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MATRIX LI-YAU-HAMILTON ESTIMATES UNDER RICCI FLOW
AND PARABOLIC FREQUENCY

XIAOLONG LI AND QI S. ZHANG

ABSTRACT. We prove matrix Li-Yau-Hamilton estimates for positive solutions
to the heat equation and the backward conjugate heat equation, both coupled
with the Ricci flow. We then apply these estimates to establish the mono-
tonicity of parabolic frequencies up to correction factors. As applications, we
obtain some unique continuation results under the nonnegativity of sectional
or complex sectional curvature.

1. INTRODUCTION

1.1. Matrix Li-Yau-Hamilton Estimates. In their seminal paper [LY80], P. Li
and S.-T. Yau developed fundamental gradient estimates for positive solutions to
the heat equation on a Riemannian manifold. In particular, they proved that if
w: M™ x [0,00) = R is a positive solution to the heat equation

(1.1) uy — Agu =0,

on an n-dimensional complete Riemannian manifold (M™, g) with nonnegative Ricci
curvature, then

Ut Vul|? n n
E_ | u2| +%:A10g’u+%20
for all (z,t) € M x (0,00). Remarkably, the equality in (I2) is achieved on the
heat kernel on the Euclidean space R™. The Li-Yau estimate is also called a differ-
ential Harnack inequality since integrating it yields a sharp version of the classical
Harnack inequality originated from Moser [Mos64]. The Li-Yau estimate and its
generalizations in various settings provide a versatile tool for studying the ana-
lytical, topological, and geometrical properties of manifolds (see for instance the
classical books and [Li12]).

Under the stronger assumption that (M™, g) has nonnegative sectional curvature
and parallel Ricci curvature, Hamilton [Ham93b|] extended the Li-Yau estimate to
the full matrix version

(1.2)

1
(13) Viv]‘ logu + %g” > 0.
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Note that the trace of (3] is (IZ). Later on, Chow and Hamilton [CH97] fur-
ther extended ([2) and (3] to the constrained case under the same curvature
assumptions, and discovered new linear Harnack estimates.

When (M", g) is a complete Kéhler manifold with nonnegative bisectional cur-
vature, Cao and Ni [CNO05|] proved the matrix inequality

1
(1.4) VaVglogu + % >0,

and they called it a matrix Li-Yau-Hamilton estimate. Inspired by Chow’s interpo-
lation consideration [Cho98] of Li-Yau’s and Hamilton’s Harnack inequalities on a
surface, Chow and Ni [Ni07, Theorem 2.2] proved that if (M™,g(t)) is a complete
solution to Kéahler-Ricci flow with bounded nonnegative bisectional curvature and
if u is a positive solution to the forward conjugate heat equation

(1.5) ur — Agyu = Ru,
then
1
(1.6) R.5+VaVglogu + 79ap > 0.

The equality holds if and only if (M™, g(t)) is an expanding Kéhler-Ricci soliton.
These results were generalized to the constrained case by Ren, Yao, Shen, and
Zhang [RYSZ15].

When the metrics are evolved by the Ricci flow (see [Ham82|] or [CLNO6])
0:g = —2Ric,

Perelman [Per02| discovered a spectacular differential Harnack estimate for the
fundamental solution to the backward conjugate heat equation

(1.7) ur + Ag(t)u = Ru,

where R denotes the scalar curvature of (M™,¢g(t)). Astoundingly, his estimate
did not require any curvature conditions. For more information on matrix Li-Yau-
Hamilton estimates and differential Harnack estimates, as well as their important
applications in geometry, we refer the reader to Chow’s survey [Cho22], Ni’s survey
[Ni0S], and the monographs |[CCGT08, Chapters 15-16] and |[CCG™10, Chapters
23-26] by Chow, etc.

In this paper, we first extend Hamilton’s matrix estimate (3] for static metrics
to the Ricci flow case. Our estimate does not require the parallel Ricci curvature
condition and thus should be more applicable.

Theorem 1.1. Let (M™,g(t)), t € [0,T], be a complete solution to the Ricci flow.
Let u: M™ x [0,T] = R be a positive solution to the heat equation

(1.8) Ut — Ag(t)u =0.

Suppose that (M™, g(t)) has nonnegative sectional curvature and Ric < kg for some
constant k > 0. Then

(19) V;V; logu + >0,

K
1— e—2ntg” —

for all (z,t) € M x (0,T).
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Remark 1.1. Note that (I)) can be restated equivalently as

ViVjju+ %gi]‘ + ViuV; + VuV, +uViV; >0

1
for any vector field V' by choosing the optimal vector field V' = —Vlogu. Other
matrix Li-Yau-Hamilton estimates also admit such equivalent restatements.

Remark 1.2. Note that (L9) is asymptotically sharp as ¢ — 0. To see this, one
notices

1 K 1
(110) %<m<§+ﬂ
for all ¢ > 0 and x > 0. Applying Theorem [T to (M™,g) = (R",d;;) and letting
k — 07 produce V;V;logu > %5”-, for which the equality is achieved when u is
the heat kernel on R™.

Remark 1.3. For proving the unique continuation result in Corollary [I.8] it is
important to obtain a lower bound for V;V,logu that is asymptotic to %gij as
t— 0.

Tracing (L9) yields a gradient estimate.

Corollary 1.2. Under the same assumptions as in Theorem [ 1], we have

u  |Vul? neK nkK
w2 + 1 — e-2rt Alogu + 1 _ o—2nt 2 0.

(1.11)

On a general compact manifold, Hamilton [Ham93b] proved that for any positive
solution u to (1), there exist constants B and C' depending only on the geometry
of M (in particular the diameter, the volume, and the curvature and covariant
derivative of the Ricci curvature) such that t*/?u < B and

1 B
(1.12) ViV;logu+ 57 Jid +C (1 + log (m)> gi; > 0.

Here, we also establish such a result for a general compact Ricci flow.

Theorem 1.3. Let (M™,g(t)), t € [0,T], be a compact solution to the Ricci flow.
Let u: M™ x [0,T] = R be a positive solution to the heat equation ([L8). Suppose
the sectional curvatures of (M™,g(t)) are bounded by K for some K > 0. Then

11
(1.13) ViV, logu + (E + ;ﬂ(t,mK)) 9i5 2 0,

where

B(t,n, K) = 4VnKt + Co(K + 1)t + C; VK diam .
Here C1 > 0 is a numerical constant, Cy > 0 depends only on the dimension and
the non-collapsing constant vy = inf{|B(z,1, g(0))|40) : © € M™}, and

diam := sup diam(M™",g(t)).
te[0,T)

Compared to ([[LI2) for static metrics, our estimate (LI3) does not depend on
the covariant derivatives of Ricci curvature. We have also made the dependence of
the constants on curvature and the diameter more explicit. The proof of Theorem
is more involved than that of Theorem [[.T], and the key steps are to establish
bounds for heat kernel under Ricci flow, Vlogu, and Alogu. In contrast to (I12)
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having the term log B/u whose order is not clear, (IL.I3]) implies a lower bound
of V;V,logu that is asymptotic to C/t as t — 0T, where C' = % + C1VK diam.
Therefore, (LI3]) can be regarded as a sharp version of Hamilton’s estimate (L12),
just like [Zha21l Theorem 1.1] is a sharp version of the Li-Yau estimate [LY80]
Theorem 1.3]. Finally, we remark that the C/¢-type bound does not hold for
noncompact manifolds in general, such as on H?, the three-dimensional hyperbolic
space, as explained in [Zha21].

A similar argument yields an improvement of Hamilton’s classical matrix Har-
nack inequality (LI2)) in the static case on compact manifolds.

Theorem 1.4. Let (M™,g) be a closed Riemannian manifold and let u : M™ x
[0,T] — R be a positive solution to the heat equation (LI)). Suppose that the
sectional curvatures of M are bounded by K and |V Ric| < L, for some K,L > 0.
Then

1 3 1
(1.14)V;V; logu + (E +(@2n-1)K + %Lg + Ew(t,n, K, L)) 9ij = 0

for all (z,t) € M x (0,T), where

y(t,n, K, L) = /nKt(2+ (n—1)Kt)+ \/Cg(K + L3t(1 + Kt)(1 + K + Kt)
+ <2K(2 + (n—1)Kt) + %L§(1 +(n— 1)Kt)) Diam,

Cs > 0 depends only on the dimension n, and Diam denotes the diameter of
(M™", g).

Notice that Hamilton’s original inequality (.I2]) has the term C’log( B ),

t2u

where B and C depend on the geometry of the manifold and B is greater than ¢= u,
which itself is an additional assumption. The constant C' is equal to zero only when
M has nonnegative sectional curvature and parallel Ricci curvature. Otherwise, for
this log term, we do not have any definite control on the order ¢ of —t~¢ coming out
of this term, for general positive solutions, making this lower bound less practical.
In Theorem 4] we manage to replace this term with a C'/¢ term, with C' depending
only on K, L, and Diam, which is of the correct order for ¢.

Next, we prove a matrix Li-Yau-Hamilton estimate for positive solutions to the
backward conjugate heat equation coupled with the Ricci flow.

Theorem 1.5. Let (M™,g(t)), t € [0,T], be a solution to the Ricci flow with
nonnegative complex sectional curvature and Ric < kg for some k > 0. Let u :
M™ x [0,T] = R be a positive solution to the backward conjugate heat equation
@7 on M x [0,T]. Suppose n : (0,T) — (0,00) is a C' function satisfying the
ordinary differential inequality

(1.15) n < 2 = 2nm -

on (0,T) and that n(t) — oo ast — T. Then

(1.16) Rij — ViVjlogu —ngi; <0

for all (z,t) € M x (0,T), where R;; denotes the Ricci curvature.
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Remark 1.4. On ancient Ricci flows, we can get rid of the % term in (LI5) and
prove the cleaner estimate

Rij - Vz-Vj logu - il

1= ez 9 =0

See Theorem for details.

