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Abstract: A hybrid differential-discrete mathematical
model has been used to simulate biofilm structures (sur-
face shape, roughness, porosity) as a result of microbial
growth in different environmental conditions. In this
study, quantitative two- and three-dimensional models
were evaluated by introducing statistical measures to
characterize the complete biofilm structure, both the sur-
face structure and volume structure. The surface enlarge-
ment, coefficient of roughness, fractal dimension of sur-
face, biofi lm compactness, and solids hold-up were
found to be good measures of biofilm structure complex-
ity. Among many possible factors affecting the biofilm
structure, the influence of biomass growth in relation to
the diffusive substrate transport was investigated. Po-
rous biofilms, with many channels and voids between
the ‘‘finger-like’’ or ‘‘mushroom’’ outgrowth, were ob-
tained in a substrate-transport-l im ited regime. Con-
versely, compact and dense biofilms occurred in systems
limited by the biomass growth rate and not by the sub-
strate transfer rate. The surface complexity measures
(enlargem ent, roughness, fractal dim ension) al l in-
creased with increased transport limitation, whereas the
volum e m easures (com pactness, solid hold-up) de-
creased, showing the change from a compact and dense
to a highly porous and open biofilm. © 1998 John Wiley &
Sons, Inc. Biotechnol Bioeng 58: 101–116, 1998.
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INTRODUCTION

The morphological characteristics of biofilms (biofilm
thickness, biofilm density, and biofilm surface shape) are
very important for the stability and performance of a biofilm
reactor. Intensive research in the past has revealed a wide
variety in biofilm structure, but the relationship between
environmental conditions and biofilm structure has not been
considered theoretically. For aerobic processes a small bio-
film thickness (<150 mm) is favorable due to the smaller
diffusional resistance (Tijhuis et al., 1994) and, moreover,

because thicker biofilms are sensitive to sloughing phenom-
ena. The control and therefore understanding of biofilm
thickness and structure is then an important aspect for a
stable operation of biofilm processes. Biofilm surface shape
is also an important parameter for the stability of the reactor.
These factors also affect considerably the biomass hold-up
and mass transfer in a biofilm reactor (Garrido et al., 1997).
Especially in particle biofilm processes (e.g., fluidized bed
reactors or airlift reactors) fluffy biofilms and outgrowth
lead to instabilities. However, suspended organic particles
in wastewater are filtrated easier by fluffy and porous bio-
films. The biofilm density has a direct effect on the achiev-
able biomass concentration in the reactor; therefore, it will
directly affect the conversion of substrate. Hence, establish-
ing and modeling the factors that control biofilm thickness,
density, and surface shape is important for the overall per-
formance of the reactor.

Biofilms are very heterogeneous systems, containing
cells distributed in a nonuniform manner, and polymers.
Moreover, a liquid phase exists in the pores and channels
developed in the hydrogel matrix. Therefore, to simulate the
development of a structurally heterogeneous biofilm, dis-
crete methods such as cellular automata (Toffoli and Mar-
golus, 1987; Wolfram, 1986) are required. No attempts to
model biofilm shape, porosity, or density by a discrete
method have been made until recently by Wimpenny and
Colasanti (1997). They used a cellular automaton approach
to model both diffusion and conversion of substrates into
bacterial cells. Their results have shown that availability or
lack of nutrients in the bacterial microenvironment leads to
different biofilm morphology. This model was, however,
very similar to the diffusion-limited aggregation models be-
cause only growth at the surface (where unoccupied space is
available) and not inside the biofilm structure is assumed.
The experimental facts, however, clearly show that the pres-
sure generated by in-depth-growing bacteria also leads to
expansion of colonies (biofilms expand in three dimen-
sions).

We believe that, for a scale of millimeters, only the solid
particle dynamics (bacteria, polymers, carrier) must be
modeled in a discrete way, whereas the nutrient field (which
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overlaps solids) can be solved by using conventional dif-
ferential equations based on mass balances that contain
well-known conversion kinetics and mass transport terms.
This leads to faster models for use on common computers,
using also a set of widely accepted physical/chemical/
biological parameters to describe kinetics and transport
(Picioreanu et al., 1997). The idea of combining continuous
models with discrete ones has been used recently to describe
the development of other complex biological structures:
bacterial colonies on agar plates (Ben-Jacob et al., 1994);
activated sludge flocs (Takács and Fleit, 1995); accretive
growth of corals and marine sponges (Kaandorp, 1994);
filamentous fungi pellets (Lejeune and Baron, 1997); and
slime mold crawling slugs (Savill and Hogeweg, 1997).
However, linking the parameters of discrete models with
observable and measurable macroscopic variables is still a
difficult task.

In a previous article (Picioreanu et al., 1997) we pre-
sented a new differential–discrete approach suitable for
modeling immobilized cells growing in a gel matrix. The
ability of this model to represent diffusion–conversion–
microbial growth systems has been quantitatively proven.
Not only can substrate and biomass profiles be calculated
accurately but, due to the discrete spreading algorithm, the
two-dimensional (2D) or three-dimensional (3D) spatial dis-
tribution of biomass can also be determined.

In this article, the model is applied to simulate growth of
biofilms attached on solid flat surfaces. The biofilm struc-
ture, including shape, porosity, and density is generated by
the model, unlike in the standard differential models where
all these properties are given as input data. In this way we
expect to find a model-based explanation for the different
biofilm structures experimentally observed under different

growth conditions (Kwok et al., 1997) and to check the
hypothesis proposed by van Loosdrecht et al. (1995, 1997):
‘‘The biofilm structure is determined by the ratio between
detachment forces and biomass production rate in the bio-
film.’’ Unlike Wimpenny and Colasanti (1997), we believe
that not only the variation of substrate concentration in the
liquid, but in general the balance between nutrients uptake,
their conversion into biomass, then subsequent biomass de-
tachment generates different biofilm structures (van Loos-
drecht et al., 1995, 1997). Moreover, we propose a few
dimensionless numbers (ratios of relevant process rates) that
can be used in relating biofilm structures to different envi-
ronmental conditions. Among the many possible factors re-
sponsible for biofilm structure, only the substrate conver-
sion/transport rate ratio will be studied in the present article,
whereas other factors such as bacterial detachment due to
shear or sloughing, carrier surface roughness, distribution of
bacteria initially attached, or the role of extracellular poly-
mers will be presented in a forthcoming article.

