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Abstract In this paper, we give non-existence theorems for Hopf hypersurfaces in com-
plex two-plane Grassmannians G»(C™12) with ©-parallel normal Jacobi operator Ry and
D-parallel structure Jacobi operator Rg if the distribution ® or ©+ component of the Reeb
vector field is invariant by the shape operator, respectively.
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Introduction

The geometry of real hypersurfaces in complex projective space or in quaternionic projective
space is one of the interesting parts in the field of differential geometry. Until now, there
have been many characterizations for homogeneous hypersurfaces of type (A1), (A2), (B),
(C), (D) and (E) in complex projective space CP™, of type (A1),(Az) and (B) in quater-
nionic projective space HP™ or of type (A) and (B) in complex two-plane Grassmannians
G»(C™+2). Each corresponding geometric feature is classified and investigated by Berndt
and Suh [2,3], Kimura [9] and Martinez and Pérez [10], respectively.
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592 C.J. G. Machado et al.

Let (M , §) be aRiemannian manifold. A vector field U along a geodesic y ina Riemannian
manifold M is said to be a Jacobi field if it satisfies a differential equation

ViU + RU@), 7))y (1) =0,

where VV and R respectively denote the covariant derivative of the vector field U along
the curve y in M and the curvature tensor of the Riemannian manifold (M, g). Then this
equation is called the Jacobi equation.

The Jacobi operator Ry for any tangent vector field X at xe M, is defined by

(RxY)(x) = (R(Y, X)X)(x)

for any ¥ € T, M, becomes a self adjoint endomorphism of the tangent bundle TM of
M. That is, the Jacobi operator satisfies Rx€End(T,M) and is symmetric in the sense of
g(RxY,Z) = g(RxZ,Y) for any vector fields ¥ and Z on M.

The almost contact structure vector fields {&1, &, &3} are defined by & = —J;N, i =
1,2, 3, where {J1, J», J3} denote a quaternionic Kihler structure of HP™ and N a unit
normal field of M in HP™. In a quaternionic projective space HP™ Pérez and Suh [11]
have classified real hypersurfaces in HP™ with ©--parallel curvature tensor Vg, R = 0,
i = 1,2,3, where R denotes the curvature tensor of M in HP™ and © a distribution
defined by DL = Span {&1, &, &}. In such a case, they are congruent to a tube of radius %
over a totally geodesic HP¥ in HP™, 0 <k <m — 1.

Now let us consider such a parallelism related to the curvature tensor for hypersur-
faces in complex two-plane Grassmannians G (C”*2) which consists of all complex two-
dimensional linear subspaces in C™*+2, The ambient space G>(C™12) has a remarkable
geometric structure. It was known that the complex two-plane Grassmannians G (C"*?) is
the unique compact irreducible Riemannian symmetric space equipped with both a Kéhler
structure J and a quaternionic Kidhler structure J (see Berndt and Suh [2]). Induced from
such structures, some geometric characterizations for real hypersurfaces in G,(C”*2) are
investigated by Berndt and one of the present authors (see [2,3,17,18]).

As one of the examples Berndt and Suh [2] considered two natural geometric conditions
for hypersurfaces in Go(C"F2) that [£] = Span {£} and ol = Span {&1, &, &3} are invariant
under the shape operator. By using such conditions and the result in Alekseevskii [1], they
have proved the following

Theorem A Let M be a connected real hypersurface in Go(C"12), m > 3. Then both [£]
and 7 are invariant under the shape operator of M if and only if

(A) M is an open part of a tube around a totally geodesic Go(C™+1) in
GL(C"F2), or

(B) m is even, say m = 2n, and M is an open part of a tube around a totally geodesic HP"
in Go(C"*+2).

The structure vector field & of a real hypersurface M in G,(C™2) is said to be a Reeb
vector field. If the Reeb vector field & of a real hypersurface M in G»(C™*+?) is invariant by
the shape operator, M is said to be a Hopf hypersurface. In such a case, the integral curves
of the Reeb vector field & are geodesics (see Berndt and Suh [3]).

In a paper due to Pérez et al. [4] we have introduced a notion of normal Jacobi operator
Ry for hypersurfaces M in G»(C™*+?) in such a way that

RyX = R(X,N)NeEnd T, M, x e M,
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D-parallelism of complex two-plane Grassmannians 593

for any tangent vector field X on M, where R denotes the curvature tensor of G»(C"+?). The
normal Jacobi operator Ry is parallel on the distribution ® of M in G»(C"+2) means that
the eigenspaces of the normal Jacobi operator Ry are parallel along the distribution © of M,
where © denotes the distribution orthogonal to the distribution D+ such that "M = DD,
xeM. Here the eigenspaces of the normal Jacobi operator Ry are said to be parallel along
the distribution ® if they are invariant with respect to any parallel displacement along the
distribution ©.

