s 

Finally, w e wan t t o justify th e rathe r genera l framewor k fo r clusterin g theor y 
presented i n th e first  sectio n b y establishin g th e followin g rathe r genera l resul t 
which implie s mos t o f the inequalitie s mentione d above : 

Theorem. Given  a  collection  C  C  V{X)  of  subsets  of  a  finite  set  Xand  a 
simplicial complex  X  C  V(X) of  subsets  of  X (that  is,  a  collection  of  subsets  of  X 
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which is  closed  relative  to  taking  subsets,  that  is,  A  C  Band B  E  Ximplies A  E  X), 
such that  every  subset  A  of  X with  V{A) —  {Ad C  \ C  E  C} is  contained  in  X,  then 
we have 

#C <  #X. 

Proof. Fo r eac h C C I , conside r th e ma p 

Xc'-X ->R:A^(-l)# AnC. 

All w e nee d t o sho w i s tha t th e map s xc  wit h C  i n C  ar e linearl y independen t 
which w e d o b y inductio n on  n  :=  # X . Clearly , ou r assumptio n hold s i n cas e 
n —  0 . S o assume tha t w e have coefficient s re  E  R ( C C  X)  wit h re  —  0  for C  #  C 
and 22  r cXc(A) =  0  fo r al l A  E  X.  Choos e som e arbitrar y x  E  X , conside r 

OCX 

Cx :=  {C\{x}  \C  eC}CX-{x}  an d not e that {YnC  \  C  E  Cx} =  { y HC |  C E  C} 
for al l y  C  X  -  {z} , s o w e hav e y  E  ^  : = { A C  X  -  {x}  \  A E  X}  fo r al l 
y C  X  -  {x}  wit h {YnC\C  eC x}= V(Y).  A s ^  r c x c ( ^ ) =  0  for al l A  E  X 

ccx 

implies ] P (r c +  r C u { a .})xc(^) =  0  for al l i  G  ^ an d a s r c +  rCU{x} =  0 
CCX-{x} 

whenever C  #  C x, ou r inductio n hypothesi s implie s 

rc =  -T*CU{* } 

for al l x  E  X  an d CCX  —  {x}. Hence , i f rc 0 ^  0  fo r on e subse t Co  C  X , 
a simpl e inductio n argumen t base d o n th e cardinalit y o f (C\Co ) U  (Co\C) woul d 
imply r c ^  0  fo r al l C  C  X  an d therefor e C  = 'P(X ) whic h i n tur n woul d impl y 
X =  P(X ) and , therefore , ] T r c x c ( ^ ) =  0  with 

CG C 

r c - ( - l ) # C r 0 ^ O 

for al l C  C  X  i n contradictio n t o 

£ rcXc(X ) =  X ) ^  •  ( - ! ) # C *  ( " l )# ( C n X ) =  2 ^ •  r0 ^  0 . 

D 

This resul t -  an d it s "projective " analogu e -  clearl y present s a  far-reachin g 
generalization o f (som e of ) th e result s recalle d i n th e previou s section . I t show s 
that w e should b e able to compute in reasonable time the cluste r systems %x  related 
to system s o f "local " informatio n iy{Y  E  y)  provide d th e simplicia l comple x X 
consisting o f al l A  C  X  wit h %A  — V{A)  i s o f a  reasonabl e siz e (wit h %A  '•= {A' C 
A | A! H y E  iY fo r al l Y  E  y}, a s above) . 

We wil l no t wor k ou t th e consequence s o f thi s resul t here . Rather , w e refer t o 
forthcoming paper s with H.J . Bandelt , V . Chepoi and J . Koole n where in particula r 
those extremal  collection s C  of subset s o f X  wil l b e studie d fo r whic h # C =  #X 
holds fo r th e simplicia l comple x X  =  X(C)  whic h consist s o f al l subset s Y  C  X 
with V(Y)  =  {Cf)Y\C£C},-  jus t notin g that , i n cas e a  collectio n C  of subset s 
of X i s closed wit h respec t t o intersection an d contain s X , i t satisfie s th e conditio n 
#C =  #X(C)  i f an d onl y i f i t i s a  conve x geometr y a s define d i n [ED85 ] (o r -
equivalently -  an ant i matroid) . 
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Rather, w e clos e wit h th e followin g observation : A s muc h stronge r bound s 
hold fo r hierarchie s tha n fo r wea k hierarchies , on e migh t b e tempte d t o believ e 
that give n a  subse t i Y C  V{Y)  for , say , each Y  G  V< 3{X) wit h #i Y <  #V(Y)  -  2 
for eac h Y  G  V^{X),  th e cardinalit y o f the resultin g se t %x  '=  {A  C  X \  A C\ Y £  iy 
for al l Y  G  V<$(X)}  shoul d als o b e considerabl y smalle r tha n tha t o f V<2{X), 
the uppe r boun d w e ge t immediatel y fro m th e abov e theorem . Ye t th e exampl e 
X : = {1,2 , . . . ,2n } an d 

. f  V(Y)  i f # r <  2 
Z y : ~ I  { 0 } U { { t , j } c y | i , j < n o r n  +  l < 2 , j } i f # F =  3 

which lead s t o 

*x =  {0 } U {{ij} C  X |  i, j <  n  o r n  +  1  < t , j} 

shows tha t suc h a n expectatio n woul d no t b e justified . 

Instead, given a simplicial complex X  o f subsets of X, on e might defin e a  system 
C of subset s o f X  t o b e a n A-hierarch y i f C\  D  Ci EX  hold s fo r al l C\ , C 2 G  C  for 
which neithe r C i C  C 2 no r C 2 C  C\  holds . Clearly , i f C  is an A^-hierarchy , the n s o 
is any subse t o f C  as wel l a s the se t C  U {X} U  #* wit h X*  define d b y 

X* :=  {A  C  X  I  every prope r subse t o f A  belongs t o X}\ 

so i n particular , th e smalles t subse t C  of V(X)  containin g a  give n A'-hierarch y C 
and bein g close d wit h respec t t o intersectio n i s alway s a n A'-hierarchy . I t i s als o 
clear tha t hierarchie s ar e just {0}-hierarchies . An d i t follow s easil y fro m th e abov e 
result regardin g hierarchie s tha t w e hav e 

#(cvn < #A 
for th e se t 

A : = {A  C  X  I  A g  X  an d A  -  {a}  G  X fo r al l bu t (a t most ) on e a  G  A}, 

because associatin g t o an y C  G  C\X*  th e subse t A(C)  :=  V(C) D  A o f A  produce s 
an ^-hierarch y C'  :—  {A(C)  |  C G  C} whose cardinalit y #C ; coincide s wit h tha t o f 
C\X* i n vie w o f C  =  I ) A  fo r al l C  G  C\A*, whic h consist s o f subset s o f A 

AeA(c) 
each containin g a t leas t tw o distinc t element s fro m A. 

Of course , th e hierarch y C  i s i n genera l fa r fro m bein g binar y and , hence , it s 
cardinality wil l b e considerably  smalle r tha n tha t o f A.  Yet , th e exampl e X  : = 
Pd(F2) : = F ^ 1 -  {0} , the d-dimensiona l projectiv e spac e ove r F 2 , an d C  := {U  -
{0} I U  a  subspac e o f F ^ 1 o f dimensio n 2} , the se t o f line s i n Pd(F2) , provide s a n 
example o f a n ^hierarch y fo r X  : = F<i(X ) o f cardinalit y (2 d + 1 -  l)(2 d -  l ) / 3 
defined o n a  se t o f cardinalit y 2 d + 1 —  1  whic h show s tha t a t leas t th e orde r o f 
magnitude o f C\X*  i s described correctl y b y th e abov e bound . Still , i t i s probabl y 
quite an interesting problem to study the extremal A'-hierarchies C (that is , those X-
hierarchies C which have the largest possible cardinality amon g al l A'-hierarchies) i n 
some detail, -  at leas t i n the case of "fc-hierarchies" , tha t i s the V<k{X) -hierarchies, 
for whic h th e abov e -  and surel y improvabl e -  bound give s 

#(c\v<k+1(x)x(n
n

+1 y 
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Still more generally, for any two simplicial complexes X\  an d X<i  consistin g of subsets 
of X,  w e ma y defin e a  cluste r syste m C  containe d i n V(X)  t o b e a n ( A ' I , ^ ) -
hierarchy i f an d onl y i f for al l k  G  N and C\ ,... ,Ck  G  C we have (non-exclusively ) 

either (i) dn---nck < E xx or (u) dn- ' -nft =  dn-• -nCi-inC i+in-• -ncfc for 
some z  G { 1 , . .. ,  k} o r (iii ) {a u . .. ,a& } G A2 for al l a i , . . . , ak G  X wit h a * G Cj i f 
and only i f i ^  j , for alH , j =  1 , . . . ,  /c. I n particular, w e may define C  to be a  (A; , £)-
hierarchy fo r an y tw o integer s k,£  >  —  1 if an d onl y C  is a n (V<k(X),  V<e(X))-
hierarchy, tha t i s i f an d onl y i f fo r al l C i , . . . ,  C^+i G  C w e hav e #(C i f ! C 2 H 

• • -c*+i) < * or CinC2n---nc^+i =  dn- ••nCi_inCi+in---nc*+i for some % G 
{ 1 , . . . , £ + 1 } . Usin g this terminology, i t i s easy to see that a  hierarchy C  as define d 
in 2. 1 i s just a  (0 , l)-hierarchy, whil e a n ^-hierarch y i s an (A\P<i(X))-hierarchy , 
a weak hierarchy is a (—1,2)-hierarchy , an d a  weak hierarchy of breadth a t mos t £  is 
a (-1,£)-hierarchy . Not e also that th e almos t obviou s fact tha t ever y hierarchy i s a 
weak hierarchy (whic h actually - ten years ago - presented the motivation for namin g 
them tha t way ) no w generalise s t o th e simpl e lemm a tha t ever y (fc,£)-hierarch y i s 
a (k  —  1 , t H - l)-hierarchy. 

It i s lef t t o th e intereste d reade r t o establis h tha t a  cluste r syste m C  C  V(X) 
is a  (k,£) -hierarchy i f an d onl y i f C\y  contain s a t mos t £  subset s o f cardinalit y 
k + £  + 1  for an y subse t Y  o f X  o f cardinality k  4- £ + 2 , to find  usefu l uppe r bound s 
regarding th e numbe r o f cluster s i n a n (Ai , A2)-hierarchy C  by usin g the theorem s 
proved abov e o r t o searc h fo r eve n bette r bound s a s wel l a s t o translat e al l tha t 
from th e affin e t o th e projectiv e case . Al l tha t I  wante d t o establis h (an d hop e t o 
have establishe d b y now ) i s tha t viewin g clusterin g technique s fro m th e poin t o f 
view propose d i n th e first  sectio n o f thi s note , doe s no t onl y allow s on e t o pu t a 
large body o f known result s int o a  uniform conceptua l framewor k bu t als o leads t o 
a considerabl e numbe r o f new an d interestin g result s an d data-analysi s tools . 
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On Hierarchie s an d Hierarchica l Classe s Mode l s 

Iven Va n Mechelen , Seymou r Rosenberg , an d Pau l D e Boec k 

ABSTRACT. A  hierarchical classification typically refers to a  sequence of nested 
partitions o f an objec t set . However , thi s typ e o f mathematica l formalizatio n 
of th e concep t o f hierarchy is neithe r th e onl y extan t on e i n th e classificatio n 
domain no r th e mos t genera l one . Indeed , alternativ e formalization s o f th e 
concept o f hierarch y wer e introduce d earl y o n i n th e literatur e o f numerica l 
taxonomy. I n thi s paper we wil l giv e a  definitio n of hierarchy tha t generalize s 
the notio n of a  sequenc e o f nested partitions . A  famil y o f hierarchical classifi -
cation model s base d o n thi s definitio n (viz . th e famil y o f hierarchica l classe s 
models introduce d by D e Boec k an d Rosenberg , 1988 , an d Van Mechelen , D e 
Boeck an d Rosenberg , 1995 ) wil l b e briefl y described . 

1. Definition s o f Hierarchica l Classificatio n 

Rather tha n presentin g a  revie w o f ho w th e classificatio n domai n ha s deal t 
with th e definitio n o f hierarchy durin g th e las t fe w decades , w e wil l limit ourselve s 
to outlinin g thre e mai n issue s o n whic h differen t definition s diverge . I n orde r t o 
present thes e three issues, i t is sufficient t o refer t o the definitions o f hierarchy foun d 
in th e semina l work s o f Sneath an d Soka l (1973 ) an d Jardin e an d Sibso n (1971) . 

We assume tha t som e se t o f object s (elements , operationa l taxonomi c unit s o r 
OTU's, ... ) i s given. Al l definitions o f hierarchy i n th e classificatio n domai n impl y 
a sequenc e o f clustering s o f th e objec t se t unde r consideration . A t thi s poin t a 
clustering ma y b e simply though t o f as any family o f sets o f objects . Th e sequenc e 
of clusterings ma y b e considere d t o b e indexe d b y som e ordina l o r numerica l level . 
If eac h clusterin g i s exhaustive i n tha t i t span s th e entir e objec t se t (whic h w e d o 
not assume at thi s moment), Jardine an d Sibson (1971 ) call the sequence a  stratified 
clustering. 

The thre e issue s referre d t o abov e are : (1 ) Ar e th e clustering s a t eac h leve l o f 
the sequence allowe d to be overlapping or not? (2 ) Are clusterings a t differen t level s 
necessarily neste d i n on e anothe r o r not ? (3 ) Wha t constitute s th e ke y principle o f 
the hierarchica l organization ? Eac h o f these issue s i s taken up , i n turn , i n the nex t 
three sections . 

1.1. Nonoverlappin g vs . overlappin g clusterings . A s alread y noted , a 
hierarchical classificatio n typicall y refers t o a sequence o f clusterings i n which ther e 

1991 Mathematics  Subject  Classification.  62H30 . 
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is no  overlap  amon g th e cluster s a t eac h o f th e differen t level s o f th e hierarchy . 
When eac h clusterin g als o span s th e entir e objec t set , th e hierarchica l classificatio n 
is a  sequenc e o f parti t ion s o f th e objec t set . 

When introducin g thei r definitio n o f a  hierarchi c clustering , however , Sneat h 
and Soka l (1973 ) stat e tha t 

"a t an y leve l o f clusterin g ther e i s n o l imitatio n o n th e degre e o f 
overlap o f taxa , tha t is , one OT U ma y b e simultaneousl y a  membe r 
of tw o o r mor e taxa " (p . 205) . 

To justif y thi s definition , the y furthe r poin t ou t tha t parti t ion s ofte n distor t 
the pheneti c relationship s (i.e. , th e relationship s base d o n similarit y i n at t r ibute s 
or characters ) amon g OTU's . 

For thei r part , Jardin e an d Sibso n (1971 ) limi t th e ter m hierarchi c t o nonover -
lapping stratifie d clusterings . I n thei r mathemat ica l formalizatio n o f hierarchica l 
clustering, the y furthe r dea l wit h th e parti t ion s a t eac h leve l o f th e hierarch y i n 
terms o f th e correspondin g equivalenc e relation s (th e cluster s bein g th e respectiv e 
equivalence classes) . Jardin e an d Sibso n hav e generalize d th e latte r formalizatio n 
to includ e als o model s fo r overlappin g stratifie d clustering . However , the y d o no t 
want t o us e th e ter m hierarchi c t o designat e th e latte r typ e o f models . Jardin e an d 
Sibson's formalizatio n o f overlappin g stratifie d clustering s i s base d o n a  generaliza -
tion o f th e equivalenc e relation s mentione d above , whic h ar e reflexive , symmetri c 
and transitive , t o relation s tha t ar e reflexiv e an d symmetri c only . Th e cluster s the n 
are th e maxima l objec t set s al l pair s o f whic h belon g t o th e relation . (I n grap h the -
oretic term s thes e maxima l set s correspon d t o maxima l cliques. ) Not e that , unlik e 
Sneath an d Sokal' s positio n t o pu t n o limitation s o n th e typ e o f overlap , th e formal -
ization i n term s o f reflexiv e an d symmetri c relation s doe s impl y suc h limitations . 
For example , i t preclude s a  clusterin g tw o cluster s o f whic h ar e i n a  subset-superse t 
relation; also , i t preclude s clustering s tha t includ e al l possibl e pair s o f object s ou t 
of a  subse t o f thre e o r mor e object s (Jardin e an d Sibson , 1971) . 

1.2. N e s t e d v s . n o n - n e s t e d c lus ter ings . A  sequenc e o f clusterings i s calle d 
nested i f for an y tw o clusterings i t hold s tha t th e lowe r leve l clustering i s a refinemen t 
of th e highe r leve l clustering , tha t is , i f an y cluste r o f th e lowe r leve l clusterin g i s a 
subset o f (a t least ) on e cluste r o f th e highe r leve l clustering . 

In th e prototyp e o f hierarchica l classificatio n models , clustering s ar e assume d 
to b e nested . Fo r Jardin e an d Sibso n (1971) , nestednes s i s a  necessar y featur e o f 
both nonoverlappin g an d overlappin g stratifie d clusterings ; i n thei r formalization , 
the nestednes s conditio n follow s fro m th e requiremen t tha t th e (equivalenc e resp . 
reflexive an d symmetric ) relatio n correspondin g t o a  lowe r leve l clusterin g shoul d 
always b e a  subse t o f th e (equivalenc e resp . reflexiv e an d symmetric ) relatio n 
corresponding t o an y highe r orde r clustering . 

In contrast , Sneat h an d Soka l (1973 ) includ e non-neste d clustering s i n thei r 
definition o f hierarchy : 

"OTU' s tha t ar e member s o f a  commo n taxo n a t a  lowe r leve l ma y 

again b e member s o f different tax a a t a  highe r level " (pp . 205-206) . 

Sneath an d Soka l not e tha t thi s i s th e commo n dictionar y meanin g o f hierarchy . 

1.3. K e y pr inc ip l e o f h ierarchi c o r g a n i z a t i o n . A s indicate d above , an y 
hierarchical classificatio n implie s a  sequenc e o f clustering s indexe d b y som e numer -
ical o r ordina l leve l function . Sneat h an d Soka l (1973 ) lis t tw o propertie s linke d 

Licensed to AMS.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/publications/ebooks/terms



ON HIERARCHIE S AN D HIERARCHICA L CLASSE S MODEL S 293 

to th e hierarchica l level , th e secon d o f whic h suggest s a  ke y principl e behin d an y 
hierarchical organization . Th e first  propert y read s tha t th e numbe r o f cluster s i n 
the successiv e clustering s o f th e sequenc e shoul d b e nonincreasing . Th e secon d 
property i s formulated b y Sneat h an d Soka l i n a  negativ e way : 

" Classifications tha t ar e nonhierarchic  ar e those that d o not exhibi t 
ranks i n whic h subsidiar y tax a becom e member s o f large r mor e 
inclusive taxa . Set-theoretically , th e OTU' s d o no t exhibi t partia l 
order." (p . 206 , italics theirs) . 

Hence, i n thi s vie w a  centra l rol e i s given t o partia l orders . 

Three point s deserv e clarification : First , i t seem s plausibl e tha t th e partia l 
order Sneat h an d Soka l ar e referrin g t o i s th e partia l orde r define d o n th e famil y 
of al l cluster s o f a  hierarchi c clusterin g base d o n th e relatio n o f se t inclusion ; this , 
however, is a partial order defined o n the clusters rather than on the OTU's. Second , 
in principle Sneat h an d Sokal' s definition o f hierarchy allow s for an y typ e o f overlap 
at al l level s o f a  hierarchi c clustering ; thi s give s roo m fo r subset-superse t relation s 
between cluster s a t a  sam e hierarchi c level , whic h woul d contradic t partia l orde r 
based o n se t inclusio n a s th e organizationa l principl e o f th e hierarchy . Third , i n 
general, th e numbe r o f cluster s a t th e sam e leve l ma y increas e whe n goin g highe r 
up i n a  partia l order ; th e latte r coul d contradic t th e first  propert y liste d b y Sneat h 
and Sokal . 

For thei r part , Jardin e an d Sibso n (1971) , as already mentione d above , requir e 
that th e (equivalenc e resp . reflexiv e an d symmetric ) relatio n correspondin g t o a 
lower leve l clusterin g shoul d alway s b e a  subse t o f the (equivalenc e resp . reflexiv e 
and symmetric) relation corresponding t o any higher order clustering . Fo r stratifie d 
nonverlapping clusterings , thi s implie s that th e numbe r o f clusters i n the hierarch y 
should be nonincreasing, indeed ; for stratified overlappin g clusterings, however , thi s 
is no t necessaril y th e case . Wit h respec t t o th e partia l orde r basi s o f th e hierar -
chic organization , thi s hold s i n th e case  o f bot h nonoverlappin g an d overlappin g 
stratified clusterings . 

1.4. Discussion . Fro m the abov e it becomes clear tha t variou s formalization s 
of th e concep t o f hierarch y ar e possibl e i n th e classificatio n domain . Perhap s th e 
most restrictiv e definitio n i s tha t o f a  sequenc e o f nonoverlapping , neste d cluster -
ings. I f i n additio n eac h clusterin g span s th e entir e objec t se t an d i f th e highes t 
clustering consist s o f a single cluster (i.e . th e entire objec t set ) th e clustering meet s 
Jardine an d Sibson' s definition o f a hierarchic stratified clustering . I n case the clus -
tering sequenc e o f a  hierarchi c stratifie d clusterin g i s indexe d b y a n ordina l level , 
it i s denoted b y Jardin e an d Sibso n a s a  taxonomic  o r Linnaean  hierarchy ; i f i t i s 
indexed b y some numerical level , i t is denoted b y them as a dendrogram.  Somewha t 
less restrictive concept s o f hierarchy hav e bee n suggeste d mor e recently a s thos e o f 
weak hierarch y (Bandel t an d Dress , 1989 ) o r pyrami d (Diday , 1986 ) (fo r a  review , 
see Mirkin , 1996) . 

On th e othe r hand , th e mos t genera l definitio n ma y b e tha t o f a  possibl y 
nonnested sequenc e o f possibly overlappin g clusterings , wit h th e partia l orde r rela -
tion o f th e cluster s define d o n th e basi s o f se t inclusio n a s organizationa l basi s o f 
the hierarchy . I n orde r t o yiel d a  consisten t definitio n o f hierarchical relations , th e 
clusterings a t th e differen t hierarchi c level s shoul d furthe r b e restricte d suc h tha t 
no clustering include s a  cluste r tha t i s a subse t o f another cluste r a t th e sam e leve l 
or a t a  lowe r leve l o f th e hierarchy . I n th e mos t genera l cas e ther e i s als o n o nee d 
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to requir e tha t th e numbe r o f cluster s shoul d b e nonincreasin g whe n goin g u p i n 
the hierarchy . 

In th e nex t par t o f this pape r w e will describe a  family o f classification model s 
based o n thi s genera l definitio n o f hierarchy , namel y th e famil y o f hierarchica l 
classes models . 

2. Th e Famil y o f Hierarchica l Classe s Model s 

In thi s sectio n w e firs t briefl y introduc e th e basi c hierarchica l classe s model , 
an extension , an d th e associate d dat a analysis . Secon d w e discuss ho w th e famil y 
of hierarchica l classe s model s relate s t o th e thre e issue s outline d i n th e previou s 
section. 

2.1. Model s an d dat a analysis . 
2.1.1. Basic  model.  Hierarchica l classe s model s ar e structura l model s fo r two -

way two-mode arrays M with binary (0,1 ) entries. Th e elements of the first mod e are 
called objects; dependin g on the substantive application they ma y refer t o biologica l 
species, person s etc . Th e element s o f the secon d mod e ar e calle d attributes . Tabl e 
1 contains a  hypothetica l arra y wit h 7  objects an d 8  attributes . 

TABLE 1 . A  Hypothetica l Two-Wa y Two-Mod e Matri x 

Objects 
1 
2 
3 
4 
5 
6 
7 

a 
1 
0 
0 
0 
0 
0 
0 

b 
0 
1 
1 
0 
0 
0 
0 

Attributes 
c 
0 
1 
1 
0 
0 
0 
0 

d 
1 
0 
0 
1 
0 
0 
0 

e 
1 
0 
0 
1 
0 
0 
0 

f 
1 
1 
1 
0 
1 
0 
0 

g 
0 
1 
1 
0 
0 
1 
1 

h 
1 
1 
1 
1 
1 
0 
0 

Various method s coul d o f cours e b e applie d t o deriv e proximitie s fro m a  bi -
nary two-wa y two-mod e matrix , an d thos e proximitie s coul d the n b e subjecte d t o 
standard hierarchica l clusterin g methods . I n the approach presente d here , however , 
the mode l will  represent directl y th e two-way two-mode matrix rather tha n derive d 
proximities. 

Given a  binar y matri x lik e tha t o f Table 1 , natural cluster s o f objects ma y b e 
defined a s th e set s o f object s t o whic h eac h o f th e attribute s applies . Not e tha t 
different attribute s ma y yiel d th e sam e objec t cluster . Eac h cluste r ca n furthe r b e 
labeled b y it s definin g attribute(s) . 

A partia l orde r hierarch y ca n b e define d o n th e obtaine d cluster s base d o n se t 
inclusion. Thi s partia l orde r induce s a  quasi-orde r (i.e. , a  reflexiv e an d transitiv e 
relation) o n th e labelin g attributes . Th e hierarch y o f th e objec t cluster s ca n b e 
graphically represente d b y a  Hass e diagram . A  Hass e diagra m o f th e hierarch y o f 
object cluster s derive d fro m Tabl e 1  is presented i n Figur e 1(a) . 

Similarly, on e coul d defin e a  natura l hierarch y o f labele d attribut e clusters , 
defined a s the set s of attributes tha t appl y t o each o f the objects . A  Hasse diagra m 
of th e hierarch y o f attribut e classe s derive d fro m Tabl e 1  i s presente d i n Figur e 
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FIGURE 1 . Hass e diagrams of hierarchies o f object cluster s (a ) an d 
attribute cluster s (b ) derive d fro m Tabl e 1 . 

1(b). Fo r reason s tha t wil l become clea r soon , th e Hass e diagra m i s drawn upsid e 
down. 

A hierarchica l classe s mode l o f a  binar y m  x  n  matri x M  implie s a  Boolea n 
decomposition of M int o a binary rax  k  matrix S  an d a binary nxk  matri x P, wher e 
k denote s th e ran k o f th e mode l (D e Boec k an d Rosenberg , 1988 ; Van Mechelen , 
De Boec k an d Rosenberg , 1995) . Th e column s o f S  an d P  ar e calle d objec t an d 
attribute bundles , respectively . Severa l decompositio n rule s ma y b e distinguished . 
For example, Van Mechelen, D e Boeck, and Rosenberg (1995 ) describe the followin g 
conjunctive decompositio n rule : 

(1) M = [ S C ® P ' ] C 

where '  denote s transpose , c  complement , an d 0  th e Boolea n matri x product . Th e 
important poin t her e i s that th e bundle matrices S  an d P  o f any hierarchical classe s 
model are require d t o represen t (directl y o r inversely ) th e hierarchie s o f object an d 
attribute cluster s a s define d above . I n particular , fo r th e conjunctiv e hierarchica l 
classes mode l wit h decompositio n rul e (1) , th e natura l objec t hierarch y tha t ma y 
be derive d fro m S  shoul d b e identica l t o th e objec t hierarch y tha t ma y b e derive d 
from M ; furthermore , th e natura l attribut e hierarch y tha t ma y b e derive d fro m P 
should b e th e invers e o f the attribut e hierarch y tha t ma y b e derive d fro m M. 

4 67 

b ^ 

23 

FIGURE 2 . (Conjunctive ) hierarchica l classe s mode l fo r dat a o f 
Table 1 . 
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A hierarchica l classe s mode l ca n b e give n a  graphi c representatio n tha t give s 
a comprehensiv e accoun t o f th e model . Figur e 2  contain s a  graphi c representatio n 
of th e conjunctiv e mode l wit h decompositio n rul e (1 ) fo r th e mat r i x M  o f Tabl e 1 . 
The nonempt y boxe s i n th e graphi c representatio n o f Figure 2  correspond exactl y t o 
the boxe s wit h label s o f Figure s 1  (a ) an d 1  (b) ; th e dashe d boxe s a t th e bo t to m o f 
the representatio n refe r t o th e objec t an d a t t r ibut e bundles . Th e cluste r o f object s 
labeled b y a  give n a t t r ibut e ca n furthe r b e easil y derive d fro m th e figur e a s th e 
set o f al l object s belo w th e a t t r ibut e i n th e representation ; similarly , th e cluste r o f 
at t r ibutes labele d b y a  give n objec t correspond s t o th e se t o f al l a t t r ibute s abov e 
tha t objec t i n th e graphi c representation . 

2.1.2. Extension.  Th e objec t cluster s o f th e hierarchica l classe s model s ar e th e 
clusters tha t ar e naturall y define d b y eac h o f th e at t r ibute s i n th e two-wa y two -
mode matr i x M ; a n analogou s definitio n wa s use d fo r th e a t t r ibut e clusters . Thi s 
definition o f cluster s coul d b e extende d t o cluster s tha t ar e define d b y al l possibl e 
conjunctions o f at t r ibute s (resp . objects) . Th e se t o f al l objec t cluster s tha t arise s 
in thi s wa y can agai n b e partiall y ordere d o n th e basi s o f set inclusion . Th e resultin g 
partially ordere d se t o f object cluster s ca n b e show n t o b e a  lattice , which , moreover , 
is anti-isomorphi c t o th e lattic e o f a t t r ibut e clusters . Thi s lattic e i s know n a s 
the Galoi s lattic e o f th e binar y relatio n define d b y th e mat r i x M  (Barbu t an d 
Monjardet, 1970 ; Birkhoff , 1940) . 

The Galoi s lattic e meet s ou r genera l definitio n o f a  hierarchica l classification . 
From th e poin t o f view o f the clusters , hierarchica l classe s model s ma y b e considere d 
subsets o f correspondin g Galoi s lattices . 

2.1.3. Data  analysis.  Mos t binar y da t a matrice s D  ca n b e perfectl y represente d 
only b y ver y comple x hierarchica l classe s models . On e therefor e generall y wil l loo k 
for binar y matrice s M  tha t approximatel y equa l D  an d tha t ca n b e represente d b y 
a parsimoniou s hierarchica l classe s model . 

Data analysi s o n th e basi s o f a  hierarchica l classe s mode l s tar t s b y specifyin g a 
bound o n th e complexit y o f the desire d model . Thi s specificatio n i s done i n term s o f 
the matr i x decompositio n implie d b y th e model . A n algorith m exist s t o loo k fo r a 
matr ix M  tha t approximate s D  as closel y a s possibl e an d tha t ca n b e represente d b y 
a hierarchica l classe s mode l o f th e desire d complexity ; i n this , clos e approximatio n 
is t o b e understoo d i n th e leas t square s sense . 

Unlike hierarchica l classe s model s Galoi s lattice s d o no t impl y a  mat r i x decom -
position. Th e Galoi s lattic e approach , however , ma y b e extende d suc h a s t o includ e 
the matr i x decompositio n implie d b y th e hierarchica l classe s approac h (Va n Meche -
len, 1993) . Thi s extensio n make s i t possibl e t o construc t parsimoniou s approximat e 
Galois lattices , whic h make s lattic e analysi s amenabl e t o rea l da ta . 

2.2 . T y p e o f h ierarchy . W e wil l no w successivel y examin e th e positio n o f 
the hierarchica l classe s famil y vis-a-vi s th e thre e issue s discusse d i n th e firs t par t 
of thi s paper . Wi t h respec t t o th e nonoverlapping-overlappin g issue , a t an y leve l o f 
the hierarch y wit h mor e tha n a  singl e cluster , th e clusterin g ma y b e a n overlappin g 
one. Fo r example , a t th e secon d leve l o f th e hierarch y o f objec t cluster s represente d 
in Figur e 1  (a) , ther e i s overla p betwee n th e cluster s 1,2,3, 5 and 2,3,6,7 . Unlik e th e 
position o f Sneat h an d Soka l (1973) , ther e ar e som e limitation s a s regard s th e typ e 
of overla p tha t i s allowe d i n a  hierarchica l classe s model . I n particular , cluster s 
at th e sam e hierarchica l leve l ar e no t allowe d t o b e i n a  subset - superse t relation . 
The limitations , however , ar e les s stric t tha n thos e advance d b y Jardin e an d Sibso n 
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(1971), i n tha t th e possibl e overlappin g clustering s ar e no t restricte d t o maxima l 
cliques o f reflexiv e an d symmetri c relations . Fo r example , th e hierarchica l classe s 
approach leave s roo m fo r clustering s tha t includ e al l possibl e pair s o f object s ou t 
of a  subse t o f thre e o r mor e objects . 

With respec t t o th e nestedness  issue , i n genera l th e hierarchie s i n hierarchica l 
classes model s ar e nonneste d nestin g bein g a  specia l case . Fo r example , th e cluste r 
2,3,6,7 a t th e secon d leve l o f th e hierarch y o f Figur e 1  (a ) i s no t a  subse t o f th e 
single cluste r 1,2,3,4, 5 a t th e thir d leve l o f th e hierarchy . 

With respec t t o th e key  principle  of  hierarchical  organization,  th e hierarchica l 
classes approac h obviousl y i s full y base d o n th e partia l orde r principle . Further -
more, unlik e Sneat h an d Sokal' s definition , th e numbe r o f cluster s a t a  sam e hier -
archical leve l ma y increas e whe n goin g u p i n th e hierarchy . Fo r example , i n th e 
hierarchy o f Figur e 1  (a) , ther e ar e tw o cluster s o n th e firs t hierarchica l leve l an d 
three cluster s o n th e second . 

1 2  3 

F I G U R E 3 . Hierarchica l classe s mode l o f a  hypothetica l Linnaea n hierarchy . 

