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Abstract: The current research demonstrates the revolving flow of water-based Fe3O4 nanofluid due to the uniform rotation of the disc. 

This flow of nanofluid is investigated using CFD Module in COMSOL Multiphysics. However, the similarity solution for this flow is also ob-
tained after transforming the given equation into a non-dimensional form. In the CFD Module, streamlines and surface plots are compared 
with the similarity solution for the magnitude of the velocity, radial velocity, tangential velocity, and axial velocity. The results from the direct 
simulation in the CFD Module and the solution of dimensionless equations represent a similar solution of velocity distribution. The derived 
results show that increasing the volume concentration of nanoparticles and effective magnetic parameters decrease the velocity distribu-
tion in the flow. Results in the CFD Module are important for monitoring the real-time particle tracing in the flow and, on the other hand, the 
dimensionless solution is also significant for the physical interpretation of the problem. Both methods of solution empower each other and 
present the physical model without sacrificing the relevant physical phenomena.  
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1. INTRODUCTION 

Ferrofluids are colloidal suspensions of magnetic nanoparti-
cles. These types of fluid are not present in nature. Ferrofluids are 
synthesised by different methods based on their application. One 
of the important properties of ferrofluids is that they work in a 
zero-gravity region. Ferrofluids have numerous applications in the 
field of engineering and medicine. Heat control loudspeaker and 
frictionless sealing are important applications of ferrofluids. How-
ever, in the field of medicine, ferrofluid is used in the treatment of 
cancer through magnetohyperthermia.  

The rotational flow of viscous fluid over a rotating disc has 
been examined by researchers using similarity transformations 
(Cochran, 1934; Benton, 1966; Schlichting and Gersten, 2017). 
Based on the models of the rotational flow of viscous fluid, re-
searchers have developed the models for magnetohydrodynamic 
flow due to rotating disc (Attia, 1998, 2007; Turkyilmazoglu, 2012). 
Using Rosensweig and Shliomis models, the researchers have 
demonstrated the flow of ferrofluid due to rotating disc (Ram et al., 
2010; 2013a,b). The researchers have investigated the flow over 
a rotating disc to measure the irreversibility of the system and for 
heat transfer encampment applications (Qayyum et al., 2018; 
Rashihi et al., 2013; Hayat et al., 2018). For more practical appli-
cations of rotational flow, the researchers have classified the 
problems pertaining to specific types of nanofluid (Ijaz Khan et al., 
2020; Hayay et al., 2017; Mustafa, 2017). Rotating boundary layer 
flow, flow over a wedge, plate and stagnation point, flow of an 
electrically conducting fluid along with a vertical plate, and flow 
over an exponentially accelerated plate have been investigated by 
researchers and they have presented the similarity solution using 
numerical techniques (Veera Krishna et al., 2020; Chamkha, 

1997; Thameem Basha et al., 2019; Veera Krishna and Chamkha, 
2019). However, researchers have demonstrated the perturbation 
technique to investigate the nanoparticles in blood flow and ther-
mal transport of Williamson nanofluid flow (Bhatti et al., 2020a,b). 
Abo-Elkhair et al. (2021) used  Adomain decomposition method to 
investigate hybrid bio-nanofluid flow in a peristaltic channel. The 
researchers have been working continuously to improve the nu-
merical solution of a set of non-dimensional coupled differential of 
flow over a rotating disc problem (Chaturani and Narasimman, 
1991; Rahman, 1978; Schultz and Shah, 1979; Hayat et al., 
2018).  

Reddy et al. (2017) investigated the flow of Ag-water and Cu-
water nanofluids flow due to rotating disc. Takhar et al. (2003) 
studied the flow of electrically conducting fluid due to a vertical 
rotating cone and obtained the similarity solution through the finite 
difference method. Krishana and Chamkha (2020) obtained the 
analytic solution of the magnetohydrodynamic rotating flow of 
elastico-viscous fluid. Numerical solutions for the convective flow 
of nanofluids over a rotating cylinder have been obtained by re-
searchers (Alsabery et al., 2020; Selimefendigil and Chamkha, 
2019). Hybrid nanofluid flow in a rotating system, convective flow 
in a vertical moving cylinder, thin fluid over a vertical plate and 
conductive fluid over a vertical cone, have been investigated 
(Kumar et al., 2019; Chmkha et al., 2019; Takhar et al., 2002; 
Chemkha, 1996). Arain et al. (2020) investigated the multiphase 
flow between the rotating plates and obtained the numerical solu-
tion of similarity equations using the differential transform method. 
Ali et al. (2021) studied the non-Newtonian Oldroyd-B fluid flow 
over a parabolic surface and obtained the numerical solution 
of similarity equations through Runge–Kutta Fehlberg method. 