Related to such a normal curvature tensor Ry, Jeong et al. [7] obtained a non-existence
theorem for Hopf hypersurfaces in G, (C"*+?) with parallel normal Jacobi operator. Motivated
by this fact, in such a paper, we consider more general notion of ®-parallelism weaker than
the notion of parallel normal Jacobi operator.

In Sect. 3, we consider a real hypersurface M in G»(C"1?) with ®-parallel normal Jacobi
operator, thatis, Vy Ry = 0,forall X € ®,where V, Rand N respectively denote the induced
Riemannian connection on M, the curvature tensor of the ambient space G, ((Cm+2) and a
unit normal vector of M in G,(C"+2).

In Sect. 4, we prove a non-existence theorem for hypersurfaces in Go(C"™2), m > 3,
with ©- parallel normal Jacobi operator as follows:

Theorem 1 There do not exist any connected Hopf hypersurfaces in Go(C"1?), m > 3,
with ©-parallel normal Jacobi operator if the distribution ® or ®+ component of the Reeb
vector field is invariant by the shape operator.

On the other hand, Jeong et al. [5] obtained a non-existence theorem for Hopf hyper-
surfaces in G»(C”1?) with parallel structure Jacobi operator. Moreover, in a paper Pérez
et al. [14] have given a classification of hypersurfaces in complex projective space CP"
with ©-parallel structure Jacobi operator. So, in Sect. 4, we also consider hypersurfaces with
- parallel structure Jacobi operator, that is, Vx R = 0 for all X € © in complex two-plane
Grassmannians G, (C"+2),

For any tangent vector field X on M in G2(C™12), we calculate the structure Jacobi
operator Rg in such a way that

Re (X)

R(X, )&

3
X = (X = > {m(X)E — n(X)nu(&)E,

v=l1

+3g(¢ X, )pvE +1u(E)ppdX | +aAX — n(AX)AS,

where o denotes the function defined by g (A§, &). The structure Jacobi operator R; is parallel
on the distribution ® of M in G»(C™*?) means that the eigenspaces of the structure Jacobi
operator Ry are parallel along the distribution © of M. Here the eigenspaces of the structure
Jacobi operator R; are said to be parallel along the distribution ® if they are invariant with
respect to any parallel displacement along the distribution © (see [5,6]).

Then in Sect. 4, we prove another non-existence theorem for Hopf hypersurfaces in
G2((C’”+2), m > 3, with ©-parallel structure Jacobi operator as follows:

Theorem 2 There do not exist any connected Hopf hypersurfaces in Go(C"*2), m > 3,
with ©-parallel structure Jacobi operator if the distribution ® or © component of the Reeb
vector field is invariant by the shape operator.
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594 C.J. G. Machado et al.

1 Riemannian geometry of G,(C™"12)

In this section, we summarize basic material about GZ(C’""'Z), for details we refer to Berndt
and Suh [2,3], and Suh et al. [16-18].

By G»(C™*2), we denote the set of all complex two-dimensional linear subspaces in
C"*2. The special unitary group G = SU(m + 2) acts transitively on G,(C"*2) with
stabilizer isomorphic to K = S(U(2) x U(m)) C G. Then G, (C™*2) can be identified with
the homogeneous space G/K, which we equip with the unique analytic structure for which
the natural action of G on G(C™*2) becomes analytic. Denote by g and ¢ the Lie algebra
of G and K, respectively, and by m the orthogonal complement of ¢ in g with respect to the
Cartan-Killing form B of g. Then g = £ ® m is an Ad (K )-invariant reductive decomposition
of g.

We put o = eK and identify 7,G, (C™*+2) with m in the usual manner. Since B is negative
definite on g, its negative restricted to m x m yields a positive definite inner product on m.
By Ad(K)-invariance of B this inner product can be extended to a G-invariant Riemannian
metric g on G (C"*2).

In this way, G>(C™*2) becomes a Riemannian homogeneous space, even a Riemannian
symmetric space. For computational reasons, we normalize g such that the maximal sec-
tional curvature of (G,(C™*2), g) is eight. When m = 1, G»(C3) is isometric to the two-
dimensional complex projective space CP? with constant holomorphic sectional curvature
eight. When m = 2, we note that the isomorphism Spin(6) >~ SU(4) yields an isometry
between G, ((C4) and the real Grassmann manifold G;r (R6) of oriented two-dimensional
linear subspaces of R®. In this paper, we will assume m > 3.

The Lie algebra ¢ has the direct sum decomposition ¢ = su(m) @ su(2) @ R, where R
is the center of ¢. Viewing ¢ as the holonomy algebra of G (C™*2), the center 9 induces a
Kihler structure J and the su(2)-part a quaternionic Kihler structure J on G2((Cm+2).

If J; is any almost Hermitian structure in J, then JJ; = JiJ, and JJj is a symmet-
ric endomorphism with (JJ)? = I and tr(JJ;) = 0. This fact will be used frequently
throughout this paper.