In genera l th e definitio n o f hierarch y use d i n th e hierarchica l classe s approac h 
is a  generalizatio n o f th e prototypica l definitio n i n th e classificatio n domain . I t 
includes a  neste d hierarch y o f nonoverlappin g cluster s a s a  specia l case . Thi s i s 
illustrated b y Figur e 3  tha t represent s a  hierarchica l classe s mode l o f a  simpl e 
Linnaean hierarchy . 

3 . C o n c l u d i n g R e m a r k s 

In thi s pape r w e reviewe d th e fac t tha t th e concep t o f hierarchica l classificatio n 
has bee n give n differen t mathematica l formalization s earl y o n i n th e developmen t 
of numerica l taxonomy . Th e notio n o f a  partia l orde r define d i n term s o f se t in -
clusion appear s t o b e a  recurren t ke y principl e o f hierarchi c organizatio n i n severa l 
approaches. Th e exampl e o f th e famil y o f hierarchica l classe s models , whic h w e 
briefly describe d i n th e secon d par t o f thi s paper , illustrate s on e possibl e wa y t o 
elaborate thi s ke y principl e withi n a  classificatio n mode l i n a  consisten t an d genera l 
way. 

The hierarchica l classe s exampl e als o illustrate s tha t i t i s possibl e t o represen t 
two-way two-mod e da t a b y a  clusterin g mode l without  firs t convertin g thes e da t a 
into two-wa y one-mod e proximities . A s such , i t i s a n instanc e o f th e broade r famil y 
of direc t clusterin g methods . Anothe r distinctiv e featur e o f th e hierarchica l classe s 
approach i s th e fac t tha t i t implie s bot h a  clusterin g o f object s an d a  clusterin g o f 
at t r ibutes. A s suc h th e approac h full y respect s th e two-side d natur e o f th e data , 
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the hierarchica l classe s model s bein g a  member o f the broade r clas s o f two-sided 
clustering models . 
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The Constructio n o f Globall y Optima l Ordere d Partition s 

Lawrence Hubert , Phipp s Arabie , an d Jacquelin e Meulma n 

ABSTRACT. Th e classificatio n tas k discusse d i s on e o f constructin g fo r a n ob -
ject se t S  a n optima l partitio n int o a  give n numbe r o f ordere d classe s base d 
on symmetri c o r skew-symmetri c proximit y informatio n amon g th e objects . 
Several measure s o f meri t fo r ho w wel l a  give n ordere d partitio n reflect s th e 
proximity dat a ar e defined , an d a  dynami c programmin g strateg y i s suggeste d 
for thei r maximization . A  numerica l illustratio n i s provide d usin g a  publishe d 
data se t fo r ho w th e proces s ca n b e carrie d out . A  fe w generalization s ar e 
mentioned, includin g th e constructio n o f a  media n fo r a  collectio n o f proxim -
ity matrice s tha t represent s a n ordere d partitio n an d ho w th e us e o f ordere d 
partitions migh t b e on e mechanis m fo r generalizin g th e notio n o f a n ultramet -
ric. 

1. Introductio n 

The classificatio n tas k considere d i n th e presen t pape r i s th e constructio n o f 
an (optimal ) ordere d partitio n fo r a  se t o f n  objects , S  —  {0\,... , O n } , define d 
by a  collectio n o f M  mutuall y exclusiv e an d exhaustiv e subset s o f S , denote d 
5 i , 5 2 , . . . ,5M ? for whic h a n orde r i s impose d o n th e placemen t o f th e classes , 
Si -<  S2  -<  •  • •  -< SM,  bu t no t o n thei r constituen t objects . Th e dat a availabl e t o 
guide thi s searc h ar e assume d t o b e i n th e for m o f eithe r (i ) a n n  x  n  symmetri c 
proximity matri x P  —  {pij}, wher e Pij  ( = pji  >  0 , an d pa  =  0 ) i s a  dissimilarit y 
for th e object s Oi  an d Oj  i n whic h large r value s indicat e mor e dissimila r objects , 
or (ii ) a n n  x  n skew-symmetri c proximity matri x T  =  {Uj},  wher e Uj  ( = —tji,  an d 
tu =  0 ) characterize s a  dominanc e relatio n fo r th e object s Oi  an d Oj  (i.e. , whe n 
tij >  0 , Oi  dominate s Oj  wit h th e degre e o f dominanc e give n b y tij).  I n general , 
the identificatio n o f a n optima l ordere d partitio n fo r S  wil l b e carrie d ou t b y th e 
maximization o f som e inde x o f meri t tha t i s intended t o measur e ho w wel l a  give n 
ordered partitio n reflect s th e dat a i n P  o r T. 1 

The organizatio n o f th e pape r i s briefl y a s follows . Sectio n 2  proposes severa l 
alternate measure s o f meri t fo r indexin g ho w wel l a  particula r ordere d partitio n 
reflects th e dat a i n a  give n proximit y matri x P  o r T , an d Sectio n 3  present s a n 
explicit optimizatio n strateg y base d on dynamic programming (DP ) tha t allow s the 

1991 Mathematics  Subject  Classification.  Primar y 62H30 , 92G30 ; Secondar y 90C39 , 62-07 . 
xIf th e availabl e dat a ar e originall y i n th e for m o f a n n  x  n  non-symmetri c proximit y matrix , 

say Q , th e decompositio n Q  =  (1/2)( Q - f Q' ) +  (1/2)( Q —  Q ; ) woul d provid e symmetri c an d 
skew-symmetric matrice s tha t coul d b e analyze d separately . 
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identification o f a  (globally ) optima l ordere d partitio n o f S  maximizin g whicheve r 
merit measur e i s chosen . Th e shor t subsectio n 3. 1 discusse s ho w th e genera l D P 
formulation ma y also be extended heuristically to allow the analysi s of object set s of 
a siz e beyond th e computationa l limit s impose d b y a  DP strateg y tha t coul d guar -
antee globa l optimality . A  numerica l illustratio n i s presente d i n Sectio n 4  whic h 
relies o n a  compute r progra m w e hav e develope d fo r carryin g ou t th e recursiv e 
DP proces s usin g an y o f th e measure s o f meri t introduce d i n Sectio n 2 . Finally , 
Section 5  presents tw o possibl e extension s o f the tas k o f constructin g ordere d par -
titions: th e identificatio n o f a  media n fo r a  collectio n o f proximit y matrices , an d 
the constructio n o f a sequence of ordered partitions an d th e generalization thi s ma y 
provide to the (ubiquitous ) concep t o f an ultrametric centra l to the task o f finding a 
hierarchical clusterin g fo r a n objec t se t S  define d throug h a  collection o f unordere d 
partitions. 

2. Measure s o f Meri t fo r a n Ordere d Partitio n 

When dat a are in the form o f either a  symmetric matrix P  o r a skew-symmetri c 
matrix T , ther e ar e two genera l type s o f indices o f meri t tha t ca n b e use d t o char -
acterize th e adequac y o f a  specifi c ordere d partitio n i n reflectin g th e patter n o f 
proximities i n P  o r T . On e is defined directl y b y how wel l an orderin g o f the prox -
imities i s mirrore d b y th e orderin g o f th e M  classes , an d th e secon d i s obtaine d 
indirectly throug h a  secondar y tas k o f locatin g a  se t o f (optimally ) estimate d co -
ordinates fo r th e M  classe s an d ho w difference s i n th e latte r ca n reconstruc t th e 
proximities i n a  least-square s sense . W e begi n b y assumin g th e availabilit y o f a 
symmetric proximit y matri x P  an d develo p these tw o types o f merit indice s i n thi s 
context, an d the n procee d t o d o the sam e fo r a  skew-symmetri c matri x T . 

For a  symmetri c matri x P -

The patternin g o f proximitie s i n P  wil l b e considere d reflecte d i n th e ordere d 
partition, Si  •<  ••• - < SM,  wheneve r a n orde r fo r a  pai r o f proximitie s implie d 
by th e ordere d partitio n i s actuall y presen t i n P . Explicitly , suppos e w e conside r 
three distinc t object s Oii,Ok',Oj>  G  S fo r whic h Oy  G  Si,Ok> G  Sk,Oj> G  Sj, an d 
Si -<  Sk  - < Sj. I f this latte r clas s ordering i s consistent wit h the dat a i n P , the n th e 
three proximities , Pi>k',Pi'j',  an d pwj 1, shoul d hav e th e relation : p^w  <  pi>j>  an d 
Pk'j' <  Pi'j'  ( o r equivalently , max{pi'k'  ,Pk'j'}  <  Pi'j')\  otherwise , i f on e o r bot h o f 
these inequalitie s fail , th e orde r o f the thre e classe s woul d b e inconsisten t wit h th e 
proximity dat a fo r thes e thre e objects . 

An overal l measur e o f meri t wil l merel y aggregat e a  function o f the proximit y 
differences fo r al l distinct objec t triple s contained within three classes of the ordere d 
partition. Formally , we characterize the (direct ) meri t inde x as Ylk=i  F{Sk),  wher e 
F(5 i ) =  F(S M) =  0 , an d fo r 2  <  k  <  M  -  1 , the contributio n F(S k) fo r th e k th-
placed clas s St  i s defined b y a  sum ove r ai l distinct objec t triples , Oy , Gk> , Oy G  S, 
where Oy  belong s to a  class that precede s Sk  (i.e. , Oy  G  Si U • • •  US^-i), Ok>  G  S& , 
and Oj>  belong s to a  class that succeed s Sk  (i-e. , Oj>  G  S^+i U - • - U S M ) . Explicitly , 
F(Sk) = 

J2 {f{Pi'k',Pi>j>)  + f(pk'j',p%'j')}, 
0 { /G5 iU- - -U5 f c _ i , O f c/G5 f c , Oy  eS k +  1 U---USM 

for / (• , •) defining a  function o f how the orde r relation presen t fo r it s two argument s 
counts i n th e tota l meri t measure . Lettin g x  an d y  denot e tw o proximities , w e 
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explicitly conside r tw o specifications fo r f(x,y): f(x,y)  —  \ y — x |  sign(y —  x) an d 
f(x, y)  —  sign(? / — x), wher e sign(y — x) =  4- 1 if y — x > 0] — 0 if y — x = 0; = —  1 if 
y — x < 0. The us e of these are referred t o respectively a s weighted an d unweighte d 
gradient measure s of merit fo r the ordere d partition , S±  •< •  — -<  5 M - 2 

To obtain th e mor e indirec t measur e of merit fo r an ordered partition , w e firs t 
introduce a  least-squares los s functio n 

Ys YJ  (Pikj h,- \
Xk> -Xk I)2, 

k<k' Oi kesk, Oj k,esk, 

where th e collection o f coordinates i s subject t o the constraint tha t x\  <  X2  < 
- •  • < %M  an d Ylk=inkxk =  0 . Fo r a  fixed ordere d partition , a n appropriate se t of 
coordinates coul d b e constructed throug h a n inequality constraine d least-square s 
procedure, suc h a s in Dykstra [B] , tha t woul d fit an n x n matri x D  =  {di k j k,} 
to P  =  {Pi kjy}, wher e th e entries i n D ar e subject t o the inequality/equalit y 
constraints implie d b y the coordinate representation : di kjk, =  0  for k =  k'\  all 
dikjk, ar e equal fo r Oik G  Sk an d 0jk, G  Sk>] and dihjh, +  d jhlhh,, =  d ihhh„ fo r 
Oik e  Sk,Oj k, e  S^,  an d Ohk,, G  Sk" when 5 ^ -< Sk' <  Sk"- Give n th e fitted 
matrix D , the nonnegative spacin g betwee n tw o adjacen t classes , Sk  <  5fc+i , i s 
given by the (common ) value dijcjk+1 fo r Oi k G  Sk and Oj k+1 G  Sk+i- Th e set of n—1 
nonnegative adjacen t spacings , in conjunction wit h the condition ^2 k=i n kxk —  0 , 
allows an appropriate se t of coordinates to be retrieved. 

Because we wish to use the merit measur e primarily in the search for an optima l 
ordered partitio n an d not jus t t o index a  fixed one , i t is very convenien t tha t we 
can actuall y procee d withou t th e explicit ste p o f fitting a  matrix D . Specifically , 
the least-square s loss-functio n ca n be algebraically rewritte n as 

M M 

£ 4 +nJ2  n k[xk -  (l/n)I(S k)}
2 -  (1/n ) £ n k[I(Sk)}

2, 
i<j k=l  k=l 

where 

/ (Si) = - ( 1 / n i ) Y  Pk'f,  I(S M) =  {~L/nM) J2  Pk>i '> 
ofc/6Si, o^es-Si  o k,esM, o ves-sM 

and fo r 2 < k < M - 1 , 

HSk) = (l/nk) ] T Pk'i'  - Y  Pk 'i' ' 
\oi/€5iu-u5fc_i> o k,esk o^eSu^u-uSM,  o k,esk J 

An ordere d partitio n tha t woul d minimiz e th e least-square s los s function, sa y S*  -< 
• • •  -< S*M, can be shown to have the propert y tha t (l/n)/(5-* ) <  •  • • < (l/n)I(S^ f) 
and J2^ =l rik{l/n)I(Sl)  =  0 (these inequalitie s ca n be proven by the observation 
that n o adjacent pai r o f classes in an optimal ordered partition ca n be interchange d 
for a  reductio n i n the loss criterio n a s long a s the off-diagonal proximitie s i n P 
are al l positive) ; th e valu e of the least-square s criterio n for the minimizin g ordere d 

2 The inde x F(Sk)  include s bot h within-ro w an d within-column comparison s i n P (define d 
respectively thoug h th e functions f{Pi>k'iPi'j')  a n d f{Pk'j'iPi'j'))\  a  variatio n o n the use of the 
overall meri t criterio n woul d rel y on only on e o f these. 
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partition i s simply 
M 

£ ^ - ( l / n ) ] T n f c [ / ( S f c * ) ] 2 . 
i<j k=l 

Thus, w e can define th e optimal se t of coordinates x* k — (1/n) J(S£) fo r 1  < k  <  M 
and concentrate on the actual search for an optimal ordered partition by maximizing 
the meri t measur e Ylk=i  n k[I{Sk)]2 ove r al l possible ordere d partition s o f S. 

For a  skew-symmetric matri x T : 

The patterning o f entries in T wil l be assumed reflecte d i n an ordered partitio n 
whenever th e dominance relatio n implie d b y the ordered classe s is actually presen t 
in T. Explicitly , for an (ordered ) objec t pai r 0{>  G  Si an d Ok>  G  Sk where Si  - < Sk, 
and wit h object s i n Si  dominatin g object s i n Sk,  consistenc y coul d b e define d 
by th e conditio n tw  >  0 . Thus , a n overal l measur e o f meri t migh t merel y su m 
those value s i n T  fo r whic h th e first  objec t belong s t o a  lower-ordere d clas s tha n 
the second . Formall y w e defin e th e (direct ) meri t inde x a s ^2 k=1 J{Sk),  wher e 
J (5 i ) =  0 , and for 2  < k  <  M, 

J(Sk) =  2_j  ti,k '-
O i /G5iU-- -U5 f c _ 1 , O k,eSk 

This inde x i s merely th e sum of proximities i n T  fro m object s i n Sk  t o Sk'  fo r all 
k<k'. 

The generatio n o f an indirec t measur e o f merit fo r an ordered partitio n base d 
on T an d the estimation o f a set of coordinates i s approached i n a slightly differen t 
way tha n fo r th e cas e o f a  symmetri c matri x P  sinc e closed-for m solution s ca n 
always b e give n fo r th e coordinat e estimatio n phases . T o b e explicit , suppos e 
Si,... ,  SM denot e th e classes o f a fixed  unordere d partitio n an d we wish t o solv e 
the least-square s tas k o f finding  a  collectio n o f optima l coordinates , xi,...  ,XM 
(not necessaril y ordered) , to minimiz e 

(1/2) £  £  {t ikh,-{xk-xk,)f. 
k,k> Oi kesk, o Jk,esk, 

The solutio n i s immediate b y letting Xk  = (l/n)L(Sk),  wher e fo r 1  < k  <  M, 

L(S*) =  (1/n* ) Yl  tk '^ 
ok,eski Oi,es-s k 

and Ylk=i  n kxk =  0 ; th e classe s ca n the n b e ordere d accordin g t o thei r increas -
ing coordinat e value s t o identif y a n ordere d partitio n base d o n the give n classe s 
5 i , . . . ,SM-  Th e least-squares criterio n (assumin g withou t los s o f generalit y tha t 
J2k=i n kxk =  0 ) can be rewritten a s 

M M 

£ *? j +  n  E  n k[xk -  (l/n)L(S k)}
2 -  (1/n ) £ n k[L(Sk)}

2. 
i<j k=l  k=l 

Thus, a n optima l unordere d partitio n ca n first  b e obtaine d b y maximizin g th e 
merit index , Ylk=i  n k[L(Sk)]2, an d the classes then ordere d accordin g to increasin g 
coordinate value s to identify a n optimal ordere d partition , 5 * -< • • •  -< S^. 3 

3 The type s o f meri t indice s introduce d i n thi s sectio n fo r ordere d partition s hav e a  lon g 
history i n th e literatur e fo r th e on e specia l cas e i n whic h eac h clas s i n th e partitio n ha s onl y 
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Although w e will not g o into the detail s o f implementation, w e might not e tha t 
it woul d als o b e possibl e t o conside r variou s weighte d combination s o f th e meri t 
measures introduce d i n thi s sectio n t o identif y optima l ordere d partitions . A s on e 
application, suppos e (se e footnote 1 ) that a n originall y give n n  x  n  non-symmetri c 
proximity matri x Q  i s first  decompose d int o it s symmetri c an d skew-symmetri c 
component matrices . Th e us e o f a  meri t criterio n define d as , say , 

M M 

£"*[/(SiO]2 + £nt[L(Sfc)]
2, 

fc =  l  k  = l 

with th e firs t ter m base d o n th e symmetri c matri x an d th e secon d o n th e skew -
symmetric matrix , woul d b e on e metho d fo r identifyin g a  singl e optima l ordere d 
partition tha t woul d serv e both th e symmetri c an d skew-symmetri c component s o f 
Q 

3. Optimizatio n b y Dynami c Programmin g 

Given P  o r T  an d one of the chosen measures of merit, the optimization tas k of 
locating a n optima l ordere d partitio n tha t maximize s meri t ca n procee d throug h a 
recursive (dynami c programming ) strategy . Explicitly , defin e a  collection o f M  set s 
of entities , fli,...  ,  DM? wher e tt k contain s al l 2 n —  1  nonempty subset s o f th e n 
object subscripts ; le t T(A k) fo r A k £  Q. k be th e optima l valu e fo r placin g k  classe s 
at th e first  k  orde r positions , wher e Ak  i s th e unio n o f thes e k  classes , an d defin e 
recursively 

F(Ak) =  m*x[r(A k-1) +  M(A k-UAk)]. 

Here, A k-\ £  fijfe-i , A k £  £)& , and the maximization i s taken (exhaustively ) ove r al l 
proper subsets A k-i C  A k. Th e increment i n merit, M(A k-i,Ak), whe n placing the 
class A k —  Ak-i a t th e k th orde r positio n i s obtained fro m on e o f the se t function s 
given above: FlAk-Ak^.nklliAk-Ak^f.JiAk-Ak^.ovriklLiAk-Ak-i)] 2. 
Beginning wit h th e direc t computatio n o f T(A\)  fo r A\  £  fli , an d proceedin g wit h 
the recursiv e generatio n o f F(A k) fo r k  =  2 , . . . ,n , a n optima l ordere d partitio n 
is finally  identifie d b y J 7(AM) fo r S  =  AM]  a n ordere d partitio n attainin g thi s 
value ca n b e constructe d b y workin g backward s throug h th e recursiv e steps . I n 
addition, optima l ordere d partition s int o 2  throug h M  —  1 classe s ar e identifie d 
by ^(Ak)  fo r A k —  S £  S1& , 2  <  k  <  M  —  1 . (Fo r convenienc e o f reference , th e 
program w e use to implemen t th e D P recursio n wil l be referre d t o b y th e acrony m 
HPOPARUN, fo r 'iJeuristi c Programmin g Ordere d Partitio n C/nrestricted' , wher e 
the ter m 'heuristic'i s include d becaus e o f th e include d extensio n fo r large r objec t 
sets, a s discusse d i n th e subsectio n t o follow.) 4 

a singl e object , i.e. , whe n w e see k a n optima l orderin g fo r th e object s alon g a  continuum . Fo r 
extensive review s o f thi s on e specia l cas e an d characterization s o f th e kin d o f optimalit y criteri a 
that ca n b e satisfied , th e reade r i s referre d t o Huber t [C ] (fo r skew-symmetri c matrices) an d t o 
Hubert an d Arabi e [D ] (fo r symmetri c matrices) . 

4If interest s wer e centere d only  o n optima l ordere d partition s i n whic h eac h clas s containe d 
a single  objec t (se e footnot e 3) , a  differen t se t o f entities , f h , . . . Q n , coul d b e define d an d ove r 
which th e recursio n coul d tak e place . Here , Q k woul d onl y hav e t o contai n al l k  membe r subset s 
of th e n  objec t subscripts , 1  < k  <  n.  Th e reade r i s referred t o Huber t an d Arabi e [D ] o r Huber t 
and Golledg e [F ] fo r explici t discussion s an d implementations . I n general , withi n th e contex t o f 
finding optima l ordere d partition s int o fro m 2  throug h n  classes , th e muc h large r set s fl k ar e 
necessary, containin g all  2 n —  1  nonempty subset s o f the n  objec t subscripts . 
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3.1. Heuristi c Extension s fo r Large r Objec t Sets . Th e storag e require -
ments o f rando m acces s memor y (RAM ) necessar y fo r a  dynami c programmin g 
approach t o th e constructio n o f optimal ordere d partition s ca n becom e quit e enor -
mous whe n th e numbe r o f object s i n S  i s eve n moderat e i n size . Require d fo r 
carrying ou t th e propose d recursiv e strateg y i s th e availabilit y o f larg e array s as -
sociated wit h th e sets , fii,...  ,fW , tha t contai n fo r al l 2 n —  1  nonempty subset s 
of S  th e optima l recursively-constructe d value s T{A^)  fo r Ak  6  0& , a s wel l a s a 
mechanism fo r keepin g trac k o f wha t subse t wa s place d a t th e k th orde r positio n 
that le d t o thes e optima l values . Give n th e usua l Pentium-leve l processor s no w 
commonly availabl e an d th e amoun t o f RA M thes e system s usuall y contain , th e 
program w e have develope d ca n dea l (optimally ) wit h objec t se t size s o f abou t 20 , 
but require s th e capabilit y o f Fortran9 0 t o allocat e ver y larg e array s dynamicall y 
(and inform th e user whether sufficien t RA M exists on the system to solve the prob-
lem of the size being requested.) Fo r object set s larger than thi s limit , HPOPARU N 
allows th e optio n o f finding  optima l ordere d partition s whe n th e basi c object s t o 
be partitione d int o ordere d classe s ar e themselve s subset s o f S.  B y th e judiciou s 
and repeate d us e of this option , w e have been abl e to approac h objec t set s that ar e 
fairly larg e i n siz e (e.g. , in th e lo w hundreds) . 

The analysis strategy we suggest is to begin by identifying a  partition o f S (pos -
sibly throug h heuristi c means , suc h a s from a  complete-lin k hierarchica l clusterin g 
truncated a t th e desire d numbe r o f classes) , an d trea t th e classe s o f thi s partitio n 
as the basi c unit s t o be grouped int o ordered classes . Give n thi s latte r (initial ) col -
lection o f ordered classes , variou s aggregate s o f adjacently-place d classe s ca n the n 
be unite d an d treate d a s th e unit s t o b e partitione d bu t allowin g th e object s i n 
some of the classe s to b e considere d individually . Thi s proces s ca n b e repeated un -
til n o chang e occur s fo r an y chosen  aggregatio n o f adjacently-place d object s (tha t 
are bein g considere d th e unit s t o b e partitione d int o ordere d classes) . Obviously , 
an absolut e guarante e o f optimalit y i s no t possibl e throug h thi s typ e o f heuristi c 
search, bu t th e eventua l stabilit y achieve d lead s t o a n ordere d partitio n tha t i s 
usually ver y goo d althoug h no t verifiabl y optimal . 

4. A  Numerica l Illustratio n 

The dat a se t tha t w e us e t o illustrat e th e constructio n o f ordere d partition s 
(and relyin g o n th e progra m HPOPARUN ) i s a  ver y ol d one , originall y collecte d 
in 192 9 for a  stud y o f th e influenc e o f motio n picture s o n children' s attitude s (se e 
Thurstone [H] , pp . 309-319) . Bot h befor e an d afte r seein g a  film  entitle d Street 
of Chance,  whic h depicte d th e lif e o f a  gambler , 24 0 schoo l childre n wer e aske d 
to compar e th e relativ e seriousnes s o f thirteen offense s presente d i n al l 7 8 possibl e 
pairs: bankrobber , gambler , pickpocket , drunkard , quac k doctor , bootlegger , beg -
gar, gangster , tramp , speeder , pett y thief , kidnapper , an d smuggler . Th e origina l 
data ar e give n i n Tabl e 1 , wher e eac h entr y show s th e proportio n o f childre n wh o 
rated th e offens e liste d i n th e colum n t o b e mor e seriou s tha n th e offens e liste d 
in th e row . Th e above-diagona l entrie s wer e obtaine d befor e th e showin g o f th e 
film; thos e belo w th e mai n diagona l wer e collecte d after . Th e obviou s substantiv e 
question her e involves the effec t o f the film on the assessment o f the offense o f being 
a gambler . 
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TABLE 1 . Th e proportion s o f schoo l childre n wh o evaluat e th e 
column offens e a s mor e seriou s tha n th e ro w offense (take n fro m 
Thurstone [H] , p . 311) . Th e above-diagona l entrie s ar e befor e 
showing th e film Street  of  Chance]  those belo w th e diagona l wer e 
collected afte r viewin g th e motion picture . Note : Apparently , th e 
single pair (pett y thief, kidnapper) wa s inadvertently not presented 
for evaluation , althoug h n o mentio n o f thi s anomal y i s mad e i n 
Thurstone [H] . Th e value s o f .9 8 for (a ) an d .0 3 for (b ) wil l b e 
used base d on an assumption o f strong stochastic transitivity (e.g. , 
see Bezembinder an d van Acker [A] ) and the observed proportion s 
for th e tw o pair s (pett y thief , bankrobber ) an d (kidnapper , 
bankrobber). 

offense 
l:bankrobber 
2: gambler 
3:pickpocket 
4: drunkard 
5:quack docto r 
6:bootlegger 
7:beggar 
8:gangster 
9:tramp 
10:speeder 
ll:petty thie f 
12:kidnapper 
13 smuggler 

1 
— 
.79 
.93 
.95 
.67 
.70 
.98 
.50 
1.0 
.94 
.97 
.38 
.73 

2 
.07 
— 
.51 
.70 
.36 
.31 
.95 
.18 
.96 
.73 
.64 
.27 
.31 

3 
.08 
.71 
— 
.70 
.28 
.30 
.97 
.13 
.98 
.68 
.62 
.16 
.30 

4 
.05 
.52 
.25 
— 
.16 
.13 
.94 
.11 
.96 
.67 
.47 
.08 
.16 

5 
.27 
.76 
.67 
.81 
— 
.50 
.98 
.32 
.99 
.89 
.81 
.35 
.46 

6 
.29 
.92 
.75 
.95 
.49 
— 
.98 
.27 
.98 
.90 
.76 
.30 
.49 

7 
.01 
.07 
.02 
.01 
.02 
.00 
— 
.01 
.64 
.21 
.06 
.02 
.02 

8 
.50 
.92 
.86 
.92 
.70 
.79 
.96 
— 
.99 
.94 
.89 
.62 
.66 

9 
.00 
.05 
.02 
.03 
.02 
.01 
.42 
.02 
— 
.13 
.05 
.01 
.02 

10 
.06 
.41 
.39 
.37 
.12 
.09 
.86 
.08 
.91 
— 
.36 
.08 
.11 

11 1 2 1 3 
.02 .7 3 .21 
.49 .9 0 .81 
.42 .8 7 .68 
.62 .91  .87 
.22 .6 4 .55 
.26 .6 8 .50 
.96 1. 0 .99 
.08 .3 6 .31 
.97 .9 9 1.0 
.58 .9 0 .92 
— a  .7 8 
b —  .2 7 

.24 .6 4 — 

The dat a of Table 1  can be used to generate both symmetri c and skew-symmet -
ric (befor e an d after ) matrice s tha t ca n illustrate th e constructio n o f ordered par -
titions. Explicitly , Tabl e 2  provides symmetri c befor e an d after proximit y matrice s 
with entrie s for each pai r o f offenses define d a s the absolute value s of the differenc e 
in th e proportions o f rating on e offense mor e seriou s tha n th e other. Fo r example , 
since th e proportio n judgin g a  bankrobbe r mor e seriou s tha n a  bootlegge r i s .71 
before th e movie was shown, a  symmetric dissimilarit y o f .42 = |  .71 — .29 | is given 
for th e pai r (bootlegger , bankrobber ) i n the corresponding proximit y matrix . Th e 
two proximity matrice s s o constructed ar e given in the upper- an d lower-triangula r 
portions o f Tabl e 2  (bu t wher e fo r graphica l convenience , th e row s an d column s 
have been reordere d t o correspond t o optimal sequencing s describe d below) . I n ad-
dition t o the symmetric matrice s represente d i n Tabl e 2 , skew-symmetric variant s 
that indicat e a  directionality o f dominance base d o n the differences i n proportion s 
of ratin g on e offense mor e seriou s tha n a  secon d ar e indicated b y an asteris k (*) , 
reflecting tha t thi s entr y wa s negative befor e takin g a n absolut e value . Fo r exam -
ple, fo r th e befor e matri x entr y o f .46 * associated wit h th e pai r (kidnapper(12) , 
bankrobber(1)), th e proportio n judgin g bankrobber(l ) mor e seriou s tha n kidnap -
per (12) is .27; thus the entry in Table 2 is the absolute value of . 2 7- .73 = - .46 , but 
the negativ e sign shows the greater preceive d seriousnes s of being a  kidnapper (an d 
contrary t o the ordering implici t i n Table 2  from leas t t o greates t i n seriousness) . 
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TABLE 2 . Symmetri c dissimilarit y matrice s constructe d fo r thir -
teen offenses usin g the absolute values of the skew-symmetric prox -
imities constructed from th e entries in Table 1 . Th e above-diagona l 
entries ar e before  showin g th e film  Street  of  Chance]  those belo w 
the diagona l wer e afte r viewin g th e motio n picture . Note : Entrie s 
with a n asteris k (* ) wer e negative before takin g the absolut e value . 

offense 
9:tramp 
7:beggar 
10:speeder 
4: drunkard 
ll:petty thie f 
3:pickpocket 
2: gambler 
6:bootlegger 
13:smuggler 
5: quack docto r 
12:kidnapper 
8:gangster 
l:bankrobber 

9 
— 
.28 
.74 
.92 
.90 
.96 
.92 
.96 
.96 
.98 
.98 
.98 
1.0 
9 

7 
.16 
— 
.58 
.88 
.88 
.94 
.90 
.96 
.96 
.96 
.96 
.98 
.96 
7 

10 
.82 
.72 
— 
.34 
.28 
.36 
.46 
.80 
.78 
.78 
.84 
.88 
.88 
10 

4 
.94 
.98 
.26 
— 
.06 
.40 
.40 
.74 
.68 
.68 
.84 
.78 
.90 
4 

2 
.90 
.86 
.18 
.04* 
— 
.24 
.28 
.52 
.52 
.62 
.94 
.78 
.94 
11 

11 
.94 
.92 
.16 
.24 

.02* 
— 
.02 
.40 
.40 
.44 
.68 
.74 
.86 
3 

3 
.96 
.96 
.22 
.50 
.42 
.16 
— 
.38 
.38 
.28 
.46 
.64 
.58 
2 

5 
.96 
.96 
.76 
.62 
.52 
.56 
.34 
— 
.02 
.00 
.40 
.46 
.40 
6 

13 
1.0 
.98 
.84 
.74 
.62 
.56 
.36 
.10 
-

.08* 
.28 
.32 
.46 
13 

6 
.98 
1.0 
.82 
.90 
.84 
.48 
.50 

.02* 
.00 
— 
.30 
.36 
.34 
5 

12 
.98 
1.0 
.80 
.82 
.80 
.96 
.74 
.28 
.46 
.36 
— 
.24 

.24* 
12 

8 
.97 
.92 
.84 
.84 
.84 
.84 
.72 
.40 
.38 
.58 
.28 
— 
.00 
8 

1 
1.0 
.98 
.88 
.90 
.86 
.96 
.84 
.46 
.58 
.42 
.46* 
.00 
— 
1 

9 
7 
10 
4 
2 
11 
3 
5 
13 
6 
12 
8 
1 

For some brevity, w e will present fo r th e variou s measure s o f matrix patternin g 
the origina l orderin g usin g singl e object s (i.e. , ordere d partition s wit h thirtee n 
classes) an d a n optima l ordere d partitio n wit h five classes. I n al l cases , there wa s a 
very precipitous chang e in the merit measure s when moving from five to four classes , 
and therefore , th e choic e o f presentin g onl y thos e optima l ordere d partition s wit h 
five classe s i s no t arbitrary . A s show n i n th e result s summarize d below , th e five 
ordered (accordin g to increasing severity) classe s of offenses consistentl y includ e th e 
offense o f being a  gambler(2) i n the second clas s before viewin g the film,  an d i n th e 
third clas s afte r (w e might als o comment tha t i n mos t o f the analyse s reported , th e 
5-class an d th e 13-clas s ordere d partition s ar e completel y consisten t i n th e sens e 
that th e classe s i n th e forme r ar e define d b y consecutively-place d singl e object s i n 
the later ; th e exceptions ar e for th e gradien t measure s an d a  few adjacently-locate d 
objects). Give n th e genera l consistenc y i n th e ordering s an d th e object s place d 
in th e ordere d classe s usin g th e befor e an d afte r matrice s excep t fo r 'gambler' , 
the showin g o f the film  apparentl y ha d th e effec t o f changin g th e schoo l children' s 
perception o f it s seriousness , an d i n th e directio n o f evaluatin g i t a s a  muc h mor e 
serious offens e afte r seein g th e motio n pictur e tha n before . 