SYSTEM DEFINITION

The general characteristics of the model approach were de-
scribed in detail previously (Picioreanu et al., 1997). For the
case of biofilm formation on solid support only the new
assumptions that have been made will be presented. Al-
though both two- and three-dimensional models were made,
only the general 3D case is explained in this section. The
parameters used in the simulations are presented in Table I.

Space, Variables, and Rules

Biofilm formation is simulated in a Cartesian space with the
size of a few hundred microns (see Fig. 1). The length,

Table I. Model parameters.

Parameter Symbol

Value

2D 3D Units

System dimensions

Length lX 2 z 10−3 0.8 z 10−3 m

Height lZ 0.4 z 10−3 0.32 z 10−3 m

Width lY — 0.4 z 10−3 m

Grid dimensions

Length N 500 200 —

Height L 100 80 —

Width M — 100 —

Substrate (O2) concentration in bulk liquid cS0 Variable around 4 z 10−3 to change G kgS m−3

Initial number of volume elements containing biomass n0 250 4000 —

Fraction from the maximum biomass density initially placed

in inoculated elements f Random distribution between 0.5 and 1 —

Maximum specific growth rate mm 1.52 z 10−5 s−1

Growth yield on substrate YXS 0.045 kgX kgS
−1

Monod saturation constant KS 3.5 z 10−4 kgS m−3

Maintenance coefficient mS 3 z 10−5 kgS kgX
−1 s−1

Maximum biomass concentration cXm 70 kgX m−3

Diffusion coefficient DS 1.6 z 10−9 m2 s−1

Thickness of diffusive boundary layer lb 40 z 10−6 m
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width, and height of the system are lX, lY, and lZ, respec-
tively. When a rectangular mesh with N × M × L compu-
tational elements, VX,Y,Z, numbered from 0 to N − 1, M − 1,
and L − 1, respectively, is used to discretize the space, we
obtain an array of rectangular volume elements each with
size dxdydz.

The variables chosen to represent the biofilm state in the
simplest case are the dimensionless concentration of a
soluble limiting substrate (S) and the biomass density in
each element (C). In a third matrix, c, we store information
about the occupation of space with solid particles (i.e., bac-
teria, carrier, etc.). A flat plate is placed at the bottom of the
work-volume. On this solid support, a number (n0) of in-
oculum colonies is initially distributed at randomly chosen
positions. The soluble substrate (nutrient) comes from an
ideal source situated at the top of the system. We assume, in
this work, that biofilm grows in a static liquid environment;
that is, the substrate is transferred only by diffusion from the
ideal source, through the liquid boundary layer, to the at-
tached bacteria, which consume it. The spatial distribution
of substrate is calculated by applying relaxation methods to
the reaction–diffusion mass balance. The biomass density
map results from direct integration in each grid cell of a
substrate-limited growth equation with biomass decay.
Spreading of biomass is modeled by a discrete cellular au-
tomaton (CA) algorithm, each time the biomass density in a
grid element reaches its maximum value, cXm (Picioreanu et
al., 1997).

Boundary Conditions

1. An ideal linear (2D model) or planar (3D model) source
of substrate is placed in all computational elements situ-
ated at a certain position, Zb, of the work-volume, mean-
ing that the fixed-value boundary condition, SX,Y,Z 4 1,
stands for any grid element at (X,Y,Z) ∈ (0 . . . N − 1,
0 . . . M − 1, Zb). To keep a rather constant external mass
transfer resistance, the height at which the source is
placed, Zb, is always at the same fixed distance above the
top of the biofilm, Zmax (Fig. 1). Thus, the source of
substrate (that can be seen as the infinite reservoir of the

bulk liquid) will move upward in time while the biofilm
front advances (the solid structure grows). Spatial sub-
strate distribution at each time will then be calculated
only in the volume under Zb(t). In the case presented
here, we assume a typical external mass transfer coeffi-
cient for oxygen, kL 4 4 z 10−5 m s−1 (de Beer et al.,
1994), a value that leads to a boundary layer thickness, lb
4 DS/kL 4 40 mm (expressed in grid units, Zb − Zmax 4

10 elements for the discretization used; see Table I).
2. The zero-flux boundary condition (dS/dZ 4 0) is as-

sumed at the solid wall on the bottom. The finite differ-
ence approximation of the substrate balance equation at
a point (X,Y,1) adjacent to the solid boundary is:

SX+1,Y,1 − 2SX,Y,1 + SX−1,Y,1

~dX!
2

+
SX,Y+1,1 − 2SX,Y,1 + SX,Y−1,1

~dY!
2

+
2SX,Y,2 − SX,Y,1

~dZ!
2

−r~CX,Y,1,SX,Y,1! = 0 (1)

In the case of a rough carrier, the diffusional terms are
correspondingly modified to take into account the zero
gradient of concentration at the solid boundary.