A canonical local basis Ji, J», J3 of J consists of three local almost Hermitian structures
Jy in J such that J,, J,4+1 = Jy42 = —Jy4+1J,, where the index is taken modulo three. Since
J is parallel with respect to the Riemannian connection V of (G2(C"+2), g), there exist for
any canonical local basis Ji, J», J3 of J three local one-forms g1, g2, g3 such that

6X-]v ZQU+2(X)JU+] _QU+1(X)Jv+2 (11)

for all vector fields X on G, (C™*2). )
The Riemannian curvature tensor R of G(C"*2) is locally given by

RX,Y)Z =g(Y, )X —g(X,2)Y +3(JY, Z)JX
—g(JX,2)JY —25(JX,Y)JZ
3
+ D HILY, 2) X — 2L X, 2)],Y
v=I
_2g(JvXa Y)JUZ}
3
+ Z{g(JVJY, 2H)WJIX —g(JWJIX,2)],JY}, (1.2)

v=1

where {J;, J», J3} denotes a canonical local basis of J.
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D-parallelism of complex two-plane Grassmannians 595

2 Some fundamental formulas

In this section, we derive some basic formulae from the Codazzi equation for a real hyper-
surface in G (C™12) (see [2,3,15-17]).

Let M be a real hypersurface of G>(C™12), thatis, a hypersurface of G>(C™+2) with real
codimension one. The induced Riemannian metric on M will be denoted by g, and V denotes
the Riemannian connection of (M, g). Let N be a local unit normal field of M and A the
shape operator of M with respect to N. The Kihler structure J of G»(C™+2) induces on M an
almost contact metric structure (¢, &, n, g). Furthermore, let Jq, J2, J3 be a canonical local
basis of J. Then each J, induces an almost contact metric structure (¢,, &,, 1y, g) on M.
Using the above expression (1.2) for the curvature tensor R, the Gauss and Codazzi equations
are respectively given by

RX,Y)Z = g(Y,2)X —g(X,2)Y

+8(@Y, Z)pX — g(@X, 2)pY —28(¢pX, Y)pZ

3
+ D U@Y, 2)pu X — 2B X, 2)$Y — 28(h X, V) Z)

v=1

3
+ D {e(@upY, 2)pu$X — g($udX, Z)puY)

v=1

3
= D (D)$udX — n(X)nu(2)pyY}

v=1

3
— D (X)g(pudY, 2) — n(V)g(pud X, D)},

v=1

+ g(AY, Z)AX — g(AX, Z)AY
and

(VxA)Y — (Vy A)X = n(X)pY —n(Y)pX —2g(¢ X, Y)E

3
+Z {m XY — (N X —28(du X, Y)é,}
v=1

3
+ > (@ X)puY — nu(@Y)dyp X }

v=1

3
+ > {nX)n(@Y) — 1) (X)),

v=1

where R denotes the curvature tensor of a real hypersurface M in Go(C"1?2).
The following identities can be proved in a straightforward method and will be used
frequently in subsequent calculations:

Gv+160 = —&vt2,  Pvévt1 = Evya,
®& = $u&, M(dX) = n(gvX),
D1 X = Pp2X + 1 (X)éy,
GPv+19 X = —Pu2X + o (X)Ep41. (2.1)
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596 C.J. G. Machado et al.

Now let us put
JX=¢X+nX)N, LhX=¢, X+ XN 2.2)

for any tangent vector X of M in G,(C"*2), where N denotes a normal vector of M in
G»(C™*2), Then from this and the formulas (1.1) and (2.1), we have that

(Vx9)Y =n(Y)AX — g(AX,Y)§, Vx&=¢AX, (2.3)
Vx& = qv2(X)&v41 — qu+1(X)évy2 + Py AX, (2.4)

(Vxdn)Y = —qu+1(X)Pv42Y + qu2(X)Puv1Y + nu(Y)AX
—g(AX, Y)§,. (2.5)

Summing up these formulas, we find the following

Vx(9v§) = (Vxdu)§ + ¢u(Vx§)
= qu2(X)Pv+18 — qu+1(X)Pv1286 + PrPpAX

—8(AX,§)§6 +n(6)AX. (2.6)
Moreover, from JJ, = J,J, v =1, 2, 3, it follows that
PPuX = ppp X + n(X)§ — n(X)éy. 2.7

3 ®-parallelism of the normal Jacobi operator

Now let us consider a real hypersurface M in G>(C"*?) with D-parallel normal Jacobi
operator Ry, thatis, Vy Ry = 0 for any vector field X € © -
Then first of all, we obtained the normal Jacobi operator Ry, which is given by
Ry(X) = R(X, N)N
3
= X +3n(X)& +3D_m(X)E

v=1
3

D {m©@@usx —n00E) 0@ X0008].

v=1

Of course, by (2.7) the normal Jacobi operator Ry is a symmetric endomorphism of Ty M,
xeM (see [4]).