Before viewing : 
symmetric proximity ; coordinat e representatio n 
object orde r 9  7  1 0 4  2  1 1 3  5  1 3 6  1 2 8  1 
coordinates - .8 2 - .7 8 - .3 3 - .2 6 - .2 3 - .1 7 - .0 2 .2 7 .2 9 .3 2 .5 0 .5 9 .6 4 
(5 classes) : {  - .8 0 }  {  - .2 5 }  {-.02 } {  .2 9 }  {  .5 8 } 
residual sum-of-squares : (1 3 classes) 3.307 ; ( 5 classes) 3.63 5 
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symmetric proximity ; unweighte d gradien t 
object orde r 9  7  4  10 2 11 3 5 1 3 6  12 8  1 
(5 classes) {  }  {  }  {  } {13 6 8} {12 1} 
index o f gradient comparisons : (1 3 classes) 431 ; (5 classes) 289 

symmetric proximity ; weighte d gradien t 
object orde r 9  7 10 4 2 11 3 5 13 6  1 2 8  1 
(5 classes) {  }  { }  { }  { 6 8} {12 1} 
index o f gradient comparisons : (1 3 classes) 161.45 ; (5 classes) 100.0 8 

skew-symmetric proximity ; above-diagona l sum 
object orde r 9  7 10 2 4 11 3 6 5 13 1 12 8 
(5 classes) {  } {  }  {  }  { }  {  } 
above-diagonal sum : (1 3 classes) 49.93 ; ( 5 classes) 48.2 7 

skew-symmetric proximity ; coordinat e representatio n 
object orde r 9  7  1 0 4  2  I T " 3  5  1 3 6 
coordinates - .8 2 - .7 8 - .33 - .2 6 - .2 3 - .18 - .0 2 .2 7 .29 .32 
(5 classes ) {  - .8 0 }  {  - .2 5 }  {-.02 } {  .2 9 } 
residual sum-of-squares : (1 3 classes) 3.457 ; ( 5 classes) 3.63 5 

After viewing : 
symmetric proximity ; coordinat e representatio n 
object orde r 9  7  1 0 4  lT~  3  2  6  1 3 5  1 2 8  1 
coordinates - .8 1 - .7 5 - .39 - .2 6 - .2 1 - .05 - .0 2 .2 7 .27 .29 .48 .55 .58 
(5 classes) {  - .7 8 }  {  - .2 9 }  {-.02 } {  .2 8 }  {  .5 4 } 
residual sum-of-squares : (1 3 classes) 2.302 ; ( 5 classes) 2.67 4 

symmetric proximity ; unweighte d gradien t 
object orde r 9  7 10 4  1 1 3 2 13 6 5 12 8 1 
(5 classes) {  } {  }  {  } {  }  {  } 
index o f gradient comparisons : (1 3 classes) 491 ; (5 classes) 331 

symmetric proximity ; weighte d gradien t 
object orde r 9  7  10 4  1 1 3  2  6 13 5  1 2 8  1 
(5 classes) { 9 7 4} {10 11 3} { }  { 5 8} {12 1} 
index o f gradient comparisons : (1 3 classes) 165.08 ; (5 classes) 101.8 4 

skew-symmetric proximity ; above-diagona l sum 
object orde r 9  7 10 4 11 3 2 5 6 13 1 12 8 
(5 classes ) {  } {  }  {  } { }  {  } 
above-diagonal sum : (1 3 classes) 47.42 ; (5 classes) 45.8 6 

skew-symmetric proximity ; coordinat e representatio n 
object orde r 9  7  1 0 4  1 1 3  2  6  5  1 3 1 2 1  8 
coordinates - .8 1 - .7 5 - .39 - .26 - .21 - .0 5 .0 2 .27 .28 .29 .51 .55 .55 
(5 classes ) {  - .7 8 }  {  - .2 9 }  {  - .0 2 }  {  .2 8 }  {  .5 4 } 
residual sum-of-squares : (1 3 classes) 2.369 ; ( 5 classes) 2.67 4 

5. Som e Extension s an d Generalization s 

There ar e a  variet y o f topic s relate d t o th e constructio n o f optima l ordere d 
partitions tha t coul d be pursued an d linked to problems discusse d a t lengt h i n the 

1 1 2 8 
.57 .5 7 .59 
{ -5 8 } 
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classification literature . W e wil l mention onl y tw o such possibilitie s briefl y i n clos-
ing, with th e first  concerne d wit h constructin g a  'median'matrix fo r a  collection o f 
proximity matrices tha t contain s dichotomous (0/1 ) entrie s representing a n ordere d 
partition (whic h closel y follow s th e wor k of Mirkin, e.g. , se e [G] , pp. 90-116) , an d 
the second suggesting a way of extending ordere d partitions t o a hierarchical frame -
work a s a way of generalizing th e notio n o f an ultrametric . Suppos e a collection o f 
N n  x n (nonnegativ e an d possibl y nonsymmetric ) proximit y matrice s fo r an ob-
ject se t S is available tha t w e denote b y R/ 1 ) , . . . ,H^ N\ wher e R^ ) =  {rj - }  and 

(k) 0 <  r\j' <  1 for 1 < z, j <  n and 1  < k < N. Th e optimizatio n tas k w e pose is to 
find a n optima l media n matri x R that contain s (strictly ) 0  or 1  entries representin g 
an ordere d partitio n Si  -<•••- < SM,  i-e. , if 0{ G Sk,Oj G  SV, an d Sk  -< SV , the n 
Vij =  1 , otherwise r ^ =  0 . Explicitly , w e see k R  to minimize ]Cfc= i d(R(*),R) , 

where d ( R ^ , R ) =  Yli  j  I  r\j ~  ru I - Followin g th e typ e o f reductions give n in 
Mirkin [G] , pp. 90-116, ' 

£ d (R<«, R) = £ E  4 fc) - 2 E (E ^ -  £)'« -
k=l k=l  i,j  i,j  k=l 

and thus minimizing Ylk-i  d(R^ , R ) i s equivalent to maximizing £V j (Sfc=i r ij ~ 

Y)rij- Becaus e {^2 kz=l rj - —  y} can b e treate d a s a proximity matrix , an d give n 
the for m o f the to-be-identifie d R , an optimal media n proximit y matri x ca n b e 
solved usin g th e index o f merit give n earlie r i n the form ^2 k=1 J(Sk) (althoug h 
discussed explicitl y for use wit h a  skew-symmetric matri x T , this particula r meri t 
measure generalize s immediatel y t o the us e of any proximit y matrix) . Thus , the 
task o f finding  an optimal media n matri x R  tha t represent s M  ordere d classe s 
reduces to identifying a n optimal ordere d partitio n containin g M  classe s base d on 
a proximity matri x define d b y an aggregation over the initia l T V proximity matrices , 
R W , . . . ,  H(N\ an d on e o f the indice s o f meri t use d previously . 

In ou r discussio n o f constructing optima l ordered partitions , possibly fo r differ -
ing number s o f classes, n o particula r assumptio n wa s mad e abou t th e relationshi p 
of on e ordere d partitio n t o another. Suppose , however , tha t w e procee d t o con-
struct fo r S a collection of T ordered partition s int o anywher e fro m 1  t on classes, 
where eac h clas s in a partition define s a  consecutive se t o f objects wit h respec t to 
some fixed  orderin g of the n  objects. Fo r convenience , w e denote th e T  partition s 
as T^i,P2 , • •  • ,VT, where V\ is a partition containin g n  classes, VT includes onl y a 
single class , an d Vt-i  ha s mor e classe s tha n Vt  for t > 2 (and as noted, eac h clas s 
in an y partitio n contain s object s consecutiv e in some commo n ordering) . 

Based o n Vi,... ,VT,  if a corresponding collectio n o f n x n 0/ 1 dissimilarit y 
matrices P i , . . . ,  FT i s constructed, wher e a 0 in Pt indicate s an object pai r define d 
within a class in Vt, and 1  otherwise, then fo r an y collection o f nonnegative weight s 
a i , a 2 , . . . ,CHT , th e dissimilarity matrix , say , P a =  {p\j}  =  YLt=i at^*t, define s 
a metri c o n the objects (base d o n the observatio n tha t sum s o f metrics ar e met -
ric [bu t wit h th e possibl e extensio n tha t allow s som e dissimilaritie s t o be zero for 
nonidentical objects]) . Dependin g o n the constraint s place d o n Vi,... , P T , mor e 
restrictive forms fo r th e metri c define d b y Pa ensue; and specifi c to the restriction s 
made, it may be possible to retrieve V\,... ,VT  and a\ ,... ,  ax given only P a , pro -
vide convenient graphica l representations for the collection V\,... ,  VT, or  somehow 
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to approac h th e tas k o f constructin g P i , . . . ,VT  an d a i , . . . , a j fro m som e give n 
proximity matri x P  s o tha t P a approximate s P  i n som e explicitl y define d sense . 
The obviou s prim e exempla r fo r thi s typ e o f structure woul d b e when Vt  i s forme d 
from Vt-i  b y unitin g tw o o r mor e classe s i n th e latter . Th e entrie s i n P a the n 
satisfy th e ultrametri c inequalit y (p\j  <  max{p ^ ,p^ / } fo r al l Oi,Oj,Ok  € 5) , 
the partitio n hierarch y an d th e weight s ar e retrievable give n onl y P a , an d a  repre -
sentation o f the hierarchica l clusterin g ca n b e give n i n th e for m o f wha t i s usuall y 
called a  dendrogram . 

TABLE 3 . Fo r th e 'after ' proximit y matri x give n i n Tabl e 2 , th e 
upper-triangular portio n provide s an (optimal ) least-square s ultra -
metric; th e lower-triangula r portio n provide s a  least-squares fitted 
structure base d o n ordere d partitions . 

offense 9  7  1 0 4  1 1 3  2  6  5  1 3 1 2 8  1 
9:tramp —  .2 8 .9 2 .9 2 .9 2 .9 2 .9 2 .9 2 .9 2 .9 2 .9 2 .9 2 .9 2 9 
7:beggar .2 8 —  .9 2 .9 2 .9 2 .9 2 .9 2 .9 2 .9 2 .9 2 .9 2 .9 2 .9 2 7 
10:speeder .6 2 .6 2 —  .3 1 .3 1 .3 6 .3 6 .6 7 .6 7 .6 7 .6 7 .6 7 .6 7 1 0 
4:drunkard .6 2 .6 2 .3 1 —  .0 6 .3 6 .3 6 .6 7 .6 7 .6 7 .6 7 .6 7 .6 7 4 
llipetty thie f .6 2 .6 2 .3 1 .0 6 —  .3 6 .3 6 .6 7 .6 7 .6 7 .6 7 .6 7 .6 7 1 1 
3:pickpocket .8 6 .8 6 .3 6 .3 6 .3 6 —  .0 2 .6 7 .6 7 .6 7 .6 7 .6 7 .6 7 3 
2:gambler .8 6 .8 6 .3 6 .3 6 .3 6 .0 2 —  .6 7 .6 7 .6 7 .6 7 .6 7 .6 7 2 
6:bootlegger .8 6 .8 6 .8 6 .8 6 .8 6 .6 2 .6 2 —  .0 2 .0 4 .3 7 .3 7 .3 7 6 
13:smuggler .8 6 .8 6 .8 6 .8 6 .8 6 .6 2 .6 2 .0 2 -  .0 4 .3 7 .3 7 .3 7 5 
5:quack docto r .8 6 .8 6 .8 6 .86  .86 .6 2 .6 2 .0 4 .0 4 —  .3 7 .3 7 .3 7 1 3 
12:kidnapper .86  .8 6 .86  .8 6 .86  .62 .6 2 .3 7 .3 7 .3 7 —  .2 4 .2 4 1 2 
8:gangster .86  .86  .86  .86  .86  .62 .6 2 .3 7 .3 7 .3 7 .2 4 —  .0 0 8 
Lbankrobber .8 6 .8 6 .8 6 .8 6 .8 6 .6 2 .6 2 .3 7 .3 7 .3 7 .2 4 .0 0 —  1 

9 7  1 0 4  1 1 3  2  6  1 3 5  1 2 8  1 

In th e mor e genera l contex t wher e V\ ,... ,  VT ar e merel y restricte d t o b e or -
dered partitions , eac h define d b y classe s contiguou s wit h respec t t o som e give n 
ordering fo r th e object s i n S , th e entrie s i n th e matri x P a satisf y (a t th e least ) 
the anti-Robinso n conditio n (i.e. , i f Oi  -<  Oj  - < 0&, the n p ^ / >  m a x { p ^ , p ^ }) , 
and ca n b e constructe d b y sum s o f subset s o f a  collectio n o f nonnegativ e weight s 
a i , . . . ,OLT,  jus t a s i n th e mor e restrictiv e ultrametri c context . Thus , althoug h 
the sam e numbe r o f parameter s ar e neede d t o construc t P a a s fo r a n ultramet -
ric, the structure s definabl e throug h ordere d partition s restricte d onl y b y th e clas s 
contiguity constrain t ar e broade r tha n thos e possibl e throug h th e concep t o f a n 
ultrametric. A s an illustration o f this greate r generality , an d thus , of the possibilit y 
of explaining more completely the structure o f a given proximity matrix , we provide 
below a  brie f illustratio n usin g the 'after ' matri x amon g th e thirtee n offense s give n 
in th e lower-triangula r portio n o f Tabl e 2 . A  (presumably ) least-square s optima l 
ultrametric usin g th e heuristi c iterativ e projectio n strateg y o f Huber t an d Arabi e 
[E] i s given i n th e upper-triangula r portio n o f Tabl e 3  with a  'variance-accounted -
for' (vaf ) measur e o f 81.12% . Th e lower-triangula r portio n o f Tabl e 3  provides a n 
alternative structur e (agai n fitted  throug h least-squares ) bu t wit h a  large r va f o f 
84.65%, correspondin g t o a  collectio n o f ordered partition s wit h classe s contiguou s 
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in the objec t orde r use d t o presen t th e row s of Table 3  (the ordered partition s wer e 
initially identifie d usin g th e meri t criterio n base d o n coordinat e estimation , i.e. , 
S/k=i nk[I(Sk)}2, fo r M  =  2 , . . . ,13) . W e present belo w a  se t o f estimated weight s 
and th e ordere d partition s tha t induc e th e upper - an d lower-triangula r portion s o f 
Table 3 . 

Classes a  Ordere d partitio n 

For th e optima l fitte d ultrametric : 

13 
12 
11 
10 
9 
8 
7 
6 
5 
4 
3 
2 
1 

.00 9  7  1 0 4  1 1 3  2  6  5  1 3 1 2 8  1 

.02 9  7  1 0 4  1 1 3  2  6  5  1 3 1 2 ( 8 1 ) 

.00 9  7  1 0 4  1 1 ( 3 2) 6  5  1 3 1 2 ( 8 1) 

.02 9  7  1 0 4  1 1 ( 3 2) ( 6 5 ) 1 3 1 2 ( 8 1 ) 

.02 9  7  1 0 4  1 1 ( 3 2) ( 6 5  13 ) 1 2 ( 8 1 ) 

.18 9  7  1 0 ( 4 11 ) ( 3 2) ( 6 5  13 ) 1 2 ( 8 1 ) 

.04 9  7  1 0 ( 4 11 ) ( 3 2 ) ( 6 5  13 ) (1 2 8  1 ) 

.03 ( 9 7 ) 1 0 ( 4 11 ) ( 3 2) ( 6 5  13 ) (1 2 8  1 ) 

.05 ( 9 7 ) (1 0 4  11 ) ( 3 2) ( 6 5  13 ) (1 2 8  1 ) 

.01 ( 9 7 ) (1 0 4  1 1 3  2 ) ( 6 5  13 ) (1 2 8  1 ) 

.30 ( 9 7 ) (1 0 4  1 1 3  2 ) ( 6 5  1 3 1 2 8  1 ) 

.25 ( 9 7 ) (1 0 4  1 1 3  2  6  5  1 3 1 2 8  1 ) 
— ( 9 7  1 0 4  1 1 3  2  6  5  1 3 1 2 8  1 ) 

For th e fitte d structur e base d o n ordere d partition s 

13 
12 
11 
10 
9 
8 
7 
6 
5 
4 
3 
2 
1 

.00 9  7  1 0 4  1 1 3  2  6  1 3 5  1 2 8  1 

.02 9  7  1 0 4  1 1 3  2  6  1 3 5  1 2 ( 8 1) 

.00 9  7  1 0 4  1 1 ( 3 2) 6  1 3 5  1 2 ( 8 1) 

.02 9  7  1 0 4  1 1 ( 3 2 ) ( 6 13 ) 5  1 2 ( 8 1 ) 

.02 9  7  1 0 4  1 1 ( 3 2) ( 6 1 3 5 ) 1 2 ( 8 1 ) 

.18 9  7  1 0 ( 4 11 ) ( 3 2 ) ( 6 1 3 5 ) 1 2 ( 8 1 ) 

.04 9  7  1 0 ( 4 11 ) ( 3 2 ) ( 6 1 3 5 ) (1 2 8  1 ) 

.03 ( 9 7 ) 1 0 ( 4 11 ) ( 3 2 ) ( 6 1 3 5 ) (1 2 8  1 ) 

.05 ( 9 7 ) (1 0 4  11 ) ( 3 2 ) ( 6 1 3 5 ) (1 2 8  1 ) 

.01 ( 9 7 ) (1 0 4  1 1 3  2 ) ( 6 1 3 5 ) (1 2 8  1 ) 

.25 ( 9 7 ) (1 0 4  1 1 3  2 ) ( 6 1 3 5  1 2 8  1 ) 

.24 ( 9 7  1 0 4  11 ) ( 3 2  6  1 3 5  1 2 8  1 ) 
— ( 9 7  1 0 4  1 1 3  2 6  1 3 5  1 2 8  1 ) 
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Multiple Trees : Fittin g Tw o o r Mor e Tre e Structure s t o 
Proximity Dat a 

J. Dougla s Carrol l an d Geer t D e Soet e 

ABSTRACT. I n thi s pape r representation s o f proximit y dat a b y multipl e tre e 
structure model s ar e discussed . I n suc h a  representation , observe d dissimilari -
ties are approximate d by a  su m of two o r more ultrametrics o r by a  sum o f tw o 
or mor e pa t h lengt h metrics . Method s fo r fittin g suc h tre e structure s t o prox -
imity dat a ar e describe d an d th e relationshi p t o overlappin g clusterin g base d 
on th e ADCLU S mode l i s discussed . A n approac h i s presente d fo r organiz -
ing suc h overlappin g cluste r structure s int o singl e o r multipl e tre e structures , 
utilizing a  grap h calle d th e "nestin g graph" , whos e vertice s correspon d t o th e 
clusters. Clique s (maxima l complet e subgraphs ) o f thi s grap h correspon d t o 
maximal tre e structure s (tre e structure s tha t ar e no t subtree s o f an y large r 
tree denne d b y a  subse t o f th e overlappin g clusters ) define d o n th e cluste r 
structure. Thi s approach , i t i s pointed out , ca n b e applie d t o an y overlappin g 
cluster structure—not onl y one s based o n th e ADCLU S (o r INDCLUS) model . 
The variou s models are applie d for illustrative purposes t o some dat a set s fro m 
the fiel d o f psychology . 

1. Introductio n 

This pape r defines , describes , an d argue s for th e validit y o f multiple  tre e struc -
ture model s fo r proximit y data , i n whic h dissimilaritie s ar e modeled , fo r example , 
by distance s tha t ar e sum s o f two , three , o r mor e ultrametrics , eac h associate d 
with a  hierarchica l tre e structure , o r b y a  su m o f path lengt h o r additiv e metrics , 
each associate d wit h a n unrooted , o r fre e tree , wit h a  pat h lengt h o r additiv e dis -
tance define d betwee n pair s o f node s representin g objects . Whil e thes e multipl e 
tree structur e model s wer e develope d originall y wit h application s t o cognitiv e an d 
perceptual psycholog y i n mind , s o tha t th e example s use d t o illustrat e the m ar e 
from th e fiel d o f psychology, i t i s argued tha t suc h generalize d hierarchica l model s 
also have man y potentia l application s i n biolog y (a s wel l a s i n man y othe r fields) . 

We describ e method s fo r fittin g multipl e tre e structure s directl y t o proximit y 
data, a s wel l a s a n approac h tha t use s th e result s o f som e for m o f overlappin g 
clustering, suc h a s on e assumin g th e Shepar d an d Arabi e [32 ] ADCLU S model , 
using th e Arabi e an d Carrol l [1 ] MAPCLUS method , INDCLU S [5 ] or SINDCLU S 
[12], fo r fittin g thi s model . I n a  secon d approac h w e defin e a  graph , calle d th e 
"nesting graph, " th e vertice s o f which correspond t o the cluster s i n th e overlappin g 
cluster structure . I t i s shown tha t a  cliqu e (o r maxima l complete subgraph ) o f th e 
nesting grap h correspond s t o a  tree structure , s o that a  "minimu m clique covering " 
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(a verte x cliqu e coverin g wit h th e smalles t possibl e numbe r o f cliques ) correspond s 
to a  mos t parsimoniou s multipl e tre e structur e reproducin g th e overlappin g cluste r 
structure. 

Applications o f thes e method s t o fit  multipl e tree s t o da t a o f Rosenber g an d 
Kim [30] , entailin g dissimilaritie s amon g kinshi p term s derive d fro m a  similarit y 
sorting task , a s wel l a s t o som e da t a o n judge d similaritie s o f term s denotin g type s 
of interpersona l relationship s du e t o Wish , Deutsch , an d Kapla n [34] , are describe d 
and discussed . 

2. S ing l e Tre e S t r u c t u r e M o d e l s 

A widel y use d metho d fo r fitting  singl e tre e structure s fo r discret e representa -
tion o f similarit y (o r othe r proximity ) da t a i s hierarchica l clusterin g (e.g , [22 , 26]) . 
Hierarchical clusterin g yield s a  famil y o f cluster s suc h tha t an y tw o cluster s ar e 
disjoint o r on e include s th e other . I n th e usua l representation , th e object s bein g 
clustered appea r a s termina l node s o f a  tre e an d th e distance s betwee n object s ar e 
the height s o f th e interna l nod e definin g th e meetin g poin t ofte n calle d th e "lowes t 
common ancestor " node . Th e height s mus t b e consisten t wit h th e partia l orderin g 
of th e cluster s define d b y th e hierarchica l structur e o f th e tree , i.e. , fo r tw o cluster s 
related b y subse t inclusion , th e heigh t associate d wit h th e large r cluste r mus t b e a t 
least a s larg e a s th e heigh t associate d wit h th e smalle r cluster . Th e mode l implie s 
that , give n tw o disjoin t clusters , al l distance s betwee n object s i n th e sam e cluste r 
are n o large r tha n distance s betwee n object s i n th e tw o differen t clusters , an d tha t 
these between-cluste r distance s ar e equa l (s o tha t th e resultin g triangl e i s acute 
isosceles o r equilateral).  Thi s propert y i s equivalen t t o th e ultrametri c inequalit y 
(u.i.) an d th e tre e representatio n i s calle d a n ultrametric  tree.  Th e ul trametri c 
inequality state s tha t 

(2.1) dij  <  max(difc,d jfc) 

for al l z , j , fc,  o r equivalently , 

dij <  dik  —  djk 

for som e orderin g o f th e thre e point s i , j , and k.  Give n a  se t o f distances satisfyin g 
the ultrametri c inequalit y th e associate d tre e ca n easil y b e constructe d an d heigh t 
values defined . Give n a  tree , a n infinit e famil y o f ultrametric s ca n b e defined . 
Once th e heigh t value s ar e specified , however , th e particula r ultrametri c i s uniquel y 
specified. 

Several author s ([22 , 2 5 , 26] ) independentl y suggeste d treatin g th e proble m o f 
hierarchical clusterin g a s on e o f fitting a  certai n geometri c model , namel y a  roote d 
tree structur e o n whic h a n ultrametri c i s defined , t o proximit y data . Hartiga n 
proposed a n explici t algorith m usin g combinatoria l optimizatio n techniques , tha t 
was aime d a t optimizin g a  leas t square s criterio n o f fit  betwee n da t a "distances " 
and distance s calculate d fro m a n ultrametri c tre e structure . 

A fe w year s late r Carrol l an d Chan g [7 ] devise d a  procedur e tha t generalize d 
Hart igan's approac h i n tw o differen t ways . Whil e Hartigan' s procedure , an d essen -
tially al l othe r hierarchica l clusterin g procedures , restricte d th e object s t o terminal 
nodes o f th e tree , th e Carrol l an d Chan g procedur e allowe d som e o r al l o f th e in -
terior, o r nontermina l nodes , t o correspon d t o object s o r stimuli . Secondly , the y 
allowed a  mor e flexible  definitio n o f th e metri c define d o n th e tree . I n additio n 
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to th e ultrametric , tw o othe r kind s o f metri c wer e allowed . Th e firs t o f thes e i s 
a pat h lengt h (o r additive ) metric , i n whic h length s ar e associate d wit h branches , 
or link s i n th e tree , an d distanc e i s simpl y th e lengt h o f th e (unique ) pa t h join -
ing thos e tw o node s o f th e tree . Th e secon d i s a  mixe d case , i n whic h "heights " 
are associate d wit h nontermina l node s and  length s wit h branches , whil e distanc e 
is define d a s a  su m o f th e pat h lengt h an d heigh t o f th e lowes t commo n ancesto r 
node. Thi s las t "mixed " metri c ca n b e meaningfull y distinguishe d fro m th e simple r 
pa th lengt h o r additiv e metri c only  whe n som e o f th e object s ar e represente d b y 
nonterminal nodes . Whe n al l object s ar e a t termina l nodes , th e ul t rametr i c an d 
the "mixed " metri c ar e specia l case s o f th e pa t h lengt h metric . Whe n som e object s 
are a t interio r node s th e thre e model s ar e al l meaningfull y different . 

A tre e wit h pa t h lengt h metric , o r simpl y a  pa t h lengt h tre e i s synonymou s 
with th e ter m "fre e tree " ([14]) . Farri s [20 ] call s thi s a  tre e wit h "fou r poin t met -
ric," whil e Sat ta t h an d Tversk y [31 ] cal l i t a n "additiv e similarit y tree. " Unlik e 
an ultrametri c tre e whic h ha s a  natura l "root " node , a  pa t h lengt h tre e ha s n o 
unique root . I t i s no t necessar y t o thin k o f i t a s bein g organize d int o a  hierarchy . 
Both Cunningha m [14 ] an d Sat ta t h an d Tversk y [31 ] hav e develope d algorithm s 
for fittin g pa t h lengt h tree s t o da ta . Sa t ta t h an d Tversky' s metho d i s a  kin d o f nat -
ural generalizatio n o f th e "pai r group " metho d (e.g. , single , averag e an d complet e 
linkage) ofte n use d t o generat e hierarchica l clusterin g solutions . Cunningham' s so -
lution assume s tha t a  fou r poin t conditio n whic h mus t b e satisfie d fo r pa t h lengt h 
distances, als o holds , approximately , i n th e data . Th e fou r poin t conditio n state s 
tha t th e tw o larges t sum s o f pair s o f distances involvin g fou r object s mus t b e equal ; 
i.e., fo r som e orderin g o f th e fou r point s i , j , k, an d / , th e followin g conditio n holds : 

(2.2) dij  4 - dki <  dik  - f dji  =  djk  +  du. 

Cunningham's procedur e tend s t o brea k dow n seriously , however , wit h eve n mildl y 
"noisy" data . 

3 . F i t t i n g Tree s b y M a t h e m a t i c a l P r o g r a m m i n g T e c h n i q u e s 

3 . 1 . F i t t i n g o f a  S ing l e U l t r a m e t r i c Tree . Carrol l an d Pruzansk y [10 , 
11] (als o se e Carrol l [4] ) formulate d a  "mathematica l programming " approac h t o 
fitting a n ultrametri c tre e t o proximit y data . Basically , thi s approac h a t t empt s t o 
find a  leas t square s fi t o f a  distanc e matr i x constraine d t o satisf y th e ul trametri c 
inequality, b y us e o f a  "penalt y function " whic h measure s th e degre e o f violatio n o f 
tha t inequality , a s denne d i n (2.1) , t o a  give n matr i x o f dissimilarities . Th e Carrol l 
and Pruzansk y approac h t o th e OL S fittin g o f a n ultrametri c tre e wa s improve d 
by D e Soet e [16] , an d extende d t o th e cas e o f incomplet e proximit y da t a b y D e 
Soete [17] . Thi s approac h ca n b e extende d easil y t o th e fittin g o f pa t h lengt h 
trees satisfyin g th e fou r poin t conditio n i n a n indirec t wa y whic h wil l b e describe d 
later. A  mor e direc t procedur e entailin g a  direc t generalizatio n o f th e Carrol l an d 
Pruzansky penalt y functio n approach , usin g a  penalt y functio n t o enforc e th e fou r 
point conditio n wa s propose d an d implemente d b y D e Soet e [15] , an d extende d t o 
the missin g da t a cas e b y D e Soet e [18] . 

3 .2 . F i t t i n g M u l t i p l e U l t r a m e t r i c Tre e S t r u c t u r e s v i a M a t h e m a t i c a l 
P r o g r a m m i n g C o m b i n e d w i t h A l t e r n a t i n g Leas t Square s ( A L S ) . Ther e 
are man y set s o f proximit y da t a tha t ar e no t wel l represente d b y eithe r nonover -
lapping clustering s (o r partitionings ) o r hierarchica l clusterings . On e alternativ e 
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model is the ADCLUS overlapping clustering mode l proposed b y Shepard an d Ara -
bie [32 ] in which proximit y dat a ar e assume d t o aris e from discret e attribute s tha t 
define overlappin g bu t nonhierarchicall y organize d sets . I t ma y be , however , tha t 
the attributes ca n be organized int o two or more separate hierarchies . Eac h of these 
separate hierarchie s coul d represen t a n organize d famil y o f subordinate an d super -
ordinate concepts . Fo r example , i n th e cas e o f anima l name s on e migh t imagin e 
one hierarchica l conceptua l schem e base d o n th e phylogeneti c scale , an d anothe r 
based o n function o r relationshi p t o man, suc h as , tame versu s wild . Tam e animal s 
could b e furthe r broke n dow n into house pet s versu s outdoo r pets , an d s o on. Tw o 
such conceptua l hierarchica l structure s woul d obviousl y b e far fro m independen t o f 
one another ; whethe r o r no t a n anima l is a pet , fo r example , i s no t independen t o f 
the phylogenetic classification o f the animal , but th e structure s coul d be sufficientl y 
distinct tha t a n appropriat e techniqu e coul d pul l them apart . Suc h multiple hierar -
chies in data ma y often b e obscured i n standard clusterin g analyses , simply becaus e 
of a  possibl e hig h degre e o f correlation amon g separat e structures . Anothe r possi -
ble example of a two tree representation , relevan t t o the fitting o f evolutionary tre e 
structures, i n whic h on e tre e represent s pheneti c structur e an d th e othe r cladisti c 
structure o f a  grou p o f organisms . Wha t i s neede d i n suc h case s i s a  metho d fo r 
fitting a  mode l entailin g multiple  ultrametri c tre e structure s t o data— a kin d o f 
multidimensional generalizatio n o f singl e ultrametri c tree . Carrol l an d Pruzansk y 
[10, 11 ] propose d a  procedur e fo r fittin g suc h multipl e ultrametri c tre e structure s 
to a  proximit y dat a matrix , describe d below . 

Consider fitting  A , th e dat a matri x (assume d hereafte r t o b e a  matri x o f ratio 
scale dissimilarities , whic h ca n b e viewe d a s a  matri x o f approximat e distances), 
via a mixture o f hierarchical tre e structure s (HTS's) , eac h o f which wil l be assume d 
to satisf y th e ultrametri c inequality . I n particular , w e want t o approximate A  a s a 
sum 

(3.1) A * f D i - f D 2 +  . . . +  D Q 

where each D g (q  = 1 , . . . ,  Q) matrix satisfies th e u.i . W e use an overal l alternating 
least squares  (ALS ) strateg y t o fit  th e mixtur e o f tre e structures . I n particular , 
given curren t fixed  estimate s o f al l Q  matrice s excep t D r , w e may defin e 

Q 

(3.2) A ; =  A - £ D g 

and us e th e mathematica l programmin g procedure s du e t o Carrol l an d Pruzansk y 
described earlier , o r on e o f th e improve d procedure s du e t o D e Soet e [16 , 17] , t o 
fit a  leas t square s estimate , D r , t o A * (als o see [19]) . Thi s combination of a math -
ematical programmin g approac h t o fitting  individua l ultrametri c tree s embedde d 
within a n alternatin g leas t square s "oute r iterative " procedur e i s continue d unti l 
convergence occurs , base d o n a  criterio n define d i n term s o f amoun t o f chang e i n 
the OL S fit  measure . 

