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Mathematical modeling of melting during laser materials processing
J. Xie and A. Kar
Center for Research and Education in Optics and Lasers (CREOL), Department of Mechanical, Materials
and Aerospace Engineering, University of Central Florida, 4000 Central Florida Boulevard, Orlando,
Florida 32816-2700

~Received 24 April 1996; accepted for publication 27 December 1996!

Melting is encountered in almost all laser materials processing. This article deals with a
one-dimensional heat conduction problem to investigate the melting rate during laser materials
processing. The problem is solved approximately to obtain a correlation among melt depth, power
density, and laser irradiation time. Based on this correlation, the dynamics of melting, a relationship
between the melt depth and power density and an average melting velocity are expressed by simple
analytic formulas. These expressions are further simplified for high power densities~I > 109

W/m2!. The times to reach the melting and boiling temperatures at the surface of the workpiece are
also calculated. ©1997 American Institute of Physics.@S0021-8979~97!03307-0#

I. INTRODUCTION

Laser is used extensively for various types of materials
processing. In almost all cases, the material is melted and
partially vaporized. A proper understanding of these phase
change processes is necessary to achieve high quality mate-
rials processing with lasers. When laser is irradiated on a
material surface, a portion of laser energy is absorbed and
conducted into the interior of the material. If the absorbed
energy is high enough, material surface will melt and the
melting front will propagate into the workpiece. Boiling can
also occur at the free surface of the melt.

The laser melting process can be simplified as one-
dimensional heat flow problem1 with the assumptions that
the diameter of the laser beam is large enough compared to
the regions of interest. To simplify the analysis for the heat
transfer problem, it is also necessary to assume that the ra-
diation emitted by the surface is negligible1–3 and that the
thermophysical properties of the materials are independent of
temperature.1–5Carslaw and Jaeger6 discussed the melting of
a semi-infinite body with constant thermophysical properties,
and obtained an analytic solution for Dirichlet boundary con-
ditions. They also presented an approximate series solution
for the solidification of a semi-infinitely large liquid mass
which was initially at its melting temperature and whose
surface was exposed to a uniform heat flux. Lax4 studied the
temperature rise under a steady-state condition due to a sta-
tionary Gaussian beam in a semi-infinite cylindrical medium.
Bell7 developed a one-dimensional thermal model for laser
annealing over a wide range of laser pulse duration and ab-
sorption coefficients. Ready1 computed the temperature rise
with no liquid phase change, and the depth due to pulsed-
laser irradiation. El-Adawi2,3 presented results concerning
the thickness of the melted layer and the rate of melting for
very short irradiation times. On the three-dimensional math-
ematical model of laser heating, Kar and Mazumder8 pre-
sented a model to determine the transient temperature distri-
bution during laser heating of uniformly moving finite slabs.

In this study, a one-dimensional heat conduction prob-
lem is solved approximately in the liquid and solid regions,
neglecting the surface heat loss and assuming constant ther-
mophysical properties. The effects of laser power density

and time on the melt depth and melting speed, and the times
for surface to reach the melting and boiling temperature are
obtained.

II. MATHEMATICAL MODEL

The problem of uniform laser irradiation on a material is
described by a model of heat conduction in a semi-infinite
slab. The model of this article is based on the following heat
transfer problem and the geometry of Fig. 1 that shows the
molten and solid regions and the direction of laser irradiation

]2Tl~x,t !

]x2
2

1

a l

]Tl~x,t !

]t
50, 0<x<X~ t !, ~1!

]2Ts~x,t !

]x2
2

1

as

]Ts~x,t !

]t
50, X~ t !<x,`, ~2!

Tl~x,t !5Ts~x,t !5Tm, x5X~ t !, ~3!

kl
]Tl~x,t !

]x
5ks

]Ts~x,t !

]x
2rL

dX~ t !

dt
, x5X~ t !, ~4!

2kl
]Tl~x,t !

]x
5AI, x50, ~5!