Now let us consider a covariant derivative of the normal Jacobi operator Ry along any
direction X of 7, M, xeM. Then it is given by

(VxRN)Y = Vx(RNY) — Ry(VxY)
=3g(pAX, )& +3n(Y)pAX

3
+3>°{s@uAX. Vg, + n(N)g,AX ]

v=1

3
_Z[va(¢AX)(¢v¢Y —n(Y)é) — g(pvAX, ¢Y)9,§

v=1

() (AX)pvE — n(@Y)(pvpAX — g(AX, %‘)éu)] (3.1
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D-parallelism of complex two-plane Grassmannians 597

for any tangent vector fields X and Y on M in G2(C™t2)(see [7]).
Bearing in mind that & = 0 and writing & = n(Xo)Xo + n(&1)&1, it follows:

0= ¢&
= ¢ (n(Xo0)Xo + n(&1)é1)
= n(X0)¢Xo + n(&1)¢1(n(Xo) Xo + n(&1)é1)
= n(Xo)pXo + n(Xo)n(§1)p1Xo
= n(Xo)(@Xo + n(&1)¢1 Xo).

Lemma 3.1 If we suppose & = n(Xo)Xo + n(&1)&1 being n(Xo) and n(&1) nonnull, then
¢Xo = —n(§1)¢1 Xo.

Lemma 3.2 Let M be a Hopf hypersurface in Go(C"2), m > 3, with ®-parallel normal
Jacobi operator. If the distribution ® or ®+ component of the Reeb vector field is invariant
by the shape operator, then the Reeb vector field & belongs to either the distribution © or the
distribution .

Proof When the function « = g(A&, &) identically vanishes, it can be verified directly by
Pérez and Suh [12].

Now it remains to show the case when the function « is non-vanishing. Let us assume
that & = 1(Xo)Xo + n(£1)&; for some unit Xo € ©, non-zero functions 1n(Xo) and n(&;).
By putting X = Xo and Y = X in (3.1), we have

0 = (Vx,Rn)Xo
= 3g(pAXo, X0)§ + 3n(Xo)pAXo

3
+3 {8 AX0. X0 + m(X0)h AXo |

v=1

3
—Z[2ﬂu(¢AXo)(¢v¢Xo — 1(X0)&) — (v AX0, pX0)PuE

v=1

—1(Xo)nv (AXo)pvE — 1 (9 X0)(PrpAXo — g(AXo, E)Su)]~ (3.2)

Since M is Hopf and the distributions ® or © component of the Reeb vector field are
invariant by the shape operator, we obtain

AXo=aXo, A& =af.

Substituting these formulas into (3.2) gives

3
0= 3an(Xo)pXo + D _ag(d,Xo, pXo)p.é.

v=I
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598 C.J. G. Machado et al.

Thus

g((Vx,Rn) X0, $X0)

3
= 3en(Xo)m> () + @ 8@y Xo. #X0)g(r&. $Xo)

v=1

3
= 3en(Xo)ni> () + &> _g(dvXo. pX0)(—1 (E)n(X0))

v=1
= 3an(Xo)n1>(§) — g (¢1 X0, dX0) (1 (£)1(Xo))
= 3an(Xo)n* (&1) + an’(E1)n(Xo)
= dan’* (€1)n(Xo).
From this, together with the assumption, it makes a contradiction. This means 1(Xo) = 0 or

n(&1) = 0, that is, the Reeb vector & belongs to either the distribution © or the distribution
ot a]

Now we will prove our Theorem 1 in the introduction. That is, a non-existence of Hopf
hypersurfaces in G, (C”*2) with ©-parallel normal Jacobi operator Ry will be proved in
this section. In order to do this, we need some lemmas as follows:

Lemma 3.3 Let M be a Hopf real hypersurface in Go(C"*2), m > 3, with ®-parallel
normal Jacobi operator and & € D+. Then g(AD, D+) = 0.

Proof Assume that £ is tangent to ©. Then the unit normal N is a singular tangent vector
of Go(C"*+?) of type JN € JN. So there exists an almost Hermitian structure J; € J such
that JN = JiN. Then we have

§=6,05 =-8,0565=5,9D CD.
Using (3.1), we consider 0 = (VxléN)%‘ for any X € ©. Then we get

0 = (VxRy)E

3
= 364X +3) {26, AX. 8, + n ()¢, 4X ]

v=1

3
—Z[znv@AX)(—sv) - m(Axms]

v=1
=3¢pAX 4+ 38(02AX, E1)E + 3g(3AX, E1)E3 + 391 AX
+2m(pAX)E2 + 2n3(9AX)E3 + n2(AX) P26 + n3(AX)3E
=3¢AX +3n3(AX)é — 3m(AX)E + 391 AX
+2n3(AX)E — 22 (AX)E3 — m2(AX)E3 + m3(AX)E
=3pAX +6m3(AX)& — 6m(AX)E3 + 391 AX.

