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MATHEMATICAL MODELING OF THE
PROCESS OF FLUID FILTRATION

THROUGH A MULTI-LAYER FILTERING

ELEMENT

Posensidaemovcs mamemamuuna modeiv npoyecy Girompauii piounu 6 nopucmomy cepedosui.
Mamemamuuna modenv inompayii piounu 6 nopucmomy cepedosuuyi 6A3yeMvpCs Ha PIBHANHI HEPO3-
pusnocmi i 3axoui Jlapci 0s nosozo nopucmozo UUIiHOpa. 3anponoHosanuil Memoo opzanisauii pos-
NOOIIeHUX POIPAXYHKIE 0Nl KiHUeso-elemenmiol moodeni irnompayii moxce 6ymu SUKOPUCAHUL NPU
n06y006i 2iopodunamiunoi modeni npoyecy Girvmpauii, ma ii npozpamiuii peaiizayii, wo i NAaHYEmMvCs

8 MaoymHvoMy.

Kmeouosi cnoBa: vamemamuuna modenv npovuecy Qpirvmpayii piounu, nopucme cepedosuue, 3aKon

Japci, posnodineni pospaxynxu.

1. Introduction

During motion of natural liquids (water, oil, gas) in
natural soil, particles of fluid move through the layers of
soil, that is, through thin channels formed between the
particles of soil as a result of loose contact with each
other. Such a motion of fluids through a multi-layered
medium is called filtration. As a result of an extremely
small cross section of openings and low motion speed,
viscosity of the fluid, as well as other empirical coef-
ficients, which take into account porosity of the sedi-
ment deposited on the walls of a porous space, should
play a significant role in this motion. That is why it is
a relevant task to build a mathematical model of the
process of fluid filtration through a multi-layer filtering
element in order to optimize production of filters for
wells with a polypropylene coating in the industry. It
would also consider water debit when installing into the
aquifer layer while maintaining qualitative characteristics

of the fluid.

2. The ohject of research and
its technological audit

The object of study is the process of fluid filtration
through a multi-layer filtering element.

Filtration is described by various types of experimental
laws that establish the relationship between a velocity
vector of fluid filtration and the field of pressure. There
are several ways to describe mathematically the process
of filter colmatation; we shall examine a single-component
model of the suspension flow through a porous medium.

Based on the technological audit, within the frame-
work of constructing the given model, we propose the
following approximations:

1. A suspension of unspecified particles is filtered.

2. The parameters of clean filter are assigned to the
entire porous system: its permeability and porosity.

3. The model takes into account the processes of mobi-
lization and capturing of particles by the walls of channel

of the filter’s pores through filtration rate and a fluid
pressure gradient.

4. Compression of the fluid and the solid body, as well
as the diffusion of impurity, will be neglected.

In order to record a law of preservation of components
of the filtered suspension, we shall consider a model of the
medium that contains the following phases (Fig. 1) [1]:

1. A solid skeleton of the porous medium with po-
rosity my.

2. Movable fluid with a volumetric fraction of porous
space S;.

3. Solid particles in the flow of fluid with a volumetric
fraction of porous space S,.

4. Immovable fluid in the porous layer of settled par-
ticles with a volumetric fraction of porous space S;.

5. Immovable particles that settled on the walls of
the porous medium with a volumetric fraction of porous
space S;.

6. The speed of the particles and the speed of the car-
rier fluid are the same.
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Fig. 1. Model of the suspension flow through a porous medium:
0 — a solid skeleton of the porous medium; 1 — movable fluid; 2 — solid
particles in the fluid flow; 3 — fluid between the settled segments;
4 — parts that form a porous sediment
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By definition:
Si+8,+8,+8,=1, (1)
within the framework of the model, it is possible to write

the following equations of the laws of component pre-
servation:
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S, . . .
where @= S+, is the volumetric fraction of solid phase

in the flow; Ji3 is the volumetric density of fluid flow
that freely precipitates; J,, is the volumetric density of
colmatation flow; J,, is the volumetric density of suf-
fusion flow.