We give an explicit choice of 7(t).
Corollary 1.6. Under the same assumptions as in Theorem [0, we have

R R

One motivation for bounding R;; — V;V; log u from above comes from the work
of Baldauf and Kim [BK22]. They defined a parabolic frequency under Ricci flow
and proved its monotonicity with a correction factor that depends on the upper
bound of R;; — V;V,log K, where K is the fundamental solution to (L7). As an
application of ([LIT), we give an explicit correction factor in Proposition[[[T0lin the
nonnegative complex sectional curvature case. In addition, we believe such matrix
Li-Yau-Hamilton estimates are of their own interest and should be useful in other
situations.

We need to assume nonnegative complex sectional curvature in Theorem
because the proof uses Brendle’s generalization [Bre09] of Hamilton’s Harnack in-
equality for the Ricci flow [Ham93a]. This feature is shared by the proof of (L)
in [Ni07], which makes use of H.D. Cao’s Harnack estimate for the K&hler-Ricci
flow [Ca092]. We also note that it suffices to assume (M, g(0)) has bounded non-
negative complex sectional curvature, as nonnegative complex sectional curvature
is preserved by Ricci flows with bounded curvature (see Brendle and Schoen [BS09]
and Ni and Wolfson [NWOT]).

Finally, we would like to mention that since the pioneer works of Li and Yau
[LY86], Hamilton [Ham93b], Perelman [Per(2], and others, various gradient and
Hessian estimates for positive solutions to heat-type equations, with either fixed or
time-dependent metrics, have been established by many authors, including Guen-
ther [Gue02], Ni [Ni04bl Ni04a], Cao and Ni [CN05], Ni [Ni07], Kotschwar [Kot07],
the second author [Zha06], Souplet and the second author [SZ06], Kuang and the
second author [KZ0§|, Cao [Cao08], X. Cao and Hamilton [CHO09|, Liu [Liu09],
Bailesteanu, X. Cao, and Pulemotov [BCP10], X. Cao and the second author [CZ11],
Li and Xu [LX11], Han and the second author [HZ16], Zhu and the second author
12717, [ZZ18], Huang [Hua21], and Yu and Zhao [YZ20], just to name a few. Our
matrix Li-Yau-Hamilton estimates are new additions to the literature.

1.2. Parabolic Frequency. The elliptic frequency
rfBT(p) |Vu|?dz
faBT(p) u2dA

for a harmonic function u on R™ was introduced by Almgren [Alm79]. He used its
monotonicity to study the local regularity of (multiple-valued) harmonic functions
and minimal surfaces. The monotonicity of I4(r) also played an important role in
studying unique continuation properties of elliptic operators by Garafalo and Lin

IA(T) =
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[GL864, [GL87] and in estimating the size of nodal sets of solutions to elliptic and
parabolic equations by Lin [Lin91]. When R™ is replaced by a Riemannian manifold,
Garofalo and Lin [GL86bD] proved that there exist constants Ry and A, depending
only on the Riemannian metric, such that e’"I4(r) is monotone nondecreasing
in (0, Rg) (see also Mangoubi [Manl3l Theorem 2.2]). Frequency monotonicity
is also crucial in the work of Logunov [Logl8al, [LogI8b] in estimating the size of
nodal sets for harmonic functions and eigenfunctions on manifolds. In addition,
frequency functions also play a crucial role in studying the dimension of the space
of harmonic functions of polynomial growth on complete noncompact manifolds;
see Colding and Minicozzi [CM97al [CM97b], G. Xu [Xul€], J.Y. Wu and P. Wu
[WW23], Mai and Ou [MO22], and the references therein. For more applications,
we refer the reader to the books [HL| and [Zel08].

Poon [Po096] introduced the parabolic frequency

- t fan |Vul?(z, T — t)G(z, o, t) dx
 fee (@, T —t)G(z, 20, t) dw

Ip(t)

where u solves the heat equation on R™ x [0, 7] and G(x,x0,t) is the heat kernel
with a pole at (z9,0). He proved that Ip(t) is monotone nondecreasing and derived
some unique continuation results out of it. The monotonicity of Ip(t) remains valid
when R” is replaced by a complete Riemannian manifold with nonnegative sectional
curvature and parallel Ricci curvature, as remarked by Poon [Poo96] page 530] and
proved independently by Ni [Nil5]. The curvature conditions are needed to use
Hamilton’s matrix estimate (L3]).

Without assuming the restrictive parallel Ricci condition, Wang and the first
author [LW19] showed that teY?Ip(t) is monotone nondecreasing for a short period
of time on compact manifolds with nonnegative sectional curvature, which also
produces a unique continuation result. They also defined the parabolic frequency

Lo (1) = th |Vv(a:,t)|2Rdug(t)
LW fM v2(x,t)Rdug(t) ’

where v solves the backward heat equation vy + Ayv = 0 coupled with a two-
dimensional Ricci flow with positive scalar curvature. Using that R satisfies the
forward heat equation (L)) and admits a matrix Li-Yau-Hamilton estimate due to
Hamilton (see [CLNOG, Proposition 10.20]), they showed that Iy (t) is monotone
nondecreasing.

Colding and Minicozzi [CM22| proved that the parabolic frequency

My = Sy vz, t)e~Fdpg

where f is a smooth function on a Riemannian manifold M™ and v : M™ x [0,T] —
RV solves the weighted heat equation u; — Afu = 0, is monotone nonincreas-
ing without any curvature assumptions. The special case f = 1 and M™ being
a bounded domain in R™ was treated in [Eval(, pages 61-62] to prove the back-
ward uniqueness of the heat equation with specified boundary values. They also
defined a parabolic frequency for shrinking gradient Ricci solitons and showed its
monotonicity with no curvature restrictions.
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For a general Ricci flow, Baldauf and Kim [BK22] defined the parabolic fre-
quency
(T —t) [5, [Vu(a, )P K (z, x0, t)dpg
Joy vz, t) K (x, o, t)dpig )
where K is the backward conjugate heat kernel with a pole at (z,T") and u solves

1-k(t)
the heat equation (I8). They were able to show that e/ =" . Ipk (t) is monotone
nonincreasing, where k(t) is a time-dependent function such that

IBK(t) =

o2 k(t)

Ric—V~<log K < 2(T—t)'
More recently, C. Li, Y. Li, and K. Xu [LLX22] studied the monotonicity of Ipx (t)
and its generalizations under the Ricci flow and the Ricci-harmonic flow. They
obtained monotonicity formulas with correction factors depending on the bounds
of the Bakry—Emery Ricci curvature or the Ricci curvature. It is also worth men-
tioning that H.Y. Liu and P. Xu [LX22] investigated the monotonicity of a para-
bolic frequency for weighted p-Laplacian heat equation with p > 2 on Riemannian
manifolds and obtained generalizations of [CM22]. Using (L6]), they generalized a
frequency monotonicity formula of Ni [Nil5] on K&hler manifolds to the setting of
Kahler-Ricci flow.

In this paper, we define a parabolic frequency for solutions to the backward
conjugate heat equation (7)) coupled with the Ricci flow and prove its monotonicity
up to certain correction factors. We shall use G(z,xo,t), the heat kernel with a
pole at (xg,0), as a weight and define the following quantities:

I(t) = /uQ(x,t)G(l“,IOvt)dﬂg(t)’
M

D(t) = /|Vu(a?,t)|2G(11?,fovt)dﬂg(t)v
M

St = / W2 (2, )R, 1) G, 20, ) dpig(r).
M

The first two quantities are direct generalizations of the terms in Poon’s parabolic
frequency Ip(t) in the static case. The third one is new due to the Ricci flow. A
natural generalization of Poon’s frequency Ip(t) is

(1.18) F(t) = 58 _ 2D (t; (;r) ()

In the nonnegative sectional curvature case, we prove that

Theorem 1.7. Let (M™,g(t)), t € [0,T], be a complete Ricci flow and let u :
M"™ x [0,T] — R be a solution to the backward conjugate heat equation ([L).
Suppose that (M™, g(t)) has nonnegative sectional curvature and Ric < kg for some
constant k > 0. Then

(1.19) e(M=2Rt(] — 720 (1),
where F(t) is defined in (ILI8)), in monotone nondecreasing on [0,T)].

We point out that Theorem [I.7] covers, by letting x — 07, Poon’s frequency
monotonicity on R™ in [Po096]. It also implies a unique continuation result (see
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Lin [Lin90], Poon [P0o096], and Vessella [Ves03] for unique continuation results for
parabolic equations).

Corollary 1.8. Let (M™,g(t)), t € [0,T], be a complete Ricci flow with nonnegative
sectional curvature and Ric < kg for some k > 0. Suppose that a solution u(z,t)
of the backward conjugate heat equation (1) on M™ x [0,T] vanishes of infinity
order at (xg,t0) € M x (0,T), in the sense that

N
lu(z, t)| < O (di (2, z0) + |t — to])
for all positive integer N and all (z,t) near (xo,to). Then u=0 in M x [0,T].

Under general compact Ricci flows, we prove that F(¢) is monotone up to an
implicit correction factor.

Theorem 1.9. Let (M™,g(t)), t € [0,T], be a compact solution to the Ricci flow
with sectional curvatures bounded by K for some K > 0. Let w: M™ x [0,T] - R
be a solution to the backward conjugate heat equation (LT). Then, for any T > 0,
there is a power p = p(T,n, K,vo,diam) > 0 such that

(1.20) P(F(t) + Zy),

where F(t) is defined in (LI]), is monotone nondecreasing on [0,T]. Here Zy =
Zo(T,n, K, vp, diam) is any sufficiently large number.

