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ABSTRACT 

Flow~induced vibrations in heat exchanger tube banks are well known. 

Tube ~ibrations have resulted in failure due to mechanical wear, fretting 

corrosion, and fatigue cracking. ~he detrimental effect of flow-induced 

vibrations has led to numerous investigations for a better understandi.ng 

of the phenomena in. heat. exchangers, particularly in high temperature, 

high performance heat exchangers used in nuclear reactor systems. 

Several excitation mechanisms have been considered including vortex 

shedding, fluidelastic excitation, jet switching, turbulence buffeting, and 

acoustic excitation. Based on different excitation mechanisms, different 

mathematical model?. have been developed. As we know, a tube bank may be 

subjected to several excitations simultaneously, and sometimes it is diffi

cult to identify which. is the dominant excitation. A model considering 

only a single excitation mechanism is obviously inadequate. Furthermore, 

those models do not account for all the fluid coupling in a tube bank. 

Therefore, the objective of this report is to propose a mathematical model 

including multiple tubes and multiple excitation mechanisms. 

The mathematical model presented in this report includes the effects 

of vortex .shedding, fluidelastic coupling, drag force, and fluid inertia 

coupling. Once the fluid forces are known, the model can predict the 

details of complex tube-fluid interactions: (1) natural frequencies and 

mode shapes of coupled vibrations; (2) critical flow velocities; (3) respon

ses to vortex shedding, drag force, and other types of excitations; and 

(4) the dominant excitation mechanism at a given flow velocity. The analyti

cal results are in good agreement with the published experimental results. 

The following are some general conclusions: (a) Multiple tubes must be 

considered in a mathematical model for closely spaced tube banks in a 

dense fluid. (b) Tube banks respond as an integrated system rather than 
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as a collect~on of many individual tubes. (c) Natural frequencies of 

tube banks increas~ slightly with increasing crossflow velocity. (d) 

Flutter flow velocity may be small~r or larger than that associated with 

vortexshedding. (e) Detuning the tubes has a beneficial effect on 

stability. (f) Flutter flow velocity varies with tube number and system 

damping. (g) The most critical instability mode is associated with the 

motion involving a tube vibrating predominantly in the stre~wise direc

tion, while its two neighboring tubes vibrate predominantly in the trans

verse direction with .a phase shift of 180°. {h) Fluidelastic coupling 

makes.tube motion orbital. 

Tn conclusion, there is·a great need for a useful mathematical model 

for cross-flow-induced vibrations of tube banks. The model presented in 

this report has demonstrated that it is capable of predicting the details 

of tube-fluid interactions including instabilities and responses to various 

types of excitat~ons. With this modei, improved design criteria can be 

established to eli~inate detrimental flow-induced vibrations in tube banks. 
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NOMENCLATURE (Contd.) 
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I.· INTRODUCTION 

Flow-:-induced vibrations in heat exchanger tube banks are well known.· 

Tube vib~ations have resulted in failure due to inechanical wear, fretting 

corrosion, and fatigue cracking [1]. The detrimental effect of flow-

induced vibrations has led to numerous investigations for a better under

standing of the phenomena in heat exchangers, particularly in high temperature, 

high performance heat exchangers used in nuclear reactor systems. 

From a practical point of view, what heat exchanger designer~ need 

is to know when.and why flow-induced vibration or instability occurs and how 

to suppress them. To be able to answer. these questions, one must understand 

the mechanisms involved. Several excitation mechanisms are briefly reviewed 

as follows: 

A. Vortex Shedding 

Vortex induced vibration of tube banks has been extensively studied by 

Chen [2,3] and others. When one of the natural frequencies of a tube bank 

is near the Strouhal frequency, the tubes can be excited to have large 

oscillations. Although vortex shedding process will be modified by tube 

motions and synchronizes with tube oscillations, it is the vortex shedding 

that initiates tube vibration. 

Vortex shedding can induce transverse tube oscillations. In dense 

fluid, drag force can also induce tube oscillations in the streamwise di

rection. Coupled vibration of multiple tubes in the flow direction has. 

been observed by King and Johns [4]. In light fluid, if tubes are given 

a relatively large motion in the flow d~rection, tube oscillations in the 

flow direction are also possible. This has been demonstrated by Griffin 

and Ramberg for a single tube in wind tunnel [5]. 

Based on the vortex shedding theory, if one knows the Strouhal number 

as a function of the array ge~metry, the flow velocity at which resonance 
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occurs can be predicted. However, there is little detailed information 

on the .velocity range over which."lock-in" occurs, orbital paths of tube 

motions, and. amplitudes of tube dispLacements. One of the main assumptions 

in. this theory is the existence of vortex shedding within tube banks .. 

Although m:any investlg.:.tors have measured the Strouhal number in tube banks, 

sununarized recently by Fitz-Hugh [6], it is still questionable whether 

vortex·shedding exists.in the middle of tube banks. 