In the present work, the impact of volume concentration and 
magnetic torque on the swirling flow of water-carrying iron(III) 
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oxide nanofluid due to the rotating disc is investigated. This swirl-
ing flow is considered steady and axisymmetric; therefore, cylin-
drical equations of the flow are directly numerically solved using 
the two-dimensional CFD Module in COMSOL Multiphysics. Fur-
ther, the governing equations are reduced into non-dimensional 
coupled differential equations using a similarity approach and 
compared with the results obtained through CFD Module. The 
similarity model is also validated with the previous theoretical 
models.  

 

Fig. 1. Flow of axisymmetric nanofluid due to rotating disc  
           and its two-dimensional CFD domain 

2. MATHEMATICAL MODEL 

The schematic diagram of the flow due to a rotating disc in a 

tank is shown in Fig. 1. The disc rotates uniformly about the z-axis 
and generates a three-dimensional boundary layer. The flow is 
axisymmetric; therefore, the three-dimensional flow has been 
considered over a two-dimensional region in the CFD Module. 
The velocities of the water-carrying iron(III) oxide nanofluid 
changes in the radial and axial directions. In the CFD Module, the 
computational domain is the two-dimensional geometry (Fig. 1). 
However, the similarity approach is used on the three-dimensional 
geometry in Fig. 1. These two approaches of rotational flow for 
velocity distributions are compared to each other. The flow of 
magnetic fluid is described by the following equations (Shliomis 
and Morozov, 1994; Odenbach and Thurm, 2002): ∇ ∙ 𝑽 = 0             (1) 𝜌𝑛 [𝜕𝑽𝜕𝑡 + (𝑽 ∙ 𝛁)𝑽] = −𝛁𝑝 + 𝜇0𝑀𝛁𝐻 + 𝜇𝑛∇2𝑽 + 𝐼2𝜏𝑠 𝛁 ×(𝝎𝒑 − 𝛀)                                                 (2) 

𝐼 𝑑𝝎p𝑑𝑡 = 𝜇0(𝑴 × 𝑯) − 𝐼𝜏𝑠 (𝝎p − 𝜴)                                       (3)   

The inertial term  I dωpdt  is negligible in comparison with the re-

laxation term I ωpτs . Therefore the equation of rotational motion can 

be written as (Bacri et al., 1995; Bhabdari, 2020): 𝝎𝒑 = 𝛀 + 𝜇0 𝜏𝑠𝐼 (𝑴 × 𝑯)                                                        (4) 

Using Eq. (4), Eq. (2) can be written as (Shliomis and Moro-
zov, 1994; Bacri et al., 1995): 𝜌𝑛 [𝜕𝑽𝜕𝑡 + (𝑽 ∙ 𝛁)𝑽] = −𝛁𝑝 + 𝜇𝑛∇2𝑽 + 𝜇02 𝛁 × (𝑴 × 𝑯)  (5) 

where  −∇p̃ = −∇p + μ0M∇H denotes the reduced pressure 
due to magnetisation force [43].  

The equilibrium of the magnetic and viscous torque can be 
written from Eq. (5) as (Ram and Bhandari, 2013; Bacri et al., 
1995): 𝜇0(𝑴 × 𝑯) = −6𝜇𝑛𝜑1(𝛀 − 𝝎𝒑)                           (6) 

The Eq. (6) can be written for mean magnetic torque as (Bacri 
et al., 1995): 𝜇0(𝑴 × 𝑯̅̅ ̅̅ ̅̅ ̅̅ ̅) = −6𝜇𝑛𝜑1𝑚1𝛀                                                   (7) 

where 𝑚1 denotes the effective magnetic number due to the 
applied magnetic field. Using Eqs (6) and (7), the following rela-
tion is obtained (Shliomis and Morozov, 1994; Ram and Bhandari, 
2013): 𝜇02 𝛁 × (𝑴 × 𝑯̅̅ ̅̅ ̅̅ ̅̅ ̅) = 12 𝛁 × −6𝜇𝑛𝜑1𝑚1𝛀                                (8) = − 32 𝜇𝑛𝜑1𝑚1𝛁(𝛁. 𝑽) + 32 𝜇𝑛𝜑1𝑚1∇2𝒗 = 32 𝜇𝑛𝜑1𝑚1∇2𝑽      

