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Abstract

The Khatri-Rao and Tracy-Singh products for partitioned matrices are viewed as
generalized Hadamard and generalized Kronecker products, respectively. We
define the Khatri-Rao and Tracy-Singh sums for partitioned matrices as gen-
eralized Hadamard and generalized Kronecker sums and derive some results
including matrix equalities and inequalities involving the two sums. Based on
the connection between the Khatri-Rao and Tracy-Singh products (sums) and
use mainly Liu's, Mond and Pegari¢'s methods to establish new inequalities in-
volving the Khatri-Rao product (sum). The results lead to inequalities involving
Hadamard and Kronecker products (sums), as a special case.

2000 Mathematics Subject Classification: 15A45; 15A69.
Key words: Kronecker product (sum), Hadamard product (sum), Khatri-Rao product

(sum), Tracy-Singh product (sum), Positive (semi)definite matrix, Unitar-
ily invariant norm, Spectral norm, P-norm, Moore-Penrose inverse.
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The Hadamard and Kronecker products are studied and applied widely in matrix
theory, statistics, econometrics and many other subjects. Partitioned matrices
are often encountered in statistical applications.

For partitioned matrices, The Khatri-Rao product viewed as a generalized
Hadamard product, is discussed and used,if,[14] and the Tracy-Singh prod-
uct, as a generalized Kronecker product, is discussed and appliedsini[].
Most results provided are equalities associated with the products. Rao, Kleffe

Matrix Equalities and

and Liu in [L3, 8] presented several matrix inequalities involving the Khatri-Rao Inequalities Involving
product, which seem to be most existing results.7Inlfiu established the con- KIIRRED 10 TGS

nection between Khatri-Rao and Tracy-Singh products based on two selection
matricesZ; and Z,. This connection play an important role to give inequali-
ties involving the two products with statistical applications. 10][ Mond and
P&aric presented matrix versions, with matrix weights. 2n(R004)], Hiai and

Zeyad Al Zhour and
Adem Kilicman

Zhan proved the following inequalities: 1 e
Contents
- |ABI_ _ 1A+ B
IAL-1B1 — LA+ (1B 4 dd
|Ao B < |A+ B < >
[AI- 1Bl A+ 1Bl Go Back
for any invariant norm with||diag(1,0,...,0)|| > 1 and A, B are nonzero Close
positive definite matrices. Quit

In the present paper, we make a further study of the Khatri-Rao and Tracy-
Singh products. We define the Khatri-Rao and Tracy-Singh sums for partitioned Page 3 of 37
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matrices and use mainly Liu’s, Mond anddec’s methods to obtain new in-
equalities involving these products (sums).We collect several known inequali-
ties which are derived as a special cases of some results obtained. We generalize
the inequalities in Eq*( involving the Hadamard product (sum) and the Kro-
necker product (sum).
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We introduce the definitions of five known matrix products for non-partitioned
and partitioned matrices. These matrix products are defined as follows:

Definition 2.1. Consider matrices! = (a,;) andC' = (¢;;) of orderm x n and
B = (by,) of orderp x ¢q. The Kronecker and Hadamard products are defined

as follows: Matrix Equalities and
Inequalities Involving
1. Kronecker product: Khatri-Rao and Tracy-Singh
Sums
(2.1) A®B = (aijB)Z-j ) Zeyad Al Zhour and

Adem Kilicman

wherea;; B is the if" submatrix of ordep x ¢ and A® B of ordermp x nq.

2. Hadamard product: Title Page
Contents
(2.2) Aol = (aijcij)ij 5
44 44
wherea;;c;; is the if" scalar element andl o C'is of orderm x n. P >
Definition 2.2. Consider matricesA = (a;;) and B = (by;) of orderm x m FE—
andn x n respectively. The Kronecker sum is defined as follows:
Close
(2.3) ADB=Ax®I,+ 1, ® B, Quit
wherel,, and,, are identity matrices of ordet x n andm x m respectively, Page 5 of 37

and A @ B of ordermn x mn.
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Definition 2.3. Consider matricesl andC of orderm xn, andB of orderp x q.
Let A = (A;;) be partitioned with4;; of orderm; x n; as the ij* submatrix(C' =
(Cy;) be partitioned withC;; of orderm; x n; as the ij* submatrix, andB =
(By) be partitioned withB; of orderp,, x ¢, as the KI* submatrix, wherey =

S M =3 P = Y Phe 4 = S, q are partitions of positive
integersm, n, p, andq. The Tracy-Singh and Khatri-Rao products are defined
as follows:

1. Tracy-Singh product:

(2.4) AlB = (A,;11B),. = ((4;; ® Br),,)

ij i’

whereA,;; is the if" submatrix of ordern; x n;, By, is the ki* submatrix
of orderpy, x ¢, A;;I1B is the if* submatrix of orderm;p x n;q, A;; ® By
is the ki submatrix of ordern;p;, x n;q and AIIB of ordermp x ngq.