In order to connect free parameters in the equations
of motion, it is necessary to add the coupling equation.
As additional equations to describe physical processes of
sediment deposition on the walls of capillaries of the
porous medium and peculiarities of suspension’s passing
through a contaminated filter, it is possible to accept the
following interrelations [1]:
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In order to implement the model, it is required to as-
sign 5 empirical coefficients (g, Bs, By, a5, ag) and 2 func-
tions (density k(S3, S;) and permeability (83, S4)), which
can be obtained from experimental data.

3. The aim and ohjectives of research

The aim of present study is to analyze a mathemati-
cal model of the process of fluid filtration in the porous
medium.

To accomplish the set aim, the following tasks have to
be solved:

1. To determine effect of empirical coefficients, which
take into account porosity of the sediment deposited on
the walls of the porous space, as well as linear functions
that describe the adsorption and desorption of precipi-
tation on the pore walls and functional dependence for
permeability of the filter and viscosity of the suspension
on the examined system.

2. To devise a calculation model, which makes it pos-
sible to utilize capacities of parallel computing systems
with maximal efficiency.

4. Research of existing solutions
of the prohlem

Filtering elements that are different in structural fea-
tures typically contain three obligatory layers: filtering —
for the detention of mechanical impurities, coalescent
or coagulating layer, and a drainage or water-repellent
layer [2, 3].

In technical terms, the closest to the above filtering
elements is a multilayer fibrous filtering element made of
fibers of thermoplastic polymer, including polypropylene,
which is described in [4].

The filtering element consists of layers that alternate
between fine-fiber and thick-fiber layers. The thick-fiber
layers are made of fibers with a diameter of 5-10 mic-
rons, the fine-fiber layers — of fibers with a diameter of
10—30 microns. Thickness of a thick-fiber layer can reach
12-254 microns, while thickness of a fine-fiber layer is
10—30 microns. The filtering medium is the fine-fiber layers,
while the thick-fiber layers serve as a pad between the
fine-fiber layers.

In [4], it is proposed to create a low-cost multi-layer
filtering element of the filter-separator, which will pro-
vide a high degree of purification of gaseous and liquid
media, such as natural gas and liquid fuel. It will also
provide cleaning from both mechanical impurities and free
moisture contained in the medium that is filtered in the
form of aerosols [5].

There is a multi-layered filtering element for liquid and
gaseous media, made from fibers of thermoplastic poly-
mer, mostly polypropylene, which consists of alternating
layers — fine-fiber and thick-fiber layers. This element
is fabricated by the method of extrusion in the form of
an empty cylinder with a thick-fiber outer layer; in this
case, the thick-fiber layers are composed of fibers with
a diameter of 100—150 microns, while the fine-fiber layers —
of fibers with a diameter of 1-5 microns [6].

The polypropylene fibers were employed to form, using
the extrusion method, a filtering element in the form of
a hollow cylinder, which is made up of seven layers [5].
Characteristics of the layers are given in Table 1.

Tahle 1
Characteristics of layers’ porosity
Layer thickness in % Layer density, g/cm® Fiber diameter, pm
20 0.20 100-150
15 0.40 1-5
7.5 0.20 100-150
15 0.30 1-5
7.5 0.20 100-150
15 0.25 1-5
20 0.20 100-150

One of the materials is characterized by a nonlinear
dependence of filtration coefficients on the pore pressure,
which renders the model essentially nonlinear.

For the purpose of mathematical modeling of the hydro-
dynamic influence, a porous cylinder can be represented
as a two-phase saturated porous medium, consisting of
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a solid phase of the skeleton and a liquid phase of the
fluid that is filtered in the pores.

If a deformation of the porous body is taken into
account, the porous medium can be represented only by
the equation of filtration.

It is known from papers [7, 8] that the motion of
viscous fluid is described by the Navier-Stokes equation,
which is why in order to describe the motion of viscous
fluid in a porous medium, it will suffice to integrate this
equation in the region of motion. However, as a result of
sharp non-uniformity of the porous space and a lack of
information about specific structure of the pore channels,
this task is practically impossible. Solving this problem is
possible for a limited set of perfect periodic structures that
are the approximation of real structure of a certain type
of porous layer, and can only serve for qualitative descrip-
tion [9] and has no significance for practical calculations.