Ts~x,t !5T0 , x→`, ~6!

Ts~x,t !5T0 , t50, ~7!

X~ t !50, t50. ~8!

HereTi , a i , andki are temperature, thermal diffusivity, and
thermal conductivity of thei th phase, respectively, where
i5 l and i5s represent the liquid and solid phase, respec-
tively. The termx is the distance from the surface of the
workpiece,t is the irradiation time,Tm is the melting point,
r is the density,L is the latent heat of fusion,T0 is the initial
temperature,X(t) is the distance from the substrate surface
to the solid–liquid interface,I is the laser power density, and
A is the absorptivity of materials. The product of the incident
laser power density and the absorptivity of the material is the
absorbed energy of laser.

The above-mentioned equations are a set of nonlinear
partial differential equations due to the nonlinearity of the
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Stefan condition~4!. An approximate series solution for the
solidification of a semi-infinitely large liquid mass was given
by Carslaw and Jaeger,6 which is valid for low intensity ir-
radiation. Some researchers9–14 discussed the one-
dimensional heat conduction problem with phase change in
the case of laser irradiation. Cohen9,10 solved the problem
with an assumption that the thermal conductivity and diffu-
sivity in the solid and liquid phases are the same, and the
location of the melting front was given by

X~ t !5
0.16I

rL
~ t2tm!, ~9!

wheret is the time from the start of the laser irradiation and
tm is the time to start melting at the substrate surface. The
time tm is given9,10

tm5
pks

2Tm
2

4asI
2 . ~10!

Another solution for the phase change problem in spherical
coordinates due to a point source was obtained under the
assumption of constant thermophysical properties and a Ste-
fan number less than unity,14 and the quasi-steady-state so-
lution for the solid–liquid interface was

X~ t !5S 3Qt

2prL D 1/3, ~11!

whereQ is the power of the point source.
A relationship among the melt depth, absorbed power

density, and irradiation time are obtained by solving the heat
transfer problem given by expressions~1!–~8!. As pointed
out earlier, the absorbed power density depends on the ab-
sorptivity of the workpiece. A discussion on the absorptivity
of laser can be found in Ref. 15.

III. METHOD OF SOLUTION

Sharmaet al.16 obtained an approximate solution for a
one-dimensional phase-change heat conduction problem with

time-dependent surface temperature. This procedure is ex-
tended in this article to heat flux boundary condition involv-
ing laser irradiation to solve the one-dimensional phase-
change problem given by expressions~1!–~8!. In this
procedure, we first assume a temperature distribution which
satisfies the boundary and interface conditions~3!–~6!, and
satisfies the governing heat conduction equations at some
specific points such asx50 andx5X(t). This type of ap-
proximation provides a temperature profile at the boundary
within 20% of the correct value for the problem solved in
Ref. 16. In the liquid metal region, we assume a temperature
profile which satisfies the boundary conditions~3! and ~5!,
that is

Tl~x,t !5Tm2
AI

kl
@x2X~ t !#1c~ t !@x22X2~ t !#,

0<x<X~ t !. ~12!

By using expression~12!, Eq. ~1! is satisfied atx50 to ob-
tain the following expression forc(t):

c~ t !5
AI

2a lkl S 11
X~ t !

a l

dX~ t !

dt D
dX~ t !

dt
. ~13!

So the temperature profile in the liquid region is

Tl~x,t !5Tm2
AI

kl
@x2X~ t !#1

AI

2a lklF11
X~ t !

a l

dX~ t !

dt G
3
dX~ t !

dt
@x22X2~ t !#, 0<x<X~ t !. ~14!

In the solid metal region, we assume a temperature profile
which satisfies the boundary conditions~3! and ~6!, that is

Ts~x,t !5Tm2~Tm2T0!$12exp@2b~ t !~x2X~ t !!#%,

X~ t !<x,`. ~15!

By using expression~15!, Eq. ~2! is satisfied atx5X(t) to
obtain the following expression forb(t):

b~ t !5
1

as

dX~ t !

dt
. ~16!