B. Fluidelastic Instability 

Connors is the first investigator recognizing the fluidelastic mechanism 

of tube banks subject to cross flow [7]. The instability belongs to the 

classical flutter phenomenon which has been extensively studied in aero-
. . 

space industry. The essential parameters associated with this mechanism 

are system damping and fluidelastic forces. When the flow velocity is 

increased to a certain value, the work done on the tube system by fluid-

elastic forces will be larger than dissipation by damping; therefore, large-

amplitude oscillations will occur. Based on the experimentally observed 

tube oscillations and measured fluidelastic coefficients, Connors developed 

a simple instability criterion for crossflow-induced instability of tube-

rows by analyzing the motion of a single tube in a tube row. 

Fluidelastic instability has been further considered by Blevins [8], 

Gorman and Mirza [9], Halle et al. [10], and Erskine and Waddington [11]. 

However, the dependence of fluidelastic-instability thresholds for tube 

banks on system parameters, such as tube pattern, tube pitch, individual 

tube natural frequencies, and tube damping, is not well understood. The 

mathematical approach used by Blevins [8] includes multiple tubes with 

· fluidelastic coupling but fluid inertia coupling, which is important for 

tube banks. vibrating in dense fluid, is not accounted. Furthermore, in 
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existing mathematical models, the tubes are assum~d to be in tune; varia

tions in tube properties have not been .considered. 

C. Turbulent Excitations 

In a tube bank, there exist random flow noise~ including turbulent 

pressure fluctuations and far-field flow noises with some or little coher

ence. When tubes are subjected to those random excitations, the tubes 

will respondprimarily at the natural frequencies of the system. Owen [l2] 

has made one of the most complete theoretical approaches to this problem. 

He disregards any theory of a superposed regular pattern of excitations. 

If one knows turbulence spectrum and spatial correlation in a tube. 

bank·and assumes that structural oscillations do not affect the fluid 

pressure field, it is possible to calculate tube-bank.responses. However, 

very little has been done in literature for tube banks. 

In a flow loop, turbulent pressure fluctuations and other flow noises 

will always exist; the magnitudes of those noises are, most likely, system 

dependent. In modeling a tube bank, the random flow noises should be 

accounted for in addition to other excitations.· 

D. Acoustic Excitations 

Acoustic excitations can cause tube vibration normal to the flow 

direction and tube axis. When the natural frequency of vortex shedding at 

a particular flow rate coincides with the acoustic frequencies, two systems 

(fluid flow and acoustic field) are coupled and reinforce each other. The 

worst case is that when acoustic frequency, tube frequency and vortex

shedding frequency are the same [13,14,15]. 

Little consideration has been given to the interactions of acoustic 

waves with tube banks in the past. The problem includes transmission, 

scattering, and radiation of acoustic waves by a group of elastic tubes. 

Obviously it is not an easy problem to solve, particularly when acoustoelastic 
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vibration is c·oupled to. vortex shedding proces.s. Nevertheless, when 

acoustic excitations are .important in certain cases, its effect must be 

included. 

Several other excitation mecl}anisms also have been considered; those 

include, among others, jet switching, structural borne noises, and flow 

pulsations. In some cases, those excitations may be important. However, 

it is believed that, in most cases, the f9ur mechanisms reviewed are the 

most important ones. 

Based on the brief review, we observed that: (1) a single excitation 

mechanism, either self-excited or forced vibration, is considered in the 

. past; and (2) in most cases, a single tube is taken as a model for tube 

banks without including all the fluid coupling effects. In reality, a 

tube bank may be subjected to several types of excitations simultaneously 

and sometimes it is difficult to identHy which is the dominant excitation; 

considering only one excitation mechanism is not sufficient. Furthermore, 

a tube bank will vibrate as a group rather than as an isolated tube. With-

out including all the fluid coupling effects, the vibrational modes of tube 
' 

banks cannot be described. Therefore, it is clear that a mathematical 

model including multiple excitation mechanisms and multiple tubes is defi-

nitely needed. The objective of this report is intended to satisfy this 

need: presenting a mathematical modei to account for multiple excitation 

mechanisms in tube banks using coupled modes. 
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II. EQUATIONS OF MOTION 

A row of k tubes subjected to a cross flow is shown in Fig. 1. The 

axes of the tubes are parallel to the z axis and the centers of the tubes 

are on the x axis. ·· Tube· diameter is d and the gap between· two neighboring 

tubes is G. The subscript i is used to denote variables associated with 

tube i. The variables associated with tube motion in the x direction are 

flexural rigidity Eili, tube mass per unit length mi, viscous damping co

efficient ci, and displacement ui.· The equation, of motion for t;ube i in 

the x direction is 

where fi ~s the force per unit length acting on the tube including hydro

dynamic forces and other excitations. Similariy, the equation of motion 

in the y direction is 

a
4
vi avi a

2
vi 

E1J1 ~ + e1 ·-at+ m
1 
~ = gi , i = 1,2,3 .••• k, 

* where EiJi, ei, vi and gi are flexural rigidity, damping coefficient, dis-

placement, and external force per unit length in the y direction. 

The external forces acting on a structural element include iner;tia 

force, drag force, lift force, fluidelastic force, hydrodynamic damping 

and other noises; these are given by 

f. = f~ + f~ + f~+ f~ + f~ 
and 

1 1 l. l. 1 1 

c 
+ 

d e h 0 
gi = gi g.+ g. + gi + gi 1 l. 

One of the major problems to calculate the response of a tube bank to a 

cross flow is to determine these force components. 