Note that

() For a non partitioned matrix4, their AIIB is A ® B, i.e., forA =
(a;j), wherea;; is scalar, we have,

AHB = (ainB)ij

= ((Clij (059 Bkl)kl)ij‘

(i) For column wise partitioned! and B, their AIIB is A ® B.
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2. Khatri-Rao product:

ij

where4;; is the if* submatrix of ordemn; x n;, B;; is the if* submatrix
of orderp; x ¢;, A;; ® B;; is the if* submatrix of ordem;p; x n;q; and
A x BoforderM x N <M = iamipi, N =", njqj>.

Note that
(i) For anon partitioned matrix4, their A+ Bis A® B, i.e., forA = I“,ﬁ:g;;ﬁ?e“;:';'fjvi‘:g
(a;j),whereq;; is scalar, we have, Khatri-Rao and Tracy-Singh
Sums

AxB = (ai]' ® Bij)ij = (CLUB)U =A®B. Zeyad Al Zhour and

Adem Kilicman

(i) For non partitioned matrices! and B, their A x Bis Ao B, i.e., for
A = (a;;) and B = (b;;), whereq;; andb;; are scalars, we have,

Title Page

Ax B = (a; ® bij)ij = (aijbij)ij =AoB. Contents

44 44

. . . . < >
We introduce the connection between the Katri-Rao and Tracy-Singh products

and the connection between the Kronecker and Hadamard products, as a spe- Go Back
cial case, which are important in creating inequalities involving these products.

Close
We write A > B in the LOowner ordering sense thdt— B > 0 is positive _
semi-definite, for symmetric matrices and B of the same order and* and Quit
A* indicate the Moore-Penrose inverse and the conjugate of the mhtre- Page 7 of 37
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Lemma 2.1. Let A = (a;;) and B = (b;;) be two scalar matrices of order
m X n. Then (seel5)])

(2.6) Ao B = K|(A® B)K,

where K; and K, are two selection matrices of order x n and m? x m,
respectively, such that| K, = I, and K} K, = I,,.
In particular, form = n, we havek; = K, = K and

2.7) AoB=K'(A® B)K

Lemma 2.2. Let A and B be compatibly partitioned. Then (se& p. 177-178]
and [/, p. 272)])

(2.8) Ax B = Z! (AIIB) Zs,

whereZ; and Z, are two selection matrices of zeros and ones suchihat =
I, and Z} Z, = I,, wherel, and I, are identity matrices.

In particular, whem and B are square compatibly partitioned matrices, then
we haveZ, = 7, = Z suchthat?’Z = I and

(2.9) AxB=Z7'(AlIB) Z.

Note that, for non-partitioned matrice§ B, Z; and Z,, LemmaZ2.2 leads to
LemmaZ2.1, as a special case.
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Lemma 2.3. Let A, B, C, D and F' be compatibly partitioned matrices. Then

(2.10) (AIIB)(CTID) = (AC)II(BD)

(2.112) (ATIB)* = A*TIB*

(2.12) (A+ CO)II(B + D) = AIIB + AILD + CIIB + CIID
(2.13) (AIlB)* = A"IIB*

(2.14) AllB # BITA in general

(2.15) AxB# Bx A in general

(2.16) BxF=FxB where F=(f;) and f; isascalar
(2.17) (A% B)" = A" x B*

(2.18) (A+C)x(B+D)=AxB+Ax«xD+Cx«B+CxD
(2.19) (A= B)II(C « D) = (AIIC) * (BIID)

Proof. Straightforward. O

Lemma 2.4. Let A and B be compatibly partitioned matrices. Then

(2.20) (AIIB)" = A'TIB",

for any positive integer.