3. A periodic (cyclic) boundary condition is built in the X

direction (at the left and right sides) and Y direction (near
and far faces of the volume). Sides 1 with 2 and 3 with
4, respectively (Fig. 1), are connected to realize the ‘‘pe-
riodic space,’’ which can diminish the effects of the fi-
nite size of the lattice. For example, the periodic bound-
ary condition implemented in the X direction means that
each grid element at X 4 N − 1 has, as nearest neighbor,
an element at X 4 0 sharing the same Y and Z coordi-
nates. As a direct implication, the new biomass that has
to be redistributed from the element (N − 1, Y,Z) to the
positive X direction will go in the element (0,Y,Z). This
type of boundary condition in X and Y holds for all S, C,

and c.

CHARACTERISTIC VARIABLES

Measures of shape quantify only the information that re-
mains once location, orientation, and size features of the
object have been dealt with (Glasbey and Horgan, 1994).
This means that biofilm shape measures must be invariant to
the position, size, or orientation of the biofilm. There are
very many possibilities for describing shape and the prob-
lem is frequently recognized as an open-ended task. Here
we will introduce a few selected statistical quantities to
characterize the internal and external structure of simulated
biofilms.

Because we are interested in studying the formation of
biofilm structure, it is useful to define first the biofilm front,

also referred to in the literature as the ‘‘external perimeter’’
or the ‘‘border.’’ Similar to the diffusion front introduced by
Sapoval et al. (1985) and Chopard and Droz (1990), the
biofilm front is constructed as follows:Figure 1. System definition.
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1. The first step is to determine the infinite cluster (‘‘the
fluid’’), consisting of those empty sites connected by the
nearest neighbor to the infinite reservoir.

2. The complementary cluster is the biofilm (‘‘the land’’),
defined as all particles connected to the carrier by near-
est-neighbor particle–particle bonds. The biofilm also in-
cludes empty sites (pores, voids), which are finite empty
clusters (‘‘lakes’’).

3. The biofilm front comprises the chain of nearest-
neighbor particle–particle bonds in such way that each
particle of the hull has at least one ‘‘fluid’’ (external)
nearest or next-nearest neighbor (Fig. 2). There are also
other possibilities to define the front line. For example, a
biofilm front particle is the particle that has external fluid
neighbors only in the nearest points. In the present study
we use only the first option. The variables characterizing
the front constructed in another manner will have differ-
ent values, but the general behavior is the same.

Biofilm Surface Enlargement

The biofilm surface area is an important parameter in the
design and performance evaluation of biofilm reactors. This
is mainly because it explicitly enters into all mass transfer
calculations as the biofilm/liquid interface. Biofilm surface
areas are usually calculated in a simple manner, assuming—
depending on the carrier used—simple shapes for the bio-
film substratum (i.e., flat, spherical, or cylindrical geom-
etry). However, as has been clearly observed in natural sys-
tems, the biofilm surface shape can be very complex and
quite far from a simple geometry. Therefore, the first mea-
sure of biofilm surface structure introduced is the ratio be-
tween the real biofilm surface area and the substratum area.
We call this ratio biofilm surface enlargement.

To calculate surface enlargement, it is first relevant to
define, at time t, the average density of biofilm front points
at distance Z from the solid carrier, cf,Z, which for our dis-
crete system is:

cf,Z =
1

N
· (

X=0

N−1

cf,X,Z in 2D and

cf,Z =
1

M ? N
· (

X=0

N−1

(
Y=0

M−1

cf,X,Y,Z in 3D (2)

where cf,X,Y,Z is the state of the occupation matrix: 0 for a
nonfront point and 1 for a front point (so that 0 ø cf,Z ø 1).
To compare the results, it is useful to introduce a normalized

density of distribution of front points:

Ef,Z =
cf,Z

(
Z=0

L−1

cf,Z

(3)

Analogous to cf,Z, the average substrate, SZ, and biomass,
CZ, concentrations and the average space occupation, cZ (a
measure of surface coverage), are also defined for the slice,
Z. These variables will be used later to represent front
spreading.

The front length is then defined in the discrete system as
the number of front points (black grid elements in Fig. 2).
Normalization will be made relating this sum to the lattice
dimension (N, in 2D) or lattice area M × N in 3D). The
normalized biofilm perimeter (Pf) will be obtained in 2D,
whereas in the 3D system it means the normalized biofilm
surface area (Af). This measure, simply called surface en-

largement, is defined by:

Pf = (
Z=0

L−1

cf,Z =
(
X=0

N−1

(
Z=0

L−1

cf,X,Z

N
in 2D and

Af = (
Z=0

L−1

cf,Z =
(
X=0

N−1

(
Y=0

M−1

(
Z=0

L−1

cf,X,Y,Z

M · N
in 3D (4)

The connection of the front points is only by nearest-
neighbor bonds (the first option, Fig. 2).

The surface enlargement coefficient takes usually values
greater than 1, meaning that the real surface is increased by
some folded structure when compared with the bare surface.
Only at short time intervals after surface inoculation are
values less than 1 obtained (Fig. 4c,d), which signifies the
occurrence of a patchy biofilm (see Fig. 3a, for example).

Biofilm Surface Roughness

The biofilm surface enlargement is a good measure for bio-
film front complexity but it cannot take directly into account
the depth of biofilm irregularities (roughness). That is why
another time-dependent variable must be introduced to mea-
sure the biofilm surface roughness. The average biofilm

front width can be defined as the absolute deviation (sf) of
biofilm front points (cf,Z) from the mean front position (Zf):

sf =
(
Z=0

L−1

|Z − Zf | · cf,Z

(
Z=0

L−1

cf,Z

(5)

Figure 2. Construction of the biofilm front with nearest and next-nearest

liquid boundary (the ‘‘eight neighbors’’ case).
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where the mean front position (or the mean of the front-
points distribution having, in this case, the signification of
the sample mean thickness), Zf , is the first moment of front-
elements distribution in relation to the origin:

Zf =
(
Z=0

L−1

Z · cf,Z

(
Z=0

L−1

cf,Z

(6)

The absolute deviation, sf, depends, however, on the bio-
film mean thickness, which was emphasized in Murga et al.
(1995). To compare the biofilm roughness obtained in nu-
merical biofilm experiments using different parameters, or

at different time intervals, a dimensionless deviation, s, is
defined by relating the average front width to mean biofilm
thickness:

s =
sf

Zf

(7)

Like Murga et al. (1995), we call this parameter the coef-

ficient of surface roughness. The smaller the s, the
smoother the biofilm surface, whereas a high value of s

means a rough or even patchy biofilm.

