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ABSTRACT Max-algebra provides mathematical theory and techniques
for solving nonlinear problems that can be given the form of linear prob-
lems, when arithmetical addition is replaced by the operation of maximum
and arithmetical multiplication is replaced by addition. Problems of this
kind are sometimes of a managerial nature, arising in areas such as manufac-
turing, transportation, allocation of resources and information processing
technology. Max-algebra also provides the linear-algebraic background to
the rapidly developing field of tropical mathematics.

The aim of this book is two-fold: to provide an introductory text to max-
algebra and to present results on advanced topics. The theory in the first
five chapters is self-contained and may be used as a support for undergrad-
uate or postgraduate courses. Chapters 6-10 cover more advanced topics
with emphasis on feasibility and reachability.

The book is intended for a wide-ranging readership, from undergraduate
and postgraduate students to researchers and mathematicians working in
industry, commerce or management. No prior knowledge of max-algebra is
assumed. Most of the theory is illustrated by numerical examples and com-
plemented by exercises at the end of every chapter. A number of practical
and theoretical applications and a list of open problems are included.
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Preface

Max-algebra provides mathematical theory and techniques for solving non-
linear problems that can be given the form of linear problems, when arith-
metical addition is replaced by the operation of maximum and arithmetical
multiplication is replaced by addition. Problems of this kind are sometimes
of a managerial nature, arising in areas such as manufacturing, transporta-
tion, allocation of resources and information processing technology.

The aim of this book is to present max-algebra as a modern mod-
elling and solution tool. The first five chapters provide the fundamentals
of max-algebra, focusing on one-sided max-linear systems, the eigenvalue-
eigenvector problem and maxpolynomials. The theory is self-contained and
covers both irreducible and reducible matrices. Advanced material is pre-
sented from Chapter 6 onwards.

The book is intended for a wide-ranging readership, from undergraduate
and postgraduate students to researchers and mathematicians working in
industry, commerce or management. No prior knowledge of max-algebra
is assumed. We concentrate on linear-algebraic aspects presenting both
classical and new results. Most of the theory is illustrated by numerical
examples and complemented by exercises at the end of every chapter.

Chapter 1 presents essential definitions, examples and basic results used
throughout the book. It also introduces key max-algebraic tools: the maxi-
mum cycle mean, transitive closures, conjugation and the assignment prob-
lem, and presents their basic properties and corresponding algorithms. Sec-
tion 1.3 introduces applications which were the main motivation for this
book and towards which it is aimed: feasibility and reachability in multi-
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machine interactive processes. Many results in Chapters 6-10 find their use
in solving feasibility and reachability problems.

Chapter 2 has a specific aim: to explain two special features of max-
algebra particularly useful for its applications. The first is the possibility
of efficiently describing the set of all solutions to a problem which may
otherwise be awkward or even impossible to do. This methodology may be
used to find solutions satisfying further requirements. The second feature
is the ability of max-algebra to describe a class of problems in combina-
torics or combinatorial optimization in algebraic terms. This chapter may
be skipped without loss of continuity whilst reading the book.

Most of Chapter 3 contains material on one-sided systems and geome-
try of subspaces. It is presented here in full generality with all the proofs.
The main results are: a straightforward way of solving one-sided systems
of equations and inequalities both algebraically and combinatorially, char-
acterization of bases of max-algebraic subspaces and a proof that finitely
generated max-algebraic subspaces have an essentially unique basis. Linear
independence is a rather tricky concept in max-algebra and presented di-
mensional anomalies illustrate the difficulties. Advanced material on linear
independence can be found in Chapter 6.

Chapter 4 presents the max-algebraic eigenproblem. It contains probably
the first book publication of the complete solution to this problem, that
is, characterization and efficient methods for finding all eigenvalues and
describing all eigenvectors for any square matrix over RU{—oo} with all
the necessary proofs.

The question of factorization of max-algebraic polynomials (briefly, max-
polynomials) is easier than in conventional linear algebra, and it is studied
in Chapter 5. A related topic is that of characteristic maxpolynomials,
which are linked to the job rotation problem. A classical proof is presented
showing that similarly to conventional linear algebra the greatest corner is
equal to the principal eigenvalue. The complexity of finding all coefficients
of a characteristic maxpolynomial still seems to be an unresolved problem
but a polynomial algorithm is presented for finding all essential coefficients.

Chapter 6 provides a unifying overview of the results published in var-
ious research papers on linear independence and simple image sets. It is
proved that three types of regularity of matrices can be checked in O (n3)
time. Two of them, strong regularity and Gondran-Minoux regularity, are
substantially linked to the assignment problem. The chapter includes an
application of Gondran-Minoux regularity to the minimal-dimensional re-
alization problem for discrete-event dynamic systems.

Unlike in conventional linear algebra, two-sided max-linear systems are
substantially harder to solve than their one-sided counterparts. An account
of the existing methodology for solving two-sided systems (homogenous,
nonhomogenous, or with separated variables) is given in Chapter 7. The
core ideas are those of the Alternating Method and symmetrized semirings.
This chapter is concluded by the proof of a result of fundamental theoretical
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importance, namely that the solution set to a two-sided system is finitely
generated.

Following the complete resolution of the eigenproblem, Chapter 8 deals
with the problem of reachability of eigenspaces by matrix orbits. First it
is shown how matrix scaling can be useful in visualizing spectral proper-
ties of matrices. This is followed by presenting the classical theory of the
periodic behavior of matrices in max-algebra and then it is shown how
the reachability question for irreducible matrices can be answered in poly-
nomial time. Matrices whose orbit from every starting vector reaches an
eigenvector are called robust. An efficient characterization of robustness for
both irreducible and reducible matrices is presented.

The generalized eigenproblem is a relatively new and hard area of re-
search. Existing methodology is restricted to a few solvability conditions, a
number of solvable special cases and an algorithm for narrowing the search
for generalized eigenvalues. An account of these results can be found in
Chapter 9. Almost all of Section 9.3 is original research never published
before.

Chapter 10 presents theory and algorithms for solving max-linear pro-
grams subject to one or two-sided max-linear constraints (both minimiza-
tion and maximization). The emphasis is on the two-sided case. We present
criteria for the objective function to be bounded and we prove that the
bounds are always attained, if they exist. Finally, bisection methods for
localizing the optimal value with a given precision are presented. For pro-
grams with integer entries these methods turn out to be exact, of pseudopoly-
nomial computational complexity.

The last chapter contains a brief summary of the book and a list of open
problems.

In a text of this size, it would be impossible to give a fully comprehensive
account of max-algebra. In particular this book does not cover (or does so
only marginally) control, discrete-event systems, stochastic systems or case-
studies; material related to these topics may be found in e.g. [9], [102] and
[112]. On the other hand, max-algebra as presented in this book provides
the linear-algebraic background to the rapidly developing field of tropical
mathematics.

This book is the result of many years of my work in max-algebra. Through-
out the years I worked with many colleagues but I would like to highlight
my collaboration with Ray Cuninghame-Green, with whom I was privi-
leged to work for almost quarter of a century. Without Ray’s support and
encouragement, for which I am extremely grateful, this book would never
exist. In recent years, I learned a great deal at many working sessions with
Hans Schneider and I am indebted to him for the advice and support.

I would like to express gratitude to my teachers, in particular to Ernest
Jucovi¢ for his vision and leadership, to Karel Zimmermann who in 1974
introduced me to max-algebra and Miroslav Fiedler whose mathematical
style and elegance I will always admire.
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1

Introduction

In this chapter we introduce max-algebra, give the essential definitions
and study the concepts that play a key role in max-algebra: the maximum
cycle mean, transitive closures, conjugation and the assignment problem. In
Section 1.3 we briefly introduce two types of problems that are of particular
interest in this book: feasibility and reachability.

1.1 Notation, definitions and basic properties

Throughout this book! we use the following notation:
= RuU {—OO},

= RU{+},
= ZU{_OO}7

NI =il =

a ® b =max(a,b)

and
a®b=a+b

for a,b € R. Note that by definition

(~00) + (+00) = =00 = (+00) + (~00) .

I Except Section 1.4 and in the proof of Theorem 8.1.4.



2 1. Introduction

By max-algebra we understand the analogue of linear algebra developed for
the pair of operations (6, ®), after extending these to matrices and vectors.
This notation is of key importance since it enables us to formulate and in
many cases also solve certain nonlinear problems in a way similar to that
in linear algebra. Note that we could alternatively define

a ® b =min(a,b)

for a,b € R. The corresponding theory would then be called min-algebra
or also "tropical algebra" [141], [104]. However, in this book, & will always
denote the max operator.

Some authors use the expression "max-plus algebra", to highlight the dif-
ference from "max-times algebra" (see Section 1.4). We use the shorter ver-
sion "max-algebra", since the structures are isomorphic and we can easily
form the adjective "max-algebraic". Other names used in the past include
"path algebra" [45] and "schedule algebra" [95].

Max-algebra has been studied in research papers and books from the
early 1960’s. Perhaps the first paper was that of R.A. Cuninghame-Green
[57] in 1960, followed by [58], [60], [65] and numerous other articles. Inde-
pendently, a number of pioneering articles were published, e.g. by B. Giffler
[95], [96], N.N. Vorobyov [144], [145], M. Gondran and M. Minoux [97], [98],
[100], [99], B.A. Carré [45], G.M. Engel and H. Schneider [80], [81], [129]
and L. Elsner [77]. Intensive development of max-algebra has followed since
1985 in the works of M. Akian, R. Bapat, R.E. Burkard, G. Cohen, P. van
den Driessche, S. Gaubert, M. Gavalec, J. Gunawardena, B. Heidergott,
M. Joswig, R. Katz, G. Litvinov, J.-J. Loiseau, W. McEneaney, G.-J. Ols-
der, J.-P. Quadrat, I. Singer, S. Sergeev, E. Wagneur, K. Zimmermann, U.
Zimmermann and many others. Note that idempotency of addition makes
max-algebra part of idempotent mathematics [108], [110].

Our aim is to develop a theory of max-algebra over R; +oco appears
as a necessary element only when using certain techniques, such as dual
operations and conjugation (see Subsection 1.6.3). We do not attempt to

develop a concise max-algebraic theory over R.

In max-algebra the pair of operations (®, ®) is extended to matrices and
vectors similarly as in linear algebra. That is if A = (a;5), B = (b;;) and
C = (¢;j) are matrices with elements from R of compatible sizes, we write
C=A®%B ifcij :aij@bij foralli,j,C =A® B ifcij = Efaikébbkj =
maxy (aix + by;) for all i, j and a ® A = A® a = (o ® a;;) for a € R. The
symbol AT stands for the transpose of the matrix A. The standard order <
of real numbers is extended to matrices (including vectors) componentwise,
that is if A = (a,5) and B = (b;;) are of the same size then A < B means
that 427 S b” for all ’L,j

Throughout the book we denote —oco by € and for convenience we also
denote by the same symbol any vector or matrix whose every component

is €. If @ € R then the symbol a~! stands for —a.



1.1 Notation, definitions and basic properties

So2@3=3,203=>54"1 =4,

e (1)
(F2)e(2)(

in conventional notation reads

and the system

max(l+xz1,—-3+x2) = 3,
max(5b+ 21,2+ x2) =

The possibility of working in a formally linear way is based on the fact

that the following statements hold for a,b,c € R (their proofs are either
trivial or straightforward from the definitions):

a®b=bDa
(a®b)®c=ad (bDc)
abe=a=cDa
adb=aorb
a®b>a
adbb=a<=a>Db
a®b=>b®a
(a®@b)@c=a® (bRc)
a®0=a=0®a
a®e=c=¢c®Qa
a®a '=0=a'®aforacR
(a®b)®c=aRcOdbRc
a>b=adc>bDc
a>b=aRc>b®c
a®c>bRc,ceR=a>b

Let us denote by I any square matrix, called the unit matriz, whose
diagonal entries are 0 and off-diagonal ones are €. For matrices (including

vectors) A, B,C and I of compatible sizes over R and a € R we have:

ApB=Bod A
(AeB)aC=A®(Ba(C)
APe=A=cp A
A®B>A
ApPB=A<«<—= A>B
(A B) @ C=A® (B®C(C)
AQI=A=I® A
AQRe=c=e® A
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(AeB) e C=ACa®BxC

AR (BeC)=A®BaoA®C
a®(B®C)=a®@Bda®C
a®(BRC)=B®(a® ()

It follows that (R,®,®) is a commutative idempotent semiring and
(R",®) is a semimodule (for definitions and further properties see [9], [146]
and [147]). Hence many of the tools known from linear algebra are available
in max-algebra as well. The neutral elements are of course different: ¢ is
neutral for & and 0 for ®. In the case of matrices the neutral elements are
the matrix (of appropriate dimensions) with all entries € (for @) and I for
®.

On the other hand, in contrast to linear algebra, the operation @ is not
invertible. However, & is idempotent and this provides the possibility of
constructing alternative tools, such as transitive closures of matrices or
conjugation (see Section 1.6), for solving problems such as the eigenvalue-
eigenvector problem and systems of linear equations or inequalities.

One of the most frequently used elementary property is isotonicity of
both @ and ® which we formulate in the following lemma for ease of refer-
ence.

Lemma 1.1.1 If A, B,C are matrices over R of compatible sizes and ¢ € R
then

B=— AaC>Ba&C,
B=A®C>B®C,
B=C®A>CQ® B,
B=—c¢c®A>c®B.

N N NN
AVARAVAR VARV

Proof. The first and last statements follow from the scalar versions im-
mediately since max-algebraic addition and multiplication by scalars are
defined componentwise. For the second implication assume A > B, then
ApB=Aand (A®B)®C =A®C. Hence AC®BRC =ARC,
yielding finally A® C' > B® C. The third implication is proved in a similar
way. W

Corollary 1.1.2 If A, B € ﬁmxn and z,y € ﬁn then the following hold:

A > B=—A®Rx>B®rz,
xr > y=ARQz>A®y.

Throughout the book, unless stated otherwise, we will assume that m
and n are given integers, m,n > 1, and M and N will denote the sets
{1,...,m} and {1,...,n}, respectively.

An n x n matrix is called diagonal, notation diag(dy, ...,d,), if its di-
agonal entries are di,...,d, € R and off-diagonal entries are €. Thus I =
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diag(0, ...,0). Any matrix which can be obtained from the unit (diagonal)
matrix by permuting the rows and/or columns will be called a permutation
matriz (generalized permutation matriz). Obviously, for any generalized

permutation matrix A = (a;;) € R"™" there is a permutation 7 of the set
N such that for all ¢,j € N we have:

aijER <~ ]:W(l) (1].)

The position of generalized permutation matrices in max-algebra is slightly
more special than in conventional linear algebra as they are the only ma-
trices having an inverse:

X

Theorem 1.1.3 [60] Let A = (a;;) € R"
that

". Then a matriz B = (bij) such

AR B=1I=B®A (1.2)
exists if and only if A is a generalized permutation matriz.

Proof. Suppose that A is a permutation matrix and 7 a permutation sat-
isfying (1.1). Define B = (b;;) € R"™" so that

—1
briyi = (@in(i))

and
It is easily seen then that A B=1= B A.
Suppose now that (1.2) is satisfied, that is

® @ (0 ifi=y
ZkeN“““mki _ZkGNbik@)akj_{ e ifi#j

Hence for every i € N there is an r € N such that a; ® b.; = 0, thus
@iy by € R.If there was an a;; € R for an [ # r then b,; ® a;; € R which
would imply

e
b a €
ZkeN rk & gl > €,

a contradiction. Therefore every row of A contains a unique finite entry. It
is proved in a similar way that the same holds about every column of A.
Hence A is a generalized permutation matrix. m

Clearly, if an inverse matrix to A exists then it is unique and we may
therefore denote it by A~!. We will often need to work with the inverse of
a diagonal matrix. If X = diag(z1,...,2,), T1,..., 2, € R then

X! = diag (a:l_l, ey )

As usual a matrix A is called blockdiagonal if it consists of blocks and
all off-diagonal blocks are €.
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If A is a square matrix then the iterated product AQ A®...® A, in which
the letter A stands k-times, will be denoted as A*. By definition A° = I
for any square matrix A.

The symbol a® applies similarly to scalars, thus a* is simply ka and
a® = 0. This definition immediately extends to a® = xa for any real = (but
not for matrices).

The (i, ) entry of A¥ will usually be denoted by agf) and should not be

confused with a¥,, which is the k' power of a;;. The symbol a%ﬂ will be

YR
used to denote the (4,5) entry of the k" matrix in a sequence Al AR ..

Idempotency of & enables us to deduce the following formula, specific
for max-algebra:

Lemma 1.1.4 The following holds for every A € R™™" and nonnegative
integer k :

IaA" =ToApA’a ... AF. (1.3)

Proof. By induction, straightforwardly from definitions. =

We finish this section with some more terminology and notation used

throughout the book, unless stated otherwise. As an analogue to "sto-
—mXn

chastic", A = (a;;) € R will be called column (row) R-astic [60] if
Z?GM a;j € R for every j € N (if Z;BGN a;j € R for every i € M), that is
when A has no e column (no € row). The matrix A will be called doubly
R-astic if it is both row and column R-astic. Also, we will call A finite if
none of its entries is —oo. Similarly for vectors and scalars.

If

11 <2 <..<1ip<m,
g1 < g2 < ... < g1 <,
K = {i,.iet, L={5,-0}

—
IAIA

then A[K, L] denotes the submatrix
Qiyjy oo Qiggy

Qigjy - Qiggy
of the matrix A = (a;5) € R™" and x[L] denotes the subvector (z;,, ..., ;)
of the vector x = (1, ...,2,)T. If K = L then, as usual, we say that A[K, L]
is a principal submatriz of A; A[K, K] will be abbreviated to A [K].

If X is a set then | X| stands for the size of X. By convention, max () = e.

T
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FIGURE 1.1. Connecting train

1.2  Examples

We present a few simple examples illustrating how a nonlinear formulation
is converted to a linear one in max-algebra (we briefly say, "max-linear").
This indicates the key strength of max-algebra, namely converting a non-
linear problem into another one, which is linear with respect to the pair of
operators (P, ®). These examples are introductory; more substantial ap-
plications of max-algebra are presented in Section 1.3 and in Chapter 2.
The first two examples are related to the role of max-algebra as a "schedule
algebra", see [95] and [96].

Example 1.2.1 Suppose two trains leave two different stations but arrive
at the same station from which a third train, connecting to the first two,
departs. Let us denote the departure times of the trains as x1 and T2, respec-
tively and the duration of the journeys of the first two trains (including the
necessary times for changing the trains) by a1 and as, respectively (Figure
1.1). Let x3 be the earliest departure time of the third train. Then

x3 = max(x1 + a1, x2 + az)
which in the maz-algebraic notation reads
T3 =1 ®ar O r2 ® as.

Thus x3 is a max-algebraic scalar product of the vectors (x1,x2) and
(a1,az2). If the departure times of the first two trains is given, then the
earliest possible departure time of the third train is calculated as a maz-
algebraic scalar product of two vectors.

Example 1.2.2 Consider two flights from airports A and B, arriving at
a magjor airport C from which two other connecting flights depart. The
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FIGURE 1.2. Transfer between connecting flights

magjor airport has many gates and transfer time between them is nontrivial.
Departure times from C (and therefore also gate closing times) are given
and cannot be changed, for the above mentioned flights they are by and
ba. The transfer times between the two arrival and two departure gates are
given in the matriz

Durations of the flights from A to C and B to C are dy and ds, respectively.
The task is to determine the departure times xr1 and x4 from A and B,
respectively, so that all passengers arrive at the departure gates on time,
but as close as possible to the closing times (Figure 1.2).

We can express the gate closing times in terms of departure times from
airports A and B:

by = max (xl +di +ay1, o +do + (112)
by = max(z; +di + a1, T2 + da + a22)

In maz-algebraic notation this system gets a more formidable form, of a
system of linear equations:
b=A®uz.

We will see in Sections 3.1 and 3.2 how to solve such systems. For those
that have no solution, Section 3.5 provides a simple max-algebraic technique
for finding the "tightest” solution to A ® x < b.
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Example 1.2.3 One of the most common operational tasks is to find the
shortest distances between all pairs of places in a network for which a direct-
distances matriz, say A = (a;j), is known. We will see in Section 1.4 that
there is no substantial difference between mazx-algebra and min-algebra and
for continuity we will consider the task of finding the longest distances.
Consider the matriz A> = A® A : its elements are

®
g air @ ar; = max(a;r + ar;
kEN ik kj kEN( ik k])a

that is the weights of longest i — j paths of length 2 (if any) for alli,j € N.
Similarly the elements of AF (k =1,2,...) are the weights of longest paths
of length k for all pairs of places. Therefore the matrix

Ao Ao .. (1.4)

represents the weights of longest paths of all lengths. In particular, its di-
agonal entries are the weights of longest cycles in the network. It is known
that the longest-distances matrix exists if and only if there is no cycle of
positive weight in the network (Lemma 1.5.4). Assuming this, and under
the natural assumption a;; = 0 for all i € N, we will prove later in this
chapter that the infinite series (1.4) converges and is equal to A"~ where
n s the number of places in the network. Thus the longest- (and shortest-)
distances matriz can maz-algebraically be described simply as a power of
the direct-distances matrix.

1.3 Feasibility and reachability

Throughout the years (since the 1960’s) max-algebra has found a consider-
able number of practical interpretations [9], [60], [88], [51]. Note that [102]
is devoted to applications of max-algebra in the Dutch railway system.

One of the aims of this book is to study problems in max-algebra that are
motivated by feasibility or reachability problems. In this section we briefly
introduce these type of problems.

1.8.1 Multi-machine interactive production process: A
managerial application

The first model is of a special significance as it is used as a basis for subse-
quent models. It is called the multi-machine interactive production process
[58] (MMIPP) and is formulated as follows.

Products P4, ..., P, are prepared using n machines (or processors), every
machine contributing to the completion of each product by producing a
partial product. It is assumed that every machine can work for all products
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simultaneously and that all these actions on a machine start as soon as the
machine starts to work. Let a;; be the duration of the work of the gth
machine needed to complete the partial product for P; (i = 1,...,m;j =
1,...,n). If this interaction is not required for some ¢ and j then a;; is set to
—o0. Let us denote by z; the starting time of the ' machine (j = 1,...,n).
Then all partial products for P; (i = 1,...,m) will be ready at time

max(x1 + ai1y ..., T + Gin)-

Hence if by, ..., b,, are given completion times then the starting times have
to satisfy the system of equations:

max(x1 + a1y ...y T + ain) = b; for all i € M.

Using max-algebra this system can be written in a compact form as a

system of linear equations:
A®x =0 (1.5)

The matrix A is called the production matriz. The problem of solving (1.5)
is a feasibility problem. A system of the form (1.5) is called a one-sided
system of maz-linear equations (or briefly a one-sided max-linear system or
just a maz-linear system). Such systems are studied in Chapter 3.

1.8.2 MMIPP: Synchronization and optimization

Now suppose that independently, as part of a wider MMIPP, k other ma-
chines prepare partial products for products @1, ..., @, and the duration
and starting times are b;; and y;, respectively. Then the synchronization
problem is to find starting times of all n + k machines so that each pair
(P;,Q;) (i =1,...,m) is completed at the same time. This task is equivalent
to solving the system of equations

max(x1 + a1, ..., T + aipn) = max(yy + bi1, ...,y + bix) (€ M). (1.6)

It may also be given that P; is not completed before a particular time c;
and similarly @; not before time d;. Then the equations are

max(z1+ai1, ...y Tn+ain, ¢;) = max(y1+bi1, ..., yp +bir, d;) (1 € M). (1.7)

Again, using max-algebra and denoting K = {1,...,k} we can write this
system as a system of linear equations:

) D
Z ai; @x; G ey = Z bij @y; Dd; (ZEM) (1.8)
JEN jeEK

To distinguish such systems from those of the form (1.5), the system (1.7)
(and also (1.8)) is called a two-sided system of maz-linear equations (or
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briefly a two-sided maz-linear system). Such systems are studied in Chapter
7. It is shown there that we may assume without loss of generality that (1.8)
has the same variables on both sides, that is in the matrix-vector notation
it has the form

ARax®dc=Bxzdd.

This is another feasibility problem; Chapter 7 provides solution methods
for this generalization.

Another variant of (1.6) is the task when n = k and the starting times
are linked, for instance it is required that there be a fixed interval between
the starting times of the first and second system, that is the starting times
x;,y; of each pair of machines differ by the same value. If we denote this
(unknown) value by A then the equations read

max (L1 + i1y .oy Tp + i) = max(A + x1 + b1, o, A+ 20 +bin)  (1.9)
for i = 1,...,m. In max-algebraic notation this system gets the form
) @ .
Z CLij@I‘j:)\@Z bij®xj (’L€M) (110)
JEN JEN
which in a compact form is a "generalized eigenproblem":
ARz =A® BQuz.

This is another feasibility problem and is studied in Chapter 9.

In applications it may be required that the starting times be optimized
with respect to a given criterion. In Chapter 10 we consider the case when
the objective function is max-linear, that is

f(@) = ff @z =max(fi + 1, ..., fn + )

and f(z) has to be either minimized or maximized. Thus the studied maz-
linear programs (MLP) are of the form

T ® 2 — min or max

subject to
ARr®c=B®zdd.

This is an example of a reachability problem.

1.8.83 Steady regime and its reachability

Other reachability problems are obtained when the MMIPP is considered
as a multi-stage rather than a one-off process:
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Suppose that in the MMIPP the machines work in stages. In each stage
all machines simultaneously produce components necessary for the next
stage of some or all other machines. Let x;(r) denote the starting time of
the r"stage on machine i (i = 1,...,n) and let a;; denote the duration of
the operation at which the j** machine prepares a component necessary
for the i*" machine in the (r + 1)** stage (i,j = 1,...,n). Then

zi(r+1) =max(z1(r) + a1, -y (1) + ain) (i=1,...,m;r=0,1,...)
or, in max-algebraic notation
z(r+1)=A®z(r) (r=0,1,..)

where A = (a;;) is, as before, the production matriz. We say that the system
reaches a steady regime [58] if it eventually moves forward in regular steps,
that is if for some A and g we have z(r +1) = A® x(r) for all » > ry. This
implies A ® x(r) = A ® z(r) for all r > ry. Therefore a steady regime is
reached if and only if for some A and r, z(r) is a solution to

ARz =\Qz.

Systems of this form describe the max-algebraic eigenvalue-eigenvector
problem and can be considered as two-sided max-linear systems with a
parameter. Obviously, a steady regime is reached immediately if z(0) is a
(max-algebraic) eigenvector of A corresponding to a (max-algebraic) eigen-
value \ (these concepts are defined and studied in Chapter 4). However, if
the choice of a start-time vector is restricted, we may need to find out for
which vectors a steady regime will be reached. The set of such vectors will
be called the attraction space. The problem of finding the attraction space
for a given matrix is a reachability problem (see Sections 8.4 and 8.5).

Another reachability problem is to characterize production matrices for
which a steady regime is reached with any start-time vector, that is the
attraction space is the whole space (except ). In accordance with the ter-
minology in control theory such matrices are called robust and it is the
primary objective of Section 8.6 to provide a characterization of such ma-
trices.

Note that a different type of reachability has been studied in [91].

1.4 About the ground set

The semiring (R, @, ®) could be introduced in more general terms as fol-
lows: Let G be a linearly ordered commutative group (LOCG). Let us denote
the group operation by ® and the linear order by <. Thus G = (G, ®, <),
where G is a set. We can then denote G = G'U {e}, where ¢ is an adjoined
element such that ¢ < a for all a € G, and define a & b = max(a,b) for
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a,b € G and extend ® to G by setting a ® e = ¢ = € ® a. It is easily
seen that (G,®,®) is an idempotent commutative semiring (see page 3).
Max-algebra as defined in Section 1.1 corresponds to the case when G is
the additive group of reals, that is G = (R, +, <) where < is the natural
ordering of real numbers. This LOCG will be denoted by Gy and called the
principal interpretation [60].

Let us list a few other linearly ordered commutative groups which will
be useful later in the book (here RT (Q*,Z™) are the sets of positive reals
(rationals, integers), Zs is the set of even integers):

G R, +,2>),
G = (RY,.9),
Gz = (Z,+,%),
Gs = (Z2,+,%),
G = (Q,<),
Gs = (Z% +,>).

Obviously both G; and Gy are isomorphic with Gy (the isomorphism in
the first case is f(x) = —=z, in the second case it is f(z) = log(z)). This
book presents results for max-algebra over the principal interpretation but
due to the isomorphism these results usually immediately extend to max-
algebra over G; and Gs. A rare exception is strict visualization (Theorem
8.1.4), where the proof has to be done in Gy and then transformed to Gy.
Many (but not all) of the results in this book are applicable to general
LOCG. In a few cases we will present results for groups other than Gy, Gy
and Go. The theory corresponding to G; is usually called min-algebra, or
tropical algebra.

A linearly ordered group G = (G, ®, <) is called dense if for any a,b € G,
a < b, there is a ¢ € G satisfying a < ¢ < b; it is called sparse if it is not
dense. A group (G,®) is called radicable if for any a € G and positive
integer k there is a b € G satisfying b* = a. Observe that in a radicable

group
a<Va®b<b

if a < b and so every radicable group is dense.

Thus Gg,G1,G> and Gy are dense, G3,G4,Gg are sparse, Gg,G1 and Go
are radicable and Gs, G4, G5, Gg are not. It will turn out in Section 6.2 that
the density of groups is important for strong regularity of matrices and in
Section 4.2 that radicability is crucial for the existence of eigenvalues.

1.5 Digraphs and matrices

We will often use the language of directed graphs (briefly digraphs). A
digraph is an ordered pair D = (V, E) where V is a nonempty finite set (of
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nodes) and E CV x V (the set of arcs). A subdigraph of D is any digraph
D’ = (V' E’) such that V' CV and E' C E. If e = (u,v) € F for some
u,v € V then we say that e is leaving u and entering v. Any arc of the
form (u,u) is called a loop.

Let D = (V, E) be a given digraph. A sequence m = (v, ..., vp) of nodes
in D is called a path (in D) if p =1 or p > 1 and (v;,v;41) € E for all
t=1,...,p— 1. The node v; is called the starting node and v, the endnode
of 7, respectively. The number p — 1 is called the length of m and will be
denoted by I (7). If u is the starting node and v is the endnode of 7 then
we say that 7 is a u — v path. If there is a u — v path in D then v is said
to be reachable from u, notation v — v. Thus u — u for any u € V. If
is a w — v path and 7’ is a v — w path in D, then 7 o 7’ stands for the
concatenation of these two paths.

A path (v1,...,vp) is called a cycle if v1 = v, and p > 1 and it is called
an elementary cycle if, moreover, v; # v; for 4,5 = 1,..,p — 1,4 # j. If
there is no cycle in D then D is called acyclic. Note that the word "cycle"
will also be used to refer to cyclic permutations, see Subsection 1.6.4, as no
confusion should arise from the use of the same word in completely different
circumstances.

A digraph D is called strongly connected if w — v for all nodes u,v in D.
A subdigraph D’ of D is called a strongly connected component of D if it
is a maximal strongly connected subdigraph of D, that is D’ is a strongly
connected subdigraph of D and if D’ is a subdigraph of a strongly connected
subdigraph D" of D then D’ = D”. All strongly connected components of
a given digraph D = (V, E) can be identified in O (|V|+ |E|) time [142].
Note that a digraph consisting of one node and no arc is strongly connected
and acyclic, however if a strongly connected digraph has at least two nodes
then it obviously cannot be acyclic. Because of this singularity we will have
to assume in some statements that [V] > 1.

If A= (a;;) € R"™" then the symbol Fy (Z4) will denote the digraph
with the node set N and arcset E = {(4,7);a;; > ¢} (E={(4,75);a:;; =0}).
Z 4 will be called the zero digraph of the matrix A. If Fy is strongly con-
nected then A is called irreducible and reducible otherwise.

Lemma 1.5.1 If A € R"™"™ is irreducible and n > 1 then A is doubly
R-astic.

Proof. It follows from irreducibility that an arc leaving and an arc entering
a node exist for every node in F4. Hence every row and column of A has a
finite entry. =

Note that a matrix may be reducible even if it is doubly R-astic (e.g. T).

Lemma 1.5.2 If A € R"™™ is column R-astic and © #e then AF@a #¢
for every nonnegative integer k. Hence if A € R™™" is column R-astic then



1.5 Digraphs and matrices 15

AF is column R-astic for every such k. This is true in particular when A
1s irreducible and n > 1.

Proof. If z; # ¢ and and a;; # € then the i'" component of A® z is finite
and the first statement follows by repeating this argument; the second one
by setting x to be any column of A. The third one follows from Lemma
151 =

Lemma 1.5.3 If A € R™™™ 4s row or column R-astic then F4 contains a
cycle.

Proof. Without loss of generality suppose that A = (a;;) is row R-astic
and let 4y € N be any node. Then a;,;, > € for some iy € N. Similarly
@i,is > € for some i3 € N and so on. Hence F4 has arcs (i1,142), (i2,13) , ...
By finiteness of N in the sequence i1, %9, ..., some %, will eventually recur;
this proves the existence of a cycle in Fi4. m

A weighted digraph is D = (V, E,w) where (V, E) is a digraph and
w : E — R. All definitions for digraphs are naturally extended to weighted
digraphs. If 7 = (v1,...,v,) is a path in (V, E,w) then the weight of 7 is
w(m) =w (v1,v2) +w (v2,v3) + ... +w(vp_1,vp) if p>landeifp=1. A
path 7 is called positive if w(m) > 0. In contrast, a cycle o = (u, ..., up)
is called a zero cycle if w (ug,up41) = 0 for all k = 1,...,p — 1. Since w
stands for "weight" rather than "length", from now on we will use the
word "heaviest path/cycle" instead of "longest path/cycle".

The following is a basic combinatorial optimization property.

Lemma 1.5.4 If D = (V,E,w) is a weighted digraph with no positive
cycles then for every u,v € V a heaviest u — v path exists if at least one
u — v path exists. In this case at least one heaviest u — v path has length
|V| or less.

Proof. If 7 is a u — v path of length greater than |V| then it contains a
cycle as a subpath. By successive deletions of all such subpaths (necessarily
of nonpositive weight) we obtain a u — v path 7’ of length not exceeding
|V| such that w(n") > w(w). A heaviest u — v path of length |V| or less
exists since the set of such paths is finite, and the statement follows. m

Given A = (a;5) € R the symbol D 4 will denote the weighted digraph
(N, E,w) where Fy = (N, E) and w (4,j) = a,j for all (i,j) € E. If 7 =
(41, ...,9p) is a path in D4 then we denote w(w, A) = w(w) and it now
follows from the definitions that w(m, A) = a;,i, + Giyiy, + ... + ai,_4, if
p>landeifp=1.

If D= (N,E,w) is an arc-weighted digraph with the weight function
w: E — R then Ap will denote the matrix (a;;) € R"™" defined by

{ w(i,j), if (i,7) € B,
aij =

. clse, for all 7,5 € N.



16 1. Introduction

Ap will be called the direct-distances matriz of the digraph D.
If D= (N,E) is a digraph and K C N then D[K] denotes the induced
subdigraph of D, that is

DIK] = (K,EN (K x K)).

It follows from the definitions that D 4(x) = D[K].
Various types of transformations between matrices will be used in the
book. We say that matrices A and B are

e cquivalent (notation A = B) if B = P~1® A® P for some permutation
matrix P, that is B can be obtained by a simultaneous permutation
of the rows and columns of A;

o directly similar (notation A ~ B) if B =C ® A® D for some diag-
onal matrices C' and D, that is B can be obtained by adding finite
constants to the rows and/or columns of A;

e similar (notation A =~ B) if B = P® A® @ for some generalized per-
mutation matrices P and @, that is B can be obtained by permuting
the rows and/or columns and by adding finite constants to the rows
and columns of A.

We also say that B is obtained from A by diagonal similarity scaling
(briefly, matriz scaling, or just scaling) if

B=X"10A®X

for some diagonal matrix X. Clearly all these four relations are relations of
equivalence.

Observe that A and B are similar if they are either directly similar or
equivalent. Scaling is a special case of direct similarity.

If A~ B then Fy = Fp; if A=~ B then F4 can be obtained from Fg by
a renumbering of the nodes and finally, if A = B then D4 can be obtained
from Dp by a renumbering of the nodes.

Matrix scaling preserves crucial spectral properties of matrices and we
conclude this section by a simple but important statement that is behind
this fact (more properties of this type can be found in Lemma 8.1.1) :

Lemma 1.5.5 Let A = (a;;),B = (b;) e R " and B=X"'@A® X
where X = diag (x1,...,Tpn), T1,...,Tn € R. Then w(o, A) = w(o, B) for
every cycle o in Fa (= Fp).

Proof. B=X"1® A® X implies

bij =—x;+a;; +x;
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for alli,j € N, hence for o = (i1, ...,0p—1,1p = i1) we have

w(a, B) = biyiy + bigis + ... + bip71i1

—Xi;, + Qiig + Tiy — oo — Tip_y + Gipy 1y + x5,

iyiy + Qisiy +.t Qi iy
= w(o,A).

1.6 The key players

Since the operation @ in max-algebra is not invertible, inverse matrices are
almost non-existent (Theorem 1.1.3) and thus some tools used in linear al-
gebra are unavailable. It was therefore necessary to develop an alternative
methodology that helps to solve basic problems such as systems of inequal-
ities and equations, the eigenvalue-eigenvector problem, linear dependence
and so on.

In this section we introduce and prove basic properties of the maximum
cycle mean and transitive closures. We also discuss conjugation and the
assignment problem. All these four concepts will play a key role in solving
problems in max-algebra.

1.6.1 Maximum cycle mean

Everywhere in this book, given A € Rnxn, the symbol A(A4) will stand for
the mazimum cycle mean of A, that is:

AMA) = mélxu(a,A), (1.11)

where the maximization is taken over all elementary cycles in D4, and

w(o, A)
l(o)

denotes the mean of a cycle o. Clearly, A (A) always exists since the number

of elementary cycles is finite. It follows from this definition that D, is
acyclic if and only if A\(4) =e¢.

(1.12)

wo, A) =

Example 1.6.1 If

-2 1 -3
A= 3 0 3
) 2 1

then the means of elementary cycles of length 1 are —2,0,1, of length 2 are
2,1,5/2, of length 8 are 3 and 2/3. Hence A(A) = 3.
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Lemma 1.6.2 A\(A) remains unchanged if the mazimization in (1.11) is
taken over all cycles.

Proof. We only need to prove that u(o, A) < A(A) for any cycle o in D 4.
Let o be a cycle. Then o can be partitioned into elementary cycles
01,...,0¢ (t > 1). Hence

(o, A)

23:1 w(aia A)
25:1 L(0:)
i1 Ho)A(A)
22:1 L(0i)

= AA).

]

The maximum cycle mean of a matrix is of fundamental importance
in max-algebra because for any square matrix A it is the greatest (max-
algebraic) eigenvalue of A, and every eigenvalue of A is the maximum cycle
mean of some principal submatrix of A (see Subsections 1.6.2, 2.2.2 and
Chapter 4 for details).

In this subsection we first prove a few basic properties of A (A) that will
be useful later on and then we show how it can be calculated.

Lemma 1.6.3 If A = (a;;) € R"™™ is row or column R-astic then A(A) >
€. This is true in particular when A is irreducible and n > 1.

Proof. The statement follows from Lemmas 1.5.1 and 1.5.3. =

n

Lemma 1.6.4 Let A € R"™". Then for every a € R the sets of arcs
(and therefore also the sets of cycles) in Da and Daga are equal and
plo,a® A) = a® u(o, A) for every cycle o in D 4.

Proof. For any A = (a;;) € Enxn, cycle o = (i1,...,1k,%1) and o € R we

have
l,(,(a')a@A) _ Oé+a1'11‘2 +a+a12¢3 +...k+a+a7;k71¢k +oz+aik¢1
o Qiriy T Qigiy T oo T Aoy _yiy + Qiyiy
k
= a®u(o,A).
| ]

A matrix A is called definite if A\(A) = 0 [45], [60]. Thus a matrix is
definite if and only if all cycles in D 4 are nonpositive and at least one has
weight zero.
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Theorem 1.6.5 Let Ac R"™" and o € R. Then Ma®A) =a®A(A) for
any a € R. Hence (A(A)) ™' ® A is definite whenever A\(A) > ¢.