Taking its scalar product with & and with &3 respectively gives

0 =3g(pAX, &) +6n3(AX) +3g(¢1AX, &)
= 3g(AX, £) + 6m3(AX) — 3g(AX, §3)
= 613(AX),

and
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D-parallelism of complex two-plane Grassmannians 599

0 =38(pAX, &3) — 6m(AX) +38(¢1AX, §3)
= —3g(AX, &) — 6m(AX) +38(AX, 5)
= —6m(AX).
This gives a complete proof of our Lemma. O

Lemma 3.4 Under the same assumptions as in Lemma 3.3, if € € D, then g(AD, D) = 0.

Proof In this case, we have

0 = (VxRy)E

3 3 3
=3¢AX +3> (B AX, )& + 2D m(@AX)E + D nu(AX)poé

v=1 v=1 v=1

3 3
=3pAX +5D N (PAX)E + D nu(AX)p.E.

v=1 v=1

Taking its scalar product with ¢;&,i = 1,2, 3, we have
0 = g((VxRN)E, ¢i€)

3 3
= 38(AX, $i&) + 5D nu(@AX)g(&,, $iE) + D _m(AX)g(¢u, pi&)

v=1 v=1

= 38(pAX, ¢i§) +ni(AX)

= —3g(AX, ¢¢i§) + ni(AX)

= 3g(AX, &) +ni(AX)

= 4n;(AX).
This gives a complete proof of our Lemma. O

Then by Lemmas 3.3 and 3.4, together with Theorem A, we know that any real hypersur-

faces M in Go(C™*?) with ®-parallel normal Jacobi operator are locally congruent to real
hypersurfaces of type (A) or type (B). Then in order to give a complete proof of Theorem 1,

in Sect. 4, we will check whether the normal Jacobi operator Ry of real hypersurfaces of
type (A) or type (B) in Go(C™12) is D-parallel or not.

4 ©-parallelism of the structure Jacobi operator

In this section, we consider a real hypersurface M in G>(C"+2) with D-parallel structure
Jacobi operator Rg, that is, Vx Rg = 0 for any vector field X € ©.
Then first of all, we obtained the structure Jacobi operator Rg, which is given by

R:(X) = R(X, §)§

3
= X —n(X)§ = > {mC0& = n(X)mu(©)é

v=1
+3g8(@v X, §)pé + nv@)(pvd)x} +aAX —n(AX)AS.
Of course, the structure Jacobi operator Rg is a symmetric endomorphism of T, M, xeM

(see [5]).

@ Springer



600 C.J. G. Machado et al.

Now let us consider a covariant derivative of the structure Jacobi operator R¢ along any
direction X of Ty M, xeM. Then it is given by

(VxRe)Y = —g(pAX, Y)§ —n(Y)pAX

3
= 27| 8@ AX. )& = 200NN @AXIE, + 1 (V) AX

v=l1

+3{g(¢uAX, PY)PuE + (V) (AX)poE + 0o (DY) (drpAX

—n(AX)E) | + 40, ©) (1 @VIAX = g(AX. V)$6) + 21, (PAX)$u0Y |

+n((VxA) §)AY 4+ 2n(ApAX)AY 4+ n(AE)(VxA)Y — n((VxA)Y)Aé
—8(AY, pAX)AE — n(AY)(VxA)§ — n(AY)ApAX 4.1)

for any tangent vector fields X and Y on M in G, (Cm+2)(see [5]).
The following Lemma 4.1 [3] will be used in the proof of our Lemmas.

Lemma 4.1 If M is a connected orientable real hypersurface in G2(C"*2) with geodesic
Reeb flow, then

0g((Ap + PAIX. Y) = 2(APAX. Y) + 286X, ¥)
3
=23 [ COom @) = n@m@X) - g@.X. Vi ©

v=1

—2n(X)nu (@Y ), (§) + ZU(Y)HVMJX)??V(S)}-

Lemma 4.2 Let M be a Hopf hypersurface in Go(C"12), m > 3, with ©-parallel structure
Jacobi operator. If the distribution ® or ®+ component of the Reeb vector field is invariant
by the shape operator; then the Reeb vector field & belongs to either the distribution ® or the
distribution ®=.

Proof When the function « = g(A&, &) identically vanishes, it can be verified directly by
Pérez and Suh [12].