The inertia force associated with the tube motion in fluid was studied 

previously [16]. f~ and g~ are as follows: 

* For generality, the moments of· inertia in the two directions are assumed 
to be different. For tubes, Ii is usually equal to Ji. 

(1) 

(2) 

(3) 
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Fig. 1. .Schematic of a row of tubes subjected to a cross-flow 
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, 

and 

k 
H' r 

j=l 

where M' is the displac~d mass of fluid by the tube, and aij and Sij are 

added mass coefficients. 

It is well known that the lift force acting on a single ·tube is 

(4) 

t
1

"= ~ p v2 dc
1 

sin.wst, (5) 

fl, 
where p is fluid density, V is flow velocity, c is lift co.efficient, and 

w is the vortex shedding frequency given by 
s 

21TSV 
ws;::: -d-

The Strouhal numberS is equal to 0.~ for a single tube in the subcritical 

Reynolds number. In the case of multiple tubes, experimental results have 

shown that there are multiple valuco of S for gap··to·-'diameter ratio less 

than one. The Strouhal number obtained by various investigators [2,7,17, 

18,19] for a row of tubes is shown in Fig. 2. Further investigation is 

. i 
required to determine the values of S, lift coefficient c , and phase rela-

tion among the tubes. Without such detailed information, the lift force 

acting on the i tube._is assumed to be 

t 1 = .! p v2 dc
1 

sin (w t + 1/1~). , 
i 2 i s ~-

where c~ is the lift coefficient of the i tube and 1/Ji describes the phase 
1 i 

relation. 

The drag force consists of two parts, skin friction drag and pressure 

drag. For a steady flow, drag force depends on the Reynolds number and 

the relative roughness of the boundary surface. The results for a large 

number of single body appear in a number of references (e.g., Ref. iO). 

Unfortunately, such is not the case for a system consisting of multiple 

structural· elements .. 

(6) 

(7) 
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The drag force is steady until vortex instability ~egins. Then lt · 

oscillates either periodically or randomly about a mean value. The drag 

force acting on the tube is assumed to be 

where c~ is drag ·coefficien.t of the i tube, £. is a small number, and 
1 . . 1 

~~ is a phase angle . 

. The quasi-steady fluid forces associated with tube displacements were 

investigated by Connors [7]. Due to the·motion of the tubes, a momentary 

displacement of a tube in a tube bank from its equilibrium position alters 

the fluid field. As a result, additional fluid forces are.induced. These 

forces may be represented by [21] 

fe 1 2 
i = 2 p v 

and 

k 

( r l-li.u· 
j=l J J 

where ~ij' ~~j' vij' and vfj are fluidelastic.force coefficients. For 

example, the flul.delastic force acting on the tube :1 i.n the x d:lrec:tion 

(8) 

(9) 

due to a unit displacement of tube j in they direction is equal tot pV
2
vij" 

Theoretically, the displacement.of a tube will induce a force on every 

tube. However, for ~ractical purposes, the forces acting on those tubes 

which are far away from the moving tube are negligible. Assuming the 

fluidelastic forces depend only on the displacements of itself and its two 

neighboring tubes and using an argument of symmetry, one will obtain the 

following expressions for the fluidelastic forces: 

and (10) 
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Equations (10) were employed by Blevins [8] to study the stability of tube 

rows. 

. .. 
In a stationary fluid, fluid damping can be. accounted .for using vis-

cous damping terms as given in Eqs. (1) and (2). Once the fluid is 

flowing, fluid flows will produce additional hydrodynamic damping. Based 

on the potential flow theory, the hydrodynamic damping associated with a 

tube bank subject to cross flows is given as follows [21]: 

f~ 
k k 

-pdV r r 
. 

= ( ·a . . u. + -ri.v.) l. 
.i=l 

l.J J j=1 J J 

and ··-·------·· 

h 
k k 

r r 
. 

gi = -pdV ( a~juj + -r~jvj) 
j=1 j=l 

where the dot denotes differentiation with respect to time. 

Using Eqs. (1) to (11) gives 

k 
•1 

- 2 p v2 ( .r 
j=l 

k 

\.l:.u. +. L v .. v.) 
~J J j=l ~J J 

k k 

+ pd v < r 
j=1 

a . . u. + L -r .. ~.) 
l.J .1 j=l l.J. J 

(11) 

(12) 

i 1,2,3, .. ;k. 

k k 
1 

-
2 

P v2 < . I v ~ . u . + I \.1 ~ • v . > 
j=l ~J J j=l ~J J 

k k 

+ pdV ( L a~.u. + L -r~.~.) 
j=l J J j=l . l.J J 

' 
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Equations (12) are the general eq~ations of motion for a tube-row subject 

to a cross.flow. Vibrations and ~tability.~f a·tube row·can be analyzed 

using these equations. · Equations.(l2) can also be applied to tube banks if 

additional inertia coupling terms are included [22]. 
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III. ANALYSIS 

It is assumed that all tubes are of the same length and have the same 

type of boundary conditions in the x and y directions. In this case, the 

rnodal.functions for tubes vibrating in the x and y directions will be the· 

same; thus~ let 

and 

00 

ui (z,t) = L 
m=l 

v. (z, t) = . l. 

00 

a. (t) cfl (z) 
1.m m. 