Proof. For any A € R"" and o € R we have by Lemma 1.6.4:

Ma® A) = max plo,a® A)
= maxa® (o, A)
= a® mgxu(a,A)
= a®AA).

Also, A(MA) " @A) = AMA) 1@ MNA) =0. =
The matrix (A(4)) "' ® A will be denoted in this book by Ay.
For A€ R"™" we denote

N.(A)={ie N;Jo = (i =41,...,%k,%1) in Dy : u(o, A) = A\(A)}.

The elements of N, (A) are called critical nodes or eigennodes of A since
they play an essential role in solving the eigenproblem (Lemma 4.2.3). And
a cycle o is called critical (in D4) if p(o, A) = A(A). Hence N, (A) is the
set of the nodes of all critical cycles in Da. If 4,5 € N, (A) belong to the
same critical cycle then ¢ and j are called equivalent and we write ¢ ~ j;
otherwise they are called nonequivalent and we write ¢ ~ j. Clearly, ~
constitutes a relation of equivalence on N, (4).

Lemma 1.6.6 Let A c R"™". Then for every a € R we have N(a®A) =
N.(4).

Proof. By Lemma 1.6.4 we have
o, a®A)=a® (o, A)

for any A € R"" and a € R. Hence the critical cycles in Dy and Dyga
are the same. m

The critical digraph of A is the digraph C(A) with the set of nodes N;
the set of arcs, notation E.(A), is the set of arcs of all critical cycles.
A strongly connected component of C'(A) is called trivial if it consists
of a single node without a loop, nontrivial otherwise. Nontrivial strongly
connected components of C(A) will be called critical components.

Remark 1.6.7 [9], [102] It is not difficult to prove from the definitions
that all cycles in a critical digraph are critical. We will see this as Corollary
8.1.7.

Computation of the maximum cycle mean from the definition is diffi-
cult except for small matrices since the number of elementary cycles in
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a digraph may be prohibitively large in general. The task of finding the
maximum cycle mean of a matrix was studied also in combinatorial opti-
mization, independently of max-algebra. Publications presenting a method
are e.g. [144], [60], [72], [109], [106]. One of the first methods was Vorobyov’s
(0] (n4) formula, following directly from Lemma 1.6.2 and the longest path
interpretation of matrix powers, see Example 1.2.3:

k)

i1

A(A) = max max
kEN i€N

where A*F = (al(.f)) ,k € N.

Example 1.6.8 For the matriz A of Example 1.6.1 we get
4 1 4
A2 = 8 5 4 |,
6 6 5

A =

O © ©

6
9
7

© Co Ut

1
hence A(A) = max(1,5/2,9/3) = 3.

A linear programming method has been designed in [60], see Remark
1.6.30. Another one is Lawler’s [109] of computational complexity O (n®logn)
based on Theorem 1.6.5 and existing O (n?®) methods for checking the ex-
istence of a positive cycle. It uses a bivalent search for a value of « such
that AM(a® A) = 0.

We present Karp’s algorithm [106] which finds the maximum cycle mean
of an n x n matrix A in O(n|FE|) time where F is the set of arcs of Dy4.
Note that for the computation of the maximum cycle mean of a matrix
we may assume without loss of generality that A is irreducible since any
cycle is wholly contained in one strongly connected component and, as
already mentioned, all strongly connected components can be recognized
in O(|V|+|E|) time [142]. Let A = (a;;) € R and s € N be an
arbitrary fixed node of D4 = (N, E, (a;;)) . For every j € N, and every
positive integer k we define Fy, (j) as the maximum weight of an s — j path
of length k; if no such path exists then Fj, (j) = e.

Theorem 1.6.9 (Karp) If A = (a;;) € R"™" is irreducible then

A(A) = max min Foin () = Fi (‘7)

1.13
JEN kEN n+1—%k ( )
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Proof. The statement holds for n = 1. If n > 1 then A(4) > e. By
subtracting A(A) from the weight of every arc of D, the value of Fy, (j)
decreases by kA(A) and thus the right-hand side in (1.13) decreases by
A(A). Hence it is sufficient to prove that

F N .
max min n+1 (]) Fy (J)
JEN kEN n+1-—k

=0 (1.14)

if A is definite. If A is definite then there are no positive cycles in D 4 and
by Lemma 1.5.4 a heaviest s — j path of length n or less exists for every
j € N (since at least one such path exists by strong connectivity of D).
Let us denote this maximum weight by w (j). Then

For1 () Sw(j) = max F (4),
hence
min (Fay1(J) = Fr(4) = Fun (j)—gleang (7)
= Foi(j)—w(j) <0

holds for every j € N. It remains to show that equality holds for at least
one j. Let o be a cycle of weight zero and ¢ be any node in o. Let 7 be
any s — ¢ path of maximum weight w (¢) . Then 7 extended by any number
of repetitions of o is also an s — i path of weight w (¢) and therefore any
subpath of such an extension starting at s is also a heaviest path from s
to its endnode. By using a sufficient number of repetitions of ¢ we may
assume that the extension of 7 is of length n + 1 or more. Let us denote
one such extension by 7’. A subpath of 7’ starting at s of length n + 1
exists. Its endnode is the sought j. =

The quantities Fy, (j) can be computed by the recurrence

Fy, (j) = (m)aGXE (Fk—l (z)+am) (k:?,...,n—!—l) (115)
with the initial conditions Fi (j) = as; for all j € N. The computation of
Fy () from (1.15) for a fixed k and for all j requires O (|E|) operations
as every arc will be used once. Hence the number of operations needed
for the computation of all quantities Fj (j) (j € N,k = 1,....,n+ 1) is
O (n|E|) . The application of (1.13) is obviously O(n?). By connectivity we
have n < |E| and the overall complexity bound O (n |E|) now follows.

Specially designed algorithms find the maximum cycle mean for some
types of matrices with computational complexity lower than O(n3) [33],
[94], [121]. See also [122] and [46].

There are also other, fast methods for finding the maximum cycle mean
for general matrices whose performance bound is not known. See for in-
stance Howard’s algorithm or the power method [9], [49], [84], [102], [17],
[77], [78].
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1.6.2 Transitive closures

1.6.2.1 Transitive closures, eigenvectors and subeigenvectors

Given A € R"™" we define the following infinite series
NA) =Ac A’ Aa .. (1.16)

and
AA)=I0TA) =I0Ad A0 A% ... (1.17)

If these series converge to matrices that do not contain 4oo, then the
matrix I'(A) is called the weak transitive closure of A and A(A) is the
strong transitive closure of A. These names are motivated by the digraph
representation if A is a {0, —1} matrix since the existence of arcs (4, j) and
(4, k) in Zp(4) implies that also the arc (4, k) exists.

The matrices I'(A) and A(A) are of fundamental importance in max-
algebra. This follows from the fact that they enable us to efficiently describe
all solutions (called eigenvectors, if different from ¢) to

ARz =A@z, €R (1.18)
in the case of T'(A4), and all finite solutions to
ARz <A@z, ER (1.19)

in the case of A(A). Solutions to (1.19) different from ¢ are called subeigen-
vectors). The possibility of finding all (finite) solutions is an important fea-
ture of max-algebra and we illustrate the benefits of this on an application
in Section : %'xlh

IfAeR and A € R, we will denote the set of finite subeigenvectors
by V* (A, ), that is

V(AN ={zeR Az < AQuz},
and for convenience also

Vi(4) = V(4,1 (4),
Vi (A) = V*(A4,0).

We will first show how I'(4) and A(A) can be used for finding one solu-
tion to (1.18) and (1.19), respectively. Then we describe all finite solutions
to (1.19) using A(A). The description of all solutions to (1.18) will follow
from the theory presented in Chapter 4.

It has been observed in Example 1.2.3 that the entries of A2 = A® A
are the weights of heaviest paths of length 2 for all pairs of nodes in D 4.
Similarly the elements of A* (k = 1,2,...) are the weights of heaviest paths
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of length k for all pairs of nodes. Therefore the matrix I'(A) (if the infinite
series converges) represents the weights of heaviest paths of any length for
all pairs of nodes. Motivated by this fact T'(A) is also called the metric
matriz corresponding to the matrix A [60]. Note that A(A) is often called
the Kleene star [3].

1.6.2.2 Weak transitive closure

If A(A) < 0 then all cycles in D4 have nonpositive weights and so by
Lemma 1.5.4 we have:

AF<ApA’e..oA" (1.20)

for every k > 1, and therefore I'(A) for any matrix with A(4) < 0, and in
particular for definite matrices, exists and is equal to A ® A2 @ ... ® A™.
On the other hand if A\(A) > 0 then a positive cycle in D4 exists, thus
the value of at least one position in A* is unbounded as k — oo and,
consequently, at least one entry of I'(A) is +o00. Also, I'(A) is finite if A is
irreducible since T' (A) is the matrix of the weights of heaviest paths in D4
and in a strongly connected digraph there is a path between any pair of
nodes. We have proved:

n

Proposition 1.6.10 Let A € R"™". Then (1.16) converges to a matrix
with no +o00 if and only if A(A) < 0. If A(A) <0 then

NA)=AcA’q ..o A"
for every k > n. If A is also irreducible and n > 1 then T'(A) is finite.

A matrix A = (a;5) € R is called increasing if a; > 0 for all ¢ € N.
Obviously, A = I® A when A is increasing and so then there is no difference
between I'(A) and A(A).

Lemma 1.6.11 If A = (a;;) € R™™ is increasing then v < A ® x for

every x € R". Hence
A<A2< A3 < ... (1.21)

Proof. If A is increasing then I < A and thus z = I ® + < A ® x for
any x € R" by Corollary 1.1.2. The rest follows by taking the individual
columns of A for x and repeating the argument. =

A matrix A = (ai;) € R"™" is called strongly definite if it is definite and
increasing. Since the diagonal entries of A are the weights of cycles (loops)
we have that a;; = 0 for all i € N if A is strongly definite.

Proposition 1.6.12 If A € R"™ is strongly definite then

A(A) =T(A) = A" L = A" = AnH =
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Proof. Since A < A% < A3 < ... we have I'(A) = Ad A2 ... .@ AF = A* for
any k > n straightforwardly by Proposition 1.6.10. Also, we deduce that
all diagonal entries of all powers are nonnegative; they are all actually zero
as a positive diagonal entry would indicate a positive cycle. To prove the
case k = mn — 1 consider al(?_l) and al(-;l) - the (i,7) entries in A"~ and A"
for some i,j € N, respectively. If

a’ "V < al! (1.22)
then i # j (since all diagonal entries in all powers are zero) and the greatest
weight of an 7— j path, say 7, of length n is greater than the greatest weight
of an 7 — j path of length n — 1. However w contains a cycle, say o, as a
subpath. Since w(o,A) < 0 by removing ¢ from 7 we obtain an i — j
path, say 7', 1 (7') < n,w(x’, A) > w(m, A) which contradicts (1.22). Hence
az(;_l) = a,g;l) foralli,j € N. m
Remark 1.6.13 As a by-product of Proposition 1.6.12 we may compile a
simple and fast power method [65] for finding T'(A) if A is strongly definite,
since we only need to find a sufficiently high power of A. We calculate
A% A = (A2)2 VA8 = (144)2 ., A2" . and we stop as soon as 28 > n—1,
that is when k > log, (n — 1), yielding an O(n3logn) method.

Another useful property of strongly definite matrices immediately follows
from Lemma 1.6.11:

Lemma 1.6.14 If A € R™ " is strongly definite and x € R" then A@x =
z if and only if AR x < x.

1.6.2.3 Strong transitive closure (Kleene star)

The matrix A(A) also has some remarkable properties. A key to under-
standing these is Lemma 1.1.4 which immediately implies another formula:

A(A) =TI & A). (1.23)
Proposition 1.6.15 If Ac R"™" and A(A) <0 then
AA)=10A®..0 A", (1.24)

(A(A)" = A(A) (1.25)

for every k > 1 and
AR A(A) =T(A). (1.26)
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Proof. If A\(A) < 0 then I @ A is both definite and increasing, hence by
(1.23), Lemma 1.1.4 and Proposition 1.6.12 we have

A(A) = T(I® A
_ (I@A)n_l
IpA® .. AL

The other two formulae straightforwardly follow from the first. m

Corollary 1.6.16 A = (a;;) € R"" is a Kleene star if and only if A = A
and a;; =0 for all i € N.

Suppose A(A4) < 0, then by (1.20)

ART(4) = A?’g¢.¢ A"t
< AgA’e.. g At
= I'(4)

and similarly by (1.24)

AQAA) = A@..@A"
= T(A) < A(A).

Hence every column of A(A) or T'(A) is a solution to A®z < z if A(4) <0.
If, moreover, A is also increasing then

A(A)=T(A) = A" = A" = A" =
and so A® A(A) = A(A) and AT (A) =T(A). We readily deduce:

Proposition 1.6.17 If A € R™™™ s strongly definite then every column
of A(A) (=T(A)) is a solution to A® x = x.

We will show in Chapter 4 how to use I'(A) for finding all solutions to
A ® ¢ = x for definite matrices A. Consequently, this will enable us to
describe all solutions and all finite solutions to A ® © = A ® x.

Now we use the strong transitive closure to provide a description of all
finite solutions to A®2 < A®x for any A € R and all solutions for A > A (A)
and A > . Note that A ® ¢ < A ® £ may have a solution = € R,z #* e
even if A < A(A), see Theorem 4.5.14.

Observe that if A = ¢ then every z € R" is a solution to A®@z < A® .

Theorem 1.6.18 [59], [80], [128], [41] Let A = (a;;) € R" " A # ¢.
Then the following statements hold:

(a) ARz < A®x has a finite solution if and only if A > A (A) and X > e.
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(b) If \ > X (A) and X > € then
V(AN ={AN ' ®A) @ ujue R"}.

(¢c) If X\ > A (A) and \ > ¢ then
Az <A®@z,z€R"

if and only if N
r=AN"'® A Qu,ucR"

Proof. (a) Suppose A® x < A® x,z € R". Since A # ¢ we have A > .
If A(A) = € then also A > A (A4). Suppose now that A(A) > e, thus Dy
contains a cycle. Let o = (i1, ..., i, ig+1 = 41) be any cycle in D 4. Then we
have

Aijiiq + Tiq S A + Ty
Qiyig + Tiy < A+,
(7 +£L’i1 S /\+$ik-

If we add up these inequalities and simplify, we get
\ > Biaiz T Gigig T o F iy ¥ Gigiy
- k
It follows that A > max, u(o, A) = A(A).

For the converse suppose A > A (A) and A > ¢, thus A\(A™'® A) <0 and
take u € R™. We show that

= p(o, A).

ARr<A®z,zeR"

is satisfied by z = A ()\_1 ® A) ® u. Since A ()\_1 ® A) > I we have that
x > u and thus x € R™. Also,

ANTeA)er=AN"24))  2u=AN"04) u=1
by (1.25). Hence we have
AN'eAd)es<AN'®Ad)er=2

and the statement follows.
(b) Suppose A > A(A), A >cand A®z < A®x,z € R", thus

()\71®A)®x§x

and
9669()\71®A)®m:33.
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Hence
(IeXx'®A) oz =1,

and by (1.3) and (1.24) we have
AN @A) er=(Torx " '0A)"  gz=g
The proof of sufficiency follows the second part of the proof of (a).

(¢) The proof is the same as that of part (b) except the reasoning that
r€e€R” m

1.6.2.4 Two properties of subeigenvectors
The following two statements provide information that will be helpful later
on.

Lemma 1.6.19 Let A € R"" and AA) > e Ife e V¥(A) and (i,5) €
E.(A) then

aij ®.’Ej = )\(A) ®£BZ
Proof. The inequality a;; ®z; < A (A)®uz; for all ¢, j follows from Theorem
1.6.18. Suppose it is strict for some (3,j) € E. (A). Since (i, ) belongs to
a critical Cy0167 say 0 = (]1 = i7j2 = j7j37 "‘7jk7jk+1 = .71) , We have

@j, 5o O Tj,py <A (A) @ T4,

for all » = 1, ..., k. Since the first of these inequalities is strict, by multiply-
ing them out using ® and cancellations of all x; we get the strict inequality

k
Ajyjp @ v & Ay < (>‘ (A)> )
which is a contradiction with the assumption that o is critical. m

Lemma 1.6.20 The set V* (A, X) is convex for any A € R"" and X € R.

Proof. If A = ¢ then V* (A4, \) is either empty (if A # ) or R™ (if A = ¢).
If A >ethen A® 2z < A® x is in conventional notation equivalent to

aij—l—xjg)\—i—mi

for all 4,j € N such that a;; > €; which is a system of conventional linear
inequalities, hence the solution set is convex. m
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1.6.2.5 Computation of transitive closures

We finish this section with computational observations. The product of two
n X n matrices from the definition uses O(n?®) operations of @ and ® and
unlike in conventional linear algebra a faster way of finding this product
does not seem to be known (see Chapter 11 for a list of open problems).
This implies that the computation of I'(A) (and therefore also A(A)) for
a matrix A with A(A) < 0 from the definition needs O(n?*) operations.
However, a classical method can do better:

Algorithm 1.6.21 FLOYD-WARSHALL
Input: A = (a;;) € R
Output: I'(A) = (v;;) or an indication that there is a positive cycle in
D4 (and hence T'(A) contains +00).
Vi = aij for alli,j € N
forallp=1,...,n do
foralli=1,...,n,i % p do
forallj=1,...n,i#p do
begin
i Vig < Vip +Vps then vi5 1= v +Vp;
ifi = j and y;; > 0 then stop ("Positive cycle exists’)
end

Theorem 1.6.22 [120] The algorithm Floyd-Warshall is correct and ter-
minates after O(n®) operations.

Proof. Correctness: Let
Glel — (VE?])

be the matrix obtained at the end of the (p — 1)* run of the main (outer)
loop of the algorithm, p = 1,2,...,n 4+ 1. Hence the algorithm starts with
the matrix Gl = A and constructs a sequence of matrices

G, .. glrti,
The formula used in the algorithm is

W = max (VA +90)) (g e N £ ). (1.27)

It is sufficient to prove that each 'y?;-] (i, € N,p=1,..,n+ 1) calculated
in this way is the greatest weight of an ¢ — j path not containing nodes
p.p+ 1,...,n as intermediate nodes because then GI**1) is the matrix of
weights of heaviest paths (without any restriction) for all pairs of nodes,
that is I'(A). We show this by induction on p.

The statement is true for p = 1 because Gl = A is the direct-distances
matrix (in which no intermediate nodes are allowed).
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For the second induction step realize that a heaviest ¢ — j path, say 7, not
containing nodes p + 1, ...,n as intermediate nodes either does or does not
contain node p. In the first case it consists of two subpaths, without loss of
generality both elementary, one being an ¢ — p path, the other a p — j path;
neither of them contains node p as an intermediate node. By optimality
both are heaviest paths and therefore the weight of 7 is VEZ] + ’YE}]- In the
second case 7 is a heaviest ¢ — j path not containing p, thus its weight is
'yz[.’;]. The correctness of the transition formula (1.27) now follows.

Complexity bound: Two inner nested loops, each of length n— 1, contain
two lines which require a constant number of operations. The outer loop

has length 7, thus the complexity bound is O(n (n — 1)) = O(n?). =

Example 1.6.23 For the matriz A of Example 1.6.1 we have \(A) = 3,

hence by subtracting 3 from every entry of A we obtain the definite matrix
A>\ :

-5 -2 -6
0 -3 0
2 -1 -2

We may calculate T'(Ay) from the definition as Ay & A3 & A3. Since

-2 -5 =2 0 -3 —4
A3 = 2 -1 -2 [, A3=[0 0 -1
0 0 -1 1 -2 0
we see that
0 -2 -2
Ay = 2 0 0
2 0 0

Alternatively we may use the algorithm Floyd- Warshall:

-5 -2 -6 -5 -2 —6
Ay = 0 -3 0 |p=1 0 -2 0
2 -1 -2 )~ 2 0 -2

—2 -2 -2 0 —2 -2

p=2 0 -2 0 |p=3l2 0 o0
- 2 0 o0/ —\2 0 o0

Remark 1.6.24 The transitive closure of Boolean matrices A (in conven-
tional linear algebra) can be calculated in O(n* + m®log(m)) time [115],
where m is the number of strongly connected components of D and « is
the matriz multiplication constant (currently a = 2.376 [56]). This imme-
diately yields an O(n? 4+ m®log(m)) algorithm for finding the weak and
strong transitive closures of matrices over {0, —oo} in max-algebra. Note
that the transitive closure of every irreducible matriz over {0, —oco} is the
zero matric.
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1.6.3 Dual operators and conjugation

Other tools that help to overcome the difficulties caused by the absence of
subtraction and matrix inversion are the dual pair of operations (&',®")
and the matriz conjugation respectively [59], [60]. These are defined as

follows. For a,b € R set
a @' b= min(a,b),

a® b=a+b if {a,b} # {—oc0,+o0}

and
(—00) ®' (+00) = +00 = (+00) ® (~0) .

The pair of operations (&',®') is extended to matrices (including vec-

tors) in the same way as (@, ®) and it is easily verified that all properties
described in Section 1.1 hold dually if @ is replaced by @', ® by ® and by
reverting the inequality signs.

—mXn —_—nXm
The conjugate of A = (a;5) € R is A* = —AT ¢ R . The signif-
icance of the dual operators and conjugation is indicated by the following
statement which will be proved in Section 3.2, where we also show more of
their properties.

Theorem 1.6.25 [59] If A € ﬁmxn, beR andz R then

A®x <bif and only if v < A* @' b.

Xn

Corollary 1.6.26 If A € R andveR then A® (A* ®" v) <w.

—mXn —mXxk
Corollary 1.6.27 If Ae R ) and B € R ) then
A® (A*® B) <B.

Conjugation can also be used to conveniently express the maximum cycle
mean of A in terms of its finite subeigenvectors:

Lemma 1.6.28 Let Ac R"™" and A(A) > ¢. If z € V* (A) then
AMA) =" ARz = rn]iRn TFRARQx
zeR™

Proof. It follows from the definition of V* (A) that z* @ A® z < A (4).
At the same time

2" ®A®z=max (—z +a;; + z;) > A(A)
ijEN
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by Lemma 1.6.19.

On the other hand, if z* @ A®x = X for z € R" then A®x < A®x and
A > A (A) by Theorem 1.6.18. m

We conclude this subsection by an observation that was proved many
years ago and inspired a linear programming method for finding A (4) [60],
[80] and [128]. See also [41].

Theorem 1.6.29 If A = (a;;) € R"" then
AMA) =inf{\ ARz < A®az,z e R"}. (1.28)
If A(A) > e or A= ¢ then the infimum in (1.28) is attained.

Proof. The statement follows from Theorem 1.6.18 and Lemma 1.6.28. =
Note that using the spectral theory of Section 4.5 we will be able to prove
a more general result, Theorem 4.5.14.

Remark 1.6.30 If \(A) > ¢ then formula (1.28) suggests that \(A) is the
optimal value of the linear program

A — min

s.1.
)\—i-xi—ijaij, (i,j)GFA.

This idea was used in [60], to design a linear programming method for
finding the mazimum cycle mean of a matriz.

1.6.4 The assignment problem and its variants

By P, we denote in this book the set of all permutations of the set N.
The symbol ¢d will stand for the identity permutation. As usual, cyclic
permutations (or, briefly, cycles if no confusion arises) are of the form o :
i1 — iy — ... — i, — 41. We will also write o = (iyi2...i) . Every
permutation of the set N can be written as a product of cyclic permutations
of subsets of N, called constituent cycles. For instance, if n = 5 then the

permutation
(1 2 3 4 5
T™=\45 13 2

is the product of cyclic permutations 1 — 4 — 3 — 1l and 2 — 5 —
2, that is 7 = (143) (25) .
=NnXn

Let A= (aij) eR
nent) of A is

. The maz-algebraic permanent (or briefly perma-

maper(A) = Zipn HiN i (i)>
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which in conventional notation reads

maper(A) = max Z @i (i)
"ieN

For m € P,, the value

w(m, A) = Hizv Qi (i) = Z i e (4)

i€EN

is called the weight of the permutation 7 (with respect to A). The problem
of finding a permutation 7 € P, of maximum weight (called optimal per-
mutation or optimal solution) is the assignment problem for the matrix A
solvable in O(n?) time using e.g. the Hungarian method (see for instance
[22], [120] or textbooks on combinatorial optimization). Hence the max-
algebraic permanent of A is the optimal value to the assignment problem
for A and, in contrast to the linear-algebraic permanent, it can be found
efficiently. To mark this link we denote the set of optimal solutions to the
assignment problem by ap(A), that is

ap(A) = {r € Pp;w(m, A) = maper(A)}.

The permanent plays a key role in a number of max-algebraic problems
because of the absence of the determinant due to the lack of subtraction.
It turns out that the structure of the set of optimal solutions is related to
some max-algebraic properties, in particular to questions such as regularity
of matrices.

Example 1.6.31 If

3 7 2
A=14 1 5
2 6 3

then maper (A) = 14, ap(A) = {(123),(1) (23),(12) (3)} .

A very simple property, on which the Hungarian method is based, is
that the set of optimal solutions to the assignment problem for A does not
change by adding a constant to a row or column of A. We can express this
fact conveniently in max-algebraic terms: adding the constants ¢y, ..., ¢, to
the rows and dy, ..., d, to the columns of A means to multiply C ® A ® D,
where C' = diag (¢, ...,¢,,) and D = (dy, ..., dy,).

Lemma 1.6.32 If A ~ B then ap(A) = ap(B).
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Proof. Let 1 € P, and B=C ® A® D. Then

w(r,B) = HiN bi (i)
= HiN Ci @ Ay n(i) ® dr(s)
HiN ¢ ® HiN G (i) @ HiN dr (i)

= cuw(mA)®d,

where ¢ = Hi NG and d = H;@e ~ di. Hence optimal permutations for B
are exactly the same as for A. ®

The Hungarian method applied to a matrix A assumes without loss of
generality that w(m, A) is finite for at least one @ € P, or, equivalently,
maper (A) > ¢ (otherwise ap(A) = P,). Any such matrix is transformed by
adding suitable constants to the rows and columns to produce a nonpositive
matrix B with w(w, B) = 0 for at least one m € P, and thus maper (B) = 0.
By Lemma 1.6.32 we have ap(A) = ap(B). Because of the special form of
B we then have that optimal permutations for B (and A) are exactly those
that select only zeros from B that is

ap(A) = ap (B) = {7 € Py;bi i) =0} .
Example 1.6.33 The Hungarian method transforms the matriz A of Fx-
ample 1.6.31 using

C = diag (—4,—5,-3),D = diag (1, -3,0)

to
0 0 -2
0 -7 01,
0 0 0

from which we can readily identify ap(A).

We may immediately deduce from the Hungarian method the following,
otherwise rather nontrivial statement:

Theorem 1.6.34 Let A € R and suppose that w(mw, A) is finite for at
least one m € P,,. Then diagonal matrices C, D such that

maper (C® A® D) =0

and
CRA®RD<O0

exist and can be found in O(n?) time.
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The assignment problem plays a prominent role in various max-algebraic
problems, see Chapters 5, 6, 7 and 9. Therefore we will now discuss some
computational aspects of the assignment problem relevant to max-algebra.
First we mention that the diagonal entries in C' and D in Theorem 1.6.34
are components of a dual optimal solution when the assignment problem
is considered as a linear program and therefore using duality of linear pro-
gramming it is possible to improve the complexity bound in that theorem
if an optimal solution is known [22], [120]:

Theorem 1.6.35 Let A€ R"™" and suppose that a w € ap(A) is known.
Then diagonal matrices C, D such that

maper (C ® A® D) =0

and

C®A®DLO0

can be found in O(n) time.

It will be essential in Chapter 6 to decide whether an optimal permuta-
tion to the assignment problem is unique, that is whether |ap(A4)| = 1. If
this is the case then we say that A has strong permanent. For answering this
question (see Theorem 1.6.39 below) it will be useful to transform a given
matrix by permuting the rows and/or columus to a form where the diagonal
entries of the matrix form an optimal solution, that is where id € ap(A).

We say that A € R is diagonally dominant if id € ap(A). We therefore
make first some observations on diagonally dominant matrices.

It is a straightforward matter to transform any square matrix to a diag-
onally dominant by suitably permuting the rows and/or columns once an
optimal permutation has been found for this matrix. This transformation
clearly does not change the size of the set of optimal permutations and
can be described as a multiplication of the matrix by permutation matri-
ces, that is a transformation of the matrix to a similar one. Using Lemma
1.6.32 we readily get:

Lemma 1.6.36 If A~ B then |ap(A)| = |ap(B)].

An example of a class of diagonally dominant matrices is the set of
strongly definite matrices, since the weight of every permutation is the
sum of the weights of constituent cycles, which are all nonpositive and the
weight of id is 0.

A nonpositive matrix with zero diagonal is called normal (thus every nor-
mal matrix is strongly definite but not conversely). A normal matrix whose
all off-diagonal elements are negative is called strictly normal. Obviously,
a strictly normal matrix has strong permanent. We have

strictly normal = normal = strongly definite = diagonally dominant.
(1.29)
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As a consequence of Theorem 1.6.34 we have:

Theorem 1.6.37 FEvery square matriz A with finite maper(A) is similar
to a normal matrix, that is there exist generalized permutation matrices P
and @Q such that P ® A ® Q is normal.

A normal matrix similar to a matrix A may not be unique. Any such
matrix will be called a normal form of A.

Corollary 1.6.38 A normal form of any square matriz A € R™™" with
finite maper(A) can be found using the Hungarian method in O(n®) time.

Not every square matrix is similar to a strictly normal (for instance a
constant matrix). This question is related to strong regularity of matrices
in max-algebra and will be revisited in Chapter 6.

We are now ready to present a method for checking whether a matrix
has strong permanent. Let A = (a;;) € R"" 1t maper(A) = ¢ then A
does not have strong permanent. Suppose now that maper(A) > e. Due
to the Hungarian method we can find a normal matrix B similar to A.
By Lemma 1.6.36 A has strong permanent if and only if B has the same
property. Every permutation is a product of elementary cycles, therefore if
w(m, B) = 0 for some m # id then at least one of the constituent cycles of
7 is of length two or more or, equivalently, there is a cycle of length two
or more in the digraph Zp. Conversely, every such cycle can be extended
using the complementary diagonal zeros in B to a permutation of zero
weight with respect to B, different from id. Thus we have:

Theorem 1.6.39 [24] A square matriz has strong permanent if and only
if the zero digraph of any (and thus of all) of its normal forms contains
no cycles other than the loops (that is it becomes acyclic once all loops are
removed,).

Checking that a digraph is acyclic can be done using standard techniques
[120] in linear time expressed in terms of the number of arcs.

Note that an early paper [82] on matrix scaling contains results which
are closely related to Theorem 1.6.39.

Another aspect of the assignment problem that will be useful is the fol-
lowing simple transformation: Once an optimal solution to the assignment
problem for a matrix A is known, it is trivial to permute the columns of A
so that id € ap(A). By subtracting the diagonal entries from their columns
we readily get a matrix that is not only diagonally dominant but also has
all diagonal entries equal to 0. Hence this matrix is strongly definite. We
summarize:

Proposition 1.6.40 If A € R"™" has finite maper (A) then there is a
generalized permutation matriz Q such that A® Q is strongly definite. The
matriz Q can be found using O(n3) operations.
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Finally we discuss the question of parity of optimal permutations for the
assignment problem, which will be useful in Chapter 6.

As usual [111], we define the sign of a cyclic permutation (cycle) o =
(iyia...ix) as sgn (o) = (=1)" 7' The integer k is called the length of the
cycle o. If 7y, ...,m, are the constituent cycles of a permutation = € P,
then the sign of 7 is

sgn () = sgn (71) . ... .sgn (7g) .

A permutation 7 is odd if sgn (7) = —1 and even otherwise. We denote the
set of odd (even) permutations of N by P, (P}). Straightforwardly from
the definitions we get:

Lemma 1.6.41 If 7w is an odd permutation then at least one of the con-
stituent cycles of w has an even length.

In Chapter 6 it will important to decide whether all permutations in
ap(A) are of the same parity. We therefore denote

ap™(A) = ap(A)NP],
ap”(A) = ap(A)NP;
and

mapert (A) = ma i (i)

pert (4) = max 3 ain)
iEN

maper” (A) = max W (i)

per™ (A) ﬂepﬂg\[ i, (i)

Example 1.6.42 For the matriz A of Example 1.6.51 we have
ap™ (A) = {(123)},

ap~(4) = {(1)(23), (12) (3)}

and
maper™ (A) = maper (A) = maper™ (A).

It is obvious that the following three statements are equivalent:
ap™ (A) # ap(A) # ap™ (A),
maper™ (A) = maper™ (A),

apT(A) # 0 and ap~ (A) # 0.

Adding a constant to a row or column affects neither ap™(A4) nor ap™(A).
On the other hand a permutation of the rows or columns either swaps these
two sets or leaves them unchanged. Hence we deduce:
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Lemma 1.6.43 If A =~ B then either ap™(A) = ap™(B) and ap~(A) =
ap~(B) or apt(A) = ap~(B) and ap~(A) = ap™(B).

Due to Lemma 1.6.43 and Theorem 1.6.37 we may assume that A is
normal, thus id € ap(A) and therefore the question whether all optimal
permutations are of the same parity reduces to deciding whether ap~(A) #
(. Since A is normal ap(A) = {7r € P r) = O}. If 7 € ap(A) then
all constituent cyclic permutations of 7w can be identified as cycles in the
digraph Z4. We say that a cycle in a digraph is odd (even) if its length is
odd (even). If m € ap~ (A) then at least one of its constituent cycles is of odd
parity and therefore its corresponding cycle in Z4 is even (Lemma 1.6.41).
Also conversely, if there is an even cycle, say (i1, 42, ..., i, 91) in Z4 then the
corresponding cyclic permutation o : i; — i — ... — i, — i1 is of
odd parity and when complemented by loops (4,1) for i € N—{i1,49,...,ir},
the obtained permutation is odd, since loops are even cyclic permutations.
We can summarize:

Theorem 1.6.44 The problem of deciding whether all optimal permuta-
tions for an assignment problem are of the same parity is polynomially
equivalent to the problem of deciding whether a digraph contains an even
cycle ("Even Cycle Problem"). Once an even cycle in Z 4 is known, optimal
permutations of both parities can readily be identified.

Remark 1.6.45 The computational complezity of the Even Cycle Problem
was unresolved for almost 30 years until 1999 when an O (n3) algorithm
was published [124].

Note that the problem of finding maper™ (A) and maper~ (A) has still
unresolved computational complexity [29].

We close this subsection by a max-algebraic analogue of the van der
Waerden Conjecture. Recall that an n x n matrix A = (a;;) is called doubly
stochastic, if all a;; > 0 and all row and column sums of A equal 1.

Theorem 1.6.46 [21] (Maz-algebraic van der Waerden Conjecture) Among
all doubly stochastic n X n matrices the maz-algebraic permanent obtains
its minimum for the matriz A = (a;;), where a;; = + for all i,j € N.

Proof. We have maper(A) = maxzep, D <j<p, Gixi) = 1. Assume that

there is a doubly stochastic matrix X = (z;) with maxzcp, > 1 <;cpn Tisr() <
1. Then we get for all permutations 7: -, -, #; =(;) < 1. This holds in
particular for the permutations 7, which map 4 to ¢ + k£ modulo n for
t1=1,2,...,nand k=0,1...,n — 1. Thus we get

n—1 n

n= ZZ%J = szi,wk(i) <mn,

i=1 j=1 k=0 i=1
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a contradiction. Therefore the matrix A yields the least optimal value for
the max-algebraic permanent. m

1.7 Exercises
Exercise 1.7.1 FEwaluate the following expressions:
(a) 14 ® 32 ®3®5% (all operations are max-algebraic). [43]
7 1

w(i 7 5)e( 3 1) 5y

(c) 30 A% ® A3, where A = (__f 2 >~/( g g >/

3 2 0 2 6
(d) ARA*, A*®A, where A = 1 5 ). /[A®A* = 3 0 5],
-3 0 -2 -4 0

m®A:<?g)J

Exercise 1.7.2 Prove that (A® B)" = A*®'B* and (A ® B)" = B*®' A*
hold for any matrices A and B of compatible sizes. Use this to find A @'
A* A* @ A for the matriz A of Exercise 1.7.1 (d).

Exercise 1.7.3 About each of the matrices below decide whether it is def-
inite and whether it is increasing. If it is definite then find also its weak
transitive closure.

W (75"

(b)

) . [Not increasing; not definite, positive cycle (1,2,1).]

S =

) . [Not increasing; not definite, there is no zero cycle]

=N

1
3 —

0 2 . . . 0 2
(c) 3 4 ) . [Definite but not increasing, < 3 1 >]

)
)

. [Increasing; not definite, positive cycle (1,1)./

ot W
O N

N O

. [Definite and increasing (hence strongly definite), ( _g (1) ) ./

O =



1.7 Exercises 39

0 2 —4 1
3 0 -2 0 . . .
(f) s 1 0 1 |- [Definite and increasing (hence strongly def-
-4 -2 =3 0
0 2 0 2
L -3 0 -2 0
inite), 9 1 0 1 .J
-4 -2 -3 0
0 2 -4 1
-3 0 -2 0 . . .
(g9) 5 92 0 1 | [Increasing; not definite, positive cycle (2,4,3).]
-4 -2 -1 0

Exercise 1.7.4 (Symmetric matrices) Let A € R"*™ be symmetric. Prove
then that:

(CL) A (A) = aX; j Gjj.
(b) There is a symmetric matriz B in normal form such that ap(A) =
ap(B). [19]

(c) If A is also diagonally dominant then A (A) = max;a; and a best
nondiagonal permutation has the form (k,l) o id. Deduce then that
both maper™t (A) and maper~ (A) can be found in O (n*) time. [29]

Exercise 1.7.5 (Monge matrices) A matriz A € R"*" is called Monge
if aij + apr > ag + agy for all i,5,k,1 such that 1 < i < k < n and
1 <35 <I<n. Prove that

(a) Every Monge matrix is diagonally dominant.

(b) If A is Monge and normal then a best nondiagonal permutation has
the form (k,k+ 1) oid.
Deduce then that both maper™ (A) and maper™ (A) can be found in
O (n) time. [29]

Exercise 1.7.6 (Matriz sums) For each of the following relations prove or
disprove that it holds for all matrices A, B € R"*":

(a) maper (A @ B) > maper (A) ® maper(B). [true; take m € ap(A) and
show that w(m, A) < maper (A® B)]

(b) maper (A @® B) < maper (A) @ maper(B). [false]

(c) N\(A® B) > A(A) @ \(B). [true; take o critical in A and show that
(o, A) < A(A@ B)J
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(d) N(A® B) < XA(A) ® X(B). [false]

Exercise 1.7.7 (Matriz products) For each of the following relations prove
or disprove that it holds for all matrices A, B € R"*™:

(a) maper (A ® B) > maper (A) ® maper(B). [true]
(b) maper (A ® B) < maper (A) @ maper(B). [false]
(¢) AM(A® B) =2 A(A) @ A(B). [false]
(d) N(A® B) < A(A) @ \(B). [false]

Exercise 1.7.8 (AA* products) Let A € R™*™ and P be a matriz product
formed as follows: Write the letters A and A* alternatingly starting by any
of them, insert the product signs @ and ®'alternatingly between them and
insert brackets so that a meaningful algebraic expression is obtained. Prove
that if the total number of letters is odd then P is equal to the first symbol;
if the total number is even then P is equal to the product of the first two
letters. [60]

Exercise 1.7.9 Two cross city line trains arrive at the central railway
station C. One arrives at platform 1 from suburb A after a 40 minute jour-
ney, the other one at platform 7 from suburb B, journey time 30 minutes.
Two trains connecting to both these trains leave from platforms 8 and 10
at 10.20 and 10.25, respectively. Find the latest times at which the cross
city line trains should depart from A and B so that the passengers can
board the connecting trains. Describe this problem as a problem of solving
a mazx-algebraic system of simultaneous equations. Take into account times
for changing the trains between platforms given in the following table:

Platform| 3 10
1 ‘ 6 15

7 8 4

46 38 80
[< 55 34 ) ®z = ( 85 ) , departures: 9.80, 9.42]

Exercise 1.7.10 INDULGE produces milk chocolate bars in department
D1 and drinking chocolate in department D2. Production runs in stages. D1
also simultaneously prepares milk (pasteurization etc.) for the use by both
departments in the next stage and similarly, D2 also prepares cocoa powder
for both departments. In each stage each department prepares sufficient
amount of milk and powder, for both departments to run the next stage.
The milk preparation takes 2 hours, cocoa powder 5, production of bars 3
and drinking chocolate 6 hours. Set up maz-algebraic equations for starting
times of the departments in stages 2, 3, ... depending on the starting times
of the first stage. Then find the starting times of stages 2, 3,... if (a) both
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departments start to work at the same time, (b) D1 starts 3 hours earlier
than D2, (¢) D1 starts 5 hours later than D2. You may assume that at the
beginning of the first stage there is sufficient amount of both cocoa powder
and malk in stock to run the first stage.

fo(r+1) = ( S0 >®1‘(T) (r=0,1,..);

(a) (0,0)", (5,6)", (11,12)", (17,18)" ,...; (6) (0,3)", (8,9)", (14,15)",
20,21)",..; (¢) (5,07, 8,7, (12,13)", (18,19)",..]