Now it remains to show the case when the function « is non-vanishing. Let us assume that
& = n(Xo)Xo + n(&1)&; for some unit Xg € D, non-zero functions 1(Xo) and n(&;). Taking
X = Xo in Lemma 4.1 and using AX = aXo and ¢ Xo = —n(&1)¢1 X it follows

aApXo+ o’ $Xo — 20AdXo + 2 X0 = —211(E)p1 Xo + 4n* (Xo)n1 ()1 Xo
which gives

2 2
a” +4n~(Xo)
AgpXo = —————"Xq.
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D-parallelism of complex two-plane Grassmannians 601

As (VxRg)Y = 0taking X € © for X = Xpand Y =& in (4.1), we get

0 = (Vx,Re)&
= —¢AXo — aApAXo — an (§)d1 Xo + dani (E)n(Xo)$1&
= —apXo — a>ApXo — ani (&)1 Xo + 4o (€)n* (Xo)$1 Xo
= —apXo — > ApXo + apXo — dan*(Xo)$Xo
= —afa® +4n*(Xo)}¢ X0 — dan*(Xo)p Xo
= —a’$pXo — dan* (Xo)pXo — 4an’(X0)pXo
= (o’ — 8an*(X0))$Xo.

From this, taking its scalar product with ¢ X, we have

0 = g((Vx,Re)&, 9 Xo)
= (=’ — 8an*(X0))g($Xo, $X0)
= (=’ — 8an* (Xo)ni(®),

where
g(¢Xo, pXo) = —g(¢*Xo. Xo) = 1 — n*(Xo) = i (£).
Thus
—a® — 8an’(Xp) = 0.

From this, we get

2
—
7 (Xo) = ——

This makes a contradiction, so the result follows. O
Moreover, in order to prove our theorem, we need the following

Lemma 4.3 Let M be a Hopf hypersurface in Go(C"+2), m > 3, with ©-parallel structure
Jacobi operator and € € D . Then g(AD, D+) = 0.

Proof First we get
0= (VxR:)&
= —pAX —aAPAX —2n3(AX)E +2m(AX)E3 — ¢1AX 4.2)

iftX e®.
When the function ¢ = g(AE&, &) identically vanishes, it can be verified by (4.2). In fact,
by taking its scalar product with & and &3 in (4.2), respectively, we have g(AD, 9L =0.
Now it remains to show the case when the function « is non-vanishing. Taking its scalar
product with &

ag(ApAX, &)+ 2n3(AX) = 0.
On the other hand, from Lemma 4.1

28(AAX, &) = ag(AdX, &) + 2n3(AX).
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Therefore 0 = o2g(Ap X, &) + (¢ + 4)n3(AX). Thus
2

4
8(A9X, &) = ————n3(AX). 4.3)

If we change X by ¢ X
—’g(AX, £2) + (@ + Hn3(A$X) =0 4.4)
and taking its scalar product with &3 from (4.2) we have
ag(APAX, &) — 2 (AX) = 0.
From Lemma 4.1, we get

28(APAX, &) = ag(APX, &) — am(AX),

which yields
0=a’g(ApX. &) — (& + H)na(AX).
Thus
¢(AsX. 5 = 4 (ax). (45)
Now changing X by ¢ X
@’ g(AX, £3) + (¢ + D (ApX) = 0. (4.6)

By applying (4.5) to (4.4), we have the following

2
0= (— M) 12(AX),

which gives (82 + 16)2(AX) = 0, that is, n2(AX) = O for any X € D.
Moreover, by applying (4.3) to (4.6), we have

4 2
0= ( (“a;)) 13(AX).

Similarly n3(AX) = 0 for any X € ©. Thus we have g(AD, L) =0. O

Lemma 4.4 Let M be a Hopf hypersurface in Go(C"*2), m > 3, with ©-parallel structure
Jacobi operator and & € D. Then g(AD, L) = 0.
Proof Asnow 0 = g((VxRg)Y, &) with & € D it follows

3

0= —g@AX.Y) = D" [ ()86, AX. &) + 31,V )g(dpAX. ©)

v=1
+21,(pAX)g (@Y, E)] —ag(AY, pAX) 4.7

for any tangent vector fields X and ¥ on M in G,(C"*?).
Put the subset ©g of © as D9 = {X € D| X L&, ¢1&, &, ¢3& }. Then the tangent vector
space Tx M for any point x € M is decomposed as

LM =D @D = [£]1® (91, ¢t p3E]1 © Do @ DL,
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where [¢1&, ¢2&, ¢3&] denotes a subspace of the distribution © spanned by the vectors
(1§, 92§, P38}

In order to show that g(AX,§,) = 0 forany X € ® and = 1, 2, 3, first we consider
for X = &. Then we have g(A§,§,) = ag(§,§,) =0forany u =1, 2,3.

Next, we consider the case that X € [¢1&, ¢r&, ¢3&]. Put X = ¢,&, v = 1, 2, 3. Since
n(y) = O0forany v = 1,2, 3, we see that g(Vg, &, §,) = —g(§, Vg, &) forany p = 1,2, 3.
Thus we have

8(APyE. §u) = g(déy, AEy)
= —g(6v. pAE,)
—8(v, Ve, &)
=8(Vg, 60, 8)
= &(qv+2(&)Ev+1 — qur1(Eu)Evr2 + v A8y, §)
= g(PvA§,. §)
= —g(Apy§.5,) .