Fractal Dimension of Biofilm Surface

In the case of complex structures it is well known that the
estimated perimeter grows to infinitely large dimensions as

Figure 3. Spatial biomass distribution and lines of equal substrate concentration in a 2D simulation at G 4 10, after (a) 2, (b) 6, (c) 12, and (d) 18 days.

The substrate concentration contour lines are drawn at an interval of 10% from the bulk concentration. On the axes are the length and height of the system

in microns.
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the resolution at which we evaluate the object increases. The
ruggedness of the biofilm surface can be therefore described
by the fractal dimension of the biofilm border (Mandelbrot,
1982). The fractal dimension (F) is an indicator of com-
plexity, with higher values representing objects that have

more complex shapes than objects with lower F. Increased
complexity is seen here in the form of more convolutions
and irregularities along the biofilm–liquid interface. There
are now many methods to compute fractal dimensions
(Avnir, 1989; Kaye, 1989) and measuring their values for

Figure 4. (a) Average dimensionless substrate concentration (S, d) and average space occupation (c, h) profiles along the z-axis after 2, 6, 12, and 18

days at G 4 10. The graphs correspond to the two-dimensional structures presented in Figures 3a–d. (b) Front-points density distribution, Ef(Z), as a result

of 2D simulations after 2 (h), 6 (j), 12 (n), and 18 (m) days, and curves representing Ef(Z) calculated with a gamma function [eq. (17)]. (c) Variation

in time of biofilm characteristics: surface enlargement, Pf (j); roughness coefficient, s (h); solids hold-up, « (.); compactness, Cp (,); and fractal

dimension of biofilm surface, F (d), for the two-dimensional model with G 4 10. (d) Variation in time of biofilm characteristics: surface enlargement,

Af (j); roughness coefficient, s (h); solids hold-up, « (.); compactness, Cp (,); and fractal dimension of biofilm surface, F (d), for the three-dimensional

model with G 4 10.
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biological objects is usually done by using image analyzers
(see, e.g., Hermanowicz et al., 1995; Li and Ganczarczyk,
1990; Obert et al., 1990; Soddell and Seviour, 1994).

The fractal dimension of biofilms simulated with our
model is estimated by the box counting method (Kaye,
1989; Obert et al., 1990). Square grids with varying size of
tiles (l) are placed over the biofilm border (in our case,
sizes from 1 to 10 grid elements are used). Then, the number
of squares, NS(l), which contain border points is deter-
mined. A plot of log(NS) against log(l) yields a line of slope
m from which the fractal dimension can be derived (Kaye,
1989):

F 4 1 + |m| (8)

The fractal dimension of the solid–liquid interface, F,

takes values between 1 and 2 for the biofilm front in the 2D
model. For the three-dimensional model, F goes to 2 as the
biofilm surface is completely flat and to 3 when it is very
folded and tends to fill all the available space.

Biofilm Solids Hold-Up

Although biofilm surface enlargement and roughness are
useful quantitative measurements to handle biofilm struc-
ture, they reflect only the surface complexity. From an en-
gineering point of view, a parameter for average occupation
of space with solids (e.g., microorganisms catalyzing the
desired reaction) is also needed. If we define the biofilm
thickness, Zmax, as the distance between the substratum and
the outermost cell (Murga et al., 1995), then ‘‘biofilm’’
means cell colonies and voids together. A measurement that
globally captures internal features of the biofilms is the ratio
between the number of grid elements occupied with bio-
mass and the total number of grid elements in the rectangle
bounded by the maximum thickness and carrier surface (i.e.,
N z Zmax). Therefore, biofilm solids hold-up is defined as:

« =
(
X=0

N−1

(
Z=0

Zmax−1

cX,Z

N · Zmax

in 2D and « =
(
X=0

N−1

(
Y=0

M−1

(
Z=0

Zmax−1

cX,Y,Z

N · M · Zmax

in 3D

(9)

Consequently, porous biofilms will have a low solids hold-
up, whereas for dense ones « → 1. The biofilm porosity is
then simply 1 − «.

Biofilm Compactness

The last shape statistic we have used is a measure of com-
pactness. It is usually defined in image analysis as the ratio
of the area of an object to the area of a circle with the same
perimeter (Glasbey and Horgan, 1994). Because in our case
we deal with a flat geometry, we redefine the biofilm com-

pactness (Cp) in 2D projections as the biofilm area per area
of rectangle having the same perimeter:

Cp =
biofilm area

Zmax · biofilm perimeter
=
(
X=0

N−1

(
Z=0

Zmax−1

cX,Z

Zmax · N · Pf

(10)

Similarly, in 3D, the compactness is the total volume of
elements occupied with biomass related to the volume of a
parallelepiped having the same area of the top face as the
biofilm surface area (N z M z Af). The measure takes its larg-
est value of 1 for a compact and completely flat biofilm.
Any departures in the biofilm shape from the flat geometry
(such as a rather irregular border versus smooth) will de-
crease the measured value (Glasbey and Horgan, 1994).