2 4 3
Exercise 1.7.11 The matrix A = 1 1 5 is the technological ma-
01 0

triz of an MMIPP with starting vector x = (0,0, O)T . Generate the starting
time vectors of the first stages until periodicity is reached. Describe the pe-
riodic part by a formula. (This question is revisited in Exercise 9.4.2.)

[4,5. D), (9,6,6)", (11,11,9)7, (15,14,12)" , (18,17,15)" ; A (4) = 3;
2(r+1) = 30z(r) = (15+3(r —4), 14+ 3(r —4), 12+ 3(r —4))" (r > 4)]

Exercise 1.7.12 The same task as in Exercise 1.7.11 but for the produc-
tion matriz

4 1 3
A= 3 0 3
5 2 4
[4,3,5)", (8,8,9)", (12,12,13)"; A\ (A4) = 4;

2(r+1)=4®z(r)=B+3(r—2),8+3(r—2),9+30r —2))" (r>2)/
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2

Max-algebra: Two special features

The aim of this chapter is to highlight two special features of max-algebra
which make it unique as a modelling and solution tool: the ability to effi-
ciently describe all solutions to some problems where it would otherwise be
awkward or impossible to do so; and the potential to describe combinatorial
problems algebraically.

First we show an example of a problem where max-algebra can help to
efficiently find all solutions and, consequently, find a solution satisfying
additional requirements (Section 2.1).

Then in Section 2.2 we show that using max-algebra a number of com-
binatorial and combinatorial optimization problems can be formulated in
algebraic terms. Based on this max-algebra may, to some extent, be con-
sidered "an algebraic encoding" of combinatorics [27].

This chapter may be skipped without loss of continuity of reading this
book.

2.1 Bounded mixed-integer solution to dual
inequalities: A mathematical application

2.1.1 Problem formulation

A special feature of max-algebra is the ability to efficiently describe the set
of all solutions to some problems in contrast to standard approaches, using
which we can usually find one solution. Finding all solutions may be helpful

This is page 43
Printer: Opaque this
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for identifying solutions that satisfy specific additional requirements. As an
example consider the systems of the form

where B = (b;;) € R"*™. In [55] the matrix of the left-hand side coefficients
of this system is called the dual network matriz. It is the transpose of
the constraint matrix of a circulation problem in a network (such as the
maximum flow or minimum-cost flow problem) and inequalities of the form
(2.1) therefore appear as dual inequalities for this type of problems. These
facts motivate us to call (2.1) the system of dual inequalities (SDI). The
aim of this section is to show that using standard max-algebraic techniques
it is possible to generate the set of all solutions to (2.1) (which is of size
n? x n) using n generators. This description enables us then to find, or to
prove that it does not exist, a bounded mixed-integer solution to the system
of dual inequalities, that is a vector z = (z1, ..., J:n)T satisfying:

x; —xj; > by, (i, €N)
uj 2z =1,  (jEN) (2.2)
x; integer, (jed)

where u = (u1,...,un)?, 0 = (l1,...,1,)T € R" and J C N = {1,...,n} are
given. We will refer to this problem as to BMISDI. Note that without loss
of generality u; and [; may be assumed to be integer for j € J. This type of
inequalities have been studied for instance in [55] where it has been proved
that a related mixed-integer feasibility question is N P-complete.

We will show that in general, the application of max-algebra leads to
a pseudopolynomial algorithm for solving BMISDI. However, an explicit
solution is described in the case when B is integer (but still a mixed-
integer solution is wanted). This implies that BMISDI can be solved using
O(n3) operations when B is an integer matrix. Note that when J = () then
BMISDI is polynomially solvable since it is a set of constraints of a linear
program. When J = N and B is integer then BMISDI is also polynomially
solvable since the matrix of the system is totally unimodular [120].

2.1.2  All solutions to SDI and all bounded solutions
The system of inequalities

x;—xj >by; (i, €EN)
is equivalent to

max (bij + ;) < 23 (i € N).

In max-algebraic notation this reads

@ .
Zjerij(X)mj <z (ZEN)
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or in the compact form
Bozr<z. (2.3)

Recall that using the notation introduced in Subsection 1.6.2 the set of
finite solutions to (2.3) is Vi (B).

The next theorem is straightforwardly deduced from Theorem 1.6.18.
Theorem 2.1.1 If B € R"*" then

1. V§(B) # 0 if and only if X(B) < 0.

2. If Vi(B) # 0 then

V5 (B)={A(B)® 2,z € R"}.
We can now use Theorems 2.1.1 and 1.6.25 to describe all bounded so-

lutions to SDI.

Corollary 2.1.2 The set of all solutions x to SDI satisfying v < u is
{A(B)® 22 < (A(B))" @ u}

and if this set is nonempty then the vector A(B) @ ((A(B))* & u) is the
greatest element of this set. Hence the inequality

I <AB)@ (A(B)" @ u)

s mecessary and sufficient for the existence of a solution to SDI satisfying
[ <z<u.

2.1.3 Solving BMISDI
We start with another corollary to Theorem 2.1.1.

Corollary 2.1.3 A necessary condition for BMISDI to have a solution is
that A(B) < 0. If this condition is satisfied then BMISDI is equivalent to
finding a vector z € R™ such that

I<AB)®z<u
and

(A(B)®2z); €Z for j € J.

In the rest of this subsection we will assume without loss of generality
(Theorem 2.1.1) that A(B) < 0.

45
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Theorem 2.1.4 Let A € R"*" b e R" and J C N. Let b be defined by

[bj] forj € J,
i = bj fO’f’j ¢ J.

<

SR

Then the following are equivalent:
1. There exists a z € R™ such that | < A® z < b and

(A®z); €Z for j € J.

2. There exists a z € R™ such that | < A® z < b and

(A®z); €Z for j € J.

8. There exists a z € R™ such that <K AR 2<A® (A* ' l~7> and
(A®z); €Z for j € J.

Proof. 1. <= 2. is trivial, 2. <= 3. follows from Theorem 1.6.25, Corollary
1.6.26 and Lemma 1.1.1. m

Theorem 2.1.4 enables us to compile the following algorithm.

Algorithm 2.1.5 BMISDI
Input: B € R"*"™ u,l € R" and J C N
Output: x satisfying (2.2) or an indication that no such vector exists.

1. A:=A(B),z:=u

2. xj = |aj] forjeJ

S 2 =A*"R z, 0 =AR=2

4. If 1 g x then stop ('no solution’)

5. Ifl<x and x; € Z for j € J then stop else go to 2.

Theorem 2.1.6 [30] The algorithm BMISDI is correct and requires O(n3+
n?L) operations of addition, mazimum, minimum, comparison and integer

part, where
L=> =)

Proof. If the algorithm terminates at step 4 then there is no solution by
the repeated use of Theorem 2.1.4.

The sequence of vectors x constructed by this algorithm is nonincreasing
by Corollary 1.6.26 and hence © = A® z < v if it terminates at step 5. The
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remaining requirements of (2.2) are satisfied explicitly due to the conditions
in step 5.

Computational complexity: The calculation of A(B) is O(n3) by Theo-
rem 1.6.22. Each run of the loop between steps 2 and 5 is O(n?). In every
iteration at least one component of x;,j € J decreases by one and the
statement now follows from the fact that all «; range between [; and u;. m

Example 2.1.7 Let

—2 27 -21
B=| -38 -1 -52 |,
16 35 -3

u = (5.2,0.8,7.4)T and J = {1,3} (I is not specified). The algorithm
BMISDI will find:

0 27 —21
A=AB)=| -36 0 —52 |,
1.6 4.3 0
z= (508,77,
0 36 —1.6 4.4
z=A"@ = —27 0 —43 |@z=| 08
2.1 5.2 0 6

and

r=A®z=(44,08,6)T.
Now x1 ¢ 7 so the algorithm continues by another iteration: x = (4,0.8,6)7,
z=A"® x=(4,08,6)"

and
r=A®z=(4,08,6)T,

which is a solution (provided that ! < x - otherwise there is no solution) to
the BMISDI since z1,x3 € Z.

2.1.4 Solving BMISDI for integer matrices

In this subsection we prove that a solution to the BMISDI can be found
explicitly if B is integer. The following will be useful (the proof below is a
simplification of the original proof due to [132]):

47



48 2. Max-algebra: Two special features

Theorem 2.1.8 [30] Let A € Z™*™,b € R" and A® x = b for some
x €R™ Let J C N and b be defined by

b, = |bx] forkeJ,
b, = by fork¢.J

Then there exists an £ € R™ such that
ARi<b

and R
(AR ), =by fork e J.

Proof. Without loss of generality assume that by ¢ Z for some k € J, then
the set
S ={s € N;ags +z5 > |by] for some k € J}

is nonempty and x5 ¢ Z for every s € S since A is integer. Let & € R™ be
defined by &; = |z;| for j € S and &; = z; otherwise. Clearly Z < z and
s0 A® T < A®x by Lemma 1.1.1. Hence maxjcn (arj + ;) < by = by, for
all k ¢ J. At the same time max;cy (ar; + ;) = |br] = by for all k € J
]

For the main application, Theorem 2.1.10 below, it will be convenient
to deduce from the statement of Theorem 2.1.8 a property of the greatest
solution T to A ® x < b (Corollary 1.6.26):

Corollary 2.1.9 Under the assumptions of Theorem 2.1.8 and using the
same notation, if T = A* ® b then

ART<Db

and

(ART), = by, fork e J.

Proof. The inequality follows from Corollary 1.6.26. Let Z be the vector
described in Theorem 2.1.8. By Theorem 1.6.25 we have £ < T implying
that R ~

b, = (A@JNC),C < (A@f)k < b for ke J

which concludes the proof. m
Finally, we are prepared to use max-algebra and explicitly describe a
solution to BMISDI in the case when B is an integer matrix:

Theorem 2.1.10 Let B € Z"*",\(B) < 0,A = A(B),b=A® (A* @' u)
and b be defined by R
b, = |_ka fO?“k eJ

and ~
kabk fOTk‘%J.
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Then the BMISDI has a solution if and only if
<A (A4 @'D),

and & = A® (A* ®' l~)> is then the greatest solution (that is y < & for any
solution y ).
Proof. Note first that A is an integer matrix and we therefore may apply
Corollary 2.1.9 to A. }
"If": By Corollary 1.6.26 £ < b < b < u. Let us take in Corollary 2.1.9
(and Theorem 2.1.8) x = A*®'u. Then & = AQZ and so &y € Z for k € J.
"Only if": Let y be a solution. Then y = A ® w < u for some w € R,

thus by Theorem 1.6.25
w< A* Q@ u

and so
y=Aw < A® (A*® u) ="

Since yy, € Z for k € J we also have
Agw=1y<b.

Hence by Theorem 1.6.25

w< A*R'b
and by Lemma 1.1.1 then

zgy:A®w§A®(A*®’B):;fs.

We also have # < b < b < u by Corollary 1.6.26 and &, € Z for k € J by
Corollary 2.1.9 as above, hence % is the greatest solution. m

Example 2.1.11 Let

-2 2 -2
B=| -3 -1 -4 |,
1 3 -3

u=(3.5,0.8,5.1T and J = {1,3} (I is not specified). Then we have:

0 2 =2
A=AB)=| -3 0 -4 |,
1 3 0
0 3 -1 3.5
AQu=[ -2 0 -3 |®u=| 08 |,

2 4 0 4.8

49
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3.5
b=A@A* @ uw)=| 08 |,
4.8
3
b=| 08
4

and
F=A® (A* ®' 13) = (3,0.8,4)7.

By Theorem 2.1.10 T is the greatest solution to the BMISDI provided that
1 <& (otherwise there is no solution).

2.2 Max-algebra and combinatorial optimization

There is a number of combinatorial and combinatorial optimization prob-
lems closely related to max-algebra. In some cases max-algebra provides an
efficient and elegant algebraic encoding of these problems. Although com-
putational advantages do not necessarily follow from the max-algebraic
formulation, for some problems this connection may help to deduce useful
information [27].

2.2.1 Shortest/longest distances: Two connections

Perhaps the most striking example is the shortest-distances problem which
is one of the best known combinatorial optimization problems:

Given an n X n matriz A of direct distances between n places, find the
matriz A of shortest distances (that is the matriz of the lengths of shortest
paths between any pair of places).

It is known that the shortest-distances matrix exists if and only if there
are no negative cycles in D 4. For the shortest-distances problem we may
assume without loss of generality that all diagonal elements of A are 0.

We could continue from this and show a link to min-algebra, however to
be consistent with the rest of the book we shall formulate these results in
max-algebraic terms, similarly as in Example 1.2.3. Hence the considered
combinatorial optimization problem is:

Given an n x n matriz A of direct distances between n places, find the
matriz A of longest distances (that is the matriz of the lengths of longest
paths between any pair of places).

We may assume that all diagonal elements of A are 0 and that there
are no positive cycles in D4, thus A is strongly definite. We have seen
in Subsection 1.6.2 that I'(A) is exactly A. By Proposition 1.6.12 then
A= A1, We have:
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Theorem 2.2.1 If A € R"*" is a strongly definite direct-distances matriz
then all matrices A7 (j > n — 1) are equal to the longest-distances matriz
for Da. Hence, the k'" column (k =1,...,n) of A7 (j > n—1) is the vector
of longest distances to node k in D 4.

One benefit of this result is that the longest (and similarly shortest)
distances matrix for a strongly definite direct-distances matrix A can be
found simply by repeated max-algebraic squaring of A, that is

A% A% A8 ATC)

until a power A7 (j > n — 1) is reached (see Subsection 1.6.2).

However, there exists another max-algebraic interpretation of the longest
distances problem. We have seen in Proposition 1.6.17 that for a strongly
definite matrix A every column v of A7 (j > n — 1) is an eigenvector of A,
that is

ARv=n.

Corollary 2.2.2 If A € R"*" is a strongly definite direct-distances matriz
then every vector of longest-distances to a node in D4 is a mazx-algebraic
eigenvector of A corresponding to the eigenvalue 0.

2.2.2  Maximum cycle mean

The maximum cycle mean of a matrix (denoted A(A) for a matrix A),
has already been defined in subsection 1.6.1. As already mentioned, the
problem of calculating A (A) was studied independently in combinatorial
optimization [109], [106]. At the same time the maximum cycle mean is
very important in max-algebra. It is

e the eigenvalue of every matrix,
e the greatest eigenvalue of every matrix,
e the only eigenvalue whose corresponding eigenvectors may be finite.

Moreover, every eigenvalue of a matrix is the maximum cycle mean of
some principal submatrix of that matrix.

All these and other aspects of the maximum cycle mean are proved in
Chapter 4. Let us mention here a dual feature of the maximum cycle mean
(see Corollary 4.5.6 and Theorem 1.6.29):

Theorem 2.2.3 If A € R™™" then
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(a) M(A) is the greatest eigenvalue of A, that is
A(4) :max{/\ ERAQr=AQuz,z E@n,x;«és}

and, dually

(b)
MA)=inf{AeRiA®z <A@z,2 €R"}.

2.2.8 The job rotation problem

Characteristic maxpolynomials of matrices in max-algebra (Section 5.3)
are related to the following job rotation problem: Suppose that a company
with n employees requires these workers to swap their jobs (possibly on a
regular basis) in order to avoid exposure to monotonous tasks (for instance
manual workers at an assembly line, guards in a gallery or ride operators in
a theme park). It may also be required that to maintain stability of service
only a certain number of employees, say k (k < n), actually swap their jobs.
With each pair old job - new job a quantity may be associated expressing
the cost (for instance for an additional training) or the preference of the
worker to this particular change. So the aim may be to select k employees
and to suggest a schedule of the job swaps between them so that the sum
of the parameters corresponding to these changes is either minimum or
maximum. This task leads to finding a k x k principal submatrix of A for
which the optimal assignment problem value is minimal or maximal (some
entries can be set to +00 or —oco to avoid an assignment to the same or
infeasible job). More formally, we deal with the best principal submatriz

problem (BPSM):
Given a real n x n matrix A, for every k < n find a k X k principal
submatriz of A whose optimal assignment problem value is mazimal.
Note that solving the assignment problem for all (Z) principal subma-
n

trices for each k would be computationally difficult since Z (Z) =2"—1.

k=1
No polynomial method for solving BPSM seems to be known, although its
modification obtained after removing the word ”principal” is known [73]
and is polynomially solvable. This can also be seen from the following sim-
ple observation: Let A be the (2n — k) X (2n — k) matrix obtained from an
n X n matrix A € R"*" by adding n — k rows and n — k columns (k < n)
so that the entries in the intersection of these columns are —oo and the
remaining new entries are zero, see Figure 2.1. If the assignment problem
is solved for A then every permutation selects 2n — k entries from A. If A
is finite then any optimal (maximizing) permutation avoids selecting en-
tries from the intersection of the new columns and rows. But as it selects
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)
I

E 0 E & E>n—k

FIGURE 2.1. Solving the Best Submatrix Problem

n — k elements from the new rows and n — k different elements from the
new columns, it will select exactly 2n — k — 2(n — k) = k elements from
A. No two of these k elements are from the same row or from the same
column and so they represent a selection of k£ independent entries from a
k x k submatrix of A. Their sum is maximum as the only elements taken
from outside A are zero. So the best k x k submatrix problem can readily
be solved as the classical assignment problem for a special matrix of order
2n — k.

Unfortunately no similar trick seems to exist, that would enable us to
find a best principal submatrix.

Let us denote by §; the optimal value in the assignment problem for
a best principal submatrix of order k (k = 1,...,n). It will be proved in
Section 5.3 that §1,...,0, are coefficients of the max-algebraic character-
istic polynomial of A. It is not known whether the problem of finding all
these quantities is an N P-complete or polynomially solvable problem (see
Chapter 11). However, in Subsection 5.3.3 we will present a polynomial
algorithm, based on the max-algebraic interpretation, for finding some and
in some cases all these coefficients. Note that there is an indication that
the problem of finding all coefficients is likely to be polynomially solvable
as the following result suggests:
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Theorem 2.2.4 [21] If the entries of A € R™*™ are polynomially bounded,
then the best principal submatriz problem for A and all k, k < n, can be

solved by a randomized polynomial algorithm.

2.2.4  Other problems

In the table below (where SD stands for "strongly definite") is an overview
of combinatorial or combinatorial optimization problems that can be for-
mulated as max-algebraic problems [27]. The details of most of these links

will be presented in the subsequent chapters.

Max-algebra Combinatorics
(0-1 entries)
maper(A) Term rank
Ax =10
Jx Set covering
dlz Minimal set covering
I'(A) if ASD Transitive closure
ARr=AQ®cz
A
x
x if A SD Connectivity to a node
x if A SD
GM regularity 7 even directed cycle
0-1 sign-nonsingularity
Strong regularity Digraph acyclic
Characteristic 3 exact cycle cover
polynomial 3 principal submatrix
with > 0 permanent

Combinatorial
Optimization
Optimal value to the
assignment problem

Longest distances matrix

Maximum cycle mean
Balancing coefficients
Longest distances
Scaling to normal form

All optimal permutations
of the same parity
Unique optimal
permutation

Best principal submatrix

(JRP)

2.3 Exercises

Exercise 2.3.1 The assignment problem for A = (a;;) € R™™™ can be

described as a (conventional) linear program

flx) = Z @;j&;; — Max

i,jEN
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s.1.
Z QijjTi5 = 1, xS N,
JEN
> agzi; = 1, jEN,
iEN
iI,'ij Z 0
Its dual is
g (u,v) = ZuiJr Zvi — min
iEN JEN
s.1.

u; +vj > ag;, 1,j € N.
Show using maz-algebra that f™* = g™ = maper (A).
(Hint: First show that f < g and then prove the rest by using the results
on the eigenproblem for strongly definite matrices.)

Exercise 2.3.2 A matriz A = (a;;) € R™ " is called pyramidal if a;; >
ars whenever max (i,7) < max (r,s). Prove that 0, = maper (Ag), where
Ay, is the principal submatriz of A determined by the first k row and column
indices. [38]
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3

One-sided max-linear systems and
max-algebraic subspaces

Recall that one-sided max-linear systems are systems of equations of the
form
ARz =10 (3.1)

—mXxXn

where A € R
inequalities

and b € R™. They are closely related to systems of

Az <b. (3.2

)
Both were studied already in the first papers on max-algebra [57], [144]
and the theory has further evolved in the 1960’s and 1970’s [149], [150],
and later [24], [27].

It should be noted that one-sided max-linear systems can be solved more
easily than their linear-algebraic counterparts. Also, unlike in conventional
linear algebra, systems of inequalities (3.2) always have a solution x € R"
and the task of finding a solution to (3.1) is strongly related to the same
task for the systems of inequalities. Note that, in contrast, the two-sided
systems studied in Chapter 7 are much more difficult to solve.

In this chapter we will pay attention to two approaches for solving the
one-sided systems, combinatorial and algebraic. Since the solvability ques-
tion is essentially deciding whether a vector (b) is in a subspace (generated
by the columns of A), later in this chapter we present a general theory
of max-algebraic subspaces including the concepts of generators, indepen-
dence and bases. We also briefly discuss unsolvable systems.

3.1 The combinatorial method
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Let A = (ai;) € R™" and b = (b1, ... bm)" € R™. The set of solutions to
(3.1) will be denoted by S(A,b) or just S if no confusion can arise, that is

S(A,b) = {xeﬁ";Am:b},

and Ay, ..., A, will stand for the columns of A.
We start with trivial cases. If b = ¢ then

S(A,b) = {x: (ml,...,xn)T Eﬁn;xj =cif Aj#¢€,j EN},

in particular S(A,b) =R" if A=¢. If A =¢ and b # ¢ then S(A,b) = 0.
Hence we assume in what follows that A # ¢ and b # ¢.

If by, = ¢ for some k € M then for any x € S(A,b) we have z; = ¢ if
arj 7# €,j € N; consequently the k" equation may be removed from the
system together with every column A; where ay; # ¢ (if any) and setting
the corresponding z; = €. Hence there is no loss of generality to assume
that b € R™ (however, we will not always make this assumption).

If b € R™ and A has an € row then S(A,b) =0.If Aj =¢,j € N then z;
may take on any value in a solution x. Hence we may also suppose without
loss of generality that A is doubly R-astic.

Let A be column R-astic and b € R™. A key role is played by the vector
Z = (T1,...,Tpn) " where

-1
- y -1
z; (Iiréax ai; ® b; )
for j € N. Obviously, T € R™ and

T = min{bi ®a;j1;i € M,a;; € R}

for j € N. Where appropriate we will denote T = T(A,b). We will also
denote
M;(A,b) = {i € M;Z; =b; ®a;'

for j € N. We will abbreviate M; (A,b) by M, if no confusion can arise.
The combinatorial method follows from the next theorem.

Theorem 3.1.1 [57], [149] Let A € R™™" be doubly R-astic and b € R™.
Then

(a) AR T(A,b) <b,
(b) © <T(A,b) for every x € S(A,Db),
(c) x € S(A,b) if and only if x <T(A,b) and

U M=mMm, (3.3)

JTj=T4
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(d) (A®Z);, =b; for at least one i € M.
Proof. (a) Let k € M, j € N and suppose that ai; € R. Then
ar; @5 < ag; @by ® a;jl = byg.
This inequality follows immediately if a; = €. Hence
Zj;v (an; ®7;) < by, for all k€ M

and the statement follows.
(b) Let # € S(A,b),i € M,j € N. Then a;;@x; < b; thus ;' > a;@b;
and so :cj_l > maXjepm i @ bi_l. Therefore

-1
z; < | maxa;; @b =T;
i= A\ ij i = Zj-

(c) Suppose first € S(A,b). We only need to prove M C |J
Let k € M. Since by, = ar; ® x; > ¢ for some j € N and zj_l > Ej_l >

1T =T MJ'

aij; @ bi_1 for every i € M, we have xj_l =ag; ® b;l = maX;epm Gij @ bi_l.
Hence k € M; and z; = ;.

Suppose now = < T(A,b) and that (3.3) holds. Let k € M,5 € N. Then
ar; @ x; < by if ag; = €. If ap; # € then

ar; @ < ap; T; < ag @b @ a,;jl = bg. (3.4)

Therefore A ® < b. At the same time k£ € M; for some j € N satisfying
x; = T;. For this j both inequalities in (3.4) are equalities and thus A®z =
b.

(d) If (A®T); <b; for all i € M then A® (a ®T) < b for some o > 0
and so (due to the finiteness of ) a ® T would be a greater solution to
A®x <bthan T, a contradiction with (b). m

It follows that T = T(A, ) is always a solution to AQx < b, and A®Qx =b
has a solution if and only if Z(A, b) is a solution. Because of the special role
of T, this vector is called the principal solutionto AQx =band AQx <b
[60]. Note that the principal solution may not be a solution to A ® = = b.
More precisely, we have:

Corollary 3.1.2 Let A € R™ ™ be doubly R-astic and b € R™. Then the
following three statements are equivalent:

(a) S(A,b) #0,
(b) T € S(A,b),

(C) UjeN M; =M.
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The combinatorial aspect of systems A ® x = b will become even more
apparent when we deduce a criterion for unique solvability:

Corollary 3.1.3 Let A € R™™ be doubly R-astic and b € R™. Then
S(A,b) = {z} if and only if

(a) Ujen Mj =M and
(b) Ujen: Mj # M for any N' C N,N'" # N.

Example 3.1.4 Consider the system

-2 2 2 3
-5 -3 -2 T -2
e € 3 ® To = 1
-3 -3 2 T3 0
1 4 e 5

The matrix (aij ® b;l) 18

-5 -1 -1
-3 -1 0

€ € 2
-3 -3 2
—4 -1 €

Hence T = (3,1,—2)T,M1 = {2,4}, My = {1,2,5}, M5 = {3,4}. The
vector T 1s a solution since

U M=m. (3.5)
j=1,2,3

However, MaUMsz = M as well and no other union of the sets My, My, M3
18 equal to M. Therefore we may describe the whole solution set:

S(A,b) = {(331,1”2,173)T 6@5;%1 <3,z =1z3 = *2}-

Note that if ase = —3 is reduced, say to —4, then (3.5) still holds but
none of the sets My, My, M3 may be omitted without violating this equality.
Therefore T is a unique solution to this (new) system. If we further reduce
a2 = 2, say to 1 then (3.5) is not satisfied any more and the system has
no solution.

It is easily seen that the principal solution to A ® = b can be found in
O (mn) time and the same effort is sufficient for checking that it actually
is a solution to this system.
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The previous statements already indicate that the task of solving one-
sided max-linear systems is essentially a combinatorial problem. To make

it even more visible, let us consider the following problems:

(UNIQUE) SOLVABILITY: Given A € R™" and b € R™ does the
system A ® x = b have a (unique) solution?

(MINIMAL) SET COVERING [126]: Given a finite set M and subsets

My, ..., M, of M, is

UMj:M
JEN

(is

U M =M but | J M, #M
JEN JEN
i#k

for any k € N)?

Corollaries 3.1.2 and 3.1.3 show that for every linear system it is pos-
sible to straightforwardly find a finite set and a collection of its subsets
so that SOLVABILITY is equivalent to SET COVERING and UNIQUE
SOLVABILITY is equivalent to MINIMAL SET COVERING.

This correspondence is two-way, as the statements below suggest. Let us
assume without loss of generality that M and its subsets M, ..., M,, are
given. Define A = (a;;) € R™*™ as follows:

! ifi € M; . .
aij—{ 0 else forallie€ M, j € N,
b=0.

The following are corollaries of Theorem 3.1.1.

Theorem 3.1.5 M; = M if and only if AQ x = b has a solution.

JEN
Theorem 3.1.6 U;cyM; = M and Ujen Mj # M for any N' C
N,N'# N if and only if A® x = b has a unique solution.

We have demonstrated that every max-linear system is an algebraic rep-
resentation of a set covering problem, and conversely. This has various con-
sequences. For instance the task of finding a solution to A ® x = b with the
minimum number of components equal to T is polynomially equivalent to
the minimum cardinality set cover problem and is therefore N P-complete
[83]. Standard textbooks on combinatorial optimization such as [120] are
recommended for more explanation on the set covering problem or for an
explanation of N P-completeness.

Note that an interesting generalization of the combinatorial method to
the infinite-dimensional case can be found in [5].
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3.2 The algebraic method

In some theoretical and practical applications it may be helpful to ex-
press the principal solution algebraically rather than combinatorially. We
start with inequalities. As already seen in Theorem 3.1.1, the systems of
one-sided inequalities always have a solution and can be solved as eas-

ily as equations (unlike their linear-algebraic counterparts). The algebraic
—mXn

method slightly extends this result to any A € R and b € @m. Key
statements are the following lemma and theorem; the reader is referred to
page 1 and Subsection 1.6.3 for the necessary definitions and conventions
on +oo. For consistency we will denote in this section a=! (that is —a) for

aeR by a*.
Lemma 3.2.1 Ifa,b e R thenz € R satisfies the inequality
a®x<bh (3.6)

if and only if
r<a* @b (3.7)

Proof. The statement holds when a, b € R since a*®'b = —a+b. If a = +00
and b = —oo then z = —oo is the unique solution to (3.6) and (3.7) reads
x < —o0. In all other cases when a,b € {—00, 400} the solution set to (3.6)

is R and (3.7) reads < +00. m
Theorem 3.2.2 [59] If A € ﬁmxn, beR andz R then
A®z <bif and only if x < A* @' b.

Proof. The following are equivalent (Lemma 3.2.1 is used in the third
equivalence):

Az < b,
ZEB (a;j @x;) < b; forallie M
jen i T = 0 )
ai;; ®x; < b forallie M,j €N,
z; < (a;)"® b forallie M,jeN,
r;j < aj;® b forallie M,je N,
o' . ]

r; < ZieM (aji®/b¢) for all j € N,
x < A*®b.

(]
It follows from the definition of the principal solution Z (page 58) that
T =A*® bif Ais doubly R-astic and b € R™. We will therefore extend
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—mXn
this definition and call A* ®’ b the principal solution for any A € R
andbeR .

—mXn

Corollary 3.2.3 If AR . beR"™ and c € R then

(a) T is the greatest solution to A ® x < b, that is

A® (A" ®"b)<b

(b)) AR x =0 has a solution if and only if T is a solution and

(c)
AR (A*® (A®c) =A®ec.

Proof. (a) T is a solution since it satisfies the condition of Theorem 3.2.2
and that theorem is also saying that x < T if A®x < b, hence T is greatest.

(b) Suppose A ® z = b for some z € R". By Theorem 3.2.2 2 < T and
by Corollary 1.1.2 we then have

b=ARz<ART<b

This implies A @ T = b.

(c) The equation A ® x = A® c has a solution, thus by (b) A*®' (A ® c)
is a solution and the statement follows. m

It will be useful to have an immediate generalization of these results to
matrix inequalities:

—mXn —mxk —nxl —
Corollary 3.2.4 If A€ R ,BeR ,C eR and X = A*®' B
then
(a) X is the greatest solution to A® X < B, that is

A® (A*® B) < B,

(b) A® X = B has a solution if and only if X is a solution and

(c)
AR (A" (A C))=AxC.

Proof. This corollary follows immediately since A ® X < B is equivalent
to the system of one-sided max-linear systems:

AR X, < B, (r=1,..k)

where X1, ..., X} and By, ..., By are the columns of X and B, respectively.
[
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3.3 Subspaces, generators, extremals and bases

Being motivated by the results of the previous sections of this chapter we
now present the theory of max-linear subspaces, independence and bases.
The main benefit for the aims of this book is the result that every finitely
generated subspace has an essentially unique basis. We will also show how
to find a basis of a finitely generated subspace which will be of fundamental
importance in Chapter 4 where we use this result for finding the bases of
eigenspaces. Our presentation follows the lines of [43] and confirms the
results of [69] developed for subspaces of R™ U {¢}. Some of the results of
this section have been proved in [60], [103], [105] and [147].
Let S C R". The set S is called a maz-algebraic subspace if

aQuUBdLRVES

for every u,v € S and a, 3 € R. The adjective "max-algebraic" will usually
be omitted. N
A vector v = (vy,...,v,)" €R" is called a maz-combination of S if

D _
v = Zmes o @z, 0, €R (3.8)

where only a finite number of «,, are finite. The set of all max-combinations
of S is denoted by span (S). We set span (0) = {e}. It is easily seen that
span () is a subspace. If span (S) = T then S is called a set of generators
for T.

A vector v € S is called an extremal in S if v = u®w for u,v € S implies
v =wu or v =w. Clearly, if v € S is an extremal in .S and « € R then a ® v
is also an extremal in S.

Note that terminology varies in the max-algebraic literature and, for in-
stance, extremals are called "vertices’ in [76], [105] and ’irreducible elements’
in [146).

Let v = (v, ...,vn)T eR"v # ¢. The maz-norm or just norm of v is
lv|| = max (v1,...,v,); v is called scaled if ||v]] = 0. The set S is called
scaled if all its elements are scaled.

The set S is called dependent if v is a max-combination of S—{v} for some
v € S. Otherwise S is independent. The set S is called totally dependent
if every v € S is a max-combination of S — {v}. Note that § is both
independent and totally dependent and {e} is totally dependent.

Let S,T C R". The set S is called a basis of T if it is an independent set

of generators for 1. The set {ei € En;i =1,.., n} defined by

g Joitj=i
J e ifj#i

is a basis of Rn; it will be called standard.
We start with two simple lemmas.
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Lemma 3.3.1 Let S be a set of generators of a subspace T C R" and let
v be a scaled extremal in T. Then v € S.

Proof. Let v be a max-combination (3.8). Since the number of finite oy
is finite and v is an extremal we deduce by induction that v = a, @ x for
some «a, € R. But both v and « are scaled and therefore v = x yielding
veS m

Lemma 3.3.2 The set of scaled extremals of a subspace is independent.

Proof. Let F # ) be the set of extremals of a subspace T and v € E. By
applying Lemma 3.3.1 to the subspace 7" = span (E — {v}) we get v ¢ T"
and the statement follows. m

If v = (v1,..., vn)T € R" then the support of v is defined by

Supp (v) = {j € N;v; € R}.

We will use the following notation. If j € Supp (v) then v (j)
For any j € N and S C R" we denote

S(j)={v(j);ves,jec Supp(v)}.

An element of v € S is called minimal in S if u <v,u € S imply u =v. If
S CR" is a subspace, v € S and j € Supp (v) then we denote

Dj(v) ={ueS@H);u<v(d)}-

The following will be important for the main results of this section.

Il
<
®
S

Proposition 3.3.3 Let S C R". Then the following are equivalent:
(a) v € span (S).

(b) For each j € Supp (v) there is an ¥/ € S such that j € Supp (xf) and
2’ (j) € Dj (v).

, \ -1
Proof. If (b) holds then v = Z;BGSWP(U) o ®x?, where o; = v; ® (xj)

Let now v € span (S). Then for each j € Supp (v) there is an 27 € S
. _ -\ -1
with a; ® 27 < v and (a; ® J:J)j < wj. Clearly, a; =v; ® (x;) and (b)
follows. m

The following immediate corollary is an analogue of Carathéodory’s The-
orem and was essentially proved in [103] and [76].

Corollary 3.3.4 Let S C R". Then v € span (S) if and only if v €
span {a:l, ...,:rk} for some 2, ..., 2% € S where k < |Supp (v)].

We add another straightforward corollary that will be used later on.
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Corollary 3.3.5 Let T C R" be a subspace and Q be a set of generators
forT. Let U C Q and S = Q — U. Then S generates T if and only if each
v € @ satisfies condition (b) of Proposition 3.5.3.

The next statement provides two criteria for a vector to be an extremal.

Proposition 3.3.6 Let T C R" be a subspace and S be a set of generators
forT. Let v € S;v # . Then the following are equivalent:

(a) v is an extremal in T.
(b) v(j) is minimal in T (J) for some j € Supp (v).
(c) v (j) is minimal in S (j) for some j € Supp (v).

Proof. (a)=(c): If |Supp(v)] = 1 then v(j) is minimal in S (j). So
suppose that |[Supp(v)] > 1 and v (j) is not minimal in S (j) for any
j € Supp(v). Then for each j € Supp (v) there is an 27 € S (j) such
that 27 < v (j),2) # U(j)', Therefore v = Z?GSWP(U) v; @ 2, and v is
proportional with none of z7. Hence v is not an extremal in 7.

(¢c)=(b): Let u € T and assume that j € Supp (v) and u (j) < v (j).
We need to show that u(j) = v (j). By Proposition 3.3.3 the inequality
w (§) < u(4) holds for some w € S. Thus w (§) < u(j) < wv(j) and by (c)
it follows that w (j) = u (j) = v (j).

(b)=(a): Let v (j) be minimal in 7" (j) for some j € Supp (v) and sup-
pose that v = u & w for some u,w € T. Then both v < v and w < v and
either u; = v; or w; = vj;, say (without loss of generality) u; = v;. Hence
u (j) < v (j) and it follows from (b) that u (j) = v (j) . Therefore also u = v
and (a) follows. m

We can now easily deduce a corollary that shows the crucial role of
extremals: they are generators.

Corollary 3.3.7 Let T C R" be a subspace. If D; (v) has a minimal el-
ement for each v € T and each j € Supp (v) then T is generated by its
extremals.

Proof. Suppose that 27 is a minimal element of D; (v) . Since, for u € T (j) ,
the inequality v < 27 implies u € D; (v), 27 is also a minimal element of
T (j). The statement now follows by combining Propositions 3.3.3 and
3.36. m

The following fundamental result was essentially proved in [147]. Here
we slightly reformulate it: every set of generators S of a subspace T' can be
partitioned as E U F where F is a set of extremals for T" and the remainder
F' is redundant.

Theorem 3.3.8 Let T C R be a subspace and S be a set of scaled gener-
ators for T. Let E be a set of scaled extremals in T. Then
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(a) ECS.

(b) Let F =S —E. Then for any v € F the set S —{v} is (also) a set of
generators for T.

Proof. Part (a) repeats Lemma 3.3.1.

To prove (b), let v € F. Since v is not an extremal, by Proposition
3.3.6 for each j € Supp (v) there is a 2/ € T such that 27 (j) < v (j).
Since T = span (S) , by Proposition 3.3.3 there is also an 3/ € S satisfying
v/ (5) < 27 (j) < v(j). Obviously, ¥/ # v and by applying Proposition
3.3.3 again we get that v is a max-combination of {yj;j € Supp (v)} where
y? € S are different from v. Thus in any max-combination involving v, this
vector can be replaced by a max-combination of vectors in S — {v} which
completes the proof. m

The following refinement of Theorem 3.3.8 will also be useful.