Extra curvature terms arise due to the Ricci flow when proving Theorem
We handle them using some cancellation property and some Li-Yau estimates for
the heat kernel under the Ricci flow, together with the matrix Harnack inequality
in Theorem [[.3l Besides the above-mentioned results, we also prove the mono-
tonicity of a parabolic frequency without weight at the end of Section 5 assuming
nonnegative Ricci curvature; see Theorem [B.11

Finally, we apply Theorem to prove that

Proposition 1.10. Let (M™,g(t)), t € [0,T], be a solution to the Ricci flow with
nonnegative complex sectional curvature and Ric < kg for some k > 0. Let u :
M"™ x [0,T] = R be a solution to the heat equation (L) and let w: M™ x [0,T] —
(0,00) be a positive solution to the backward conjugate heat equation (LT). Then
the quantity

(1.21) (2(T=0) _ 1) ~VERE, Jar Vu(a, £)Pw (@, ) dpg
fM u?(z, t)w(z, t)d,ug(t)

is monotone nonincreasing on [0,T)].

As mentioned before, Baldauf and Kim [BK22] proved the monotonicity of

e TPty Bk (t) under Ricci flow, where k(¢) is a time-dependent function such
that k()
: 2
Ric—V~<log K < 2(T—t)'
However, it is not clear whether such k(t) exists in the complete noncompact case.
In the compact case, the existence of k(t) is shown by Huang [Hua2l] and it de-
pends on |Rm/|, [VRm| and |V2R|, but no explicit k(t) is known. Theorem
and Corollary provide an explicit k(t) in the nonnegative complex sectional
curvature case. Proposition then gives an explicit correction factor in the



LI-YAU-HAMILTON ESTIMATES AND PARABOLIC FREQUENCY 9

monotonicity of Igk(t) and it is also applicable to complete noncompact Ricci
flows with bounded nonnegative complex sectional curvature. In addition, we also
get a unique continuation result in this case (see Corollary [6.6]).

Note: Throughout the paper, we assume either M is compact or M is complete
with bounded curvature/geometry, and the functions satisfy certain growth condi-
tions so that the integrals are finite and all integration by parts can be justified.

The rest of this article is organized as follows. In Section 2, we derive the
evolution equation satisfied by the Hessian of logu, where u is a positive solution
to heat-type equations. Section 3 deals with the nonnegative sectional case and
proves Theorem [[Il Section 4 gives the proof of Theorem [[3l Section 5 is devoted
to studying the parabolic frequency and proving Theorem [[.7] and Theorem
In Section 6, we prove Theorem and Proposition In Section 7, we prove
Theorem [[4]

2. EVOLUTION EQUATIONS

Let (M™, g(t)), t € [0,T1], be a solution to the Ricci flow. Let u : M™x[0,T] — R
be a positive solution to the heat-type equation

(2.1) (0r — eAg(t))u = 0 Ru,

where ¢ and § are real parameters. We are mainly interested in the heat equation
corresponding to ¢ = 1 and § = 0 and the backward conjugate heat equation
corresponding to ¢ = —1 and § = 1, but the calculations in this section are valid

for all £, € R.

The main result of this section is the evolution equation satisfied by
Hij = Vlvj 1ogu
Proposition 2.1. In the setting described above, we have

(2.2) (O — eA)H,;;
= 6ViV;R+2e (H; + RigjiVioViv + Vi Hi;Viv)
+e(2Rikj1He — RiHji, — R Hix)
+(1 —e)(ViRji + VjRir, — Vi Ri;) Vo,

2 ._
where Hij = H;, Hjy,.

We first prove a commutator formula for 9; —eAp and V;V;, where A, denotes
the Lichnerowicz Laplacian acting on symmetric two-tensors via

Aphi; = Ahij + 2Ripjihi — Rikhji — Rjkhig.
Lemma 2.1. Under the Ricci flow, it holds that

(2.3) (6,5 — EAL)(Viij)
= V,V; ((% —eN)f+ (1 — 8)(viRjk + VR, — VkRij)ka

for any smooth function f(x,t).



10 LI AND ZHANG

Proof. The cases e = %1 are proved in [CLNQ6|, so we only do a slight generalization
here. The time derivatives of the Christoffel symbols Ffj under the Ricci flow are
given by (see [CLNOG, page 108])

OTY = —g"(ViRj + V;Ry — Vi Ryj).
It follows that
0(ViV;f) =ViV;(0cf) + (ViRjk + VjRiy — ViR;;)Vi f.
Second, we have
ALVVf =V,V;Af +(ViRy + V;Rqy — ViR;;)V.f.
This can be seen by commuting covariant derivatives as follows
ViV;Af = V,;V;ViVif
= ViViViV,f—=Vi(RuVif)
= ViViViVf — RaViVf + RiuViVif
—ViRuVif — RuyViVi f
= ViViViV,f +Vi(RitjiVif) — RuViVif + RiniViVif
=ViRyVif — RyViVi f
= AV,V;f+2RuuyViVif + ViR;Vif —V;RuV . f
—RyViVf = ViRV f — RV Vi f
= ALViV,f — (ViR + V;Ry — ViRi;)Vif,
where we have used the contracted Bianchi identity
ViRikj = ViR;; — V;Ry.

Combining the above two calculations, we obtain ([23)). O
We now prove Proposition 211

Proof of Proposition[2.]l For convenience, we write v = logu. One derives from
@) that v satisfies the equation

(0r — eA)v = ¢|Vv|]? + IR.
We compute that
ViV,|Vu]? = 2V(V;Viv)Viv + 2V, VoV, Vi
= 2Vi(ViV;0)Vio + 2H} 4 2R Vv Vv
= 2H} + 2Ry VivViv + 2V Hi; Vi,
where Hfj := H;iHj,. Applying the identity (2.3) to f = v yields
(O —eAL)H;;
= ViV,(e|Vv]* + 6R)
+(1—¢e)(ViRjx + VjRir — Vi Rij) Vv
= 0V;V;R+2¢ (H}; 4+ RipjiVivViv + Vi Hij Vi)
+(1—¢e)(ViRjx + VjRir — Vi Rij)Vyv.
Finally, [2.2]) follows from the above identity and
ApH;j = ApHij + 2R Hy — RinHji — RjpHg.
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The proof is complete. (|

3. MATRIX HARNACK FOR THE HEAT EQUATION

In this section, we prove Theorem [[L.T1 The proof of Theorem [Tl divides into
two cases: the compact case and the complete noncompact case.

3.1. The compact case.

Proof of Theorem[I 1. In the compact case, we use Hamilton’s tensor maximum
principle to prove Theorem [T

Setting e =1 and 6 = 0 in (2.2)), we get that H;; := V,;V; logu satisfies
(3.1) (0, —A)H;; = 2H; + 2RixjiHp — RinHjx — RjHyr)
+2Rikjlvkvvlv + 2V;€Hijvk’v
where Hfj = H;, Hj,. We write

(3.2) e(t) = 5

and define
Zij = Hij + c(t)gi;-
Direct calculations using ([B.I)) and the identity
2H; + 2RikjiHy — R Hji — RjnHy,
= 27} —AcZi +2¢%gi; + 2RijiZw — RinZjk — RjZin
show that

(33) (8t — A)ZZ = 2212] — 4CZij + 2Riklekl - Riijk - Rijik
+2RijiVioViv + 2V Zi; Vv
+(c' + 202 — 2kc)gi; + 2¢(kgi; — Rij).

Noting that 2R;,;; VivViv > 0, R;; < kgi;, and ¢(t) solves the ODE
¢ = —2¢% 4 2ke,
we derive from (B3) that

(3.4) 0y — N)Zi; > 22} —4cZij + 2Rikji Zit — RirZjk — RjrZin
+2VkZiijv.

Since M is compact and ¢(t) — oo as t — 01, we have Z;; > 0 as ¢ — 0F. Then
the tensor maximum principle of Hamilton [Ham86] implies that Z,; > 0 for all
t € 10,7, as it is clear that

2Zi2j —4cZ;ij + 2Rigj1 2k — RinZji — RjnZik

is nonnegative at a null-eigenvector of Z;;. The proof is complete. (|



12 LI AND ZHANG

3.2. The complete noncompact case. Now we deal with the case that (M™, g(t)),
t € [0,T], is a complete noncompact Ricci flow with nonnegative sectional curva-
ture and Ric < kg. We note that the uniqueness of solutions to the heat equation
(LH) fails to be true on a complete noncompact manifold. In order to apply Hamil-
ton’s tensor maximum principle (see for instance [CCGT08, Theorem 12.33] for a
version on complete noncompact Ricci flows) to Z;;, one needs to impose some
growth condition on the function w and its first and second derivatives. Using an
idea in [CNO5] and [Ni07], we can, however, get away without assuming any growth
conditions on w. The key is that we are working with a positive solution of the
heat equation and we can make use of the Li-Yau estimate for v under the Ricci
flow (see [CCG™10, Theorem 25.9 and Corollary 25.13]) to obtain required growth
estimates at any positive time. Then, we can get integral bounds on the first and
second derivatives of u via integration by parts. Finally, we use the idea of working
with the smallest eigenvalue of the symmetric two-tensor tuZ;; to use a maximum
principle for scalar heat equation (see |[CCGT08, Theorem 12.22]), avoiding the
tensor maximum principle which requires a more restrictive growth condition.

We first prove a growth estimate for v on a slightly smaller time interval using
the Li-Yau estimate and its resulting Harnack inequality.