, 

where cflm(z) is the m-th.orthonormal function of the tubes in vacuo; i.e., 

(13) 

where R. is the length of the tubes. Usin~ Eqs. (12), (13) '· and (14) yields 

k 1 k 
-- P v2 ( L 

2 
j=l 

ll .. a. + r vi.b. ) 
l.J Jm j=l J Jm 

k k 

+pd V( L a .. ~. + L Ti.b.) 
j=l l.J JID . j=l J JM 

. .. 
-2 

mi w. bi + 2m. nim w. b. + mi b. +M 
J.m m l. J.m J.m l.In 

1 
k k 

v2 < r· . ' +.r ll! .. b. ) - 2 p v .. a. 
j=l . l.J JID 

j=l l.J JID 

k k . 
+ pd v ( r . ' . r . 

a .. a. + •i. b. ) 
j=l l.J JID j=l J JM 

00 

r 
j=l 

d 
[1 + sin 

d 
~ q c. £. (2wst + tlli)] +g. 

m l. l. llD 

(19) 

aij b. 
Jm 

, (16) 
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where wim and wim are the m-th frequencies in vacuo·for tube i in the x 

. . 

andy direction re$pectively (if ti = Ji, wim will be equal to wim), and 

(17) 

tim = 
ci , 

2m.wi 
1 m 

T1 = 
ei 

im 2miwiin 

Note that equations (15) and (16) can be applied to all values of m. For 

each m, there are 2k equati.ons which are coupled. However, there is no 

coupling among the equations for different m. This is true for a row of 

tubes having the same length and same type of boundary conditions. If 

the tubes have different types of end conditions, a similar method of 

analysis can be developed. 

Equations (15) and (16) can·be written in matrix form: 

.. . ----··-

[M]{ A}+ [D]{A} + [K]{ A} + [H]{B} + [C]{BJ' = {P} 

[M]{ ii} + [D] {n} + [K] {B} + [H] {.A} + [C] {A} = {P} 

Equations (18) may be written as a single equation 

[LJ{w} + [R] {W} + [rJ{w} ~ {Q}, 

where 

· [M OJ 
[L] = . -. 

· . 0 M 

, . 

.. 

(18) 

(19) 
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[1], [R), and [T) are the mass, damping, and stiffness matrices respec-

tiveiy and {W} and {Q} are the corresponding displacement and force vectors. 

When the fluid is flowing, [R] and [T] are not symmetric: Equation (19) 

is further reduced to 

[U]{~} + [V]{~} = {f} (20) 

where 

(U] = [·:J [V] = CL] ~ 

0 ... ~ 

(21) 

{~}"' f}.{r}Dr} 
w . Q 

Equations (20) are the basic equations which are to be used in the studies 

of free vibration, stability, and fofced vibration. 

The damped free vibration mode shapes and mode values are obtained 

by applying solutions 

{'i'} - {X} exp (At) (22) 

to the homogeneous form of Eq. (20): 

t . [AU+ V]{X} = {0} 
(23). 

The adjoint form to Eq. (23) is 

[AU' + V'] {Y} = {0} (24) 

where ' denotes the transport of a matrix. The solutions of"Eqs. (23) 

and (24) can be achieved by standard procedures. Assuming that the modal 

matrices obtained from Eqs. (23) and (24) are [X] and [Y] respectively. 

Let 

[X]{~} (25) 

Substituting Eq. (25) into (20) and using the biothorgonability condition 

yields 
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. 
TEl·~+ [F] ~~= [Y']{r} (26) 

where E and F are diagonal and hence Eq. (2.6) are uncoupled and easily 

solved. 



23 

IV. RESULTS 

.For presentation, stainless steel tubes with the following properties 

are considered: outside diameter 2. 223 em (0. 8.7 5 in.), wall thickness 

0.114 em (0.045 in.), and length 101.6 em (40 in.). The gap G is 0.911 em 

(0.359 in.). All· tubes are assumed to be simply-supported at both ends, 

and containing sodium and submerged in a sodium flow at 516°C (960°F). In 

this case, the natural frequency for a single tube in sodium is 36.01 Hz in 

both directions. The viscous damping coefficient ci and ei is assumed to 

be 6.895 Pa-sec (0.001 lb-sec/in.
2

) for all tubes. 

Once tube arrangement is known, added mass coefficients, aij and Sij~ 

can be calculated [16, 22]. As long as the tube motion is small, the potential 

flow theory will give sufficiently accurate results. Since, in most cases, 

we are interested in small-amplitude oscillations or incipient-instability 

motion, the potential flow theory ;is applicable. 

Fluidelastic coefficients can be obtained as follows: First, measure 

the steady fluid forces acting on each tube in the x and y directions; 

I 

those force components are designateq by f~ and g~ respectively. Then dis-

place tube j in the x direction with a small displacement u., measure the 
J 

steady force components again; those are designated by f'.' and g'.'. Fluid-
1 1 

elastic coefficients )l.~ and v .. can be calculated from these force components: 
1J 1J 

and 

f" - f' 
i i 

Jlij = 1 2 
2 pV uj 

'V ~ • 
1] 

(27} 

Similarly, Jlfj. and vij can be calculated by displacing tube j in they direc

tion. 