Theorem 3.3.9 Let E be the set of scaled extremals in a subspace T. Let
S C T consist of scaled vectors. Then the following are equivalent:

(a) S is a minimal set of generators for T.
(b) S=FE and S generates T.
(c) S is a basis for T.

Proof. (a)=(b): By Theorem 3.3.8 we have S = E U I' where every
element of I is redundant in S. But since S is a minimal set of generators,
we have F = (). Hence S = E.

(b)=(c): E is independent and generating.

(¢)=>(a): By independence of S the span of a proper subset of S is
strictly contained in span (S). m

Theorem 3.3.9 shows that if a subspace has a (scaled) basis then it must
be its set of (scaled) extremals, hence the basis is essentially unique. Note
that a maximal independent set in a subspace T" may not be a basis for T’
as is shown by the following example.

Example 3.3.10 Let T C R® consist of all (scl,xg)T with 1 > xo > . If

0>a>b>c then {(O,a)T , (O,b)T} is a mazimal independent set in T

but it does not generate T.

We now deduce a few corollaries of Theorem 3.3.9. The first one can be
found in [76], [105] and [131].

Corollary 3.3.11 IfT is a finitely generated subspace then its set of scaled
extremals is nonempty and it is the unique scaled basis for T.

Proof. Since T is finitely generated there exists a minimal set of generators
S. By Theorem 3.3.9 S = F and S is a basis. =
The next corollaries are related to totally dependent sets.
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Corollary 3.3.12 If S is a nonempty scaled totally dependent set then S
18 infinite.

Proof. Suppose that S is finite and let T = span (S) . By Corollary 3.3.11 T
contains scaled extremals, which by Theorem 3.3.8 are contained in S, given
that T' = span (S). But then S is not totally dependent, a contradiction.
]

Corollary 3.3.13 LetT C R" bea subspace. Then the following are equiv-
alent:

(a) There is no extremal in T.
(b) There exists a totally dependent set of generators for T.

(c) Every set of generators for T is totally dependent.

Proof. Since there always is a set of generators for T' (e.g. the set T itself),
each of (b) and (c) is equivalent to (a) by Theorem 3.3.8. m

A subspace S in R" is called open if S — {e} is open in the Euclidean
topology.

Corollary 3.3.14 Let T C R*U{e},n > 1, be a subspace. If T — {c} is
open then every generating set for T is totally dependent (and hence T has
no basis).

Proof. It is sufficient to show that there is no scaled extremal in T since
the result then follows from Theorem 3.3.8. Let v € T' — {e}. Since T is
open there exist vectors w” € T' (p = k, 1), where wh < v, and w! =,
for i # p. Hence v = wk @ w! and v # w*,v # w'. Therefore there are no
scaled extremals in 7. m

An example of an open subspace is T = R™ U {¢} . For this particular
case Corollary 3.3.14 was proved in [69]. Another example consists of all
vectors (a,b)” with a,b € R,a > b.

More geometric and topological properties of max-algebraic subspaces
can be found in [43], [89], [90], [54], [53], [52] and [103].

3.4 Column spaces

We have seen a number of corollaries of the key result, Theorem 3.3.9. We
shall now link the first of these corollaries, Corollary 3.3.11 to the results of
the previous sections of this chapter. As usual the column space of a matrix

A eR™" with columns Aq,..., A, is the set

Col(A) = {ZiN ;@ Aj;aj € R} = {A@x;az € Rn}.
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Since a@ ARz D LRIARY=AR (a®zd L RyY), we readily see that
any column space is a subspace. Observe that by finding a solution to a
system A ® z = b we prove that b € Col (A). A natural task then is to
find a basis of this subspace. Corollary 3.3.11 guarantees that such a basis
exists and is unique up to scalar multiples of its elements. Note that for a
formal proof we would have to first remove repeated columns as they would
be indistinguishable in a set of columns, but they may be re-instated after
deducing the uniqueness of the basis since the expression "multiples of a
vector v" also covers vectors identical with v. We summarize:

Theorem 3.4.1 For every A € R™" there is a matriz B € @mx}c, k <mn,
consisting of some columns of A such that no two columns of B are equal
and the set of column vectors of B is a basis of Col (A). This matriz B is
unique up to the order and scalar multiples of its columns.

It remains to show how to find a basis of the column space of a matrix,
say A. If a column, say Ay is a max-combination of the remaining columns
and A’ arises from A by removing Ay then Col(A) = Col(A’) since in every
max-combination of the columns of A, the vector A, may be replaced by a
max-combination of the other columns, that is columns of A’. By repeat-
ing this process until no column is a max-combination of the remaining
columns, we arrive at a set that satisfies both requirements in the defini-
tion of a basis. Every check of linear independence is equivalent to solving
an m X (n — 1) one sided system and can therefore be performed using
O (mn) operations, thus the whole process is O (mn2) . Although asymp-
totically equally efficient, a method called the A-test, essentially described
in the following theorem, is more compact:

Theorem 3.4.2 [60] Let A € R™™" be a matriz with columns Ay, ..., A,
and A be the matriz arising from A* @ A after replacing the diagonal
entries by €. Then for all j € N the vector A; is equal to the gt column of
A® A if and only if A; is a maz-combination of the other columns of A.
The elements of the 51" column of A then provide the coefficients to express
the max-combination.

Proof. See [60], Theorem 16-2. m

Example 3.4.3 Let

h
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0O O =
— A DO
—_ = M
O Ov Ot
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Then
-1 -1 -1
-1 0 —¢ 11 2 ¢ 5
AR A = -2 —4 1 Q' 1 0 4 1 5
- -1 -1 1 ¢ -1 1 0
-5 -5 0
0o -1 -2 0 -1
0 € 1 ¢ 4
= -3 € 0 ¢ 1
0 e —2 ¢ -1
—4 e —3 ¢ 0
Hence
1 0 2 1 5
A A=1 1 2 5
1 0
We deduce
A = 0AP-3RA3B0R A, P —4R® As
A = 1A ®40A4:P1Q0A36-1® Ay

and the basis of Col(A) is {Az, A3, Ays}.

The number of vectors in any basis of a finitely generated subspace T
is called the dimension of T, notation dim (7). Unlike in linear algebra,
the dimensions of max-algebraic subspaces are unrelated to the numbers of
components of the vectors in these subspaces. This has been observed in
the early years of max-algebra and the following two statements describe
the anomaly.

Theorem 3.4.4 [60] Let m > 3 and k > 2. There exist k vectors in rR™
none of which is a max-combination of the others.

Proof. It is sufficient to find k£ such vectors for m = 3. Consider

0 0 .. 0
A= 1 2 .. k
-1 -2 ... -k
and apply the A-test to A.
8:; ; 0 0 .. 0
AR A = ®’ 1 2 ... Kk
0 —k k BRI
0 -1 ... —k+1
7 ~1 0 .. —k+2
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Hence all entries in the first row of the matrix

0 0. S an
-1 -2 ... -k -k+1 —-k+2 .. €

are —1 yielding that no column of A ® A is equal to the corresponding
column in A. Using the A-test we deduce that none of the columns of A is
a max-combination of the others. m

Theorem 3.4.5 [60] Every real 2 X n matriz has two columns such that
all other columns are a max-combination of these two columns.

Proof. Let A = (a;;) € R**". We may assume without loss of generality
that the order of the columns is such that

a1 ® a2_11 <ap® a2_21 <..<a,® aQ_nl. (3.9)

It is sufficient to prove that the system

(au aln)®x:<a1k>
G21  G2n G2k
has a solution for every k = 1,...,n. From (3.9) we deduce for every k :

—1 —1
a11 @ Gy, a21 ® aqy,

<
a1n ® a;kl 2 G2n @ agklv
which imply 2 € M; and 1 € M5 and the statement now follows by Corol-
lary 3.1.2. m

These results indicate that the question of a dimension in max-algebra is
more complicated than that in conventional linear algebra. We will return
to this in Chapter 6.

3.5 Unsolvable systems

If a system A ® x = b has no solution then the question of a best ap-
proximation of b by the mapping x —— A ® z arises. For this we need to
introduce the concept of a distance between two vectors. We shall consider
the distance based on the Chebyshev norm for which a quick answer fol-
lows from our previous results. If = (1, ...,xn)T,y = (Y15 ey yn)T e R™
then the Chebyshev distance of x and y is & (z,y) = maxjen |z; — y;] -
Max-algebraically,

®
§(z,y) = ZJEN (zj 0y o' ®y;).
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It is easily verified that
§(a®z,y) <laf®&(z,y) (3.10)

for any o € R.
For the approximation of b by A® x we distinguish two important cases:

Case 1 When z has to satisfy the condition A ® z < b (recall that this
system always has a solution). In MMIPP (see page 9) b corresponds
to required completion times and A®x is the actual completion times
vector. Thus the approximation using Chebyshev distance of A ® x
and b subject to A ® x < b can be described as "minimal earliness
subject to zero tardiness" [60].

Case 2 When z is unrestricted, x € R".

The following two theorems show that the principal solution plays a key
role in the answers to both questions. Recall that T(A,b) is finite if A is
doubly R-astic and b finite.

Theorem 3.5.1 [60] Let A € R™™" be doubly R-astic, b € R™, % = T(A, b)
and N
Q:{xeR%A®xgb}

Then

f(A®§,b):1£1€i5§(A®m,b).

Proof. It follows from Theorem 3.1.1 that = € @ if and only if x <. By
Corollary 1.1.2 then
ARz <ART<b

forevery z € Q. m

Theorem 3.5.2 [60] Let A € R™"" be doubly R-astic, b € R™, 7 =
Z(Ab), p? =€(A®7,b) and y = p @ T. Then

§(A®y,b) = min£(A®z,b).

Proof. Since A®Z < band (A®7Z), = b; for some i € M (Theorem 3.1.1)
we have £ (A® y,b) = p.
Suppose £ (A® z,b) < £ (AR y,b) forsome z € R" and let p = £ (A ® 2,b).
Then p < p and
ARz<p®b.
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Hence
A (p'®z2) <b

and so by Theorem 3.5.1 and (3.10)

w §(ART,b)
(A (p ' @z),b)
P ®@E(A®2,b)

= pz'

IAN A

It follows that p < p, a contradiction, hence the statement. m

There are other ways of approximating b using A ® z, for instance by
permuting the components of A ® = [44]. For more types of approximation
see e.g. [47].

3.6 Exercises

Exercise 3.6.1 Describe the solution set to the system A ® x = b, where

3 2 4 —p
6 7 6 1
A=12 4 8 |.,b= 1
0 2 3 —4
3 1 8 1

in terms of the real parameter p. [No solution forp < 2 orp > 3; (=5, < —6, —7)T
for p = 2; unique solution (—3 — p, —6, —7)T if2<p<3;(<—6,-6, —7)T
forp=3.]

Exercise 3.6.2 As in the previous question but for A® x < b.

w4
-3 6 -2 0 -3 1 max (—p —3,-1)
< -2 -7 -4 -2 -1 |& 1 | = max(—p—2, 0) |]
-4 -6 -8 -3 -8 —4 max (—p — 4, —5)
1

Exercise 3.6.3 Find the scaled basis of the column space of the matriz

3 -2 0 3 2
A=11 1 -2 6 3
4 3 1 8 0

{(=1,-3,0)7,(=5,-2,0)", (-1,0,-3)" } ]
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Exercise 3.6.4 For A and b with p = 0 of Ezercise 3.6.1 find the Cheby-
shev best approrimation of b by A @ x over the set {x eR"A®z< b}
and then over R™.

—2 -1
1 -5 2 —4
[ 1| fora=1| -6 |; 2 | forz=1| -5 |./
—4 -7 -3 —6
1 2

Exercise 3.6.5 Find the Chebyshev best approximation of b by AR x over
the set {x E@n;A@)z < b} and then over R™ for A = ( 31 > and

2 5
- (2).
(3 mem ()38 o (32

Exercise 3.6.6 Let A € R™*2. Prove that there exist positions (k,1) and
(1,2) in A such that for any b, for which A® x = b has a solution, (k,1) is

a column mazimum in column 1 of (diag (b)) ™' ® A and (1,2) is a column
mazimum in column 2 of this matriz, respectively. [44]

Exercise 3.6.7 Prove that the following problem is N P—complete: Given
AeR™" andb e Rm, decide whether it is possible to permute the com-
ponents of b so that for the obtained vector b’ the system AQ@ x =1V has a
solution. [31]
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4

Figenvalues and eigenvectors

This chapter provides an account of the max-algebraic eigenvalue-eigenvector
theory for square matrices over R. The algorithms presented and proved
here enable us to find all eigenvalues and bases of all eigenspaces of an
n X n matrix in O (n3) time. These results are of fundamental importance
for solving the reachability problems in Chapter 8 and elsewhere.

We start with definitions and basic properties of the eigenproblem, then
continue by proving one of the most important results in max-algebra,
namely that for every matrix the maximum cycle mean is the greatest
eigenvalue, which motivates us to call it the principal eigenvalue. We then
show how to describe the corresponding (principal) eigenspace. Next we
present the Spectral Theorem, that enables us to find all eigenvalues of a
matrix. It also makes it possible to characterize matrices with finite eigen-
vectors. Finally, we discuss how to efficiently describe all eigenvectors of a
matrix.

4.1 The eigenproblem: Basic properties

Given A € Rnxn, the task of finding the vectors z € R,z # ¢ (eigenvec-
tors) and scalars A € R (eigenvalues) satisfying

ARr=AQu (4.1)

is called the (max-algebraic) eigenproblem. For some applications it may be
sufficient to find one eigenvalue-eigenvector pair, however in this chapter we
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show that all eigenvalues can be found and all eigenvectors can efficiently
be described for any matrix.

The eigenproblem is of key importance in max-algebra. It has been stud-
ied since the 1960’s [58] in connection with the analysis of the steady-state
behavior of production systems (see Subsection 1.3.3). Full solution of the
eigenproblem in the case of irreducible matrices has been presented in [60]
and [98], see also [12], [61] and [144]. A general spectral theorem for re-
ducible matrices has appeared in [84] and [10], and partly in [48]. An appli-
cation of the max-algebraic eigenproblem to the conventional eigenproblem
and in music theory can be found in [79].

For A € R""and A € R we denote by V (A, \) the set consisting of €
and all eigenvectors of A corresponding to A, and by A(A) the set of all
eigenvalues of A, that is

V(AN = {xeﬁ";Am:A@x}
and

AA) = {AeR V(AN £ {e}}.

We also denote by V(A) the set consisting of ¢ and all eigenvectors of A,
that is

V)= U V(AN.
AEA(A)

Finite eigenvectors are of special significance for both theory and appli-
cations and we denote:

VF(A,\) = V(4,\)NR"

and
VHT(A) =V(A)NR™

We start by presenting basic properties of eigenvalues and eigenvectors.
The set {a ® z;2 € S} for a € R and S € R” will be denoted a ® S.

—nXn

Proposition 4.1.1 Let ABER ~,acR\pcRandz,y < R". Then
(a) V(e ® A) = V(4),

(b)) Ala® A) = a® A(A),

(c) VIAXNNV(B,u) CV(A® B,AG p),

(d) V(

(e) V(AN CV (Ak, )\k) for all integers k > 0,

ANNV(B,p) CV(A® B,A® p),
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(f) r€ V(A )N) = a®z € V(A4,\),
(9) z,y € V(A N) = z @y € V(A,N).

7

Proof. f A® 2z =A®x then (¢ ® A) ® 2z = (¢ ® A) ® x which proves (a)

ARr®B®x
ARQrdux
ANop) @

and (b).
fARz=A®xand B®x = u® x then
(AoB)®x =
and
(A B)@z =

A®(B® )
AQpu®x
HRART
BLRART

which prove (c) and (d). Statement (e) follows by a repeated use of (d) and

setting A = B.

fA®z=A®x then A® (@ ®z) = A® (e ® x) which proves (f).

Finally, f Az =A®z and A®y = A®y then

AR (zdy)

and (g) follows. m

ARz D ARY
AR (zDy)

It follows from Proposition 4.1.1 that V(A,\) is a subspace for every
A € A(A); it will be called an eigenspace (corresponding to the eigenvalue

N).

Remark 4.1.2 By (¢) and (e) of Proposition 4.1.1 we have: If A € R""
and € < AA) < 0 then V(A) C V(I'(A)) . In particular, V(Ax,0) C

V(['(Ax),0) .

The next statement summarizes spectral properties that are unaffected

by a simultaneous permutation of the rows and columns.

Proposition 4.1.3 Let A,B € R and B=P '@ A® P, where P is a

permutation matriz. Then

(a) A is irreducible if and only if B is irreducible.

(b) The sets of cycle lengths in Dy and Dp are equal.

(¢c) A and B have the same eigenvalues.
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(d) There is a bijection between V(A) and V(B) described by:
V(B)={P '®z;z e V(A)}.

Proof. To prove (a) and (b) note that B is obtained from A by simulta-
neous permutations of the rows and columns. Hence Dp differs from D4
by the numbering of the nodes only and the statements follow. For (¢) and
(d) we observe that Bz =A®zifandonlyif AQ PRz=AQ@PQ z,
that is z € V (B) if and only if z = P~ @z for some z € V(A). m

Remark 4.1.4 The eigenvectors as defined by (4.1) are also called right
eigenvectors in contrast to left eigenvectors that are defined by the equation

yT®A:yT®)\.

By the rules for transposition we have that y is a left eigenvector of A if
and only if y is a right eigenvector of AT (corresponding to the same eigen-
value), and hence the task of finding left eigenvectors for A is converted to
the task of finding right eigenvectors for AT.

4.2 Maximum cycle mean is the principal
eigenvalue

When solving the eigenproblem a crucial role is played by the concepts of
the maximum cycle mean and that of a definite matrix. The aim of this
section is to prove that the maximum cycle mean is an eigenvalue of every
square matrix over R. We will first solve the extreme case when ) (4) = ¢
and then we prove that the columns of ' (A)) with zero diagonal entries
are eigenvectors corresponding to A (A) if A (A) > .

Recall that the maximum cycle mean of A = (a;;) € R™ " is
Qiyiy + Qigig + -+ Qip_ip + Qigiy
k

where the maximization is taken over all (elementary) cycles (i1, ..., ix, i1)
in Dy (k=1,...,n), see Lemma 1.6.2. Due to the convention max ) = ¢, it
follows from this definition that A (A) = ¢ if and only if D4 is acyclic.

A(4) = max

Lemma 4.2.1 Let A = (a;;) € R™" have columns Ay, Ag, Ayl If
AA) = e then A(A) = {e}, at least one column of A is e and the eigen-

vectors of A are exactly the vectors (xl,...,xn)T € @n,x # € such that
x; = ¢ whenever A; # ¢ (j € N). Hence V (A,¢) = {G®z;z Gﬁn},

where G € R"™" has columns 91,92, .- and for all j € N :

o ej7 ’ifAj:<€7
9=\ e, ifAj+e
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Proof. Suppose A\(A) =¢ and A®z = A®x for some A € R, x # ¢. Hence

_max (aij +zj) =A+z; (i=1,..,n).
j=L,.n

For every ¢ € N there is a j € N such that
aij + T =tz .
Thus if, say z;, > €, and ¢ = 41 then there are i9, i3, ... such that

am-2 + 113‘i2 = )\ + 113‘i1

Qigig T Tiy = A+ Li,

where x;,, %;,, Zi,, ... > €. This process will eventually cycle. Let us assume
without loss of generality that the cycle is (i1, ..., g, ig+1 = 41). Hence the
last equation in the above system is

iy T4 = A+ Ty, -

In all these equations both sides are finite. If we add them up and simplify,
we get
Ajrio + Qioig + oo + A4y 14), + Qipiy = kA

showing that a cycle in D4 exists, a contradiction to A(A) = e. Therefore
A(A)NR = 0. At the same time A has an € column by Lemma 1.5.3. If the

4" column is ¢ then A®x = A\(A)®z for any vector x whose components are

all €, except for the j'" which may be of any finite value. Hence A(A) = {¢}
and the rest of the Lemma follows. m
Since Lemma 4.2.1 completely solves the case A(A) = €, we may now

assume that we deal with matrices whose maximum cycle mean is finite.
—_—nXn

Recall that the matrix Ay = (A(A))”' ® A4 is definite for any A € R
whenever A\(A4) > & (Theorem 1.6.5).

—NnXn

Proposition 4.2.2 Let A € R and A\(A) > e. Then

V(A =V(NA)I®A).

Proof. The statement follows from part (a) of Proposition 4.1.1. ®

Thus by Lemma 4.2.1, Proposition 4.1.1 (parts (a) and (b)) and Propo-
sition 4.2.2 the task of finding all eigenvalues and eigenvectors of a matrix
has been reduced to the same task for definite matrices.

Recall that I'(A) was defined in Subsection 1.6.2 as the infinite series
A® A% A% @ ... and that

NA)=ApA’®..0 A"
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if and only if A(4) < 0 (Proposition 1.6.10).

Let us denote the columns of ' (A) = (7,;) by g1, ..., gn- Recall that if A
is definite then the values v,; (i,j € N) represent the weights of heaviest
i — j paths in D4 (Subsection 1.6.2). The significance of I'(A) for matrices
with A(A4) <0 is indicated by the fact that for such matrices

ART(A)=A*d .0 A" <T(A)
due to (1.20), thus yielding
A®g; <g; forevery j € N. (4.2)

An important point of the max-algebraic eigenproblem theory is that in
(4.2) actually equality holds whenever A is definite and j € N.(A) :

Lemma 4.2.3 Let A = (a;5) € R™ If A is definite, g1, ..., g, are the
columns of T'(A) and j € N.(A) then A® g; = g;.

Proof. Let j € N.(A) and i € N. Then by (4.2)

.....

and we need to prove that actually equality holds. We may assume with-
out loss of generality ;; > ¢ (otherwise the wanted equality follows). Let
(i,k,...,j) be a heaviest i — j path. If k = j then v,; = a;; = a;; +7,;-
If k& # j then v,; = ai + ;- In each case there is an r such that
Qir + Vpj = Vij- ®

Before we summarize our results in the main statement of this section,
we give a practical description of the set of critical nodes N.(A). Since there
are no cycles of weight more than 0 in D4 for definite matrices A but at
least one has weight 0, we have then that for a definite matrix A at least
one diagonal entry in I'(A) is 0 and all diagonal entries are 0 or less since
the k' diagonal entry is the greatest weight of a cycle in D4 containing
node k.

It also follows for any definite matrix A, that zero diagonal entries in
I' (A) exactly correspond to critical nodes, that is we have

Nc(A) ={j € N;v;; =0} (4.3)

By Lemma 4.2.3 zero is an eigenvalue of every definite matrix. Hence
Proposition 4.1.1 (part 2), Lemmas 4.2.1, 4.2.2, 1.6.6 and 4.2.3 and (4.3)
imply:

—=—nXn

Theorem 4.2.4 A(A) is an eigenvalue for any matric A € R . If A\(A) >
€ then up to n eigenvectors of A corresponding to \(A) can be found among
the columns of T'(Ay). More precisely, every column of T'(Ay) with zero di-
agonal entry is an eigenvector of A with corresponding eigenvalue A(A).
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In view of Theorem 4.2.4 we will call A (A) the principal eigenvalue of
A.

Note that when the result of Theorem 4.2.4 is generalized to matrices
over linearly ordered commutative groups then the concept of radicability
of the underlying group (see Section 1.4) is crucial, since otherwise it is not
possible to guarantee the existence of the maximum cycle mean. Therefore
in groups that are not radicable, such as the additive group of integers, an
eigenvalue of a matrix may not exist.

4.3 Principal eigenspace

The results of the previous section enable us to present a complete de-
scription of all eigenvectors corresponding to the principal eigenvalue. Such
eigenvectors will be called principal and V (A, A(A)) will be called the
principal eigenspace of A. Our aim in this section is to describe bases of
V (A, (4)).

The columus of T' (A)) with zero diagonal entry are principal eigenvectors
by Theorem 4.2.4. We will call them the fundamental eigenvectors [60] of
A (FEV). Clearly, every max-combination of fundamental eigenvectors is
also a principal eigenvector.

We will use Theorem 4.2.4 and

e prove that there are no principal eigenvectors other than max-combinations
of fundamental eigenvectors,

e identify fundamental eigenvectors that are multiples of the others,
and

e prove that by removing fundamental eigenvectors that are multiples
of the others we produce a basis of the principal eigenspace, that is,
none of the remaining columns is a max-combination of the others.

We start with a technical lemma.
Lemma 4.3.1 [65] Let A € @nxn, A(A) > e and g1, ..., gn be the columns
of T(Ax) = (vi;) - If v = (21, 20)" € V(A,A(A)) and x; > ¢ (i € N)
then there is an s € N.(A) such that
T; = Ts+ Vis-

Proof. Let Ay = (d;j) and i € N, z; > . Then A\ ® z = z by Proposition
4.1.1 (parts (a) and (b)) and N.(A) = N.(Ax) by Lemma 1.6.6. This implies
that there is a sequence of indices 71 = 1,13, ... such that

Ty = di1i2 + T, (44)

Ti, = diQis + Ty
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This sequence will eventually cycle. Let us assume that the cycle is
(s oey Ty T = 7).
For this subsequence we have

L4

T

dirir+1 + Lipiq

Ti = dlklr + ;..

In all these equations both sides are finite. If we add them up and simplify,
we get
Qipipyy + oo+ dipi, =0

and hence i, € N.(Ax) = N.(A).
If we add up the first £ — 1 equations in (4.4) and simplify, we get

Tiy = di1i2 + ...+ dik—lik + Ly, -

Since di, i, + ... + di, 4, is the weight of an iy — iy path in D4, and v, ;,
is the weight of a heaviest i; — i, path, we have

Liy < Vivin + Ty,
At the same time z € V (I' (Ay)) (see Remark 4.1.2) and so
52
T = Z Yivj ®xj > Vivin + Ty,
JEN

Hence i, is the sought s. m
We are ready to prove that there are no principal eigenvectors other than
max-combinations of fundamental eigenvectors:

Lemma 4.3.2 Suppose that A = (a;;) € @nxn,/\(/l) > e and g1, ...,gn are
the columns of T(Ax) = (v;;) - If © = (1, n)’ € V(A X(A)) then

e
T = Z T; X g;-
JEN(A)
Proof. Let # = (z1,...,2,)" € V (4, A(A)). We have
A®@zr==x (4.5)

by Proposition 4.1.1 (parts (a) and (b)) and N.(4) = N.(A,) by Lemma
1.6.6. This implies (see Remark 4.1.2) that z € V(T'(Ax),0), yielding

$=Z®xj®gj2 Z ®xj®gj.

JEN JEN:(A)
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We need to prove that the converse inequality holds too, that is for every
i € N there is an s € N.(A) such that

Ti < Xs + Vs

If z; = € then this is trivially true. If x; > ¢ then it follows from Lemma
43.1. =

Clearly, when considering all possible max-combinations of a set of fun-
damental eigenvectors (or, indeed, of any vectors), we may remove from this
set fundamental eigenvectors that are multiples of some other. To be more
precise, we say that two fundamental eigenvectors g; and g; are equivalent
if g; = a®g; for some o € R and nonequivalent otherwise. We characterize
equivalent fundamental eigenvectors using the equivalence of eigennodes
in the next statement (note that the relation ¢ ~ j has been defined in
Subsection 1.6.1):

(aij) € R AA) > ¢ and

Theorem 4.3.3 [60] Suppose that A =
(i ) Ifi,j € N.(A) then g; = a®g;

J1y -y gn are the columns of T(Ay) =
for some o € R if and only if i ~ j.

Proof. Recall that N.(A) = N.(A)) by Lemma 1.6.6.

Let ,j 6 N.(Ay). Ifgl = a®gj, a €R then Vi = a®7;; = a and
Vi = 1'® v, = a~'. Hence the heaviest i — j path extended by the
heaviest j —4 path is a cycle of weight ' @ a = 0, thus 7 ~ j. Conversely,
let i ~ j and a be the weight of the j — ¢ subpath of the critical cycle
containing both ¢ and j. Then for any £ € N we have v, = a ® Vg, since
> follows from the definition of ~;; and > would imply o™ ® v;; > 7.
But o~ is the weight of the 1 — j subpath of the critical cycle containing
both i and j and thus a~! ® v,, is the weight of a k — j path which is a
contradiction with the maximality of v;;. Hence g =a ® g;. ®m

Note that if ¢ ~ 7 then we also write g; ~ g;.

From the last two theorems we can readily deduce:

nxXn

Corollary 4.3.4 [60] Suppose that A = (a;;) € R~ ,NA) > ¢ and
91y -, gn are the columns of T'(Ay). Then
D _
VANA) =S > “a;@g50; €R,jeN;(A)

JENZ(A)
where NX(A) is any mazimal set of nonequivalent eigennodes of A.

Clearly, any set N*(A) in Corollary 4.3.4 can be obtained by taking
exactly one gy, for each equivalence class in (N.(A), ~). The results on bases
in Chapter 3 enable us now to easily describe bases of principal eigenspaces
and, consequently, to define the principal dimension.
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=NnXn

Theorem 4.3.5 [6] Suppose that A = (a;;) € R™™,N(A) > € and g1, ..., gn
are the columns of T(Ay). Then V (A, A(A4)) is a nontrivial subspace and we
obtain a basis of V(A, A(A)) by taking exactly one gy for each equivalence
class in (N.(A), ~).

Proof. V(A4, A\(A)) is a subspace by Proposition 4.1.1 (parts (f) and (g)). It
is nontrivial due to (4.3) and Lemma 4.2.3. By Corollary 3.3.11 it remains
to prove that every gi,k € N.(A), is an extremal.

Let kK € N.(A) be fixed and suppose that g = u & v where u,v €
V(A,A(A)). Then by Lemma 4.3.2 we have:

5]
u= D, ooy
JENZ(A)

and

o= Y 8oy

JENZ(A)

where N7 (A) is a fixed maximal set of nonequivalent eigennodes of A and
aj,B; € R. We may assume without loss of generality that gx € Ny (A)
and thus gi ~ g, for any h € N¥(A),h # k. Hence

52
g= Y, 6;®y
JENF(A)
where d; = a;; & 3. Clearly 5 < 0. Suppose J; < 0 then

gk = Z 695;' & gj-

JENZ(A)
J#k

It follows that

®
0= = E 05 @ Vj = O0n @ Vpep,
JENI(A)
iFk

for some h € N(A),h # k. At the same time

o
Tk = Z 0j ® Vhj = 0h @ Vpp, = On-
JEN;(A)
#k
Therefore
Viw ® Vhr = 67, @ 0 = 0.

The last inequality is in fact equality since there are no positive cycles in
Dr(a,), implying that k ~ h, a contradiction. Hence d; = 0. Then (without
loss of generality) ay = 0 implying u > gr = v ® v and thus u = g;. =
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The dimension of the principal eigenspace of A will be called the principal
dimension of A and will be denoted pd (A). It follows from Theorems 4.3.3
and 4.3.5 that pd(A) is equal to the number of critical components of
C (A) or, equivalently, to the size of any basis of the column space of the
matrix consisting of fundamental eigenvectors of A. Since this basis can
be found in O (n?) time (Section 3.4), pd (A) can be found with the same
computational effort.

Remark 4.3.6 It is easily seen that A (AT) = X (A), T (AT) = (D' (A))"
and N.(AT) = N.(A). Hence an analogue of Theorem 4.3.5 in terms of
rows of I' (Ayx) for left principal eigenvectors immediately follows. See also
Remark 4.1.4.

Example 4.3.7 Consider the matriz

79 5 5 3 7
75 2 7 0 4
8§ 03 3 8 0
A= T2 5 7 95
4 2 6 6 8 8
3 05 7 1 2

The mazimum cycle mean is 8, attained by three critical cycles: (1,2,1),
(5,5) and (4,5,6,4). Thus \(A) =8, pd(A) =2 and

0 1 -1 0
-1 0 2 -1
0 1 -1 0
-1 0 -1 0
-2 -1 -2 -1
-2 -1 -2 -1

SO~ RFR O
OO~ RFR O

Critical components have node sets {1,2} and {4,5,6}. Hence the first
and second column of T'(Ay) are multiples of each other and similarly the
fourth, fifth and sizth columns. For the basis of V(A, A (A)) we may take
for instance the first and fourth column.

Example 4.3.8 Consider the matriz
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where the missing entries are €. Then AM(A) = 2, N.(A) = {1,2,3}, critical
components have node sets {1,2} and {3}, pd (A) = 2. We can compute

0 1

riay=| *°

hence a basis of the principal eigenspace is

{92,953} = {(l,O,E,S)T , (5,570,5)T} .

4.4 Finite eigenvectors

The aim in this chapter is to show how to find all eigenvalues and describe
all eigenvectors of a matrix. To achieve this goal, in this section we will
study the set of finite eigenvectors. We will show how to efficiently describe
all finite eigenvectors.

We will continue to use the notation I'(Ay) = (7v,;) if A(A) > e. Recall
that N.(A) = N.(Ax) by Lemma 1.6.6.

We will present the main results of this section in the following order:

e A proof that the maximum cycle mean is the only possible eigenvalue
corresponding to finite eigenvectors.

e Criteria for the existence of finite eigenvectors.
e Description of all finite eigenvectors.

e A proof that irreducible matrices have only finite eigenvectors.

The first result shows that A(A) is the only possible eigenvalue corre-
sponding to finite eigenvectors. Note that if A = ¢ then every finite vector
of a suitable dimension is an eigenvector of A and all correspond to the
unique eigenvalue A(4) = ¢.

Theorem 4.4.1 [60] Let A = (a;;) € R" ", If A+ ¢ and VT (A) # 0 then
MA) >e and A x = \NA) @ x for every x € VT(A).

Proof. Let z = (z1,...,2,)" € VT(A). We have

max (aj+z;)=A+z, (i=1,..,n)
j=1,....n

for some A € R. Since A # ¢ the LHS is finite for at least one 4 and thus
A> e
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For every ¢ € N there is a j € N such that
aij +x5; =X+ x5 .
Hence, if ¢ = 41 is any fixed index then there are indices i, i3, ... such that

Qisip + Tiy = A+ iy,

Qiyig + Tig = A+ Ti,,

This process will eventually cycle. Let us assume without loss of generality
that the cycle is (i1,...,4k,ik+1 = ¢1), otherwise we remove the necessary
first elements of this sequence. Hence the last equation in the above system
is

Qipiy T Ti = A+ Ty, -
In all these equations both sides are finite. If we add them up and simplify,
we get

Aiyiy + Qigiz + oo + Qi g4, + Gy

’ .
At the same time, if o = (i1, ..., 1k, ig+1 = @1) is an arbitrary cycle in Dy
then it satisfies the system of inequalities obtained from the above system
of equations after replacing = by <. Hence

)\:

Qiyig T Qigig T oo Qi 4y, T Qi
k

It follows that A = max, p(o, A) = A(4). =
Theorem 4.4.1 opens the possibility of answering questions such as the
existence and description of finite eigenvectors.

A=

= u(o, A).

Lemma 4.4.2 Let A c R'V". If A+ ¢ and x = (21, ..., 3,)" € VF(A)
then for every i € N there is an s € N.(A) such that

T, = s+ Viss
where T'(Ay) = (%‘j) .

Proof. Since A(A) > ¢ and z € V (4,A(A)) by Theorem 4.4.1, the state-
ment follows immediately from Lemma 4.3.1. =

We are ready to formulate the first criterion for the existence of finite
eigenvectors.

—nXn

Theorem 4.4.3 Suppose that A € R
columns of T(Ax) = (7,;) - Then

JA(A) > ¢ and ¢1, ..., gn are the

®
VHA) #£0 <= > g eR™
JEN(A)
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Proof. Suppose Z?GNC(A)gj € R™. Every g; (j € N.(A)) isin V (A, X (A))
by Lemma 4.2.3 and Z;’BENC(A)gj € V(A) by Proposition 4.1.1. Hence
Z?eNC(A)gj e V*H(A).

On the other hand, by Lemma 4.4.2, if x = (xl,...,xn)T € VT(A)
then for every ¢ € N there is an s € N.(A) such that v,, € R and so

®
ZJEN(_(A)g] S Rn | ]
We can now easily deduce a classical result:

Corollary 4.4.4 [60] Suppose A € R, A #¢. Then VT (A) # 0 if and
only if the following are satisfied:

(a) MA) > e.

(b) In D4 there is
(Vi e N)(Fj € N.(A))i — j.

Proof. By Theorem 4.4.1, A # ¢ and V*(A) # () implies A (4) > e.
Observe that

® & .
Z g; ER" —= Z v;; € R for all i € N.
JEN:(A) JENC(A)
Hence by Theorem 4.4.3 V1 (A) # 0 if and only if
(Vi€ N)(Jj € Ne(A))y;; € R

However, v,; is the greatest weight of an ¢ — j path in Dy, or ¢, if there is
no such path, and the statement follows. m
The description of all finite eigenvectors can now easily be deduced:

Theorem 4.4.5 Let Ac R ", If MA) > e, g1,...,gn are the columns of
['(Ay)) and VT (A) # 0 then

52
VHA) =4 Y ay@gia; Ry, (4.6)
JENX(A)

where N¥(A) is any mazimal set of nonequivalent eigennodes of A.

Proof. D follows from Lemma 4.2.3, Proposition 4.1.1 and Theorem 4.4.3
immediately. C follows from Lemma 4.3.2. m

Remark 4.4.6 Note that (4.6) requires oj € R and, in general, g; may
or may not be in V*t(A). Therefore the subspace V*(A)U{e} may or may
not be finitely generated and hence, in general, there is no guarantee that
it has a basis.



4.4 Finite eigenvectors 89

Example 4.4.7 Consider the matrix

where the missing entries are . Then A\(A) = 2, N.(A) = {1,2,3}, critical
components have node sets {1,2} and {3}, pd (A) = 2. A finite eigenvector
exists since an eigennode is accessible from every node (unlike in the slightly
different Example 4.3.8). We can compute

0

-1 0
F(Ak): 0 ’
-2 -1

hence a basis of the principal eigenspace is {(1, 0,¢, €)T ,(g,¢€,0, 72)T} CAll
finite eigenvectors are max-combinations of the vectors in the basis provided
that both coefficients are finite. However, VT (A) U {e} has no basis.

The following classical complete solution of the eigenproblem for irre-
ducible matrices is now easy to prove:

Theorem 4.4.8 (Cuninghame-Green [60]) Every irreducible matriz A €

= nXn

R (n>1) has a unique eigenvalue equal to A(A) and

53}
V(A) —{e}=VTA) =5 > a;@g50;€Ry,
JENg(A)

where g1, ..., gn, are the columns of T'(Ay) and N (A) is any mazximal set of
nonequivalent eigennodes of A.

Proof. Let A be irreducible, thus A(4) > e. Also, I'(A,) is finite by Propo-
sition 1.6.10. Every eigenvector of A is also an eigenvector of I'(Ay) with
eigenvalue 0 (Remark 4.1.2) but the product of a finite matrix and a vector
x # ¢ is finite. Hence an irreducible matrix can only have finite eigenvectors
and thus its only eigenvalue is A(A) by Theorem 4.4.1.

On the other hand, due to the finiteness of all columns of T'(Ay), by
Theorem 4.4.3, VT (A) # 0 and the rest follows from Theorem 4.4.5. m

Remark 4.4.9 Note that every 1 x 1 matriz A over R is irreducible and
V(A)—{e} =VT(A) =R.
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The fact that A(A) is the unique eigenvalue of an irreducible matrix
A was already proved in [58] and then independently in [144] for finite
matrices. Since then it has been rediscovered in many papers worldwide.
The description of V*(A) for irreducible matrices as given in Corollary
4.4.4 was also proved in [98].

Note that for an irreducible matrix A we have:

V(A) =VT(A) U{e} = {(Ay) @ 2z;2 € R", zj = ¢ for all j ¢ N.(A)}.

Remark 4.4.10 Since I'(Ay) is finite for an irreducible matriz A, the gen-
erators of VT(A) are all finite if A is irreducible. Hence VT (A) U {e} =
V(A) has a basis in this case, which coincides with the basis of V(A).