Lemma 3.1. Let (M™,g(t)), t € [0,T], be a complete solution of the Ricci flow
with —kg < Ric < kg. Let u be a positive solution to the heat equation [L.8 on
M x [0,T). Fixp € M. For any § € (0,T/3), there exist a positive constant Ay,
depending on n,k, T, 8, and u(p,T) such that

(3.5) u(z,t) < exp (Al(dg(x,p) + 1))

for allz € M and t € [§,T — 9], where do(-,-) is the distance function with respect
to g(0).

Proof. Since —kg < Ric < kg, we have
e 2 g(0) < g(t) < e g(0)

for all ¢ € [0,7]. In the Li-Yau estimate stated in [CCGT10, Theorem 25.9] and
the Harnack inequality stated in ICCGT™10, Corollary 25.13], we can take g = g(0),
Co=e*T Q=0,and ¢ = £ and let R — co. Then, we conclude that there exist

3
positive constants By = Bi(n, k) and Bs = Ba(k,T), such that

(3.6) e N - exp —ng
. u(xl,tl) - t to — 11

for any z1,290 € M and 0 < t; < to < T. Applying B6) with z = 1, x2 = p,
ty =t,and to =T, we get

(3.7) u(z,t) < ulp, T)ePr T (Z)nexp (BQM)

t t

for all (z,t) € M x (0,T). This implies that, for (z,t) € M x [§, T — J], there exists
a constant A; depending on n, k, T, d, and u(p,T) such that (3.3) holds. O

Next, we obtain integral bounds for the first and second derivatives of w.
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Lemma 3.2. Let (M", g(t)) and u be the same as in Lemmal3dl Assume further
that (M™, g(t)) has nonnegative scalar curvature. Then there exists Az > Ay such
that

T-5
(3.8) /6 /M |Vu(z, ) exp (—A2(dj(z, p) + 1)) dzdt < 0o
and
T-5
(3.9) /5 /M IV2u(z,t)|” exp (— A2 (dg (2, p) + 1)) dadt < .

Proof. We derive from u; = Au that
(0r — A)u? = —2|Vul?.
Multiplying both sides by a cut-off function ? (independent of time) and integrat-

ing by parts yield
T-6
2/ / ©*|Vul*dadt
5 M

T-6
- _ / / ©2(0, — Ayu*dzdt
§ M

T—0
/@2u2($,5)d:1:—|—4/ /gau|Vga||Vu|d$dt
M 5 M

T—06
/ @2u2($,5)d:z+4/ / |Vo|*u?drdt
M 5 M
T—06
+/ / ©?|Vu|2dadt.
6 M

Now ([B.8)) follows from [B.3]). Applying the same argument to
(0r — A)|Vul? = 2|V2ul?

IN

IN

produces ([B.9)).

Proof of Theorem [ 1l: the complete noncompact case. Recall that
Zij = Hy + C(t)gij,

where ¢(t) = =, satisfies (B.4]) under our curvature assumptions. Define

Zij = t’U,Zw
Using (34)), we derive that
(3.10) O —DN)Zij = YZy+ 272 —de(t)Z

+2Rikjl2kl - Riijk - Rijik-
Next, let’s consider the function «(z,t) on M x [0, 7] defined by
a(z,t) =inf{s >0: Z-j(x,t) + sgij(z,t) > 0}.
In other words,

(3.11) a(z,t) = max{0, —A\1(z,t)}
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on M x (0,T), where A;(x,t) is the smallest eigenvalue of Z-j at (z,t). The key is
to show that

(3.12) (8 — A)a < 0

holds in the following barrier sense: for any (z,t) € M x (0,T), we can find a
neighborhood U € M x (0,T) of (z,t) and a smooth (lower barrier) function ¢ :
U — R such that ¢ < « on U, with equality at (z,t), and

(3.13) (8 — A)p <0

at (x,t). Note that inequality ([BI2]) holds also in the viscosity sense and in the
sense of distributions by standard arguments (see [MMUI4] for an elliptic version).

To prove [B12), we consider Yi;(x,t) := Zy(x,t) + oz, t)gi;(x,t). Fix (z,t) €
M x(0,T). By the definition of a(x, t), we have Y;; > 0 on M x [0, T| and there exists
a unit vector e; € T, M such that Y (e1,e1) = 0. We extend e; to an orthonormal
basis {e;}; of Ty M consisting of eigenvector of Z-j such that Z(ei) = \;e; with
A1 < --- < A\, Next, we extend {e;}?_; smoothly in a neighborhood U of (z,t)
by parallel translation along radial geodesics using V9(*) and regard the resulting
vector fields, still denoted by {e;}1_,, as stationary in time in the sense that d,e; = 0
for each 1 <7 < n.

If A\y(x,t) > 0, then a = 0 near (z,t) and the barrier function ¢ = 0 will fulfill

@BI3). If Ai(w,t) <0, then the function ¢(w,t) = — 2L s defined in U and

gives a lower barrier for a(z, t) in that neighborhood. Therefore, we get using (3.10)
that at (z,t),

Z(el, 61)
g(t)(e1,e1)
=21 — 2AT 4 e — 2Rk

(O — A)g

—(0, — A)

< la— 2a% —de(t)a + 2ka
< a3 —de(t) +2k)
< 0

where we have used (B.I1]), the estimate
Rigie Ak = Rigie(Ak — A1) + Ruudi > —aRy > —ak,
and the elementary inequality
1 —4c(t) + 2k < 0 for t > 0.
Hence, we have proved (9; — A)a < 0 in the barrier sense.

Without loss of generality, we may assume u > ¢ > 0. This is because once the
estimate has been established for u. := u + €, one can then let ¢ — 0 and get the

estimate for any positive u. By shifting the time from ¢ to t+ ¢, we have the growth
bounds (B3H), 3), and ), which implies that there exists b > 0 such that

T
(3.14) /0 /M exp (—bdj(z, p))a?(z, t)dadt < oo,

Since a(z,0) = 0 for all € M, we can use the maximum principle (see [CCGT08,
Theorem 12.22]) to conclude that a(z,t) <0 on M x [0,T].

O
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4. MATRIX HARNACK FOR THE HEAT EQUATION: THE GENERAL CASE

In this section, we prove Theorem Without the nonnegativity of sectional
curvatures, we have to estimate the terms involving curvature and derivatives of u
and the proof becomes much more involved. Here we employ an idea that has has
been used in [LWHT™], [YZ22], and [Zha21], namely we first prove the estimate for
the heat kernel and then derive the estimate for any positive solution to the heat
equation.

Proof of Theorem[I.3. The proof is divided into three steps.

Step 1. We derive a partial differential inequality satisfied by the smallest eigen-
value of Q;; := tH;;, where H;; = V;V;logu as before.

A straightforward computation using (3.I)) shows that @);; satisfies

1 2

(4.1) (O —D)Qi; = ?Qij + ;Q?j + 2Rij1Qu — RinQjr — RjnQir
+2t Rt VivViv + 2V;€Qijvkv.

Here and through out this section v = logu.

Let A be the minimum negative eigenvalue of Q;; in M™ x [0, to] which is reached
at the point (zg,%p). Note that we are done with the proof if no such \; exists.
Our task is to find a lower bound for A;. Let 7 be a unit eigenvector with respect
to the metric g(¢g) at xp. Using parallel transport, we extend 7 along geodesic rays
starting from x( so that it becomes a parallel unit vector field in a neighborhood
of zg with respect to g(tp). This vector field, still denoted by n = n(z), is regarded
as stationary in the time interval [0,to]. Now consider the vector field

= &(z = ﬂ
§=8@) = Toen

which is a unit one with respect to g(t). In local coordinates, we write £ = (£1, ..., &)
and we also introduce the scalar function

A=A, 1) = &Qi& = £7(Qi)E.
Notice that A is a smooth function defined in a neighborhood of zy on the time

interval [0,to] and reaches its minimum value A; at the point (zg,to). Using (@),
we find that

&il(0r — A)QylE;
= %@Qijéj + %ﬁi 78+ 2R 1Qr&iés — RiQn&is — RipQin&i&y

F2t Rkt Vv Vivgi&s + 2V Qi Vv
Recall that that at ¢t = tg, £ is a parallel vector field and

01 (&iQiz€j) = O <M> =& Qij&5 + 26 Qi R k-

GijNiTly
Combining the above two identities, we deduce, at (x,t) = (zg, to), that
(4.2) (0, — M)A = %A - %AQ + 2R Qri&i€;
+2tRiklekvVlv§i§j + 2V AV 0.



16 LI AND ZHANG

Notice the terms involving the Ricci curvature are canceled. We remark that this
equation may not be satisfied for ¢ < ¢ty but the proof uses this equation only at
(x,t) = (xo, to). As mentioned, A reaches its minimum value at (zg,tg). Therefore,
([#2) implies, at (zo, to)

(4.3) 2T < A1 = 2tRiiQui&i&j — 26° Rigji Vv Viv€i&;.

Next, we aim to bound the curvature terms on the right-hand side of ({@3).
First, we write

2RijiQut = 2(Rirji + K (9911 — 9u9jk))Qurr — 2K (9ij 911 — girgjk) Qi
= 2wk Qrt — 2K (gijgr1 — girgjr) Q-
Besides the lowest negative eigenvalue A1, let Aa, ..., A\, be other eigenvalues of

(Q4j) at (zo,tp) arranged in increasing order. After diagonalizing (Q;;) at (xo, to)
with an orthonormal basis {&, ...}, we deduce

RipjiQué&és = Zwlklk/\k — K(gijg11 — gugjx) Qri&i&;
k
= Z W1k1kAk + Z wig1k Ak — KtAv + K\
> Z wigie A1 — KtAv + K.
AL<0

Here we just used the assumption on sectional curvature
Rirji > —K(9ij911 — gagix)
or wik; > 0 and the identity
tI‘(Qij) = tAv.
Using the upper bound of the sectional curvature
Rikji < K(9ij961 — 9irgjk)s
we see that

Zwlklk <2K Z(gugkk — g1kg1k) =2K(n —1)
% %

and we arrive at, via A\; < 0, that
(44) Rikleklgifj Z (2n — 1)K/\1 — KtAv.