So the temperature distribution in the solid metal region is
given by

Ts~x,t !5Tm2~Tm2T0!H 12expF2
1

as

dX~ t !

dt
~x2X~ t !!G J ,

X~ t !<x,`. ~17!

Substituting Eqs.~14! and ~17! into Eq. ~4!, the following
differential equation is obtained forX(t):

dX~ t !

dt
5

2AI

r@cp~Tm2T0!1L#H 11A11
4AIX~ t !

a lr@cp~Tm2T0!1L#
J , ~18!

FIG. 1. A semi-infinite slab of laser irradiation.
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where cp is the specific heat of materials in solid phase.
Solving Eq.~18! with the boundary condition~8!, the pen-
etration depthX(t) can be expressed as a function of the
power densityI and irradiation timet as follows:

X~ t !5F2
b0
2

1S b024 1
a0
3

27D
1/2G1/3

1F2
b0
2

2S b024 1
a0
3

27D
1/2G1/32 a lms

16AI
, ~19!

where

a05
3a l

2ms
2

256~AI !2 S 192~AI !2ta lms
2 131D , ~19a!

b052
a l

8AI F a l
2ms

3

256~AI !2 S 288A2I 2t

a lms
2 147D

1
t~18A2I 2t13a lms

2!

ms
G , ~19b!

ms5r@cp~Tm2T0!1L#. ~19c!

Equation~19! represents a relationship among the melt depth
X(t), absorbed laser power densityAI, and laser irradiation
time t. It should be noted that Eq.~19! is obtained by ap-
proximating the temperature profiles as given by expressions
~12! and ~15!. To study the effect of such approximation,
another temperature profile is examined in the liquid region.
This temperature profile, which satisfies the governing Eq.
~1! and the boundary conditions~3!–~5!, is given by

Tl5Tm2
AI

kl
@x2X~ t !#

1
AI

2kla lF21
X~ t !

2a l

dX~ t !

dt G
dX~ t !

dt F x3

X~ t !
2x2G ,

0<x<X~ t !. ~20!

Following the same procedure as above, the melting rate and
melt depth are found to be

dX~ t !

dt
5

2AI

@ks~Tm2T0!/as1rL#H 11A11
AIX~ t !

a l@ks~Tm2T0!/as1rL#
J ~21!

and

X~ t !5F2
b1
2

1S b124 1
a1
3

27D
1/2G1/3

1F2
b1
2

2S b124 1
a1
3

27D
1/2G1/32 a lms

16AI
, ~22!

where

a15
3a l

2ms
2

16~AI !2 S 48~AI !2ta lms
2 131D , ~22a!

b152
a l

AI F a l
2ms

3

32~AI !2 S 72A2I 2t

a lms
2 147D

1
3t~3A2I 2t12a lms

2!

ms
G , ~22b!

ms5r@cp~Tm2T0!1L#. ~22c!

IV. RESULTS AND DISCUSSION

Results are obtained by using Eqs.~18!, ~19!, ~21!, and
~22! for various materials with thermophysical properties and
absorptivities as listed in Tables I and II. All of the results of

TABLE I. Thermophysical properties of metals~see Refs. 21–23!.

Aluminum Copper Iron Titanium Tungsten
Stainless
steel

Fused
quartz

r ~kg m23! 2700 8960 7870 4510 19 250 7900 2650
L ~105 kg21! 3.97 2.05 2.66 4.37 1.92 3.0 1.46
Tm ~K! 933 1358 1810 1953 3653 1700 1743
Tn ~K! 2723 2833 3273 3533 6203 3273 2270
ks ~Wm21 K21! 226 397 80 22 180 17 1.67
as ~1026 m2 s21! 96.8 115 22.7 9.6 68 4 0.73
kl ~Wm21 K21! 92 170 41.5 28 71 30.4 2.87a

a l ~1026 m2 s21! 38 43 7.6 8.23 24.6 4.9 1.5a

aData at 1500 K.
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this section are based on Eqs.~18! and ~19!, unless stated
otherwise, and CO2 laser with a wavelength of 10.6mm.