In the above equation, 
32 μnφ1m1 is the rotational viscosity 

due to the applied magnetic field. Using the result in Eq. (8), Eq. 
(6) can be written as: 𝜌𝑛 [𝜕𝑽𝜕𝑡 + (𝑽 ∙ 𝛁)𝑽] = −𝛁𝑝 + 𝜇𝑛 (1 + 32 𝜑1𝑚1) ∇2𝑽          (9) 

The physical properties of the ferrofluid are as follows 
(Sheikholeslami and Shehzad, 2018): 𝜌𝑛 = (1 − 𝜑1)𝜌𝑓 + 𝜑1𝜌𝑠 ,   𝜇𝑛 = 𝜇𝑓(1−𝜑1)2.5                      (10) 

The density of the nanofluid depends on the density of the 
base fluid and volume concentration. Enhancing the concentration 
of iron(III) oxide increases the density of the nanofluid. Similarly, it 
changes the viscosity of nanofluids.  

Since the flow is considered steady and axisymmetric, Eqs (1) 
and (9) can be written in cylindrical coordinates as (Shliomis and 
Morozov, 1994; Bhandari, 2020): 𝜕𝑢𝜕𝑟 + 𝑢𝑟 + 𝜕𝑤𝜕𝑧 = 0                          (11) 

𝜌𝑛 [𝑢 𝜕𝑢𝜕𝑟 + 𝑤 𝜕𝑢𝜕𝑧 − 𝑣2𝑟 ] = − 𝜕𝑝𝜕𝑟 + 𝜇𝑛 (1 + 32 𝜑1𝑚1) {𝜕2𝑢𝜕𝑧2 +1𝑟 𝜕𝑢𝜕𝑟 − 𝑢𝑟2 + 𝜕2𝑢𝜕𝑟2}                                         (12) 

𝜌𝑛 [𝑢 𝜕𝑣𝜕𝑟 + 𝑤 𝜕𝑣𝜕𝑧 + 𝑢𝑣𝑟 ] = 𝜇𝑛 (1 + 32 𝜑1𝑚1) {𝜕2𝑣𝜕𝑧2 + 1𝑟 𝜕𝑣𝜕𝑟 +𝜕2𝑣𝜕𝑟2 − 𝑣𝑟2}                          (13) 

𝜌𝑛 [𝑢 𝜕𝑤𝜕𝑟 + 𝑤 𝜕𝑤𝜕𝑧 ] = − 𝜕𝑝𝜕𝑧 + 𝜇𝑛 (1 + 32 𝜑1𝑚1) {𝜕2𝑤𝜕𝑧2 + 1𝑟 𝜕𝑤𝜕𝑟 +𝜕2𝑤𝜕𝑟2 }                                          (14) 
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The boundary conditions for the considered flow are as fol-
lows: 𝑧 = 0;     𝑢 = 0,  𝑣 = 𝑟𝜔,   𝑤 = 0;  𝑧 → ∞ ;   𝑢 → 0,   
 𝑣 → 0                                                (15) 

In this case, the disc rotates with the uniform angular velocity ω  about the axis perpendicular to its plane. No-slip boundary 
conditions are considered in the flow. The layer of the nanofluid is 
at the disc which is carried along with the disc. This layer of 
nanofluid is driven outwards by the centrifugal force. Then new 
fluid particles are coming towards the disc in the axial direction 
and these particles are ejected due to centrifugal force. The cen-
trifugal force and radial pressure gradient have an important role 
in circulating the nanoparticles at a sufficient distance from the 
wall.  

3. NUMERICAL SOLUTION 

In the present problem, the swirling flow of water-based Fe3O4 nanofluid has been simulated in the CFD 2D axisymmetric 
module of COMSOL Multiphysics. The following physical parame-
ter has been used in the solution: 

Tab. 1. Values of parameters 

Parameter values 𝜌𝑓 997.1[kg m−3] 𝜌𝑠 5500 [kg m−3] 𝜑1 0.1 𝜇𝑓 0.001[Pa s] 𝑚1 2 𝜔 0.5𝜋 [rad s−1] 

 

Fig. 2. Mesh selection on the geometry 

There are a total of eight boundaries of the domain as shown 

in Fig. 2. The maximum element size taken is 9 × 10−4 and the 

minimum size of the element is 4 × 10−5. The curvature factor 
selected is 0.3 and the maximum element growth rate is 1.15. 
The surface plots for the magnitude of the velocity, radial velocity, 
tangential velocity, axial velocity, and pressure on the nanofluid 

are presented for different volume fractions and effective magnetic 
parameters. The values of the parameter used in the solution are 
given in Tab. 1. In the CFD Module, quadratic interpolation func-
tions are used in the approximation of the solutions. The triangular 
and quadrilateral elements are used during the solution of the 
problem. The mesh description of the elements and their proper-
ties are shown in Tab. 2. The maximum number of iterations is 

taken as 300 and the error in the solution is of the order 10−5. 