5. Methods of research

In order to write the equation for pulses, the following
dependence of filtration rate is assumed in a general case:

u=f(Vp,ku0),

where p is the hydrodynamic pressure; % is the permeabi-
lity of a porous medium; W is the dynamic viscosity.

A particular type of function depends on the problem
under consideration. The simplest and widely used model
is a model of the Darcy linear law [10]. This model is well
studied theoretically and practically, and implies a linear re-
lationship between a pressure gradient and the filtration rate:

k

do=ii=——Vp, 4
0 =ii VP (4)

where @ is the mean real rate of fluid.

It is also necessary to define other empirical dependences
of filtration rate on pressure gradient. In a general case, a
non-linear filtration law can be written in the form [11]:

Vp:—f(\ﬁ\)r;‘ ©))
or

~ Vp

=—— [1(Vp), 6

U \Vp\f (Vo) (6)

where f~! is the function inverse to f.
The filtration law is sometimes assigned in the indi-
cator form [11]:

Vp

7

C|Vp|", )

where C is a constant, which is defined experimentally;
n is the index of filtration mode [11].
Also common is the two-term law of filtration:

~Vp= , ®)

>~ =

ii+Cpiilii

where C is an experimental constant.

In the case of filtration with an initial displacement
gradient, the Darcy law takes the following form:

kVGVp
a=iul TV )

0, |Vp|<G,

Vp‘ >G;

where G is the magnitude of the displacement boundary
gradient.

In some cases, correct description of filtration is possible
only by employing a full-scale 3D hydrodynamic model.
Under such approach, integration of the system of diffe-
rential equations will be performed by numerical methods.
One of the most common current numerical methods is
the method of finite differences. The main advantage of
this method is its universality. However, when solving
inverse problems, there occur computational difficulties in
its application. Therefore, in order to carry out evalua-
tion calculations, the analytical and numerical-analytical
models are required, deprived of this shortcoming. It is
also necessary to note that for a good approximation of
the solution, it is necessary to add a step, which also
affects the efficiency of calculation. In the given case, it
also helps to employ analytical models for the asymptotic
description of solution near a feature, while it is possible
to use numerical methods far from the feature [12].

Effective technique for calculating complex models is
the use of parallel programming methods, which make it
possible to split computation into streams that are per-
formed on the basis of supercomputers, clusters and other
high-performance computing systems.

Since the most time-consuming is the stage of solving a
linear system of equations, then for effective implementation
of distributed computing one can either develop paral-
lelization options for the known algorithms when solving
SLAE, or construct new algorithms that employ parallelism.

Distributed direct solvers can be applied for parallel
architecture with a small number of processors, because
they require frequent communication between the processors.
More effective for the parallelization are iterative procedures
because of their low storage requirements. However, recently,
direct solvers have been used in combination with an itera-
tive solver for the development of reliable prerequisites.

Effective distributed iterative solvers are based on the
predetermined conjugate gradient method. Examples are
the distributed predetermined method of conjugate gra-
dients (Distributed PCG, DPCG), and the Distributed
Jacobi Conjugate Gradient (Distributed JCG, DJCG).

6. Research resulis

Solving the finite-element problems using parallel com-
puters with distributed memory implies the following [13].
First, one prepares input data for separate processors, then
a parallel generation of the finite element grid is performed,
followed by a parallel assembling of matrices and vectors
of irregularities, next is the parallel solving of the systems
of equations, which results in parallel processing of the
results of solution.

Solving a finite-element system is possible in the fol-
lowing way:

1. Imagine the assigned grid using a matrix whose ele-
ments match the nodes of the grid.
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2. Next, we shall split this matrix into bands by the
number of computed nodes, passing over to them the cor-
responding regions of the matrix (Fig. 2).

3. Initial value of the function of pressure in each cell
is assigned by the initial conditions of the problem.

4. Computing nodes forward to their neighbors respec-
tive «conjugate regions» of their bands.

5. For each band, one calculates the values for all of
its elements in time ¢, with the use of their values at
time #,, boundary conditions, as well as the values for
elements from the obtained conjugate regions of adjacent
bands (Fig. 3).

6. Computations (points 4, 5) continue until the system
reaches equilibrium.

ring instruments and qualified specialists, which directly
increases the cost of production of reference filtering ele-
ments for different types of fluid.