Proof. The proof is by induction on and using Eq.4.10). ]
Theorem 2.5.Let A > 0 and B > 0 be compatibly partitioned matrices. Then
(2.21) (AIIB)® = A°TIB®

for any positive reak.
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Proof. By using Eq £.20), we haveAIlB = (AY"ILBY™)", for any positive
integern. So it follows that(ATIB)Y™ = AY"IIBY". Now (AIIB)™" =
A™/"TIB™/™, for any positive integers, m. The Eq .21) now follows by a
continuity argument. O

Corollary 2.6. Let A and B be compatibly partitioned matrices. Then

(2.22) |AIIB| = |A|11|B|, where |A| = (A*A)Y/?

Proof. Applying Eq .10 and Eq R.21), we get the result. O
Theorem 2.7.Let A = (A4;;) and B = (By,) be partitioned matrices of order

T

m x m, andn x n respectively, wherex = 37 m;, n=3";_ n;.Then

(2.23) (a) tr(AIIB) =tr(A)-tr(B)

(224) (b) [AIBI|, = |Al, B, where[|A[, = [tr |A["]"7,
forall 1 <p < oc.

Proof. (a) Straightforward.
(b) Applying Eq €.22 and Eq £.23), we get the result. O

Theorem 2.8.Let A, B and I be compatibly partitioned matrices. Then
(2.25) (AILI)(ITIB) = (ITIB)(AILI) = AIIB.

If f(A)is an analytic function on a region containing the eigenvalues,dhen

(2.26) FUTIA) = ITIf(A) and f(AIII) = f(A)ILI
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Proof. The proof of Equation4.25) is straightforward on applying EQ (10).
Equation £.26 can be proved as follows:
Since f(A)is an analytic function, theii(A) =

(2.10 we get:

S oo axAF. Applying Eq

f(ITIA) Zak (ITLA)* Zak (ITIA*) = IHZakAk = ITIf(A).

]

Corollary 2.9. Let A, B and I be compatibly partitioned matrices. Then
(2.27) M = AT and ™ = [Tl

Lemma 2.10.Let H > 0 be an x n matrix with nonzero eigenvalues >
- > X\ (kK < n) and X be am x m matrix such thatX = H°X, where
H° = HH*. Then (seef], Section 2.3])

(/\1 + /\k)2
(AN k)
Theorem 2.11.Let A > 0 and B > 0 be compatibly partitioned matrices such

that A° = AA* and B = BB™*. Then (see{, Section 3])
(2.29) (A*xB°+A%%B)(A*B)" (A*B°+ A°+B) < A*Bt+ AT+ B+2A"+«B°
Theorem 2.12.Let A > 0 and B > 0 ben x n compatibly partitioned matrices
with eigenvalues contained in the interval betweeand M (M > m). Let]
be a compatible identity matrix. Then (seg $ection 3]).

m? + M?

m2 + M?
MM and AsAt< T
M AT

(2.28) (X'HX)" < XtHtX'* < (X'HX)™.

(230) AxB '+ A '«B<
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Definition 3.1. Consider matricesA and B of orderm x m andn x n re-
spectively. Letd = (A;;) be partitioned withA4;; of orderm; x m; as the "
submatrix, and lef3 = (B,;) be partitioned withB,; of ordern,, x ny, as the
ij ™t submatrix(m = >0 mi, n= 3", k).

The Tracy-Singh sum is defined as follows:

(3.1) AV B = AllI, + I,,11B,

wherel,, = I, 4nyt-in, = blockdiag(l,,, L,,,...,I,,) iS ann x n identity
matrix, I, = L, +myt...tm, = blockdiag(l,,, Iy, - - -, Im,) iS@nm x m iden-
tity matrix, Z,,, is anny x ny identity matrix(k = 1,...,t), I,,, isanm; x m;
identity matrix(i = 1,...,r) and AV B is of ordermn x mn.

Note that for non-partitioned matricesand B, their AVB is A & B.

Theorem 3.1.LetA > 0,B > 0,C > 0andD > 0 be compatibly partitioned
matrices. Then

(3.2) (AVB)(CVD) > ACVBD.
Proof. Applying Eq 3.1) and Eq 2.10, we have

(AVB)(CVD)
= (AIII + ITIB)(CTI + ITID)
= (AILI)(CILI) + (AILI)(ITID) + (ITLB)(CILI) + (ITLB)(I11D)
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= ACIII + AIlD + CIIB + ITIBD
= ACVBD + AIID + ClIB > ACVBD.