A. Laser melting process

Experimental studies for laser drilling of fused quartz17

and sapphire,18 and spot welding of stainless steel19 showed
that melt depth increased rapidly at the beginning of laser
irradiation and then slowly after a certain time.

A similar trend is also exhibited by Eqs.~19! and ~22!.
These two equations represent the dynamics of the laser
melting process. The analytical results obtained from Eq.
~19! are compared to the experimental data for laser drilling
of fused quartz17 as shown in Fig. 2. The curves are plotted
with an assumption that absorptivity of fused quarts is 60%.
This figure shows a reasonably good agreement between the
theory and experiment. For large irradiation times, the theo-
retical results seem to overestimate the melt depth. This may
be due to the fact that the effects of vapor and plasma, which
block the incident laser and absorb a portion of laser energy,
are ignored in this article. Therefore, the models represented
by Eqs.~19! and~22! are accurate when the vapor or plasma
is not very strong, which is usually the case at the beginning
of the irradiation process.

The variations of melt depth and melting velocity with
time for some metals are shown in Figs. 3 and 4. At the
beginning, the melting velocity is high and then decreases to
a low value. The trend is the same as those observed in
experimental studies.17–19 The average melting velocity,n̄
can be obtained by integrating Eq.~18!, that is,

n̄5
1

X E
0

X dX

dt
dX, ~23!

whereX is the melting depth. Substituting Eq.~18! into Eq.
~23! and integrating it, the average melting velocity is found
to be

n̄5
a l

X HA11
4AI

a lr@cp~Tm2T0!1L#
X

2 lnF11A11
4AI

a l@cp~Tm2T0!1L#
XG2~12 ln 2!J .

~24!

Equation~24! is an expression for the average melting ve-
locity which is a function of the laser power density, melt
depth, and thermophysical properties of materials.

FIG. 3. Variation of melt depth with laser irradiation time for metals.

TABLE II. Absorptivity of metals at the room and melting temperatures~see Ref. 30!.

Room temperature
Melting temperature

~Liquid phase!

CO2

Laser COIL
YAG
Laser

CO2

Laser COIL
YAG
Laser

Aluminum 1.86 5.28 5.88 6.4 18.2 20.2
Copper 1.55 4.39 4.89 5.1 14.5 16.1
Iron 3.07 8.72 9.71 13.0 36.9 41.1
Nickel 4.70 13.36 14.88 10.3 29.2 32.6
Titanium 8.13 23.07 25.70 13.7 38.9 43.3b

Carbon steel 2.75 7.80 8.69 12.1 34.1 38.2a

Stainless steel 9.72 27.57 30.72 14.0 39.7 44.2b

aValues inb phase.
bValues at the temperature just below melting point.

FIG. 2. Variation of melt depth with laser irradiation time for fused quartz.
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B. Effect of laser power density on melt depth

The melt depth is directly related to the laser power den-
sity. This relationship can be obtained from Eq.~19! for a
given value of laser irradiation time as shown in Fig. 5. The
melt depth increases rapidly with increasing power density
when the power density is low, and increases slowly at
higher power densities. In the case of laser welding, the melt
depth increases in a similar way when the laser power
increases.18–20 It should be noted that the laser beam moves
relative to the workpiece in the case of laser welding, but the
present model is based on stationary laser beam and work-
piece. In spite of this difference, the results of this model can
be applied to the case of laser welding by appropriately
choosing the irradiation time. For example, the laser irradia-
tion time, t, of this model can be replaced by the laser-
substrate interaction time,t05D0/n0 for the case of laser
welding, whereD0 is the laser beam diameter andn0 is the
welding speed. The results of Fig. 5 show that the relation-

ship between the melt depth and power density is not a
simple form of either parabolic or exponential.