Consequently we have

g(Apé&, g"u) =0

foru, v=1,2,3.
Finally, we consider the case that any X € ©¢. To avoid confusion, we put X = X € Dy,
where the distribution ® is defined by

Do={X €D XLE, ¢&, ¢k, ¢36}.
By putting X = Xo € Dpand Y =§&;,i = 1, 2, 3 in (4.6), we have

3
0= —g(@AXo0, &) = D | m(ESuAX0,§) + 31 (9E)(PupA X0, §)

v=1
+20, ($AX0)g(G.85:. §) | — ag(Agr, #AX0)
= —ag(Ag;, pAX0),

where in the second equality, we have used 1, (¢&;) = 0 and

g(pvd, &) = —g(P&i, pu&) = g(P°Ei, &) = ;.

So we consider the two cases, thatis, « = 0 or g(ApAXo, &) = 0.
CASEl.a =0.
By putting X = Xg € Dgand ¥ = ¢&;,i = 1,2, 3 in (4.7), we have

3

0= —g(@AX0, $6) — D [ 10682 (@y A X0, §) + 30, (P62 (B PAX0, §)

v=1

+20, (9 AX0)g (@5 6) |

From this, we obtain the following

0=—g(AXo,&) +38(¢i¢pAXo,§) 4.8)

@ Springer



604

C.J. G. Machado et al.

because
g(@AXo, &) = g(AXo, &),
n(¢€;) =0,
m(@esi) = —ny (i),
and

8(pvp9&i, §) = 0.
From (4.8), by using g(¢;¢pAXo, §) = —g(AXo, &) we have
0 = —4g(AXo, &).
So this yields
8(AXo,6)=0,i=1,2,3

for any X € Dy.
CASE 2. g(ApA Xy, &) = 0.

Taking X = Xo e Doand Y =&;,i = 1,2,3 in Lemma 4.1 and using £ € D it follows
0=ag(AdXo, &) + ag(pAXo, &) — 28(ApAXo, &)

for any Xo € Dy.

And we knew that g(¢A X, &) = 0 and g(ApAXo, &) = 0.

So we have

ag(ApXo, &) =0.

Thus we consider the two cases that « = 0 or g(A¢ Xo, &) = 0.

SUBCASE 2-1. o = 0.
By the result of CASE 1, we have

g(AXp,&)=0,i=1,2,3

for any Xo € Dyp.
SUBCASE 2-2. g(A¢ X0, &) = 0.

If Xo € D9, then ¢ Xo € Dg. So let us replace X by ¢ X in this case. Then we have

0 = g(Ad*Xo, &)
= g(A(=Xo + n(X0)&), &)
= —g(AXo, &)

forany Xo € ®pandi =1, 2, 3.
This gives a complete proof of our Lemma.

[m}

Then by Lemmas 4.3 and 4.4, together with Theorem A, we know that any real hypersur-
faces M in G,(C"*2) with ©-parallel structure Jacobi operator are locally congruent to real
hypersurfaces of type (A) or type (B). Then in order to give a complete proof of Theorem 2,
in this section we will check whether the normal Jacobi operator R of real hypersurfaces of

type (A) or type (B) in G2(C™*+?) is ®-parallel or not.

Now including the result in Sect. 3 related to the normal Jacobi operator Ry, we want to
check whether real hypersurfaces of type (A) or of type (B) mentioned in Theorem A could

satisfy Vo Ry = 0 or Vo Rz = 0.

In order to do this, we introduce a proposition due to Berndt and Suh [2] as follows:
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Proposition A Let M be a connected real hypersurface of G2(C"1?). Suppose that AD C
D, AE = a&, and & is tangent to ©L. Let J1 €J be the almost Hermitian structure such
that JN = J\N. Then M has three (if r = 1/2+/8) or four (otherwise) distinct constant
principal curvatures

o =~/8cot(V8r), B =~2cot(v2r), A = —v2tan(+/2r), u =0

with some r € (0, w/+/8). The corresponding multiplicities are
m(e) =1, m() =2, m() =2m —2 =m(u),
and the corresponding eigenspaces we have
T, = RE = RJN = Rg;,
Tp = C € = C'N = RE O RE,
T, = {X|X1HE JX = J1 X},
T, ={X|X1HE, JX = —-J1 X},

where RE, C& and HE respectively denotes real, complex and quaternionic span of the
structure vector & and C£ denotes the orthogonal complement of C& in HE.

First, let us check Vo Ry = 0 on the distribution ® for £ € ©*. By taking & € ©1 and
X €D, we get

(VxRN)E =3¢AX + 6n3(AX)E — 6ma(AX)Es + 31 AX.
From Proposition A if X; € T, we have
(Vx, Rn)E =3¢AX; +3¢1AX; = 32X, + 301 Xi = 600 X;.