Using the lower bound on the sectional curvatures again, noticing £ = (1,0, ..., 0)
and g;; = d;; at (o, o) by our choice of the orthonormal coordinates, we have that

(4.5) RipjiVivViv&i§; = RuyuVivViv

> —K(gr — gugix) VevViv
= —K|Vv|* 4+ K|Vv)
> —K|Vv|%
Substituting [@4]), (EH) into (E3)), we deduce, for v = log u,
(4.6) 207 < =X —2t(2n — 1)K\ + 2K 12 Av + 262 K| V|2

Step 2. We need to bound the right hand side of ([@.6]). This might be difficult
for all positive solutions u but doable for the heat kernel.
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In this step, we assume u(z,t) = G(x,t,y) := G(x,t;y,0) is the heat kernel with
a pole at y € M,t =0 and v = logu. It is known that the following curvature-free
bound holds:

sup{u(z,t) : (x,t) € M x [to/2,t0]}

(47) (¢ = (to/2))2|V logul® < (¢ — (to/2)) log a

for all (z,t) € M x [to/2,t0] (see [ZhaO6] or [CHO9]). Under the condition of
bounded sectional curvature, the upper and lower bound for the heat kernel can be
obtained in a classical way in any finite time interval and hence are more or less
known. By now, we know that only the pointwise bound on the scalar curvature
and initial volume non-collapsing condition are needed for the heat kernel bounds
to hold (see [BZ17, Theorem 1.4]). Using that theorem repeatedly over fixed time
intervals and taking advantage of the reproducing formula of the heat kernel, we
know that the following bounds hold: there exists a numerical positive constant
C1 and another positive constant Cy depending only on the volume non-collapsing
constant of gy and the dimension such that

1

5 6702Kt701d2(x,y,t)/t < G(:z: " y) < & eCthfdQ(x,y,t)/(Clt)
Cztn —_ rY —

(4.8) =

Alternatively, since the sectional curvature is bounded, one can just follow the
classical method by Li-Yau to obtain such bounds. The above bounds are far from
optimal for large times. Since the manifold is compact, the large-time behavior of
the heat kernel is relatively simple since positive solutions tend to be constant. But
we will not pursue an optimal large-time bound this time.

Substituting (48] to ([@.1), we obtain, for all ¢ > 0

(4.9) t2|Viogul*(z,to) < C3(K + 1)t3 +2C,  sup  d*(x,t,y).
tefto/2,to]

Here C'3 depends only on the volume noncollapsing constant of gy and the dimen-
sion.

Next, we need to find an upper bound for the term t?Alogu = tQ(% — Wu—iéﬁ)
In the stationary case, this is done in Hamilton [Ham93bl Lemma 4.1]. Following
that proof, the Ricci flow produces one extra term involving the Ricci curvature.
Since the sectional curvature is bounded, we can treat this term without much

difficulty.
Let L be the operator

(4.10) L=A+2VloguV — 8.

The following identities are well known and also follow from the calculations in
Section 2.

(4.11) L(Au/u) = 2R;;V;Vu/u, L(|Vlegu|*) = 2|V;V;logul?.
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Therefore,

L (% + |V10gu|2>

ViVju VuV; VuV;
= 2|vivjlogu|2—2Rij< uJ“_ “2J“) _QRZ.J.#

u
ViuV;

= 2|V1-Vj 10gu|2 - 2RijViVj IOg’U, - 2RU%

Viuvju

= |ViV;logul® +|V;V,logu — Ri|* — R}, — 2R;; =

Y%

1 1
—|Alogul|®* + —|Alogu — R|? — C, K? — C,, K|V log u|?.
n n

Here, C), is a dimensional constant and the assumption |R;jxi| < K(gikgt — 9irgjk)
has been used. Writing

Y = % + |V logul?,
then the above inequality implies
Ly > % Y —2|Viogul?|” + % Y —2|Viogul* - R|*
~C,K? — C, K|V logul®.
Therefore,
(4.12) L(Y) > % 2y — 262V log uf?|”

1
+— |2Y - 262|Vlogul® — R’
nt?

Y
~Cpt’K? — G, Kt*|Vlogul* — 2—.

Let T > 0 be any fixed time and (g, to) be a maximal point of t?Y in M" x (0, T
where t2Y reaches a positive maximum value. Note that ¢, may be less than T but
the argument by maximum principle together with (&3] is good enough to bound
t2Y up to T and hence for all time. By ([@I2)), we know, at (xg, ), the following
inequality holds:

2y

1
— |y - 20%|Vlog uf?|” < Ct?K? 4 C, Kt*|V log uf® + 2—.
n

Hence for all ¢ € (0,T], we have
L avp2 Lo 22 2 72 2 2 Y
ﬁ|t Y[° < | —52t7|Viogu|*|" + Cpt” K= + Cp, K7V log u” + 2—— .
nt nt L/ @osto)

Now we take u to be the heat kernel G(z,t,0). Using (£9) we conclude that
%Y < dnt + C3(K + 1)t* + 2C diam?
which yields, since Y = &% + |V logu/|?, that

A
(4.13) 228 < dnt + O3(K + 1)2 + 2C, diam? .
u
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From (L) and the relation Av = Alogu = % — |Vlogu|?, we see that
Au

(4.14) 202 < =\ —2t(2n — 1)K\ + 2K 2 —
u
Using ([@I3), we deduce that

(4.15) 207 < =N\ —2t(2n— KN
+2K [4nt + C5(K + 1)t + 2C diam?].

Since A\; < 0 by assumption, we conclude, after elementary estimates,
(416) t(Hi‘) 2 )\l(gij)
1
> <—5 —4VnKt — Co(K + 1)t — Clx/Fdiam> (9if)
(=2 = B(t,n,K)) (g45),

where C] is a numerical constant and Cy depends only on the non-collapsing con-
stant vg of gg and the dimension. Note that we have renamed C5 to Cs for consis-
tency with the statement of the theorem.

Step 3. Finally, we show the matrix Harnack estimate holds for any positive
solution u(z,t) to the heat equation.

Note that
u(a, ) = / G, t,y)uoly)dy.
M

Differentiating under the integral yields
Viulet) = [ VGGt
M
V:Vju(z,t) = /ViVjG(x,t,y)uo(y)dy.
M

Here and later in the step dy = dg(0)(y) etc. Therefore,

tu?V,;V; log u(z, t)
= t(uV,Vu— V,uV u)(z,t)

= /tG(z,t,z)uo(z)dz/ ViV;G(z,t, y)uo(y)dy
M M

—/ thG(x,t,z)uo(z)dz/ V,;G(z,t,y)uo(y)dy.
M M

Hence,

(4.17) tu?V,;V; logu(z, t)

= //tG(x,t,z)ViVjG(x,t,y)uo(z)uo(y)dzdy
MM

—/ / tV;G(x,t,2)V,;G(z, t, y)uo(2)uo(y)dzdy.
MM
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Fixing a space time point (z,t), t > 0. Let us diagonalize (Q;;) = t(V;V; logu(z,t))
using its orthonormal eigenvectors {e1, ..., €, } such that e; corresponds to the small-
est eigenvalue \;. By (@IT), we have
(4.18) tu?V 1V logu(z, t)

| ] 160029916 o uow)dsdy

M JM

- / / £V1G (5, £, 2)V1.G (£, )t ()0 (y) dzdy.
M JM

According to (AI6) in Step 2, the following holds

+ (Vlle(%tay) |V1G($,t,y)|2

1

Glz,ty)  GA(xty)
so that
|V1G(I;t7y)|2
¢ by) = tmanay
ViViG(z,t,y) > G(x,t,y)

— (2 + B(t,n, K)) G(z,t,y).

Substituting the last inequality into ({I8) and regrouping the third term on the
right-hand side, we deduce

(4.19) tu?V 1V logu(w,t)

|v G(ac t y)|
/M/ Gla,t,2 Clz.ty) T ug(2)ug(y)dzdy

[ + B(t,n, K)] //thz)G(:vty)uo( Yuo(y)dzdy
//\/_Vl :vtzm\/i

VG(z,t,2)

tV1G( Gz,
\/_ 1 .I y Ia 7Z / UO dZdy
Gz, t,y)
Observe that the first term on the right-hand side dominates the third term due

to the Cauchy-Schwarz inequality and the integral in the second term is u?(x,t).
Hence we have proven

tV1Vilogu(z,t) > —% — B(t,n, K).

Since the left-hand side is the smallest eigenvalue of (Q;;), the proof is done. [

5. PARABOLIC FREQUENCY MONOTONICITY

5.1. Parabolic Frequency. Let (M™, g(t)), t € [0,T], be a complete solution to
the Ricci flow. Let u be a solution to the (backward) conjugate heat equation
(0 + A)u = Ru. Let G(z,zo,t) be the heat kernel of the heat equation (L8]) with
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the pole at (z9,0). We defined in the Introduction section that

(5.1) () = /Mu2<x,t>c<x,xo,wdg(t)(x),
(5.2) D(it) = /M|Vu<x,t>|2e<x,xo,wdg(t)(a:),
(5.3) S(t) = /MUQ(x,t)R(x,t)G(:zr,:zro,t)dg(t)(a:).