MODEL SYSTEM

Model Description

The system we have chosen to represent by this model is the
oxidation of ammonia by a nitrifying biofilm containing
only Nitrosomonas europaea. The limiting substrate is dis-
solved oxygen varied between 0.7 and 70 mg O2 z L−1 in the
bulk liquid. Monod kinetics with a maintenance term is
assumed for the oxygen conversion rate, while a decay term
is included together with the saturation kinetics of microbial
growth (Picioreanu et al., 1997; Wijffels, 1994). All kinetics
and stoichiometry of microbial growth as well as oxygen
mass transfer parameters (Table I) are taken from Wijffels
(1994).

Model Parameters and Dimensionless Numbers

Growth of bacterial colonies in biofilms is the result of
substrate conversion into biomass. Because, in the present
model, the limiting nutrient is transported from the bulk
liquid to the cells only by diffusion, as a result of external
and internal mass transfer resistance, a gradient of substrate
will form. Each microbial cell will ‘‘see’’ a different envi-
ronment; that is, bacteria situated on top biofilm layers get
more substrate than those living in deeper layers. The lower
the substrate transport rate (or higher the consumption rate)
the steeper the gradient. We believe, therefore, that the bio-
film structure will be determined by dimensionless criteria
defined (as in classical chemical reaction engineering) as
ratios between the rates of relevant processes (external and
internal transport, substrate conversion, biomass growth,
biofilm detachment, etc.).

The ratio of biomass growth rate to substrate transport is
one of the most important parameters in this system. Be-
cause the widely used Thiele modulus, f2, results directly
from the mass balance of substrate in the biofilm, by intro-
ducing the dimensionless variables, S 4 cs/cs0, C 4 cX/cXm,

Z 4 xi/lz (where xi is x, y, or z), and K 4 Ks/cs0:

=2
S − f2

S

S + K
= 0 (11)
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Figure 5. Spatial biomass distribution and lines of equal substrate concentration in 2D simulations at G equal to (a) 1, (b) 2, (c) 5, (d) 20, (e) 50, and

(f) 100. Between two adjacent substrate contour lines there is a 10% difference in concentration related to the bulk concentration. All the pictures show

the state of the system when a maximum biofilm thickness of 350 mm is reached. (g) Enlarged picture of the vectorial field of concentration gradient (which

is proportional to the mass flux transferred to the biofilm) for the region of 400 to 1000 mm in (d). The density of front-point distribution, Ef(Z), as a result

of simulation (h) and calculated with a gamma function (lines), is plotted along the biofilm thickness. Roughness coefficient (dimensionless absolute

deviation of front-point distribution from the mean thickness) is indicated on graphs. The average dimensionless substrate concentration (S, d), biomass

density (C, +), and space occupation with biomass (c, h) are also represented along the biofilm thickness (z-coordinate).



f2 =
maximum substrate conversion rate

maximum substrate transport rate
= lz

2 ·
qSmcXm

DScS0
(12)

and by combining f2 with the biomass growth yield on
substrate:

YXS =
maximum biomass growth rate

maximum substrate conversion rate
=

mmcXm

qsmcXm

(13)

we can define a new group accounting for biomass growth
rate/substrate transport rate:

G =
maximum biomass growth rate

maximum substrate transport rate

= f2 · YXS = lz
2 ·

mmcXm

DScS0

(14)

It is clear that the G (growth) group represents, in one
parameter, the factors that many researchers have found to
affect the biofilm structure: the concentration of soluble
nutrient in the bulk, cS0; its diffusion coefficient, DS; the
biomass maximum density in the biofilm, cXm; the maxi-
mum specific microbial growth rate, mm; and the biofilm
thickness, lZ. We refer, in what follows, to ‘‘transport lim-
ited regime’’ when G is high, and ‘‘growth-limited regime’’
when G takes low values.

For the simulations we use the parameters given in Table
I, and G is varied by changing cS0 from low values (trans-
port limited) to high values (growth-limited system).

Also important in this model is the Biot number:

Bi =
maximum external substrate transport rate

maximum internal substrate transport rate
=

kLlz

DS

(15)

which is a value that results from the dimensionless equality
of substrate fluxes on both sides of the hypothetical plane
situated at Zmax (the biofilm maximum thickness):

Bi · S1 − S U
Zmax

D =
dS

dZ
U

Zmax

(16)

When only diffusive transport occurs in the boundary layer,
and the effective diffusion coefficient in biofilm is equal to
the coefficient in the liquid phase, then the Biot number

simply becomes the ratio between the characteristic length
of the system and the thickness of the boundary layer, Bi 4

lz/lb. In this study, lZ 4 400 mm and lb 4 40 mm were kept
constant and, therefore, the Biot number is constant and
takes the value of Bi 4 10.

Using these dimensionless parameters we can include, in
a unifying way, the effects of relevant process rates on
biofilm formation and its structural features.

RESULTS AND DISCUSSION

Time Evolution of Biofilm Structure

Figure 3a–d presents the time evolution of a simulated 2D
biofilm. Parameters used here are the same as those in Table
I, at G 4 10. It is clear from Figure 3a–d that biofilm
complexity increases continuously over time. Initially, the
patchy biofilm colonies are completely penetrated by the
substrate. They tend to grow in all directions, filling the
space existing initially due to the random surface inocula-
tion. As the biofilm thickness grows, some colonies get the
chance to be closer to the substrate source than others.
These portions of the biofilm experience a higher concen-
tration of nutrients; therefore, new biomass will be formed
more quickly, whereas the colonies in the ‘‘valleys’’ grow
in an environment depleted in substrate. The voids between
the colonies cannot be filled with new biomass any longer.
The obvious consequence is that a rough, ‘‘finger-like’’
biofilm will develop on the top of a compact basal layer.