If (Vx, Ry)E = 0, then & = 0 but A = —+/2tan(+/2r) for some r € (0, 7/+/8). Thus, in
this case, no real hypersurface satisfies our condition.

Next let us consider ®-parallesm for the structure Jacobi operator Rg for & € D+ men-
tioned in the introduction. That is, let us assume that Vo Rz = 0 for § € DL, This gives

(VxRg)s = —pAX — aAPpAX — 2n3(AX)Er + 2m(AX)E3 — p1AX
for X € ®. Bearing in mind Proposition A, taking X; € T, we have
(Vx,Re)§ = —pAX; —aAPAX; —2n3(AX;)& +2m(AX)E3 — d1AX;

= —MpX; —arAPX; — A1 X

= 20pX; — alAPX;.
Let us see that if X; € T) then ¢ X; € T;.

Firstly, if X; € T, then X; L HE = {&, N, &, &}. Thus ¢ X; L HE. And if X; € T) then
¢ (dXi) = ¢1(¢X;). In fact,
19X = o1 Xi — mi(X)§ + n(Xi)é1 = 91 Xi = ¢ (P Xi).
So, as ¢ X; € T, we have
(in Rg)é: = —2)»¢Xi —Ol)»AqﬁX,'

—20pX; — ar’pX;
= (=21 — ar®)pX;.
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If (Vx, Rg)é = 0 then 21 + ar? = 0. This means either A = 0 or 2 + aA = 0 for some
r e (0, ﬂ/\/g). In the first case, A = 0 for some r € (0, n/«/g), this gives a contradiction.
Now let us consider the latter case, A + 2 = 0, we obtain

0=[ (V8eot (v8r)) (-v2un (v2r)) ] +2
= —4cot (v8r) tan (v2r) +2
= 2tan’ («/ir) .

Thus tan(+/2r) = 0 for some r € (0, 7r/+/8), which gives a contradiction.
On the other hand, we recall a proposition due to Berndt and Suh [2] as follows:

Proposition B Let M be a connected real hypersurface of G2(C"2). Suppose that AD C
D, AE = a&, and & is tangent to D. Then the quaternionic dimension m of Go(C"1?) is
even, say m = 2n, and M has five distinct constant principal curvatures

o =—2tan(2r), p =2cot(2r), y =0, A =cot(r), u = —tan(r)
with some r € (0, w/4). The corresponding multiplicities are
m(@) =1, m(B) =3 =m(y), mQh) =4n —4 =m(n)
and the corresponding eigenspaces are
I, =R§, Tp=3J§, T, =35, ., Ty,
where
T, ®T, =HCE, 3T =T, 3T, =Ty, JT, = T,,.

First let us consider ®-parallelism for the normal Jacobi operator Ry when the Reeb
vector field £€®. By taking § € © and any X € ©, we get

3 3
(VxRN)E =3¢AX +5 D 1y (@AX)E + Dy (AX)pyk.

v=l1 v=1

From Proposition B, taking X; € T;, we have

3 3
(Vx, Rn)E = 36AX; +5D nu(@AXDE + D ni(AX)$oE

v=1 v=1

3
=3¢AXi +5D n(@AX)E

v=1

3
= 3ApX; + 51 > 1y (X)E,

v=1

=32 X;.

If now (Vy;, Ry)E = 0 for X; € Ty, then A = O for some r € (0, 7/4) which gives a
contradiction.
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Next, let us consider ©-parallelism for the structure Jacobi operator R¢ when the Reeb
vector field £ € ©. By taking £ € ® and any X € ©, we have

3

(VxRe)E = ~$AX —adpAX = D { =, (@AX)8, + 30, (AX)pic].

v=1
Bearing in mind Proposition B for X; € T; it follows

3

—pAX; —aApAXi = > [ = n.@AXDE + 3. (AXD]

v=1

(Vx, R:)E

= —ApX; — arAPX;.
If (Vx,; Rg)é = 0, then we get

0 = ApX; + arAPX;
= ApX; + arudX;
= (A + aip)pX,.

Thus we have A(1 + apn) = 0. For the case where A = 0, we can make a contradiction,
because A = cot(r) never vanishing for some r € (0, 7 /4). This yields

1+au=1+(—2tan(2r))(—tan(r)) = 1 4+ 2tan(2r) tan(r) =0

2 tan(r)
1—tan2(r)

for some r € (0, 7 /4), which gives 2[ ] tan(r) + 1 = 0. From this, we have

4tan2(r) =—(1- tanz(r)) =—-1+ tanz(r).
Then it follows
3tan2(r) =—1.

This gives a contradiction.

Summing up all the formulas mentioned in Sects. 3 and 4, we know that both normal
Jacobi operator Ry and structure Jacobi operator R for any hypersurfaces of type (A) or
type (B) in Theorem A cannot satisfy ®-parallelism. From this, we complete the proof of
our Theorems 1 and 2 in the introduction.
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