3.3. Fittin g o f Pat h Lengt h (o r Additive ) Trees . Farris , Kluge , an d 
Eckart ([21] ) an d Hartiga n [23 ] hav e show n tha t i t i s possibl e t o conver t a  pat h 
length (o r additive ) tre e int o a n ultrametri c tre e b y a  simpl e operation , give n th e 
distances from th e roo t nod e t o each o f the nodes corresponding t o objects . Lettin g 
d%R represen t th e distanc e from th e i-t h objec t t o the roo t nod e and dij  b e the pat h 
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length distanc e betwee n i  an d j , it ca n b e show n that : 

(3.3) dij  =  dij  -  d iR -  dj R (fo r i  ^  j) 

satisfies th e ultrametri c inequality , althoug h d,j , wil l not , generally , satisf y th e 
positivity conditio n fo r distances . However , bot h th e ultrametri c inequalit y and 
positivity ca n usuall y b e satisfie d b y adding a  sufficientl y larg e constant K  (se e [2 ] 
for a  precise statemen t o f the conditions under whic h thi s is possible), thus definin g 
d^-, a n ultrametric , a s 

(3.4) d* {j =  d^  -  d iR -  d jR +  K  =  dij  -  a t- - Sj  (fo r i  /  j) 

where s, - =  diR  — K/2.  A n equivalen t statemen t i s tha t 

(3.5) d^  =  d^j  + Si  + Sj  (fo r i  ^  j) 

which state s tha t th e pat h lengt h distanc e matri x D  i s decomposabl e int o a n ul -
trametric distanc e matri x plu s a n additiv e residual , whic h w e shal l simpl y cal l 
S =  (si  +  5j) , where , however , th e diagonal s o f S  are undefined , o r zer o i f defined . 
When th e decompositio n ca n b e define d s o tha t al l Si  ar e nonnegative , S  i s th e 
distance matri x correspondin g t o a  ver y specia l pat h lengt h tree , usuall y calle d 
a "bush " b y numerica l taxonomists , o r a  "star " b y grap h theorists . (Th e latte r 
terminology wil l b e use d henceforth. ) A  sta r tre e i s a  pat h lengt h tre e wit h onl y 
one nontermina l node . Th e nonnegativ e constan t Si  is , then, just th e lengt h o f th e 
branch connectin g termina l nod e i  t o tha t singl e nontermina l node , whil e th e dis -
tance betwee n an y tw o distinct termina l nodes , i  an d j , o f the star , equal s Si  + Sj. 
Thus w e may summariz e (3.5 ) verball y a s follows : 

A Path-Lengt h Tre e =  A n Ultrametri c Tre e -f A Star . 

We can als o writ e thi s maxi m as : 

P =  U  +  S 

where P  i s a  pat h lengt h distanc e matrix , U  a n ultrametri c distanc e matrix , an d 
S a  distanc e matri x fo r a  sta r tree . I t shoul d b e note d tha t thi s decompositio n i s 
not unique . Give n a  fixed  path lengt h tre e (PLT ) ther e ar e man y differen t way s of 
decomposing i t int o suc h a  sum . I n th e cas e o f multiple PLT's , sinc e th e su m o f Q 
star tree s i s itself just a  single  sta r tre e w e have th e extende d resul t that : 

A Su m o f PLT' s =  A  Su m o f UT' s + On e Star . 

Analogous t o th e matri x statemen t fo r singl e trees , thi s ca n b e expresse d as : 

Q Q 

(3.6) E P * = EU * + S 

q=l q=l 

It follows that w e may fit  mixtures of path lengt h tree s b y simply adding t o th e 
ALS strategy define d earlier , a n additiona l ste p i n whic h th e constant s S,- , definin g 
the singl e sta r tre e component , ar e estimate d b y leas t square s procedures . Detail s 
of thi s an d o f th e procedur e implementin g th e estimatio n ca n b e foun d i n Carrol l 
and Pruzansk y [11] . 

Another approac h tha t coul d b e take n t o fitting  multipl e pat h lengt h tree s 
would be t o use an alternatin g leas t square s approac h replacin g th e iterativ e fitting 
of ultrametri c tree s wit h th e iterativ e fitting  o f pat h lengt h trees , sa y b y utilizin g 
one of De Soete's [15,18 ] procedures , or , perhaps by iterative fitting  o f a single path 
length tre e an d Q  —  1  ultrametric trees , b y us e o f a  combinatio n o f mathematica l 
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programming procedure s fo r fittin g thes e tw o differen t tre e metric s (onl y one  o f 
which nee d b e a  pat h lengt h metric) . 

4 . A  H e u r i s t i c A p p r o a c h t o F i t t i n g M u l t i p l e Tree s 

While th e mathemat ica l programming/AL S approac h describe d abov e wil l gen -
erally produc e a t leas t a  locally  optimal  leas t square s solution , i t i s extremel y t im e 
consuming and  subjec t t o a  fairl y seriou s loca l min imu m problem . Fo r thi s reaso n 
Pruzansky an d Carrol l [28 ] devise d a  heuristi c approac h fo r fittin g multipl e ultra-
metric tree s tha t i s muc h mor e efficien t i n compute r t ime , an d seemingl y abou t a s 
good fro m th e poin t o f vie w o f avoidin g merel y locall y (bu t non-globally ) optima l 
solutions a s th e approac h base d o n mathemat ica l programmin g describe d above . 
While spac e constraint s prohibi t describin g i t thoroughly , th e essentia l featur e o f 
this "heuristic " approac h i s replacemen t o f th e mathemat ica l programmin g pro -
cedure fo r leas t square s fittin g o f a  single  ul trametri c tre e wit h a  metho d tha t 
appears i n practic e t o produc e a  ver y clos e approximatio n t o th e leas t square s ul -
trametric tree—namel y "averag e linkage " (sometime s calle d UPGM A clustering) . 
While averag e linkag e doe s not , i n general , fin d th e exac t bes t leas t square s tree , 
the continuou s parameter s ("height " values ) i t define s ca n easil y b e show n t o b e 
optimal fro m a  leas t square s poin t o f view , conditional  o n th e particula r tree . Tha t 
is t o sa y that , whil e th e topolog y o f th e resultin g tre e ma y b e suboptimal , th e 
particular ultrametri c fi t base d o n tha t tre e topolog y i s (conditionally ) optimal . 
Furthermore, i t ha s bee n foun d tha t averag e linkag e usuall y yield s a  tre e wit h a 
topology tha t i s ver y clos e t o tha t o f th e optima l (leas t squares ) tree . Thu s ou r 
heuristic approac h merel y substitute s a n averag e linkag e fittin g ste p fo r th e muc h 
more expensiv e mathemat ica l programmin g ste p withi n th e contex t o f th e overal l 
ALS approach . W e migh t du b thi s AQLS , fo r Alternatin g Quasi-Leas t Squares , 
since eac h inne r estimatio n ste p i s onl y approximatel y (quasi- ) leas t squares . A n 
additional "twist " tha t seeme d t o improv e th e behavio r o f thi s heuristi c algorith m 
in man y way s wa s th e introductio n o f a n "easing " facto r durin g th e AQL S steps . 
In essenc e thi s "easing " facto r amount s t o subtractin g fro m th e da t a (dissimilarity ) 
matr ix no t th e tota l su m o f distance s fro m thos e tree s alread y estimated , bu t a 
factor j3 t time s tha t su m ( 0 <  /3 * <  1 ) wher e t  i s a n iteratio n index . Typicall y 
Pruzansky an d Carrol l bega n wit h fit  considerabl y les s tha n 1  (usuall y somewher e 
between .6 5 an d .95 ) an d increase d /3 t graduall y towar d a  valu e o f 1  a s iteration s 
proceeded. 

This "heuristic " approac h ca n b e extende d t o fittin g singl e o r multipl e pa t h 
length o r additiv e tree s b y addin g a  phas e i n whic h th e S  matr i x (fo r th e "star " 
component) i s estimated . Sinc e ther e i s a n exac t (analytical ) leas t square s solutio n 
for S , thi s particula r ste p i s quit e straightforward . 

A fina l algorithmi c not e o n thi s "heuristic " approach : eve n thoug h i t wil l no t 
generally obtai n eve n "locally " optima l leas t square s solution s ("locally " define d 
here i n term s o f a  vaguel y specifie d se t o f "local " combinatoria l operation s o n trees ) 
it ma y wel l provid e a  ver y goo d start in g poin t fo r a  mor e numericall y sophisticate d 
algorithm suc h a s thos e describe d earlie r involvin g us e o f mathemat ica l program -
ming techniques . Anothe r heuristi c approac h t o fittin g tree s o r multipl e tree s i s 
discussed b y Huber t an d Arabi e [24] . 
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FIGURE 1 . Multipl e Tre e Representatio n o f th e Kinshi p Data : 
First Tree . 

5. Applicatio n o f a  Multipl e Tre e Mode l t o Kinshi p Dat a 

Illustrative application s o f both th e multipl e trees an d th e hybri d approac h ar e 
provided b y som e dat a fro m a  stud y b y Rosenber g an d Ki m [30] , kindly provide d 
by Seymou r Rosenberg . Thes e dat a wer e base d o n subjectiv e sorting s o f kinshi p 
terms. Rosenber g an d Ki m applie d standar d hierarchica l clusterin g techniques , 
but foun d tha t a  dimensio n fo r gende r faile d t o emerg e althoug h the y kne w i t 
to b e presen t fro m previou s MD S (multidimensiona l scaling ) analyse s a s wel l a s 
simple inspectio n o f th e ra w data . Whil e a  majorit y o f subjects ignore d gende r i n 
making thei r sorting s (fo r example , always sorting "mother " an d "father " togethe r 
and "son " an d "daughter " together ) a  minorit y o f th e subject s clearl y use d tha t 
dimension a s th e principa l basi s fo r sorting . Th e structur e used  b y a  majorit y o f 
the subject s completel y dominate d an d maske d tha t used  b y th e minority . MD S 
analysis, usin g th e INDSCA L [6 ] approac h fo r three-way , individua l difference s 
MDS, ha d als o show n th e gende r dimensio n clearl y t o b e present . I t appeare d 
that a  tw o tre e structur e mode l woul d b e appropriate , an d indee d i t di d captur e 
the essentia l feature s o f th e dat a quit e nicely . (I t migh t b e note d that , fo r thes e 
data a t least , essentiall y identica l solution s wer e obtaine d usin g th e mathematica l 
programming base d an d "heuristic " approache s describe d earlier. ) Th e firs t tree , 
shown i n Fig . 1  corresponds ver y wel l t o a  standar d anthropologica l model , th e 
Romney-D'Andrade mode l [29] , for kinshi p terms . 

The majo r branc h distinguishe s betwee n th e "direct " relatives , lineal s (wh o 
are i n th e sam e lin e o f descent) an d siblings , from th e "collaterals, " colineal s (e.g. , 
uncle, aunt , nephew , niece ) an d ablineal s (cousins) . Withi n eac h branc h ther e i s 
a furthe r breakdow n base d o n wha t migh t b e calle d "absolut e generation " (tha t i s 
generational distanc e fro m "ego, " or oneself) . Withi n th e "directs " w e have a  nod e 
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FIGURE 2 . Multipl e Tree Representation o f the Kinship Data : Sec -
ond Tree . 

representing siblings , wh o ar e o f th e sam e generatio n a s ego , a  nod e representin g 
children (daughter , son ) o r parent s (father , mother) , tha t is , lineals on e generatio n 
removed fro m ego , an d a  nod e representin g thos e lineal s tw o generation s remove d 
from eg o (grandchildre n an d grandparents) . Th e collatera l branc h split s int o thos e 
one generatio n abov e eg o (aunt , uncle ) thos e on e generatio n belo w eg o (nephew , 
niece) wit h th e ter m a t th e sam e generationa l leve l (cousin ) i n som e sens e "be -
tween" thos e tw o nodes. Gende r i s nowhere i n evidence a s a  basi s for thi s tree ; th e 
analogous kinshi p term s o f opposit e se x ar e alway s togethe r a t th e sam e node . 

However, th e secon d tree , see n i n Fig . 2  has it s mai n divisio n base d o n gender , 
all the mal e terms a t on e principa l node , th e femal e term s a t another , wit h cousin , 
the only genderless term , forming a  third (singleton ) branch . Som e of the structur e 
within eac h o f th e tw o mai n cluster s seem s t o b e relate d t o generation . 

6. Tw o Tree s Solutio n fo r Similaritie s o f Dyadi c Relationship s 

Another multipl e tre e analysis , originall y reporte d i n Carrol l [4 ] and als o dis -
cussed i n Carroll and Pruzansk y [11] , was of some data collected b y Wish, Deutsch , 
and Kapla n [34 ] o n variou s kind s o f dyadi c relationships . Wis h e t al . aske d sub -
jects t o judge, o n a  nine poin t ratin g scale , th e similarit y among each pai r o f thes e 
dyadic relationships. ( A typical judgment woul d involve rating the similarit y of the 
relationship between , say , "mother-in-la w an d son-in-law " an d tha t betwee n "per -
sonal enemies." ) Wis h [33 ] carried ou t man y analyses , amon g whic h a n INDSCA L 
analysis ([6] ) o f th e three-wa y arra y o f dat a fo r al l subjects , whic h resulte d i n a 
four dimensiona l solution . Wis h e t al . interpreted dimensio n 1  as "cooperatio n an d 
harmony vs . competitio n an d conflict, " dimensio n 2  a s "equalit y vs . inequality, " 
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FIGURE 3 . Multipl e Tre e Representatio n o f th e Dyadi c Relation -
ships Data : Firs t Tree . 

dimension 3  a s "persona l an d informa l vs . impersona l an d formal " an d dimensio n 
4 a s "intens e vs . superficial. " Thes e interpretation s wer e supporte d b y evidenc e 
based o n ratin g scal e judgments . 

The multipl e tree approac h wa s applied t o thes e dat a resultin g i n a  tw o ultra -
metric tre e structur e tha t seeme d t o confor m remarkabl y wel l with th e INDSCA L 
results. I n fact , ther e seem s t o b e a  direc t relatio n betwee n eac h o f the tree s an d 
one o f th e tw o plane s o f the fou r dimensiona l stimulu s spac e fro m INDSCAL . Fo r 
the firs t tre e (show n i n Fig . 3) , th e majo r branc h appear s t o divid e th e coopera -
tive o r onl y mildl y competitiv e relation s i n th e subtre e o n th e righ t fro m th e mor e 
competitive ones on the lef t ("mother-in-la w an d son-in-law, " "secon d cousins " an d 
"casual acquaintances " no t quit e fittin g int o thi s scheme) . Ther e appear s t o b e a 
mild anomal y i n th e locatio n o f "guar d an d prisoner, " whic h wind s u p i n th e les s 
competitive branch . However , th e firs t INDSCA L dimensio n (se e [33 , 11] ) con -
firms thi s finding—"guard an d prisoner " i s almos t exactl y a t th e sam e position o n 
this dimensio n a s i s "paren t an d teenager. " (I n fact , "paren t an d teenager " an d 
"guard an d prisoner " ar e almos t identicall y positione d o n thre e ou t o f four o f th e 
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FIGURE 4 . Multipl e Tre e Representatio n o f the Dyadi c Relation -
ships Data : Secon d Tree . 

INDSCAL dimensions—th e exceptio n bein g dimensio n thre e "persona l an d infor -
mal" versu s "impersona l an d formal, " o n whic h the y diffe r radically . Perhap s thi s 
finding reveal s somethin g importan t abou t intergenerationa l relations! ) 

Within th e cooperative , o r les s competitiv e branch , w e se e a  furthe r divisio n 
between th e more-or-les s symmetri c o r equa l relation s (e.g. , close friends, husban d 
and wife , teammates ) an d th e nonsymmetri c o r unequa l one s (e.g. , "professo r an d 
graduate student," "nurs e and invalid" and "interviewe r an d job applicant") . Ther e 
is n o comparabl e divisio n amon g th e highl y competitiv e relations , bu t thi s i s no t 
surprising. A n inspection o f the particular relation s that ar e high in the competitiv e 
dimension, reveal s they ar e al l more or less equal or symmetric , as evidenced b y th e 
fact tha t the y wer e groupe d ver y clos e togethe r o n dimensio n 2  in th e INDSCA L 
solution. Perhap s thi s i s a  matte r o f stimulus selection , o r perhap s i t i s simply th e 
nature o f highly competitiv e relation s tha t the y ar e ipso  facto  symmetri c o r equal . 
To put i t differently , unequal s canno t compete , fo r th e ascendanc y o f the dominan t 
one of the pai r make s competitio n impossible . (Mayb e thi s als o partly explain s th e 
seemingly anomalou s positio n o f "guar d an d prisoner." ) Perhap s a  bette r wa y t o 
characterize thi s firs t tre e i s tha t i t exhibit s thre e mai n branches , correspondin g 
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to "equa l an d cooperative, " "equa l an d competitive, " wit h th e thir d branc h being , 
simply, "unequal. " 

Some features o f the tre e structur e ar e no t obviousl y presen t i n th e dimensiona l 
representation. Th e extensio n o f node s specifi c t o th e relations , "teache r an d youn g 
pupil" an d "professo r an d graduat e student " fo r example , o r t o th e tw o relation s 
"business rivals " an d "politica l opponents " (jus t t o pic k tw o o f a  numbe r tha t 
could b e mentioned ) sugges t at t r ibute s uniqu e t o thes e relation s tha t woul d b e ver y 
difficult t o captur e i n a  lo w dimensiona l spatia l model , bu t ar e easil y incorporate d 
into a  tre e structur e or , especially , a  multiple  tre e structur e representation . 

In a n analogou s way , th e secon d tree , show n i n Fig . 4 , capture s muc h o f th e 
structure i n dimension s 3  and 4  of th e INDSCA L solution . Th e lef t branc h contain s 
the persona l an d informa l relations , whil e th e righ t branc h contain s thos e tha t ar e 
more impersona l an d forma l (th e tw o poles o f the thir d INDSCA L dimension) . Eac h 
of thes e the n ca n b e see n t o spli t int o "intense " versu s "superficial, " th e extreme s 
of INDSCA L dimensio n four . O f th e persona l an d informa l relations , "husban d 
and wife " an d "fianc e an d fiancee " ar e example s o f intens e relations , whil e "casua l 
acquaintances" an d "secon d cousins " ar e mor e superficia l ones . O f th e impersona l 
and forma l relations , "guar d an d prisoner " an d "politica l opponents " ar e example s 
of intens e relations , whil e "interviewe r an d jo b applicant " an d "salesma n an d reg -
ular customer " ar e mor e superficia l ones . Again , ther e i s a  structur e i n th e tre e 
that i s hard t o represen t spatially , an d o f course , ther e ar e way s i n whic h th e tre e i s 
inconsistent wit h th e configuratio n i n tha t plane . Thes e tw o tree s represen t struc -
ture tha t convey s informatio n no t possibl e t o incorporat e int o a  lo w dimensiona l 
spatial representation , ye t whic h complement s tha t mor e continuou s dimensiona l 
structure quit e effectively . 

7. Organ iz in g O v e r l a p p i n g C lus t er in g R e p r e s e n t a t i o n s i n t o Tree s o r 
M u l t i p l e Tree s 

A number o f methods hav e been propose d fo r derivin g overlapping  cluste r struc -
tures fro m proximit y data . Amon g th e mos t widel y use d ar e procedure s base d o n 
the ADCLU S (ADditiv e CLUStering ) model , first  propose d b y Shepar d an d Arabi e 
[32]. Th e mos t widel y use d metho d fo r fitting  ADCLU S i s th e MAPCLU S pro -
cedure devise d b y Arabi e an d Carrol l [1] . Th e ADCLU S mode l an d MAPCLU S 
method wer e generalize d t o th e three-way , individua l difference s cas e b y Carrol l 
and Arabi e [5] , i n th e for m o f th e INDCLU S (INdividua l Difference s CLUSter -
ing) mode l an d method . Th e INDCLU S metho d als o allow s fitting  th e two-wa y 
ADCLUS mode l a s th e two-wa y specia l case . A n improve d algorithm , calle d SIND -
CLUS, wa s late r develope d b y Chaturved i an d Carrol l [12] . Al l thre e o f thes e 
methods ar e base d o n optimizin g a n OL S criterio n o f fit.  Mirki n [27 ] ha s devise d 
an approach , calle d "qualitativ e facto r analysis, " base d o n th e sam e model , bu t 
using a  sequentia l fitting  procedur e eac h ste p o f whic h i s conditionally  OLS , bu t 
which doe s not , i n general , optimiz e a n overal l OL S los s function . 

In th e INDCLU S mode l fo r similarit y data , s tJfc, th e similarit y betwee n object s 
j an d k  a s judged b y subjec t (o r measure d fo r sourc e o f data ) i , i s o f th e form : 

c 
(7.1) Sijk  =  Y^,  w icPjcPkc 

c=l 
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where 

-{i 
_ i f object j  belong s t o cluste r c , 

JC ~ ~ i  0  otherwise . 

while Wi c is a  nonnegativ e weigh t indicatin g th e importanc e o r salienc e o f clas s o r 
cluster c  for subject/sourc e i.  Thu s th e matri x P  =  (Pjc)  i s a  matri x o f indicato r 
variables specifyin g th e membershi p o f th e object s j  —  1,2,.. . ,  J i n (possibl y 
overlapping) classe s o r cluster s c  —  1, 2 , . .. ,  C. Th e matri x W t- =  diag(iu, c) i s a 
diagonal matri x o f weight s fo r th e z-t h subject/source , whos e diagona l entrie s ar e 
the weight s indicating th e importance o r salience weight s for thi s subjec t o r source . 
In matri x notation , th e INDCLU S mode l ca n b e writte n as : 

(7.2) Si  ^  P W t P ' 

where S t =  (sijk)  i s th e J  x  J  matri x o f similaritie s fo r subjec t /source i.  Th e 
two-way cas e i s simply writte n withou t th e tt i" subscrip t a s 

(7.3) S  ^ P W P ' 

or, i n th e cas e o f equation (7.1) , by simply droppin g subscrip t i  fro m Sijk  an d W{ c. 
The overlappin g cluste r structur e encode d b y P  wil l be denote d O. 

Since th e structur e o f th e INDCLU S mode l i s o f th e sam e form , fo r eac h 
subject o r source , a s th e two-wa y ADCLU S model , bu t wit h separat e individ -
ual source/subjec t weights , we will limit ou r discussio n hencefort h t o tha t two-wa y 
model for an ordinary two-way (but one-mode , or set of objects) matri x of similarity 
data, S . 

We can conver t Sjk  t o a  dissimilarity Sjk  b y simpl y subtracting i t fro m a  larg e 
positive constan t X , s o that : 

(7 A\ £  -  j  K  ~  S J* f ° r 0  ±  fc ' 
[l'*} ° jk "  \  0  otherwise . 

(We assume K  i s larger tha n max^-^ ) fo r al l j ^  fc, so Sjk i s positive for al l j ^  k.) 
Let u s suppose , now , tha t th e overlappin g cluste r structur e encode d b y P , whil e 
overlapping, i s nested, s o as t o be consisten t wit h a  hierarchica l structur e normall y 
modeled b y a  tree . W e denot e suc h a  neste d hierarchica l structur e b y H.  The n i t 
can be shown tha t Sjk  will  be an ultrametri c defined o n the tree structure consisten t 
with H.  Eac h cluste r i n H  correspond s t o a n interna l nod e o f this tree . (Not e tha t 
all cluster s i n ADCLU S mus t contai n at  least  two  objects , sinc e a  singleto n cluste r 
will not affec t th e similarity as defined i n (7.1)—(7.3) above, so that termina l nodes— 
corresponding t o single objects—are no t included i n the cluster structur e define d b y 
ADCLUS o r INDCLUS. ) Th e heigh t value s associate d wit h thes e clusters/interna l 
nodes ca n b e show n t o b e 

(7.5) h(c)  = K- Yl  % . 
c*eS(c) 

where S(c)  i s the se t o f clusters (includin g c  itself) tha t ar e superset s o f c (i.e., S(c) 
is th e se t o f clusters , {c*} , in th e neste d clusterin g # , suc h tha t c  i s a  subse t o f 
each c*) . Thi s ca n easil y b e see n b y notin g tha t an y object , j , that i s a  membe r o f 
c, i s als o a  membe r o f every se t i n <S(c) , so i f bot h j , k  £  c , i t i s also th e cas e tha t 
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i , k  G  c*, fo r al l c * G  <S(c); therefore : 

(7.6) «j fc >  ^2  w c* . 
c*6«S(c) 

The inequalit y i n (7.6 ) i s a n equality  i f an d onl y i f c * i s th e "lowes t commo n an -
cestor" cluste r fo r j  an d fc,  tha t i s th e smallest  cluste r i n th e hierarchicall y neste d 
cluster structur e H  suc h tha t both  jf , k  G  c* . 

Thus, Sjfc , th e similarity  betwee n j  an d & , can b e define d as : 

(7.7) s jk =  h*(c jk), 

where 

c*€«S(c) 

while Cjk  i s th e "lowes t commo n ancestor " o f j  an d k  (th e smalles t cluster/clas s 
containing both) . W e ca n cal l a  similarit y measur e s  satisfyin g thes e condition s a n 
"anti-ultrametric" sinc e i t i s define d b y "anti-heights " define d o n th e hierarchica l 
structure, whic h satisf y th e obverse  o f the partia l orderin g wit h whic h th e "heights " 
defining a n ultrametri c o n th e associate d tre e structur e mus t b e consistent . Thu s 
Sjk a s define d i n (7.4 ) wil l b e give n by : 

Sjk =  K  —  Sjk =  h(cjk) 

where h(c)  =  K  —  h*(c) i s the "height " o f cluste r c , o r equivalently , th e heigh t o f th e 
node i n th e hierarchica l tre e representin g th e neste d cluste r structur e H,  a s state d 
earlier. I t shoul d b e noted , too , tha t th e partia l orde r wit h whic h th e "heights " o f 
the ultrametri c ar e require d t o b e consisten t (i.e. , tha t h(ci)  >  h(c2)  i f c i D  C2) , 
will hol d fo r thi s definition . 

While a n overlappin g cluste r structur e O  wil l no t necessaril y compris e a  neste d 
structure (i.e. , on e havin g th e propert y tha t ever y pai r o f distinc t cluster s ar e ei -
ther disjoin t o r on e i s a  prope r subse t o f th e other) , an y finite  overlappin g cluste r 
structure ca n alway s b e decompose d int o th e unio n o f hierarchicall y neste d cluste r 
structures H\,  .02 > • • •  > HQ,  eac h o f whic h is  a  neste d structure . (Thi s i s triviall y 
true, sinc e a  singl e cluste r comprises , b y definition , a  neste d cluste r structure—s o 
at wors t th e structur e ca n b e triviall y decompose d int o a t mos t C  suc h neste d 
structures. Clearly , thi s decompositio n i s o f interes t onl y i f Q  < C C.)  W e defin e 
M —  {Hi, H2, ... ,  HQ} t o b e a  minimal  tre e coverin g o f O  iff  M  cover s O  whil e n o 
covering wit h Q f <  Q  neste d structure s exists . Not e tha t a  minima l tre e coverin g 
is no t necessaril y unique , however . T o assur e tha t al l thes e neste d structure s corre -
spond t o complet e trees , whos e termina l node s compris e th e tota l se t o f J  objects , 
we automaticall y includ e th e universa l set , containin g al l J  objects , an d al l single -
ton clusters , correspondin g t o th e object s themselves , i n ever y suc h structure . Th e 
universal se t i s a  superse t o f every  cluster , o f course , s o i t define s th e roo t nod e o f 
all Q  hierarchica l trees . 

It als o follow s that , i f O  ha s a n ADCLU S base d similarit y structur e define d o n 
it, the n th e correspondin g dissimilarit y defined b y Sjk  =  K  —  Sjk ca n b e decompose d 
into a  su m o f ultrametrics , s o tha t 

A =  U i +  U 2 +  . . . +  U g 

where JJ q i s a n ultrametri c define d o n th e hierarchica l tre e associate d wit h H q. I f 
two o r mor e o f the neste d structure s contai n thi s sam e cluster , th e weigh t associate d 
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with tha t cluste r woul d hav e t o b e divide d i n som e wa y betwee n (o r among ) th e 
anti-ultrametric similaritie s associated wit h thes e structures , an d thi s woul d impl y 
a corresponding indeterminac y i n defining th e associated ultrametrics . I t shoul d b e 
noted tha t th e ultrametri c inequalit y doe s no t necessaril y impl y positivit y o r eve n 
nonnegativity o f th e associate d values . T o guarante e thi s propert y w e mus t ad d 
a "sufficientl y large " constan t t o eac h D q matrix—bu t thi s ca n b e accomplishe d 
by simpl y definin g th e constan t K  use d t o transfor m th e similarit y measur e int o 
a dissimilarit y als o t o b e "sufficientl y large. " Therefore , i t follow s that , wit h K 
sufficiently large , th e derive d dissimilarit y define d o n O  ca n b e show n t o b e a 
metric, which can be decomposed int o a sum of Q ultrametrics, satisfyin g positivit y 
in additio n t o th e ultrametri c inequality . 

It remains to determine how to define a  minimal tree covering (o r set o f minimal 
tree coverings , i f not unique ) fo r a n overlapping cluste r structur e O . Recallin g tha t 
a cluste r structur e i s hierarchicall y neste d i f an d onl y i f ever y pai r o f cluster s i s 
either disjoin t o r on e contain s th e other , w e defin e th e nesting  graph,  N,  t o b e a 
graph whos e vertice s correspon d t o th e C  cluster s i n th e structur e O , an d whic h 
has a n edg e connectin g tw o vertice s a  and b  iff either  a  and b  are disjoin t or  on e of 
the tw o is a proper subse t o f the other . A s before, w e can assume that th e universa l 
set o r cluste r i s always a  verte x o f N.  I t will , necessarily, b e connecte d b y a n edg e 
to ever y othe r verte x o f N.  Ever y object—viewe d a s a  singleto n cluster—ca n als o 
be considere d a  verte x o f iV , with a n edg e connectin g i t t o ever y othe r vertex . W e 
need not , however , includ e thes e J- f 1  additional clusters explicitl y in iV, since the y 
all ar e necessaril y include d i n every  cliqu e o f iV , an d therefor e i n ever y tre e i n a 
tree covering . I t follow s that an y subset o f clusters tha t defin e a  complete  subgrap h 
of N  ca n b e associate d wit h a  hierarchically neste d structur e H. 

A maxima l neste d structur e H —that i s on e suc h tha t addin g an y othe r clus -
ter fro m O  woul d mak e i t a  non-neste d structure—wil l correspon d t o a  maxima l 
complete subgraph , o r clique , o f O.  Thu s a  cliqu e findin g algorithm , whic h find s 
all clique s (o r maxima l complet e subgraphs ) o f 0 , will  thereb y fin d al l possibl e 
maximal hierarchica l structure s (o r maxima l trees ) embedde d i n O.  Sinc e any tre e 
structure embedde d i n O  mus t b e a  subtre e o f a  maxima l tree , findin g al l clique s 
of th e nestin g grap h iV , implicitl y find s al l possibl e tree s embedde d i n O . I t fol -
lows, then , tha t a  minima l tree coverin g o f O  can b e found b y finding th e minima l 
clique covering of N. Sinc e the minimal clique covering of a graph i s not necessaril y 
unique, ther e mus t b e som e othe r criterio n use d fo r choosin g a  particula r minima l 
tree representation , fro m th e se t o f al l minima l cliqu e covering s o f N.  Detail s o f 
this, and som e criteria tha t ca n be used t o choose the specific minima l tree coverin g 
of O  t o use , ca n b e found i n Carrol l an d Corte r [9] . 

It shoul d b e note d that , i f on e add s a  distanc e matri x correspondin g t o a 
star tre e t o a  dissimilarit y matri x derive d vi a (7.1 ) fro m a n ADCLU S similarit y 
structure, thi s augmente d matri x can , a s show n i n th e firs t par t o f thi s paper , b e 
decomposed int o a  sum o f ultrametrics plu s a  star metric—which , a s we have seen , 
is equivalen t t o a  su m o f pat h lengt h o r additiv e trees . Carrol l an d Corte r [8 ] i n 
some unpublishe d work , devise d a n "extende d MAPCLUS " algorith m whic h fit s a 
similarity structur e o f exactly th e obvers e o f thi s for m (i.e. , a su m o f an ADCLU S 
similarity structur e an d additiv e constant s whic h ca n b e viewe d a s th e negativ e 
of thos e definin g a  "star " tree) . Overlappin g cluste r structure s derive d fro m a n 
algorithm o f thi s kin d applie d t o similarit y dat a coul d the n b e decompose d int o 
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(1) 
(2) 
(3) 
(4) 

(5) 
(6) 
(7) 

(8) 

(9) 

.582 

.554 

.551 

.547 

.468 

.432 

.398 

.395 

.311 
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TABLE 1 . MAPCLU S Solutio n o f the Kinshi p Data . 

Cluster Weigh t Element s 
Brother, Siste r 
Father, Mothe r 
Daughter, So n 
Granddaughter, Grandfather , Grandmother , 
Grandson 
Aunt, Cousin , Nephew , Niece , Uncl e 
Nephew, Niec e 
Aunt, Daughter , Granddaughter , Grandmother , 
Mother, Niece , Siste r 
Brother, Father , Grandfather , Grandson , Nephew , 
Son, Uncl e 
Brother, Daughter , Father , Mother , Sister , So n 

a multipl e pat h length/additiv e tre e structur e representatio n o f th e dissimilaritie s 
defined vi a (7.4) . 

It shoul d finall y b e note d tha t any  overlappin g clas s o r cluste r structure—n o 
matter ho w defined—ca n b e decompose d int o a  (logical ) su m o f hierarchical trees , 
whether o r no t thes e ar e associated wit h ultrametri c o r othe r tre e distance s i n an y 
sense, vi a us e o f th e procedur e introduce d b y Carrol l an d Corte r [9] , base d o n 
applying a  cliqu e finding algorith m (such  a s [3] ) to th e associate d nestin g grap h t o 
find minima l tree coverings . 