In Figure 4, a more quantitative evaluation of these ob-
servations is offered. The profiles of average substrate con-
centration (S, filled circles in Fig. 4a) show a ‘‘penetration
depth’’ of about 50 mm after 6 days (biofilm top being at
110 mm). Also, the average occupation with solid biomate-
rial across the biofilm thickness (cZ, which can be viewed as
the mean surface coverage at a certain biofilm height and is
represented by empty squares in Fig. 4a) show that, after a
certain time, the compact basal layer (with c ≈ 1) no longer
grows. The newly formed biomass extends in a finger-like
manner over a larger surface leading to a less dense struc-
ture. This effect can be statistically quantified by represent-
ing the density of a front-points distribution function, Ef,

along the biofilm thickness (Fig. 4b). The initially narrow
peak (2 days), meaning a more or less flat biofilm surface,
becomes broader in time as the biofilm grows in thickness.
The front points spread from an average front width of 40
mm on the second day to about 250 mm after 18 days. It
appears that these results obey a gamma distribution; there-
fore, the computed points are correlated by a gamma (G)
function having, as parameters, the front-points distribution
moments—average front position, Zf, and variance, sf

2:

Ef,Z =
ba

G~a!
e

−bZ
Z

a−1 where

a=
Z f

2

sf
2
, b =

Z f

sf
2

and G~a! = *
0

`

Z
a−1

e
−a

dZ (17)

Figure 5. Continued.
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The behavior of the statistic measures we defined for
biofilm structure characterization will now be followed in
time, for both a 2D (Fig. 4c) and for a 3D model (Fig. 4d),
at G 4 10. Several characteristic regions can be observed in
Figure 4c. In the first 3 days the empty spaces between the
inoculum cells, initially spread over the surface, are filled
with new biomass. There is enough substrate available for
all cells growing in this ‘‘colonization age.’’ The carrier
surface is soon covered with patchy colonies. As a result,
the normalized biofilm surface area, Pf (filled squares in
Fig. 4c), grows from 0.5 (when the biofilm surface is less
than the total carrier area) to 1.6 (when the biofilm surface
becomes ‘‘wavy’’). There are many gaps between colonies,
giving, therefore, an initial surface roughness of s ≈ 0.3,
together with a low compactness, Cp, and solids fraction, «.
If we look at the change of biofilm roughness, s, in time
(empty squares in Fig. 4c), a continuous increase can be
seen only after the effects of nonuniform inoculation be-
come less important (after 3 to 5 days). Once the inoculation
empty spaces are completely filled, the surface becomes
smoother and the biofilm development enters a secondary
phase. The biofilm grows continuously in thickness (Fig.
4a), whereas the front enlargement, Pf, and roughness co-
efficient, s, are almost constant and low (Pf ≈ 1.5 to 1.7 and
s around 0.2). The solids hold-up, «, reaches a plateau, with
compactness characterizing the solid structure (a maximum
Cp 4 0.5 occurs, see inverted empty triangles in Fig. 4c). In
a third phase, however (after 8 to 10 days), the fragile bal-
ance between biomass growth rate and substrate uptake rate
is again broken. Small protuberances on the surface again
lead to an advantage, with microorganisms placed there
growing faster and forming tower-like colonies. The en-
largement factor and roughness coefficient seem to follow a
linear increase in time, whereas the solids hold-up and com-
pactness factor decrease. The biofilm surface enlargement is
determined only by large dominant colonies (Fig. 3d),
which grow alone, keeping between them a certain distance
dictated by the diffusional substrate limitation. This means
that the depth of voids between these tower-like colonies
becomes steadily larger. The surface enlargement, Pf, is
continuously increasing; for example, after 2 weeks, the
biofilm surface area is three times higher than the flat sur-
face of the bare carrier. However, this important increase in
the solid–liquid interface does not significantly affect the
global mass transfer into the biofilm, because in the absence
of convection in voids the amount of substrate that exists
there is negligible (see 2D concentration profiles in Fig. 3d).
It is then clear that the surface enlargement factor, Pf, the
roughness coefficient, s, the solids hold-up, «, or compact-
ness, Cp, can be used for characterization of biofilm struc-
ture at a certain moment in time. These measure the changes
in biofilm complexity already seen by visual observation.

In this simulation, the values of Pf and s keep increasing
while the solids hold-up and compactness are decreasing,
mainly because of the absence of a detachment mechanism.
In real-life biofilm, detachment will force the biofilm struc-
tural parameters into a steady-state value. The effect of

detachment (and, in addition, of roughness of the initial
surface upon which the organisms are inoculated) will be
dealt with in a forthcoming study.

Also of interest is the behavior of the fractal dimension of
biofilm surface, F. Both in 2D and 3D simulations, after
some oscillations, F reaches a steady state. This means that
the time evolution of the simulated biofilm shape does obey
some physical rules. The bacterial colonies grow in a certain
pattern dictated by the environmental conditions (here the
value of the G group). Hence, in the next section, only the
influence of the G group on biofilm structure formation will
be shown, in a 2D model as well as in 3D systems.

Influence of Microbial Growth Rate/ Substrate
Transport Rate (G Number) on Biofilm Structure

First, results of the two-dimensional model are presented
(Fig. 5a–f). To have comparable structures, the figures show
the biofilm solid occupation and substrate distribution in
space for different G values at moments when maximum
biofilm thickness is 350 mm.