Tab. 2. Mesh description during the finite element method  
            over the domain of the flow 

Property Value 

Minimum element quality 0.07274 

Average element quality 0.794 

Triangular elements 4679 

Quadrilateral elements 984 

Edge elements 265 

Vertex elements 8 

Eqs (11)–(15) can also be solved by using similarity transfor-
mation. The following similarity transformation has been used to 
obtain non-dimensional coupled differential equations: 𝑢 = 𝑟𝜔𝐸(𝛼),    𝑣 = 𝑟𝜔𝐹(𝛼),    𝑤 = √𝜈𝑓𝜔 𝐺(𝛼),   𝑝 − 𝑝∞ = −𝜌𝜈𝜔𝑃(𝛼),  𝛼 = √ 𝜔𝜈𝑓 𝑧                                      (16)   

The transformed equations are as follows: 𝑑𝐺𝑑𝛼 + 2𝐸 = 0                        (17) 

(1 + 32 𝜑1𝑚1) [ 1(1−𝜑1)2.5(1−𝜑1+𝜑𝜌𝑠𝜌𝑓)] 𝑑2𝐸𝑑𝛼2 − 𝐺 𝑑𝐸𝑑𝛼 − 𝐸2 +
𝐹2 = 0                                                            (18) 

(1 + 32 𝜑1𝑚1) [ 1(1−𝜑1)2.5(1−𝜑1+𝜑1 𝜌𝑠𝜌𝑓)] 𝑑2𝐹𝑑𝛼2 − 𝐺 𝑑𝐹𝑑𝛼 − 2𝐸𝐹 =
0                                            (19)   

(1 + 32 𝜑1𝑚1) [ 1(1−𝜑1)2.5(1−𝜑1+𝜑1 𝜌𝑠𝜌𝑓)] 𝑑2𝐺𝑑𝛼2 − 𝐺 𝑑𝐺𝑑𝛼 − 𝑑𝑃𝑑𝛼 = 0  

                                      (20) 

The boundary conditions are as follows: 𝐸(0) = 0,      𝐹(0) = 1,     𝐺(0) = 0,      𝐸(∞) = 0,   𝐹(∞) = 0                                       (21)
       

The reduced pressure can be calculated as: 

𝑃(𝛼) = 𝑃0 + (1 + 32 𝜑1𝑚1) [ 1(1−𝜑)2.5(1−𝜑+𝜑𝜌𝑠𝜌𝑓)] 𝑑𝐺𝑑𝛼 − 12 𝐺2  

                      (22) 
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4. RESULTS AND DISCUSSIONS 

In this section, the results ofor radial tangential and axial ve-
locity distribution are presented for different values of volume 
fraction and effective magnetic parameters. 2D surface plots are 

obtained from the CFD Module in COMSOL Multiphysics, and for 
the same problem, a system of nonlinear coupled differential 
equations has been solved numerically. A brief discussion of the 
results is presented here.  

 

(a) 

 

(b) 

 

(c) 

 

(d) 

 

(e) 

 

(f) 

Fig. 3. Surface plot for the magnitude of the velocity (a) φ1 = 0, m1 = 2 (b) φ1 = 0.2, m1 = 2 (c) φ1 = 0.3, m1 = 2  
           (d) φ1 = 0.1, m1 = 2 (e) φ1 = 0.1, m1 = 4 (f) φ1 = 0.1, m1 = 6

Figs 3(a)–(f) show the magnitude of the velocity for different 
values of volume concentration and the effective magnetic pa-
rameter. Fig. 3(a) shows the magnitude of the velocity of the 

carrier liquid. Figs 3(b) and 3(c) are obtained for φ1 = 0.2 and φ1 = 0.3, respectively. It has been shown that for φ1 = 0.2 the 
maximum value of the velocity is 1.22 m/s and for φ1 = 0.3 the 
velocity is 1.20 m/s. Increasing the volume concentration reduces 
the velocity distribution in the flow. Fig. 3(d) shows the magnitude 
of the velocity for m1 = 2 and φ1 = 0.1. Increasing values of m1 increases the viscosity of the fluid and therefore reduces the 
magnitude of the velocity. The velocity is maximum near the 
rotation of the disc. Similarly, Figs 3(e) and 3(f) are presented for m1 = 4 and m1 = 6, respectively.  