Example 4.4.11 Consider the irreducible matriz

0 3 0
1 -1 0
A= 0 2 ’
0 1

where the missing entries are €. Then A\(A) =2, N.(A) = {1,2,3}, critical
components have node sets {1,2} and {3}, pd (A) = 2. We can compute

0 1 -4 -2
-1 0 -5 -3
-3 =2 0 =5 |’
-5 -4 -2 -1

[(Ay) =

hence a basis of the principal eigenspace is

{(1,0, —2,—4)7, (—4,—5,0,—2)T}.

4.5 Finding all eigenvalues

Our next step is to describe all eigenvalues of square matrices over R. The
information about principal eigenvectors obtained in the previous sections
will be substantially used.

We have already seen in Section 1.5 that if A, B € R"™" are equivalent
(A = B), then Dy can be obtained from Dp by a renumbering of the
nodes and that B = P~! ® A ® P for some permutation matrix P. Hence
if A= B then A is irreducible if and only if B is irreducible. We also know
by Proposition 4.1.3 that V(A) and V(B) are essentially the same (the
eigenvectors of A and B only differ by the order of their components).

It follows from Theorem 4.4.8 that a matrix with a nonfinite eigenvector
cannot be irreducible. The following lemma provides an alternative and
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somewhat more detailed explanation of this simple but remarkable prop-
erty. It may also be useful for a good understanding of the structure of the
set V(A) for a general matrix A.

Lemma 4.5.1 Let A = (a;;) € R and X € AA). If z € V(A N) —
V(A N), x #¢, thenn > 1,

[ AGD €
A= ( ACD 40e2) )

A= MA®2), and hence A is reducible.

Proof. Permute the rows and columns of A simultaneously so that the

vector arising from x by the same permutation of its components is =’ =
1) _

( i@) ) , where 2(1) = ¢ € R” and 2® € R*? for some p (1 < p < n).

Denote the obtained matrix by A’ (thus A = A’) and let us write blockwise

, A1) 4(12)
A={ ey ye» )

where AU is p x p. The equality A’ ® 2’ = A ® 2’ now yields blockwise:

A02) @ (2 — e,
AP @23 = Ngz®.

Since x(?) is finite, it follows from Theorem 4.4.4 that A = A(A(??)); also
clearly A1?) =¢. m

We already know (Theorem 4.4.8) that all eigenvectors of an irreducible
matrix are finite. We now can prove that only irreducible matrices have
this property.

Theorem 4.5.2 Let A = (a;;) € R"™". Then V(A) — {e} =V (A) if and
only if A is irreducible.

Proof. It remains to prove the "only if" part since the "if" part follows from

(11)
Theorem 4.4.8. If A is reducible then n > 1 and A = < 3(21) A(622) ),

where A(?) is irreducible. By setting A = A(A®?),2(2) € V*(Ag),z =

xé) ) e R" we see that 2 € V(A) — VT (A),z #£¢c. m

Theorem 4.5.2 does not exclude the possibility that a reducible matrix
has finite eigenvectors. The following spectral theory will, as a by product,
enable us to characterize all siiua;tions when this occurs.

Every matrix A = (a;;) € R" " can be transformed in linear time by
simultaneous permutations of the rows and columns to a Frobenius normal
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form (FNF) [18], [12], [126]

All 3 e
A21 A22 3 (4 7)
Arl Ar2 Arr

where Ajq, ..., A are irreducible square submatrices of A. The diagonal
blocks are determined uniquely up to a simultaneous permutation of their
rows and columns, however, their order is not determined uniquely. Since
any such form is essentially determined by strongly connected components
of D4, an FNF can be found in O (|[V| + |E|) time [142], [18]. It will turn
out later in this section that the FNF is a particularly convenient form
for studying spectral properties of matrices. Since these are essentially pre-
served by simultaneous permutations of the rows and columns (Proposition
4.1.3) we will often assume, without loss of generality, that the matrix under
consideration already is in an FNF.

If A is in an FNF then the corresponding partition of the node set N of
D, will be denoted as Ni, ..., N, and these sets will be called classes (of
A). Tt follows that each of the induced subgraphs D4[N;] (i = 1,...,7) is
strongly connected and an arc from N; to N; in D4 exists only if ¢ > j.
Clearly, every A;; has a unique eigenvalue A (A4;;). As a slight abuse of
language we will, for simplicity, also say that A(A;;) is the eigenvalue of
N;.

If Aisin an FNF, say (4.7), then the condensation digraph, notation Cy,
is the digraph

({Nl, ...,Nr}, {(_]\]“]\[J)7 (E”i} S Nl)(EIl S Nj)akl > 6})

Observe that C4 is acyclic.

Recall that the symbol N; — N; means that there is a directed path
from a node in N; to a node in N; in C4 (and therefore from each node in
N; to each node in N, in Dy).

If there are neither outgoing nor incoming arcs from or to an induced sub-
graph C4 [{Ni,,...,N;.}] (1 <43 < ... <is <7) and no proper subdigraph
has this property then the submatrix

Ailil 3 9
AiQil Ai2i2 9
Aisil Aiﬂg Aisis

is called an isolated superblock (or just superblock). The nodes of Cy (that
is classes of A) with no incoming arcs are called the initial classes, those
with no outgoing arcs are called the final classes. Note that an isolated
superblock may have several initial and final classes.
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DT

FIGURE 4.1. Condensation digraph (6 classes)

For instance the condensation digraph for the matrix

A € € € € €
x Aoy € € € €
* * A33 3 9 9 (4 8)
* € e Au € € ’
€ € € e Ass €
€ 5 e € * Ags

can be seen in Figure 4.1 (note that in (4.8) and elsewhere * indicates a
submatrix different from ¢). It consists of two superblocks and six classes
including three initial and two final ones.

Lemma 4.5.3 If z € V(A),N; — N; and z[N,]| # ¢ then x[N;] is finite.
In particular, x[N;] is finite.

Proof. Suppose that z € V(A, \) for some A € R. Fix s € N; such that
xs > €. Since N; — N; we have that for every r € N; there is a positive
integer ¢ such that b,s > ¢ where B = A7 = (b;;). Since z € V(B, A7) by
Proposition 4.1.1 we also have A? ® z,, > b,s @ x5 > . Hence z, >¢. ®
We are now able to describe all eigenvalues of any square matrix over R.

Theorem 4.5.4 (Spectral Theorem) Let (4.7) be an FNF of a matriz A =
=NnXn

(aij) R . Then

A(A) = {A(4);): M(4;;) = max A(Ay)}.

N;—N;

Proof. Note that

for a matrix A in FNF (4.7).
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First we prove the inclusion O . Suppose
A(Aj5) = max{A(Ai); Ny — N}
for some j € R ={1,...,7}. Denote
Sy = {i€R;N; — N;},
S1 = R-5;

and

a= (0 i )

If A\(A;;) = ¢ then at least one column, say the ['" in A[M>] is e. We set
x; to any real number and z; = ¢ for j # I. Then x € V (A, A(4;;)).

If A\(A;;) > e then A[M>] has a finite eigenvector by Theorem 4.4.4, say
Z. Set z[Ms] = & and z[M7] = €. Then = = (z[M1], z[Ma]) € V(A, A(4;,)).

Now we prove C . Suppose that z € V(4, ),z # ¢, for some \ € R.

If A = ¢ then A has an ¢ column, say the k", thus ay, = . Hence
the 1 x 1 submatrix (agx) is a diagonal block in an FNF of A. In the
corresponding decomposition of N one of the sets, say Nj, is {k}. The set
{i; N; — N,} = {j} and the theorem statement follows.

If A\ >¢eand z € VT(A) then A = A(A) (cf. Theorem 4.4.1) and the
statement now follows from (4.9).

If A > e and o ¢ VT(A) then similarly as in the proof of Lemma 4.5.1
permute the rows and columns of A simultaneously so that

. 21
2@ )
where z(V) = ¢ € @p,x(z) € R"P for some p (1 < p < n). Hence
B A(ll) €
A= ( AL 4(22)

and we can assume without loss of generality that both A1) and A2 are
in an FNF and therefore also

AlD €
(A(21) A22) )

Ailil 3 9

is in an FNF. Let

A01) _ Aigi,

igl1 igly et Aisis
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and
Ais+1is+1 9 9
A(22) — Ais+2is+1 Ais+2is+2 €
igisrr  Aigiess Aii,
We have

A=MAPY) = A(4j5) = _max  A(Aq),
1=s+1,...,q

where j € {s+1,...,q}. It remains to say that if N; — N; then i €
{s+1,...,q}. m

The Spectral Theorem has been proved in [84] and [10]. Spectral prop-
erties of reducible matrices have also been studied in [11] and [145]. Sig-
nificant correlation exists between the max-algebraic spectral theory and
that for nonnegative matrices in linear algebra [128], [13], see also [126]. For
instance the Frobenius normal form and accessibility between classes play
a key role in both theories. The maximum cycle mean corresponds to the
Perron root for irreducible (nonnegative) matrices and finite eigenvectors
in max-algebra correspond to positive eigenvectors in the spectral theory
of nonnegative matrices. However there are also differences, see Remark
4.6.8.

Let A be in the FNF (4.7). If

A(4y;) = max A(4s)

then Aj; (and also N; or just j) will be called spectral. Thus A(A4;;) € A(A)
if 7 is spectral but not necessarily the other way round.

Corollary 4.5.5 All initial classes of Ca are spectral.

Proof. Initial classes have no predecessors and so the condition of the
Theorem is satisfied. m

Recall that AM(A) = min{\; 3z e R") A®x <A@z} if A(A) > & (Theo-
rem 1.6.29). In contrast we have:

Corollary 4.5.6

A(4) max A(A)

= max{)\; (erﬁn,x;éa)/l@x:)\@x}

for every matriz A € R

Proof. If A is in an FNF, say (4.7), then A(4) = max;—;
A(Ajj;) forall j. m
We easily deduce two more useful statements:

.....
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Corollary 4.5.7 1 < [A(A)| < n for every Ac R"™".

Proof. Follows from the previous corollary and from the fact that the
number of classes of A is at most n. m

Corollary 4.5.8 V(A) = V(A,A(A)) if and only if all initial classes have
the same eigenvalue A(A).

Proof. The eigenvalues of all initial classes are in A(A) since all initial
classes are spectral, hence all must be equal to A(A) if A(A) = {A(A)}. On
the other hand, if all initial classes have the same eigenvalue A(A), and A
is the eigenvalue of any spectral class then

A > A(A) = max A(Ay)
3
since there is a path from some initial class to this class and thus A = A(4).
]

Figure 4.2 shows a condensation digraph with 14 classes including two
initial classes and four final ones. The integers indicate the eigenvalues of
the corresponding classes. The six bold classes are spectral, the others are
not.

Note that the unique eigenvalues of all classes (that is of diagonal blocks
of an FNF) can be found in O(n?®) time by applying Karp’s algorithm
(see Section 1.6) to each block. The condition for identifying all spectral
submatrices in an FNF provided in Theorem 4.5.4 enables us to find them
in O(r?) < O(n?) time by applying standard reachability algorithms to
Cy.

Example 4.5.9 Consider the matriz

0 3
11

|
— o= W
N

where the missing entries are €. Then M(A11) = 2, A(Aaz) =4, A(Asz3) = 3,
AMAgg) =5, r=4; A(A) ={2,5}, A\(A) =5, initial classes are Ny and Ny
and there are no other spectral classes. Final classes are Ny and Ns.

We will now use the Spectral Theorem to prove two results, Theorems
4.5.10 and 4.5.14, whose proofs are easier when the Spectral Theorem is
available. The first of them has been known for certain types of matrices
for some time [65], [102], however using Theorem 4.5.4 we are able to prove
it conveniently for any matrix:
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FIGURE 4.2. Condensation digraph
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=NnXn

Theorem 4.5.10 Let A€ R "~ . Then
AAF) = (\A))"
holds for all integers k > 0.

Proof. The proof is trivial if n =1 or k = 0, so assume n > 2,k > 1.
Suppose first that A is irreducible. Let z € VT (4) = V (4, X (4)) —{e}.
By Proposition 4.1.1 we have z € V (Ak'J\ (Ak')) and thus by Theorem
4.4.1 (A(A)F = A(AF). Tt also follows that (M(A))" is the greatest principal
eigenvalue of a diagonal block in any FNF of (possibly reducible) A*.
Now suppose that A is reducible and without loss of generality let A be
in the FNF (4.7). Then A(A) = A(A;;) for some i,1 < i < r. The matrix A*
is again lower blockdiagonal and has diagonal blocks A¥,, ..., A% .. AF

These blocks may or may not be irreducible. However (A(4))" = (AM(Ay))*
is the greatest principal eigenvalue of a diagonal block in any FNF of A%
(by the first part of this proof since A;; is irreducible) and therefore also in
any FNF of A*. This completes the proof. m

For the second result we need two lemmas.

Lemma 4.5.11 Let A € R"™". Thene € A(A) if and only if A has an e
column.

Proof. If A® x = ¢ and 3, # ¢ then the k* column of A is . A similar
argument is used for the converse. m

Lemma 4.5.12 Let A € R"™" be irreducible. IfARr < A®z,x #e,AER
then x € R™.

Proof. The statement is trivial for n = 1. Let n > 1, then A(A) > e.
Without loss of generality we assume that A is definite. Then we have

NrNAer = ARz0A’®29..0A"®x
< ARzONRz.ON" Rz
= A®..o\")®z.

The LHS is finite since I" (A) is finite (Proposition 1.6.10) and x # ¢, hence
both A and x are finite. m

Corollary 4.5.13 Let A € R be irreducible. Then

AMA) = min{\;(FzeR") ARz < ARz}
min{)\; (Emeﬁn,x;«ézs)A@mg)\@x}.
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Proof. The statement is trivial for n = 1. If n > 1 then A (A) > € and the
first equality follows from Theorem 1.6.29. The second follows from Lemma
4.5.12. m

We now make another use of Theorem 4.5.4 and prove a more general
version of Theorem 1.6.29:

Theorem 4.5.14 If A € R™™™ then
min{)\; (Elm eR" z# 6) ARz < )\®x} = min A(A).

Proof. Without loss of generality let A be in the FNF (4.7) and as before
R={1,..,r}. Let

L:inf{A;(ExE@",x#a>A®x§/\®x}.

Clearly L < minA(A) since for x we may take any eigenvector of A. If
e € A(A) then using z € V (A,¢) — {e} we deduce that L = ¢. We will
therefore assume in the rest of the proof that € ¢ A(A).

Let x € K”m #e A€ Rand A®z < A® x. We need to show that
A > min A(A). Observe that A > & since otherwise x € V (A,e) — {¢}, a
contradiction with ¢ ¢ A(A). Let us denote

K ={k € R;x [Ny] #¢}.
Take any k € K. We have
ANy @z [N] < (A® ) [Ni] <A@ 2 [Ny].

Then x [Ny] is finite by Lemma 4.5.12 and so A > A\ (A [Ng]) by Theorem
1.6.18.

If ags = ¢ for all s € N;,¢ € R and t € N, then N}, is spectral and the
statement follows.

Ifay > e forsome s € N;,i € Rand t € Ny, then 2, > A\ ' ®@ag @z > €.
Therefore i € K and again, as above, by Lemma 4.5.12 z [IV;] is finite. Cy is
acyclic and finite, hence after a finite number of repetitions we will reach an
i € R such that N; is initial, and hence also spectral, yielding A (A [N;]) > ¢
(since € ¢ A(A)) and X (A[N;]) > min A(A).

At the same time

Therefore x [N;] is finite by Lemma 4.5.12 and by Theorem 1.6.18 we have:
AZ A(A[N),

from which the statement follows. m
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4.6 Finding all eigenvectors

Our final effort in this chapter is to show how to efficiently describe all
eigenvectors of a matrix.

Let A € R"™" be in the FNF (4.7), Ny,..., N, be the classes of A and
R ={1,...,r}. For the following discussion suppose that A € A(A) is a fixed
eigenvalue, A > ¢, and denote I(\) = {i € R; \(N;) = A, N; spectral}.

We denote by g1, ..., gn the columns of T(A™' @ A) = (747)- Note that
MM @A) = AP @ A\(A) may be positive since A < A(4) and thus T(A™' ®
A) may include entries equal to +oo (Proposition 1.6.10). However, for
i € I(\) we have

A ()\_1 (39 Aii) =1 ® A (Az'i) <0

by Theorem 4.5.4 and hence I' ()\71 ® Aii) is finite for i € I(\).
Let us denote

Nc()\)z U NC(Aii):{jEN;’yijO,je U Nz}
i€l(N) i€I(N)

Two nodes i and j in N.(A) are called A - equivalent (notation i ~ j) if
i and j belong to the same cycle whose mean is A. Note that if A = A(A)
then ~)coincides with ~ .

Theorem 4.6.1 [35] Suppose A € R"™™ and A € A(A),\ > . Then

g; € R" (that is, g; does not contain +o00) for all j € N.()\) and a basis of

V(A, X) can be obtained by taking one g; for each ~y equivalence class.

Proof. Let us denote M = |J N;. By Lemma 4.1.3 we may assume
icI(X)

without loss of generality that A is of the form

(1 )
(2 ¢)

where C = T((AM(A[M]))~! ® A[M]), and the statement now follows by

Proposition 1.6.10 and Theorem 4.3.5 since A = A(A[M]) and thus ~
equivalence for A is identical with ~ equivalence for A[M]. m

Hence T(A\™' ® A) is

Corollary 4.6.2 A basis of V(A,\) for A € A(A), A > ¢, can be found
using O (k*) operations, where k = |I()\)| and we have

VAN ={TA\ @A) ®z2eR", 2 =¢ forall j ¢ N.(\)}.
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Consequently, the bases of all eigenspaces can be found in O (n3) opera-
tions.

Using Lemma 4.2.1 and Corollary 4.6.2 we get:

Corollary 4.6.3 If A € ﬁnxn, A € A(A) and the dimension of V (A, \) is

Ty then there is a column R-astic matriz G € R™"™ such that

V(AN = {G,\@Z;ZG@M}.

It follows from the proofs of Lemma 4.5.1 and Theorem 4.5.4 that V' (A4, \)
can also be found as follows: If I(\) = {j} then define

My= U Ni,M,=N — M.
N;— N

Hence
V(AN = {z;2[M1] = e,2[M>] € V+(A[M2})}.

If the set I(\) consists of more than one index then the same process has
to be repeated for each nonempty subset of I(\) that is for each J C I()\),

J#0, weset S= |J N; and
JEJ

My= |J Ni,M; =N — M.
N;—S

Obviously, this is not a practical way of finding all eigenvectors as consid-
ering all subsets would be computationally infeasible, but it enables us to
conveniently prove another criterion for the existence of finite eigenvectors:

Theorem 4.6.4 [11] VT (A) # 0 if and only if A\(A) is the eigenvalue of
all final classes (in all superblocks).

Proof. The set M; in the above construction must be empty to obtain a
finite eigenvector, hence a class in S must be reachable from every class
of its superblock. This is only possible if S is the set of all final classes
since no class is reachable from a final class (other than the final class
itself). Conversely, if all final classes have the same eigenvalue A(A4) then
for A = A(A) the set S contains all the final classes, they are reachable
from all classes of their superblocks, and consequently M; = (), yielding a
finite eigenvector. m

Corollary 4.6.5 V*1(A) = 0 if and only if a final class has eigenvalue less
than A(A).
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Example 4.6.6 For the matriz A of Example 4.5.9 each of the two eigenspaces

has dimension 1. Since
0 1
F((All))\) = ( —1 0 )

V(A,2) is the set of multiples of (1,0,¢,¢,¢,¢)T, similarly V(A,5) is the
set of multiples of (¢,¢,¢,¢,¢,0)T. There are no finite eigenvectors since
for the final class Ny we have A (Aaz) < 5.

Remark 4.6.7 Note that a final class with eigenvalue less than A(A) may
not be spectral and so A(A) = {\(A)} is possible even if VT (A) = 0. For
instance in the case of

1
A= €
0

o oM
™

we have A\(A) =1, but V*(A) = 0.

Remark 4.6.8 Following the terminology of nonnegative matrices in lin-
ear algebra we say that a class is basic if its eigenvalue is AN(A). It follows
from Theorem 4.6.4 that VT (A) # 0 if basic classes and final classes co-
incide. Obviously this requirement is not necessary for V¥ (A) # 0, which
is in contrast to the spectral theory of nonnegative matrices where for A to
have a positive eigenvector it is necessary and sufficient that basic classes
(that is those whose eigenvalue is the Perron root) are exactly the final
classes [126].

Remark 4.6.9 The principal eigenspace of any matrix may contain either
finite eigenvectors only (for instance when the matriz is irreducible) or
only nonfinite eigenvectors (see Remark 4.6.7), or both finite and non-finite
eigenvectors, for instance when A = 1.

4.7 Commuting matrices have a common
eigenvector

The theory of commuting matrices in max-algebra seems to be rather mod-
est at the time when this book goes to print, however, it is known that any
two commuting matrices have a common eigenvector. This will be useful
in the theory of two-sided max-linear systems (Chapter 7) and for solving
some special cases of the generalized eigenproblem (Chapter 9).

Lemma 4.7.1 [70] Let A, BeR"™" and Ao B=B®A. Ifz € V(A,)\),
A ER, then Bz € V(A,N).
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Proof. We have A ® x = A ® x and thus
AR (BRz) =B (ARz)=BAQ@z=A® (B®z).

—nXn

Theorem 4.7.2 (Schneider) [107] If AAB € R~ and A® B=B®A
then V(A) N V(B) # {e}, more precisely, for every A\ € A(A) there is a
w € A(B) such that

V(A NNV(B,u) #{e}.

Proof. Let A € A(A) and r) be the dimension of V (A, A). By Corollary
4.6.3 there is a matrix G, € R™"™ such that

V(AN = {G,\®z;z€@”}.

Clearly, A ® Gy = A ® Gy. It follows from Lemma 4.7.1 that all columns
of B® Gy are in V (A, A) and hence

BGy=GoC

for some 7y x 7\ matrix C. Let v € V(C),v # ¢, thus v € V(C, u1) for some
1€ R, and set u = G\ ® v. Then u # ¢ since G is column R-astic and we
have:

ARQu=ARG\, Q=D ARG\ Qv =AQu

and
BRu=BG\ Qu=_G\CRQu=uRG\®v=uQ u.

Hence u e V(A NNV (B,u) and u #¢. ®

The proof of Theorem 4.7.2 is constructive and enables us to find a
common eigenvector of commuting matrices: The system BRG) = G C
is a one-sided system for C' and since a solution exists, the principal solution
C =G5 ® B®G, is a solution (Corollary 3.2.4).

Note that [107] contains more information on commuting matrices in

max-algebra.

4.8 Exercises

Exercise 4.8.1 Find the eigenvalue, I' (Ay) and the scaled basis of the
unique eigenspace for each of the matrices below:
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() A:(i ?)./A(A):4;

F(AA):<_(2) 3),

the scaled basis is {(0, —2)T} .J

(b) A= ( _(1) 8 )[/\(A) = 0; T (A)) = A, the scaled basis is{(O,—l)T,(O,O)T}./
1 0o 4 3
0 1 -3 3
(c) A= 0 1 0 2 . A(A) =2
-3 -1 0 1
0 1 2 2
-2 -1 0 1
FAV=1 9 1 0o o
-4 -3 -2 -1

the scaled basis is {(0, —2,-2, 74)T} .J

(d) Find the eigenvalue, I' (Ay) and the scaled basis of the unique eigenspace
of the matrix

4 4 3 8 1
3345 4
A=|5 3 4 7 3
21 2 3 0
6 6 4 8 1
A(A) = 5;
0 -1 0 3 -2
0 0 0 3 -1
T(Ay) = 0o -1 0 3 -2 |,
-3 -4 -3 0 -5
1 1 1 4 0

the scaled basis is {(—1, -1,-1,—4, O)T ,(=2,—1,-2, -5, O)T} .J



Exercise 4.8.2 Find all eigenvalues and the scaled bases of all eigenspaces

of the matrix

N W

0

wW N

= O W

==

w

(el \V]

1
0

4
2

4.8 Exercises

where the missing entries are €. [A(A) = {3,4,7,2}, the scaled basis of
V(4,3) is

{(0,—1,5,5,6,5,6, —2,-3)" ,(=1,0,¢,¢,¢,¢,¢, —3,—4)T},
the scaled basis of V (A, 4) is
{(575,075,5,5,5,575)T} ,
the scaled basis of V (A, 7) is
{(5, g,6,6,¢,0,—4,¢, s)T} )
the scaled basis of V (A, 2) is
{(5,5,5,5,5,5,5,0,—2)T} .J
Exercise 4.8.3 In the matriz A below the sign X indicates a finite en-

try, all other off-diagonal entries are €. Find all spectral indices and all
eigenvalues of A, and decide whether this matriz has finite eigenvectors.

4
X 3
X b
A= 7
X 8
X X 2
X X 4

[Spectral indices: 3,5,6,7, A(A) = {5,8,2,4}, no finite eigenvectors.]

Exercise 4.8.4 Prove that A (A) = X (AT), T (AT) = (T (ANT and N,(A) =
N(ATY for every square matriz A. Then prove or disprove that A(A) =
A(AT). [false]
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Exercise 4.8.5 Prove or disprove each of the following statements:

(a) If A € Z™*™ then A has an integer eigenvector if and only if A (A) €
Z. [true]

(b) If A € R™™™ then A has an integer eigenvector if and only if A (A) €
Z. [false]

(c) If A € R™*" then A has an integer eigenvalue and an integer eigen-
vector if and only if A € Z™*™. [false]

Exercise 4.8.6 We say that T' = (t;;) € R™*" is triangular if it satisfies
the condition t;; < X(T) for all i,j € N, i < j. Prove the statement: If
A € R™™ then A (A) = X (B) for every B that can be obtained from A by
permuting the rows and/or columns if and only if A cannot be transformed
to a triangular matriz by permuting the rows and/or columns. [40]

Exercise 4.8.7 Show that the mazimum cycle mean and an eigenvector
for 0 — 1 matrices can be found using O (n2) operations. [33], [66]

Exercise 4.8.8 Prove that the following problem is N P—complete: Given

AeR"" andz € ﬁn, decide whether it is possible to permute the compo-
nents of x so that the obtained vector is an eigenvector of A. [31]
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Maxpolynomials. The characteristic
maxpolynomial

The aim of this chapter is to study maz-algebraic polynomials, that is ex-
pressions of the form

(<3} .
pE)=D @, (5.1)

where ¢, j, € R. The number j, is called the degree of p(z) and p+ 1 is
called its length.

We will consider (5.1) both as formal algebraic expressions with z as
an indeterminate and as max-algebraic functions of z. We will abbrevi-
ate "max-algebraic polynomial" to "maxpolynomial". Note that j,. are not
restricted to integers and so (5.1) covers expressions such as

83®2 2@ (-2.6)® 2T ®6.5® 2123, (5.2)
In conventional notation p (z) has the form

max (¢ + jr2)
7=0,....,p

and if considered as a function, it is piecewise linear and convex.
Each expression ¢, ® 27" will be called a term of the maxpolynomial p (2) .
For a maxpolynomial of the form (5.1) we will always assume

jo <1 <...<jp,

where p is a nonnegative integer. If ¢, = 0 = jo then p (z) is called standard.
Clearly, every maxpolynomial p (z) can be written as

c® 2 ®q(z2), (5.3)
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where ¢ (z) is a standard maxpolynomial. For instance (5.2) is of degree
12.3 and length 3. It can be written as

6522 ?®@q(2),
where ¢ (z) is the standard maxpolynomial
1.8® (—9.1) ® 2199 @ 2195,

There are many similarities with conventional polynomial algebra, in
particular (see Section 5.1) there is an analogue of the fundamental theorem
of algebra, that is, every maxpolynomial factorizes to linear terms (although
these terms do not correspond to "roots" in the conventional terminology).
However, there are aspects that make this theory different. This is caused,
similarly as in other parts of max-algebra, by idempotency of addition,
which for instance yields the formula

(a®b) =a* @bk (5.4)

for all a,b, k € R. This property has a significant impact on many results.
Perhaps the most important feature that makes max-algebraic polynomial
theory different is the fact that the functional equality p (z) = ¢ (z) does not
imply equality between p and ¢ as formal expressions. For instance (1 ® 2)2
is equal by (5.4) to 2 ® 22 but at the same time expands to 2® 1 ® z @ 22
by basic arithmetic laws. Hence the expressions 2@ 1 ® z @ 22 and 2 @ 22
are identical as functions. This demonstrates the fact that some terms of
maxpolynomials, do not actually contribute to the function value. In our
example 1®z < 2@22 for all z € R. This motivates the following definitions:

A term ¢, ® 27 of a maxpolynomial Zio,...,p ¢, ® 27 is called inessential
if
Cs ® s < Z@CT ® P
r#s
holds for every z € R and essential otherwise. Clearly, an inessential term

can be removed from [reinstated in] a maxpolynomial ad lib when this
maxpolynomial is considered as a function. Note that the terms ¢y ® 270

) ® )
and ¢, ® z/r are essential in any maxpolynomial E 0 cr R 2.
7=0,...,p

Lemma 5.0.9 If the term c, ® 27¢,0 < s < p, is essential in the mazxpoly-
nomial Z?:o pCr ® 27" then

C.s - Cs+.1 N C'S,1 _ Cs )

Js+1 — Js Js — Js—1

Proof. Since the term ¢, @ 27+ is essential and the sequence {j,}’_, is
increasing there is an o € R such that

Cs +jsa > Cs—1 +j57104
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and
Cs + Js¢ > Coq1 + Jsy100.
Hence
C's - Cs—i-.l Sa> C.s—l * Cs'
Js+1 — Js Js = Js—1
[

We will first analyze general properties of maxpolynomials yielding an
analogue of the fundamental theorem of algebra and we will also briefly
study maxpolynomial equations. Then we discuss characteristic maxpoly-
nomials of square matrices. Maxpolynomials, including characteristic max-
polynomials, were studied in [71], [65], [62], [21] and [9]. The material pre-
sented in Section 5.1 follows the lines of [65].

5.1 Maxpolynomials and their factorization

One of the aims in this section is to seek factorization of maxpolynomials.
We will see that unlike in conventional algebra it is always possible to fac-
torize a maxpolynomial as a function (although not necessarily as a formal
expression) into linear factors over R with a relatively small computational
effort. We will therefore first study expressions of the form

[, e (5.5)

r=1,....p

where 3, € Rand e, € R (r = 1,..., p) and show how they can be multiplied
out; this operation will be called evolution. We call expressions (5.5) a
product form and will assume

By < .o < B, (5.6)

The constants /3, will be called corners of the product form (5.5). Note
that (5.5) in conventional notation reads

Z ermax (8,,z2).
r=1,...,p

Hence, a factor (¢ @ 2)° is the same as the linear function ez of slope e. A
factor (B @ 2)°, B € R, is constant e while z < 3 and linear function ez
if z > f. Therefore (5.5) is the function b (2) + f (z) z, where

b(z) = ZZSBS esB f(2) = ZMS es.

Every product form is a piecewise linear function with constant slope
between any two corners, and for z < 3, and z > f3,. It follows that a
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product form is convex when all exponents e, are positive. However, this
function may, in general, be nonconvex and therefore we cannot expect
each product form to correspond to a maxpolynomial as a function.

Let us first consider product forms

(z®B)® (0B ®...(2®8,) , (5.7)

that is product forms where all exponents are 1 and all 5, € R (and still
B1 < ... < B,). Such product forms will be called simple.

We can multiply out any simple product form using basic arithmetic
laws as in conventional algebra. This implies that the coefficient at z*
(k=0,...,p) of the obtained maxpolynomial is

52
D rciie ety B @ Biy © - © By, (58)
where r = p — k. Note that (5.8) is 0 if » = 0. However, due to (5.6) this
coefficient significantly simplifies, namely (5.8) is actually the same as

By ® . ® B,

when k < p and 0 when k£ = p. Hence the maxpolynomial obtained by
multiplying out a simple product form (5.7) is of length p 4+ 1 and can be
found as follows:

The constant term is 8, ® ... ® f,; the term involving 2* (k > 1) is
obtained by replacing 3, in the term involving z*~! by z.

We now generalize this procedure to an algorithm for any product form
with positive exponents and finite corners. Product forms with these two
properties are called standard.

Algorithm 5.1.1 EVOLUTION
Input: 34, ...,8,, €1, ...,ep, € R (parameters of a product form).
Output: Terms of the mazpolynomial obtained by multiplying out (5.5).
to =1 ®...0 B,7
forr=1,...,p do
t. :=t._1 after replacing e by z°

The general step of this algorithm can also be interpreted as follows:

Cri=Crl1 ® (ﬁ?)fl and j, == jr—1 t e with ¢p := 7' ® ... ® ﬂ;‘;’ and
Jo = 0.

Alternatively, the sequence of pairs {(e,, 8,)}’_, is transformed into the

sequence
p+1

CREIN () SR SUS)

r=1
where the sum of an empty set is 0 by definition. Note that the algorithm
EVOLUTION is formulated for general product forms but its correctness
is guaranteed for standard product forms:
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Theorem 5.1.2 If the algorithm EVOLUTION is applied to standard prod-
®

uct form (5.5) then the maxpolynomial f(z) = Z o t, is standard, has
7=0,....p

53]
Proof. Let f(z) = Z o t.. Then f(z) is standard since all terms
r=0,...,p
involving z have positive exponents and one of the terms () is constant.
The highest order term (t,) has coefficient zero.
Let r € {0,1,...,p} and let z be any value satisfying 5, < z < 3,,;.
Then

=682 =2"0..02" QB ®..0 B

and f(z) = ¢, ® 2/* because any other term has either some z’s replaced
by some ’s (< 3, < z) or some f’s (> 3,1 > z) replaced by z’s and will
therefore be strictly less than ¢,. At the same time, if 3. < z < 3,1, then
the value of (5.5) is ¢, ® 27 for r = 0,1,...,p. We deduce that f(z) and
(5.5) are equal for all z € R and hence f(z) has no inessential terms. ®

Example 5.1.3 Let us apply EVOLUTION to the product form (1® z) ®
(3@ 2)°. Here
{(er, B,) ;::1 = {(17 1), (273)}'

We find
o = 1'®3%2=7,
t1 = z1®32:6®z,
to = 2@ 2?2 = 2

For the inverse operation (that will be called resolution) we first notice
that if a standard maxpolynomial p (z) was obtained by EVOLUTION then
two consecutive terms of p (z) are of the form

BB ®.LRB QT T g @ QB @2 T g L
By cancelling the common factors we get 35" &2z¢ or, alternatively (3, & 2)" .

Example 5.1.4 Consider the mazpolynomial TH 6 ® 2 ® 23. By cancelling
the common factor for the first two terms we find 1 ® z, for the next two
terms we get 6®22 = (3@ z)°. Hence the product form is (1 ® 2)@(3 ® z)°.

This idea generalizes to nonstandard maxpolynomials as they can always
be written in the form (5.3).

Example 5.1.5

0 'e903® 22
= 30 '@ (Te6Rze2°)
= 302 '01e2)0Bd:2)°.
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In fact there is no need to transform a maxpolynomial to a standard
one before we apply the idea of cancellation of common factors and we can
straightforwardly formulate the algorithm:

Algorithm 5.1.6 RESOLUTION

) ® ,
Input: Maxpolynomial Z o cr ® 27,
r=0,...,p

®
Output: Product form I_L:1 - (B, ®2).

For each v = 0,1,...,p — 1 cancel a common factor c,41 ® 27 of two
. ; : . —1 ; s
consecutive terms ¢, @ 277 and cy41 ® 2771 to obtain c, Qe LBt =

(Bryr ®2)7"

Observe that e,1 = j,41 — jr and 3, = % forr=0,1,...,p—1.

Again, this algorithm is formulated without specific requirements on the
input and we need to identify the conditions under which it will work
correctly.

It will be shown that the algorithm RESOLUTION works correctly if

the sequence
p—1
{ Cr — Cry1 }
jr+1 - jr r=0
is increasing (in which case the sequence {f,.} is increasing). A maxpolyno-
mial satisfying this requirement is said to satisfy the concavity condition.

Before we answer the question of correctness of the algorithm RESOLU-
TION, we present an observation that will be useful:

Theorem 5.1.7 The algorithms EVOLUTION and RESOLUTION are
mutually inverse.

Proof. EVOLUTION maps

(eri8) — (3o eBo " o)

while RESOLUTION maps
. . . —Cp
(Crvjr) - <]r+1 — Jrs H) .
Jr+1 — Jr
Hence EVOLUTION applied to the result of RESOLUTION produces
. o Cs — Cs+1 . o _
(Zs>r (]s+1 .]s) j5+1 — js ) Zs<r (.75+1 ]s))
(CT — Cpy Jr — .70)
= (CT7j7‘) :
One can similarly deduce that RESOLUTION applied to the result of EVO-

LUTION produces (e, 3,). ®
This theorem finds an immediate use in the following key statement.
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Theorem 5.1.8 For a standard mazpolynomial p (z) satisfying the concav-
ity condition the algorithm RESOLUTION finds a standard product form
q (z) such that p(z) = q(z) for all z € R.

Proof. Suppose that the maxpolynomial p (z) satisfies the concavity con-
dition. Then the sequence

¢ — Craq )P -1
BYrs = { - }
{ }7 ! Jr+1 = Jr ) =0
is increasing and finite and e, > 0, since j, are increasing. Hence the
product form ¢ (z) produced by RESOLUTION is standard.

By an application of EVOLUTION to ¢(z) we get a maxpolynomial
t(z) and t(z) = q(z) for all z € R by Theorem 5.1.2. At the same time
t(z) = p(z) for all z € R by Theorem 5.1.7. Hence the statement. ®

Note that computational complexity of RESOLUTION is O (p) .

Lemma 5.1.9 Letp(2) and p’ (2) be two mazpolynomials such that p’ (z) =
c® 29 @p(z). Then the concavity condition holds for p(z) if and only if it
holds for p’ (z) .

Proof. Let p(z) and p’ (2) be two maxpolynomials such that
p'(z)=cep(z)

for some ¢ € R. Then

/ /

Cg —Cgy1 =Cs+C—Cs41 —C=0Cs — Cs41-

If p’ (2) = 27 @ p(z) for some j € R then
Jow1 —Je =Jst1+J —Js —J = Jst1 — Js
and the statement follows. m

Theorem 5.1.10 A mazpolynomial has no inessential terms if and only
if it satisfies the concavity condition.

Proof. Due to Lemma 5.0.9 we only need to prove the "if" part.

By Lemma 5.1.9 we may assume without loss of generality that p (z) is
standard. By applying RESOLUTION and then EVOLUTION the result
now follows by Theorems 5.1.8, 5.1.2 and 5.1.7. =

It follows from Theorem 5.1.8 that if a standard maxpolynomial p (z)
satisfies the concavity condition then the algorithm RESOLUTION applied
to p (z) will produce a standard product form equal to p (2) as a function. If
p (z) does not satisfy the concavity condition then it contains an inessential
term (Theorem 5.1.10). By removing an inessential term, p (2) as a function
does not change. Hence by a repeated removal of inessential terms we can
find a standard maxpolynomial p’ (z) from p (2) such that p’ (2) satisfies the
concavity condition and p (z) = p’ (z) for all z € R. Formally, this process
can be described by the following algorithm:
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Algorithm 5.1.11 RECTIFICATION

. ® -
Input: Standard mazpolynomial p (z) = E o Cr ® 2T,
7=0,...,p

Output: Standard mazpolynomial p' (z) with no inessential terms and
p' (z) =p(z) for all z € R.
P (2) i=cpo1 @21 B, @200
s:=p—1,t:=p
Forr=p—2,p—3,...,0 do
begin
Until ﬁ > % do
begin
Remove cs ® 2% from p’ (2), let cs @ 295 and ¢y ® 27t be the
lowest and second-lowest order term in p’ (z), respectively.
end
p(2)=c. @2 Py (2),t i =5,8:=71
end

Clearly, RECTIFICATION runs in O (p) time since every term enters
and leaves p (z) at most once.
We summarize the results of this section:

Theorem 5.1.12 [71] (Maz-algebraic Fundamental Theorem of Algebra)
For every mazpolynomial p (2) of length p it is possible to find using O (p)
operations a product form q(z) such that p(z) = q(z) for all z € R. This
product form is unique up to the order of its factors.