At high rates of substrate transfer (G 4 1 and 2), the
biofilm obtained is compact and rather smooth (Fig. 5a and
b). The substrate penetrates an important part of the biofilm,
allowing a high and more or less uniform microbial growth
rate in the whole biofilm. The basal layer is then thick and
biomass inside the biofilm has not decayed much (‘‘+’’
points in S, C, c–Z graphs). As a measure of biofilm rough-
ness, the dimensionless standard deviation of front points is
very low in this case (s 4 0.11), indicating the absence of
large channels together with low front enlargement (Pf 4

1.48).
When substrate transport rate decreases (G 4 5) the bio-

film surface becomes more irregular (Fig. 5c). Both rough-
ness and surface enlargement are larger than in the previous
case (0.18 and 1.9, respectively). The larger the G value, the
deeper the channels formed in the biofilm (Fig. 5a–f). This
is because substrate penetrates mainly the superficial bio-
film layers (Fig. 5d–f), leading to the preferential growth of
microorganisms situated on top of the outgrowing fila-
ments. Figure 5g also shows the vectors ‘‘gradient of con-
centration,’’ which are proportional to the mass fluxes trans-
ferred to the biofilm. The flux of limiting substrate is very
high at the top of the filaments, but almost no diffusive
substrate transfer will be in the biofilm depth. Moreover, the
flux will no longer be perpendicular to the substratum, but
rather perpendicular to the biofilm front (in agreement with
the measured oxygen profiles by de Beer et al., 1994).
Hardly any substrate is left for the deeper colonies, which
are then starving. As a result, the profiles of biomass con-
centration along the biofilm thickness here show a maxi-
mum; that is, a large decrease on the inside because decay
processes are included in the kinetics used, and also a de-
crease in outer layers due to the decreased occupation of
space with biomass (remember that average biomass density
at Z was computed globally, counting biomass in both oc-
cupied and unoccupied grid elements).
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Very filamentous structures form when substrate is trans-
ferred with the lowest rate (G 4 100). Biofilm growth is
very slow, and a small amount of biomass develops and the
structure is very porous (Fig. 5f). Despite the fact that the
substrate seems to enter profoundly into the porous biofilm
when we look at the average profiles (more than 250 mm
from a global thickness of 350 mm), only superficial cells
reach it, as we can clearly see in the 2D distribution of
substrate (Fig. 5f).

Results obtained with the three-dimensional model show
the same behavior as the 2D model for G between 1 and
100. Figures 6 and 7 show the biomass spatial distribution
for two cases: one at low substrate transfer rate (G 4 50),
and the other one at high rate (G 4 5). Although both
simulations were started with an identical inoculation of the
flat surface (n0 4 4000, thus 20% surface coverage), the
evolution in time of these two systems is quite different. For
a low transfer rate, porous structures are obtained: there are
many mushroom-like filaments, while the channels between

Figure 6. Spatial biomass distribution in a 3D simulation in a substrate-

transfer-limited regime (G 4 50) after (a) 10 days, (b) 30 days, and (c) 50

days. Each circle represents a bacterial cluster with a diameter of 4 mm (the

grid size used in simulations).

Figure 7. Spatial biomass distribution in a 3D simulation at high sub-

strate transfer rate (G 4 5) after (a) 2 days, (b) 5 days, and (c) 10 days.

Each circle represents a bacterial cluster with a diameter of 4 mm (grid

size).
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Figure 8. Variation of biofilm structure parameters as a function of G group obtained in series of 2D simulations. Symbols on the graphs correspond to

G values of 1 (j), 2 (h), 5 (.), 10 (,), 20 (d), 50 (m), and 100 (n). Biofilm surface enlargement, Pf (a), biofilm surface roughness, s (b), solids hold-up,

« (c), biofilm compactness, Cp (d), and fractal dimension of biofilm surface, F (e) are plotted against the maximum biofilm thickness (Zmax). This was done

because the time scale of biofilm development differs very much from low G to high G values. The time interval between two points in a series is 1 day.

112 BIOTECHNOLOGY AND BIOENGINEERING, VOL. 58, NO. 1, APRIL 5, 1998



them are very deep (Fig. 6c). When G decreases (high sub-
strate transfer rate) the colonies are more compact and the
filaments are thicker, until, at the lowest G, the resulting
structure is very compact (Fig. 7b, c).

Figure 8a–e shows, for the 2D case, how the various
measures of biofilm structure change in time. Due to the
very different duration needed to obtain the thickness of 350
mm for the different G groups applied, we preferred to plot

Figure 9. The same variation of biofilm structure parameters as in Figure 8, but obtained in a simulation with the 3D model.
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Pf, s, «, Cp, and F as a function of the maximum biofilm
thickness reached at a certain time, rather than explicitly use
a time abscissa. The values represented by the points in all
graphs of Figure 8 were collected at a fixed time interval of
1 day. One can see the same time evolution of biofilm
measures as in Figure 4c and d. It happens that, in the first
days, the surface roughness (s) often decreases. This is due
to the ‘‘inoculum phase’’ described earlier. After a few days
(thickness >100 mm), s and Pf increase linearly (Fig. 8a and
b), leading to a constant fractal dimension F (Fig. 8e). It is
also of interest to note that there is always a certain biofilm
thickness above which the surface protuberances gain a
natural advantage, producing a decreased compactness. The
lower the G the larger the thickness at which biofilms have
maximum compactness; for example, at G 4 2 this value is
around 200 mm, whereas at G 4 20 it is 30 mm (Fig. 8d).
For the 3D case nearly identical characteristic biofilm pa-
rameters are found as a function of time (Fig. 9a–e): con-
stant Af and s for the growth-limited regime and linear
increase for transport-limited regime; stabilization of F; and
decrease in compactness and solids hold-up. The amplitude
of differences between values obtained at low and high G

values obtained at the same maximum thickness (Zmax) is,
however, higher than in the 2D case (Fig. 9). This is prob-

ably due to the greater degree of freedom that cells have in
filling a three-dimensional space than in a 2D model.