Figs 4(a)–(f) show the radial velocity distribution for different 
values of volume concentration and the effective magnetic pa-
rameter. The streamline in the surface plot shows the tangent of 
the velocity distribution. The radial velocity decreases the increas-
ing values of volume concentration and magnetic parameter. 
Swirling of the disc in the presence of the magnetic field enhances 
the difference between the rotation of the particles and fluid. This 
difference enhances the viscosity of water conveying iron(III) 
oxide nanofluid.  Near the rotating equipment, the velocity is 

higher than that in other places. Increasing these parameters 

changes the pattern of streamlines. The velocity changes Fe3O4 
to become closer than the base fluid. Figs 5(a)–(f) show the tan-
gential velocity distribution for different values of volume concen-
tration and the effective magnetic parameter. The speed of tan-
gential velocity distribution is higher than the radial velocity distri-
bution. When increasing volume concentration and magnetic 
parameter, the streamlines become closer to each other than in 
ordinary cases. This situation arises due to the difference in the 
rotation between the nanoparticles and fluid. The magnetic field 
increases this misalignment between the rotation of the particles 
and fluid. Therefore, the viscosity of the nanofluid increases. Figs 
6(a)–(f) show the axial velocity distribution for different values of 
volume concentration and the effective magnetic parameter. 
Some of the values of the axial velocity are negative. The nega-
tive values of the axial velocity show that the flow is directed 
towards the container.  

Fig. 7 shows the magnitude of the dimensionless velocity dis-
tribution for different values of φ1. The magnitude for the velocity 
in dimensionless form is obtained from the expression √E2 + F2 + G2. The velocity distribution is presented on dimen-
sionless axial distance. It is seen that when increasing values of 
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φ1, the magnitude of the velocity decreases. The magnitude of 

the velocity also decreases for increasing values of m1, as shown 
in Fig. 8. The results in Figs 7 and 8 represent a similar character 
as presented in Figs 3(a)–(f). Figs 9 and 10 show the radial veloci-
ty distribution for different values of φ1 and m1. A case φ1 = 0 

shows the velocity distribution of the base fluid. Adding Fe3O4 
nanoparticles with suiTab. surfactants decreases the radial veloci-
ty distribution decreases. In the presence of the magnetic field, a 
decrease in the radial velocity distribution is observed. Figs 11 
and 12 show the tangential velocity distribution for different values 

of φ1 and m1. The impact of the volume concentration and rota-
tional viscosity on the tangential velocity distribution is less as 
compared to radial and axial velocity distributions. Near the sur-
face of the container, the tangential velocity decreases for in-

creasing values of φ1 and m1, and far from the surface, these 
parameters enhance the tangential velocity distribution. Near the 
surface, the flow of the nanofluid is influenced by the rotating 
cylinder. Figs 13 and 14 show the axial velocity distribution for 

different values of φ1 and m1. In the absence of magnetic field 
and iron(III) oxide nanoparticles, the problem reduces to the pre-
vious theoretical models of rotational flow. The comparative re-
sults with previous theoretical models are shown in Tab. 3. In-
creasing the values of the volume concentration and effective 
magnetic parameter decreases the axial velocity. It is noticeable 
that the physical interpretation of the flow dimensionless approach 
is very useful and aligned with the results obtained through the 
CFD Module. However, the CFD Module can provide the problem 
imagination and more regions for the velocity distribution.  

 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 

 
(f) 

Fig. 4. Surface plot for the radial velocity (a) φ1 = 0, m1 = 2 (b) φ1 = 0.2, m1 = 2 (c) φ1 = 0.3, m1 = 2  
           (d) φ1 = 0.1, m1 = 2 (e) φ1 = 0.1, m1 = 4 (f) φ1 = 0.1, m1 = 6 

 
(a) 

 
(b) 

 
(c) 



Anupam Bhandari                         DOI  10.2478/ama-2021-0016 
Mathematical Modeling of Water-Based Fe3O4 Nanofluid Due to Rotating Disk and Comparison with Similarity Solution 

118 

 
(d) 

 
(e) 

 
(f) 