53] .
Proof. Let p(z) be the maxpolynomial Z . ¢ ® 277, By taking out
7=0,...,.p

cp®zj0 it is transformed to a standard maxpolynomial, say p’ (), which in
turn is transformed using RECTIFICATION into a standard maxpolyno-
mial p” (z) with no inessential terms. The algorithm RESOLUTION then
finds a standard product form ¢ (z) such that ¢ (z) = p” (2) for all z € R.
By Theorems 5.1.8 and 5.1.10 we have p” (z) = p' (2) = p(z) for all z € R
and the statement follows. m

We may now extend the term "corner" to any maxpolynomial: Corners
of a maxpolynomial p (z) are corners of the product form that is equal to
p(z) as a function.

It will be important in the next section that it is possible to explicitly
describe the greatest corner of a maxpolynomial:

& .
Theorem 5.1.13 The greatest corner of p (z) = Z 0 Rz, p >0,
7=0,...,p
18
cr—c
max —2,
r=0,...,p—1 Jp — Jr

Proof. A corner exists since p > 0. Let v be the greatest corner of p (z).
Then , 4
cp ®Z]p Z Cr ®z]r
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for all z > « and for all r = 0,1,...,p. At the same time there is an r < p
such that _ _
cp® 2P < @27

for all z < v. Hence v = max,—¢,1,.. p—17, Where 7, is the intersection
point of ¢, ® 277 and ¢, ® 277, that is

Cr—Cp

Jp = Jr

Vr =

and the statement follows. m

Note that an alternative treatment of maxpolynomials can be found in [9]
and in [2] in terms of convex analysis and (in particular) Legendre-Fenchel
transform.

5.2 Maxpolynomial equations

Mazpolynomial equations are of the form

p(z) =q(z), (5.9)

where p (z) and ¢ (z) are maxpolynomials. Since both p(z) and ¢(z) are
piecewise linear convex functions, it is clear geometrically that the solution
S set to (5.9) is the union of a finite number of closed intervals in R,
including possibly one-element sets, and unbounded intervals (see Fig. 5.1,
where S consists of one closed interval and two isolated points). Let us
denote the set of boundary points of S (that is the set of extreme points
of the intervals) by S*. The set S* can easily be characterized:

Theorem 5.2.1 [6/] Every boundary point of S is a corner of p (2)®q (2) .

Proof. Let z € S*. If z is not a corner of p (2) ®¢q (z) then p (2) ¢ (z) does
not change the slope in a neighborhood of z. By the convexity of p (z) and
q (2) then neither p(z) nor ¢ (z) can change slope in a neighborhood of z.
But then z is an interior point to S, a contradiction. ®

Theorem 5.2.1 provides a simple solution method for maxpolynomial
equations (5.9). After finding all corners of p (2) ® ¢ (z), say 8 < ... < ,,
it remains

(1) to check which of them are in S, and

(2) if 74 < ... < =, are the corners in S then by selecting arbitrary
interleaving points «g, ..., a; so that

ap < v <ap <<y <ag

and checking whether a; € S for j = 0,...,¢, it is decided about each of
the intervals [’quﬂj] (j =1,...,t + 1) whether it is a subset of S. Here
Yo = —0o0 and 7y, = +00.
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FIGURE 5.1. Solving maxpolynomial equations

Example 5.2.2 [6/] Find all solutions to the equation
908R 20422202 =1008R2051 2°
Ifp(2)=9908R204®22® 2% and q(2) =108 ® 2 5 ® 22 then

p(2)®q(z) = 1088851 2°a 2
= 202)R(:203)x(2®5).

All corners are solutions and by checking the interleaving points (say)
1,2.5,4,6 one can find S = [2,3] U {5}.

5.3 Characteristic maxpolynomial

5.3.1 Definition and basic properties

There are various ways of defining a characteristic polynomial in max-
algebra, briefly characteristic maxpolynomial [62], [99]. We will study the
concept defined in [62].
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Let A= (a;5) € R"™". Then the characteristic mazpolynomial of A is

a1 Dx a12 A1n
a21 a2 xr ... a2n,
X 4(z) = maper(A®z®I) = maper
an1 Apno vee. Qpn D

It immediately follows from this definition that y 4(x) is of the form

BN QI B . B 1 QT D,

@
or briefly, Zk Sn_i @ z*, where 69 = 0. Hence the characteristic

—Yyeees

maxpolynomial of an n X n matrix is a standard maxpolynomial with ex-
ponents 0,1, ...,n, degree n and length n + 1 or less.

Example 5.3.1 If

1 3 2
A= 0 4 1
2 5 0
then
1oz 3 2
xalx) = maper 0 4o 1
2 5 0d=x

= Iez)o@e2r)(0e2)®30112
P2000502Q (4G 1) Q2
(1er)®1563001 (04 x)

= ’3402°06R2®8.

Theorem 5.3.2 [62] If A= (a;j) € R™™" then

S2]
S = ZBEPk(A) maper(B), (5.10)

for k=1,...,n, where Py(A) is the set of all principal submatrices of A of
order k.

Proof. The coefficient d, is associated with 2" ~* in y 4(z) and therefore is
the maximum of the weights of all permutations that select n — k symbols
of x and k constants from different rows and columns of a submatrix of
A obtained by removing the rows and columns of selected x. Since x only
appear on the diagonal the corresponding submatrices are principal. m
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Hence we can readily find ,, = maper(A) and §; = max(ai1,a22, .., Gnn),
but other coefficients cannot be found easily from (5.10) as the number of
matrices in Py(A) is (}).

If considered as a function, the characteristic maxpolynomial is a piece-
wise linear convex function in which the slopes of the linear pieces are n
and some (possibly none) of the numbers 0,1,...,n — 1. Note that it may
happen that d; = ¢ for all k = 1,...,n and then x4 (z) is just 2". We can
easily characterize such cases:

Proposition 5.3.3 If A = (a;;) € R™™™ then Xa(z) = 2™ if and only if
D4 is acyclic.

Proof. If D, is acyclic then the weights of all permutations with respect
to any principal submatrix of A are € and thus all §; = e. If D4 contains
a cycle, say (i1, ..., ik, 41) for some k € N then

maper (A (i1, ..., 1)) > €,
thus d; > ¢ by Theorem 5.3.2. m

Note that the coefficients §; are closely related to the best submatrix
problem and to the job rotation problem, see Subsection 2.2.3.

5.3.2 The greatest corner is the principal eigenvalue

By Theorem 5.1.13 we know that the greatest corner of a maxpolynomial
52 i .
p(z) = 27»:07“_,17 Cr ® ZJT? D> Oa 15

cr—Cp

max ; —.
r=0,...,p—1 Ip — Ir

—nXn

If p(z) = xa(z) where A= (a;;) € R~ thenp=n, j, =rand ¢, =,
for r =0,1,...,n with ¢, = 6o = 0. Hence the greatest corner of x 4(z) is

6n7r
max
r=0,....n—1mn —1r

or, equivalently
O
max —. 5.11
k=1,...,n k ( )
We are ready to prove a remarkable property of characteristic maxpoly-
nomials resembling the one in conventional linear algebra. As a convention,
the greatest corner of a maxpolynomial with no corners (that is A (4) = e,
see Proposition 5.3.3) is by definition e.
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N Xn

Theorem 5.3.4 [62] If A = (a;;) € R
xa(z) is A(A).

Proof. The statement is evidently true if A (A) = . Thus assume now that
A(A) > €, hence at least one corner exists. Let 8 be the greatest corner of
xa(z) and k € {1,...,n}, then 6, = maper (B), where B € P, (A). We
have

then the greatest corner of

maper (B) = w(m, B)
= w(m,B)®..Qw/(r,, B)

for some 7 € ap (B) and its constituent cycles 7y, ..., 7s. We also have
l 5
w(mj, B) < (A(A)"
for all j =1,...,s. Hence
81 = maper (B) < (A (4))™) ) = (x ()

and so

yielding using (5.11):
B<A(A).

Suppose now A (A) = wl(gg’;‘), o = (i1,.i),7 € {1,..,n}. Let B =

A (il, ,’L,n) . Then

8, > maper (B) > w(o, A) = (A (A))"7) = (A (4))".

Therefore 5
— >A(4),
r

yielding by (5.11):
B=A(4),

which completes the proof. m

Example 5.3.5 The principal eigenvalue of

A:

[N ]
N O =

4
1
1
is A (A) = 3. The characteristic mazxpolynomial is

xalz) = 0202’06z 7
= @el)e@@e3’)?,

and the greatest corner is 3.
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5.8.8 Finding all essential terms of a characteristic
mazpolynomial

As already mentioned in Subsection 2.2.3, no polynomial method is known
for finding all coefficients of a characteristic maxpolynomial or, equivalently,
to solve the job rotation problem. Recall (see Subsection 2.2.3) that this
question is equivalent to the best principal submatrix problem (BPSM),
which is the task to find the greatest optimal values d; for the assignment
problem of all £ x k principal submatrices of A, & = 1,...,n. It will be
convenient now to denote by BPSM(k) the task of finding this value for a
particular integer k.

We will use the functional interpretation of a characteristic maxpoly-
nomial to derive a method for finding coefficients of this maxpolynomial
corresponding to all essential terms. Recall that as every maxpolynomial,
the characteristic maxpolynomial is a piecewise linear and convex function
which can be written using conventional notation as

Xa(z) = max(d,,0pn—1 + x,0p—2 + 2z, ..., 61 + (n — 1)z, nx).

If for some k € {0, ...,n} the term §,_ ® ¥ is inessential, then

@ )
Xa(r) = Z#k Op_i ®x'

holds for all € R, and therefore all inessential terms may be ignored if
X 4() is considered as a function. We now present an O(n?(m + nlogn))
method for finding all essential terms of a characteristic maxpolynomial
for a matrix with m finite entries. It then follows that this method solves
BPSM(k) for those k € {1,...,n}, for which §,,_; ® x* is essential and, in
particular, when all terms are essential then this method solves BPSM(k)
forall k=1,...,n.

We will first discuss the case of finite matrices. Let A = (a;;) € R™*"
be given. For convenience we will denote x 4(z) by z(z) and A® z ® I by

Alz) = (a (x)”> . Hence

i=1
and ( )
) max(z,a;), for i=j,
a(x)w - { Qjj, for ’L#]
Since z(z) is piecewise linear and convex and all its linear pieces are of
the form zp(z) := kx + §,— for £ = 0,1,...,n and constants d0,,_x, the

maxpolynomial z(x) has at most n corners. Recall that z,(x) := nz, that
is 6o = 0. The main idea of the method for finding all linear pieces of z(x)
is based on the fact that it is easy to evaluate z(x) for any real value of
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x as this is simply maper(A & x ® I), that is the optimal value for the
assignment problem for A @ 2 ® I. By a suitable choice of O(n) values of x
we will be able to identify all linear pieces of z(x).

Let x be fixed and 7 € ap(A(x)) = ap (a(z);;) (recall that ap(A) denotes
the set of optimal permutations to the assignment problem for a square
matrix A, see Subsection 1.6.4). We call a diagonal entry a(z); of the
matrix A(x) active, if x > a;; and if this diagonal position is selected by
7, that is 7(i) = ¢. All other entries will be called inactive. If there are
exactly k active values for a certain x and permutation 7 then this means
that 2(z) = kx +6,_p = 2% ® §,,_g, that is, the value of z(x) is determined
by the linear piece with the slope k. Here §,,_ is the sum of n — k inactive
entries of A(z) selected by 7. No two of these inactive entries can be from
the same row or column and they are all in the submatrix, say B, obtained
by removing the rows and columns of all active elements. Since all active
elements are on the diagonal, B is principal and the n— k inactive elements
form a feasible solution to the assignment problem for B. This solution is
also optimal by optimality of w. This yields the following:

Proposition 5.3.6 [21] Let x € R and m € P,. If z(x) = maper (A (z)) =
Sy a();n(i)s 115 - Gk are indices of all active entries and {j1, ..., jn—r} =
N —{i1, ... ir} then A(J1, ..., jn—rk) is a solution to BPSM(n—k) for A and
On—r = maper (A (J1, .y n—k)) -

There may, of course, be several optimal permutations for the same value
of x selecting different numbers of active elements which means that the
value of z(x) may be equal to the function value of several linear pieces
with different slopes at z. We will pay special attention to this question in
Proposition 5.3.14 below.

Proposition 5.3.7 [21] If 2(T) = 2.(T) = 25(T) for some T € R and
integers v < s, then there are no essential terms with the slope k € (r,s)
and T is a corner of z(x).

Proof. Since 2,.(T) = 0p—r + 1% = 2(T) > 6— + kT for every k, we have
20 () = Opyp + 12 > Op—g + kx = z(x) for every © < T and k > r, thus
z(x) > zp(x) > zi(x) for every © < T and for every k > r.

Similarly, z(z) > zs(x) > zx(x) for every x > T and for every k < s. Hence,
z(x) > zi(x) for every x and for every integer slope k with r+1 < k < s—1.
L]

For x < a = min(a11, a2, ..., Gnn), 2(x) is given by max; > 1" | a; (i) =
maper(A) = d,,. Then obviously, z(x) = zo(x) = d,, for z < a.

Now, let a* := max;; a;; and let £/ be the matrix whose entries are all
equal to 1. For x > o* the matrix A(z) — «* - E (in conventional notation)
has only nonnegative elements on its main diagonal. All off-diagonal ele-
ments are negative. Therefore we get z(z) = nz = z, (z) for z > a*. Note
that for finding z(x) there is no need to compute o*.
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The intersection point of zo(z) with z,(z) is 21 = 2=. We find z(z1) by
solving the assignment problem max, » ., a(21)i,r(i)-

Corollary 5.3.8 If z(x1) = zo(x1) then z(z) = max (2o(2), zn(2)) .

Thus, if z(x1) = zo(x1), we are done and the function z(x) has the form

| z(x), for x <,
A = { zn(z), for = > m. (5.12)

Otherwise we have found a new linear piece of z(z). Let us call it z;(z) :=
kx + 6,,_, where k is the number of active elements in the corresponding
optimal solution and §,,— is given by &, := z(x1) — kz1. We remove z;
from the list.

Next we intersect zi(z) with zo(z) and with z,(z). Let 25 and z3, re-
spectively, be the corresponding intersection points. We generate a list
L := (x9,x3). Let us choose an element from the list, say x5, and determine
z(xg). If 2(x2) = 2z0(z2), then xg is a corner of z(z). By Proposition 5.3.7
this means that there are no essential terms of the characteristic maxpoly-
nomial with slopes between 0 and k. We delete x5 from L and process a
next point from L. Otherwise we have found a new linear piece of z(x)
and can proceed as above. Thus, for every point in the list we either find
a new slope which leads to two new points in the list or we detect that
the currently investigated point is a corner of L. In such a case this point
will be deleted and no new points are generated. If the list L is empty, we
are done and we have already found the function z(z). Since every point
of the list either leads to a new slope (and therefore to two new points in
L) or it is a corner of z(x), in which case this point is deleted from L, only
O (n) entries will enter and leave the list. This means the procedure stops
after investigating at most O(n) linear assignment problems. Thus we have
shown:

Theorem 5.3.9 [21] All essential terms of the characteristic mazpolyno-
mial of A € R™™™ can be found in O (n4) steps.

The proof of the following statement is straightforward.

Proposition 5.3.10 Let A = (a;;),B = (b;;) € R"*", r,s € N, a,s < bys,
a;;j =bi; foralli,j € N,i#r,j#s. If m € ap(A) satisfies w (r) = s then
7 € ap(B).

Corollary 5.3.11 Ifid € ap(A (T)) then id € ap(A (z)) for all x > T.

Remarks:
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A diagonal element of A(y) may not be active for some y with y > «
even if it is active in A(z). For instance, consider the following 4 x 4
matrix A:

0 0 0 29
0 8 20 O
0 0 12 28
29 28 0 16

For « = 4 the unique optimal permutation is 7 = (1)(2,3,4) of value
80, for which the first diagonal element is active. For y = 20 the
unique optimal permutation is 7 = (1,4)(2)(3) of value 98, in which
the second and third, but not the first, diagonal elements of the matrix
are active.

If an intersection point z is found by intersecting two linear functions
with the slopes k and k + 1 respectively, this point is immediately
deleted from the list L since it cannot lead to a new essential term
(as there is no slope strictly between k and k + 1).

If at an intersection point y the slope of z(z) changes from k to [
with [ —k > 2, then an upper bound for §,,_, related to an inessential
term rx + 0y, k < r <[, can be obtained by z(y) — ry. Due to the
convexity of the function z(z) this is the least upper bound on §,,_,
which can be obtained by using the values of z(z).

Taking into account our previous discussion, we arrive at the following
algorithm. The values x which have to be investigated are stored as triples
(z,k(1),k(r)) in a list L. The interpretation of such a triple is that = has
been found as the intersection point of two linear functions with the slopes
k(1) and k(r), k(1) < k(r).

Algorithm 5.3.12 ESSENTIAL TERMS

Input: A = (a;;) € R"™".

Output: All essential terms of the characteristic maxpolynomial of A, in
the form kx + 0, _p.

1.

Solve the assignment problem with the cost matrix A and set §,, =
maper(A) and zo(x) := dy,.

Determine x1 as the intersection point of zo(x) and z,(z) := nx.

Let L := {(x1,0,n)}.

. If L =0, stop. The function z(x) has been found. Otherwise choose

an arbitrary element (x;, ki (1), k;(r)) from L and remove it from L.

If ki(r) = k;(I) + 1, then (see Remark 2 above) go to Step 4. (x; is a
corner of z(x); for x close to x; the function z(x) has slope k;(l) for
x <z, and k;(r) forxz > x;.)
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6. Find z(z;) = maper(A(z;)). Take an arbitrary optimal permutation
to the assignment problem for the matriz A(x;) and let k; be the
number of active elements in this solution. Set §p—_p, := z(x;) — k;x;.

7. Set zi(x) := kjx + 0p—, -

8. Intersect z;(x) with the lines having slopes k;(l) and k;(r). Let y; and
ya be the intersection points, respectively. Add the triples (y1, ki(1), k;)
and (ya, ki, ki(r)) to the list L and go to Step 4. [See a refinement of
this step after Proposition 5.8.14.]

Example 5.3.13 Let

0 4 -2 3
2 1 3 -1
-2 -3 1 0
7T =2 8 4

A=

We solve the assignment problem for A by the Hungarian method and trans-
form A to a normal form. The asterisks indicate entries selected by an
optimal permutation:

—4 0 -6 -1
-1 =2 0 —4
-3 -4 0o -1 |’
-1 -10 0 —4

-3 0 -6 0
0* =2 0 -3
-2 -4 0 O

0 —-10 0* -3

Thus zo(z) = 14.
Now we solve 14 = 4x and we get x1 = 3.5. By solving the assignment
problem for x1 = 3.5 we get:

3.5 4 -2 3
2 35 3 -1

-2 =3 35 0 |’
7T =2 8§ 4

-0.5 0 —6 -1

—1.5 0 —-05 —4.5

—-5.5 —6.5 0 -35 |’
-1 -10 0 —4
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0 0 —6 0
-1 0 —-05 —-3.5
-5 —6.5 0 =25 |’

-0.5 -10 0 -3

0 —-05 —-6.5 0~
-0.5 0* —-0.5 -3
—4.5 —6.5 0~ -2

0* -10 0 —25

Thus z2(3.5) = 17 and we get z3(x) := 2z + 10. Intersecting this function
with zo(x) and z4(x) yields the two new points x4 := 2 (solving 14 = 22+10)
and x3 :=5 (solving 20410 = 4x ). Investigating x = 2 shows that the slope
changes at this point from 0 to 2. Thus we have here a corner of z(x).
Finding the value z(5) amounts in solving the assignment problem with the
cost matriz

5 4 -2 3
2 5 3 -1
-2 =3 ) 0
7 -2 8 5§
This assignment problem yields the solution z(5) = 20 = z4(5). Thus no

new essential term has been found and we have z(x) completely determined
as

14 for 0<x<2
z(z) = 20+ 10 for 2<x<5
4x for x>05.
In maz-algebraic terms z(x) = 14 ® 10 @ 22 & 2*. |

The following proposition enables to make a computational refinement of
the algorithm ESSENTIAL TERMS. We refer to the assignment problem
terminology introduced in Subsection 1.6.4.

Proposition 5.3.14 Let T € R and let B = (b;;) be a normal form of
A(Z). Let C = (cij) be the matriz obtained from B as follows:

0, if bij =0 and (i,7) is inactive,
cij =94 1, if (i,7) s active,
g, otherwise.

Then every m € ap(C) [r € ap(—C)] is an optimal solution to the assign-
ment problem for A (T) with maximal [minimal] number of active elements.

Proof. The statement immediately follows from the definitions of C and
of a normal form of a matrix. m

If for some value of T there are two or more optimal solutions to the
assignment problem for A(Z) with different numbers of active elements then
using Proposition 5.3.14 we can find an optimal solution with the smallest
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number and another one with greatest number of active elements. This
enables us to find two new lines (rather than one) in Step 6 of algorithm
5.3.12:

(a) zi(x) := kx+ 05—k, where k is the minimal number of active elements
of an optimal solution to the assignment problem for A(Z) and §,,_ is given
by 0p—k := 2(T) — kT;

(b) zg () := k'z 4 0,,—g, where k' is the maximal number of active
elements of an optimal solution to the assignment problem for A(Z) and
On—k is given by 6, _p = 2(T) — k'T.

In Step 8 of algorithm 5.3.12 we then intersect z;(x) with the line having
the slope k;(l) and zys (x) with the line having slope k;(r).

So far we have assumed in this subsection that all entries of the matrix
are finite. If some (but not all) entries of A are ¢, the same algorithm as in
the finite case can be used except that the lowest order finite term has to be
found since a number of the coefficients of the characteristic maxpolynomial
may be . The following theorem is useful here. In this theorem we denote

& = min (0,nAmin), 0 = max (0, nAmnax) ,

where Apin [Amax] is the least [greatest] finite entry of A. We will also
denote in this and next subsection

K = {k; dj, finite}
and
ko = max K. (5.13)
Clearly, the lowest-order finite term of the characteristic maxpolynomial is

2k (T) = Gpy @ T H0,

Theorem 5.3.15 [39] If A € R"™" then n — ko is the number of active
elements in A (T), where T is any real number satisfying

T<0—0
and 6y, = 2(T) — (n — ko) Z.

Proof. It is sufficient to prove that if z( is a point of intersection of two
different linear pieces of x 4 () then

xo >0 — 0.

Suppose that
O0r+(n—r)zg =05+ (n—3)xo

for some r,s € {0,1,...,n}, r > s. Then

(r—s)xzg =0, — 5.
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If Anin <0 then 6, > sAnin > nAmin = 6. If Apin > 0 then 6, > sAnin >
0 =4. Hence §,. > §.

If Apax <0 then §s < rAmax < 0=20. If Apax > 0 then 65 < rdpax <
nAmax = 0. Hence 6, < 4.

We deduce that §,, — 85 > § — & and the rest follows from the fact that
r—s>land§—6<0. m

It follows from this result that for a general matrix, ky can be found
using O (n3) operations. Note that for symmetric matrices this problem
can be converted to the maximum cardinality bipartite matching problem
and thus solved in O (n??/+/logn) time [38].

Theorem 5.3.15 enables us to modify the beginning of the algorithm ES-
SENTIAL TERMS for 4 € R"™" by finding the intersection of the lowest
order finite term zy,(x) (rather than zo(z)) with 2. Moreover, instead of

considering the classical assignment problem we rather formulate the prob-
lem in Step 6 of the algorithm as the maximum weight perfect matching
problem in a bipartite graph (N, N; E'). This graph has an arc (i,j) € FE
if and only if a;; is finite. It is known [1] that the maximum weight per-
fect matching problem in a graph with m arcs can be solved by a shortest
augmenting path method using Fibonacci heaps in O(n(m+mnlogn)) time.
Since in the worst case O(n) such maximum weight perfect matching prob-
lems must be solved, we get the following result.

Theorem 5.3.16 [21] If A R""" has m finite entries, then all essential
terms of X 4(z) can be found in O (n® (m +nlogn)) time.

5.8.4  Special matrices

Although no polynomial method seems to exist for finding all coefficients
of a characteristic maxpolynomial for general matrices or even for matrices
over {0, —oo}, there are a number of special cases for which this problem
can be solved efficiently. These include permutation, pyramidal, Hankel and
Monge matrices and special matrices over {0, —co} [38], [116], [28].

We briefly discuss two special types: diagonally dominant matrices and
matrices over {0, —oco}.

Proposition 5.3.17 If A = (a;5) € R"™" is diagonally dominant then so
are all principal submatrices of A and all coefficients of the characteristic
maxpolynomial can be found by the formula

O = Qiyiy + Qigiy + oo + Qg

fork=1,...,n, where ai,i; > Giyiy > ... > G i, -
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Proof. Let A be a diagonally dominant matrix, B = A(i1,12,...,i) for
some indices i1, 99, ..., i, and suppose that id ¢ ap(B). Take any 7 € ap(B)
and extend 7 to a permutation o of the set NV by setting o (i) = ¢ for every
i ¢ {iy,i2,...,ix}. Then obviously ¢ is a permutation of a weight greater
than that of id € P,, a contradiction. The formula follows. m

Matrices over T' = {0, —oo} have implications for problems outside max-
algebra and in particular for the conventional permanent, which for a real
matrix A = (a;;) we denote as usual by per (A4), that is

per (A) = ZWGPR HieN Qi (i)

If A= (a;;) € T"*™ then §, = 0 or 0 = —oo for every k = 1,...,n.
Clearly, 0, = 0 if and only if there is a k X k principal submatrix of A
with k£ independent zeros, that is with k zeros selected by a permutation
or, equivalently, k zeros no two of which are either from the same row or
from the same column.

It is easy to see that if A = (a;;) € T™*™ then B = 24 = (2%4) = (b;;)
is a zero-one matrix. If 7 € P, then

H bix(i) = H 20im(i) = 22ieN Bim(i) |

ieN ieN
Hence per(B) > 0 is equivalent to
(3m e P,)(Vi € N) b i) = 1.
But this is equivalent to
(37 € P,)(Vi € N) a; x5 = 0.

Thus, the task of finding the coefficient d;, of the characteristic maxpoly-
nomial of a square matrix over T is equivalent to the following problem
expressed in terms of the classical permanents:

PRINCIPAL SUBMATRIX WITH POSITIVE PERMANENT: Given
an n X n zero-one matriz A and a positive integer k (k < n), is there a
k x k principal submatriz B of A with positive (conventional) permanent?

Another equivalent version for matrices over 7' is graph-theoretical: Since
every permutation is a product of cycles, d; = 0 means that in D4 (and
F4) there is a set of pairwise node-disjoint cycles covering exactly k nodes.
Hence deciding whether d; = 0 is equivalent to the following:

EXACT CYCLE COVER: Given a digraph D with n nodes and a positive
integer k (k < n), is there a set of pairwise node-disjoint cycles covering
ezxactly k nodes of D?

Finally, it may be useful to see that the value of ky defined by (5.13) can
explicitly be described for matrices over {0, —oo}:
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Theorem 5.3.18 [28] If A € T™*™ then ko =n + maper (A® (-1)Q1I).
Proof. Since all finite §; are 0 in conventional notation we have:

Xa(x) = max (n — k) .

keK
Therefore, for z < 0:
xalz) = w.mkin (n—k)
= z.(n—ko),
from which the result follows by setting z = —1. ®

5.8.5  Cayley-Hamulton in maz-algebra

A max-algebraic analogue of the Cayley-Hamilton Theorem was proved in
[119] and [140], see also [9]. Some notation used here has been introduced
in Subsection 1.6.4.

Let A= (a;;) € R**™ and v € R. Let us denote

pT(Av) = |{7T € Phiw(n, A) = v}’

and
p (A) =|{r e P ;w(r A) =v}| .

The following equation is called the (maz-algebraic) characteristic equation
for A (recall that max () = ¢):

n © E_ n—1 ® k
A EBE keJC"*k®>\ = ®A EBE kejc”*k@))\’
where

¢y = max{ v; Z pT(B,v) # Z p (B,v) p, k=1,...,n,

BePy(A) BePy(A)

d = (-DF[ > p'Bie)— > p (B |, k=1,...n
BeP;(A) BeP,(A)
and
J={j;d; > 0}, J = {j;d; <0}.

Theorem 5.3.19 (Cayley-Hamilton in maz-algebra) Every real square ma-
triz A satisfies its maz-algebraic characteristic equation.
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An application of this result in the theory of discrete-event dynamic
systems can be found in Section 6.4.

In general it is not easy to find a max-algebraic characteristic equation for
a matrix. However, unlike for characteristic maxpolynomials it is relatively
easy to do so for matrices over T' = {0, —oc0} :

Theorem 5.3.20 [28] If A € T™*™ then the coefficients dj, in the maz-

algebraic characteristic equation for A are the coefficients at Ak of the
conventional characteristic polynomial for the matriz 2.

Proof. If A € T™*"™ then all finite ¢; are 0. Note that if & € N and
maper (B) = ¢ for all B € Py, (A) then the term ¢, ® \"~* does not appear
on either side of the equation. If B = (b;;) € T"** then p*(B,0) is the
number of even permutations that select only zeros from B. Let us denote
the matrix (2b’?-7') as 28 This matrix is zero-one, zeros corresponding to —oo
in B and ones corresponding to zeros in B. Thus p™(B,0) is the number
of even permutations that select only ones from 25. Similarly for p~ (B, 0).
Since 28 is zero-one, all terms in the standard determinant expansion of
28 are either 1 (if the corresponding permutation is even and selects only
ones), or —1 (if the corresponding permutation is odd and selects only
ones), or 0 (otherwise). Hence det 28 = p*(B,0) — p~(B,0). Since

dy=(-1)* > (p"(B,0)—p (B,0)),
BeP,(A)

it follows that

dp = (-1)% Y det2”,

BeP(A)

which is the coefficient at A" * of the conventional characteristic polyno-
mial of the matrix 24. m

5.4 Exercises
Exercise 5.4.1 Find the standard form of
p(2) =30 @20 940?015

and then factorize it using RECTIFICATION and RESOLUTION. [1 ®
2502010222307 @ 258); 182200 (- o) o (L ©2)7)
Exercise 5.4.2 Find the characteristic mazpolynomial and characteristic

equation for the following matrices; factorize the mazpolynomial and check
whether x 4(x) = LHS @& RHS of the maxpolynomial equation:
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3 -2 1
(a) A= 4 0 5 |. xa2)=906R26301202%=Bo)";
31 2
Moo=32N 062\
1 0 -3
b) A= 2 3 1 |.[ulz)=50402z830s2¢2*=(112)"®
4 -2 0
Bo2); N’0d4eA=3X 05
1 2 5
(¢c) A=| =1 0 3 |.[xalz)=6060201022¢23=(302)°®
1 1 1

0@z); =1\ 062 )\

Exercise 5.4.3 A square matrix A is called strictly diagonally dominant
if ap(A) = {id}. Find a formula for the characteristic equation of strictly
diagonally dominant matrices.

MBI N 2@ N T .. =50 N T RN T e T e ..

where 0y, = the sum of k greatest diagonal values/
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6

Linear independence and rank. The
simple image set.

We introduced a concept of linear independence in Section 3.3 in geometric
terms. For finite systems of vectors (such as columns of a matrix) this
definition reads:

Vectors a1, ...,an € R are called linearly dependent (LD) if

for some k € N and «; € R, i € N —{k}. The vectors ay, ..., a,, are linearly
independent (LI) if they are not linearly dependent. We presented efficient
methods for checking linear independence and for finding the coefficients
of linear dependence in Section 3.3. That section also contains results on
anomalies of linear independence. For these and other reasons various al-
ternative concepts of linear independence have been studied. In most cases
they would be equivalent to the above mentioned definition if formulated
in linear algebra, however in max-algebra they are nonequivalent.

We will discuss and compare two other concepts of independence in this
chapter: strong linear independence [60] and Gondran-Minoux indepen-
dence [98]. It will be of particular interest to see and compare these con-
cepts in the setting of square matrices, that is to compare regularity, strong
regularity and Gondran-Minoux regularity.
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6.1 Strong linear independence
In Chapter 3 we introduced the notation
S(Ab)={zecR A0z =b}
for Ac R"*" and b € R". Now we also denote for A e R™*" :
T(A) ={|S(A,b)];b e R™}.

The set T'(A) will be called the type of A. Note that the definition of
T(A) uses finite vectors b (see Subsection 3.1).

A set C C R" is said to be maz-convezr if a @ x & B ® y € C for every
z,y € C,a,f € R with a® B =0.

Lemma 6.1.1 The set S(A,b) is max-convex for every A € R™" and
beR™

Proof. AR (a®@z®Ry)=a®RAz68BRy=(a®pf)b=>0n
Regularity and linear independence are closely related to the number of

solutions of max-linear systems. Similarly as in conventional linear algebra

the number of solutions to a max-linear system can only be 0,1 or oo :

Theorem 6.1.2 [2/] |S(A,b)| € {0,1,00} for any Ac R™"" andbe R".

Proof. We only need to prove that if a system A ® x = b has more than
one solution then it has an infinite number of solutions. Suppose A® x = b,
A®y = band z # y for some z,y € R". Then by Lemma 6.1.1 a®@z® LRy
is also a solution for any «, 3 € R such that oo @ 3 = 0. Let without loss of
generality xj < yi and take a = 0 and (8 between xj ® y;l and 0. Then
a®f =0a®c® P ®y is different from both z and y and there is an
infinite number of such vectors. m

For reasons explained at the beginning of Chapter 3, we will concentrate
on doubly R-astic matrices.

Lemma 6.1.3 If A € R™™" is doubly R-astic and {1,00} C T (A) then
T (A) ={0,1,00}.

Proof. Let A € R™™" be doubly R-astic and {1,00} C T (A). Suppose that
every column of A has only one finite entry. Then m < n because there are
no € rows. If m = n then A is a generalized permutation matrix for which
T(A) ={1}.If m < n then A contains an m x m generalized permutation
submatrix. By choosing the remaining n — m variables sufficiently, small
we get T (A) = {oco0}.

Thus A has a column with at least two finite entries. Therefore the
number of finite entries in A is more than n.
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Suppose that in every row there is a finite entry unique in its column.
Then m < n. If m < n then a contradiction is obtained as above, hence
m = n, there are only m finite entries, a contradiction. Therefore there is a
row, say the k', whose every finite entry is nonunique in its column. Hence

@
there is a value, say ¢, such that ¢ ® ap; < E . ai; for all j € N. Then
K3

by Corollary 3.1.2 the system A ® x = b has no solution where b, = ¢!

and b; =0fori# k. m
We can deduce full list of types for doubly R-astic matrices.

Proposition 6.1.4 Each of the sets {1}, {oo}, {0,1}, {0,00}, {0,1, 00}
1s the type of a doubly R-astic matrix and there are no other types of doubly
R-astic matrices.

Proof. If A € R™™" is doubly R-astic and z € R™ then A ® x € R™
and z € S(A,A®x), thus T (A) = {0} is obviously impossible. Due to
Theorem 6.1.2 and Lemma 6.1.3, which includes the type {1, 00} , it remains
to show that the remaining five cases are all possible. The examples of
doubly R-astic matrices are (in the order stated in the Proposition):

I(()so) 28 (00)(1 0)
e 0 0 0 0 0 0 0 0
| |

The types T (A) of matrices in conventional linear algebra are {1}, {c0},
{0,1}, {0, 00}. They correspond to the following cases expressed using the
linear-algebraic rank: 7 (A) = m = n, r(A) = m < n, r(A) = n < m,
r(A) < min(m,n).

This comparison is even more striking if we consider finite matrices A in
max-algebra with m > 2. For such matrices we can always find a b such
that A ® x = b has no solution and another b for which the system has an
infinite number of solutions. More precisely:

Theorem 6.1.5 [24] T(A) is either {0,00} or {0,1,00} for any A €
R™X1 > 2.

Proof. If b = a1 then A ® z = b has an infinite number of solutions =z,
where 1 = 0 and zo, ..., z,, are sufficiently small.

If b < min{a1j®a;j1;i eM,i#1l,j€ N} and b; = 0 for all i > 1 then
A® 2 = b has no solution since then b;* ® ay; > a;; for every i € M,i # 1
and j € N, thus M; = {1} for all j € N, implying that there is no solution
by Corollary 3.1.2. m

We say that the columns of A € R™™" are strongly linearly independent
(SLI) if 1 € T'(A), that is the system A® x = b has a unique solution for at
least one b € R™; otherwise they are called strongly linearly dependent. A
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square matrix with strongly linearly independent columns is called strongly
regular.

The next three statements are indicating some similarity between max-
algebra and conventional linear algebra.

Lemma 6.1.6 If A € R™™" has SLI columns then A is doubly R-astic and
if y is the unique solution to A ® x = b for some b then y is finite.

Proof. The statement follows straightforwardly from the definitions. m

Theorem 6.1.7 A doubly R-astic matriz A € R™" has strongly linearly
independent columns if and only if it contains a strongly regular n X n
submatrix.

Proof. Suppose that A is doubly R-astic and the unique solution to AQx =
bis T € R™. It also follows from Corollary 3.1.3 that for every j € N there
is at least one ¢ € M; such that i ¢ My, for all k # j. Let us denote this
index i by ¢; (take any in the case of a tie). Consider the subsystem with
row indices 41,42, ...,%, (and with all column indices). This is an n X n
system with a unique column maximum in every column and in every row.
Hence again by Corollary 3.1.3 this system has a unique solution and so A
contains an n X n strongly regular submatrix.

Suppose now that A’ € R""isa strongly regular submatrix of A. Then
there exists a b’ € R™ such that A’ ® x = b’ has a unique solution, say z.
Take b = A® z. Then b € R™ and the system A ® x = b has a solution. If
it had more than one solution then the subsystem A’ ® x = b’ would also
have more than one solution. Hence A ®x = b has a unique solution, which
completes the proof. m

—mXn

Corollary 6.1.8 If a matriz A € R has strongly linearly independent
columns then m > n.

The question of checking whether the columns of a given matrix are
SLI may be of interest. It seems that currently no polynomial method for
answering this question exists, see Chapter 11. On the other hand it is
possible to check strong regularity of an n X n matrix in O (n3) time. This
is presented in the next section and it enables us, using Theorem 6.1.7, to
decide SLI (with nonpolynomial complexity) by checking n x n submatrices
for strong regularity.

6.2 Strong regularity of matrices

6.2.1 A criterion of strong reqularity

Recall that A € R"™" is called strongly regular if the system A®@ z = b
has a unique solution for some b € R™. Our aim now is to characterize
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strongly regular matrices and the sets of vectors b for which A®@ x = b
has a unique solution. Recall that a strongly regular matrix is doubly R-
astic (Lemma 6.1.6) and we will therefore assume throughout that A has
this property. By the same lemma we need to consider f(z) = A® x as
a mapping R” — R™. The set {A ® z;2 € R"} is the set of images of
this mapping. We will therefore call this set the image set and denote it by
Im(A). Clearly, Im(A) C Col (A) and Col (A) =Im(A) U{e} if A is finite.
We also define

Sa={beR", A® x = b has a unique solution} .

The set Sy is called the simple image set of A. The elements of Im(A)
and S4 will be called images and simple images, respectively. Observe that
Sa CIm(A) for every A and S4 # 0 if and only if A is strongly regular.

A unique column maximum in every column and in every row is a feature
that characterizes every uniquely solvable square system. To see this just
realize that (see Corollary 3.1.3) A®x = b has a unique solution for b € R”
if and only if the sets My (A,b), ..., M, (A,b) form a minimal covering of
the set N = {1,...,n}. It is easily seen that this is only possible if all the
sets My (A, D), ..., M, (A,b) are one-element and pairwise-disjoint.

If a square matrix has a unique column maximum in every column and in
every row then the column maxima determine a permutation of the set NV
whose weight is strictly greater than the weight of any other permutation
and thus this matrix has strong permanent (see Subsection 1.6.4). In other
words, if A is a square matrix and A ® x = 0 has a unique solution then
A has strong permanent. However, a normalization of a system A ® z = b
means to multiply A by a diagonal matrix from the left. Lemma 1.6.32
states that this does not affect ap(A) and so we have proved:

Proposition 6.2.1 If A € R™ "™ s strongly regular then A has strong
permanent.