Based on the thermophysical properties21–23of different
materials as shown in Table I, we find that

AIX

a lr@cp~Tm2T0!1L#
@1 ~25!

when the power densityI>109 W/m2. Equation ~18! can
then be simplified as

dX~ t !

dt
5H a lAI

r@cp~Tm2T0!1L#X~ t ! J
1/2

. ~26!

The solution of Eq.~26! that satisfies boundary condition~8!
is

X~ t !51.31S a lAIt
2

r@cp~Tm2T0!1L# D
1/3

. ~27!

The average melting velocity for the workpiece with a thick-
ness ofX0 , can be obtained by integrating Eq.~26! as fol-
lows:

n̄52H a lAI

r@cp~Tm2T0!1L#X J 1/2. ~28!

Equations~26!, ~27!, and~28! are valid for high laser power
densities~I>109 W/m2!. Equation~28! shows that the aver-
age melting velocity is proportional to the square root of the
power density, and that it decreases as the melt depth in-
creases. Such a trend has been observed in experimental
studies conducted by Bergmann and Hartmann.24 Equation
~27! provides a relationship among the melt depthX, power
density I , and irradiation timet for high power densities
~I>109 W/m2!. The theoretical results are compared to the
welding experimental data of 304 stainless steel25 and copper
alloy ~NARloy-Z, Cu 3 wt % Ag20.5 wt % Zr!26 as shown
in Figs. 6 and 7, where the laser irradiation time in the weld-
ing experiment is determined fromt05D0/n0 . The absorp-
tivity of stainless steel at just below melting temperature
~solid state! in Table II is 14%. This value for the liquid state

FIG. 4. Dynamics of melt depth of laser irradiation.

FIG. 5. Variation of melt depth with laser power density.

FIG. 6. Variation of melt depth with laser irradiation for 304 stainless steel.
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at melting temperature should be higher because there is a
jump in the absorptivity when the solid phase changes to the
liquid phase. Also, Table II shows theoretical values of the
absorptivity which may be different from the actual absorp-
tivities. For this reason, Figs. 6 and 7 are plotted for two
different absorptivities, and the model predictions are found
to agree well with experimental results.

The validity of the model of this article is also examined
by comparing Eq.~27! to Metzbower’s empirical relation for
HY 130 and ASTM A710 steels as given below27

X5
0.10618P

kTm
S a

n0D0
D 1.2056, ~29!

whereP is laser power. This relation can be rewritten as

X5
0.0834Ia0.2056t1.2056

rcpTmD0
0.4112 . ~30!

The functional dependence of the melt depth on the laser
intensity and thermophysical properties are similar in Eqs.
~27! and ~30!, and only the exponents are different.

It is interesting to note in Fig. 5 that the melt depth of
copper is less than most metals at low power densities and
greater than many metals at high power densities. Copper is
generally difficult to melt because of its high thermal con-
ductivity and low absorptivity compared to most of the met-
als. At low power densities, the melting velocity is low com-
pared to the speed of heat conduction in the substrate.
Therefore, the conduction loss of the input laser energy will
be more in copper than in most of the metals. This will lead
to lower melt depth for copper at low power densities as
shown in Fig. 5. On the other hand, at high power densities,
the melting velocity is high compared to the rate of heat loss
due to conduction in the workpiece. Therefore, the conduc-
tion loss in the solid portion of the workpiece is less than in
the case of low power densities. Most of the laser energy
deposited at the melt surface will be conducted to the liquid–
solid interface due to high thermal conductivity of copper,
and will be utilized to melt the substrate. This will give rise

to higher melt depth for copper at higher power densities as
shown in Fig. 5. Similar thermal process is responsible for
higher melt depth in aluminum shown in Fig. 5. Addition-
ally, aluminum and copper have lower melting temperatures
and latent heat of fusion than many metals, which means less
sensible and latent heats are required to melt these two met-
als. This can also contribute to higher melt depths for copper
and aluminum.