In special cases of EQ(9), if C' = A*, D = B*, we have
(3.3) (AVB)(AVB)* > AA*VBB*
and ifC' = A, D = B, we have

(3.4) (AVB)? > A’V B

More generally, it is easy by induction an we can show that # > 0 and
B > 0 are compatibly partitioned matrices. Then

w—1
w
3.5 AVB)Y = A*VB" + AVFIBH):
(3.5) (AVB) g ( k)( )
(3.6) (AVB)* > A*VB"
for any positive integetw. O

Theorem 3.2.Let A and B be partitioned matrices of orden x m andn x n,
respectively(m = >7_ m;, n =Y, _, nx). Then

(3.7) tr(AVB) =n - tr(A) + m - tr(B),

(3.8) IAVBIl, < &/n | All, + /m | B,
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where|| A, = [tr [A]"]'/7,1 < p < oo, and
(3.9) VB = ATIeB.

Proof. For the first part, on applying E (23, we obtain

tr(AVB) = tr [(AILL,) + (I,,I1B)]
— tr(AIL,) + tr(1,,]1B)

= tl"(A) tr([n) + tl“(]m) tl“(B) Matrix Equalities and
Inequalities Involving
=n- tr(A) +m- tr<B)- Khatri-Rao and Tracy-Singh
Sums

To prove (3.8), we apply Eq 2.24), to get

Zeyad Al Zhour and
Adem Kilicman

AV B, = [(AIlL,) + (I.11B)

I,

< [[AIL[[, + [ 1, 11B]l,, Title Page
= 1Al 1]l + [l 1311, Contents
= ¥/u||All, + ¢/m |BI,. <« | »
For the last part, applying EQ (25, Eq (2.27) and Eq .10, we have < >
AV _ (AlL)+(ImI1B) Go Back
— (AllL) (Im11B) Close
= (e M1,)(I,,11eP) = e1IeP. Quit
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Theorem 3.3.Let A and Bbe non singular partitioned matrices of orderx m
andn x n respectively,io = > m;,n = 3>, _, n;).Then

(3.10) (4) (AVB)™' = (A'VB ) 1 (A'IB ™)
(3.11) (i7) (AVB) ™' = (A™'IL)(A'VB Y)Y }(1,lIB™)
(3.12) (iii)  (AVB)™' = (L, 0B ) (A'VB )" YA 'IL,)

Proof. (i) Applying Eq .10, we have

(AVB)™ = [I,]IB + AIlL,] ™!

(I,JAB)(L,I11,) + (I, HB)(AnB—l)r1
(I, J1B)(I,I11,, + ATIB~1)] !

(LI, + ATIB~ Y] (1, 11B]*

(AIT

(

(

AILL,) (AL, + (AILL) (1, JIB~ )] YL, IIB ]
AL {AT'L, + 1, T0B~ '} [, 11B7

AL (A'VB™ YL, IIB ™Y

AT'B Y N AL (1, 11B7Y)
AT'vBHTH(AT'TIBY).

[
[
[
[
[
[
=
=

Similarly, we obtain(ii) and(7iz). O

Theorem 3.4.Let A > 0 and I be compatibly partitioned matrices such that
ATIII = ITIA*. Then

(3.13) AV AT > 2AATII.
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Proof. We know thatAVI = AIII + ITI] > AIll. DenoteH = MIII > 0.
By virtue of H + H* > 2HH™* and Eq 2.10), we have

AILT + (AILI)* > 2(AIL)(AILL)® = 2AA*TL]
Since, ATIII = ITIA*, we get the result. O

Definition 3.2. Let A, B, I,, and [,,, be partitioned as in Definitio®.1. Then
the Khatri-Rao sum is defined as follows:

(3.14) AxB=Ax1I,+ 1, *B

Note that, for non-partitioned matriced and B, their AcoB is A & B, and
for non-partitioned matrices\, B, I,, and [, their AcoB is A ¢ B (Hadamard
sum, see Definitioa.1, Eq(.1), Sectiond).

Theorem 3.5.Let A and B be compatibly partitioned matrices. Then
(3.15) AcoB = 7'(AVB)Z,
whereZ is a selection matrix as in Lemnza2.