Hydrodynamic damping can also be obtained experimentally. Unlike fluid-

elastic coefficients, the experimental determination of hydrodynamic damping 
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coefficients will require a dynamic method of analysis and involve a great 

amount of measurement. 

To the author's knowledge, there is no other experimental data available 

except those measured by Connors [7] on fluidelastic. forces. It is 

recognized that Coimors obtained fluidelastic coefficients fr~ni an energy· 

consideration for an idealized mode shape and with relatively large dis

placements. His results may not be the same as those calculated from Eqs. 

(27). However, without other detailed information on fluidelastic coeffi

cients and Connors.' data repres.enting the best information available to 

date, his data will be used in the following calculations. Therefore, 

fluidelastic forces are based on Eq. (10). Connors did not give the data 

for l.l and l.l
1 and they will be assumed to be zero (in reality, l.l and l.l' are 

not zero). The values of v and v' are 0.101 and 0.165 respectively. Since 

there is no experimental data for hydrodynamic damping, it will not be in

cluded in t~e following calculations (i.e., oij' Tij' ofj' Tfj = 0). 

In view of the fact that there is insufficient information on fluid

elastic and hydrodynamic damping coefficients, the example presented in 

this !;lection is taken as a vehicle for illustrating the general qualitative 

characteristics of the model rather than the specific numerical values. 

Once additional information from experimental or analytical studies becomes 

available, new results will be incorporated in the model. The ultimate 

test of the model is to compare the analytical predictions with laboratory 

or field observations. 
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A. Stationary Fluid 

Ina stationary fluid,·c, C, Hand H in Eq. (18) are zero; thus, in-

plane and out-of-plane motions are uncoupled and the motions in the. two 

directions can be studied independently. Free vibration for this case was 

considered previously [16]. 

In a heat exchanger tube bank, in most cases, all tubes are identical. 

Coupled natural frequencies for this case can be obtained rather easily. 

Assume that all tubes have the mass per unit length m (mi = m) and the 

frequency in vacuo wn (win = win 

coupled modes are given by [22] 

w ). The natural frequencies of the 
n 

w 
n 

where a are the eigenvalues of the added mass coefficient matrix [a .. ] 
n ~ 

or [8 .. ] (see Eqs. 4). Equation (28) shows that the natural frequency 
:I.] 

of a coupled mode can be calculated based on a single tube provided that 

the eigenvalue of the added mass matrix is taken as the effective added 

mass. 

The effects of spacing and detuning ·on coupled natural frequencies 

have been studied; the results are summarized as follows: 

(28) 

1. In many practical cases, the spacing between the tubes is uniform. 

However, if a tube is displaced, the natural frequencies of coupled modes 

will be shifted. For example, if the central tube in a row of five tubes 

is displaced, the coupled natural frequencies will be more widely spread; 

that is, in a frequency band, the lowest natural frequency will be lower 

and the highest natural frequency will be higher than those of uniform 

spacing. 

2. In a group of tubes, if a tube has a different frequency in vacuo 

from others, .the natural frequencies of coupled modes are reduced if the 

tube has a lower frequency and increased if it is higher. 



2.6 

B. Natural Frequencies of Coupled Modes as Functions of the Flow Velocity 

The dynamic behavior of a tube bank subjected to a.cross flow can be 

studied based on Eq. (23). The natural frequency of the coupled tube

fluid system is designated by Q, then the eigenvalue ). obtained from Eq. 

(23)· is equal to iQ. the dynamic behavior of the system is determined by 

Q: 1) when Q is real, the system performs undamped oscillations; 2) when 

Q is complex having a positive imaginary part, the system is stable arid 

performs damped oscillations; 3) when Q is complex having a negative 

imaginary part, the system loses stability by flutter; and 4) when Q is 

imaginary, the system loses stability by buckling. 

Figure 3· shows .the natural frequencies of the lowest four modes for 

two tubes subjected to cross flow, where the numbers in the figure indicate 

the magnitude of.flow velocity in m/sec. At low flow velocities, all modes 

are damped. As the flow velocity increases, the imaginary part of Q may 

increase or decrease while there is a small increase in Re(Q). As the 

flow velocity is increased to a certain value, Im(Q) becomes zero and the 

tubes become unstable by flutter. For example, mode 1 becomes flutter at 

V = 5.3 m/sec and mode .J at V = 5.5 m/sec. 

At V ~ 0, the motions· associated with the natural modes of a tube 

bank are rectilinear. However, for V # 0, due to the coupling effect of 

the fluidelastic forces, tube motions associated with the natural modes 

become orbital; these orbital movements associated with the two tubes are 

shown in Fig. 3. 



2.0 

1.5 _,;.-. 

LO >----

-
~ 0.5 -

H 

0.0 

-0.5 '--

-1.0 
33 

.. I 

0() 
2nd MODE 

0 

QO 
I st MODE 

I 

34 

27 

I I I . 

9 

9 

8 

8 

QO 
6. 

6 

4th MODE 
4 

4 

2 
2 0 

2 
2 

4 
4 

5.3 5.5 

6 6 
.. 

OQ 
3rd MODE 

8 8 

9 9 

I I I 

35 36 37 

Fig. 3. Complex frequencies of two tubes subjected to a cross-flow 

-

-

-

-

38. 