Here dg(t)(x) := dpg() is the Riemannian measure induced by g(t).

Below we will simply write I(t) = [ M u?2Gdg and similar notations for other
integrals if no confusion arises.

Lemma 5.1. I(t) defined in (&1)) satisfies

(5.4) I'(t) =2D(t) + S(t).

Proof. Under the Ricci flow, the measure dg(t) evolves by 0:(dg(t)) = —Rdg(t). A
straightforward computation shows that

t = uutGag + uw Grag — u g
I'(t) / 2uuyGd / 2Gyd / 2RGd
M M M

= /Qu(Ru—Au)Gdg—i—/ uzAGdg—/ u?RGdg
M M M

= /u2RGdg—/ (Au2—2|Vu|2)Gdg+/ Au?Gdg
M M M

2/ |Vu|2Gdg—|—/ u?RGdg
M M
2D(t) + S(t).

Lemma 5.2. D(t) defined in (52) satisfies

(5.5) D'(t) = 2 /M(Ric—V2f)(Vu,Vu)Gdg+2 /M(Afu)2Gdg

—2/ Ru(Afu)Gdg—/ |Vu|> RGdg,
M M

where f = —log G and Ay := A —(Vf,V-).
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Proof. Noticing 9;|Vu|? = 2 Ric(Vu, Vu) + 2(Vu, Vu;) and d,dg(t) = —Rdg(t), we
get by differentiating under the integral that

(5.6) D'(t) = 2/ Ric(Vu,Vu)Gdg+2/ (Vu, Vug)Gdg
M M
+/ |Vu|2thg—/ |Vul|?RGdg
M M
= 2/ Ric(Vu,Vu)Gdg—l—?/ (Vu, V(Ru — Au))Gdg
M M
+/ |Vu|2AGdg—/ |Vul?RGdg
M M
= 2/ Ric(Vu,Vu)Gdg+2/ (Vu, V(Ru))Gdg
M M
—2/ (Vu,V(Au)>Gdg—|—/ AlVul|*Gdg
M M

—/ |Vu|> RGdg.
M
In view of the integration by parts
/ (Vu, V(Ru))Gdg = —/ RuA juGdyg
M M
and the Bochner formula

A|Vul? = 2|VZul? + 2(Vu, VAu) + 2 Ric(Vu, Vu),
we derive from (5.6) that

(5.7) D'(t) = 4/ Ric(Vu,Vu)Gdg+2/ |V2u|*Gdg
M M
+2 / RuA juGdg — / |Vu|>? RGdyg,
M M
The weighted Bochner formula

Ap|Vul? = 2|V2u|? + 2(Vu, VA ju) + 2 Ric(Vau, Vu) + 2V2 f(Vu, Vau),
implies that

2/ Ric(Vu,Vu)G+2/ |V2u|*Gdg
M M

—2/ (Vu,VAfu)Gdg—Q/ V2 f(Vu, Vu)dg
M M

= 2/ (Afu)QGdg—Q/ V2 f(Vu, Vu)dg.

M M
Substituting the above identity into (&) produces
D'(t) = 2/ (RiC—VQf)(Vu,Vu)Gdg—i-?/ (Aju)*Gdg
M M
—2/ Ru(Afu)Gdg—/ |Vu|? RGdyg.
M M

This proves (G.5]). O
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Lemma 5.3. S(t) defined in (53) satisfies
(5.8)  S'(t) = / uw?R*Gdg + 2/ u?| Ric |*Gdg + 2/ |Vul|? RGdg
M M M

—|—2/ u2RAGdg+4/ uR(Vu, VG)dg.
M M

Proof. We compute using d; R = AR + 2| Ric | that
S'(t) = / 2uutRGdg+/u2RtGdg
M
+/ u2Rthg—/u2R2Gdg
M
= / 2u(Ru—Au)RGdg+/u2(AR+2|Ric|2)Gdg
M
+ / u?RAGdg — / u?R%*Gdyg
M
= / u2R2Gdg—2/ uAuRGdg+/u2ARGdg
M M
+2/ u2|Ric|2Gdg+/ u?RAGdg.
M M
Observing
/ u?ARGdg = / RA(u?G)dg
M M
_ /R(Au2G+u2AG+2<Vu2,VG))dg
M
= 2 / uAuRGdg + 2 / |Vu|> RGdg
M M

+ / u?RAGdg + 4 / uR(Vu, VG)dg,
M M
we deduce that
S'(t) = / u2R2Gdg+2/ u2|Ric|2G—|—2/ |Vu|> RGdg
M M M

+2/ UQRAGdg+4/ uR(Vu, VG)dg.
M M

Lemma 5.4. For I(t) defined in (B1I), we have
(5.9) I't) = 4 / (Ric —V? f)(Vu, Vu)Gdg
M
+/ (2A5u — Ru)® Gdg + 2/ u?| Ric |*Gdg
M M

+2/ u2RAGdg+4/ Ru(Vu,VG)dg.
M M
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Proof. By (54), we have I'(t) = 2D(t) + S(t). Using (5.5) and (G.8)), we calculate
I"t) = 2D'(t)+S'(t)
= 4/ (Ric —V2f)(Vu,Vu)Gdg+4/ (Aju)?Gdg
M M

—4/ Ru(Afu)Gdg—2/ |Vu|?RGdg
M M
+/ quQGdg—i—Q/ u2|Ric|2G+2/ |Vu|* RGdg
M M M
+2/ UQRAGdg—Fél/ Ru(Vu,VG)dg
M M
= 4/ (Ric —V?f)(Vu, Vu)Gdg—l—/ (2Afu—Ru)2 Gdg
M M
+2/ u2|Ric|2Gdg+2/ uQRAGdg+4/ Ru(Vu, VG)dg.
M M M
O

5.2. The nonnegative sectional curvature case. We prove Theorem [[.7] and
Corollary in this subsection.

Proof of Theorem[I.7, We need to estimate I”(¢) in (5.9) from below. Using The-
orem [Tl and Ric > 0, we get

(5.10) / (Ric +V2 log G)(Vu, Vu)Gdg > —#D(m.
v —
By Corollary [[L2] we have
9 1 nK
AG > |[VG|I*G™ — WG'
Since R > 0, we obtain
(5.11) / uQRAcz/ W R|VG*Gdg — %S(t).
M M —€
Noticing 0 < R < nk, we estimate that
(5.12) 2/ Ru(Vu,VG)dg
M
> —/ Ru?|VG|’G~ldg —/ R|Vu|*Gdg
M M
>

—/ Ru?|VG|*G~'dg — nkD(t)
M

Inserting the estimates (10, (510, and (512) into (&) yields

(5.13)  I"(t) > /M (2Au — Ru)? Gdg — <% + m> I'(t)

where we have used S(¢) > 0 and (&.4).
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Using (.13) and the Cauchy-Schwarz inequality,
2
(I'(t)? = </ (2Afu — Ru)Gdg>
M

/ u?Gdyg - / (2A ju — Ru)® Gdyg,
M M
we obtain that for F(t) := (log I(t))’,

F'(t)y = I()72(1"() - (I'(1)?)

2K
> - (m "rnli) F(t)

e(n—Z)ﬁt(l _ e—2nt)F(t)

is monotone nondecreasing. ([l

IN

Therefore, the quantity

Next, we prove the unique continuation property.

Proof of Corollary[L:8. The key point to achieve unique continuation is that the
correction factor in (.I9)) is asymptotic to ¢t as ¢t — 0.

Suppose a solution u = u(x,t) of the conjugate heat equation in M x [0,T)
vanishes at infinity order at (z9,%y) € M x (0,T). Since the quantity e(™=2)%¢(1 —
e~ 2")F(t) is monotone nondecreasing on [0, T], we have
1— 672/@T C
1—e 20t = ¢

(log I(4))' = F(t) > F(T)eln-T=0 -2 2 >

for all t € (tg,T), where C' = F(T)(1 — e~2*T)/(2k). Hence,
i\ C
(5.14) ) > (E) I(t).

The rest of the proof is standard since the heat kernel G has Gaussian upper bound
and the distance d(x,xo,t) are comparable in short time due to our assumption.
This Gaussian bound and the assumption on the infinite vanishing order of w at
(20,0) implies, for all small ¢ > 0,

16 = [ (w060, 0dg(0)(z) < Ot

for any positive integer N, which is a contradiction to (B.I4]) unless u = 0.
O

5.3. The general case. Since our assumption implies that |Ric| < ¢, K, taking
a =2 and p = oo in [BCP10, Theorem 2.7], we have the following Li-Yau bound

IVG]? G, 1
. — —2—=< -+
(5.15) e 2 a c(n) : K|,

where c(n) is a dimensional constant. Then

2
(5.16) AG =G, > 'ZZ' - <@ + K> G.
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Note that this also follows from the matrix Harnack inequality in Section 4 after
taking the trace.

Let s = infzepm R(x,0). Tt is well known that R(z,t) > s¢ for all ¢ € [0,T].
Since R — s > 0 and

(5.17) / u?RAGdg + 2 / Ru(Vu,VG)dg
M M

/ u?(R — SO)AGdg-i-/ u?soAGdg + 2/ Ru(Vu,VG)dg
M M M

/ u?(R — 50)AGdg + 2/ (R — so)u(Vu, VG)dyg,
M M

we can apply (5I6) on the right-hand hand side of (9] to reach

/ u?*RAGdg + 2 / Ru(Vu,VG)dg
M M

> /MuQ(R— 50) [% — (L?) +K) G} dg
42 /M (R — so)u(Vu, VG)dg.