Proof. Applying Eq 2.9), we haveA x I = Z'(Alll)Z, I x B = Z'(I1IB)Z
and

AcoB=AxI1+1+B= 2 (Alll)Z+ Z' (INB) Z = Z'(AVB)Z.
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Corollary 3.6. Let A > 0 and I be compatibly partitioned matrices such that
ATIII = ITIA*. Then
(3.16) Acc AT > 2AAT x 1

Proof. Applying Eq@3.13 and Eq 8.15, we get the result. O

Corollary 3.7. Let A > 0 be compatibly partitioned with eigenvalues contained
in the interval betweem: and M (M > m). LetI be a compatible identity
matrix such thatd ool = JooA~!. Then

2 2
(3.17) Asod1 < M,
mM
Proof. Applying Eq .30 and takingB = I, we get the result. ]

Corollary 3.8. Let A > 0 and ] be compatibly partitioned, wherd® = AA+
such thatd? « I = I * A°. Then

(3.18)
andif AT« =1x% A", we have

(3.19) (Ao AY) (A % I)T(AccAY) < AcoA™ +2A° x 1.

(Ao A®) (A% )T (AccA®) < Ax T+ At T +2A%% 1

Proof. Applying Eq .29 and takingB = I, we get the results. [

Mond and Péaric (see [ (]) proved the following result:

If X; (j = 1,2,...,k) are positive definite Hermitian matrices of order
n x n with eigenvalues in the intervah, M| andU; (j = 1,2,...,k) arer xn
matrices such thdt_, U;U; = I. Then
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(@) Forp < 0orp > 1, we have

k k p
(3.20) > UXPUT < A (Z U]-XjU;>

where,
I ke p(y=2") " M
(3.21) A‘<p—1><v—1>{<1—p><w—1>} T

While, for0 < p < 1, we have the reverse inequality in E|Z0).

(b) Forp < 0orp > 1, we have

k k p
(3.22) (Z UjX§’U;> - (Z UijUj> <al,
i=1 j=1
where,

MP — mp }ppl
p(M —m)

[y )

While, for0 < p < 1, we have the reverse inequality in E§|Z2).

(3.23) a=mf— {

We have an application to the Khatri-Rao product and Khatri-Rao sum.
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Theorem 3.9. Let A and B be positive definite Hermitian compatibly parti-

tioned matrices and let: and M be, respectively, the smallest and the largest

eigenvalues ofiII B. Then
(a) For p a nonzero integer, we have
(3.24) AP« BP < \(Ax B)P

where,\ is given by Eq§.21).
While, for0 < p < 1, we have the reverse inequality in EjZ4).

(b) For p a nonzero integer, we have
(3.25) (AP« B?) — (A% B)? < al,

wherea is given by Eq§.23.
While, for0 < p < 1, we have the reverse inequality in E§1Z5.

Proof. In Eq (3.20 and Eq 8.22, takek = 1 and instead ot/*, useZ, the
selection matrix which satisfy the following property:

AxB=Z(AIB)Z, Z'7=1.

Making use of the fact in E(21) that for any reah (positive or negative), we

have
(AIlB)" = A"1B",
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then, withZ’, AILB, Z substituted fol/, X, U*, we have from EqJ.20

AP« BY = Z'(AP x BP)Z
— Z'(Ax B)’Z
< MZ'(ANIB)Z}* = M\(A x B)?,

where,\ is given by Eq 8.21])
Similarly, from Eq @3.22), we obtain for

(AP % B?) — (A% B)? < ol

where,« is given by Eq 8.23).
Special cases include from Eg§.24):
(2.1 Forp = 2, we have

(M + m)?

(3.26) A2« B? < T A BY?
(2.2 Forp = —1, we have

2
(3.27) Ats Bl < % {Ax B}

Similarly, special cases include from E§25):
(2.1 Forp = 2, we have

(3.28) (A2% B?) — (A% B)? < ~(M — m)?I

e~ =
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(2.2 Forp = —1, we have

YUy

(3.29) (A +«B)—(AxB)' < (1},

where results in Eq3(26), Eq (3.27), and Eq 6.28) are givenin []. m

Theorem 3.10.Let A and B be positive definite Hermitian compatibly parti-
tioned matrices. Letn; and M; be, respectively, the smallest and the largest
eigenvalues ofAII/ andm, and Ms, respectively, the smallest and the largest
eigenvalues of I1B. Then

(a) For p a nonzero integer, we have

(3.30) APooBP < max {1, A} (AcoB)?
where,
BN G e ) pn—m) "’ _ M
““”“‘w—wm—m{m—mmunﬁ My
I G ke ) =) 1" _ M,
“”)M‘mwnm—m{m—mw—m}’ L

While, for0 < p < 1, we have the reverse inequality in E§1%0).