28 

C. Critical Flow .Velocities and Instability Modes . 

... 

The critical flow velocities depend on system parameters in a com-· 

plicate way an.d can be calculated from Eq. (23). A closed form solution 

for two identical tubes is obtainable. Assume that the properties of the 

constituent tubes, both in in-plane and out~of-plane directions, are as· 

follows:· natural frequency wn, damping ratio ~ , and mass per unit length n . 

m. In this case, Eqs. (23) are reduced to 

[y
1

:1 {xj l =· {ol , 
' J . . 

where 

. ' . 

yll = y22 = Y33 = Y44 = (m + ai 1M )>.2 '+ 2mr; w A+ mw 2 
n n n 

Y12 = Y21 = - Y34 = - Y43 

yl3 = y24 = y31 = y42 = 0 

pV2 . 
=-Tv 

pV2 
I 

Y32 = - Y41 = - :z- V 

' = Mal2>.2 
' 

' 

' 
(29) 

Using Routh-Hurwitz stabili~y criterion, one can show that the critical flow 

velocity is given by 

where 

v 
-- =·te 
f d 

c 

m ( 21Tl; ) . 1/2 

[ 
.C C ) . · 

. pd2 . ' 

(30) 

' 
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Equation (30). i£l similar to the original stability criterion developed 

·by Connors [7] and reconsidered by Blevins [8]. There are two differences: 

1. The instability flow velocities given by Eq. (30) are based on 

the coupled niodes;·m, f, and .r; are the virtual mass, .natural frequency, 
. c c. c . . . . . 

and damping ratio of the coupled modes. On·the other hand, Connors' 

criterion is based on those of a single tube. 

2. There are multiple instability modes given in Eq. (30). Once the 

critical flow velocity is calculated, the instability mode shape can be 

determined from (23) or (29). But the instability mode of Connors' insta-

bility criterion has to be assumed before the critical flow velocity can 

be determined, and there is only one instability flow velocity becat.Jse 

only one instability mode was considered. 

Connors' criterion is developed for tube rows subject to air flows. 

The fluid inertia coupling effect is small, and a single tube consideration 

is satisfactory provided that reasonably accurate .instability modes are 

taken. However, i.n a liquid flow, p~rticularly when the tube spacing is 

small, fluid inertia coupling will be significant, and the stability cri-

ter~on should be based on coupled modes. 

Table 1 shows the critical flow velocity V (m/sec) and the associ
cr 

ated frequency (Hz) at instability for tube rows consisting of 2 to 7 tubes. 

For two tubes there are two modes of instability; however, for tube rows 

having more tubes, there are many more modes of ins tabili.ty. In Table 1, 

only those critical flow velocities less than. 15 m/sec are given. Several 

distinct characteristics are noted: 

1. The oscillation frequencies for various instability modes are 

relatively close, and the lowest critical flow velocity is not necessarily 

associated with the lowest oscillation frequency. For example, the five-

tube row loses stability at V = 5.49 m/sec with f = 35.35 Hz, but the 
cr cr 



TABLE 1 

CRITICAL FLOW VELOCITY Vcr AND THE ASSOCIATED FREQUENCY fer 

2 Tubes 3 Tubes 4 Tubes 5 Tubes 6 Tubes 

v f v f v f v f v f 
cr cr cr cr cr cr cr cr cr cr 

5.32 34.64 8.22 36.60 5.26 35.27 5.49 35.35 5.32 35.35 

5.50 37.12 8.47 36.15 5.33 36.52 5.64 34.42 5.46 36.22 

8.94 37.48 10.08 . 3.6. 43 7~03. 36.89 

11.62 35.69 11.69 37·.,55 

7 Tubes· 

V. f 
.cr cr 

. 4.58 35.51 

5.00 36.25 .. 

. 7.85 36.60 

8.67 35.46 

11.39 . 36 .• 56 w 
0 
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second critical flow velocity is 5.64 m/sec with the oscillation frequency 

of 34.42 Hz. 

2. The lowest two critical flow velocities are relatively close to 

each other. Based on the linear theory, once the flow velo~ity reaches 

the critical value, large oscillations occur until the system is destroyed. 

In reality, other nonlinear effects, such as tubes impacting with one 

another, will limit the oscillation amplitudes. Since the second critical 

flow velocit)T is close to the first one, the instability modes observed 

in practical situations may change as the flow velocity is increased. This 
' 

phenomena has been observed by Connors [7]. He obser-Ved that small changes 

·in a tube row can cause .a variety of modes without cha~ging the critical 

flow velocity significantly. 

3. The lowest critical flow velocities vary with the number of tubes 

in a tube array. Iri general, a tube row with more tubes is less stable. 

However, the critical flow velocity does not always decrease witl_l tube 

number. 

Figure 4 shows the lowest two instability modes for tube rows having 

2, 3, 4, and 5 tubes and Fig. 5 shows the instability modes for a 7-tube 

row. The arrows on the orbital paths indicate th~ relative position of 

the tubes in the vibration orbits. 