Figure 10 shows the values obtained at common biofilm
thicknesses of 350 mm (2D) or 250 mm (3D case) for char-
acteristic biofilm parameters as a function of the G group
(log scale). At a high substrate transfer rate (small G) the
biofilm surface is smooth (s → 0) and the interior is com-
pact (« → 1, see Fig. 10a, b), leading to a fractal dimension
close to 1 (in the 2D case, when the topological dimension
of the surface is that of a line) or 2 (the dimension of a
planar surface in 3D simulations). As G increases, the sur-
face becomes rough with many protuberances and the vol-
ume is less compact (Cp → 0). An increased biofilm surface
area is consequently obtained in the transport-limited re-
gime with a higher fractal dimension approaching a superior
limit of 1.7 in the 2D model and 2.6 in the 3D model,
respectively. Above a certain value of G, however, the num-
ber of growing colonies drops, again leading to a significant
decrease in Pf and to a maximal F (Fig. 10c, d).

Results presented here were obtained when G was
changed by varying the concentration of substrate in the
bulk. Another series of simulations, not shown here, in
which the diffusion coefficient was modified to give the
same G values yielded almost the same values of biofilm

Figure 10. Dependence of characteristic biofilm parameters obtained at the same biofilm thickness (350 mm for the 2D model and 250 mm for the 3D

case) as a function of G group. Biofilm solids hold-up, « (h), roughness coefficient, s (j), and compactness, Cp (.) are shown in (a) for 2D and (b) for

3D. Biofilm surface enlargement (j) and fractal dimension (h) are presented in (c) for 2D and (d) for 3D.
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characteristics. Only the time scale of biofilm development
was affected in latter case. Therefore, we believe that G

number groups in a strong correlation some of the factors
which clearly affect the biofilm structure, by quantifying the
interaction between substrate transport and biomass growth.

CONCLUSIONS

The hybrid discrete-differential approach of biofilm growth
described in a previous article (Picioreanu et al., 1997) gen-
erated various biofilm structures in different conditions of
substrate transport/growth rate. Quantitative two- as well as
three-dimensional models have been evaluated in this study.
To our knowledge, the proposed model is the first to predict
quantitatively the structure of a biofilm from first principles,
as a function of environmental conditions.

In this article, only the influence of biomass growth rate/
substrate transport rate, the so-called G group, was investi-
gated. Porous biofilms, with many channels and voids, with
‘‘finger-like’’ colonies were obtained in a substrate-
transfer-limited regime. Compact and dense biofilms re-
sulted at high substrate-transfer rate, and biofilm develop-
ment was limited only by the growth rate of microorgan-
isms.

Useful statistic variables were introduced to characterize
the biofilm structure. The biofilm surface shape was well
expressed by the front enlargement, Pf (or Af), the roughness
coefficient, s, and the fractal dimension, F. Regarding the
characterization of biofilm volume, the biofilm solids hold-
up, «, and compactness, Cp, were found to be good mea-
sures of biofilm structure complexity. The surface shape
measures, s, Pf (or Af), and F, all increased smoothly with
increasing G, whereas the volume compactness measures, «

and Cp, decreased, showing the change from a compact and
dense to a highly porous and open biofilm.

The model presented assumed only microbial growth in a
static liquid environment. This is the case that may occur at
low bulk liquid velocities, when the boundary layer be-
comes parallel to the substratum (de Beer et al., 1994). We
have shown that even in this simple case a multidimensional
model leads to better understanding of biofilm behavior in
response to different environmental conditions. Because
convective flow is also important, hydrodynamics around
the biofilm, together with biomass detachment, will be in-
vestigated in a forthcoming study.

NOMENCLATURE

Af biofilm front area enlargement (-)

Bi Biot number (-)

c average occupation with biomass (surface coverage) in the

slice Z (-)

C average dimensionless biomass concentration in the slice Z (-)

cf state of occupation matrix indicating front position (0 non-

front, 1 front points) (-)

cf,Z average density of biofilm front points at distance Z (-)

cS substrate concentration (kgs m−3)

cX biomass density in the biofilm (kgx m−3)

cS0 substrate concentration in bulk liquid (kgs m−3)

cXm maximum biomass concentration in a volume element (kgx

m−3)

Cp biofilm compactness (-)

Ds diffusion coefficient of substrate (m2 s−1)

Ef,Z normalized density of front points distribution (-)

f fraction from the maximum biomass density initially placed in

inoculated grid elements (-)

F fractal dimension of biofilm surface (-)

G group accounting for biomass growth rate/substrate consump-

tion rate [defined by eq. (14)] (kgx kgs
−1)

kL mass transfer coefficient of substrate at the liquid–biofilm

interface (m s−1)

K dimensionless Monod constant (-)

KS Monod saturation constant (kgS m−3)

lb thickness of diffusive boundary layer (m)

lX, lY, lZ length, width, and height of computational space (m)

mS maintenance coefficient (kgs kgx
−1 s−1)

N, L, M grid dimensions (-)

n0 initial number of volume elements containing biomass (-)

NS number of squares containing biofilm front points (-)

Pf biofilm surface enlargement (-)

qSm maximum substrate conversion rate (kgs kgx
−1 s−1)

S average dimensionless substrate concentration in the slice Z

(-)

t time (s)

x, y, z spatial coordinates (m)

X, Y, Z counters for grid elements in x, y, and z directions (-)

Zb thickness of the liquid boundary layer, expressed in number of

grid elements (-)

Zmax grid coordinate of the biofilm top (maximum biofilm thick-

ness) (-)

Zf average front position (mean of front points distribution) (-)

YXS growth yield on substrate (kgx kgs
−1)

Greek symbols

a, b parameters of gamma distribution function

G gamma integral

« biofilm solids hold-up (-)

f2 Thiele modulus (-)

l size of boxes used for determination of the fractal dimension

(-)

mm maximum specific growth rate (s−1)

s biofilm roughness coefficient (the dimensionless absolute de-

viation of biofilm front points distribution) (-)

sf mean biofilm front width (absolute deviation of biofilm front

points distribution) (-)

Matrices

S matrix of dimensionless substrate concentration distribution

in space

C matrix of dimensionless biomass density distribution in space

c matrix of space occupation with solids
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