Using Cauchy-Schwarz inequality, we have

2/ (R — so)u{Vu, VG)dyg

1
> 5 [(R=s0)a?Viog GGy —2 [ (R~ so)|Vul*Gidg
M

Hence, we obtain the estimate
/ Ru?AGdg2 + / Ru(Vu, VG)dg
M M
> - (c(n) + K) / (R — so)u*Gdyg
M

Tt
—2/ (R — s0)|Vu|*Gdg.
M

Using this inequality, the matrix Harnack inequality in Theorem [I.3]

(515) SV 2 —algy, alt) =g + A0 K)

we deduce, from Lemma [5.4] that
") > / (24 ju — Ru)? Gdg + 2/u2|Ric|2Gdg
M
—4(e1(t) + c(n)K)/ |Vu|>Gdg — 4/ (R — 80)|Vu|*Gdg
M M
) <C(") + K> / (R — so)u2Gdg.
t M
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Here we have used Ric(Vu,Vu) > —c(n)K|Vu|?. Using the fact that R — sp <
¢(n)K and adjusting the dimensional constant ¢(n), we deduce

e > /M (24 ju — Ru)? Gdg + 2/u2| Ric|*Gdg
—2(c1(t) + ¢(n)K) [/M 2|Vul*Gdg + /M RuzGdg}
+(c1(t) + c(n)K)/ Ru?Gdyg

M

-2 (@ + K) /M(R — s0)u”Gdyg.

Therefore
It > / (2A ju — Ru)? Gdg+2/u2|Ric|2Gdg
M
—2(c c(n ul? u?
2(es() + i) | [ 29wy + [ oz
—co(t) /Mu Gdyg,
where
(5.19) ca(t) = c(n)K {2(01 (t)+c(n)K) +2 (L?) + K)] :
This implies that
I*(t)(log I(1))"
— IWIE) - (')
>

—2(c1(t) 4 c(n)K)I(t) <2 /M |Vul?Gdg + /M u2Gdg>

e (2(8) + I(2) /M (2Au — Ru)? Gdg — (2D(¢) + S(£))2.

Using integration by parts, we see that
2D(t) + S(t) = / (—2Aju + Ru)uGdg.
M

Therefore the difference of the last two terms in the preceding inequality is non-
negative by Cauchy-Schwarz inequality, giving us:

(5.20)  I*(t)(log I(t))" > —2(ca(t) + c(n)K)I(t) [2D(t) + S(t)] — c2(t) % ().

Hence
(5.21) (log I(t))” > —2(c1 (t) + qmm% — oa(t).
Let us recall from (5I8) and Theorem 3]
(5.22) () = % + %B(t,n,K)
1 1

= o+ (WKL + oK + 1)t 4 CyVET dian]
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and from (519)
ea(t) = e(n)K [2(c1(t) + e(n)K) + 2 (LZ‘) + K)] .

Let
Zy = sup [tea(t)].
t€ (0,7

Inequality (5:2I) infers for F(t) := (log I(t)) = 220420,

Z,
(5.23) F'(t) > —=2(c1(t) + c(n) K)F(t) — 70
Let
(5.24) p=p(n, K,vp, T,diam) = sup [t2(c1(t) + c(n)K)]

te (0,7

From the preceding inequality, we see that
tF'(t) > —pF(t) — Z,.
Therefore

Zo )\
#PE(t) + 22 ) >0
p
Thus, we have proved Theorem [[.9

5.4. The unweighted case. For a solution u(z,t) to the heat equation on R"™, the
monotonicity of the unweighted frequency

fR” |Vu(x,t)|?dx
Jgn ©?(z, t)da
is equivalent to the log convexity of the energy f u?dx. This is a classical result
that can be used to prove the uniqueness of the backward heat equation (see for
instance [Joh82]). Here we extend this result to the conjugate heat equation cou-
pled with the Ricci flow. Compared with the weighted case in this section, the
curvature assumption is Ric > 0 and no upper bound of any curvature is needed.

The unweighted monotonicity, however, is not strong enough to prove the unique
continuation property.

Theorem 5.1. Let (M™,g(t)), t € [0,T], be a compact Ricci flow. Let u be a
solution to the backward conjugate heat equation (LT). Define

I(t) = /uQ(x,t)dug(t).
If (M™,g(t)) has nonnegative Ricci curvature, then
(log I(t))" > 0.

Proof. As before, we also define
D) = [ IVutat) Py,

S(t) = / u?(x, ) R(x, t)dpg(

and write I(t) = [}, u*dg for short and similar notations for other integrals.
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By direct computation as for the weighted case, we have

I'ty = 2/|Vu|2dg+/qudg:2D(t)+S(t),

D'(t) = 2/<Vu,Vut)dg+Q/Ric(Vu,Vu)dg—/|Vu|2Rdg
= —2/utAudg+2/Ric(Vu,Vu)dg—/|Vu|2Rdg,
and
S'(t) = 2/uuthg+/uz(AR+2|Ric|2)dg—/u2R2dg
= 2/uuthg+/R(2uAu+2|Vu|2)
+2/u2|Ric|2dg—/u2R2dg.
Using Au = Ru — u¢, we deduce

I"(t) = 2D'(t)+S'(t)
= —4/utAudg+4/Ric(Vu,Vu)dg

+2/RuAudg+2/uutR+2/u2|Ric|2dg—/u2R2dg

= 4/ufdg—4/uuthg+/u2R2dg

+4/Ric(Vu,Vu)dg+ 2/u2|Ric|2dg

/(2ut —uR)?dg + 4/Ric(Vu, Vu)dg + 2/u2| Ric |*dg.
Using I'(t) = [u(2u; — uR), we then get
I*(log I)"”

= /uzdg . /(2ut —uR)?dg — (/u(Qut - uR)dg)2
+/u2dg (4/Ric(Vu,Vu)dg—i—2/u2|Ric|2dg)

The first line on the right-hand side of the above equation is nonnegative by the
Cauchy-Schwarz inequality and the second line is nonnegative since Ric > 0. There-
fore, we have proved the log convexity of the energy I(t). d

6. MATRIX HARNACK FOR THE CONJUGATE HEAT EQUATION

In this section, we prove Theorem Let’s first recall the Harnack estimate
for the Ricci flow since it will be used in the proof.
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Proposition 6.1. Let (M™,g(t)), t € (0,T), be a complete solution to the Ricci
flow with bounded nonnegative complex sectional curvature. Define

(6.1) M;; = ARU — %ViVjR + 2Rk Ry — R Rji + %Rij,
and
(6.2) P]ﬂ'j = VkRij — ViRkj.

Then we have

(6.3) M (w,w) + 2P(v,w,w) + Rm(v, w,v,w) >0

for all (z,t) € M x (0,T) and all vectors v,w € T, M.

Proof. The Harnack estimate for the Ricci flow was originally proved by Hamilton

[Ham93a] under the nonnegative curvature operator condition. This version stated

here is a generalization due to Brendle [Bre09]. Notice that M has nonnegative

complex sectional curvature if and only M x R? has nonnegative isotropic curvature,

which is an observation of Ni and Wolfson [NWOQT]. O
The next step is to derive an evolution inequality for

(64) Zij = Rij - VlV] logu - n(t)gij-

Proposition 6.2. Let (M™,g(t)), u, and n(t) be the same as in Theorem[L.3. Then
Z;; defined in (€4) satisfies

(6.5) %(8,5 + A)Zij > lej — RigjiZy — %Rikzjk — %Rijik +2nZ;;.

Proof of Proposition[6.2, For simplicity, we write v = log u and
Hij = VZVJ log u.

Then the calculations in Section 2 with ¢ = —1 and § = 1 apply to this setting and
we obtain from (Z2]) that

(6.6) (0 + A)Hij = V,;V,;R— (2Riklekl — Ry Hjp, — Rijik)
-2 (HZQJ + Rikji VivViv + VkHiijv)
+2(V¢Rjk + VR, — VkRij)Vkv.

Under the Ricci flow, we have (see [CLN06, page 112])

(0r — A)Rij = 2Ripji Ry — 2Rip Rjc.
Hence,
(6.7) (Or + A)Rij = 2AR;; + 2Ripji Rt — 2Rk R,
We also notice that

(6.8) (0 + A)(n(t)gis) = 1'(t)gij — 2n(t) Rij.
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Combining ([6.6]), [6.7), and (6.8)) together, we obtain that
%(& +A)Z;;
= 30+ A)Rij — 50 + A)Hyj — 5(0: + A)(n(t)gi5)
= AR+ RixjiRy — Rix Ry, — $ViV;R+ H;
+RikjiHu — 3RicHji — $RjiHir + RigjiVievViv
—Vi(Zij — Rij)Viv — (ViR + VjRip, — Vi Rij) Vv
— 28 gi; + n(t) Ry
= AR;; — $ViV;R+ 2R R — RikRji + Rikji VivViv
+H; — RikjiRit + RigjiHiy — 3 RiHji — 3 RjiHig
Vi ZijViv — (ViR + V; Rig — 2V Rij) Vi
— 20 g5 + () Rij.
Using (610, (62)), and
—(ViRji + V;Ri, — 2V Rij) Vi
= (ViRij — ViRju)Viv + (ViRi; — V; Rir) Viv
(Prij + Prji)Viv,

we get
(6.9) 3(0 + AN) Zy;
= M;j — 57 Rij + (Puij + Prji) Viv + Rinji VioViv — Vi Z;; Vv
+H}; — Rikji Ry + Rirji Hi + $Rir Hj + 3 Rju Hig
— L0 g5 + n(t) Rij.
Next, we compute using (6.4 that
(6.10) Hfj — RirjiRir + RijiHp + 3RicHji + LRk Hy,
= (Rik — Zik — ngir)(Rjx — Zjx. — ngjx) — Rikji(Zra + ngr1)
—5Rik(Rjk — Zjk — ngjx) — 3 Rjx(Rix — Zir, — 19k
= Z} — RijiZw — sRixZji — $RjiZik + 20Zij + 0°gi; — 2nRi;.
Substituting ([G.I0) into ([G.9]) produces
(6.11) $(0 + ) Zi;
= M;j + (Prij + Prji)Viv + Rigji VioViv — Vi Z;; Vv
+7Z% — RikjiZin — 3 RinZjk — 3 RjuZi + 2cZ;;
+nPgi; —nRij — Tgi; — LR,
Using (LI8) and Ric < kg, we have
(6.12) n?gi; — nRi; — L gij — LRy
> 5;(kgij — Rij) + n(kgij — Rij)-
In view of ([G3) and ([G.12)), we conclude that
50+ AN Zi; > 27 — RigjiZi — s RinZjk — s RjuZk + 20 Z35.
Hence, ([6.5) is proved. O
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We are ready to prove Theorem

Proof of Theorem [I.4. By Proposition [6.2]
(6.13) 50+ N Zi; > 27 — RigjiZit — Y RinZjk — s RjuZak + 20 Z35.