One instability mode frequently observed in experiments [7,17] is as 

follows: A tube vibrates predominantly in the streamwise direction, while 

its two neighboring tubes vibrate predominantly in the transverse direc-

tion with a phase shift of 180°, more precisely, this mode involved pre- . 

dominantly an up- and downstream movement of the central tube with transverse 

movement of the wing tubes such that the central tube moves downstream 

through a narrow gap and upstream through a wide gap. From Figs. 4 and 

5, it is seen that many-instability modes exhibit this behavior. For 



34.64 Hz 

5.32 m/sec 

37.12 Hz 

5.50 m/sec 

36.60 Hz 

8.22 m/sec 

36.15 Hz § 
8.47 m/sev 

2 TUBES 

3 TUBES 

35.27 Hz ·\'\ 

5.26 m/sec ·~ 

36.52 Hz 

5.33 m/sec 

35.35 Hz . 

·~ 5.49 m/sec 

4 TUBES 

0\JO 

GO 
·5 TUBES 

·~ 

0 
Fig. 4. Instability modes for 2, 3, 4 and 5 ~ubes 

w 
N 



35.51 Hz 

4.58 m/sec 

36.25 Hz () 
5.0Q m/sec · 

36.60 Hz 

·· · 7.85 m/sec 

35.46 Hz . I 
8.67 m/sec ... 

36.56 Hz 

11.39 m/sec ~ 

C) .. ~·. 

· .. ·o·· . . C::::p . . . 

·t 

. 

\
· .. ·.·· 

1 
Fig. 5. Instability modes for 7 tubes 

UJ ' 
UJ .. 

. .·· 



34 

example, consider the second instability modes of 3 and 5 tubes and the 

first instability mode of 7 tubes. The orbital movements of the three 

adjacent tubes located in the middle of the row agree with Connors' 

experimental obse~vations very well; indeed, the central tube moves 

downstream.while the two wing tubes move out of phase to form a smaller 

gap. 
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D •. Effects of System Parameters on Critical Flow Velocity 

Numerical results for critical flow velocity presented so far are for 

tube rows consisting of identical tubes. In many practical situations, 

the tubes in an array may not be the same. The effects of system parameter 

variations are important in practical considerations. The effects detuning 

and damping have been investigated. 

Figure 6 shows the lowest critical flow velocity for tube rows of 

5 and 6 tubes as a function of the frequency ratio wA/wB. The natural 

frequency in vacuo for the tubes denoted by A is wA and by B is ~· The 

frequency wB is kept constant and wA is varied. 

When the tubes are in tune, the critical flow velocity for cases 2, 

3, and 4 are higher than those with a small detuning, wbile for case 1, the 

critical flow velocity at wA/wB = 1 corresponds to the minimum. As the 

tubes become more out-of-tune, the critical flow velocity increases and the 

lowest instability mode may also change. In reality, the tubes are probably 

not in tune; therefore~ wA/wB = 1 is unlikely to occur in practical 

situations. 

Based on Fig. 6, it can generally be concluded that detuning of the 

tubes in an array has beneficial effects from stability point of view. 

If fluidelastic instability is encountered in a design, using two different 

types of tubes arranged as case 1 in'Fig. 6 is a way of solution. In 

case 1, the critical flow velocity increases rapidly with the detuning. 

The results presented in Fig. 6 agree qualitatively with the experi

mental data obtained by Southworth and Zdravkovich [23]. It can also be 

used as a possib~e explanation of Baird's problem [24]. He reported that 

two "identical" b6ilers in the same plant exhibit entirely different 

vibration responses; sloppiness in tube installation will render one boiler 

non-responsive at design gas flow, while its accurately constructed mate 
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pulsates with abandon. Based on Fig.· 6, the natural.frequencies .of the 

sloppily constructed unit will be more out-of-tune; th~refore, its 

critical flow velocity will be higher. At ~he design flow, the accurately 

constructed unit may be subject to instability, while the other is.in 

·the stable ranges of flow velocity. 

Figure 7 shows the critical flow velocities as functions of viscous 

damping coefficient ratio, in which e is equal to 6.895 Pa-sec 
. 0 

. I 2 . . 
(0.001 lb-sec in. ). In general, the critical flow velocity increases 

as the values of the da~ping coefficient are increased. However, in some 

cases, the critical flow velocity may decrease with the increase of 

certain damping coefficients. As it can be seen from Fig. 7 for the case 

of three tubes, the criticai flow velocity decreases when ~i/e 0 is in

creased from 1 to about 2. The reason is as follows: When the damping 

coefficients are varied, the instability modes are also changed and 

increasing the values of certain damping coefficients may make certain 

modes more unstable; i.e., in those modes, the fluid energy is more easily 

fed into the tube system. 

f 
' 
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E. Tube Responses as Functions of Flow Velocity 

TWo of the most important excitation mechanisms are vorte~ shedding 

and fluidelastic instability. Tube responses to those excitations are 

presented as functions of flow velpcity to illustrate the interactions 

of those mechanisms. 

Consider .a row of five tubes, which are simply-supported .at .both 

ends. The tubes are subjected to vortic~s and fluidelastic forces. I.t 

!1. 
is assumed that c. 

~ 

0.0, and S = 0.2. The steady-

state responses of the tubes based on the coupled natural frequencies in 

the lowest frequency band are 

ui(z,t) 
(31) 

u.(z,t) and v.(z,t) are the displacement components of tube i in the lift 
~ ~ . 

and drag directions respectively. The values of ~ 1 • h
1

, ~ 3 • and h3 are 

given in Fig. 8. 