Finally, w e conside r a n applicatio n o f thi s approach , a s reporte d b y Carrol l 
and Corte r [9] , to fitting a  two-tree structur e representatio n fo r th e Rosenber g an d 
Kim [30 ] kinshi p data . Carrol l an d Corte r [9 ] firs t use d MAPCLU S t o fi t a  nin e 
cluster solutio n whic h i s show n i n Tabl e 1 , an d the n use d th e Bron-Kerbosc h [3 ] 
algorithm t o fin d a  minima l cliqu e coverin g o f thi s overlappin g cluste r structure . 
In thi s particula r case , th e cliqu e findin g algorith m foun d exactly  tw o cliques—s o 
there wa s no problem a t al l in decidin g o n th e optima l two-tre e representation . I n 
fact, thes e tw o clique s corresponde d t o th e tw o ultrametri c tre e structur e solutio n 
shown in Fig. 5. Detail s of this analysis, and further detail s of this general approach , 
including th e centra l rol e playe d b y th e "nestin g graph " o f a n overlappin g cluste r 
structure O , ca n b e foun d i n Carrol l an d Corte r [9] . 

The tw o tree s determine d i n thi s wa y exhibi t a  ver y simila r structur e t o tha t 
in th e two-tre e representatio n fo r thes e dat a derive d directl y vi a the mathematica l 
programming approach describe d earlier , and shown in Figures 1  and 2 , except tha t 
the structur e i n thes e tw o trees i s much "simpler " tha n tha t i n th e earlie r two-tre e 
solution. Th e reaso n i s tha t th e tota l numbe r o f cluster s i n th e tw o hierarchica l 
clusterings associate d wit h th e trees in Fig . 5 is much smaller (onl y 9 , as opposed t o 
a tota l o f 26, or 2 ( J —  2)—excluding th e universa l se t an d th e singleto n clusters ) i n 
the solutio n derive d vi a the mathematica l programming procedures—which can , o f 
course, alway s improve th e fit , a t leas t slightly , b y usin g th e larges t possibl e num -
ber o f clusters consisten t wit h thi s representation . Thus , th e us e o f thi s approach , 
combining fitting a n overlapping clustering structur e vi a a procedure suc h as MAP-
CLUS, INDCLUS or SINDCLU S t o proximity data (wit h a  relatively smal l number 
of clusters ) ca n b e viewe d a s a  wa y o f fittin g constrained  multipl e tre e structur e 
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FIGURE 5 . Two-Tre e Representatio n o f the Kinshi p Data . 

representations—constrained t o be "simple " or parsimonious in the sense tha t the y 
induce a  relativel y smal l numbe r o f overlappin g cluster s associate d wit h interna l 
nodes. A s describe d i n Carrol l an d Corte r [9] , thi s genera l approac h ca n als o b e 
used t o fi t othe r discret e representation s t o proximit y dat a suc h as , fo r example , 
"extended similarit y trees " [13] . 
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DIMACS Serie s i n Discret e Mathematic s 
and Theoretica l Compute r Scienc e 
Volume 37 , 199 7 

Linear Embeddin g o f Binar y Hierarchie s 
and It s Application s 

Boris Mirkin 

ABSTRACT. Th e discret e binary hierarch y (DBH ) i s a concept underlyin g man y 
important issue s i n analysi s o f comple x systems : knowledg e structures , test -
and-search organization , evolutionar y trees , taxonomy , dat a handling , etc . I t 
appears tha t an y DB H correspond s t o a n orthonorma l basi s o f th e Euclidea n 
space relate d t o th e hierarch y leaves . Th e propertie s o f thes e base s for m a 
mathematical framewor k whic h ca n b e applie d t o suc h problem s a s cluster -
ing an d multiresolutio n image/signa l processing . Clusterin g application s ar e 
based o n a  DBH-base d analogu e o f th e singular-value-decompositio n o f dat a 
matrices. A  theoretica l suppor t fo r a  metho d i n divisiv e clusterin g i s provide d 
along wit h som e decomposition-base d interpretatio n aids . Dat a processin g 
applications appea r paralle l t o thos e involvin g th e concept s o f wavelet s an d 
quadtrees. However , DBH-base d technique s see m t o offe r som e potentia l im -
provements base d o n relaxin g "continuit y an d homogeneity " restriction s o f 
classical theories . 

1. Introductio n 

The discret e binar y hierarch y i s a  neste d se t o f subset s ("clusters" ) o f a  finit e 
TV-element se t suc h tha t an y nonsingleto n cluste r i s spli t i n exactl y tw o smalle r 
clusters. I t appear s tha t an y discret e binar y hierarch y (i n it s ordere d form ) one-to -
one corresponds to an orthonormal basi s of the N  -  1-dimensiona l Euclidea n space . 
The propertie s o f these bases form a  mathematical framewor k whic h is applied her e 
to th e problem s o f clustering an d multiresolutio n imag e an d signa l processing . 

In clustering , a  divisive clustering strategy i s substantiated a s a  method fo r th e 
fitting o f a n approximatio n clusterin g model . Th e binar y hierarch y provide s fo r 
decompositions o f the variance , covarianc e an d th e entrie s themselve s vi a clusters , 
which give s additiona l interpretatio n aid s t o thos e usuall y employe d i n clustering . 
In imag e analysis , th e binar y hierarch y framewor k appear s closel y connecte d wit h 
some mos t exploite d concepts , a s wavelet s an d quadtrees , tha t correspon d t o "ho -
mogeneous an d continouous " hierarchies . I t shoul d b e expecte d tha t th e binar y 
hierarchies ca n lea d t o furthe r advance s i n signa l an d imag e dat a processin g b y 
relaxing som e restriction s o f the classica l approaches . 
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The remainde r o f th e pape r i s arrange d a s follows . I n Sectio n 2 , a  linea r 
embedding theor y i s outline d fo r discret e hierarchies : th e concept s o f hierarch y 
and ordere d hierarch y ar e introduce d i n 2.1 ; three-value nes t indicato r function s 
and base s fo r binar y an d non-binar y hierarchie s ar e introduce d i n 2. 2 an d 2.3 ; 
the decomposition s o f the dat a vi a binar y hierarchie s ar e analyze d i n 2.4 ; between -
hierarchy transformations ar e considered i n 2.5 . Sectio n 3  is devoted t o hierarchica l 
clustering: a  binary-hierarch y base d approximatio n clusterin g mode l i s analyze d 
in 3. 1 wher e a  sequentiall y fittin g approac h i s discusse d a s a  metho d o f divisiv e 
clustering. Tw o algorithms fo r splittin g step s o f the metho d ar e introduce d i n 3.2 . 
An illustrativ e exampl e i s treate d i n 3.3 , accompanie d wit h man y interpretatio n 
aids derive d i n Sectio n 2 . I n Section s 4  and 5 , potential application s fo r processin g 
spatial data , bot h uni - an d two-dimensional , ar e considered . I n 4.1 , the concept s 
of hierarchy layer s and correspondin g linea r subspace s ar e introduced an d use d fo r 
data compression/decompressio n alon g th e hierarchy . I n 4.2 , paralle l concept s o f 
wavelet-based multiresolutio n analysi s theorie s ar e described . I n 5.1 , a concep t o f 
bihierarchy i s introduced a s a  devic e for treatin g plana r object s suc h a s digitalize d 
images. It s application s t o clusterin g an d fas t compression/decompressio n o n th e 
plane ar e considere d i n 5. 2 an d 5.3 , respectively . I n Sectio n 6 , th e mai n issue s 
raised i n th e pape r ar e outlined . 

2. Hierarchie s an d Correspondin g Orthonorma l Base s 

2.1. Hierarchie s an d Ordere d Hierarchies . Hierarchie s ca n b e repre -
sented bot h i n graph-theoreti c an d i n set-theoreti c terms . I n thi s paper , onl y 
set-theoretic representatio n wil l b e considered . Le t /  b e a  finite  se t consistin g 
of N  entities . A  set o f it s subset s Sw  =  {S w

 :  S w C  / , w  G  W} calle d clusters  i s a 
hierarchy i f i t satisfie s th e followin g properties : 

1. Fo r an y i  G  J , {i}  G  Sw] 
2. I  G  Sw'i 
3. Th e cluster s S Wi w  G  W, ar e nested , tha t is , S w D  SW' G  {0, S w S w'}, fo r 

every w,w ! G  W\ 

A hierarchy is a binary  hierarchy  if it satisfies the following additional condition : 

4. Fo r ever y non-singleto n cluste r S w, w  G  W , ther e exis t tw o cluster s 
Swi,SW2 G  Sw whic h ar e it s prope r subsets , suc h tha t S^ i U  SW2 =  S w. 

The definitio n implie s tha t th e cluster s S wi,SW2 G  Sw i n ite m 4  ar e define d 
in a  uniqu e way ; sometime s the y ar e referre d t o a s children  o f cluste r S w whic h i s 
considered thei r parent. 

In graph-theoreti c terms , a  hierarch y i s a  leaf-labele d roote d tree ; it s node s 
correspond t o th e clusters , an d edge s joi n th e parent s wit h thei r children . Th e 
root correspond s to I  whil e the singletons to the leaves , each labeled wit h a n entit y 
i G  /. Ever y interio r node , excep t fo r th e root , i s adjacen t t o a t leas t thre e othe r 
nodes. I n th e binar y hierarchies , ever y non-trivia l cluste r (tha t is , no t a  singleto n 
or th e root ) i s adjacen t t o exactl y thre e nodes : it s paren t an d children . 

Obviously, th e numbe r o f leave s equal s N  whil e th e numbe r o f edge s N  —  1 . 
For an y binar y hierarchy , N  —  1  is also the numbe r o f it s non-singleto n clusters . 

Three roote d tree s i n Fig. l presen t tw o binary hierarchie s becaus e th e cluster s 
corresponding t o th e node s o f tree s (a ) an d (c ) ar e th e same . A  draw n (wit h n o 
intersections) tre e o f a  binary hierarch y i s what ca n b e calle d a n ordered  hierarchy: 
the childre n o f ever y interna l cluste r ar e ordere d wit h regar d t o eac h othe r s o 
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FIGURE 1 . Thre e tree s presentin g tw o binar y hierarchie s o n /  =  {1,2,3} . 

that, say , th e lef t chil d "precedes " th e righ t one , accordin g t o thi s order . Fo r an y 
binary hierarchy , Sw,  ther e ar e exactly N  —  l non-singleto n cluster s an d thu s 2 N~X 

possible ordere d versions , eac h correspondin g t o a  draw n (wit h n o edg e crossings ) 
representation o f the hierarchy. Obviously , an ordered hierarchy corresponds with a 
linear ordering , Pw  o f /, define d s o that iPwj  if f i n the minimu m cluste r S w G  Sw 
containing both i  and j , th e chil d containing i  precedes (i s drawn to the lef t of ) th e 
child containin g j . Al l th e ordere d hierarch y cluster s ar e interval s o f thi s uniqu e 
linear ordering , Pw,  o f / ; tha t is , for an y S  G  Sw, i,j  G  S an d iPwkPwJ  implie s 
k G  S.  Th e tre e i n Fig . 1(a) correspond s t o th e natura l order , 123 , an d tha t i n 
Fig.1(b) t o th e orde r 231 . Conversely , give n a  linea r ordering , P  o f / , suc h tha t 
all cluster s o f Sw  ar e it s intervals , implie s tha t a  correspondin g tre e ca n b e draw n 
with n o edg e crossing . Thi s ca n b e pu t a s follows . 

STATEMENT 1 . A  hierarchy,  Sw,  is  ordered if and only  if there exists  a  uniquely 
defined linear  ordering,  Pw,  of  I such  that  all  the hierarchy clusters  are  its intervals 
and the  hierarchy  order  is  Pw trivially  extended  to  clusters. 

2.2. Base s fo r Binar y Hierarchies . Le t Sw  b e an ordered binary hierarchy . 
For an y nonsingleto n cluste r S w —  Sw\ U  SW2 (w,wl,w2  G  W) o f Sw,  it s three -
valued nest  indicator  function  (f) w is defined as : 

1 
= 

dw 

-bw 

0 

*/ 
if 
if 

i G  S w\ 
i G  S W2 
^ y-  ^w 

(2.1) 

where th e real s a w an d b w ar e wel l define d b y th e followin g conditions : (1 ) vecto r 
(f)w i s centered ; tha t i s th e su m o f it s component s i s zero ; (2 ) vecto r <f> w ha s it s 
norm, tha t is , th e squar e roo t o f th e su m o f it s component s squared , equa l t o 1 , 
(3) S wi precede s S W2 i n th e hierarch y order . T o be mor e precise , le t u s denot e b y 
nw,nwi,nW2 th e cardinalitie s o f clusters S w, S w\ an d S W2, respectively . Obviously , 
nwi +  n w2 =  n w. Then , (1 ) mean s tha t 

W"wiQ"w ~  ^w20w  —  0 whil e (2 ) give s 
^w\o?w 4 - nW2h2

w —  1. Thes e tw o equation s lea d t o th e followin g value s o f a w an d 

(2.2) a w =  J  ,  b w =  x 

V nwinw V  n w2nw 

It turn s out , th e se t o f the vector s $w  —  {4>w), w  € W,  i s an orthonormal basi s 
of th e (N-l)-dimensiona l spac e o f al l th e N— dimensional centere d vectors . Sinc e 
the vector s <j> w ar e centere d an d norme d b y definition , i t i s sufficien t t o prov e tha t 
these vector s ar e mutuall y orthogonal . 
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STATEMENT 2 . Every  two  vectors <f>w and(f> w> from  the  set  §w  —  ((/>w), w  eW, 
defined for  a  binary  hierarchy  Sw  by  formula (2.1)  are  orthogonal;  that  is,  their 
scalar product equals  zero, (<f> w><l>w') —  0  (w  ^  w'). 

Proof: Le t u s conside r th e scala r produc t ((frw^w')  =  Y^iei  fawfaw* - I f S w f ) 
Sw> = 0  then fawfaw'  —  0  f° r a n v i  € I  sinc e eithe r i  £  S w o r i  $  S W'. Otherwise , 
one of the set s includes the other , say , Sw> C Sw, whic h implies that S W' i s included 
in on e o f th e childre n S wi,SW2 o f S w, say , S w> Q  S wi. Then , <j>i W —  aw fo r an y 
i G  Swi, whic h implie s tha t ^2 iej (friwfi  iw' —  Q"w 

Yliei ( t>iw> ~  ^ ' sinc e vecto r <f> w* i s 
centered. D 

In matri x terms , th e statemen t mean s tha t 
(2.3) $ T $ =  7AT_ I 

where I n i s the diagona l nxn  identit y matri x havin g al l the diagona l entrie s equa l 
to 1  and non-diagona l entrie s t o 0 . 

It i s not difficul t als o to prov e tha t 

(2.4) <M T =  I N -  U/N 

where U  is the matri x having al l its entries equal to 1  and, thus , each entry o f U/N 
is equa l t o 1/N.  Equatio n (2.4 ) mean s tha t $<I> T is the orthogona l projecto r ont o 
the subspac e o f al l centere d vectors . 

The basi s $w  ca n b e considere d a s assigne d t o a n unordere d binar y hierarchy . 
Since orderin g subclusters , S w\ an d S W2, i n thi s cas e i s arbitrary , th e matri x $ 
corresponding t o a  binary hierarchy , Sw,  i s defined u p t o a  righ t matri x factor , £7 , 
which i s a  diagona l matri x havin g it s diagona l entrie s en  equa l t o 1  or - 1 for an y 
i G  I. Th e matri x $E  correspond s t o th e sam e binar y hierarch y a s $ , fo r an y E 
defined above . Thi s implie s tha t ever y binar y hierarch y ca n b e ordere d i n 2 N~1 

ways. 

2.3. Base s fo r Arbitrar y Hierarchies . A n orthonorma l (N  —  1) -
dimensional basi s ca n b e similarl y define d fo r an y hierarch y Sw-  I f S w G  Sw 
has q  >  3  children S wp G  Sw, P  = 1 , ••<?, so tha t S w =  S wi U  ... U Swq, a  ternar y 
nest indicato r functio n ca n b e define d fo r eac h o f the children , S wp (tha t is , for th e 
edge betwee n 5 ^ an d S wp), a s follows : 

{ Qwp 1J  1  ^  ^wp 

Owp ^J  1  ^  ^w  ^wp 

0 if  i£S w 

where th e real s a wp an d b wp satisf y th e sam e condition s a s above : Yliei  ^iwp  —  0, 
^ieiHwp —  1> a nd Swp  i s considere d precedin g S w -  S wp. I t i s no t difficul t t o 
prove tha t 

nn 

^wpj^u 
(2.6) a wp —  A  ,  b wp —  w -

w n wpTlyj y  yTl-u 

Let u s defin e a  subse t 3 > of th e nes t indicato r function s a s follows . Fo r ever y 
non-singleton 5 ^ G  Sw, tak e i n $  al l excep t on e it s nes t indicato r functions . I t i s 
not difficul t t o prov e tha t <I > consist s o f exactl y N  —  1  vectors. 

STATEMENT 3 . The  set  $  is  a  basis  of  the  (N  —  1)-dimensional  space  of  N-
dimensional centered  vectors.  The  nest  indicator  functions  in  < £ corresponding to 
non-siblings are  mutually  ortogonal. 
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Proof: Th e sam e argumen t a s in the proo f o f Statemen t 2  is applicable her e 
except fo r the analysi s o f siblings whic h ar e absen t fro m $ , in the binar y case . 
Let S  £  Sw  consis t o f q children, 5 i , . . . , 5 9 , o f which th e function s </>i,...,(/) q-i 
are i n $ an d (fr q i s not. Le t Y^X^\av^v =  0  f°r s o me reals , ai,... , a q-\. Thi s 

sum, fo r a n i  £ Sq, equals (—1/n ) YllZi a p\/n-
Pn •  ^o r a n *   ̂ ' ^ 1 » ^ e s um differs 

by th e firs t ter m only , whic h make s differenc e betwee n thes e tw o value s equa l to 

ociiJ1^ -  J^^)/V^  =  0- Thi s implie s tha t a x = 0 if m ^  n/2.  Th e sam e 

is tru e fo r ever y coefficien t a p, p  = 1 , ...,g —  1 . No w le t n i = n/2 , whic h implie s 
that equatio n n p = n/2 i s no t tru e fo r an y othe r p < q.  The n a 2 = 0. Considerin g 
difference o f the su m value s fo r i £ S\ and j £  52 implie s i n thi s cas e that a\  mus t 
be zero , too. Thu s vector s 0i , ...,09_i ar e linea r independent . • 

2.4. Decompositio n o f a  Dat a Matri x vi a a  Binary Hierarchy . Le t us 
consider a N xn dat a matri x Y = (yik)-  Le t u s suppose al l the column s yk  = (yik), 
i £  J, centered, tha t is , al l th e average s yk  = ^i^iVik/N preliminaril y subtracte d 
from th e component s o f corresponding column-vector s yk,  k  — 1,..., K. 

Since every column-vecto r ^ , f c =  l,. . . , ii r ca n b e decompose d b y the element s 
of basi s <&w  (fo r an y ordere d SW) , the followin g matri x equalit y holds : 

(2.7) Y  = $C 

where $ = {(j>i W) i s the N x(N —  I) matrix o f values o f the nes t indicato r function s 
in (2.1 ) an d C  — (cwk) i s a (N - 1 ) x K matrix . 

Since $ T $ i s the identit y matrix , multiplyin g th e equalit y i n (2.7 ) b y 3> T leads 
to 

(2.8) C  =  $ TY 

which give s th e valu e o f every entr y o f matrix C  expressed throug h th e dat a as 
follows: 

/o r\ \ \ ~ ^ i  li wl'lw2 (  \  I  li>wl ,l"U) /  \ 
(2.9) C wk —  >  v  (piwVik ~ \  [Vwlk  ~  Vw2k)  =  A  (Vwlk  ~  Vwk) 

where y wk, y w\k and y W2k ar e the average s of the /c-t h variable in Sw, Swi an d S^2 , 
respectively. 

It shoul d b e note d tha t thi s expressio n depend s o n the orde r o f clusters i n Sw'-
if $ is changed fo r $E,  then C  is changed fo r EC.  Th e latte r expressio n i n (2.9 ) is 
also valid fo r th e basi s correspondin g t o a non-binary hierarchy , a s define d above . 

Now conside r a  if-dimensiona l vecto r o f the average s o f the variable s i n a 
subset S w, w  £ W, and denot e i t by yw. Then , th e equalit y in (2.9) implie s tha t 
the Euclidea n nor m y/(c w,cw) o f the vecto r cw — (cwk) i s equal to 

(2.10) \x w = /  wl  w2 d(ywl,yw2) 
V n w 

where d(x,y)  i s the Euclidean distanc e betwee n vector s x,y.  Th e valu e fi w is 
positive if x ^ y , and zer o if x — y. Th e nor m i s invariant t o the between-cluste r 
ordering an d thu s i s wel l defined fo r nonordere d binar y hierarchies . 

Defining M  to b e a diagonal (N  — 1 ) x (N — 1 ) matrix wit h fiw, w £ W, a s it s 
diagonal entries , an d considerin g vector s cw as being normed , th e equatio n i n (2.7 ) 
becomes an analogue o f the singular-valu e decompositio n (SVD ) o f th e matri x Y 
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(see Golu b an d Va n Loa n (1989) ) since , in this case , Y = $MC where $ is matri x 
of an orthonormal vecto r se t an d M is a diagonal matrix with nonnegativ e diagona l 
entries. Th e weighte d distance s i n (2.10 ) ar e analogues to th e singula r values ; the y 
will b e referre d t o as th e cluster  values  an d th e entrie s o f C can b e referre d to 
as cluste r loading s (b y th e analog y wit h th e principa l componen t anlysi s loadings , 
Jolliffe, 1986) . 

For th e sak e o f simplicity, th e vector s c w, w  £ W, will no t b e considered 
normed, thu s holdin g al l the formula s abov e as they are . 

On th e othe r hand , th e expressio n i n (2.10 ) hold s fo r an y nor m ||| | a s a func-
tion define d fo r th e vector s c w,w G W, i f the distanc e i s accordingly define d as 
d(ywi,yw2) —  \\ywi — yw2\\-  Moreover, th e functio n ||| | suffice s t o b e an y monoton e 
function thu s definin g d  as a dissimilarity measur e whic h migh t fai l t o satisf y som e 
metric propertie s (a s th e triangl e inequality) . 

Another usefu l propert y o f the equatio n (2.7 ) i s tha t 

(2.11) Y TY =  C TC 

which i s prove d b y multiplyin g (2.7 ) wit h it s transpose d versio n sinc e $ T<I> is th e 
identity matrix . 

Equations (2.7 ) an d (2.11 ) provid e u s with usefu l decomposition s o f the majo r 
data characteristic s vi a the binar y hierarch y clusters . Thi s relate s to : (a ) variance s 
of th e variables , (b ) between-variabl e covariations , an d (c ) th e entrie s themselves . 
Since the column s o f Y are centered , th e element s (yk,yi)  o f the matri x YTY hav e 
the meanin g o f covariance (o r even correlation ) coefficient s betwee n th e variable s k 
and / (multiplied b y N).  Thi s allow s equation (2.11 ) t o b e rewritten usin g formul a 
(2.9) a s follows : 

(2.12) (yk,yi)=  Yl  w2  ^Vwlk ~  yw2k){ywii - y W2i)-

wew Uw 

When A ; = Z, we have the variance of the variable k decomposed b y the clusters : 

(2.13) (Vk,vk)/N=  £  ?^-(y wik-yW2k)2-
wew Pw 

Summing u p equation s (2.13 ) an d employin g (2.10) , we arrive a t a n equatio n 

(2.14) Tr(Y TY)/N =  ^fa/N =  £  ^f^dHy wl,yw2) =  £  ^ w 

i,k wew  Pw  wew 

decomposing th e square d dat a scatte r (th e tota l dat a variance ) int o th e su m o f 
cluster contribution s whic h ar e the cluste r value s squared . Th e las t decompositio n 
(2.7) o f the entrie s ca n b e expresse d usin g (2.9) , a s follows : 

(2.15) y ik= V ] iywik-ywk) 
{wl-.iewl} 

where summin g i s applie d t o al l filte r o f prope r clusters , 5 w i , containin g i  (Sw i s 
the paren t o f Sw\). 

According t o (2.15), i t is the between-cente r difference , y w\k — yWk, whic h 
characterizes th e contributio n o f a cluster, S^i , t o th e entrie s o f all  i € Swi. 

All th e fou r decompositions , (2.12 ) -  (2.15) , d o no t depen d o n a n orderin g o f 
Sw- Th e decompositio n (2.14 ) ha s bee n employe d i n clusterin g an d (2.13) , (2.15 ) 
in analysi s o f varianc e (ANOVA) . 
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2.5. Transformatio n Matrices . Le t $ an d $' b e basis matrices correspond -
ing to two ordered binar y hierarchie s o n I. Accordin g t o (2.7 ) and (2.8) , 

where 

The matri x C(<1> , $') ca n be referred t o as the transformation  matrix  (transformin g 
$ int o $') . Exploitin g th e latter equatio n i n (2.9) , its entries ca n be expressed as : 

(2.16) c ww, = J I & ( ^ A (W 1 ' ) -  A(«,2') ) 
y n'n 2n2 n\ 

where A(w')  i s the difference betwee n the probability o f S'w, i n Sw\ an d that i n S w, 
and n,ni,7i 2 refe r t o the cardinalities o f the cluster S w an d its subclusters (i n the 
^-hierarchy) whil e n ' ,?^ ,? ^ relat e t o thos e o f the cluste r S f

w, an d it s subcluster s 
(in the ^'-hierarchy) . Mor e precisely , 

A(w') =p(S ,
w,/Swl)-p(S'w,/Sw) 

where th e conditiona l probability , p(S/T),  S  C  T  C  / , i s defined , a s usual , a s 

|5nr|/|r|. 
For an y three binar y hierarchie s (no t necessarily distinct) , equatio n (2.4 ) im-

plies 

(2.17) C($ , $") =  C($ , &)C(&, *" ) 

which make s th e se t o f al l the ordere d binar y hierarch y base s {$ } a  finite  grou p 
since th e transformatio n matrice s ar e norma l (tha t is , the y "rotate " th e spac e 
having thei r determinant s equa l t o unity) an d thus nonsingular . 

Let u s call two transformation matrices , C  an d JD , a s order-equivalent  i f 

_ f  d ww, i f (w , w') e  S 1 x  5 2 U (/ -  Si ) x  (I  -  S 2) 
cww> -  |  _ dww> i f ^ w,j e  ( / _  5 i ) xS2USl x(I- S 2) 

for som e 5i ,5 2 C  / . Order-equivalenc e i s obviousl y a n equivalenc e relation . It s 
equivalence classe s correspon d t o transformations betwee n nonordere d binar y hier -
archies. 

STATEMENT 4 . For  any  two  binary  hierarchies,  the  set  of  all  transformation 
matrices between  their  ordered  versions,  is  an  equivalence  class  of  the  order-
equivalence relation. 

Statement 4  implies that th e group of transformation matrice s between ordere d 
hierarchies factored wit h regard to the order-equivalence is not a group. Specifically , 
the order-equivalenc e classe s ar e no t close d wit h regar d t o multiplication . Le t 
us consider , fo r example , hierarchie s presente d i n Figur e 1 . Dependin g o n thei r 
orderings, we may have the following transformation s betwee n them : 

_ .  -1/ 2 V3/ 2 \ /  -1/ 2 -V5/ 2 
A ~  '  N/3/ 2 1/ 2 J  '  V  -V3/2 1/ 2 
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Matrix A  correspond s to the orders (123) in (a) and (213 ) in (b) while the order s 
for B  ar e (132 ) an d (231) , respectively. Obviously , A TA =  A 2 an d B TB =  B 2 ar e 
equal t o th e identit y matri x whil e 

ATB -AB-(  ~ 1/2 ^ / 2 " \ A ~  "  V  -V3/2 1/ 2 ) 

which i s no t th e identit y matrix . Neithe r doe s i t belon g t o th e grou p o f transfor -
mation matrices : it s determinan t i s 1/2 , an d s o i t i s no t normal . 

However, th e absolut e value s o f th e entrie s i n al l order-equivalen t matrice s 
are equal . Thi s implie s tha t transformatio n matrice s ca n b e used , fo r instance , t o 
analyze the differences betwee n hierarchies . I t should be noted tha t th e value (2.16 ) 
can b e considere d a s a  rathe r non-standar d wa y fo r evaluatio n o f between-cluste r 
similarity. T o illustrat e th e transformatio n matrice s a s a n "analytical " devic e fo r 
representing geometrica l differences , le t u s conside r thre e hierarchie s presente d i n 
Figure 2 . 

1 2 3  4  1 3 2  4 

FIGURE 2 . Thre e binar y hierarchie s ove r a  four-elemen t set . 

The transformatio n matrice s betwee n them : 

/ 0/ 3 0/ 3 0  \  /  y/T/3  0 ? 3 0 
C(A,B)=[ 0 / 3 - 0 7 3 0  ,  C(A,C)=l  - 0 ? 6 0 / 3 / 2 >/3/ 2 

\ 0  0  1 / \  0 / 2 -1 / 2 1/ 2 
and 

/ 0  71/ 2 y/TJ2\ 
C{B,C)= VV 2 1/ 2 -1/ 2 -

V y/1/2 -1/ 2 1/ 2 J 

Obviously, the firs t matri x i s somewhat simpler : hierarchie s A  and B  in Figur e 
2 have a  commo n cluster , {3,4} . 

It seem s quit e natura l t o evaluat e th e overal l between-hierarch y differenc e b y 
a nor m o f th e transformatio n matrix . However , th e Euclidea n norm , Tr(C TC) ~ 
Ylw w > c ww' c a n n ° t d o th e job , becaus e i t i s constantl y equa l t o i V — 1 , fo r an y 
two hierarchies , a s follow s fro m (2.11 ) an d th e definitio n o f $ . Moreover , i t ca n 
be easil y prove n tha t th e matrice s o f square d entrie s o f transformatio n matrices , 
(ctuw')i a r e doubl y stochastic : th e su m o f element s i n ever y colum n o r ro w o f suc h 
a matri x equa l t o 1 . 

The othe r norm s ar e stil l available . I n ou r example , th e sum s o f th e entries ' 
absolute value s (nor m L\)  ar e equa l t o 3.79 , 4.66 , an d 4.83 , respectively , whic h 
seems i n lin e wit h ou r intutio n i n pair-wis e comparison s o f th e tree s i n Figur e 2 . 
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3. Applicatio n t o Hierarchica l Clusterin g 

3.1. Approximatio n Clusterin g Model . Traditionally , clusterin g i s con -
sidered a  disciplin e devote d t o finding  "cohesive " group s o f point s i n a  geometri c 
space. Suc h a  direc t goa l can b e underlied wit h theoretica l consideration s o f which 
we are intereste d i n approximating . I n thi s approach , th e observe d dat a i s consid -
ered a s a  noisy informatio n o n th e underlyin g discret e cluste r structure . I n suc h a 
setting the clusterin g problem i s a problem o f approximation o f the noisy data wit h 
an adequat e clusterin g structur e (Hartiga n (1972) , Shepard an d Arabi e (1979) , De 
Sarbo (1982) , Mirkin (1990 , 1994) , Chaturvedi an d Carrol l (1994) , Mirkin, Arabie , 
and Huber t (1995) , etc.) . 

Let u s refe r t o a  se t o f subsets , Sw 1, a s a  hierarchical  cluster  structure  i f i t 
satisfies requiremen t (3 ) i n th e definitio n o f binar y hierarch y s o tha t cluster s i n 
Sw' ar e nested , thoug h (some ) singleton s or/an d th e root , / , ma y b e no t i n Sw f-
A graph corresponding to a hierarchical cluster structure is a forest bein g only a part 
of a  binar y hierarch y tree ; th e leave s o f the fores t correspon d t o inclusion-minima l 
clusters i n Sw  •  Th e matri x o f th e nes t indicato r function s o f non-lea f cluster s i n 
Sw' wil l b e denote d b y $' . Obviously , an y hierarchica l cluste r structur e ca n b e 
completed int o a  binary hierarchy by further partitionin g it s minimal non-singleto n 
clusters an d pair-wis e mergin g it s maxima l clusters . 

Representing hierarchica l cluste r structure s wit h nes t indicato r functions , w e 
arrive a t th e followin g approximatio n clusterin g model : 

(3.1) Y  =  $'C  +  E 

where $ ' stand s fo r a  curren t hierarchica l cluste r structure , C  i s a n unknow n 
matrix o f cluste r loading s an d E  i s th e matri x o f residual s t o b e minimize d wit h 
regard t o arbitrar y C  an d admissibl e <£' . 

The least-square s criterion , 

N M 

(3.2) P ( $ ' , C) =  Tr{(Y  -  $'C'f(Y  -  *'C") ] =  £  £ > * -  £  <f> iwcwk)
2 

i=i k=i  wew 

will be th e onl y scala r measur e o f the residual s considere d i n thi s paper . 

STATEMENT 5 . Given  a  hierarchical  cluster  structure,  $ , the  least-squares  es-
timate for  C  is  determined  by  formula C"($ ;) —  $  T Y which  is  analogous  to  (2.8). 
The minimum  value  of  D(& ,C") equals 

(3.3) !>($',C"($') ) =  Tr(Y TY) -  £  & 

where cluster  values  \x w for  non-leaf  clusters  are  defined  by  formula (2.9)  and  are 
zeros for  the  leaf  (minimal)  clusters. 

Proof: Th e equatio n C " =  $  T Y i s derive d a s a  necessar y conditio n fo r min -
imality o f (3.2) . Puttin g thi s int o (3.2) , th e equalit y £>($' , C"($')) =  Tr(Y TY -
C'TC) follows . Equation s Tr(C' TC) =  E wew>Ek

clk a n ^ (2.14 ) prov e th e 
statement. D 

In fact , formul a (2.14 ) give s decompositio n o f th e square d dat a scatter , 
Tr{YTY), i n tw o parts : explained , Y^wew  V™  a n d non-explained , D($ / ,C / ($ / ) ) , 
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by th e cluste r structur e $' . A n importan t featur e o f th e formul a C"($' ) —  §' TY 
is tha t i t hold s onl y whe n th e least-square s approximatio n i s considere d whil e th e 
generic equalit y (2.8 ) hold s always . 