(b) For p a nonzero integer, we have

(3.33) (APooB?) — (AcoB)P < max {ay, a0} [
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where,

MP —mP )T
(3.34) alzmﬁ’—{ 1 ml)}
p

(Ml —m
1
LMy - { M? — m? }”_l—ml
My —my p(My —my)
MP » b Matrix Equalities and
—-m = [ lities Involvi
(3:35) ay=mj - {#} Khatt Rao and Tracy-Singh
p(M2 - m2) Sums
_1
Mg — mg M§ - mg p-1 Zeyad Al Zhour and
+ — Mg Adem Kilicman
My —mgy p(M2 - m2)
While, for0 < p < 1, we have the reverse inequality in Ef1%3. Title Page
Proof. Applying Eq (3.24), we have Contents
AP s = AP 5 1P < M\ (A * I)P « dd
< >
I« BP =17+ BP < \([ % B)P
Now Go Back
’ Close
P P _ AP P
APcoBP = AP x [+ 1% B Quit

< Al(A*I)p+)\2<[* B)p

P 22 of 37
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where,\; and ), are given in Eq%.31) and Eq 8.32.
Similarly, from Eq @.25, we obtain for

(APooB?) — (AcoB)P < max {ay, )} [
where,«; andas, are given in Eq$.34) and Eq 8.35.

Special cases include from Eg§.80):
(2.1 Forp = 2, we have

M +m1)2 (Mg—l—m2)2 9
3.36 A200B? < (M, AocoB)?.
(3.36) > —max{ Dhmy " Alm, | (AB!

(2.2 Forp = —1, we have

_ _ M + m1)2 (Mg + m2)2 -1
3.37 AloB™ < (M, AocoBY .
(3:37) > —max{ D A, A8}

Similarly, special cases include from Eg §3):
(2.1 Forp = 2, we have

(3.38) (A%00B?) — (AcoB)? < max {E(Ml —my)?, }L(MQ - mg)Q} I.

(2.2 Forp = —1, we have

-1 -1y -1 <«
(3.39) (A" 00B™) — (Ac0B) _max{ 4Mymy 7 AMymg

VAT, — i \/Wz—\/@}]_
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Theorem 3.11.Let A and B be positive definite Hermitian compatibly parti-
tioned matrices. Letn and M be, respectively, the smallest and the largest

eigenvalues oAV B. Then
(a) For p a nonzero integer, we have
(3.40) APooBP < A\(AxxB)P,
where) is given by Eqg.21).
While, for0 < p < 1, we have the reverse inequality in E140).
(b) For p a nonzero integer, we have
(3.41) (APooB?) — (AcoB)? < al
where,« is given by Eq§.23).
While, for0 < p < 1, we have the reverse inequality in E141).

Proof. In Eq (3.20 and Eq 8.22, takek = 1 and instead of/*, useZ, the
selection matrix which satisfy the following property:

AB =Z'(AVB)Z, 7'Z=1
Then, withZ’, AV B, Z substituted folU, X, U*, we have from Eq3.20
APooBP = Z'(APV BP)Z
= 7'(API + ITIB?)Z
< Z'{AVB}Y Z
< MZ'(AVB)Z}’ = A(AccB)?
where,\ is given by Eq 8.21). ]
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Similarly, from Eq 3.22), we obtain Eq §.4])
Special cases include from Eg§.40:
(2.1) Forp = 2, we have

(M + m)?

(3.42) A?00B? < i {AcoB}?
(2.2 Forp = —1, we have
(3.43) AlooB ! < % {AcoB}™!

Similarly, special cases include from Eg41):
(2.1 Forp = 2, we have

(3.44) (A200B2) — (AcoB)? < i(M — 21
(2.2 Forp = —1, we have
(3.45) (A'00B™") — (AcoB) ! < WM;W/E n
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The results obtained in Sectidhare quite general. Now, we consider some
inequalities in a special case which involves non-partitioned matd¢césand

I with the Hadamard product (sum) replacing the Khatri-Rao product (sum)
and the Kronecker product (sum) replacing the Tracy-Singh product (sum). As
these inequalities can be viewed as a corollary (some of) the proofs are straight-

forward and alternative to those for the existing inequalities. Matrix Equalities and
Ingqualities InvoIving
Definition 4.1. Let A and B be square matrices of order x n.The Hadamard Khatri-Rao and Tracy-Singh

. . Sums
sum is defined as follows:
Zeyad Al Zhour and

(41) AeB=Aol,+I,0B=Aol,+Bol,=(A+B)ol,. fdem Kleman
Corollary 4.1. Let A > 0. Then Title Page
(4.2) Ae AL >9J. Contents

. . . <44 (42
Corollary 4.2. Let A > 0 be a matrix of order x n with eigenvalues contained
in the interval betweem and M (M > m). Then < 4

9 9 Go Back
4 (m* 4+ M?)