The heating phenomena in copper and stainless steel
substrates are investigated by using Rosenthal’s moving
point heat source model.28 The maximum depth,Z5Zmax at
x5y50 for the isothermT5Tm is given by28

2p~Tm2T0!kZmax
Q

5expS 2n0Zmax
2a D , ~31!

whereQ is total heat delivered from the point heat source to
the workpiece. The depth for copper is found to be less at
low heat input and more at high heat input than for stainless
steel as shown in Fig. 8, where the thermophysical properties
of liquid copper and stainless steel are used. A similar trend
can be found if the thermophysical properties of solid copper
and stainless steel are used.

It should be noted that the model of this article is based
on the occurrence of melting and that the materials may not
melt if the power density is very small. This means that the
power density, irradiation time, or a combination of these
two parameters must be large enough to induce melting for
the model of this article to be applicable. The times to reach
melting and boiling temperatures on the surface of materials
is discussed in the next section.

C. Melting and vaporizing time

Due to laser irradiation on the surface of a solid material,
the surface temperature increases. The time for the surface to
reach melting temperature,tm , can be obtained by29

tm5
pks

2~Tm2Ti !
2

4as~AI !
2 , ~32!

FIG. 7. Variation of melt depth with laser irradiation time for copper and
NARloy-Z.

FIG. 8. Variation of penetration depth with welding speed for copper and
stainless steel based on Rosenthal’s model~see Ref. 28!, where the thermo-
physical properties of liquid phase are used.
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whereTi is an initial temperature of the substrate. After the
surface starts melting, the temperature distribution in the liq-
uid region,Tl , and the location of the solid–liquid interface
can be, respectively, expressed by Eqs.~21! and ~22!. The
condition for the surface to reach boiling temperature is
Tl5Tn at x50, whereTn is the boiling temperature of the
workpiece. Substituting this condition into Eqs.~21! and
~22!, the time at which the surface of the workpiece begins to
vaporize, can be written as

tn85
kl~Tn2Tm!r

2~AI !2
@cp~Tm2T0!1L#1

a lr

3~AI !2

3@cp~Tm2T0!1L#

3H F11
kl~Tn2Tm!

a lr@cp~Tm2T0!1L#G
3/2

21J . ~33!

It should be noted that, according to the model of this article
tv8 represents the time for temperature rise from melting to
boiling point at the substrate surface. Therefore, the total
time, tn , for the substrate surface to reach boiling tempera-
ture from the start of laser irradiation is given by

tn5tn81tm . ~34!

The times to start melting and boiling of some materials
are shown in Table III.

As shown in Table III, the time to initiate boiling is very
short for high laser power densities. This means that vapor or
plasma dominates the process after a short time of laser ir-
radiation. Vapor or plasma will affect laser-material interac-
tions. Since the effects of vapor or plasma are not considered
in this study, the model of this article will overestimate the
results at high power densities.

V. CONCLUSIONS

~1! A relationship among the melt depth, power density,
and laser irradiation time is obtained by an approximate so-
lution to one-dimensional heat conduction problem under la-
ser beam irradiation.

~2! The dynamics of the melting process is derived from
the approximate solution. At the beginning of laser irradia-
tion, the melt depth increases rapidly with time and then
increases slowly.

~3! The relationship between the melt depth and power
density of laser obtained by the approximate solution shows

that the melt depth increases rapidly with power density and
then increases slowly for higher power densities.

~4! The average melting velocity, which can be ex-
pressed as a function of power density, melt thickness, and
thermophysical properties of materials, increases as the
power density increases, and decreases as the melt depth
increases.

~5! For high power densities~I>109 W/m2!, the rela-
tionship among the melt depthX, power densityI , and irra-
diation time t can be expressed by a simple expression as
given by Eq.~27!.

~6! For high power densities~I>109 W/m2!, the aver-
age melting velocity can be denoted by a simple expression
as given by Eq.~28!.

~7! The times to reach melting and boiling temperatures
at the substrate surface are found to be very short~about a
few microseconds! for high power densities.
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