Fig. 5. Surface plot for the tangential velocity (a) φ1 = 0, m1 = 2 (b) φ1 = 0.2, m1 = 2 (c) φ1 = 0.3, m1 = 2  
           (d) φ1 = 0.1, m1 = 2 (e) φ1 = 0.1, m1 = 4 (f) φ1 = 0.1, m1 = 6 

 
(a) 

5  
(b) 

 
(c) 

 
(d) 

(e)  
(f) 

Fig. 6. Surface plot for the axial velocity (a) φ1 = 0, m1 = 2 (b) φ1 = 0.2, m1 = 2 (c) φ1 = 0.3, m1 = 2  
           (d) φ1 = 0.1, m1 = 2 (e) φ1 = 0.1, m1 = 4 (f) φ1 = 0.1, m1 = 6 

 
Fig. 7. Magnitude of the velocity for different values of 𝜑1 at 𝑚1 = 2 

 
Fig. 8. Magnitude of the velocity for different values of 𝑚1 at 𝜑1 = 0.1 
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Fig. 9. Radial velocity distribution for different values of 𝜑1 at 𝑚1 = 2 

 
Fig. 10. Radial velocity distribution for different values  
             of 𝑚1 at 𝜑1 = 0.1 

 
Fig. 11. Tangential velocity distribution for different values  
              of 𝜑1 at 𝑚1 = 2 

 
Fig. 12. Tangential distribution for different values of 𝑚1 at 𝜑1 = 0.1 

 
Fig. 13. Axial velocity distribution for different values of 𝜑1 at 𝑚1 = 2 

 
Fig. 14: Axial velocity distribution for different values of 𝑚1 at 𝜑1 = 0.1 

Tab. 3. Comparison of similarity solution with previous theoretical models  
             for φ1 = m1 = 0 

 𝐸′(0) 𝐹′(0) 

Kelson and Desseaux [47] 0.510233 -0.615922 

Bachok et al. [48] 0.5102 -0.6159 

Turkyilmazoglu [49] 0.51023262 -0.61592201 

Present Result 0.5102337 -0.6159241 

5. CONCLUSIONS 

The swirling flow of water-based Fe3O4 nanofluid with differ-
ent volume concentrations and rotational viscosity has been stud-
ied. The results for the velocity distribution have been obtained 
through the CFD Module and dimensional analysis. These results 
indicate that increasing the volume concentration and rotational 
viscosity decreases the velocity distribution. These results show 
the comparative results between the CFD Module and dimension-
less analysis. Both techniques favour the findings of each other.  
For the physical interpretation of the results, dimensionless analy-
sis is important. However, for real-time particle tracing CFD Mod-
ule is important. These results show that both types of studies are 
relevant to the development of swirling flow analysis. These re-
sults might be useful in bringing about an improvement in the 
sealing of hard disc drives.  

Nomenclature:  

E Dimensionless component of radial velocity 
F Dimensionless component of tangential velocity 
G Dimensionless component of axial velocity 𝑯  Magnetic field intensity (A/m) 
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𝐼  Sum of the particles moment of inertia (kg/m2) 𝑴  Magnetization (A/m) 𝑚1  Effective magnetic parameter 𝑝  Fluid Pressure (kg/m/s2) 𝑝  Reduced fluid pressure (kg/m/s2) 𝑟  Radial direction (m) 𝑡  Time (s ) u  Radial velocity (m/s) 𝑣  Tangential velocity (m/s) 𝑽  Velocity of ferrofluid (m/s) 𝑤  Axial velocity (m/s) 𝑧  Axial direction (𝑚) 𝜌𝑛  Nanofluid density (kg/m3) 𝜌𝑓  Carrier liquid density (kg/m3) 𝜌𝑠  Nanoparticles density (kg/m3) 𝜇0  The magnetic permeability of free space (H/m) 𝜇𝑛  Reference viscosity of nanofluid (kg/m/s2) 𝜇𝑛  Reference viscosity of carrier liquid (kg/m/s2) 𝜈𝑓  Kinematic viscosity of the base fluid (m2/s) ∇  Gradient operator (/m) 𝜏𝑠  Rotational relaxation time (/s) ω𝑝  Angular velocity of particles (rad/s) Ω  Vorticity (rad/s) 𝜔  Angular velocity (rad/s) 𝜃  Tangential direction (rad) 𝜑1  Volume concentration 𝜈𝑛  Kinematic viscosity without magnetic field (m2/2) 𝛼  Dimensionless distance parameter 
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