Corollary 4.3. Let A and B ben x n positive definite Hermitian matrices and Quit
letm and M be, respectively, the smallest and the largest eigenvalugs:aB. Page 26 of 37
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(a) For p a nonzero integer, we have
(4.4) AP o BP < \(Ao B)?

where,\ is given by Eq§.21).

While, for0 < p < 1, we have the reverse inequality in E§4).

(b) For p is a nonzero integer, we have
(4.5) (AP o BP) — (Ao B)P < al

where,« is given by Eq§.23.

While, for0 < p < 1, we have the reverse inequality in E§%).

Special cases include from E4.{):
(2.1 Forp = 2, we have

(M +m)?

(4.6) A?o B% < T {Ao B}
(2.2 Forp = —1, we have
4.7) AloBl< % {AoB}™!

Similarly, special cases include from E§%):
(2.1) Forp = 2, we have

(4.8) (A?0 B*) — (Ao B)* < 1(M —m)?I

W
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(2.2 Forp = —1, we have

(4.9) (A_loB_l) — (AOB)_1 < w{f},

where results in EG4(6), Eq @.7), and Eq £.8) are given in [1].

We note that the eigenvalues df® B are then? products of the eigen-
values ofA by the eigenvalues aB.Thus if the eigenvalues o and B are,
respectively, ordered by:

(4.10) 0 >6>-26,>0, m>m>--->n,>0,

then in all the previous results in this sectidh = 6,7, andm = §,n,. Thus
Eq (4.6) to Eq @.9) become:

(61771 + 6n77n)2

4.11 A2o0 B% < Ao B)?
( ) — 4monm, { )
_ _ 5 + 5n77n)2 —1
4.12 Ao pt < O t0mm)” )y
( ) B 4517]16n77n { }
1
(4.13) (A20 B*) — (Ao B)* < Z<5”71 — 8mn) {1}

VO — v/0u)
5177157”711

(4.14)  (A'oB ) —(AoB)'< ( {I}.
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Corollary 4.4. Let A and B be an x n positive definite Hermitian matrices. Let
my and M, be, respectively, the smallest and the largest eigenvaludssofl
andms, and M, respectively, the smallest and the largest eigenvaluésaB.
Then

(a) For p a nonzero integer, we have

(4.15) AP @ BP < max {A1, A2} (A e B)?,

where)\; and \, are given by Eq%.31) and Eq 8.32).

While, for0 < p < 1, we have the reverse inequality in E§15.
(b) For p a nonzero integer, we have

(4.16) (A? @ BP) — (A e B)? < max{aj,az} I,

wherea; andasare given by Eq3.34) and Eq @.35.

While, for0 < p < 1, we have the reverse inequality in E§16).

Note that, the eigenvalues df® I equal the eigenvalues df and the eigen-
values of/ @ B equal the eigenvalues &f.

Corollary 4.5. Let A and B ben x n positive definite Hermitian matrices. Let
m and M be, respectively, the smallest and the largest eigenvaludsdfs.
Then

(a) For p a nonzero integer, we have

(4.17) AP o B? < \(A e B,
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where,\ is given by Eq§.21).

While, for0 < p < 1, we have the reverse inequality in E§17).

(b) For p a nonzero integer, we have
(4.18) (A? @ B?) — (A e B)’ < ol

where,« is given by Eq§.23).

While, for0 < p < 1, we have the reverse inequality in E§19.

Special cases include from E¢.(7):
(2.1) Forp = 2, we have

(M + m)?

(4.19) A?e B? < i A B}?
(2.2 Forp = —1, we have

2
(4.20) AleB < % {AeB}!