Let u s defin e a  set , A,  o f admissibl e hierarchica l cluste r structure s Sw  b y th e 
following tw o conditions : (a ) /  € S w , s o tha t th e structur e i s a  tree , no t forest , 
and (b ) th e numbe r o f clusters , \W'\  i s fixed.  Whe n \W'\  =  2N  -  1 , th e se t A 
consists o f al l binar y hierarchies , s o we consider \W'\  <  2N  —  1 . 

According to equation (3.3) , any least-squares fit  to the model (3.1 ) mus t max -
imize th e criterio n 

E 2 V ^ PwlPw2  ,2 / \ 

Vw = 2 ^ d  {y wUyw2) 
wew wew  Pw 

so tha t th e proble m i s to find  \W'\  consecutiv e division s o f /  maximizin g th e su m 
of the weighte d between-cente r distance s d 2{ywi,yw2)^ 

The autho r ha s n o nontrivia l suggestion s o n globall y resolvin g the problem . A 
major issu e her e i s tha t i t i s unknow n whethe r th e optima l structure s satisf y th e 
so-called minima l distanc e rul e or not . Th e minima l distanc e rul e require s tha t th e 
distance fro m an y poin t i n an y cluste r t o th e cluster' s cente r i s smaller tha n t o th e 
center o f an y othe r cluster . Thi s rul e drasticall y reduce s th e numbe r o f potentia l 
cluster structure s t o check . 

Thus w e sugges t a  greedy-wis e procedur e o f sequentia l extractio n o f cluster s 
from th e dat a accordin g t o th e least-square s criterion . Thi s procedur e i s analo -
gous t o th e standar d one-by-on e extractio n procedur e o f th e principa l componen t 
analysis an d described , i n a  genera l for m calle d th e SEFI T algorithm , i n Mirkin , 
1990. 

At eac h iteratio n o f SEFIT, w,  th e inpu t informatio n include s th e subtre e S' w 

available (initially , S' w —  {I}) an d a  data matrix , Y , updated . Ther e ar e two step s 
at th e iteration , accordin g t o th e genera l procedure : (1 ) updatin g S f

w b y splittin g 
a leaf-cluste r t o maximiz e th e cluste r contribution , /i^ , added ; (2 ) updatin g Y  b y 
subtracting th e ite m found , yik  « - yik  —  c Wk<t>iw Th e computatio n end s whe n w 
reaches a  pre-specifie d numbe r o f clusters . 

Curiously, ther e i s n o nee d i n ste p (2 ) o f updatin g th e dat a matri x sinc e th e 
value maximize d a t ste p (1) , 

(3.4) [JL W = d  (y wl,yw2) 
Tlyj 

is invariant wit h respec t t o subtractin g cluste r value s fro m large r clusters , becaus e 
d(x, y)  =  d(x  —  a,y —  a)  fo r an y rea l a . 

Thus, SEFI T i n thi s contex t reduce s t o wha t ha s bee n know n i n th e clusterin g 
discipline a s th e divisiv e clusterin g wit h splittin g criterio n (3.4) . Thi s criterio n i s 
well known i n clustering . War d (1963 ) i s credited fo r introducin g i t i n th e agglom -
erative clusterin g context ; Edward s an d Cavalli-Sforz a (1965 ) hav e considere d th e 
same criterio n fo r divisiv e clustering . Gowe r (1967 ) provide d a n exampl e demon -
strating a  peculiarit y o f th e criterio n reflectin g th e fac t tha t facto r n w\nW2/nw i n 
(3.4) favors equa l distribution o f the entities among the clusters and , thus , the crite -
rion may fai l t o immediately separat e some outliers. Thoug h for a  long time treate d 
as a  shortcoming , th e peculiarit y doe s no t appea r t o actuall y b e so . Moreover , i n 
many clusterin g studies , tendenc y o f th e cluste r cardinalitie s t o th e sam e numbe r 
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has bee n suggeste d a s a good criterio n o f clustering (see , for example, Braverma n 
and Muchnik , 1983) . 

Let u s consider ho w the criterion (3.4 ) can be applied i n the case whe n al l the 
variables ar e binary descriptor s o f qualitative categorie s represente d b y zero-on e 
columns (on e for Yes, zero for No). 

Let u s compute th e within-cluster averag e o f a zero-on e variabl e k.  D o no t 
forget, tha t th e variable ha s been centere d initially , whic h mean s tha t th e entries 
1 -  Pk  an d —  pk stan d fo r 1  and 0, respectively , wher e pk  denote s th e relativ e 
frequency o f ones in column k. 

Thus, the average is ywk =  (1 ~Pk)Pwk/pw -JP*( 1 -Pwk/Pw) wher e pwk i s the 
frequency o f simultaneously observin g descripto r k  an d cluster S w an d pw i s the 
frequency o f Sw. Thi s lead s to: 

(3.5) y wk - Pwk/Pw  ~ Pk-

which implie s 

/ri c \ 2  nwin w2 ,Pwlk  Pw2ks2 

(3*6) c ™* =  ~7,  ^  ~Z —) 
""iv Pwl  Pw2 

This look s quit e natural : th e firs t facto r "take s care " t o ge t the spli t close r t o 
halving (whic h correspond s to the information concept s of the searc h theory ) whil e 
the secon d follow s the difference betwee n the frequencies o f ones in the subclusters. 
It shoul d b e noted tha t thi s measur e closel y resemble s th e so-called "twoin g rule " 
measure use d i n CAR T technique s fo r conceptua l clustering ; se e Breiman e t al. 
(1984), p. 38, 107, 127-129. 

The criterio n (3.4 ) in this cas e i s just th e weighted distanc e betwee n within -
cluster probabilit y profiles : 

(3.7) fi,  =  ^ ^ ( P M ) , ^ ) ) 
Tlyj 

where p(w) i s the vector o f (conditional) probabilitie s of categories k  in cluster S w. 
This show s tha t th e least-squares criterio n ca n be employed fo r clustering not 

only whe n al l the variables ar e quantitative, bu t also when ther e ar e nominal vari -
ables present . Curiously , th e formulas abov e fi t int o th e proble m o f (multiple ) 
alignment o f biological sequence s in the so-called continuou s sequenc e spac e (Vin-
gron and Sibbald, 1993) . Basically , thi s spac e can be considered a s a nominal dat a 
table where variables correspond to sequence positions and the categories are letter s 
of a biomolecular alphabet . 

3.2. Splittin g Algorithms . Le t us consider the step of splitting of a cluster 
Sw, i n the divisive strategy , i n more detail . Dependin g o n the formula fo r cwk in 
(2.9), the value of the maximize d criterio n fs 2 can be expressed b y formula (3.4 ) or 

(3.8) [i w = d  {y wi,yw) 
nW2 

Computationally, criterio n (3.4)/(3.8 ) lead s t o a  difficult , thoug h no t NP-
complete splittin g task . Indeed , a s is well known , th e optimal split s mus t satisf y 
the mimima l distanc e rule , whic h mean s tha t th e convex hall s o f the subcluster s 
are linearl y separated . Th e number o f splits generate d b y hyperplanes i s known to 
be les s than N K (Bock , 1974 ) wher e K  i s the dimensionality o f the variabl e space , 
which shows the complexity of the problem. Stil l no further reductio n of complexity 
of the proble m ha s been achieved . 
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We describ e no w tw o loca l searc h algorithms , fo r eac h o f th e tw o formula s fo r 

Formula (3.4 ) implies a n algorithm whic h i s just a  version of the moving-cente r 
(K-Means) technique . 

Splitting b y Maximizin g (3.4 ) 
Initially, th e mos t distan t point s y\  an d y 2 i n S w ar e determine d 
to b e use d a s the initia l center s o f the clusters . 
Then, sequentially , th e usua l nex t tw o step s ar e performe d it -
eratively: (a ) assignin g th e entitie s t o th e cluster s (th e neares t 
center wins ) an d (b ) recomputin g th e center s (a s th e center s o f 
gravity o f th e cluster s obtaine d i n (a)) . Th e computatio n end s 
when ste p (a ) leave s the cluster s unchanged . 

Evidently, thi s version of the K-Mean s technique i s nothing bu t th e alternatin g 
minimization o f the square-erro r clusterin g criterion (Jai n an d Dubes , 1988 ) by two 
groups o f the variables , thos e relate d t o membershi p o f the entitie s t o th e cluster s 
(a) an d to the cluste r centers (b) . Simultaneously , i t i s an alternating maximizatio n 
algorithm fo r th e criterio n (3.4) . 

The secon d algorithm , base d o n formul a (3.8) , is a  seriatio n algorithm . 

Splitting b y Maximizin g (3.8 ) 
Initially, a  poin t y\  i s foun d maximizin g it s distanc e t o y w, th e 
center o f S w, t o se t S w\ —  {2/1} . O n a  genera l step , a  curren t 
Sw\ alon g wit h it s cente r y w\ i s considere d an d a n entity-poin t 
2/j, closes t t o y w\ b y Euclidean distance , i s sought. I t i s added t o 
Sw\ i f th e quotien t q  =  d 2(ywi,yw)/d2, wher e d  i s th e distanc e 
between y w an d th e cente r o f S w U  {yj}, satisfie s th e inequalit y 

n\rt2 +  n 2 
Q <  , 

nin2 -  ni 
and th e proces s end s i f not . 

The inequality involve d is equivalent t o the fac t tha t valu e of [J? W (3.8 ) increase s 
when yj  i s adde d t o S w. Basically , ther e i s a  trade-of f betwee n a n increas e o f th e 
coefficient n wi/nW2 an d correpondin g decreas e o f th e distanc e d 2(ywi,yw). Th e 
distance ma y onl y decreas e i n th e addin g process . 

Though th e analog y betwee n th e one-by-on e strateg y o f principa l componen t 
analysis an d th e square-erro r divisiv e clusterin g seem s rathe r deep , an y binar y hi -
erarchy define s a  different SVD-lik e basis while there i s only one genuine SVD basi s 
consisting o f th e singula r vector s employe d i n th e principa l componen t analysis . 

The algorithm s describe d ca n b e extende d t o an y dissimilarit y functio n d  and , 
thus, amoun t t o a  famil y o f divisiv e clusterin g algorithm s whic h overla p bu t no t 
coincide wit h tha t o f Lance an d William s (1967) . 

A computationa l strateg y fo r divisiv e clustering , base d o n th e theor y above , 
can b e se t a s follows : 

1. Standardiz e th e entity-to-variabl e dat a b y shiftin g th e origi n int o th e poin t 
of th e variabl e average s an d normin g th e variable s b y a  chose n norm . 
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2. Choos e a  dissimilarity functio n (i t ma y be different fro m th e distanc e drive n 
by th e nor m chose n fo r standardizing) . 

3. Choos e a clustering strategy (onl y the divisive one has been discussed above ) 
and creat e a  cluste r hierarch y Sw  wit h th e strategy . 

4. Dra w a  tree hierarch y representatio n reflectin g th e cluste r value s \i w b y th e 
heights o f the correspondin g divisio n nodes . 

5. Interpre t th e hierarch y designe d using : 
1) the draw n patter n o f clustering ; 
2) contribution s o f the cluster s an d cluster-variabl e pair s t o th e squar e 

scatter o f the dat a a s reflected i n value s o f Sfe= i ° 2wk an( ^ c \jk (2-9) > respec -
tively (w  e  W,k  =  1 , . . . , # ) ; 

3) th e cluste r variable-to-variabl e covariance/correlations , 
NwiNw2(ywik ~  Vw2k){ywii  -  y W2i)/Nw, a s item s i n th e additiv e de -
composition o f the overal l covarianc e (2.12) ; 

4) decomposition s (2.15 ) o f the entrie s yik  b y clusters . 

3.3. A n Illustrativ e Example . Le t u s consider dat a o n sortin g o f terms re -
lated to the human bod y collecte d by G.A. Mille r (1968 ) and reported i n Rosenber g 
(1982). Th e natura l hierarch y o f the body part s shoul d b e reflected i n the underly -
ing cluste r structure . Th e fou r variable s represen t dissimilaritie s o f 1 6 body term s 
with "Head" , "Arm" , "Chest" , an d "Leg" , respectively , a s presente d i n Tabl e 1 . 
The hierarchica l classificatio n foun d wit h th e divisiv e clusterin g algorith m a t eac h 

TABLE 1 . A n extrac t fro m Miller' s sortin g dat a (1968) : numbe r 
of subject s (ou t o f 50 ) wh o di d no t pu t an y give n row-term s int o 
the sam e categor y wit h 4  column-terms presente d 

i 

~T" 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 

Term 
Body 
Cheek 
Ear 
Elbow 
Face 
Hand 
Knee 
Lip 
Lung 
Mouth 
Neck 
Palm 
Thigh 
Toe 
Trunk 
Waist 

Head 
45~ 
19 
18 
49 
14 
48 
49 
18 
48 
19 
31 
50 
47 
49 
42 
44 

Arm 
50~~ 
50 
49 

8 
48 
14 
47 
49 
49 
49 
45 
16 
45 
47 
46 
45 

Chest 
37 
49 
50 
50 
47 
50 
50 
50 
17 
50 
38 
49 
48 
50 
19 
26 

Leg 
50 
50 
49 
47 
48 
46 
8 

49 
49 
49 
45 
48 

5 
13 
45 
46 

step maximizin g th e contributio n t o th e tota l varianc e i s presented i n Figur e 3  a s 
indexed wit h th e correspondin g cluste r value s (reflecte d i n the height s o f the verti -
cal edges) . Th e square d cluste r value s /^ , whic h ar e equa l t o contribution s o f th e 
cluster division s t o the tota l variance , ar e presented (pe r cent ) fo r contributin g th e 
most. 
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r^ rTl nx^ 
Kn T o H i P a H a E l B o L u T r W u N e F a C h M o L i E a 

FIGURE 3 . Binar y hierarch y foun d fo r th e dat a fro m Tabl e 1  with 
the firs t splittin g metho d fo r th e least-square s criterion ; th e num -
bers sho w contribution s o f the majo r split s t o th e dat a variance . 

The classificatio n als o leads to a  decomposition o f all the variances an d correla -
tions betwee n th e origina l variables . Th e genera l patter n o f correlation i s pair-wis e 
negative a s i s seen i n th e correlatio n matrix : 

1 
2 
3 
4 

1.00 
-0.48 
-0.24 
-0.45 

1 

1.00 
-0.27 
-0.15 

2 

1.00 
-0.24 

3 
1.00 

4 

Its decompositio n b y th e firs t thre e separations , du e t o formul a (2.12) , i s pre -
sented b y th e followin g respectiv e matri x terms : 

1 
2 
3 
4 

0.44 
-0.43 

0.32 
-0.42 

1 

0.42 
-0.31 

0.41 
2 

0.23 
-0.30 

3 
0.40 

4 

(first division) , 

1 
2 
3 
4 

0.00 
-0.01 

0.00 
0.01 

1 

0.56 
-0.01 
-0.57 

2 

0.00 
0.01 

3 
0.58 

4 

(second division) , 
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1 0.4 3 
2 -0.0 2 0.0 0 
3 -0.5 4 0.0 2 0.6 0 
4 -0.0 1 0.0 0 0.0 2 0.0 0 

1 2 3  4 

(third division) . 
These thre e item s tak e int o accoun t mos t par t o f the varianc e an d correlation . 

It ca n be seen, that al l the variables are important fo r the firs t separation , althoug h 
the thir d variabl e i s somewha t les s importan t (wit h it s onl y 23 % of th e varianc e 
accounted) whil e th e contributio n o f th e firs t variabl e i s som e highe r (44 % o f th e 
variance). Th e secon d separatio n i s du e t o th e variable s 2  an d 4  whil e th e thir d 
separation i s made b y the variable s 1  and 3  (since the othe r variable s i n eithe r cas e 
do no t contribut e t o th e varianc e a t all) . 

Decomposition o f th e correlatio n coefficient s confirm s an d detail s thi s conclu -
sion. I n particular , th e negativ e correlation s betwee n th e variable s 1  and 3 , as wel l 
as between 2  and 4 , become positive at th e firs t separatio n an d sharpe r a t th e thir d 
and secon d separations , respectively . Al l th e othe r correlation s disappea r i n th e 
clusters. Th e varianc e o f variable 3  is no t exhauste d b y the thre e firs t separations : 
this variabl e contribute s t o th e separatio n o f th e smalle r Hea d cluster . 

The las t interpretatio n ai d concerns decomposition o f all the standardize d dat a 
entries yik  b y th e cluster s du e t o equatio n (2.15) . Le t u s demonstrat e th e decom -
position fo r th e 16-t h entity , Waist , belongin g t o th e fou r cluster s neste d show n b y 
the bol d node s i n Figur e 3 : 

1 0.52 = -0.52 + 1.09 - 0 .01 - 0.0 5 
2 0.28 = 0.50 - 0.04 - 0.06 - 0.1 2 
3 - 1 . 4 6 = - 0 . 3 7 - 1.20 - 0.36 + 0.4 7 
4 0.36 = 0.49 - 0.03 - 0.05 - 0.0 4 

Every singl e colum n o f th e decompositio n relate s t o it s cluste r reflectin g th e fea -
tures o f th e cluster : th e smalle r value s o f th e variable s 1  and 3  in th e firs t cluste r 
correspond t o it s Head-Ches t natur e whil e th e nex t cluste r show s a  spli t betwee n 
these variables : enlarge d 1  and reduce d 3  correspond t o th e Ches t membershi p o f 
the entity . Th e las t colum n represent s individua l trait s o f th e entity . 

Another tre e (Figur e 4 ) i s generate d wit h th e divisiv e strateg y whe n th e cri -
terion i s change d fo r th e so-calle d Chebyshe v (uniform ) metri c an d th e secon d 
splitting algorith m ha s bee n applied . Th e dat a ha d bee n standardize d a s follows : 
the origi n wa s shifted int o the poin t o f the averag e values o f the variables , normin g 
of the variables was performed b y Chebyshev norm (th e maximal absolute deviatio n 
from th e averag e became on e afte r normin g wa s completed) . 

Contribution o f the first  spli t t o the tota l varianc e in Figure 4  (44.9  %) i s much 
higher tha n tha t i n Figur e 3  (37.3%)) . Thi s seem s strange . Ho w i t coul d occu r 
that th e maximized contributio n (i n Figure 3) turned ou t les s than th e contributio n 
achieved whe n anothe r (Chebyshev ) criterio n wa s optimized (Figur e 4)? T o answe r 
the question , le t u s conside r decompositio n o f the variance s o f the variable s b y th e 
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FIGURE 4 . Binar y hierarch y foun d fo r th e dat a fro m Tabl e 1  with 
the Chebyshe v norm ; th e number s sho w relativ e contribution s o f 
the majo r split s t o th e dat a variance . 

clusters: 

1 0.36 = 0.33 + 0.00 + 0.0 0 + 
2 0.18 = 0.03 + 0.02 + 0.12 + , 
3 0.20 = 0.02 + 0.15 + 0.0 0 + 
4 0.19 = 0.03 + 0.03 + 0.0 7 + 

Again, onl y three majo r split s ar e represented i n the decomposition . Th e variance s 
(and, thus , th e contribution s t o th e squar e dat a scatter ) o f th e variable s no w ar e 
different fro m th e ver y beginning , whic h seem s t o determin e th e orde r the y ar e 
involved i n th e divisio n process : th e mos t contributin g variabl e 1  turns ou t t o b e 
the principa l bas e o f th e firs t division ; variabl e 3  having th e second-larg e varianc e 
contributes mostly to the second division; the less contributing variables 3 and 4  are 
serving a t th e followin g divisions . Suc h a  sequentia l involvemen t o f th e variable s 
may generate a more complete account of the variance in splitting, which is reflecte d 
in th e highe r leve l o f th e varianc e extracte d i n th e uppe r split s i n Figur e 4  a s 
compared t o thos e i n Figur e 3 . Thi s conclusio n i s supporte d b y th e result s o f 
the Euclidean-norm-base d divisiv e clustering applie d t o the dat a standardize d wit h 
Chebyshev nor m (Figur e 5) . Th e varianc e contribution s i n th e uppe r split s ther e 
are even greate r (sinc e th e criterio n i s proper , i n thi s instance) ; evidently , i t i s th e 
left four-elemen t cluste r i n Figur e 4  disappearance whic h make s tha t increasin g o f 
the variance s i n Figur e 5  possible. Th e content s o f the cluster s i n th e latte r figur e 
also see m quit e satisfactory . 

It look s tha t a  genera l regularit y i s manifeste d i n th e example : Chebyshe v 
norming generates a  difference i n the variances of the variable s influencing th e orde r 
of thei r involvemen t i n split s (fusions ) an d thu s increasin g th e contribution s o f th e 
higher splits. Thi s principle might cause the empirically observed facts that normin g 
by rang e (whic h i s quit e simila r t o Chebyshe v norming ) mad e afte r centerin g b y 
the average allows a best fi t into Monte-Carlo generated cluste r structures (Milliga n 
and Cooper , 1988) . 

Licensed to AMS.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/publications/ebooks/terms



LINEAR EMBEDDIN G BINAR Y HIERARCHIE S 347 

r T l r T I TU-
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FIGURE 5 . Binar y hierarchy found wit h th e least-squares criterio n 
for th e dat a fro m Tabl e 1  normed b y th e Chebyshe v nor m 

4. Applicatio n t o Analysi s o f Spatia l Dat a 

4.1. Layere d Hierarchies . Th e concep t o f ordered hierarch y fits int o the so -
called spatia l dat a structures : digitalize d intervals , rectangle s o r hyper-rectangle s 
consisting o f one- , two- or three - dimensiona l pixel s ordere d accordin g t o th e coor -
dinate axe s (Samet , 1990) . Le t u s initiall y conside r /  a  unidimensiona l pixe l set . 
An ordere d binar y hierarch y wil l b e referre d t o a s a  spatia l binar y hierarch y i f it s 
order coinside s with th e spatia l orderin g of /  s o that al l clusters ar e unidimensiona l 
intervals a s i n th e hierarchie s A  and B  presente d i n Figur e 6 . 

Any binar y hierarch y ca n b e equivalentl y represente d b y it s decompositio n 
into wha t wil l b e calle d her e layere d hierarchy . A  se t o f neste d partition s o f i" , 
C={L°,L1, . . . ,L n } , wil l b e referre d t o a s a  layered  hierarchy  i f (a ) L°  =  {/} , (b ) 
Ln —  {{i} :  i G  / }, (c) L m C  L m _ 1 , an d (d ) ther e exist s a  binar y hierarchy , Sw, 
such tha t i f 5  i s a  nonsingleto n clas s o f partitio n L m~1 the n S  £  Sw  an d th e 
children o f S  i n Sw  ar e classe s o f L m ( m =  l , . . . ,n) . Obviously , al l classe s i n C 
are cluster s o f Sw  and , moreover , ther e i s a n obviou s one-to-on e correspondenc e 
between th e hierarch y Sw  an d layere d hierarch y C.  Th e partition s L m £  C  wil l b e 
called layer s o f the hierarchy . 

D < 5 < ^ ~ Q ©<£"(£>( & 
3 "fxi; 

FIGURE 6 . Tw o layere d spatia l binar y hierarchie s o n a n eight -
element set . 

The layer s o f hierarchie s A  an d B  i n Figur e 6  ar e presente d b y dashe d lines . 
The numbe r o f layer s i n tre e B  i s smalle r tha n i n A  becaus e B  i s a  complet e 
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hierarchy. A  binary hierarch y i s referred t o a s a  complete  binar y hierarch y i f ever y 
interior cluste r ha s childre n splittin g i t int o part s o f equa l cardinalit y s o tha t th e 
total numbe r o f entities (pixels ) i s a  power o f two, \I\  =  2 n , an d eac h laye r L m ha s 
exactly 2 m classe s consisting of 2n _ m element s each (r a =  0,1, . . . , rc).  Obviously, fo r 
| / | =  2 n , th e minimu m numbe r o f layers , n  + 1 , is achieved onl y i f Sw  i s complet e 
(as B  i n Figur e 6) . 

In th e problem s o f dat a compression , th e layer s o f a  layere d hierarch y ca n b e 
exploited fo r approximat e compressio n o f the data . Mor e specifically , wit h a  laye r 
Lm =  {L mt} taken , a  dat a vecto r /  =  (/;) , i  G  /, ca n b e substitute d b y th e vecto r 
of within clas s averages f mt =  Yli^L  t  fi/\Lmt\,  whic h i s considered a s th e dat a a t 
m-th leve l o f resolution . Th e smalle r m , th e coarse r th e resolution ; th e large r ra, 
the finer  th e resolution . Takin g int o accoun t th e spatia l characte r o f th e data , a 
different averagin g operator can be employed, giving, say, smaller weights to entitie s 
which ar e farthe r fro m th e middle . 

The layer s ca n b e use d als o for recalculatin g th e average s whil e runnin g alon g 
the hierarch y bottom-to-u p since , obviously , 

nfmt -  nifmti  +  n 2fmt2 

where f mti an d f mt2 ar e th e average s withi n childre n o f L mt, an d n ,n i , n 2 ar e 
cardinalities o f L mt an d it s respectiv e children . Th e childre n obviousl y belon g i n 
Lm+i. I t i s no t difficul t als o to exploi t th e hierarch y fo r recalculatin g th e average s 
running up-dow n alon g the hierarchy . Le t u s save, for ever y cluste r S w, i n additio n 
to f w, th e between-spli t differenc e d w =  f w\ —  fW2, wher e f w\ an d f W2 ar e th e 
averages o f /  withi n respectiv e childre n o f S w. Th e formula s 

(4.1j jwl  =z  Jw  ~ r &W1  Jw2  —  Jw  &W 
Tlw Tl w 

provide fo r calculatin g th e averag e value s i n L m+i b y th e average s o f L m. Thi s 
allows t o mak e decompressio n o f th e dat a i n a  fas t way : t o recalculat e al l th e 
averages startin g fro m an y uppe r layer , a s fo r instanc e fro m th e gran d mea n / 0 = 
Xwe/Zi/I^l- Th e pric e fo r that : value s d w kep t alon g th e hierarchy . Th e cluste r 
cardinalities kep t i s a  par t o f "hard " informatio n abou t th e hierarchy ; the y d o no t 
depend o n data . Formul a (4.1 ) become s especiall y simpl e fo r a  complet e binar y 
hierarchy: 

(4.2) f wi =  f w +  d w/2, f W2 —  fw —  d w/2 

In Figure 7 , the A and B hierarchies from Figur e 6 are exploited for compressin g 
a vecto r /  whos e values are the boxe d digits : F  versio n keeps al l the averages , D al l 
the differences. I t ca n be seen that hierarch y A provides for a  safe data compression : 
only on e average , /o i n F , an d tw o differences, 1. 6 an d 1 , are needed t o decompres s 
the dat a entirely : th e othe r difference s ar e zer o an d thu s ca n b e droppe d ou t o f 
consideration. Thi s i s because hierarch y A  fits  into data , / , bette r tha n B  does . 

This methodolog y ca n b e pu t i n th e linea r spac e framewor k a s follows . 
Let u s conside r a  layere d hierarch y C  corresponding t o a  binar y hierarch y Sw 

on i \ Le t u s define , fo r an y L m G  C  an d L mt G  L m, norme d binar y indicato r 
vector Xmt  wher e Xmt(p)  = l/\/\L mt\ i f i  G  Lmt an d =  0  otherwise. Th e x  vector s 
corresponding to different classe s of Lm are , obviously, mutually orthogonal . Le t u s 
denote by Vm th e subspace in |/|-dimensiona l spac e generated by the normed binar y 
indicator vector s o f m-t h layer , L m. Le t u s denot e b y D m th e subspac e generate d 
by th e nes t indicato r vectors , (j) mt(i)^ of the nonsingleto n classe s L mt G  L m. 
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FIGURE 7 . Compressio n and decompression of the boxed data with 
hierarchies A  and B from Figur e 6. 

It i s quite evident tha t th e vectors Xmt and <f>mt ar e pair-wise orthogonal, whic h 
implies tha t th e space s V m an d D m ar e orthogona l too . Moreover , th e followin g 
statement holds . 

STATEMENT 6 . For  any m (m  —  1 , . . . ,n); the  subspace £>m-i is  the orthogonal 
complement ofV m-i in  Vm so  that 

(4.3) K n - i 0 V i =V m. 

Consider a  |/|-dimensiona l vecto r /  projecte d int o the subspace V m: 

(4.4) fi  =  ^2  v mtXmt(i) +  e . 
t 

where a  i s the residual value . Du e to equation (4.3) , this ca n also be written a s 

(4.5) fi  =  Y^  Vm-ljXm-lAi)  +  X I c m - M 0 m - M W  +  e * 

with th e same residuals . 
The coefficient s i n (4.4 ) an d (4.5 ) correspondin g t o a  cluste r S w E  Sw  are : 

Vu; = fwy/n^)  an d c^ =  \Jn wlnwjnw2{fw\ -  fw)  wher e n Wlnwl,nw2 ar e the cardi -
nalities and fw,fwi,fw2 th e within clas s averages for Sw an d its children, S wi,SW2, 
respectively. Th e latter expressio n i s the scalar produc t o f / an d cj) w an d coincide s 
with that i n (2.9) while the former i s equal to the scalar product o f / an d Xw Thes e 
lead to the following formula s fo r fast recalculatin g th e coefficient value s alon g the 
hierarchy bottom-up : 

(4.6) \Jn w\jnw +  vw2\/nw2/nw, c w —  v wiy/nw2/nw —  v w2\fnw\jnw 

and up-dow n 

(4.7) v wi —  c w\Jnw2jnw +  v wy/nwi/nw, v w2 =  ~c wy/nwi/nw +  v wy/nw2/nw 

These formula s ar e especiall y simpl e fo r complet e hierarchie s wher e al l th e 
coefficients i n (4.6 ) and (4.7) become equa l t o l / \ /2 . 
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4.2. Wavelet s an d Multiresolutio n Analysis . Th e content s o f th e previ -
ous sectio n parallel s som e development s i n dat a processin g base d o n th e so-calle d 
wavelet transformations. Th e concept of wavelet became quite popular immediatel y 
after i t wa s introduced som e te n year s ago ; i t associate s th e mos t profoun d result s 
of the theorie s o f real-valued functions wit h the mos t urgen t problem s o f image an d 
other hug e data compressio n an d decompressio n (see , for example , reviews by Mal -
lat (1989) , Ka y (1994) , an d Jawert h an d Swelden s (1994)) . Th e (discrete ) wavele t 
theory involve s tw o basi c constructions : a  multiresolutio n approximatio n o f th e 
space o f al l square-integrabl e real-value d function s L 2 an d a  dilation/translatio n 
family o f function s Xmt  =  2 m /2x(2mx -  t)  obtaine d fro m a  so-calle d scale  func -
tion x( x) (whic h integrate s t o unity ) wit h m  "doubling " dilation s o f the spac e an d 
translation o f the origi n b y t.  A  basic function x  f° r th e theor y i s the so-calle d bo x 
function \i x) —  X[o,i]( x)> tha t is , the indicato r functio n o f th e interva l [0,1 ] whic h 
is equal t o 1  within th e interva l an d 0  outside th e interval . 

The dilation/translatio n famil y ma y yiel d th e functiona l approximatio n 

f(x) =  limm^oo  22  a mtXmt 
t 

to allo w the su m Y^t  amtXmt t o b e considere d a s a n approximatio n o f any functio n 
/ G  L2 a t resolutio n m  fo r an y fixe d m . Her e an d belo w i n thi s section , m  an d t 
are arbitrar y integers . 

A multiresolution approximatio n o f L 2 i s a  sequenc e {V m} o f closed subspace s 
of L 2 satisfyin g th e followin g properties : 

Ml V m c V m + i ; 
M2 Th e unio n o f al l V ms i s dense in L 2, an d th e intersectio n o f them consist s of 

0 only ; 
M3 f{x)  G  Vm i f and onl y i f /(2a; ) G  Vm + i ; 
M4 S(x)  eV m-+ / ( a -  2~ mt) G  Vm] 

M5 Vo  i s isomorphic to the se t of all integer sequences that ar e square-summable . 

The meanin g o f the propertie s ar e a s follows: V m ar e approximatio n subspace s 
which ar e nested, thu s ever y finer  resolution ra +1 contain s al l the information nec -
essary to find  the coarse r resolutio n m  (Ml) ; the approximation ca n be a s complet e 
or a s roug h a s necessar y (M2) ; ever y resolutio n leve l double s th e scal e (M3 , M4) ; 
there i s a  one-to-on e correspondenc e betwee n th e representatio n o f /  a t resolutio n 
m an d th e coefficient s a mt (M5) . 

Let u s defin e th e subspac e D m t o b e th e orthogona l complemen t o f V m i n 
Vm+i. Thus , i t contain s al l th e detai l los t i n movin g fro m a n approximatio n a t 
the finer  resolutio n m  - f 1  to th e coarse r resolutio n m , an d satisfie s th e equalit y 
Vm+\ =  Vm  ^ Dm-

It appears , give n a  multiresolutio n approximatio n {V m}, there exist s a  uniqu e 
scaling function x  E  Vo &nd an associate d </ > E  A) =  V\  —  Vo (called a  wavelet ) suc h 
that {Xmt}  form s a n orthonorma l basi s fo r V m an d {(fi mt} form s a n orthonorma l 
basis fo r D m. Thus , fo r an y /  G  Vm, ther e ar e tw o orthonorma l decomposition s 
holding: 

(4.8) /Or ) =  Y2  a mtXmt{x) 
t 
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and 

(4.9) f(x)  =  ]T am_UXm-u(z) +  ^2 h m-\^m-\Ax) 
t t 

Decomposition (4.9 ) is interpreted a s the reconstructio n o f a finer  resolutio n 
involving both the coarser resolution decompositio n an d the "los t detail " decompo -
sition throug h wavelets . Th e decompositions ar e obvious parallel s to those in (4.4) 
and (4.5) . 