The converse is also true (see the next theorem) and therefore verifying
that a matrix is strongly regular is converted to the checking that it has
strong permanent. This can be done by checking that a digraph is acyclic
(see Subsection 1.6.4) and therefore is solvable using O (n3) operations.

Theorem 6.2.2 (Criterion of strong regularity) A square matriz over
R is strongly regular if and only if it has strong permanent.

This result has originally been proved in [37] for finite matrices over lin-
early ordered commutative groups, however it is the aim of this subsection
to present a simpler proof, which is similar to that in [26]. We refer to
terminology introduced in Subsection 1.6.4 and start with a few lemmas
and a theorem that may be of interest also on their own:

Lemma 6.2.3 If Ac R"™" is strongly reqular then maper (A) is finite.
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Proof. The statement immediately follows from Proposition 6.2.1. m

Lemma 6.2.4 If A ~ B then A is strongly regular if and only if B is
strongly reqular.

Proof. Permutations of the rows and columns of A as well as ® multiplying
them by finite constants does not affect the existence of a unique solution
to a max-linear system. m

Due to Corollary 1.6.38 and (1.29) we may now assume without loss of
generality that the doubly R-astic matrix whose strong regularity we wish
to check is strongly definite.

Lemma 6.2.5 If A = (a;;) € R™™™ is strongly definite and b € S, then
B = (b;l ® aij) has column mazxima only on the diagonal.

Proof. A®x = b has a unique solution, thus by Corollary 3.1.3 the column
maxima are unique and determine a permutation, say w. Hence, if 7 # id
then w(m, A) > w(id, A), which is a contradiction since A is strongly definite
and therefore diagonally dominant by (1.29). m

If A is a square matrix then A will stand for the matrix obtained from
A after replacing all diagonal entries by e.

Theorem 6.2.6 If A € R™™ 4s strongly definite then

SA:{beR”;Z@bgg@)bforsomeg<O}.

Proof. Let A = (a;;) € R"™" be strongly definite and A = (@i;). Then we
have:

b is a simple image of A

A ® z = b has a unique solution

1y

= (b;' ® a;;) has column maxima only on the diagonal
(Lemma 6.2.5)
(b; '®ai; ® b;) is strictly normal
(Vi #7) (b; ' ®ai; @ b; < 0)
(39 < 0)(¥i,5) (b; ' ®ay; @ b; < g)
(39 < 0) (vi, j) (aij @ bj < g @ bi)
(

Jg < 0) (Vi) <max (aij @b;) <g® bi)

II Freree

(3g < 0) A®b<g®b)
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Corollary 6.2.7 IfA € R™ " 4s strongly definite then A is strongly reqular
if and only if the set

{beR”;Z@bgge@b}

is nonempty for some g < 0.

For the proof of our principal result, Theorem 6.2.2, we need to prove a
few more properties:

Lemma 6.2.8 If A € R"" is strongly definite then A has strong perma-
nent if and only if every cycle in D 3 is negative.

Proof. If A is strongly definite then w(m, A) < 0 = w(id, A) for every
m € P, . If € P, then w(m, A) = w(m1, A) ®...Qw(mg, A), where 71, ..., g
are the constituent cycles. Hence A has strong permanent if and only if
all cycles of length two or more in D4 are negative. This is equivalent to
saying that all cycles in D 7 are negative. m

nxn

Lemma 6.2.9 If A € R and B = A ® Q where Q is a generalized
permutation matriz then Sy = Sp. That is the simple image set of a matrix
18 unaffected by adding constants to its columns.

Proof. (A®Q)®z=A® (Q ® z) hence
(AQ)xz=>
has a unique solution if and only if
A®Rz=0b

has a unique solution and 2 =Q ' ® 2. m

We are ready to prove Theorem 6.2.2.
Proof. By Proposition 1.6.40 and Lemma 6.2.9 we may assume without
loss of generality that A is strongly definite.

Due to Proposition 6.2.1 it remains to prove the "if" part.

By Lemma 6.2.8 every cycle in D 7 is negative. Hence A(A) < 0.
If A # ¢ then by Theorem 1.6.18 for any g > )\(/T) and g > ¢ there is a

solution t e R" to ARz <g®x. If A=¢c then A ®x < g ® z is satisfied
by any g and z € R™. Hence the statement now follows by Corollary 6.2.7

by taking g = A(A) if A(A) > ¢ and any g € R, g < 0, otherwise. m

Corollary 6.2.10 If A € R"™ is strongly definite then A is strongly reg-
ular if and only if A\(A) < 0.

Due to Theorems 1.6.18 and 6.2.6 we also have:
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Corollary 6.2.11 Let A € R™™™ be strongly definite and strongly regular.
If A +# ¢ then

Sy = {A(ﬁ@ﬁ) ® z; 2 € R™, \(A) §g<0,g7é5}.

Ifﬁze then Sy = R™.

Example 6.2.12 Let
1 2 3
A= 1 0 5
5 6 3

Then the weights of all permutations are 4,12,10,8,12,6; |ap(A4)| = 2, A
does not have strong permanent and hence is not strongly reqular. For ma-
trices of higher orders this would be decided algorithmically by checking
whether the associated digraph is acyclic after a transformation to a nor-
mal form. We illustrate on the current matriz how this might be done:

2 3 1
A — B= 0 5 1
6 3 5

0 -2 —4

— c=| 2 0 -4

4 =2 0

0 0

— = -4 0 -2

0 —4 0

Here B is a diagonally dominant matriz obtained from A by moving the
first column to become the last; C is strongly definite, obtained from B
by subtracting the diagonal elements from their columns and G is normal,
obtained from C' using the Hungarian method by adding 4 and 2 to the
first and second row, respectively and subtracting 4 and 2 from the first and
second column, respectively. The digraph Zz contains arcs (1,2),(1,3) and
(3,1) and thus also the cycle (1,3,1). This confirms that A does not have
strong permanent (Theorem 1.6.39).

1 2 3
Example 6.2.13 Let A= | 1 0 5 |. Then the weights of all permu-
5 4 3

tations are 4,12,8,8,10,6; |ap(A)| = 1, A has strong permanent and hence
is strongly regular. The unique optimal permutation is m = (1,2,3). As in
the previous example we now illustrate how this would be done algorithmi-
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cally by transforming A to a normal form:

2 3 1
A — B=|0 51
4 3 5
0 -2 —4
— C=| -2 0 —4
2 =2 0
0 0 -2
— G=| -4 0 —4
0 -2 0
e ¢ 0
Here B=A®Q1, whereQ1 =1 0 ¢ ¢ |,
e 0 ¢
C = B ® Q2 where Qy = diag(—2, =5, —5),

G=PxC®Qs, whereP:dzag( ,0,0

The digraph Zg contains arcs (1,2) an
which confirms that A is strongly reqular.

Since C = ARQ, where Q is the generalized permutation matriz Q1 RQ2,
by Lemma 6.2.9 we have Sy = Sc and we_can find a simple image of A as
suggested by Corollary 6.2.11: Set g = M\(C) = —1 (say) and calculate

and Q3 = diag(—2,0,0).
(3,1) and is therefore acyclic

&,\./01

B e -1 -3 0 -1 -3
A(g_1®0>:A 1 & 3 |=(0 -1 -3
3 -1 ¢ 3 2 0

The column space of A (gfl ® 5’) is one-dimensional and every multiple

of the wvector (0,0, 3)T is a simple image of both C and A.

6.2.2 The simple image set

The simple image set (SIS) of strongly definite matrices is fully described
by Theorem 6.2.6 and Corollary 6.2.11. We will now present some fur-
ther properties of simple image sets [26], in particular their relation to
eigenspaces.

Let us first consider strongly definite matrices. Since

AAflegr=A"® (AR ),

we have Im(A**1) C Im(AF) for every k natural. It follows then from
Proposition 1.6.12 that for a strongly definite matrix A

Im(A) 2 Im(4%) 2Im(4%) D
D Im (A" 1)—Im(A")—Im(A“+1) =..=V(4),
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FIGURE 6.1. Sa = int(V (A))

see Figure 6.1. It turns out that if A is strongly definite then A is strongly
regular if and only if V' (A) has nonempty interior, which is then S4. More
precisely, we have the following result, whose proof is omitted here.

Theorem 6.2.14 [26] If A € R™*™ is strongly definite and strongly reqular
then Sy = int(V(A)) or, equivalently, Sa = int (Im (Ak)) for every k >
n— 1.

Recall that by Proposition 1.6.40 for any square matrix A € R™*" there is
a generalized permutation matrix @ so that A®Q is strongly definite. Using
Lemma 6.2.9 we can remove the assumption that A is strongly definite and
deduce the following;:

Corollary 6.2.15 If A € R™*"™ is strongly regular then

Sa=int(V(A® Q))
or, equivalently, Sa4 = int (Im ((A ® Q)k)) for every k > n — 1, where @
is any permutation matrixz such that A ® Q is strongly definite.

Example 6.2.16 Consider the matriz A of Fxample 6.2.13. By Corollary
6.2.15 we deduce that Sa = int (V (C)).

Lemma 6.2.17 If A € R is strongly definite then the set of finite
eigenvectors of A is convez.

Proof. If A is strongly definite then A(A) = {0} . By Lemma 1.6.14 we
then have V (A) =V (A) . The latter is convex by Lemma 1.6.20. m

Theorem 6.2.18 Let A € R"*™ be strongly definite. Then A is strongly
regular if and only if the topological dimension of V (A) is n.
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Proof. Let A € R™*" be strongly definite. It follows from Theorem 6.2.14
that A is strongly regular if and only if int(V(A4)) # 0. But V(A) for
strongly definite matrices is convex (Lemma 6.2.17) and thus this property
is equivalent to topological dimension of V' (A) being n [125]. m

Recall that pd(A) stands for the (max-algebraic) dimension of the prin-
cipal eigenspace of A, that is the maximal number of nonequivalent funda-
mental eigenvectors of A or, equivalently, the number of critical components

of C(A).

Theorem 6.2.19 If A € R™*™ be strongly definite. Then A is strongly
regular if and only if pd(A) = n.

Proof. If A is not strongly regular then D4 and therefore also Dr(a)
contains a zero cycle of length two or more. By Theorem 4.3.3 then at least
two columns of I'(A) are multiples of each other. Hence pd(A4) < n.

If A is strongly regular then the critical cycles are exactly loops at all
nodes and so C(A) has n critical components. Hence pd(4) =n. m

For a strongly definite matrix A € R™*" it follows from Theorems 6.2.18
and 6.2.19 that pd(A4) = n if and only if the topological dimension of the
principal eigenspace is n. In fact equality holds between these two types of
dimension, see Exercise 6.6.5.

6.2.3 Strong regularity in linearly ordered groups

In this subsection we use terminology and notation introduced in Section
1.4.

A generalization of Theorem 6.2.2 to linearly ordered commutative groups
is straightforward provided that the group is radicable. It is less straight-
forward but still possible to prove this theorem when the underlying group

is dense, but it is not true for sparse groups such as Gs. For instance the

. 1 0 ”» .
matrix A = 0 0 ) over the additive group of integers has strong per-
manent but it is not possible to add integer constants to its rows so that
both column maxima would be strict and in different rows.
An alternative criterion for sparse groups is based on the existence of the
smallest positive element, which we denote here as a. Observe that if we
=NnXn

denote for A€ R"™" and g < 0
Ug(A)={beR"A®b< g®b}

then
91 < g2 = U!h (A) - ng (A)

Using Corollary 6.2.7 we deduce:
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Theorem 6.2.20 If G is a sparse linearly ordered commutative group, « is
the smallest positive element of this group and A is an nxXn strongly definite
matriz over G then A is strongly regular if and only if Uy-1 (ﬁ) £ 0 or,

equivalently, there is no positive cycle in D, i

0 O

Example 6.2.21 Consider the matriz A = < 9 0

). In G3 (see Sec-

tion 1.4) a =1 and a ® A= < _i i ) , hence A is strongly regular. In
G4 we have a« =2 and a ® A= 8 i ) , hence there is a positive cycle

in D, g5 and thus A is not strongly reqular.

6.2.4 Matrices similar to strictly normal matrices

We continue our analysis in the principal interpretation and discuss the
question raised in Subsection 1.6.4: Which matrices are similar to strictly
normal ones? Recall that every matrix is similar to a normal matrix (The-
orem 1.6.37) and normal matrices are strongly definite.

So, assume that A = (a;;) € R"™" is strongly definite and that b € R"

is a vector for which the system A ® x = b has a unique solution, thus
ap(A) = {id}. Let

B = diag(b7 ', b5, ...,b,") ® A® diag(by, b, ..., by,).

Then ap(B) = ap(A) = {id} and B has a unique column maximum in
every row and column and it also has zero diagonal. Hence B is strictly
normal. We deduce that strong regularity is a sufficient condition for a
matrix to be similar to a strictly normal one.

Conversely, if A is strongly definite and

diag(ci, ...,cn) ® A® diag(by, ba, ..., by,)

is strictly normal then ¢; ® b; = 0 for all 4 € N, yielding ¢; = b;l for all
i € N. Therefore in
diag(b7', b5t .., 0, ® A

all column maxima are on the diagonal only and thus A ® z = b has a
unique solution. We have proved:

Theorem 6.2.22 Let Ac R be strongly definite. Then
diag(ci, ..., cn) ® A® diag(by, b, ..., by,)

is strictly normal if and only if ¢; = b;l for all i € N and the system
A®x =0b has a unique solution.
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Corollary 6.2.23 Let A € R™™™ be a matriz with finite maper (A) . Then
A is similar to a strictly normal matriz if and only if A has strong perma-
nent or, equivalently, if and only if A is strongly regular.

6.3 Gondran-Minoux independence and regularity

Another concept of linear independence in max-algebra is Gondran-Minoux
independence. In this section we restrict our attention to finite matrices.
We say that the vectors aq,...,a, € R™ are Gondran-Minouxr dependent

(GMD) if
53} @
Z aj®aj:2 a; Q aj (61)
JjES JjeT
holds for some ayq, ..., &, € R and two nonempty, disjoint subsets S and T of
the set N. If the vectors are not GMD then we call them Gondran-Minouz
independent (GMI). A square matrix with Gondran-Minoux independent
columns is called Gondran-Minoux reqular.
In the formulation of a Gondran-Minoux regularity criterion below we
use the symbols introduced in Subsection 1.6.4.

Theorem 6.3.1 (Gondran-Minoux [99], [25]) Let A € R™*™. Then the
following hold:

(a) A is Gondran-Minouz regular if and only if either ap(A) C P or
ap(A) C P, (equivalently, either ap™(A) =0 or ap— (A) =0);

(b) If permutations m € ap™(A),o € ap~ (A) are known then the sets S
and T and all aj in (6.1) can be found using O (nz) operations.

Proof. (a) Suppose that (6.1) holds for nonempty, disjoint subsets S and T
of the set N and a, ..., v, € R. We prove that ap™(A) # 0 and ap™ (A) # 0.
The converse will follow from part (b).

By Lemma 1.6.43 it is sufficient to prove that ap™(B) # () and ap™ (B) #
() for some matrix B, A ~ B. Let us permute the columns of the matrix
A®diag (aq,...,ap) so that S = {1, ..., k} for some k. Denote the obtained

matrix by A’ = (aj;) and its columns by a}, ..., a},. Then

@, _ ® ,
a,j— aj.
i<k i>k

Let us denote this vector by ¢ = (¢q, ..., cn)T . Let B = (b;;) be any matrix
obtained from the matrix (¢;' ® aj;) by permuting its rows so that id €
ap(B). Then B has the following two properties:

bij <0Oforall,jeN
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and

(VZ) (3]1 < k) (3]2 > k‘) bij1 =0= bij2~
We construct a sequence of indices as follows: Let i; = 1; if 7, has already
been defined and 4, < k then 4,1 is any j > k such that b; ; = 0 and if
iy > k then 4,41 is any j < k such that b; ; = 0. By finiteness of N, ¢, = i,
for some 7, s and s < r. Let 7, s be the first such indices and set

L= {isvis+17 ~~~7ir71} .

Clearly, if i < k then isy1 > k,isy2 < k,... and hence (using a similar
reason if i5 > k) the size of L is even. Set 7 (i) = 4441 fort = s,s+1,...,r—1
and 7 (i) =4 for i € N — L. Hence

w(r,B) = HiL bii ® HiL b x(s)
® ®
- HigzL bii ® HiGL 0

®
IT . b
€N
= w(id, B)
> w(m, B).

Hence 7 € ap(B) and 7 € P, thus m € ap™ (B) an id € ap™(B).

(b) Suppose now that m € ap™(A),o € ap (A) are known. By Theorem
1.6.35 a matrix A" =~ A with maper (A’) = 0 and A" < 0 can be found
in O (n) time. We can then permute the columns of A" in O (n?) time so
that for the obtained matrix A” we have n’ = id € ap(A4”) and thus A" is
normal. A permutation ¢’ € ap~ (A”) can be derived from ¢ in O (n) time.
At least one of the constituent cyclic permutations of ¢’ is of odd parity
and thus of even length (see Subsection 1.6.4) and it can also be found
in O (n) time. By a simultaneous permutation of the rows and columns of
A" in O (n?) time we produce a matrix where this odd cycle is (1,2, ..., k)
for some even integer k£ > 2. We denote the obtained normal matrix as
B = (b;;) . The matrix B has the form:

12 38 ...k k+1 n
1 0 0
2 0 0
3 0
0
k 0 0
k+1 0




6.3 Gondran-Minoux independence and regularity 147

Let us assign indices 1,3,....,k — 1 to S; 2,4,....k to T and set a3 = ... =
ag = 0. If K =n then (6.1) is satisfied for B. Suppose now that k < n. We
will set all ag41, ..., ay, to certain nonpositive values and therefore (6.1) will
hold for the first k equations independently of the choice of these values
and of the assignment of the columns to S and T'. To ensure equality in the
rows k + 1,...,n we first compute for alli =k +1,...,n:

®
L;, = Z bij & ay
jeS

and

®
Ri = Z bij X Oéj.
JjET
Let us denote
I={i>kL;, # R;}.

If I=0and SUT = N then we have (6.1) for B. If SUT # N we set for
every j € N - SUT:
aj = min L;

and assign j to S or T arbitrarily; the statement then follows for B.
If T # 0 then let s € I be any index satisfying

Set "=SU{s}and T" =T if Ly < R; and set ' = S and T' =T U {s}
if Ly > R,. In both cases take oy = L, & R,. Let us denote

L; = Z®bij & a;

jes
and
R=5"%
P = ij & OG-
JET'
Since

bss®as = Oy :LS@RS
we then get L. = R.. At the same time
bis ® g S Qg = Ls D Rs (63)

holds for all ¢ > k and therefore L; = R; > L, @ R, implies L} = R/.
Let
I'={i>kL #R}.
As above we assume that I’ # (). Let ¢ € I’ be defined by

’ ; ’ /
LqEBRq_rZ%a’I),((Li@Ri)'
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Then

L,® R, < L, ® R, (6.4)

because either L © R; = bys ® as and then (6.4) follows from (6.3) or,
L, ® R}, > bys @ ag, implying L] = L; and R} = R;, yielding ¢ € I and thus
(6.4) follows from (6.2). This also shows that if we continue in this way
after resetting 8’ — S, 7" — T,L, — L;,R;, — R;,I' — I,q — s
then the process will be monotone (Ls & R, will be nonincreasing) and
therefore once L; = R; > Ly @ R, it will always imply L, = R} (but note
that if L; = R; < Ly ® R, then the i*" equation may be violated at the
end of the current iteration). Hence after at most n — k repetitions we will
have I = () and we proceed as explained above for this case.

All computations necessary for assigning j and setting «; are O (n),
hence the overall computational complexity is O (nQ) . In order to get (6.1)
for A, we only need to carry out the inverse permutations of the rows and
columns of B to get this identity for A” and A’ and similarly the inverse
transformation of A’, which will yield the result for A. All these operations
are O (n2) .

Example 6.3.2 We illustrate the method for finding the decomposition
(6.1) presented in the previous proof on the following 9 x 9 matriz where
the transformation to B has already been made (with an even cycle of length
k =4). Note that the entries in the last row are ;.

S T S T
0 0
0 0

0 0
0 0
S 3 4 4| 0 -1 1
58 6 5|1 0 -6
q1 8 7 4o -2 0
0 0 -3 5|-2 -4 -3 0
6 7 8 7| -2 -1 -4 0
0 0 0 0]-2 3 4 4 -4

By applying the procedure we obtain successively:

= 57,9} ,s=7,T:=TU{T}, a7 = —1,
= {5,9},s=585:=5U{5},a5 = -2,
{6,9},s=6,T :=TU{6},as = —3,
= 0,5:=5U{8,9},a5 = ag = —4 (say).

~ o~~~
I
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Hence S = {1,3,5,8,9},T = {2,4,6,7}. The sets L;, R; develop in indi-
vidual iterations as follows:

Li R || Lg Ry ||Li Ri||Li R
0 ol 0 o[ 0o ol 0 o
o oll o ofl o ol 0 o
o oll o ol o ol 0o o
o oll o ol o ofl 0o o
4 3[4 -2 -2 22 -2
550 -5 58 5| -8 -3
S | A | S T | R
o oll o ol o ol 0o o
6 -7|| -6 5| -4 -5|| 4 4

As a consequence of Theorems 6.3.1 and 1.6.44 we have:

Corollary 6.3.3 [25] Let A € R™*™ and let B be any normal form of A.
Then A is Gondran-Minouz reqular if and only if Zp does not contain an
even cycle.

Using Theorem 1.6.44 and subsequent Remark 1.6.45 we deduce:

Corollary 6.3.4 The problem of deciding whether a given matric A €
R™ ™ js Gondran-Minouzx regular can be solved using O (n3) operations.

Corollary 6.3.5 Fvery strongly regular matriz is Gondran-Minouz regu-
lar.

The analogue of Theorem 6.1.7 is not true for Gondran-Minoux inde-
pendence; this is demonstrated by a counterexample in [4]. In this example
a 6 X 7 matrix is presented whose rows are Gondran-Minoux independent
but none of the 6 x 6 submatrices is Gondran-Minoux regular.

Nevertheless we can prove an analogue of Corollary 6.1.8:

Theorem 6.3.6 If a matriz A € R™*" has Gondran-Minouz independent
columns then m > n.

Proof. Let A = (a;;) € R™*"™ and m < n. We shall show that A has
Gondran-Minoux dependent columns.

Since the Gondran-Minoux independence of columns is not affected by
® multiplying the columns by constants, we may assume without loss of
generality that the last row of A is zero. Let B be an m X m submatrix
of A with greatest value of maper(B). We may assume that B consists of
the first m columns of A and that id € ap(B) (if necessary, we appropri-
ately permute the columns of A). Let C be the n X n matrix obtained by
adding n — m zero rows to A. Then clearly maper(C) = maper(B) and
ap(C) contains any permutation that is an extension of id from ap(B) to
a permutation of N. As A already had one zero row and we have added
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FIGURE 6.2. To Theorem 6.3.6

at least another one, C has at least two zero rows, thus ap(C) contains at
least one pair of permutations of different parities (see Figure 6.2).

Hence, by Theorem 6.3.1 C is not Gondran-Minoux regular and if we
denote the columns of C by ¢4, ..., ¢, then

® ®
D, B =) @0
JES JjeT

holds for some real numbers a; and two nonempty, disjoint subsets S and
T of the set N. This vector equality restricted to the first m components
then yields the Gondran-Minoux dependence of the columns of A. m

6.4 An application to discrete-event dynamic

systems

In this section we present an application of the max-algebraic Cayley-
Hamilton Theorem (Theorem 5.3.19) and Gondran-Minoux Theorem (The-
orem 6.3.1) in the theory of discrete-event dynamic systems.

Given A € R"*" and b,c € R", the sequence {9, }jo.io,

where
g; = oA @b

forall j =0,1,2,..., is called a discrete-event dynamic system (DEDS) with
starting vector b and observation vector c. The scalars g; are called Markov
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parameters of the system and the triple (A, b, c) is called a realization of
the DEDS of dimension n.

Suppose that (A4,b,c) is a realization of a DEDS {g; };‘;0 , and consider
the Hankel matrices

9o g .- gr
H. - g1 92 - Gr41
.=
9r  Gr+1 .o gor
for r = 0,1,... . By Theorem 5.3.19 there exist ag,aq,...,a, € R and

disjoint sets S, T C {0, 1,...,n} such that
52} . [S5) .
Z ()éj@AJ:Z O[j@AJ.

jeS JjeET

If we multiply this equation by A* (k positive integer) and then by ¢! from
the left and by b from the right we obtain

® ®
Z aj @ Gjtk = Z & ® gj+k
jES JjeT
for any positive integer k. Hence
@ S2]
Zai@hi:Z o @ hj,
jes jeT
where hg, h1, ..., h, are the columns of H,.. Using Theorem 6.3.1 we deduce:
Theorem 6.4.1 Let G = {gj};io be a real sequence and r > 0 an integer.

If either ap™ (H,.) = 0 orap™ (H,.) = 0 then no realization of G of dimension
r or less exists.

The minimal-dimensional realization problem (that is the task of finding
a realization of a given sequence of Markov parameters of minimal dimen-
sion) seems to be unresolved and hard for general sequences, however using
Theorem 6.4.1 it is possible to solve this question for some types of DEDS,
such as for convex sequences. Let us recall that a sequence {g; };‘;0 is called
convex if
95 + gj—2 = 29;1

for every natural number j > 2. The following is providing a useful tool:

Proposition 6.4.2 [67] If {gj};io s convex then

(a) id € ap (H,) for everyr =0,1,... ;
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(b) If ap(Ho) = ap (H1) = ... = ap (H,—1) = {id} and ap (H,) # {id}
then

ap (Hy) ={id, (1) (2)...(r = 1) (r,r + 1)} .

Corollary 6.4.3 If {gj};io is convex then n = min {r;ap (H,) # {id}} if

and only if n is the least integer satisfying

9on + gon—2 = 2gn—1-

It is easily seen that for A = diag (dy,...,d,),b=0,¢ = (c1, ...,cn)T the

DEDS is {g;};Z,, where

) .
;=) cod

ieN
or, in conventional notation

- . id.) .
gj Igg}@((r:ﬁj i)

Hence the sequence {gj};io is convex and has a constant slope starting
from some j = jp. This indicates that for a convex sequence of Markov
parameters which ultimately has a constant slope and the transient (that
is the beginning of the sequence before the slope becomes constant) is
strictly convex, a realization of dimension [j5/2] + 1 can be found [67].
For such sequences, in conjunction with Corollary 6.4.3 this provides a
minimal-dimensional realization.
The minimal-dimensional realization problem for general convex sequences

can also be efficiently solved [87]. The basic principles are the same but the
proof of minimality is more evolved and requires different methodology.

6.5 Conclusions

In Section 3.3 and this chapter we have studied three concepts of indepen-
dence in max-algebra: linear independence, strong linear independence and
Gondran-Minoux independence. From the presented theory it follows that
linear independence implies strong linear independence and strong linear
independence implies Gondran-Minoux independence. For square matrices
these three concepts turn to regularity, strong regularity and Gondran-
Minoux regularity.

Following the resolution of the even cycle problem now all three types
of regularity for an n X n matrix can be checked in O (n‘j) time, how-
ever, checking SLI and GMI in polynomial time seems to be an unresolved
problem (see Chapter 11).

Note that further theory of strong regularity can be found in [113].
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Exercise 6.6.1 For each of the following matrices decide whether they are
strongly reqular and whether they are Gondran-Minoux regular:

1 2
(@) A=| —4 0
1 3
reqular]
1 2
() A=| -4 0
1 3
ular/
1 2
(c) A= -1 0
1 1

strongly regular]

4

[\]

[strongly regular, hence also Gondran-Minoux

—_

N Ut

[Gondran-Minoux regular but not strongly reg-

—

w

[Not Gondran-Minoux regular, hence also not

—_

Exercise 6.6.2 Decide whether the matrix below has strongly linearly in-

dependent columns:

1 2 5

-4 0 2

A= 1 3 1
1 3 0

[Tt has, consider the 3 X 3 submatriz consisting of rows 1,3,4]

Exercise 6.6.3 In the following matrix A find a 3 x 3 submatrixz whose
maz-algebraic permanent is greatest without checking all 3 X 3 submatrices
(a solution to this question can be found by inspection):

h

Il
NG S, B NI
— N O = W
W N Wk O

(Hint: Subtract the column mazimum from each column.)

Exercise 6.6.4 Prove the statement: Let A€ R"™" and M be any mari-
mal set of nonequivalent eigennodes of A. Then the submatrix

18 strongly regular.

T((A(4)"" @ 4)[M]
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Exercise 6.6.5 Let A € R'" be strongly definite. Prove that pd(A) is
equal to the topological dimension of the principal eigenspace. (Hint: Show
that the topological dimension is equal to the number of strongly connected
components of the critical digraph. [137])

Exercise 6.6.6 A real square matriz is called typical if no two entries have
the same fractional part. Prove the statement: If A is typical and Im(A)
contains an integer vector then A is strongly reqular.

Exercise 6.6.7 Consider systems Ax = b in nonnegative linear algebra
(the matriz and both vectors are nonnegative, with conventional addition
and multiplication). Show that

(a) T(A) are the same as in maz-algebra;

(b) If A is positive, the possible types of T(A) are {0,00},{0,1} and
{0,1,00}.

(Hint: Consider convex sets in the plane.)

Exercise 6.6.8 (Izhakian lincar dependence) Let A € R""". Show that
A is not strongly regular if and only if the following condition is satisfied:
there exists x such that the mazimum in each expression (A ® x), is attained
twice.

(Hint: Use the method used in the proof of Theorem 6.5.1.)
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Two-sided max-linear systems

Unlike in conventional linear algebra, moving from the task of finding a
solution to a one-sided max-linear system of the form

ARx =10
to finding a solution to a two-sided system
ARz Pc=BRzdd, (7.1)

where A, B € R™" and ¢,d € R"™, means a significant change of difficulty
of the problem. Instead of finding a pre-image of a max-linear mapping we
now have to find a vector in the intersection of two column spaces without
the possibility of converting this task to the first one. The good news is
that the solution set to (7.1) is finitely generated (Theorem 7.6.1), and that
we feel reasonably confident in being able to solve such systems, see the
pseudopolynomial Alternating Method of Section 7.3 and the corresponding
Matlab codes downloadable from

http://web.mat.bham.ac.uk/P.Butkovi¢/software/index.htm.

Yet, a basic question remains open to date: are two-sided systems polyno-
mially solvable? It follows from the results in [14] that two-sided systems
are polynomially equivalent to mean payoff games, a well-known hard prob-
lem in NPNCo— NP. Thus, there is good reason to hope that the answer
to the question is affirmative.
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If c =d =¢in (7.1) then this system has the form A® z = B® x and is
called homogenous, otherwise it is nonhomogenous. A system of the form

ARz =B®y, (7.2)
where A € R™™" and B € R™" is a special homogenous system and
will be called a system with separated variables. In fact we can transform
nonhomogenous systems into homogenous and these in turn into systems
with separated variables (see Section 7.4). We will, of course, be interested
in nontrivial solutions, that is when x # ¢ for homogenous systems and
when (z) # ¢ for systems with separated variables. In some cases (such as
the Alternating Method) we wil restrict our attention to finite solutions.

We start by presenting a few easily solvable special cases, then we con-
tinue with the Alternating Method for solving the systems with separated
variables with a proof of pseudopolynomial computational complexity and
then we show how to convert general systems to systems with separated
variables. A proof of finite generation of the solution set concludes this
chapter. Nonhomogenous systems are also studied in Chapter 10 in con-
nection with max-linear programs.

Note that the generalized eigenproblem

ARx =2 BRz,

which will be studied in Chapter 9, may be seen as a generalization of both
the eigenproblem and two-sided linear systems. It is providing, among other
benefits, useful information about the two-sided systems. For instance, it
follows that compared to the general case a randomly considered system
A®x = B ® z is less likely to have a nontrivial solution if both A and B
are symmetric.

An alternative approach to solving two-sided systems can be found in
[148].

7.1 Basic properties
For A,B € R™" and ¢,d € R™ we denote

S(A,B,c,d):{xe@n;A@)x@c:B@m@d}

and
S(A,B)z{xeﬁ”;Am:B@x}.

Proposition 7.1.1 Forany A, B € R™" and c,d € R™ the set S (A, B,c,d)
is maz-convex and the set S (A, B) is a subspace.
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Proof. Let o, € R and a ® = 0. Then
AR (a@z @ fRyY) Dec=
=AR (aRzr®FRY) PaRcPPRc=
aR ARz P)PLR(ARYydc) =
a®(BRrod)eLR(BRyDd) =
=BRar®dfey)baddfed=
=B®(a@zdfRy)dd
Hence S (A, B, ¢,d) is max-convex; the second statement is proved simi-
larly. m

Corollary 7.1.2 The solution set of a homogenous system with separated
variables is a subspace.

If A has an ¢ row, say the k' then in a solution (Z) to (7.2) y; = ¢ if
brj > €. All such variables y; and the k" equation may removed from the
system. Similarly, if B has an ¢ row. If one of A and B has an £ column
then any such column may be removed from the system with no affect on
the solution set. We may therefore assume without loss of generality that

A and B are doubly R-astic.

7.2 FRasily solvable special cases

In some situations it is not difficult to solve two-sided systems. For instance
all solutions (if any) to the systems of the form

ARr=a®u,

where A € R"*" and o € R is given, can easily be found using the tech-
niques of Chapter 4. This readily generalizes to the systems

ARQx=PQRu,

where A € R"" and P is a generalized permutation matrix since the
inverse to P exists. Let us discuss now a few other, less trivial, yet simple
cases.

7.2.1 A classical one

Special two-sided systems have been studied already in early works on
max-algebra [100], [97], see also [9]. The best known example perhaps is
the system

r=AQrdb. (7.3)
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If \(A) <0 then A(A) =I® Ad A?@ ... A"~ by Proposition 1.6.10
and hence

ARQA(A)®bdb = (ApA’®.. 0A")@bdb
oA A’®..0A") Qb
= ([aT'(A)®b
= A(A)®Db,
proving that A(A) ® b is a solution to (7.3). This solution is unique when
A(A) <0 1]9], [102].

7.2.2  Idempotent matrices

Another special case is related to idempotent matrices, that is square ma-
trices A € R™™" such that
AR A=A

If A is idempotent then I'(A) = A and so A(A) < 0 by Proposition 1.6.10.
Also, A is definite if A # ¢ since then A ® v = v for some column v # ¢,
which means that 0 € A(A).

In the next statement we consider finite matrices.

Theorem 7.2.1 [23] If A, B € R™*™ are increasing and idempotent then
the following are equivalent:

(o) A® x = B®y is satisfied by some z,y € R, z,y # €.

(b) A® B is definite.

(¢) A® x = B® x is satisfied by some x € R,z #e.
Proof. (a)==(b) The vector z = A® z = B ® y is finite and

(AeB)®2z = AR2®&B®z
= A®(A®2)dB® (B®y)
= ARrzd By

= zbz==z
(b)=(c) If A® B is definite then for some z € R we have
2=(A®PB)®2=AR2®B® z,
hence A® z < z, BR z < z but these inequalities are satisfied with equality

because A, B are increasing. Thus (c) follows.
(¢)=(a) Trivial. m
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Corollary 7.2.2 If A, B € R"*" and all nodes of D4 and Dp are critical
then

V(D(AxN) @ T(By)) =V (A) NV (B)
and thus a common eigenvector for A and B can easily be found.
Proof. Since all nodes in D4 are critical, I'(Ay) is increasing; similarly
['(B)). BothT'(Ay) and I'(B)) are idempotent and so a common eigenvector
z satisfies

z=T(A)\)®@2x=T(B\)®y

for some z,y € R™. It follows from the proof of Theorem 7.2.1 that

2z €V (I'(Ay) @T(B))),

and conversely. The statement now follows. m

7.2.3  Commuting matrices

We also briefly discuss the case of commuting matrices.

Theorem 7.2.3 If A,B € R""™ and A® B = B® A then the two-sided
mazx-linear system with separated variables

ARax=BQ®uy

has a nontrivial solution and this solution can be found by solving the eigen-
problem for one of A and B.

Proof. If A;, = ¢ then set y = ¢, x;, = 0 and z; = ¢ for j # k. Similarly, if
B has an € column.

Suppose now that both A and B are column R-astic. Let z € V (4, ),
A€ R, z # ¢, then by Lemma 4.7.1 B® z € V(A,)\) and B ® z # ¢ since
B is column R-astic. Also, A > ¢ because A is column R-astic. Therefore
we have A ® z # € and

AR (BR2) =A@ (B®z2) =B (A\®2).

It remainstoset r=BRzandy=A®z. m

Note that it follows from the proof of Theorem 7.2.3 that a solution (z,y)
with x # € and y # ¢ exists, provided that both A and B are commuting
column R-astic matrices.

—NnXn

Corollary 7.2.4 If AB e R, A®B = B® A and ¢(t),9¥(t) are
maz-polynomials then the two-sided max-linear system

pA)@r=14(B)®y

has a nontrivial solution, and this solution can be found by solving the
eigenproblem for one of ¢ (A) and ¥ (B).

Proof. f A B=B® Athenalso ¢ (4) @y (B)=9¢(B)@¢(A). n
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7.2.4 Essentially one-sided systems

If in a system (7.2), where A and B are doubly R-astic, one of the vectors
x,y is one-dimensional, then we have an essentially one-sided system and
solution methods from Chapter 3 can be applied immediately. However, in
this case we can describe the unique scaled basis of this set. This will be
useful in the context of attraction spaces (Section 8.5).

Let us assume without loss of generality that y is one-dimensional. Thus
B is a one-column matrix. Since B is assumed to be doubly R-astic, it is
finite. We may then assume that B = 0 and the system is

ARz =y.

Note that by eliminating the variable y and equating all left-hand sides we
can write this system equivalently as a chain of equations

52 ) ®
ZjEN a1;T; :ZjeNalzj@ZCj =... :Z;jEN Omj @ Xj. (74)

Since A is doubly R-astic, we have max;cas ai; > € for every j € N. Using
the substitution

-1
= (maxas; . JEN, :
Z; <riré%<a J) ®x4, j€ (7.5)
we can now assume that the system is
ARz=y, (7.6)

where all column maxima in A are 0 (and y is a single variable). By Theorem
3.1.1 Z € R"*! is a scaled solution to (7.6) if and only if y = 0,2 <0

and for the sets
Mj:{ieM;aij:O}, jEN,

we have
U M;=m (7.7)

jix;=0

Let us denote the solution set to (7.6) by S. It turns out that zero is the
only possible value of any finite component of a scaled extremal in S:

z

Proposition 7.2.5 [134] Let < 0

) € S be a scaled vector and e < z; <0

for some j € N. Then < (Z) ) is not an extremal of S.
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Proof. Let K< := {j € N;e < z; < 0} and K° := {j € N;z; = 0}, and

0 =N =N
define vectors < v ) eR"™ and ( U(Ok) ) eR"™ for each k € K< by

0
0, ifjeK° 0, ifje K°U{k

v = . 9 .
€, otherwise €, otherwise

0

Observe that both < 16 > and < U(Ok) > for any k € K<, are (at least
z
0

two) solutions to (7.4), different from ( ) We have:

(5)=(0)eXiene ()

hence ( 8 ) is not an extremal. m

We have seen above that ( Z ) € R"*! is a scaled solution to (7.6) if

and only if y = 0,2 < 0 and (7.7) holds, that is the sets M;,j € K form a
covering of M, where

K ={jeN;z =0}.

Recall that a covering is called minimal if it does not contain any proper
subcovering. We will now also say that a covering is nearly minimal if it
contains no more than one proper subcovering. Hence, a covering M;,j € K
is nearly minimal if and only if there exists no more than one r € K such
that M;,j € K\{r} is also a covering. Recall that by e’/ (j € V) we denote
the vector that has the 5" coordinate zero and all other are ¢.