Similarly, special cases include from E¢{9:
(2.1) Forp = 2, we have

(4.21) (A0 B%) — (Ae B)2 < —(M —m)?I

(2.2 Forp = —1, we have

VAl -

(4.22) (A" eB™) (Ao B)h <
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We note that the eigenvalues 4f® B are then? sums of the eigenvalues df
by the eigenvalues aB. Thus if the eigenvalues of and B are, respectively,
ordered by:

0 >20>-20,>0, m>2n>--2>n,>0,

then in all previous results of this sectidh = 4, + n; andm = §,, + n,. Thus
Eq@.19 to Eq @.22 become:

2
(423) AZ ° BQ < (51 + 1+ 5“ + T]TL)

U T D

2
(424) A—l ° B—l < (51 + T + 6n + nn)

S WG T )Gty B

(4.25) (A8 B%) — (Ae B)* < (61 +m) — (8n + 1)1,

|

1 -1 1 VO =V
(4.26) (A~ eB)—(AeB) " < O 1) 1) I

Corollary 4.6. Let A > 0 and B > 0 be compatibly matrices. Then

4.27) (i) (AeB)(A®B)*> AA*® BB*
(4.28) (ii) (A® B)" > AY@® B", for any positive integew.
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Corollary 4.7. Let A and B be matrices of ordem x m andn x n respectively.
Then

(4.29) @ tr(A® B)=n-tr(A)+m-tr(B)
(4.30) (b)) [A@B|, < VnlAl,+Vm|B],,

where [|A], = [tr|[A]"]'7, 1 < p < oc.
(4.31) (c) e =@l

Corollary 4.8. Let A and B be non singular matrices of ordet x m andn xn,
respectively. Then

(432) (i) (AeB)'=A'eB HY (A 'eB™

(4.33) (i) (AeB)'=A'®L)(A'eB Y '(I,®B™")

(4.34) (i) (AeB)'=I, B YA 'eB )Y (At 'el,)
In [1], Ando proved the following inequality;

(4.35) Ao B < (Ao I)¥#(Bo )i,

whereA and B are positive definite matrices apdg > 1with 1/p+ 1/¢ = 1.
If ||-|| is a unitarily invariant norm andg-|| _ is the spectral norm, Horn and
Johnson in§] proved the following three conditions are equivalent:

Q) Al < 4]
(4.36) i) [|AB] < [l4] -]
(i) Ao B <|lAl-|B|
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for all matricesA andB.
In [2], Hiai and Zhan proved the following inequalities:

1AB|__ [A+B| o |AeB| _ A+ B
Al 1Bl 1A+ 1Bl [AI-IBI = Al + 11B]]
for any invariant norm with|diag(1,0,...,0)|| > 1 andA, B are nonzero posi-

tive definite matrices.
We have an application to generalize the inequalities inZEg[/ involving

(4.37)

the Hadamard product (sum) and the Kronecker product (sum). Matrix Equalities and
. g . . Inequalities Involving
Theorem 4.9.Let|-|| be a unitarily invariant norm with|diag(1,0,...,0)| > Khatri-Rao and Tracy-Singh
1 and A and B be nonzero positive definite matrices. Then Sums
@39 Ao Bl _ |4+ 5] o
' JAI- 1B = 1A+ 1B
Proof. Let ||-|| . be the spectral norm and applying Eg39 to A/ || A|| < I, Title Page
B/ ||B|l,, < I and using the Young inequality for scalars, we get
Contents
P15 a T3
e (o) = () ) () .
[l " \IBll A 18] « | »
() o7+ 3 ()
< — | — o — | — o
P \ Al q \|IBlls Go Back
Sl( A )O]_'_l( B )o[ Close
P \ Al ¢ \|IBll Quit
= 1 i +1 B ol Page 33 of 37
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We choose

1 1Al 1 1Blloe

Z = and - = .
p Al + 1Bl g [lAlle +1Bll.]

Since||Al|, < ||Al| and||B||,, < ||B|| thanks tgdiag(1,0,...,0)| > 1, we
obtain

JAlL - |B]
(4.39) AoBg{ o 1Pleo Lg 1 B)or
Al Bl AP
nMwwu}
< " L (AeB
hmwwwu( )
Hence,
1Al - 18] lAoB| _ |AeB]
AoBll< 2 """ 1 Ae B or
I Bl < a2l o AB0 < TAT= 18]

Corollary 4.10. Let||-|| be a unitarily invariant norm with|diag(1, 0, ..., 0)|| >
1 and A and B be nonzero positive definite matrices. Then

|AsB| _ JAeB|_
IAT-TBI = TAT+ 5]

Proof. Applying Eq 2.7) and Eq ¢.39, we have

< Al 1Bl
— Al 118l

(4.40)

K'(A® B)K K'(A® B)K
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and

|K'(A® B)K|| < JAI- HBH| |K'(A® B)K]|.

[A[l+ [1B]
Provided that|-|| is unitarily invariant norm, we get the result.
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