The pai r of the scale and wavelet functions ca n be taken to satisfy th e following 
equations: 

(4.10) X (x) = J] c tX(2x - t), 0(i ) = ^2(-l)tc1-tX(2x -  t) 
t t 

which implie s tha t th e wavele t functio n correspondin g t o the bo x function i s the 
so-called Haa r wavele t <f>(x)  whic h is equal to 1  for 0 < x < 1/2, -1 for 1/2 < x < 1 , 
and 0  for al l other x. 

Graphs o f the box and Haar function s ar e shown in Figure 8. 

0 1  2  O i l ! 2 

FIGURE 8 . Graph s o f the box and Haar functions . 

The equations (4.8 ) to (4.10) are used to define the so-called fas t wavele t trans -
form allowin g calculation o f every coefficien t a t a finer resolution throug h th e coef-
ficients o f a coarser resolution , an d vice versa . 

To appl y thes e t o image/signal processing , th e following framewor k i s em -
ployed. Le t ther e b e a pixellated unidimensiona l imag e a t resolution m  bein g a 
2m-dimensional vecto r v m. Thi s ca n be represented b y a function f(x)  £  Vm de-
fined a s f(x) =  Ylt vT'Xmtix)  wher e non-zero coefficients ar e from vm. T o calculate 
a coarse r dat a sequenc e v 171"1 which ha s half a s many non-zer o entrie s as vm, th e 
equations (4.8 ) and (4.9) ar e used ; decompressio n o f the dat a als o ca n be done 
based o n these equations . Moreover , the following holds . 

STATEMENT 7 . The  formulas  (4-6)  and  (4-V applied  for a complete  spatial 
binary hierarchy  are  a computational implementation  of  the fast wavelet  transform 
based on the box  scale and  Haar wavelet  functions. 

Sticking to the simplest bo x and wavelet function s restrict s flexibility  o f the bi-
nary hierarch y approach . However , the discreteness o f binary hierarchie s make s up 
for tha t allowin g compressio n an d decompression o f information withou t requirin g 
any continuit y or/an d smoothnes s condition s whic h ar e mandatory in the classica l 
case. Moreover , non e of the "spatial " restriction s o f the quantitative theorie s hold s 
here: th e hierarchy ma y be incomplete , th e cluste r cardinalitie s different , an d the 
clusters ma y be spatiall y disconnected . 
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5. Extensio n ont o Rectangl e Object s 

5.1. Bihierarchie s an d Quad-trees . Th e construction s abov e ca n b e ex -
tended ont o two-dimensiona l pixellate d image s vi a th e followin g concept . A  hier -
archy Sw  define d o n I  —  I x  I  wil l b e referre d t o a s a  bihierarchy  i f an y o f it s 
clusters, S w, i s a  Cartesia n rectangle , tha t IS , tJiv  —  -̂ J - X  B  fo r som e A  C  I  an d 
B C  / " , an d th e childre n o f S w ar e Al  x  S I , Al  x  £2 , A2  x  Bl,  an d A2  x  B2  fo r 
some partitions , {Al , A2} an d {B1,B2},  o f A  an d £? , respectively. (T o allow mor e 
freedom i n handlin g "one-dimensional " stri p clusters , {i'}  x  B  o r A  x  {z"} , we can 
admit som e o f the subset s a s bein g empty. ) Th e sets , A  an d B,  ca n b e referre d t o 
as th e range s o f S w i n /  an d /  ,  respectively. A  bihierarchy wil l b e calle d spatial 
if /  an d /  ar e ordere d an d th e range s o f al l cluster s ar e interval s o f these orders . 
A specifi c cas e o f a  bihierarch y i s the Cartesia n produc t o f two binar y hierarchies , 
Sw =  S' w, x  5{y// , th e cluster s o f whic h ar e al l possibl e Cartesia n product s o f 
clusters o f S' Wi an d S{^„ . 

A (divisive ) bihierarchica l cluste r structur e i s an "upper " par t o f a  bihierarch y 
(defined b y relaxin g th e conditio n tha t ever y singleto n (i 1 ,i") 6  I'  x  I"  belong s t o 
the bihierarchy) . 

± 
=F 

a b 

FIGURE 9 . Highe r split s o f a  Cartesia n produc t o f two spatia l bi -
nary hierarchie s (a ) an d a  quad-tre e (b) . 

A well-know n structur e i n imag e dat a analysis , th e quad-tre e (see , fo r exam -
ple, Bur t an d Adelson , 1983 , Samet , 1990 ) fits  int o th e concept s introduced . I n 
our terms , a  quadtre e i s a  bihierarchica l cluste r structur e fo r a  complet e spatia l 
bihierarchy (se e Figur e 9 , (b)) . 

For a  cluste r S w i n a  bihierarchy , Sw,  wit h it s range s A  an d B  subdivide d i n 
Al, A 2 and J51 , JB2 , respectively, three nest indicator functions ar e needed accordin g 
to th e genera l descriptio n i n sectio n 2.3 . A  natura l wa y o f definin g th e indicator s 
would b e b y considerin g th e fou r childre n a s produce d vi a doubl e dichotomy . I n 
such a  doubl e dichotom y cluste r S w =  A  x  B  ca n b e divided , firstly,  i n tw o strips , 
say, Al x  B an d A2  x  B, an d secondly , each of the strips i s further spli t int o the final 
children Ak  x  Bj,  k,j  —  1,2. Th e thre e split s ca n b e assigne d wit h correspondin g 
nest indicato r functions . Th e bihierarch y ca n b e regarde d a s a  contracte d versio n 
of the binar y hierarch y involvin g th e doubl e dichotom y described . 

However, we'l l conside r her e anothe r tripl e o f nes t indicato r function s (als o 
different fro m thos e define d i n sectio n 2.3) . Eac h o f th e range s implie s it s nes t 
indicator function , 0 A (O a n d (f>B{i")i  define d wit h correspondingl y modifie d for -
mulas (2.1 ) an d (2.2) . Th e three cluste r nes t indicato r functions , 4>A,  $B, an d (J)AB, 
then, ca n b e define d fo r al l (i',i" ) G  5^ -  A  x  B  a s (1 ) <^(z',z" ) =  0 A ( O X £ ^ " ) > 
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(2) 0*(i ' , i" ) =  XA(i')<l>B(i"),  an d (3 ) </> AB(i',i") = <M*')<M*" ) wher e X s(i) = 
l/y/(\S\) whe n i  e  S  an d =  0  when i  g  S.  (Whe n A  o r B  i s a singleton, onl y one of 
these thre e function s remain s valid. ) Thes e functions , obviously , ar e centere d an d 
normed (wit h regar d t o al l (i 1 ,i") £  / ' x  I")  and , moreover , ar e mutuall y orthog -
onal. Thus , th e nes t indicato r function s o f al l interio r cluster s S w € Sw  for m a n 
orthonormal basis , $ , o f the spac e of \V  x  /"I-dimensiona l centere d matrice s (con -
sidered a s vectors) . Th e coefficient s o f decompositio n o f a  matri x vecto r y(i f,i") 
defined o n / ' x  I"  b y th e fragmen t o f $  relate d t o a  cluste r S w =  SAB  ar e scala r 
products o f y(i'\i")  an d correspondin g nes t indicato r function s tha t ca n b e show n 
to hav e th e followin g format : 

\UA\nA2 ,  f  x 
CA =  \  V™B(3/ I . -2/2. ) , 

nA 

(5.1) c B =  y/nXJ  B *_B2(y.i -  y.2) 
nB 

nA\riA2 n B\nB2, ,  x 
CAB =  \  \  (2/1 1 -2 /1 2 - 2 / 2 1 +2/22 ) 

V ™v 4 V  n B 

where ykj,  Vk.->  o r y.j  i s th e averag e o f y(i',i")  o n A/ c x  Bj,  Ak  x  B  or  A  x  Bj, 
respectively (k,j  —  1,2). 

These expression s ca n b e easil y extende d t o th e situatio n o f three-wa y dat a 
Y =  (y(i l\in,k)) b y addin g a n inde x A ; wher e necessary . 

Applications t o analysi s o f rectangle dat a ca n b e don e b y extending th e devel -
opments abov e t o bihierarchies . 

5.2. Bihierarchica l Clustering . Followin g th e sequentia l extractio n strat -
egy SEFI T discusse d i n sectio n 3 , we arrive a t th e proble m o f splitting th e range s 
of a  give n rectangl e A  x  B  C  / ' x  V  t o maximiz e /J 2

AB =  c\  +  c 2
B +  c 2

AB wher e th e 
items ar e define d i n (5.1) : 

2 riAinA2  n B\nB2, .  , 2 , 
VAB =  ( 2 / 1 1 - 2 / 1 2 - 2 / 2 1 + 2 / 2 2 ) + 

(5 2)  UA  UB 
y }  n A\nA2 t  , 2 ,  n Bxnm (  , 2 nB{yi.-y2.) +n A (y.i-y.2) 

TIA n B 

This ca n b e don e with a  local search algorithm . Fo r instance , t o find a n initia l 
partition, le t us split A  t o maximize c\  and , in parallel, B  t o maximize c\.  Thi s ca n 
be done with a n algorith m fo r splitting a  cluster describe d i n section 3.2 . Then , th e 
partition foun d ca n b e iteratively update d b y exchanging row s between Al  an d A.2 
or columns between Bl  an d B2  (on e item i n a  time) unti l fi 2

AB canno t b e increase d 
anymore. 

5.3. Up-to-Botto m Decompression . A  bihierarch y ca n b e employe d fo r 
data compressio n an d decompressio n i n the sam e fashion a s i t wa s described abov e 
for hierarchies . W e wil l no t maintai n her e th e linea r subspac e terminolog y sinc e i t 
does no t muc h diffe r fro m tha t describe d above . Le t u s jus t sho w ho w th e dat a 
compressed a s within cluste r average s can be decompressed up-dow n employing th e 
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three difference s involve d i n (5.1 ) an d kep t a s coefficient s o f th e "wavelet " base s 
consisting o f those part s o f $  tha t correspon d t o layer s o f a  bihierarchy Sw-

dAB -  2/ n ~  2/1 2 ~ 2/2 1 +  2/22 , d A =  2/1 . ~ 2/2. , d B =  2/. i -  2/.2 -

STATEMENT 8.  In  a  bihierarchy,  the  children's  averages  can  be  expressed 
through the  within  cluster  S w average,  yw, and  the  d-coefficients  above  as  follows: 

. n A2 n B2 ,  ,  TIA2  ,  ,  n B2 j 
2/n =  Vw  H  dAB  H " A H  OB , 

n^ ri £ UA  TIB 

nA2 riBi  ,  ,  ^A 2 ,  n ^ i , 
2/12 =  2/i y OA B H  dA  dB, 

UA TIB  TIA  ns 
riAi nB2 ,  ri Ai ,  ,  n B2 , 

2/21 = 2/ w <M £ -aA  H  05 , 

. n>Ai  riBi  ,  n> n n^ i , 
2/22 = 2/ w H dAB  dA  d B. 

nA TLB  riA  ns 

Proof: Th e proo f follow s wit h a  littl e arithmeti c fro m th e basi c equation s 
connecting y Wy yk.  an d y.j  wit h 2/&j , k,j  =  1,2 , as , fo r instanc e nATisyw  — 
nAiriBiyn +  nAinB2yi2 +  nA2riBiy2i +n A2nB2y22, an d definition s o f d AB,dA,dB. 
• 

These formula s ca n b e converte d int o th e languag e o f V m an d D m space s a s i t 
was don e i n th e cas e o f hierarchies . 

6. Conclusio n 

The followin g issue s discusse d i n th e pape r see m o f an interest : 

1. Ever y binar y cluste r hierarch y i s associate d wit h a n orthonorma l basi s o f 
the centere d variabl e spac e providing a  SVD-like  decompositio n o f the dat a 
matrix b y th e element s o f the cluste r structure . 

2. Th e se t o f interpretatio n aid s base d o n th e SVD-lik e decompositio n add s 
the decomposition s o f th e singl e variabl e variances , variable-to-variabl e co -
variances/correlations, an d entity-to-variabl e entrie s b y th e cluster s t o th e 
known decompositio n o f the overal l variance . 

3. A n existin g divisiv e clusterin g strateg y ca n b e explaine d a s a  "greedy " one -
by-one fitting  strateg y fo r a  clustering approximatio n mode l i n term s o f th e 
SVD-like decomposition . 

4. Normin g o f the dat a wit h norm s whic h ar e differen t fro m th e Euclidea n on e 
(like Chebyshev' s nor m relate d t o th e rang e o f a  variabl e rathe r tha n t o it s 
density) migh t lea d to better clusterin g results because o f a natural orderin g 
of the variable s emerging . 

5. Th e binar y hierarchies , applie d t o spatia l dat a processing , ar e ver y closel y 
related to wavelets and quadtrees which correspond to the so-called complet e 
(spatially an d numerically ) hierarchie s an d bihierarchies , respectively . 

6. Bottom-u p an d up-dow n computation s alon g the binary hierarchie s ar e par -
allel t o th e so-calle d fas t wavele t transforms , an d ca n b e use d i n dat a com -
pression/decompression problems . 

7. Th e discrete character o f binary hierarchies allows relaxing many restriction s 
of the wavelet-based techniques sinc e the hierarchy cluster s may be spli t int o 
parts whic h ar e neithe r o f equa l size s no r spatiall y continuous . Still , fas t 
recalculation formula s hol d fo r suc h genera l hierarchie s an d bihie r archies, 
which shoul d b e exploite d i n dat a processing . 
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8. Combinin g hierarchy-base d clusterin g wit h th e follow-u p dat a processin g 
may b e a n adequat e too l fo r processin g set s o f dat a tha t hav e a  stead y 
structure (a s document s o f a  kind o r image s o f a  bod y organ) . 
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ABSTRACT. Thi s pape r introduce s a n approac h fo r analysi s o f system s 
with learning, includin g livin g system s an d artificial intelligen t systems . 
An architectur e o f a n automaton wit h learning an d behavior generatio n i s 
presented whic h determine s a  class o f learnin g algorithms . A n algorith m 
of unsupervise d learnin g tha t employ s grouping , focusin g attentio n an d 
combinatorial searc h i s described . To p dow n computationa l processe s 
with growt h o f th e multigranula r hierarch y o f knowledg e acquire d ar e 
promulgated. Th e join t syste m o f Behavio r Generatio n an d Learnin g 
searches fo r a  preferabl e motio n trajectory . I t create s to p dow n 
planning/control processe s leadin g t o th e tempora l evolutio n o f th e 
system. A n argumen t i s presente d fo r a  join t analysi s o f spatia l an d 
temporal processe s o f behavio r an d learning. 

1. Introduction 

In 1986 a concept of "baby-robot" was introduced by the audior [1] , This concept 

emphasizes processes of unsupervised learning and is associated widi die joint evolution 

of behavior and knowledge incorporated widiin a system. It seems plausible that learning 

from multiple experiences i s inseparable from th e architecture of applying th e acquired 

knowledge for shaping the desirable behavior. 

Analysis o f th e evolution o f livin g creatures , problems of knowledge acquisition , 

mechanisms o f intelligenc e whic h i s a  resul t o f di e evoluuon , al l surviva l oriente d 

matters are beyond die discussion in the paper. Instead of analyzing living creatures, we 

Key words  and  phrases:  complexity , control , evolutio n i n biology , experiences , 

focusing attention , generalization , granularity , grouping , hierarchica l systems , intelligence , 

multiresolutional architecture , planning , unsupervise d learning . 
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introduce a formal system—a learning automaton. 

It has the faculties require d t o obtain an d use knowledge: sensors, subsystems fo r 

storing and organizing information , subsystem s for generating commands , actuators fo r 

changing the world, but initially i t has no world model and no rules to achieve a goal. 

This knowledge should be learned and our goal to understand how. 

The concepts of experience as a part of behavior, as well as desirability of behavior 

and its components-experiences, will be introduced and explored (Section 3). Behavior is 

shaped by the actions which emerge as a result of planning the goal-states, actions that 

lead t o goal-states, and string s of them. The process of findin g th e string o f desirabl e 

states an d actions leadin g t o them i s called planning. Th e latte r would be impossibl e 

unless the ability t o judge the degree of desirability o f states and actions would no t be 

acquired in advance. Generating and applying proper commands to execute th e planned 

trajectory and compensate for errors is called execution. Both planning and execution is a 

part o f control.  Th e process of acquiring th e relevant information an d processing i t so 

that a proper behavior could be generated is called learning. Planning/control and learning 

are complementary computational procedures, merging into a joint process of intelligent 

computation. 

The process o f planning start s wit h focusing attention whic h select s th e initia l 

representation o f th e worl d o r th e map with it s boundaries . Maps ar e discretize d int o 

tessellata whic h determin e maps ' resolution , o r granularity . Combinatorial  search  is 

performed a s a  procedure o f choosing one string (the minimum cos t string) ou t of the 

multiplicity o f al l possible string s formed ou t of th e space tessellat a a t thi s particula r 

level of resolution. 

Grouping th e tessellat a i n a  variety o f feasibl e string s allows selectio n o f on e of 

them. This is necessary for the subsequent evolution of the behavior grouping, which is 

followed b y generalizatio n tha t construct s a n envelop e aroun d th e vicinit y o f th e 

minimum cost string. This envelope is being submitted to the next level of resolutio n 

where th e nex t cycl e o f computatio n starts . Focusin g attentio n presume s prope r 

distribution o f node s i n th e stat e spac e s o tha t n o unnecessar y searc h b e performed . 

Combinatorial search forms the alternatives. All of these three procedures together can be 

considered as a process of generalization. Generalization i s a generation o f th e map for 

the subsequent search at the lower level of resolution. 

An example of joint functioning o f these three operations is shown in Figure 1 . The 

operations wor k jointly a s a  triplet , whic h ca n b e considere d a n elementary  unit  of 

intelligence [2] . 
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This proces s ca n procee d i n th e opposit e direction , fro m a  lowe r resolutio n t o a 

higher resolution , i . e . counterclockwise . Thi s i s contrar y t o th e proces s i s show n i n 

Figure 1 . However, i t won't be a generalization anymore . It will be an opposite process 

of instantiation . Instead of grouping, it employs decomposition.  Both generalization and 

instantiation are the key processes of intelligence. In this light, the consecutive section s 

of this paper should be viewed. 

Figure 1 . Conceptual Structure of the Process of Multiresolutional Consecutiv e 
Knowledge Acquisition by the virtue of Generalization 

All o f thes e phenomena presume tha t the system under consideration ca n "behave " 

as a  result of it s planning decision s an d actions o f th e actuators. I t is require d tha t the 

changes i n the world are reported t o the system b y a set of sensors . The overal l syste m 

can be represented using the concept of elementary loop of functioning [ 2 - 4 ]. 

A ne w typ e o f unsupervise d learning , wit h combinatoria l enhancemen t an d 

generalization, i s explore d i n thi s paper . I t i s demonstrate d tha t thi s learnin g lead s t o 

emergence of a multiresolutional representatio n and a hierarchy o f control . Thi s typ e of 

learning syste m provide s a n explanatio n o f evolutionar y processes . Evolutio n o f 

knowledge is discussed. It is considered that the evolution of living creatures is a special 

case of the evolution of knowledge representation. 

The process of evolution of the learning automaton can be characterized by a gradual 

sophistication o f it s knowledge an d behavior. Thi s gradualness i s not monotonic i n al l 

derivatives. The evolution o f knowledge i s rather "punctuated." It develops i n steps that 

emerge whe n a  collection o f hypotheses get s transformed int o a rule. The evolutio n o f 

behavior ha s simila r step s du e t o th e emergence  of ne w skill s whic h happen s als o i n 

different moment s i n time. Our model i s intende d t o be used fo r the processe s bot h of 
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early and mature learning. In final Sections, a unified proces s of learning and behavior 

generation is discussed. 

2. Algorithms o f Unsupervised Learnin g 
with Combinatorial Enhancemen t an d Generalizatio n 

2.1 Preliminaries . A n automaton is a state machine which generates outputs by 

using it s transitio n functio n an d state-outpu t functio n tabulate d i n advanc e fo r al l 

possible situations. A class of learning automata is introduced which are state machines 

whose transition an d state-outpu t function s ar e updated and modified base d upo n prior 

experiences whic h ar e store d i n th e memory an d transforme d int o set s o f rules . The 

transition and output functions of these automata have open lists of rules. New rules can 

be added to these lists. The aim of a learning automaton is to acquire rules which will 

increase th e tota l rewar d t o achieve th e goal, or to increase th e valu e o f a n objectiv e 

criterion of optimality associated with the goal achievement. This concept is similar to 

the one described in [5]. 

Thus, learning automata are presumed to have a learning system L  which allows for 

enriching bot h the transition an d the output functions. W e will demonstrate tha t as the 

system of rules develops it becomes a hierarchical one. This includes the corresponding 

input an d outpu t vocabularie s (Vj  and  V0.). Thi s i s equivalen t t o formatio n o f th e 

hierarchy o f automat a a s a  resul t o f th e evolutio n o f a  singl e learnin g automaton . 

Operators of L  are equipped by minimum initial set of tools, or "bootstrap knowledge." 

This includes the ability t o form strings , to construct hypothetical implications , and to 

infer tautologies. 

Learning system L  can b e define d a s a  syste m o f acquisitio n o f experiences , 

transformation o f these experiences into rules of action, derivation of new concepts, and 

organization of these concepts into knowledge and decision-making structures suitable for 

achieving the goal. 

In order to support processes of learning, each learning automaton is equipped by the 

set of actuators that follow command s at the output of learning automaton. Changes in 

the world are measured by the sensors. A set of sensors is the only source of information 

for th e learning syste m about the state of the World (Situation. ) The automaton i s also 

equipped b y subsystem s o f Sensor y Processin g an d Worl d Mode l whic h allo w fo r 

interpreting th e input from sensors . All these modules are discussed a s a discrete event 

system. 

The Learning Syste m can judge upon truthfulness o f this information onl y by the 
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results of actions (behavior ) which are undertaken to achieve the goal. The subsystem of 

Behavior Generation (BG) contains transition function and output function [2 , 3 , 6] . 

Other devices of BG are described in Section 5. This section is a further developmen t of 

the approach presented in [7, 8] . 

We use the term situation  t o describe the state of the world represented as a set of n 

sensors' outputs which arrive at a moment of time i 

(1) S i = {Sji}, j  = l,...,n; i=l,...T 

where ŝ  i s a numerical value for the j sensor. 

Action i s a set of m action outputs which are generated by the system at moment of 

time i 

(2) A j i +1 =  {a^}, j  = l,...,m; i=l,...T 

where a: j is a numerical value that has been observed as an output of actuator j . 

Situations ca n be represented as sets (lists), or as vectors within a particular system 

of coordinates . Action s ar e understoo d a s cause s o f change s tha t ar e sense d afte r th e 

actions are applied. This allows for recording correlations between thes e causes and the 

sensed changes which introduces the concept of a rule. 

We use the term experience instea d of cause-effect relationshi p because we want to 

underscore th e fac t tha t no prio r cause-effec t knowledg e i s available . Sometimes , th e 

functioning o f learning automata i s described i n terms of the quadruplets: states-before -

action, states-after-action, actions , rewards. For example, a "single move" experience can 

be described as follows: 

(3) E t i +1 =  {Sj,^ ^ p S ^ p Jj i+1 (G)}, i=l,2,...T ; 

where Sx i s a vector of situation at the time i, A | i+ j i s a vector of action applied to S v 

S i+1 i s a vector of the next situation in which A^  i +1 ha s ended. In dynamic systems, we 

are intereste d i n longe r string s o f move s whic h w e regar d a s experiences . An y 

concatenation of single moves generates a multi-move experience of the type "situation-

action-situation-...-situation" which serve a basis for the subsequent learning. 

G is a goal. I t is a situation which must be achieved as a result of the behavior. The 

goal i s often presume d t o be give n t o a  system. Fro m [2-6 ] w e know tha t goal s can 

emerge also as a result o f planning. From [3,4 ] w e know tha t the process o f learnin g 
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generates subgoals. 

J(G) is a goodness or reward attained under the goal G as a result of a single move. It 

is presumed that any valued experience is associated with a certain measure of "goodness" 

J i i+j(G). I t can be interpreted as a reward for the pursuit of the goal G.  In a multi-move 

experience the value of reward is determined only by the initial and final situations . Both 

single-move and multi-move experiences will be regarded as unit of experiences. 

The value of reward will be used for the subsequent process of hypotheses generation 

and selection. Ultimately, i t determines the rules necessary fo r "survival." A rule can be 

obtained as a result of transforming th e cause-effect relation s discovered within repetitive 

experiences. 

There are two forms of rules: 

Control Rules  (CR):  I F present situation & goal —> THEN action required 

and 

Event Rules  (ER):  IF present situation & action —> THE N new situation 

To find new rules an operation of generalization should be applied. In subsection 2.3 

the operatio n o f Inductiv e Generalizatio n i s described . Cluster s o f simila r experience s 

should be created. Then, the control rules and event rules can be generated as hypotheses. 

These hypotheses are used by an automaton as rules for behavior generation. A frequency 

of valuabl e reward s estimate s plausibilit y o f a  newl y create d rul e an d confirm s it s 

correctness if the frequency is high. 

After th e rules ar e confirmed, som e o f thei r part s whic h emerge d a s a  resul t of 

generalization, may not belong to the initial vocabularies (Vjand V Q.) Thes e parts are to 

be treate d a s new concepts. Concept  i s a labe l fo r the entity whic h ca n be obtained 

recursively a s a cluste r o r group o f highe r resolutio n concepts . Al l new concepts are 

obtained from two available classes of rules (see Figure 2.) 

{ S i Ai2S2Ji2} EXPERIENCE S (G ) 

/ \ 

RULE [I F (S1, G) —> THE N A12] RUL E [IF (Si, A12) — > THE N S 2 ] 

I I H I 
J C A N D I D A T E S F O R C O N C E P T B A S E | 

Figure 2. Experiences—>Rules—>Concepts 
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Situations and actions are concepts and so are clusters of situations and actions, as 

well a s thei r components . They are organized into "ontology" base whic h store s them 

together with their relationships. 

The ne w concep t obtaine d fro m th e generalize d experience s a s a  resul t o f thei r 

transformation int o rules are novel words which are not present in the lists of previously 

defined inpu t an d outpu t vocabularies . Thes e nove l word s ar e word s o f th e ne w 

vocabularies: a t th e lowe r leve l o f resolution . The y describe th e phenomena relate d to 

groups of units of experiences. 

Thus, the single sensor value becomes a group of sensor values which are unified by 

the fact that a particular action or string of actions lead to highly rewarded results. 

Goodness o r reward  (J) i s computed i n a  different wa y depending o n a  particula r 

application. For example, it can be computed as a difference betwee n increments of cost 

Cj i +1 accumulate d for the interval from state i to state (i+1), and C iA j  accumulate d for 

the interval from stat e (i-1) to state i . 

The following sequence of activities can be explicated from the definition of learning: 

1. Experiences {Ê } are collected and stored in memory. 

2. Experiences are compared, resemblances are determined, and clusters are formed 

by the virtue of resemblance . 

3. Clusters of experiences which already have cause-effect relationships, are 

transformed into rules, and control rules and events rules are separated. 

4. The clusters of situations and actions that are parts of the newly created rules 

are stored as concepts of lower resolution; then the growth of the concept base 

begins. New concepts emerge as a result of clustering/These concepts are labeled 

and receive a status of a new word. 

5. The words for the clusters form a vocabulary. This vocabulary is regarded as a 

lower resolution vocabulary. Thus, in addition to the previous vocabularies Vj 

and V0 w e obtained two new vocabularies V  j an d VQ . 

6. Subsequently, the new experiences are stored in parallel in two new 

vocabularies: the original one Vj an d V Qy an d the one formed by the newly 

created concepts Vj an d V 0. 

The proces s o f consecutiv e operation s {collectio n o f experience—>hypothesi s 

formation—>generation o f rules—>concepts emergence} is repeated each time as a new 

experience arrives. As vocabularies Vj  an d V0 grow , they allow to represent and control 
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functioning o f the system by using their new words. Thus, new, generalized experiences 

can be recorded fo r generalized situations and actions. The sequence of steps 1- 6 can be 

repeated which will result in building up anew lower level of representation. 

This algorith m describe s a  recursiv e proces s whic h lead s t o a  multiresolutiona l 

system of world representation and a multiresolutional systems of rules of actions, both 

acquired as a result of learning. 

The describe d learnin g proces s employ s only focusing attention and grouping  th e 

experiences by their existing features of resemblance. This is not always satisfactory fo r 

successful learning . The third component is required from th e triplet shown in Figure 1. 

This component is combinatorial search. I t will be introduced in a form of combinatorial 

enhancement. 

Learning wit h generalizatio n allow s for usin g experience s i n a  very efficien t way . 

Multiple clustered experiences are treated as group phenomena. Rules generated by them 

are grou p rules . Whe n th e numbe r o f grou p rule s become s large , th e algorith m o f 

generalization can be applied again. The group rules of even lower resolution emerge. 

However, thi s consecutive generalizatio n i s just a  tool o f reducin g complexity . In 

order t o receiv e innovations , som e combinatoric s shoul d b e introduce d fo r generatin g 

words beyond di e existing experiences . Similar mechanism ha s been proven t o be very 

useful for design purposes [10]. 

2.2 Combinatoria l Enhancement : Searchin g fo r Hidde n Implications . 

Each experience can testify only about some part of the overall situation. This is why in 

the theor y o f learning , di e concep t o f a  combinatorial  enhancement  whic h produce s 

enhanced actions and situations has been introduced. 

Indeed, th e availabl e senso r informatio n no t necessaril y ca n b e a  goo d basi s fo r 

generaung a  hypodiesis . Conside r a n exampl e wit h autonomou s mobil e robo t whic h 

must lear n ho w t o ac t i n a  particula r environment . I n a  particula r situation , a  single 

actuator comman d canno t b e a  prope r response . Frequently , a  combine d comman d 

(steering +  propulsion) mus t be assigned. Just valu e o f th e sensor reading o f angl e of 

"heading", Za, o r value of "angle to die goal", Zc9 canno t be an antecedent in a rule 

what to do. However, dieir difference (Za -  Za)  i s a perfect variable of control. 

Such two persuasive experiences of learning as the evolution of living creatures and 

the evolutio n o f knowledg e woul d b e substantiall y impaire d i f n o combinatoria l 

enhancement would be possible. 

The followin g factor s ar e considere d critica l fo r stimulatin g evolutio n o f livin g 
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creatures: reproduction, mutation, competition, selection [9] . These factors are applied to 

knowledge in a similar way. Reproduction is like formation of statements of experiences. 

Competition an d selectio n ar e lik e generalizatio n o f th e bes t result s wit h th e highes t 

values of rewards (see Subsection 2.3.) Search in a form of combinatorial enhancement is 

the direct analog of mutations. It can be compared to crossover and other mechanisms of 

forming new entities with an element of randomization. 

We call formation of combinations of the available data for the consecutive searching 

and grouping combinatorial enhancement. For example, if measurable values vj an d V2 

are known in the beginning of some experience, neither vj, nor V2 might be indicative of 

the need to use a particular action while the value of (V2 - vj), o r O 2 +  vj) , o r other 

combinations might be important to interpret results of measurements. 

The enhancing take s a s inpu t a  se t o f value s an d give s a s outpu t a  combinatio n 

among these values: 

(4) Comb  { v 1,v2,v3,...,vn } = {w{ ,  (v{± Vj)}, 

i=l...n, j=l,...n, i  * j 

This operatio n create s a  ne w se t containin g th e initia l se t an d al l possibl e 

combinations of the elements of the initial set. In (4) only combinations of additions and 

subtractions are illustrated. 

An enhanced  representation  o f a  situation i s constructed b y considerin g enhance d 

vectors of situations and actions applied. For example, if the vector of situation was built 

upon reading s o f thre e sensor s S={s 1, s 2, S3} , the enhance d vecto r o f situatio n wil l 

include nine coordinates {s ^ s 2, S3 , (Si+s2), (s 1+s3), (S2+S3) , (spS^, (S1-S3) , (s 2-

S3)}. Similar change will happen to the vector of actions: instead of A={aj, a2, &$} a  new 

vector will emerge: {a ^ a 2, a 3, (a 1+a2), (a1+a3), (a 2+a3), (a^a^ , ^ ^ 3 ) , (a 2-a3)}. I t 

would be prudent t o consider a  new hybrid vector {(aj+s^ , (aj+Sj) , (a 1+s3), (a 2+Sj), 

(a2+s2), ... , (a 2-s3),(a3-s1), (a 3-s2), (a 3-s3)}. However, in the simple examples that we 

used from th e area of robotics , i t wa s hard to come up with physica l interpretatio n of 

each hybrid combination. 

Thus, the enhanced situation is a set formed by a situation, all possible combination 

of it s components, and al l possible combinations between component s o f th e action A 

and th e situatio n S . Eac h experienc e presente d b y (3) , o r a  strin g o f single-mov e 

experiences (3) should be stored together with the synthesized enhanced situation S Enh 

and enhanced action A Enh. 
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2.3 Th e Algorith m o f Inductiv e Generalization . Th e process of inductive 

generalization is one of the possible procedures of generalization. In addition to formation 

of clusters typical for any generalization, inductive generalization uses information about 

dynamic propertie s o f th e statistic s o f cluste r formation . Th e maxi m o f inductiv e 

generalization claims that multiple occurrences of similar experiences testify fo r existence 

of a particular rule, if most of these occurrences have the same (or similar) explanation of 

causes [12]. If the number of occurrences i s not statistically persuasive, then we can talk 

about the case of hypotheses  generation  b y means of abductive  generalization.  I n both 

cases, it i s important t o account for the list of attributes/variables o f th e situation, and 

also for the relations among them [13]. 