If (M,g(t)) is compact, it follow from n(t) — oo as t — T that Z;; < 0 as
t — T~. Noticing that each term on the right-hand side of (G.I3]) satisfies the null-
eigenvector condition, we conclude using Hamilton’s tensor maximum principle (see
[Ham86] or [CLNOG, Theorem 3.3]) that Z;; < 0 on M x (0,T).

When (M, g(t)) is complete noncompact, one can proceed as in subsection 3.2
and use the maximum principle (see [CCGT08, Theorem 12.22] to prove the esti-
mate. We omit the technical details here. g

Next, we prove Corollary

Proof of Corollary[I.6. Note that the function

o K K
mo(t) = 1 — o—2n(T—1) + %

satisfies 7 < 203 — 2kno — % and o (t) — oo as t — T. Hence, the inequality (II7)
follows from choosing 7 = 7o in (IG]). d

Below we present an improvement of Theorem [[L.5 when the Ricci flow is ancient.

Theorem 6.3. Let (M™,¢(t)), t € (—o0,T), be a compact ancient solution to the
Ricci flow with bounded monnegative complex sectional curvature. Let u : M X
[to, T] = (0,00), —o0 < tg < T, be a positive solution to the backward conjugate
heat equation uy + Agyu = Ru. Suppose that Ric(x,t) < k(x,t)g for some k > 0
and for all (z,t) € M X [tg,T]. Then we have

: 2
Ric -V IOgU - m

for all (z,t) € M x (to,T).
Remark 6.1. In Theorem[6.3] it suffices to assume the weaker condition that M xR

has nonnegative isotropic curvature, in view of [BCRW19| and [LN20 Proposition
6.2].

Proof of Theorem[6.3. The proof is almost identical to that of Theorem The
difference is that we get the improved Harnack estimate (compared with (G3)))

M (w, w) + 2P (v, w,w) + Rm(v,w,v,w) > & Ric(w,w)

on ancient Ricci flows (see [Ham93a] or [Bre09]). As a result, the ordinary differ-
ential inequality for 7(t) becomes

(6.14) n < 2n® —2kn.

The theorem follows from the fact that the function
K
n(t) = 1 — o—2n(T—1)

solves (6.14) with equality on (t,T') and satisfies n(t) — o0 ast — T O
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We get space-time gradient estimates for logu by tracing the matrix Li-Yau-
Hamilton estimates.

Corollary 6.4. Let (M™,g(t)) and u be the same as in Theorem 3. Then

nkK | R

for all (z,t) € M x (0,T).

Corollary 6.5. Let (M™,¢g(t)) and u be the same as in Theorem[6:3. Then

nkKk

<0
for all (z,t) € M x (0,T).

Classical-type Harnack inequalities follow from integrating the above estimates.
It is an interesting question whether the above gradient estimates hold under non-
negative Ricci or sectional curvature.

As an application of Theorem [[L5] we prove Proposition [[.10]

Proof of Proposition [I.10. By (L.IT), we have Ric —V?logu < % with

k() 2K 2K

T—0) 1—ezoa V7

By the work of Baldauf and Kim [BK22|, the correction factor is given by
of Tdt _ Lef(il,e:zi?pt) *\/ﬂ%)dt _ LGQR(T—t)—le—\/&gt'
Tt Tt
Therefore, we have proved Proposition [L.10 O

Proposition [.L10] implies a unique continuation result.

Corollary 6.6. Let (M", g(t)), t € [0,T], be a solution to the Ricci flow with
nonnegative complex sectional curvature and Ric < kg for some k > 0. Suppose
that a solution u(x,t) of the heat equation (L&) on M x [0,T] vanishes of infinity
order at (xg,t9) € M x (0,T). Then u=0 in M x [0,T].

Proof of Corollary 6.8l The key point is that the correction factor in (L21)) is as-
ymptotic to (T'—t) as t — T. The proof is similar to that of Corollary [[L8 and we
omit the details. O

7. AN IMPROVEMENT OF HAMILTON’S MATRIX ESTIMATE

We present the proof of Theorem [[.4] in this section.
Proof of Theorem[I.]] We write v = logu and H,;; = V,;V;logu. By a straightfor-
ward calculation as in Section 2 or [Ham93b|, we derive that
(0y — A)Hy; = 2H;; +2RipiHy — RixHji — RjrHik 4 2Rig;e Vv Vv
+2VkHiijv + (VlRij - Vile — VjRil)Vﬂ).
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Compared to (8I)) in the Ricci flow case, here we have the addition term (V,;R;; —
ViRj — V;Ry)Viv. As in the proof of Theorem in Section 4, we consider
Qi; = tH;;, which satisfies
1 2
(7.1) (0 —A)Qi; = ;Qij + ?Q?j +2RikjiQu — Rir Q1 — RjxQik
+2tRiklekvVlv + 2Vinijv
—i—t(VzRij — ViRj[ — VjRi[)Vl’U.
Let A1 be the smallest eigenvalue of Q;;. Using |V Ric| < L, we estimate the last
term
t(ViRi; — ViRj — V;Ri)Viv > —3Lt|Volgi; > —3(L3 Vo[ + L5 )gy;.
As in the proof of Theorem [[.3] we have the estimates
RijiQré&i& > (2n—1)K\ — KtAv,
RiiVioVin&i&; > —K|Vv|?,
Therefore, we deduce from (7)) that at a negative minimum point (xo,%p) € M x
[O, to] Of )\17
(7.2) 207 < =\ —2(2n — D)Kt\ + 2Kt Av + 2K 12| Vo|?
+3L3 2| Vo|? + 3L 2.
From now on, we assume u = G(z,t,y) is the heat kernel and estimate Alogu

and |V logu|. First, applying Hamilton’s gradient bound [Ham93b, Theorem 1.1]
to u(x, t + to,y) yields for any to > 0 that

A
(7.3) (1~ (t0/2)) IV loguf? < (14 2(n —~ DK (t — to/2))log
where A = sup{u(z,t): (x,t) € M X [to/2,1t0]}. According to [Zha21], we have
A d*(z,y) Diam
7.4 log— < 2logCi +4C,Kt ’ CsVK
(7.4) Ogu_0g1+20+3t0+3\/_\/%
Diam?

< Ci(1+ K+ Kto) +

2t

where Cy, Cs, C3, and C4 are dimensional constants. Substituting (4] into (Z.3)
produces

3 2
(75)  to|Viegul® < 2(1+ (n— 1)Kto) (04(1 LK 4 Kty) 4 D ) |

2%,
Next, we apply the Laplacian estimate (see [CCGT08, Theorem E.35]) to the func-
tion u(x,t + to,y) and get
A
(t —t0/2) (Alogu +2|Vlegul?) < (1+ (n— 1)K (t —to/2)) <n + 4log —> .
u

At t = tg, we obtain using (Z4) that
(7.6) to(Alogu + 2|V logul?)

.9
< (24 (n—1)Kto) <n+4C4(1+K+Kt0)+2Dlam >

0
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Since tg > 0 is arbitrary, we conclude that (73 and (Z6) are valid for any ¢ty =
t > 0. Combining (TH) and (7.6]), we estimate that

B = 2KtAv+2Kt|Vu|> + 3L5t|Vu|?

Diam?
< 2K(2+ (n—1)Kto) <n+4C4(1+K+Kt0)+2 mn)

1303 (2(1+ (n — 1)Kty)) <c4(1 + K + Kto) + Diamz)
2K (24 (n— 1)Kt) + Cs(K + L3)(1 + Kt)(1 + K + Kt)

+ (4K(2—|— (n— 1)Kt)+3L§(1 +(n— 1)Kt)) Dial;rnz7

IN

where C5 depends only on the dimension. Now, (T2 implies,
(7.7) 222 + A\ +2(2n — 1)KtA; < tB + 3L3¢.
Note that if az? + br < ¢ with @ > 0, b > 0, and ¢ > 0, then we have the lower
bound
—b — Vb? + dac - b+ Vac

2a - a

Therefore, we deduce from (Z.17) that

x>

1 1

I R 2(tB + 3L3t2)
1 1

> —§+(2n—1)Kt+§\/tB+—\g§L%t.

The desired estimate for u = G(x,t,y) then follows by noting
VitB > tvy(t,n, K, L).

Finally, we can follow the same argument in Section 4 or [Zha2l] to show that
the desired estimate holds from any positive solution to the heat equation. This
completes the proof.
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