Opportunities. The model proposed will make it pos-
sible to automate the production of filtering elements
with the purpose of optimization of the number of la-
yers by their structure and volume in order to achieve
certain defined filter properties, such as a capacity to
withstand contamination, changes in pressure, filtration
patterns, performance efficiency, taking into account the
features of suspension. A promising direction for further
research is the combination of a mathematical model of
fluid filtration through a multi-layer filtering element with
a method for the optimization of the process of perfora-

ting the casing pipes by deter-

mining the combination of cycle
parameters with a reference to

coordinated machine tools. This

will enable optimal location of
openings and determining their

dimensions taking into account

Fig. 2. Matrix representation of the grid

Conjugate regions of adjacent bands

N
Band

Fig. 3. Elements that are used by the calculating node

7. SWOT analysis of the research results

Strengths. The proposed model of computation makes it
possible to utilize capacities of parallel computing systems
with maximal efficiency, minimizing data transfer between
their nodes by forwarding only the adjacent regions, as
well as the idle time of separate nodes due to the sym-
metric allocation of load [14, 15].

Note 1. In the case of a uniform grid, the values of
an element can be calculated as the arithmetic mean of
neighboring elements.

Note 2. In the case of a quasi-uniform grid, element’s
values can be calculated as the arithmetic mean of adjacent
elements considering a correction for weight coefficients
introduced in line with a special procedure.

Weaknesses. The given mathematical model of the
process of fluid filtration through a multi-layer filtering
element requires the presence of high-precision measu-

Conjugate regions of the band

the formation of filtering layers of
predetermined density and thick-
ness on the perforated pipe, as
well as a sufficient good-quality
fluid debit.

Threats. The need for such a model is predetermined
by the fact that industrial production traditionally em-
ploys techniques and programs that are based on the
practically created approach, which typically contain
seven filtering layers with the averaged value of the filter
thickness [5]. At present, the automated production of
multilayer filtering elements is not used at Ukrainian
enterprises. The implementation of the given model in
industry requires additional funding for re-equipment
and for expansion of material base of production, as well
as the necessary laboratory tests of experimental samples
of the filtering elements with a given density and thick-
ness of the layer.

1. We established that empirical coefficients (g, Bs, Ba,
as, ag), functions of density k(S3, S;) and permeability
u(Ss3, S5)), which take into account porosity of the sedi-
ment deposited on the walls of a porous space, as well
as the linear functions that describe the adsorption and
desorption of precipitation on the pore walls, and functional
dependences of the filter permeability and the suspension
viscosity, exert a significant impact on the examined system
and can be obtained from experimental-research data.

2. The model of computation is proposed, which makes
it possible to utilize capacities of parallel computing sys-
tems with maximal efficiency, minimizing data transfer
between their nodes by forwarding only the conjugate
regions, as well as the idle time of separate nodes due
to the symmetric allocation of load.
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MATEMATHYECKOE MOJAENMHPOBAHKE NMPOLECCA PHINLTPALMHK
MHAKOCTH YEPE3 MHOTOLIAPOBLIA ®PHALTPYHOWHIA 3NEMEHT

PaccmarpuBaercst Maremarndeckast MoJieJib Irporecca (GuibT-
pamuy KHJIKOCTH B IOPHCTOH cpexe. MaTemarnmyeckass MOJEJNb
(upTpanmn KUAKOCTH B MOPHCTOH cpese Gasmpyercss Ha ypas-
HEHUM Hepa3pbIBHOCTH M 3aKoHe /Jlapcu Ui 10JIOTO MOPUCTOTO
nuianHgpa. [IpeamoskeHHbII METO/L Oprann3anuy pacipe/eJeHHbIX
pacyeToB s KOHEYHO-2JIeMEHTHOH Mojenn (UuIbTpariii MOXKeT
OBITh UCIOJIB30BAH TIPH MTOCTPOEHUH THAPOANHAMUYECKON MOjie-
Ju 1poriecca (UJABTPAINN, U ee MPOrPaMMHON peasn3alyy, YTo
1 TJIaHUPYETCs B OyAyIIEM.
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