The process of unsupervised learning employs the algorithm of generalization which 

presumes a  multipl e iteratio n o f th e triple t fro m Figur e 1 : focusing attention  on th e 

subset of experiences and searching among them and their combinations until a grouping 

can b e performed , i.e . a  cluste r o f simila r unit s coul d b e substitute d b y a  singl e 

generalized hypothesis [10]. This hypothesis is then stored in the database of hypotheses. 

If the subsequent experiences confirm the hypothesis, it becomes stronger. 

This is not a trivial operation. Automata with operation of generalization have not been 

previously discussed in the literature on learning. The operation of generalization includes 

steps 1-4 of the algorithm of learning. 

Thus, th e store d experience s an d th e goa l bot h ar e input s t o th e proces s o f 

generalization onl y i n th e ver y beginning . Then , th e thir d inpu t t o th e proces s o f 

generalization not included into Figure 3. is information fro m the database of hypotheses 

for behavior generation. 

This database is useful for the algorithm of generalization, and has two major functions: 

• it allows for restoring information tha t was already los t in erased experiences; the 

hypotheses include d i n th e database are generalizations (o r compressions) o f thes e lost 

units of information . 

• it does not allow for creation of hypotheses which were already created, or creatin g 

hypotheses that have been already created earlier but demonstrated to be not valid. 

Since the algorithm o f learning as applied recursively t o its own results, each two 

adjacent level s of resolution us e generalization applie d t o the initia l information whic h 

can be considered experiences and to generalized information whic h is called hypotheses. 

Thus, we can distinguish two kinds of generalization pertaining to the level to which they 

are applied : generalizatio n fro m experience s befor e an y hypothesi s i s availabl e an d 

generalization from hypotheses. 
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The previously created hypotheses supply the goal for generalization of experiences. 

If the database of hypotheses is empty the main goal of functioning i s applied. 

STORING EXPERIENCES 

<# 

r FOCUSING ATTANTION: 
SELECTION OF ADMISSIBLE 

EXPERIENCE 

(COMBINATORIAL ENHANCEMENT 
OF ADMISSIBLE EXPERIENCES 

CONSTRUCTING SIMILARIT Y 
CLUSTERS 

STORING HYPOTHESES 

ASSIGNING A STATUS OF RULE 
TO SELECTED HYPOTHESES 

L 
ALGORITHM 

OF 
GENERALIZATION 

SEARCH FOR HYPOTHESES 
AMONG SIMILARITY CLUSTERS 

Figure 3. The Generalization Algorithm 

The following factors are characteristic for the process of generalization and should be 

taken i n accoun t i n an y concret e compute r algorithm . The y ar e applicabl e bot h fo r 

generalizing experience s an d hypotheses . W e ma y trea t hypothese s a s experience s b y 

themselves. The hypotheses are validated as a result of applying them. Thus, they become 

subjects for the subsequent generalization which is characterized by the following factors: 

1. The most straightforward metho d of clustering is based upon extraction fro m 

the data base of tw o importan t subsets , admissibl e an d non-admissible . Admissibl e 

experiences ar e "good/* while non-admissible ar e "bad" with respec t t o the give n goa l 

which i s determined by values of goodness/reward the y deliver. The degree of goodness 
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which determines the threshold of clustering can vary. It will determine the productivity 

of learning and eventually the success of functioning. 

2. The admissibl e se t i s use d t o generate s hypothese s o f rule s tha t prescrib e 

"what to do", while the non-admissible set generates hypotheses with a warning content: 

"this should not be done" in this situation. 

3. The representation of each experience is combinatorially enhanced . Actually, 

enhancement plays the role of "imagination" in the overall process of generalization. It is 

similar t o creating th e string s of anticipate d trajectorie s i n th e subsyste m o f Behavio r 

Generation (Section 3). 

4. Searching is performed to determine groups of similarity among the enhanced 

experiences, and the clusters are created. 

5. Each o f th e cluster s o f simila r enhance d experience s i s considere d t o be a 

candidate for becoming a rule hypothesis. 

6. Experiences are tested, and the results of testing enter the base of experiences. 

7. Hypotheses are validated by statistics of their use and then enter the base of 

hypotheses. 

All manipulation s wit h sensor/actuato r value s ar e performe d afte r th e value s ar e 

normalized. The reason fo r normalization come s from th e fact tha t different senso r and 

actuators work over different ranges . Thus, normalization i s a  function whic h map s a 

value fro m a  particula r interva l int o th e normalize d valu e interva l [0-1] . De-

normalization i s the inverse function o f normalization. Re-normalization i s applied when 

a ne w valu e arrive s whic h i s outsid e o f th e existin g interval . I t i s necessar y t o re -

normalize all the values previously normalized with the old interval. 

The algorithm o f generalization create s new hypotheses, rules , and concepts which 

become ne w word s in vocabularies . The sam e algorithm i s applied t o it s own results . 

Now the previously generalized experiences are generalized again, and the hypotheses and 

rules o f "lowe r resolution " ar e obtained . Thi s evolutio n o f acquire d knowledg e i s 

illustrated in Figure 4. 

This diagram shows that the joint system of knowledge representation an d behavior 

generation converge s t o a  multiresolutiona l one . This convergenc e i s completed , onl y 

after many new concepts are obtained and the consecutive generalization processes run a 

sufficient number of times. Then, formation of levels can be obtained by clustering of the 

multiplicity of outcomes of these consecutive generalizations. 
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Figure 4. Evolution of Acquired Knowledge 

2.4 Focusin g Attentio n o n th e Subse t o f Admissibl e Experiences . Thi s 

procedure i s applie d t o th e complet e databas e o f experiences . I t output s th e se t o f 

admissible experiences . Thi s i s a  procedure of  focusing attention.  A t thi s stage , w e 

narrow dow n th e bulk of available data using th e most genera l similarity feature , thei r 

"goodness" or "badness." 

There are different options in selecting experiences suitable for generalization: 

1. Select good/bad experiences which are close to each other in their value of 

goodness: 

a) experiences with the value of goodness higher/lower than a certain 

threshold. 

b) experiences which are a part of a particular top/bottom fraction of 

best/worst experiences (percentage threshold) 

c) experiences which form a group of n best/worst of them (quantity 

threshold). 

2. Select good^ad experiences that are close to the current situation: 

a) experiences which are closer than a certain threshold to the current situation 

b) experiences which are the part of some top/bottom fraction of close r 

experiences 

c) experiences which form a group of n closest ones. 

3. Intermediate strategies are possible. For example, if option 1 i s applied and 
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doesn't find any rules with recommendations about the current situation, then 

option 2 can be applied. Option 2 can be used with different thresholds . If a large 

value of a threshold of closeness is chosen and no rules are found, then, for the 

current situation smaller threshold should be made. If no rule has been found 

after a few iterations with option 2, then, the learning algorithm should collect 

more experiences about the current situation. 

When the database of experiences is large, the percentage threshold may choose too 

many experiences. A  reasonable approach seems to be to select the 4*n" best experiences. 

In this case, we avoid setting a minimum value of goodness while retaining the ability to 

set the maximum amount of computational burden for the learning algorithm. 

At the stage of combinatoria l enhancement , focusin g attentio n i s applied b y using 

some selecte d experience s t o creat e enhance d situation s an d othe r t o creat e enhance d 

actions. I n thi s pape r onl y additio n an d subtractio n wer e mentione d fo r constructin g 

enhanced situations and actions. Other operations can be used and they will generate larger 

sets of rules. 

2.5 Formation o f Similarity Clusters . In this subsection, we describe a process 

of grouping previously chosen good/bad experiences into clusters of similarity. 

The procedure takes as an input the sets of experiences and enhanced experiences created in 

the previous steps and finds inner clusters among them. As shown in Figure 5, it inputs a 

set of groups of selected experiences and outputs clusters. 

Figure 5. The Class Forming Algorithm 

Clustering allow s fo r reductio n o f computationa l complexit y becaus e o f th e 

following reasons: 

• The system cannot store all particular experiences; creation of groups allows 

for compression of data. 

• Many of experiences are ambivalent; the system needs only those experiences 

that can imply a set of actions or restrictions 

The following requirement s shoul d b e satisfied fo r th e set o f experience s use d by 

clustering: 
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1. There are no repeated experiences in any of the output clusters 

2. Every experienc e a t th e input s shoul d b e include d t o on e o f th e outpu t 

clusters, i.e. the cluster forming algorithm does not eliminate any experience 

3. No new experience are generated by the clustering algorith m 

The comprehensive arsenal of theoretical tools for generating clusters can be found in 

[11]. W e hav e explore d tw o simpl e approache s fo r formatio n o f classes : th e "jump " 

approach and the closest neighbor approach. We would expect that the proper algorithm of 

clustering shoul d be chosen taken in account al l multiplicity o f factor s presente d i n the 

description of the environment within which the learning system is functioning. 

Tlie "jump" approach is similar to coordinate-by-coordinate approach introduced [12]. 

Instead of "sparseness," we use the term "density of good experiences." 

Separating cluster s b y usin g th e jum p threshol d lead s t o a  larg e percentag e o f 

meaningless recommendations if clustering i s performed on all experiences. However , in 

the initial set of experiences, only the good (or bad) ones are represented. So , the reason 

that w e fin d jump s i s becaus e o f inne r cause-effec t correlations . Onl y certai n action s 

should be applied from the whole repertoire of possible actions. These actions can only be 

apphed i n certai n cluster s o f situation s t o giv e acceptabl e (o r unacceptable ) value s o f 

goodness. 

This wil l caus e th e algorith m t o fin d rule s o f actio n only  fo r unequivocall y 

advantageous o r totall y unacceptabl e outcome s whic h shoul d generat e positiv e and/o r 

negative rules . If no applicable rules can be found in a certain situation, then a new goal 

will be declared. Thi s assigns a situation for which a good rule was found as a subgoal. 

Under this subgoal, a rule will be found or again a new subgoal will be declared. 

The jump threshold is a measure of density of good experiences i n the domain of a 

particular variable, because it separates the classes by means of finding domains of space 

that separate place s wher e th e goo d examples ar e situated densely . Mos t o f th e cluster s 

separated by a jump become parts of meaningful rule hypotheses. 

Another approac h t o clustering i s mergin g base d o n a  minimum distanc e o r "the 

closest neighbor" method. Its strategy is to merge the most similar pairs of experiences at 

each step. The criterion used to select the closest experiences is similar to the idea applied 

in the stepwise optimal hierarchica l methods. This makes the smallest possible stepwis e 

increase in the sum of squared errors which is also a very common algorithm for finding 

clusters. 
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2.6 Searching for Valid Hypotheses among Clusters. Th e reason behind the 

creation of clusters is our belief that each of these clusters is a candidate to become a rule 

of a different behavior. 

Also, we assume that there exists a class of enhanced representation action s A Enh 

which has already been applied to a class of enhanced representation situations SEnh and 

which produce s value s o f goodnes s i n th e interva l from Jmin t o J max. I f w e hav e a 

situation belonging to a class SEnh, then an action can be determined within class A Enh 

which will provide goodness Jmax. Then, each class of enhanced experiences becomes a 

hypothesis. 

The hypotheses are then stored i n the database of hypotheses as a tree where each 

hypothesis is related to its "parent" by the goal. If no hypothesis was found fo r a certain 

situation, the n the situation i n the hypothesis with closest situation t o ours becomes a 

subgoal. This is one more source for the emerging hierarchies of acquired knowledge. 

Figure 6 shows a parent hypothesis at the top, and a child hypothesis takes its goal 

from th e parent' s situatio n a t th e bottom . Sinc e th e child hypothesi s ha s a  ne w goa l 

(which is the parent's situation) it has a new measure of goodness. 

, ,  ,  * J  k+1 
enh,k+l 

~enn,K-hi 

Figure 6. Parent and child hypothesis 

It i s no t possibl e t o fin d rule s fo r al l situation s sinc e onl y goo d experience s ar e 

selected t o the classification procedure . Other parts of the space wil l use as a goa l th e 

situations with existing "direct" rule of action toward the original goal. 

Two cases of hypotheses formation are to be considered: based upon situations (case 

A), and based upon actions (case B). 

Case A . Suppos e that two or more hypotheses in the database of hypotheses have 

the following characteristics: 

1. The y have the same goal. 

2. The y have the same enhanced action set. 

3. The y have different enhanced situation sets. 

Then the following option s exist: 

1. Thei r situations do not intersect I n this case there are options : 
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a) leave them as separate hypotheses 

b) create a joint hypothesis {S Enhl,SEnh2} -> {AEnh} 

2. The y intersect, which again gives two options: 

a) create a new joint hypothesis with situation {S Enhl,SEnh2} 

b) create a new joint hypothesis with situation {S Enh n e w } . 

Case B.  Suppos e tha t w e hav e tw o o r mor e hypothese s i n th e databas e o f 

hypotheses that have the following characteristics: 

1. The y have the same goal. 

2. The y have the same enhanced situation. 

3. The y have the different enhanced action . 

In this case it is necessary to merge their actions which produces two cases: 

a) if their actions do not intersect then they will be left as separate 

hypotheses. 

b) if they do intersect, a  new joint hypothesis with action {A Enh new } 

should be created. 

3. Multiresolutional Searc h fo r a  Motion Trajector y i n the State Space: Top-
Down Refinemen t 

The secon d proces s characteristi c fo r th e learnin g automato n i s lookin g fo r th e 

preferable behavio r [4 , 14-18] . (Th e purpos e o f learnin g i s t o enable th e subsequen t 

process o f planning. ) Thi s sectio n discusse s th e proces s o f deliberativ e planning . 

Conventional automat a ar e onl y capabl e o f reactiv e decisions ; the y ar e no t capabl e of 

"look-ahead" decisio n makin g processe s whic h ar e typica l fo r deliberativ e planning . 

Unlike learning, which develops bottom-up and works via generalization (o r coarsening), 

the process of planning develop s top-down an d works via instantiation  (o r refinement. ) 

The process of planning is determined as choosing the desirable behavior by anticipating 

admissible alternative s amon g possibl e behavior s an d selectin g th e bes t o f the m b y 

comparing tentative trajectories in the state space (finding the planned trajectory, o r PT.) 

From Section 2, we conclude that all experiences acquired and hypotheses generated 

contain some knowledge of some reactive rules. For example, "if it is necessary to get to 

S2 from Sj , apply A12." This rule reacts by evoking A12 t o the need of getting into S2 

from S j a t i level o f resolution. As this rule i s applied top-down , i t turns ou t tha t the 

space between Sx ^ j an d S2 ^ contain s more nodes S: iA, wher e j=l,2,3... are nodes of 

i-1 leve l o f resolution . Th e proces s o f selectin g an y suin g fro m the m require s 

deliberation. Thus, multistep search procedures were recommended in [12 ]. 

PT is a trajectory whic h satisfies th e specifications (th e latter are determined b y die 
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Goal). Trajectory i s a string of adjacent admissible elementary subdomains (o r tessellata, 

tiles of the discretized space) denoted as {f ly} wher e i is the level o f resolution an d j i s 

the numbe r o f th e tessellatu m i n th e strin g {£iy} . I f necessary , P T ca n b e als o 

represented a s a sequenc e o f th e subdomain indice s Tj{j(ji) } wher e |i - i s a  numbe r o f 

elementary subdomains in a string {|i=l,2,...,z} . 

In this paper, we addres s only a well-posed problem (wpp) of planning . The proper 

set of wp p requires assigning: a ) the initial point (SP^) an d the final point (FP^ ) o f 

the trajectory whic h should be determined at the higher resolution within the tessellatum 

of the resolution under consideration, and b) the feasible trajectory determined at the lower 

level o f resolution. 

PT is called a feasible trajectory  if i t has an initial point S P ^e £l x j , a final poin t 

F P ^ e Cl- X z , and all tiles of the string are contained in the feasible trajectory at the lower 

level o f resolution, or i+1 level . 

Thus, a feasible trajector y for the level i  is always represented as a string of tile s for 

the i+1  leve l o f resolutio n an d i s a  subspace o f th e i  leve l o f resolution . Clearly , th e 

needs in and the algorithms of finding a feasible trajectory are tools of focusing attention . 

We determin e th e subspace i n whic h th e wp p o f plannin g shoul d b e resolved , an d th e 

optimum trajectory shoul d be found. Indeed, the feasible trajector y determined at the i+1 

level o f resolutio n become s a n "envelope, " a bound domai n o f spac e a t th e i  leve l o f 

resolution. 

The recursive  definitio n o f th e feasibl e trajector y doe s no t lea d t o an y infinit e 

incomputable computational procedure. As we extend our search for the feasible trajectory 

to the consecutively lowe r and lower levels of resolution, we eventually arrive at a level 

where both the initial point SP i an d the final point FPi belong to the same tessellatum of 

the lowe r leve l o f resolutio n FP^ j SP ^ FP j e  Q i + 1 whic h i s th e initia l spac e fo r a 

feasible trajectory for the i level. 

The sequence of feasible trajectorie s can be considered a nested system of space s for 

muitiresolutional search. To increase the reliability of searching for optimal trajectory, we 

increase th e envelop e o f searc h b y surroundin g th e feasibl e trajector y b y on e o r mor e 

adjacent tile s alon g it s boundar y whic h wil l determin e a  particula r "width " o f th e 

envelope. This results in a system of enhanced volumes V 1>V2>...>Vk>...>Vm whic h 

we will use later for searching (Figure 7). 

The optimum trajectory a t the i  leve l o f resolutio n i s a  minimum-cost path  o n 

the grap h whic h i s buil t upo n al l center-point s o f th e tessellat a a t th e i  leve l o f 

resolution. These tessellata are constructed within the envelope formed b y th e feasibl e 
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trajectory found for the i+1 level of resolution, as shown in Figure 7. 

Figure 7. Illustration to the MS3-algoridim. 

The definitions fo r feasibl e an d optimum trajectorie s impl y th e off-line metho d 

which has been introduced to find the best trajectory o f motion to be followed b y the 

control system . Searc h i n th e stat e spac e (S 3-search, se e [8 , 12-18] ) i s don e by 

synthesizing the feasible trajectorie s fo r the i level of resolution and then building the 

alternatives of possible motion trajectories fo r the i-1 level within the envelope cos t 

space. Domains of the state space £2k and their densities of points pk at different levels 

are different so that the following inequalities hold 

(5) n  {  3  n 2 3.. . 3  %  3.. . 3  n m; 

(6) p 1<p2<...<pK<...<pm; 

while 

(7) V 1>V2>...>Vk>...>Vm; 

where Vj i s the total volume of space under consideration. The results of contraction 

are introduced i n Section 4. They depend on the system of resolution level s we deal 

with. 

Some particular volume of the state space Vk i s designated for a subsequent search 

for a solution, Operation of contraction puts constraints on this volume and should be 
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properly justified. W e need to reduc e the probability that contraction eliminates some 

or all of the opportunities to find the optimu m path trajectory. The following heuristi c 

strategy o f contractio n i s chosen . Afte r th e searc h a t the lowes t resolutio n leve l i s 

performed, th e optimum trajector y i s surrounded by an envelope. I t is a  convex hul l 

which ha s a widt h w  determine d b y th e context o f th e problem. Then , th e random 

points generation at the next level of resolution is performed only within this envelope 

of search . Thi s strateg y i s demonstrate d t o b e acceptabl e i n man y practica l cases . 

However, the problem of consistency o f representatio n unde r the contraction heuristic 

has to be addressed in the future. 

4. Learnin g a s a Part o f Multiresolutiona l 

Intelligent Processin g o f Informatio n 

In this section, we introduce an algorithm tha t merges deliberative plannin g wit h 

learning. Both are more kindred to each other than we could expect. They produce and 

use th e same multiresolutiona l syste m o f representation . Le t £1 -state spac e i n which 

the star t and final points S P and FP are given. The path fro m S P to FP is t o be be 

found wit h the final accuracy p . Let us consider Q=Q 1 an d p=pm. We will introduc e 

three operators. 

Operator of  Learning L (Q,p ) construct s th e system o f representatio n (9\ ) via 

creation of generalized maps M = SR (Q., p) at each leve l of resolution and obtained by 

generalization o f the higher resolution map 1, p is the level o f resolution o f thi s map 

determined by the density of the search-graph. 

There wa s no concept o f "map " in the general descriptio n o f th e algorithm o f L 

(Section 2). However, at the highest resolution leve l many high-resolutional tessellat a 

of th e space hav e a  ful l representation . I f representatio n o f th e tessellat a ar e stored 

together with information about their adjacency, connections , and relations, then a se t 

of dispersed data is being transformed into a consistent map. As the bottom-up process 

of generalization develops, the maps of the lower level of resolution emerge. 

Even if the learning automaton was not given any idea of "self," this idea wil l be 

developed automatically by the algorithm of learning. At the lower resolution level, the 

deliberation o f string s i s expected , combine d fro m cell s o f th e highe r leve l o f 

resolution. Concatenation of these strings i s possible onl y via concept of the "current 

state." It is possible t o demonstrate tha t this concept wil l evolv e int o th e concept of 

"self." Then, learning automaton will be able to put itself in a map. 

1 Th e ma p o f th e highes t leve l o f resolutio n i s obtaine d fro m th e syste m o f sensor s 
transducing th e signals o f physical realit y int o som e syste m o f signs . 
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Operator of contraction C:(P, w)->Q =  C(P,w) (where w is the parameter of the 

envelope, th e "width" of the envelope) performs the procedure of focusing attention at 

each level of resolution (thus creating a system of volumes V 1>V2>...>Vk>...>Vm). 

At the lowest level of resolution, focusing attentio n is determined by the total scope 

which i s a part of assignment . A t all levels below, the state space searc h shoul d be 

formed for the consecutive search. 

Operator of state space  search  S 3: (V , SP , FP,x , J)-»P combine s togethe r i n a 

form o f a continuous string the tessellata within the envelope of searc h s o tha t they 

form a  continuous trajector y P=S 3(V, SP , FP , x, J  )  from S P t o FP . J  i s th e cos t 

(value of goodness) of behavior which should be minimized as a result of search S 3 , V 

is the envelope of search, and x is the value of time resolution at a particular level, or 

the interval of indistinguishability of time. 

The structur e fo r a  clas s o f multiresolutiona l algorithm s o f join t learnin g an d 

behavior generation can be represented as a diagram 8. 

w p k SP , FP, x, J 
4» 4, ^ 

(8) P kA -> C >9 ? >S 3 >P k 

T T 

Q M 
k k 

T 
t(«,p) 

We ca n se e tha t th e algorithm s o f thi s structur e creat e a  syste m o f 

multiresolutional knowledg e representation  (botto m up ) an d a  syste m o f 

planning/control description s o f th e behavio r t o b e conducte d s o tha t th e syste m 

function successfully . 

5. Evolution o f Automata Equipped by Subsystems fo r 
Multiresolutional Unsupervise d Learnin g an d Behavior Generatio n 

Figure 8 shows a detailed, enhanced versio n of the elementary loo p of functionin g 

[2,3]. Thi s i s a  symboli c representatio n o f th e processin g durin g variou s learnin g 

activities typica l fo r a  syste m equippe d b y module s unsupervise d learnin g (UL ) an d 

behavior generation (BG) . This remains the same in all goal-oriented case s of automata 

equipped wit h ULB G modules . Perceptio n allow s fo r recordin g th e se t o f recen t 
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experiences in a symbolic form. By grouping the experiences, the classes of similarity are 

discovered. Thi s induc e hypothese s explainin g th e similarides , o r insdgat e ne w 

experiences belonging to the same class of similarity. Within the semiotic paradigm, the 

loop of ULBG can be called "a loop of semiosis" [2]. 

The system i s presumed t o function unde r an externally assigne d Goal . The initial 

set o f experience s (whic h migh t b e obtained b y rando m actions ) ar e generalize d int o 

hypotheses. The hypotheses enter the subsystem of Behavior Generation as a substitute 

for the rules. The decision for an action is made; the action is performed; changes in the 

world occur; the transducer s (sensors) transform the m into a form tha t can be used by 

Perception. The long and complicated process of moving fro m sign s to meaning starts 

again. Now, the enhanced set of experiences brings about anodier hypotiieses which can 

confirm or refute di e tested ones. This is when die symbol grounding happens. 

V 

RELATIONAL DATABASE OF CONCEPTS 

1 Entitie s 
1 Databas e 
J Verba l 

Experiences 1 
Database f 

J 

\ 

Experiences 1 
Recorded f 

^ J 
I i 

1 Perceptio n 

i I 

1 Transducer s 

Entities 
Database 

Iconic 

^ 

Rules L 
Database | 

i 

\ 
' Hypothese s 

of Theories 
^ an d Rules 

Knowledg 
and 

Learning 

J 
fc-

5e ^ 

World [ 

VALUES 

~y^T 
Theories 
Database 

J 

r Confirme d " ^ 
4 Theorie s 
I an d Rule s 

Behavior 
Generation 

| 

Actuation 

Figure 8. Functioning of Learning Automaton: Six Box Diagram 
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After multiple tests, the hypotheses can cross the threshold of "trustworthiness," and 

a new rule is created. A rule (or a set of rules) within a  context i s considered t o be "a 

theory." At each development step, the unit under consideration undergoes a comparison 

with other kindred unit s confined i n corresponding databases (o f Experiences, of Rules, 

and of Theories. ) Then , the symbols tentatively assigne d t o some "unities, " "entities," 

or "concepts " ente r thei r place withi n th e database o f concept s (whic h i s a  relationa l 

network of symbols.) 

Rules (o r th e hypothese s whic h wil l becom e rules ) ar e forme d whe n experience s 

cluster together unified b y their similarity. For the prior state Sj th e applied action A 12 

leads to the emergence of the new state S2; the value of reward J12 i s the result. Afte r 

gathering a sufficient numbe r of the experiences and proper generalizing them the rules of 

the following form can be constructed: IF the value J is desired upon achievement of a the 

goal-state SG from the present state Sj, THEN the action A1G shoul d be applied. 

An interesting and unique feature of generating rules follows. Each component of a 

rule is a generalized component of experience. This means that to obtain a component of 

a rule, several similar components of experiences should be grouped together into a class, 

a cluster . Thi s require s applyin g a  se t o f procedure s usin g th e triple t o f grouping , 

focusing attention , and combinatoria l search . The label attached t o this cluster signifie s 

the proces s an d th e resul t o f generalization . Th e premise s behin d th e proces s o f 

generalization could be different. But , the result will be always the same: creation of the 

new objec t fo r th e lowe r leve l o f resolution . Fo r example , le t Q x symbolizes th e 

phenomenon of generalization upon i similar experiences (i=l, 2, ..., n), then 

(9) [Th e zone of states "S" with J1<J<J2] -> ^{S^ J  1<Ji<J:2}, 

(10) [Actio n "A" to be applied to achieve a desired zone] — > 

Ci(Si.Au + 1}. 

Only the desired state is not subject to generalization. It is always individual, pertaining 

to a concrete system and problem. 

6. Conclusions: The Issues of Further Researc h 

Theoretical analysi s presente d i n thi s pape r ha s bee n confirme d b y th e 

experimental result s [1 , 7 , 8] . "Baby-Robot " wa s abl e t o lear n ho w t o reac h th e 

arbitrary situate d goa l onl y afte r implementin g th e algorith m o f generalizatio n wit h 

combinatorial enhancement . Befor e thi s algorith m wa s implemented , Baby-Robo t wa s 
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able t o lear n ho w t o reach th e particula r locate d goal . I f th e locatio n o f th e goa l wa s 

changed, th e successfu l learnin g proces s fo r th e previous goa l coul d no t help t o fin d a 

new one . Generalizatio n n  wit h combinatoria l enhancemen t ha s enable d th e robo t t o 

make the discovery, and initiate the process of hierarchical learning. Other positive results 

are recorded in [17,18]. 

1. I n thi s paper , w e introduc e an d analyz e a n algorith m o f multiresolutiona l 

unsupervised learning with inductive generalization and a search for hidden implications. 

This algorith m i s applie d recursivel y t o it s ow n result s a t th e output . Therefore , i t 

builds u p a  multiresolutiona l structur e o f results . Thi s typ e o f unsupervise d learnin g 

(UL) is demonstrated to be a mechanism of development of an evolving multiresolutiona l 

system o f representation . I t enable s th e syste m o f behavio r generatio n (BG ) als o t o 

evolve. Together , (ULBG ) the y provid e fo r an evolution o f th e automata equipped wit h 

such systems . Th e automato n equippe d b y ULB G become s a  multiresolutiona l 

automaton, an d it s level s o f resolutio n ca n chang e a s th e evolutio n o f knowledg e an d 

behavior proceeds. This evolution can be illustrated by Figure 9. 

TIME 

Figure 9. Evolution of Knowledge and Behavior of the Automata with ULBG 

2. Fro m Figur e 9 , on e ca n se e th e behavio r evolves . Thi s producin g differen t 

plans an d motio n trajectorie s a s show n a s a  horizontally developin g tree . A t th e sam e 

time, its knowledge evolves as shown in the vertical hierarchical structures. 
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This process seems to be even more important to analyze of th e evolution of livin g 

creatures. We believe tha t the automaton equipped by ULBG allow s fo r analysi s o f th e 

processes of evolution of these systems (automata with ULBG) as species. I t is possibl e 

to equip th e automaton b y th e system o f reproduction . I t would b e possibl e t o analyz e 

how th e proces s o f knowledge  evolution  i s affecte d b y differen t mechanism s o f 

reproduction. 

3 . Thi s lin e o f researc h take s advantag e o f th e uniquenes s o f automat a wit h 

ULBG amon g othe r know n system s o f automat a wit h learning . Th e mechanis m o f 

unsupervised learnin g allow s fo r th e ultimat e freedo m i n th e wa y th e learnin g proces s 

organizes th e acquired knowledge. I t is possible to anticipate that as the knowledge base 

evolves, th e knowledge becomes utterly diversified. Rule s concerning th e external worl d 

will emerge , an d th e rule s concernin g processe s o f inne r knowledg e organizatio n an d 

procedures o f processin g wil l follow . Simpl e menta l experiment s ca n confir m tha t th e 

system whic h start s wit h perceivin g th e worl d a s a  se t o f value s {v^} , i.e . havin g a n 

"ego-focused" representation  wil l lea m ho w t o develo p map s i n externally-fixe d 

coordinates tha t wil l allo w fo r puttin g o n th e ma p th e syste m itsel f (whic h migh t b e 

interpreted as emergence of "consciousness" in some applications). 

4. Th e automato n wit h ULB G ca n b e use d t o analyz e al l stage s o f learnin g 

including th e "earl y learning " stage . Certainly , som e initia l knowledg e ("bootstra p 

knowledge") i s presumed . Thi s bootstrap organization o f knowledg e ca n strongl y affec t 

the subsequent processes of knowledge evolution. On the other hand, the learning system 

is presumed to be free of a building up of all subsequent knowledge organization. How it 

will organize the knowledge acquired and why?— this is the research issue for the are a of 

automata with ULBG. 

5. Th e processes of knowledge acquisition are affected by the knowledge stored. 

They start creating some bias in the subsequent knowledge acquisition since the results of 

automaton functionin g wil l b e induce d b y th e knowledge previousl y stored . So , i f th e 

results of functioning wer e "good" or led to a "better" behavior, the system might assume 

that its goodness i s due to the knowledge used . I t might happen that the experiences th e 

system acquires are limited by its predisposition. This is another research topic of interest 

in the ULBG area. 

6. Sinc e the system has been developed to demonstrate some particular behavior, 

the evaluation of this behavior should be the ultimate measure for the process and results 

of knowledge organization as well as the processes and results of th e ways knowledge i s 

acquired from  th e externa l worl d an d knowledg e use d fo r behavio r generation . Thi s 
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determines a n interestin g interconnecdo n betwee n furthe r developin g th e hierarch y o f 

functions fo r evaluatio n o f goodnes s which precipitate a t different level s o f resolution . 

The interconnection between learning, behavior, and developing of the "system of values" 

in die automata witii ULBG seems to be an important research issue. 

7. I n concert, all these three processes: acquisition, organization and use affec t 

the overall system functioning. Therefore, other systems of learning can modify an d alter 

the syste m o f ULBG.A t th e presen t tim e th e followin g mechanism s o f knowledg e 

acquisition are known from the literature (other than UL): 

a). Learnin g b y transfer . I n thi s cas e al l knowledg e whic h subsequentl y i s 

required for behavior generation is transferred from another source where it was stored and 

organized in advance based upon existing design decisions and experiences of functioning. 

This metho d o f knowledg e acquisitio n presume s tha t th e structur e o f th e syste m o f 

interest an d it s functionin g i n require d circumstance s ar e previousl y known , an d 

knowledge is organized so that this structure be properly supported. 

b). Learnin g b y examples . In thi s case, w e presume a  "Teacher " whic h ha s 

substantial knowledg e abou t m y case s o f possibl e functioning , store s knowledg e o f 

previous experiences and spells out a set of possible scenarios in which the functioning of 

the system is expected. Undoubtedly, a set of tests can be developed in which a behavior 

of system is entertained and after each case of behavior the system receives th e teacher's 

evaluation whethe r i t was good, and how good it was. These tests teaches exercises fo r 

which the solution is known. Interaction of ULBG system with other systems of learning 

should be a separate research issue. 

The system i s to be taught the responses to die tes t by demonstrating a  particular 

behavior. At the end of die test, it is informed by the teacher whetfier thi s behavior was 

right or wrong. In more complex schemes , it can be informed o f how good i t was and 

why. Unlik e i n th e mechanis m 1 , di e mechanis m 2  doe s no t interfer e witi i ho w th e 

learning system organizes the required knowledge. However, the teacher's interference into 

the process of knowledge acquisition can be deep enough. The mechanism 2 does not say 

anything about die way knowledge should be organized witiiin the learning system. 

8. Learnin g an d Behavio r Generatio n produc e structura l an d behaviora l 

hierarchies. It is possible to state tiiat using ULBG reduces computational complexity by 

increasing the structural complexity. 
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