The response characteristics can be divided into two regions: 1) 

vortex induced vibration for V < 5.49 m/sec; and 2) fluidelastic insta-

bility for V > 5.49 m/sec. At small flow velocities, the tubes respond 

predominantly in the lift direction. When the vortex shedding frequency 

synchronizes with the natural frequencies, tube 1 has a relatively large 

displacement component in the drag direction; this is due to the fluid-

elastic coupling effect. If there were no fluidelastic coupling, the 

tubes would have displacements only in the lift direction. Therefore, in 

the lower flow velocity region, the vortex shedding induces oscillations 

and the fluidelastic forces make the movement orbital. In the higher flow 

velocity ranges (V > 5.49 m/sec), the tubes are subjected to flutter type 

instability. The tube responses will become very large until other effects, 

such as impacting with other tubes, limit the motion or the tubes may be 
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damaged by large displacements. ·In the fluidelastic instability. range, . 

. the motion .is initiated by the vortex shedding or other flow noises, but 
. . ~ 

it is the.fluidelastic forces that produce large unstable orbital move-

ment. 

·In this ~xample, the vortex induced oscillat;lons occur at the lower 

flow velocity. However, in other cases, the flui~eiastic instability may 

occur at the lower flow velocity or both vortex induced vibration and 

fluidelastic instability may occur at the same flow velocity range. Since 

the model includes both mechanisms, it can be used to identify the dominant 

mechanism at a given flow velocity. 
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V. CONCLUSIONS 

A mathematical model for cross-flow-induced vibrations of tube banks 

is presented. Once the force coefficients have been identified, this 

model can be used to find: (1) natural. frequencies and natural modes of 

coupled tube-fluid system, and the effects of the fluid flow Qn vibrational 

characteristics; (2) critical flowvelocities at which large tube oscilla

tions occur and the instability modes; (3) responses of tube banks to lift 

force, drag force, and other flow noises; and (4) responses of tube banks 

to other types of excitations. The model is in agreement with the experi

mental results in stationary fluid [25]. In the flowing fluid, no 

experimental data are available for quantitative comparison. The expe:dmen

tal results published in the literature, such as those by Connors [7], 

Livesey and Dye [17], and Southworth and Zdravkovich [23], are in qualitative 

agreement with the analytical pr.edictions. 

Based on the results, several general conclusions can be made: 

(a) Large tube oscillations may be associated with fluidelastic 

instability, vortex shedding, or other mechanisms. These mechanisms 

interact with one another; in each flow velocity range, there may be a 

dominant mechanism. Using a single mechanism to correlate all laboratory 

and field data is obviously not possible and is conceptually not sound. 

(b) A tube bank subject to fluid flows will respond as an inte

grated system rather than as a collection of many individual tubes. This 

is attributed to fluid coupling effect. All the fluid coupling effects 

should be included in the model to obtain the proper description of 

orbital path of tube motion. 

(c) The natural frequencies of coupled modes increase slightly 

with flow velocity, while the damping ratios of some modes decrease. 

When the flow velocity reaches a certain value, the damping of a certain 
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mode becomes zero and the tubes lose stability by flutter. Depending on 

system parameters, flutter flow velocity may be lower or higher than the 

"lock-in" flow velocity associated with vortex shedding.· 

(d) Detuning the tubes has a beneficial effect on flutter flow 

velocity. In particular, using two different tubes arranged in an alter

. nate sequence drastically increases the flutter .flow velocity. 

(e) The flutter flow velocity increases with system damping. However, 

in certain cases, flutter flow velocity may decrease slightly, or remainnearly 

constant, with increasing damping because of change of instability modes. 

(f) One of the most critical instability modes is associated with 

the mode that involves predominantly an up- and downstream movement of 

the central tube with transverse movement of the wing tubes such that 

the central tube moves downstream through a narrow gap and upstream 

through a wide gap. 

(g) As the number of tubes in a tube bank increases, the flutter 

flow velocity, in general, decreases. Therefore, using a single-tube 

approximation may not be conservative. 

(h) In the flow velocity range in which vortex shedding is dominant,. 

although the excitation is in the lift direction, the tube will have a 

relatively large displacement in the flow direction because of fluid

elastic coupling. On the other hand, in the flow velocity range in which 

fluidelastic instability is dominant, the motion may be initiated by 

other excitation mechanisms, but it is the fluidelastic coupling that 

produces large-amplitude oscillations. 

The model will incorporate new theoretical and experimental results 

of the hydrodynamic forces as new information becomes available. 

A method of analysis to find the fluidelastic force and hydrodynamic 

damping using the potential flow theory is being developed [21]; the 
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results of this analysis and other experimental data will be incorporated 

in the mcidel.· The model also has been extended to the case ·of tube arrays . 

which will be published in the future. 

In conclusion, there .is a great need for a useful· mathematical model 

for cross-flow-induced vibrations of tube banks. Th~ model presented in 

this report has demonstrated that it is capable of predicting the details 

of tube-fluid interactions including instabilities and responses to 

various types of excitations. With this model, improved design criteria . 

can be established to eliminate detrimental flow-induced vibrations in 

tube banks. 
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