Proposition 7.2.6 [134] The unique scaled basis of S consists of the vec-

K
v ® . ,

0 , where v& = ZjeKe], and M;,j5 € K is a
nearly minimal covering of M.

tors of the form

Proof. By Corollary 3.3.11 we only need to prove that a vector is an
K

extremal in S if and only if it is ( v

0 > for a nearly minimal covering of

Let ( 8 ) be an extremal of S. By Proposition 7.2.5, all its finite com-

ponents are zero and thus v = v¥ for some K C N, such that M;,je K is

a covering of M. If K is not nearly minimal, then there exist r and s such
that M;,j € K[r] := K\{r} and M;,j € K[s] := K\{s} are both cover-
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K[r] o Kls]

ings of M. Then ( Y 0 ) and ( 0 are both solutions to (7.6) and

oK pEIr] oK ls] LA
< 0 > = ( 0 D 0 , hence 0 is not an extremal.
K

Conversely, if is a scaled solution but not an extremal, then

v
0
K K K
. U v w v v
thereex1st< 0)75( 0 )and( 0 );é( 0 )suchthat( 0 )—
K K
U w . U v w v
. < < .
<O>@<O> EV1dently(0>_< 0 )and<0>_( 0 >
By Proposition 7.2.5 we can represent 1(; and 16} as combinations
of solutions to (7.6) over {0,e}. These solutions correspond to coverings,
which are proper subcoverings of M, j € K. At least two of these coverings
are different from each other, hence K is not nearly minimal. m
Thus, the problem of finding the unique scaled basis of system (7.6) is
equivalent to the problem of finding all nearly minimal subcoverings of
Mj:j € N.
The following special case will also be useful. Here we denote for every
1€ M:
L, = {j EN;al‘j :0}.

Corollary 7.2.7 IfLq,..., Ly, are pairwise disjoint, then the unique scaled

. . K @ . ,
basis of S is the set of vectors , where v* = Z ek el, and K is
J

v
0
an index set which contains exactly one index from each set L; (i € M ).
Proof. In this case there are no nearly minimal coverings of M other than
minimal. If K is an index set which contains exactly one index from each
set L; (i € M) then M;,j € K is a minimal covering of M. m

7.3 Systems with separated variables - the
Alternating Method

Consider the problem of solving max-linear systems with separated vari-
ables: o -
Given Ac R""" and Be R" find x € R,y € R* such that

A®z=B®y. (7.8)

The method we will present finds a finite solution to (7.8) or decides that
no such solution exists. We will therefore assume in this section that "solu-
tion" means finite solution. As explained at the beginning of this chapter,
we may assume without loss of generality that A and B are doubly R-astic.
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Note that the product of a doubly R-astic matrix and a finite vector is a
finite vector.
The algebraic method for solving one-sided systems (Section 3.2) will be

helpful for solving (7.8). Recall that for any A € R™"" and b € R the
vector T = A* ®' b (the principal solution) is the greatest solution to A ®
x < b, and A®x = b has a solution if and only if T is a solution. So
a rather natural idea is starting from some z = x(0) to take for y (0)
the principal solution to B ® y = A ® x(0), then for z (1) the principal
solution to A ® x = B® y(0), for y (1) the principal solution to B® y =
A ® z (1) and so on. It is probably not immediately obvious whether the
sequences {z (k)}7—,,{y (k)}re yield anything useful. We will show that
under reasonable assumptions they either converge to a solution to (7.8) or
we can deduce that there is no solution. But first we formally present the
algorithm. This section is based on [68].

Algorithm 7.3.1 ALTERNATING METHOD

—mXn —=—mxk

Input: A €R , BeR , doubly R-astic.

Output: A solutzon (z,y) to (7. 8) or an indication that no such solution
exists.

Let 2 (0) € R™ be any vector.

r:=0

again:

y(r) = B* ' (A@z(r))

2(r+1) = A&/ (Boy(r)

If x; (r +1) < x;(0) for everyi € N then stop ('no solution’)

IfA@x(r+1)=B®y(r) then stop ((z(r+1),y(r)) is a solution’)

Go to again

Example 7.3.2 Let

3 —oo 0 1 1
A= 1 1 0 |,B= 3 2
—00 1 2 3 1
Then
-3 -1 +oo
A= 400 -1 -1 ,B*:(j :‘;) j’)
0 0o -2

Set (randomly) z (0) = (5,3,1)" . The algorithm then finds

% JA®z(0) = E ,y(0)=<§>,

<
Il
(e
H
O
I
»Jkﬁﬂrlk/—\
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Asa | 4 =),

3
Boy(l)=| 4
4
3
r=2:z(2)= Az (2)=| 4
4

Since A® x(2) = B®y(l), the algorithm stops yielding the solution
(z(2),y(1)).

In order to prove correctness of the Alternating Method, first recall that
by Corollary 3.2.4 the following hold for any matrices U, V, W of compatible
sizes:

U U W)<W, (7.9)

UeUe® (UeW))=UeW. (7.10)
The following operators will be useful:
iy — A"@ (B®y)
and
Yz — B*® (A®x).

Hence the Alternating Method generates the pair-sequence {(z (r),y (r))}, o1, .
satisfying
w(r+1)=m(y(r), (7.11)

y(r)=¢(z(r)). (7.12)

Let z € R",y € R¥. We shall say that (=, y) is stable if (z,y) = (7 (y) , ¢ (z)).
Lemma 7.3.3 FEvery stable pair (z,y) is a solution.

Proof. If (x,y) is stable then using (7.9) we have

Az = A®7(y)

= A®(A*® (B®y))
B®y
B®1(x)
= B®(B*® (A®71))
ARz,

IN

IA

implying equality between all terms and hence also the lemma statement.
]
A solution that is stable will be called a stable solution.
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Lemma 7.3.4 If (z,y) is a solution then (m (y) , ¢ (x)) is a stable solution.

Proof. If (x,y) is a solution then using (7.10) we have

U(n(y) = B'® (A® (A" @ (B®y))
= B'® (A® (A" @ (A® 1))
= B*® (A®x)
= Y(z).

Similarly, 7 (¢ (x)) = 7 (y), whence (7 (y), % (x)) is stable and therefore a
solution. m

The next two lemmas present important monotonicity features of the
Alternating Method, which will be crucial for the proof of performance.

Lemma 7.3.5 The sequence {A(z ()}, . s nonincreasing.

Proof. Applying (7.9) to (7.11) and (7.12) we get

ARz(r+1)<By(r)<Az(r).

Lemma 7.3.6 The sequence {x (r)},_,, 15 nonincreasing.

Proof. z(r+1) = 7(y(r)) = 7 (B*® (A®x(r))). This implies that
x (r+ 1) is an isotone function of the nonincreasing A® z (r). ®

The next lemma and theorem are a further preparation for the proof of
correctness of the Alternating Method.

Lemma 7.3.7 If a solution exists then the sequence {z (r)},_ ;  is lower-
bounded for any x (0) .

Proof. For any stable solution (z,y) and a € R it is immediate that
a ® (z,y) is also a stable solution, and @ may be chosen small enough
so that a ® x < 2 (0). By Lemma 7.3.4 if a solution exists then a stable
solution (u,v) exists such that « (0) > u. And if 2 (r) > u for some r then
by (7.9) and isotonicity we have

z(r+1)=(moy)(z(r)) = (rot)(u) =7 (v) =u
and the result follows by induction. =

Theorem 7.3.8 If all components of x (r) ory (r) have properly decreased
after a number of steps of the Alternating Method then (7.8) has no solu-
tion.
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Proof. In the proof of Lemma 7.3.7 the value of o may be taken so that
a®x < z(0) but with equality in at least one component. Lemmas 7.3.6
and 7.3.7 then imply that that component of z () remains fixed in value
for all » > 0. Moreover it is clear that analogues of Lemmas 7.3.5, 7.3.6
and 7.3.7 are provable for the sequence {y(r)},_,, . ®

We are ready to prove the correctness of the Alternating Method and
deduce corollaries.

Theorem 7.3.9 The pair-sequence {(x (r),y (r))},_o.1. . generated by the
Alternating Method converges if and only if a solution exists. Convergence
is then monotonic, to a stable solution, for any choice of x (0) € R™.

Proof. If (z (r),y (r)) — (&,n) then (£,n) by Lemma 7.3.7 and by conti-
nuity

(&mn) =lim (z(r+1),y(r)) =lim (7 (y (r)), ¥ (@(r)) = (7 (1), ¢ ().

Hence (£,7) is stable, thus a stable solution by Lemma 7.3.3.

Conversely, if a solution exists the monotonic convergence of {z (r)} fol-
lows from Lemmas 7.3.6 and 7.3.7, and that of {y (r)} by isotonicity and
continuity. m

If all finite entries in (7.8) are integer, A, B are doubly R-astic and z (0)
is an integer vector then the integrality is preserved throughout the work
of the Alternating Method. Hence if a solution exists, it will be found in
a finite number of steps. We may summarize these observations in the
following.

Theorem 7.3.10 If A € Z"" and B € Z™" are doubly R-astic and
a solution to (7.8) exists then the Alternating Method starting from an
x (0) € Z™ will find an integer solution in a finite number of steps.

In the integer case we may estimate the computational complexity of the
Alternating Method provided that x (0) is an integer vector and at least
one of A, B is finite (and as before, the other one is doubly R-astic). We
will now assume without loss of generality that A is finite.

Theorem 7.3.11 If A € Z™*™ B € 7" and the Alternating Method
starts with x (0) € Z™ then it will terminate after at most
mM-1D1+7" A" A®"7)

iterations where v = z (0) .
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Proof. Suppose first that a solution exists. By Theorem 7.3.8, there is a
component of v, say 7, that will not change during the run of the Alter-
nating Method; let us call such a component a sleeper. The algorithm will
halt as soon as A ® x does not change - this is guaranteed to happen at the
latest when all components of z become so small compared to ; that they
will not affect the value of A ® x, more precisely when for every k and 4

aig + Tk < aij + 5,
that is when z < uy;, where
Uk = nllll’l (aij + Vi — a/ik) = (A* ®/ A>kg + Y-

This inequality means that the nonsleeper z; has become dominated by
the sleeper ;. Since zj is nonincreasing, the domination will persist in
subsequent iterations. Since the value of j is not known we guarantee dom-
ination for x; by considering all components as potential sleepers, that
is certainly dominated if it falls in value below

B = mjinukj = mjin ((A* Q' Ay —|—"/j) = (A" A" ),
Hence the fall of z; before domination is at most

wr =7, — B + 1.

There at most n — 1 nonsleepers and at every iteration at least one non-
sleeper falls by at least 1 (otherwise A ® 2 does not change and the algo-
rithm stops). Hence the total number of iterations before domination is not
exceeding

(n— 1)mkaxwk = (n— l)mgx(’yk—ﬂk—i—l)
= -1+ ®7)
= n-1)1+7" A" RARYy).

If a solution does not exist then after at most (n — 1) (1 +7* ® A* @ A® 1)
iterations all components of x fall (since otherwise A ® z does not change,
yielding a solution) and the algorithm stops indicating infeasibility. m

IfCeR"™" A (C) > ¢, then it follows from Lemma 1.6.28 that

miﬂg rRCRr=2"Cxz=X(C),

ze R™

where z is any finite subeigenvector of C. Therefore (by Theorem 7.3.11) a
plausible vector to start the Alternating Method with is a finite subeigen-
vector of A* ® A. Note that A* ® A is finite since A is finite and thus all
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eigenvectors of A* ® A are finite (subeigenvectors). Then the number of
iterations is bounded by

(n—1)(1+ (A" ® A)).

Let K (A) = max{|a;j|;i € M,j € N} for any matrix A € R™*". It is
easily seen that

A(A)] < K (4).
Also, let C = (¢;j) = A* ® A. Then C is increasing and K (C) < 2K (4),
thus 0 < A (C) < 2K (A). At the same time the individual (four) lines in
the main loop of the Alternating Method require
O ((mn 4+ mk) + (mn 4+ mk) + n + (mn + mk +m))

operations (including comparisons). Hence the computational complexity
of the Alternating Method is

n—1)1+2K(A)O(m(n+k)=0(mn(n+k)K(A). (7.13)
We conclude:
Theorem 7.3.12 The Alternating Method is pseudopolynomial if applied
to instances with integer entries where one of the matrices A, B is finite
and the other one is doubly R-astic.
The Alternating Method as stated here is not polynomial [132]. To see

this consider the system A ® r = B ® y with

A:

OO =

1 0
L |.B=| o0
0 0

S I

and starting vector xg = (k/2,0), which is an eigenvector of A* @ A. Tt
can be verified that the Alternating Method will produce a sequence of
vectors starting from x( in which the first component will decrease in every
iteration by 1 until it eventually reaches (0, O)T - a solution to A®z = BRy.

Remark 7.3.13 In [1536] the concept of cyclic projectors is studied. It en-
abled to generalize the Alternating Method to the case of homogenous multi-
sided systems, and to prove using the cellular decomposition idea, that the
Alternating Method converges in a finite number of iterations to a finite
solution of a multi-sided system with real entries, if such a solution ex-
ists. The paper also present new bounds on the number of iterations of the
Alternating Method, expressed in terms of the Hilbert projective distance.



7.4 General two-sided systems 169

7.4 General two-sided systems

Following the presentation of a pseudopolynomial method for finding a solu-
tion to systems with separated variables in the previous section, a question
arises whether the general two-sided systems can be converted to those
with separated variables. The answer is affirmative and will be given next.

Consider a general two-sided system (7.1). We start with a cancellation
rule that in many cases significantly simplifies it.

Lemma 7.4.1 (Cancellation Law) Let v,w,a,b € R,a > b. Then for any
real x we have

1Ra@r=wdbex (7.14)

if and only if
vha®r=w. (7.15)

Proof. If = satisfies (7.14) then LHS > a®x > b® z. Hence RHS = w and
(7.15) follows. If (7.15) holds then w > a®z > b®x and thus w = wHbIR .
]

It follows from Lemma 7.4.1 that from a two-sided system we may always
remove a term involving a variable without changing the solution set if a
term with the same variable appears on the other side of the same equation
with a greater coefficient. This is, of course, not possible if the coefficients
of a variable on both sides of an equation are equal. Also conversely, if a
variable appears on one side only we may "reinstate" it on the other side
with any coefficient smaller than the existing one. Thus for instance when
studying systems where every equation contains each variable on at least
one side with a finite coefficient, we may assume without loss of generality
that all coefficients of such a system are finite.

As another consequence we have that if a column (row) of A is R-astic
then we may assume without loss of generality that so is the corresponding
column (row) of B and vice versa.

If for a variable the corresponding columns in both A and B are ¢ then
these columns and variable may be removed without affecting the solution
set of (7.1). Similarly, if for some 4 both the i*" row of A and B are ¢ then
either this system has no solution (when ¢; # d;) or is satisfied by any x
(when ¢; = d;). In the latter case the i'" equation may be removed. Hence
we may assume without loss of generality that both A and B are doubly
R-astic.

By introducing an extra variable, say x,11, (7.1) can be converted to a
homogenous system

ARz=B®z (7.16)

where A = (Al¢), B = (B|d) and z = (z1, ..., 2n41)". This conversion is
supported by the following:
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Lemma 7.4.2 Let A,BcR""" and c,d € R". Then (7.1) has a solution
if and only if (7.16) has a solution with z,+1 = 0.

Proof. It follows immediately from the definitions. m

It is easily seen that if all entries in a homogenous system are finite then
a nontrivial solution exists if and only if a finite solution exists. Hence we
have a slight modification of Lemma 7.4.2:

Lemma 7.4.3 Let A,B € R™*™ and ¢,d € R™. Then (7.1) has a solution
if and only if (7.16) has a nontrivial solution.

Consider now homogenous systems of the form

ARxz=B®x (7.17)

where A, B € R™ " are (without loss of generality) doubly R-astic. System
(7.17) is equivalent to

ARr = vy
Bz =

<g>®x=(§)®y. (7.18)

This is a system with separated variables and both < g ) and < § > are

or, in compact form

doubly R-astic. Hence the Alternating Method may immediately be applied
to this system with guaranteed convergence as specified in Theorem 7.3.9.

To achieve a complexity result based on Theorem 7.3.12 and (7.13) we
will assume that A, B € Z™*". As discussed above, this case actually covers
all systems with entries from Z with every variable appearing on at least

one side of each equation with a finite coefficient. Then ( B ) is finite

and < j: > is doubly R-astic. Hence if we denote K (A|B) for convenience

by K and we use the fact that (7.18) has 2m equations and n+m variables
we deduce by (7.13) that the Alternating Method applied to this system
will terminate in a finite number of steps and its computational complexity
is

O@2mn(n+m)K)=0(mn(m+n)K). (7.19)
We conclude:

Theorem 7.4.4 Homogenous system (7.17) with finite, integer matrices
A, B can be solved using the Alternating Method in pseudopolynomial time.
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7.5 The square case: An application of

symmetrized semirings

Symmetrized semirings [9], [86] are sometimes useful to study two-sided
systems of equations in max-algebra. We now give a brief account of this

theory and its application to two-sided systems, although their practical
use for solving the two-sided systems is rather limited, since in general
they only provide a necessary solvability condition. Another application of
this idea is to the generalized eigenproblem (Chapter 9).

Denote S = R x R and extend @ and ® to S as follows:

(a,a") @ (b,0) = (a® b,a’ D),

(a,d)@ (b)) =(a@b®ad @V ,a@b ®ad @0b).

It is easy to check that e = (—00, —00) is the neutral element of S with
respect to @ and (0, —00) is the neutral element with respect to ®.

If x = (a,d’) then Oz stands for (', a), zO©y means xPH (Oy), the modulus
of x € Sis |z| = a®d’, the balance operatoris x* = Oz = (|z|,|z|). Note
that we are using the symbol |.| for both the modulus of an element of a
symmetrized semiring and for the absolute value of a real number since no
confusion should arise. The following identities are easily verified from the
definitions:

oer) = =
ozay) = (oz)& (oY)
ooy = (0z)®y

Lemma 7.5.1 Let x,y € S. Then the following hold:
(a) lx @yl =zl |y,
(b) [z @y =lz[ @yl
(c) |oz] = |z

Proof. Let = (a,b),y = (¢,d). Then |z Dy| = a®cBbdd and |z| D |y| =
a®b®cdd, hence the first identity. Also, we have

22y = @RcOIRd)® (@RISR )
(a®b) @ (c®d)
= lzl®]yl.
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Part (c) is trivial. m

Let = (a,a’),y = (b,b'). We say that = balances y (notation z 7 y) if
a® b =d ®b. Note that although 7 is reflexive and symmetric, it is not
transitive.

If z = (a,b) then x is called sign-positive (sign-negative), if a > b (a < b)
or x = ¢g; x is called signed if it is either sign-positive or sign-negative; x
is called balanced if a = b, otherwise it is called unbalanced. Thus, ¢ is the
only element of S that is both signed and balanced.

Proposition 7.5.2 Let z,y € S. Then x ®y is balanced if either of x,y is
balanced; x & y is balanced if both x and y are balanced.

Proof. Straightforwardly from the definitions. m

Due to the bijective semiring morphism ¢ — (¢, —oo0) we will iden-
tify, when appropriate, the elements of R and the sign-positive elements
of S of the form (¢,—o0). Conversely, a sign-positive element (a,b) may
be identified with a € R. So for instance 3 may denote the real number
as well as the element (3, —o00) of S. By these conventions we may write
302=3,307T=07,303=23°.

The following are easily proved (see Exercise 7.7.6) for z,y,u,v € S:

TVY UV =—=TDuUuT YDV, (7.20)

TVY=ruVYyu, (7.21)
rxvyand x = (a,a’),y = (b,b) are sign-positive = a =0.  (7.22)

The operations @ and ® are extended to matrices and vectors over S in
the same way as in linear algebra; 17 is extended componentwise. A vector
is called sign-positive (sign-negative, signed), if all its components are sign-
positive (sign-negative, signed). The properties mentioned above hold if
they are appropriately modified for vectors. For more details see [123].

Proposition 7.5.3 [123] Let A,B € R""". To every solution = € R" of
the system AQx = B®x there exists a sign-positive solution to the system
of linear balances (A O B) ® x 7 €, and conversely.

Proof. Let A, B € R™"". Then the following are equivalent:
ARz=B®z, zeR’,

Az B®x, x sign-positive,
ARxOB®xye, « sign-positive,
(AoB)®x e, «asign-positive.
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We now define the determinant of matrices in symmetrized semirings.
The (symmetrized) sign of a permutation o is sgn(o) = 0 if o is even and it
is ©0 if o is odd, see Subsection 1.6.4. The determinant of A = (a;;) € S**™

1S
det(A) = Zi . (sgn (o) ® Hi N %a(z‘)) :

The following is an analogue of the classical result in conventional linear
algebra and is proved essentially in the same way.

Theorem 7.5.4 [123] Let A € S"*™. Then the system of balances AQx</e
has a signed nontrivial (i.e. # ¢) solution if and only if A has balanced
determinant.

Since a signed vector may or may not be sign-positive, it is not true in
general, that the system A ® x = B ® = has a nontrivial solution if and
only if A© B has a balanced determinant (see Proposition 7.5.3). But the
necessary condition obviously follows:

=nXn

Corollary 7.5.5 Let A,B € R and C = A O B. Then a necessary
condition that the system A ® x = B ® x have a nontrivial solution is that
C has balanced determinant.

We therefore need a method for deciding whether a given square matrix
has balanced determinant. In principle this is, of course, possible by calcu-
lating the determinant. However, such a computation is only practical for
matrices of small sizes (see Examples 7.5.8, 7.5.9 and 7.5.10), since unlike
in conventional linear algebra there is no obvious way to avoid considering
all n! permutations. We will show that this task can be converted using
the max-algebraic permanent (or, in conventional terms, the assignment
problem) to the question of sign-nonsingularity of matrices.

Recall that the max-algebraic permanent of A = (a;;) € R" " is

maper(A) = ZiPn HiN j,0(3)-

Clearly, since maper(A) = max,cp, ) ;cn Gi0(i), the value of maper(A)
can be found by solving the linear assignment problem for A (see Subsection
1.6.4). Recall that we denoted

ap(A) = {o— € P,;maper(A) =Y az:om} :

ieN

We refer the reader to Subsection 1.6.4 for definitions and more details
on the relation between the max-algebraic permanent and the assignment
problem. We only recall that perhaps the best known solution method
for the assignment problem is the Hungarian method of computational



174 7. Two-sided max-linear systems

complexity O (n3) . This algorithm transforms A to a nonpositive matrix
B = (bi;) with ap(A) = ap(B) and maper(B) = 0. Thus for = € ap(B) we
have b; ;) = 0 for all i € N. If b;; = 0 for some 4,j € N then a 7 € ap(B)
with j = 7(¢) may or may not exist. But this can easily be decided by
checking that maper (B;;) = 0 where B;; is the matrix obtained from B
by removing row ¢ and column j.

If C = (cij) € S™*™ then we denote |C| = (|c;5]) € R"™". We also
have det(C) = (d* (C),d™ (C)) or, for simplicity just (d*,d”), and so
|det (C)| =dt @ d.

Proposition 7.5.6 For every C = (¢;;) € S"*™ we have:
|det (C)| = maper |C| . (7.23)
Proof. By a repeated use of Lemma 7.5.1 we have
= (e o)
oEP, ieN
Z 52
oEP,

:Z@

cEP,

DN | P

ceP, ieN

|det ()] =

®
sgn (o) ® H Ci,o(i)
iEN

H®Ci,a(i)

i€EN

= maper|C|.
[

A square (0,1, —1) matrix is called sign-nonsingular (SNS) [18] if at least
one term of its standard determinant expansion is nonzero and all nonzero
terms have the same sign. B

Given C = (¢;5) € S™*™ we define C' = (¢;;) to be the n x n (0,1, —1)
matrix satisfying

¢; = 1 if j=o0(i) for some o € ap|C| and ¢;; is sign-positive,
¢; = —1if j=0(i) for some o € ap|C| and ¢;; is sign-negative,
¢j = 0 else.

The matrix C can easily be constructed since, as mentioned above, it is
straightforward to check whether j = o (7) for some o € ap|C|.

Theorem 7.5.7 [86] Let C € S™*™. A sufficient condition that C have
balanced determinant is that C is not SNS. If C' has no balanced entry then
this condition is also necessary.
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Proof. If C is not_SNS then either all terms of the standard determi-
nant expansion of C are zero or there are two nonzero terms of opposite
signs. In the first case every permutation o € ap|C| selects a balanced
element, thus by Proposition 7.5.2 every permutation has balanced weight
and so det (C) is balanced. In the second case there are 0,0’ € ap|C| such
that sgn (o) w (cr, 5) =1 and sgn (o) w (a’, 5) = —1. Hence det (C) con-
tains two maximal terms, one sign-positive and the other one sign-negative.
Therefore det (C) is balanced.

Suppose now that det (C) is balanced. Since C has no balanced entry,
det (C) contains a sign-positive and a sign-negative entry of maximal value.
For the corresponding permutations o,¢’ € ap |C| we then have that they
contribute to standard determinant expansion of C with +1 and —1 and
so C'is not SNS. m

The problem of checking whether a (0,1, —1) matrix is SNS or not is
equivalent to the even cycle problem in digraphs [18], [143] and therefore
polynomially solvable (Remark 1.6.45). Therefore the necessary solvability
condition in Corollary 7.5.5 can be checked in polynomial time and enables
us to prove for some systems that no nontrivial solution to A@ x = B® x
exists. Yet, it does not provide a solution method for solving the two-sided
systems as this condition is not sufficient in general.

Note that in the examples below the question whether the determinant is
balanced is decided directly using the definition and the sign-nonsingularity
is not used. This would not be practical for matrices of bigger sizes.

3 8 2 4 4 3
Example 7.5.8 Let A= 7 1 4 |,B=| 2 3 4
0 6 3 3 21

Then
o4 8 ©3
C= 7 03 4° |,
o3 6 3

dt = max (10,15%,9),
d~ = max (16,14°,18),

maper |C| = 18.

Since dT # d~, the determinant of C = A O B is unbalanced and so the
system A x = B®x has no nontrivial solution.

3 8 2 5 5 5
Example 7.5.9 Let A= 7 1 4 |,B=| 3 4 5
0 5 3 5 3 2
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Then
o5 8§ O
C = 7T 04 o5 |,
o5 5 3

d* = max (12,18, 14),
d” =max (17,15,18),
maper |C| =18 =dt =d".

Hence det (A © B) is balanced, and indeed © = (2,1,4)" is a solution to
ARx=BQux.

6 0 1
Example 7.5.10 LetA—<7 9>,B—(3 1).

and
maper |C| =13 =d" =d".

Hence the determinant s balanced but no nontrivial solution to A Q x =
B ® x exists as (by the cancellation law) B is effectively e.

7.6 Solution set is finitely generated

In this section the set S (A, B) = {3: eR"A®z=B® a?} will be denoted

shortly by S. Also, in this section only, the letter I denotes an index set
(not the unit matrix). The aim of this section is to prove the following
fundamental result:

Theorem 7.6.1 [36] If A,B € R™™" then S is finitely generated, that is
there is an integer w > 1 and a matriz T € R™™™ such that

S = {T@z;z eﬁw}.
Lemma 7.6.2 [36] If A,B € R ™ then there is an integer w > 1 and a

matriz T € R™™" such that

Sz{T@Z;zERw}.
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We postpone the proof of the lemma for a while and first prove the
theorem.
Proof of Theorem 7.6.1. Let us denote (in this proof only) the rows of
A an B by Ay, ..., A, and By, ..., B,,, respectively. By Lemma 7.6.2 there

is a matrix T € R for some integer wy > 1 such that
{m S Rn;Al Q=B ®x} = {Tl ®z(1);z(1) Gﬁwl}.

—wi1 XwWsa

Similarly, there is an integer wy > 1 and a matrix 75 € R such that

{Z(l) S @wl;AQ ®RTI® Z(l) =BT ® Z(l)} = {TQ ® 2(2), 2(2) S sz} .

This process continues until at the end we have that there is an integer

wy, > 1 and a matrix T}, € R such that

{z(mfl) ER™ AT ® ... @ Thy_q @21 =

B ®@Ti® ... Trp1 ® z“”‘”}
= [ B

We now show that for the wanted T" we canjake TN®..T,, and w = Wy,
Suppose first that x =T ® 2z for some z € R" and k € M. Then

A (T®z2) = A40N1®.0T,Qz2
= (A1 ®.0T,1)Tr® (Trt1®...0T, R z)
Br@T1®..0Tk1) Tk ® (Th41 ® ... @ Tpp, @ 2)

by the definition of Tj. Hence Ar ® (T ® z) = B ® (T ® z) and thus
T®zelb.
Suppose now that z € S. Then 41 ® x = By ® x, thus

r=Ty 2z, D R,
At the same time As ® © = By ®  and so
AQ ®T1 ®Z(1) = BQ ®T1 X Z(l)

implying B
V=T, 022 @ cR™

and therefore z =T, @ 20 =T, @ Th ® 2(2). By induction then

2=T10T®.. 0T, 2™ (M cR"™,



178 7. Two-sided max-linear systems

One equation of the form A ® x = B ® x can be written as follows:

® ®
ZjeN a; @ x; = ZjGN b; ® ;. (7.24)
Due to Lemma 7.4.1 we may assume without loss of generality that
a; #b; = min (aj,b;) =¢ (7.25)

holds for every j € N. Hence after a suitable renumbering of variables this
equation can symbolically be written as

(Ey iy €€y ey €,0y ity 0, E, . 8) QX = (€, .., 8,€,...,6,E,..6,b,...,b) @ x.
This form corresponds to the partition of N into four subsets:

= {j€ N;a; =b; =¢},

= {JeN;a;=0b;#¢},
{jEN;CLj >b‘7‘},

= {jEN;aj<bj}.

S

We now define five sets of vectors:
. . . T .
e = (ell, ...,e:l) el
where (as before) e} = ¢, if j # i and €} = 0, if j = ;

rt = (r}...mi)T i€ J,

Whererézs,ifj%iandré:ai_lzbi_l,ifj:i;

n

T
skl — (slf’l,...,sk’l> keK,lel,
kil e kil 1 g Bl =1 e s 7.
where s} =¢,if j & {k,l}, s; :akl,lf]:kandsj =b ' ifj =1
. - N
rl’h:(ri’ . rl’h> e he KUL,

T n

where T;’h = r;'-, if j # h,r;’h = a;l, if j = h € K and r;’h = b,:l, if
j=helL;

T
ghilsh _ (s]f’l7h, ...75’;»lvh) keKileLheKUL—{kl},

kl,h kil e kL,h 1 e
where s = ;" if j # h, s :ahl,lf]:hGKf{k:}and
st = bt if j=he L—{i}.
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Lemma 7.6.3 FEquation (7.24) has a nontrivial solution if and only if
TUJU(K x L) #0.

Proof. If T U J U (K x L) # () then at least one of the vectors e',i € I;
ri,i € J; sk € K|l € L exists and each of these vectors is a nontrivial
solution.

FITUJUKXxL)=0then =J=KxL={.Since [ UJUKUL =N
and KNL = () we have either that L = and K = Nor K =@ and L = N.
In the first case the equation (7.24) reduces to

maxa; ® r; =¢
iEN

and a; > ¢ for all ¢ € N which implies that z = ¢ is the unique solution.
The second case can be dealt with in the same way. m

We are now ready to present the proof of the key lemma.
Proof of Lemma 7.6.2. We prove that y € R” is a solution to (7.24) if
and only if it can be written in the form

© i © © kil o Kl
vy = Zie]7r wew Zz‘er ore ZkeK,leL o esT (7.26)
® ih oo ik ® kb o kilh
@ ZieJ,hEKUL preTT e ZkeK,leL,heKuL—{k,l} 7 ©s
where 7?, p?, ¥, pih g#bh € R, Note that if the index sets in this summa-
tion are empty then by Lemma 7.6.3 S = {¢} and we may take any w > 1
and set T = e.

It is easily seen that each of the vectors e’,i € I;r%,i € J;s" ke K,l €
L;yrPi e JJh e KUL; stk € Kl € L,h € KUL — {k,1} is a
solution to (7.24) and thus by Proposition 7.1.1 also their max-algebraic
linear combination is in S.

It remains to prove that every solution can be expressed as in (7.26). Let
z = (21,....,2,)" €5 and let

©® [S>)
v = E a; ®x; = E bj@l‘j.
JEN - : JEN -

At least one of the following will occur:

Case 1: v =c¢.

Case 2:v#cand v =a; ® z; = b; ® x; for some j € J.

Case 3:v#ecandv=a5®2xs = by ® x4 for some f € K and g € L.

In Case 1 z; = ¢ for all ¢ € JU K U L and thus it is sufficient to set
mt = x; for all ¢ € I and all other coefficients set to .

In Case 2 we have a; =b; >cand a; ® z; < v, bj®x; <o foralli € N,
implying .

a;” Qa; ®x; < xj,
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Set
7Ti = x;,1€ I,
o= a4 @i,
pj7h = ap® Th, h € Ka
pj’h = bpy®xp,h €L,

and set p"" = ¢ foralli € J—{j},h € KUL and also all other coefficients
to €. Let y be defined by (7.26), we show that y = x.
Let t € I. Then

e . .
yt:Zielwzéi)e;:wt@)ei:xt@o:xt.
Take t € J — {j}. Then
_ © i @ G o ok
g = Zier ®Tt@Zh€KULp B
= p®a'De
= at®xt®a;1:mt

since here t ¢ K U L and t # j. Also, using (7.27) we have
. ® 4 , ® . .
yj = '0]®a’j1€92h€[(pj’h®lr;@ZheLp]’h(gr;
D —1 ® —1
= ijBZheKah@xh@aj @ZheLbh®xh®bj = x;.
Now take ¢t € K. Then

@ ) )
i,h i,h
e ) ® r,
Y ZieJ,heKuLp t

299 i i
— p]’h®7"€7
heK
- it
= pler
-1
= u®r®a; = xy.

Similarly it can be shown that y; = x; for t € L.
In Case 3 we have ay,b, > € and for all i € NV there is

a;'® a; Qx; < x
bgl b, @x; < x;c.’ } (7.28)
Set
= z;,1 €1,
pi = a; Qw1 € J,
ol = ar @y =by ® x4,
ohoh = ay @@, ifheK,

= b,®uxy, if he L,
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and all other coefficients to ¢. Let y be again defined by (7.26), and take
any t € I. Then

o . .
yt:Z'gjﬂz(@ejf:ﬂt®eizxt®0:$t-
K3

Take t € J. Then

® . )
Yy = ZZ_EJﬂ@Ti

= poat

-1
= @R ®a; = x4

Now take t € K — {f}. Then

S I ® Fogh o Jrgh
vt LA DDV L

195t
— E@Uf’g’t(@S{g

-1
= @ r®a; = = Ty,

since t ¢ {f, g} . Also, using (7.28) we have
— ol9g el @ Fgh g ofgsh
yr = 0T Os® ZhEKULf{f,g} g © 5y

_ -1 @ -1 _
= a5 Qay @ZheKULf{f,g}ah(@xh@af =y

The subcase t € L can be proved in a similar way. m

Alongside the theoretical value, the constructive proofs of Theorem 7.6.1
and Lemma 7.6.2 show how to solve systems A ® + = B ® x. The num-
ber of variables is likely to grow rapidly during this process and so the
method is unlikely to be useful except for the systems with small number
of variables and equations. Obviously, columns of a matrix T; that are a
max-combination of the others may be eliminated. We will illustrate this
in the two examples below. Note that the A-test specified in Theorem 3.4.2
may be used to find and eliminate the linearly dependent columns.

There are several improvements of this method; one of them can be found
in [7].

3 2 ¢ 3 ¢ 0
Example 7.6.4 Let A = e € 2 |,B= 0 € 2 |. Then for
2 0 3 e 0 3
the first equation we have I =0, J = {1}, K = {2}, L = {3} and thus
7,1 = (737676)7‘7
s = (e,-2,0)7,

b2 = (=3,-2,6)" ;118 = (=3,£,0)".
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-3 e =3 -3
Hence wy =4 and T1 = e -2 =2 e | . Therefore

5 0 € 0

(6,6,2) @ Th = (g,2¢, 2)T7
0,6,2)® Ty = (-3,2,-3,2)".

A @1y
By®T, =

For the equation As @ T1 ® 20 = By @ Ty @ 20 we then get I = 0,
J={2,4}, K=0,L = {1,3} and thus

r? = (e —2,£,€)T,r4 = (g,¢,¢, —2)T;
r3l = (3, —2,e,¢)" ,r?? = (e, -2,3,¢)7;
= (3,e,e,-2)" 18 = (e,6,3,-2) .

—2 e -2 =2 € €
Hence wy =6 and Ty = - - - 3 - 'k Therefore
e —2 € e -2 =2
e =5 0 0 0 0
T1 ® T2 = —4 g —4 1 g 1
-2 -2 -2 -2 -2 =2

By inspection we see that columns 4 and 6 are equal and column 3 is the
mazx-algebraic sum of columns 1 and 5, thus we may remove redundant
columns 3 and 6 and continue to work with the reduced matrix

e -5 0 0
—4 € 1 €
-2 =2

=

Since

A3 @T =(1,1,2,2) ,Bs @ T = (1,1,1,1),

for the equation A3QT'®2?) = Bs@T' @23 we then get I =0, J = {1,2},
K ={3,4},L =0 and thus

(~Le,e,e) 12 = (e,~1,e,8)";
P13 (—1,e, _27€)T 7r1’4 = (—1,¢,¢, —2)T;

r?3 = (5,—1,—2,5)T,r2’4:(5,—1,5,—2)T.
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Hence ws = 6 and

T = T®T,

-1 e —1 -1 € €
e —1 € e —1 -1
€ e =2 e =2 €
€ € e -2 e =2

e —6 -2 -2 -2 =2
= -5 e —1 -5 -1 15
-3 -3 -3 -3 -3 -3

= T'®

Columns 4 and 5 are dependent and so we conclude that x is a solution to

A®xz=B®x if and only if

e —6 —2 =2
T = -5 e -1 € Xz
-3 -3 -3 -3
—4
where z € R .

1 0 e 0
01 ,B = 0 . Then for the first

equation we have I =0, J = {2}, K = {1},L =0 and thus

Example 7.6.5 Let A =

P o= (0),
2= (-1,0".

e —1

Hence wy = 2 andT1:(0 0

> . Therefore

Ay@ T = (1,1)"

and
By @ T = (e, —1)T.

For the equation As @ Ty @ 20 = Bo @ Ty @ 2N we then get I =0, J = 0,
K ={1,2},L =0 and thus by Lemma 7.6.5 the system AQ@ x = B®x has
only the trivial solution.

7.7 FExercises

Exercise 7.7.1 Let

A=

DD W =
DO N
— O W
o WO =



184 7. Two-sided max-linear systems

Use the Gondran-Minoux Theorem to prove that the system AQx = B®y
has no nontrivial solution.

Exercise 7.7.2 Simplify each of the following systems using the cancella-
tion law and then find a nontrivial solution or prove that there is none:

(a)

3RT1PA4RToPT®r3 = HR®T1PLIR®TsP2Rx3
6RT1P3RTaPLI®r3 = HR®T1P2R® T P4R®x3

[No solution]
(b)

121 P4R12P2R23 = 0T DP5-Rra D3R 23
2011 P1lR®raP6®r3 = 1R®r1PTR®xsP0®x3

[(4,0,2)"]

Exercise 7.7.3 Find a nontrivial solution to the system A ® x = B ® «,
where

4 3 0 2 0 2 6 1
A= 5 -1 6 3 |.,B=(3 5 0 7
7 3 0 4 2 12 6 3

[r=(7,2,0,5)"]

Exercise 7.7.4 Find a nontrivial solution to the system A® x = B ® y,
where

5 8 1 4 2 8 1
A= 3 6 2 |,B=| 3 0 5 0
5 0 3 2 -3 4 1

[;p = (1,2,O)T,y = (1787075)T/

Exercise 7.7.5 Show that if A, B have all entries from {0,—oc} then the
system A®x = B® x can be solved in polynomial time. (Hint: Transform
the system to an equivalent one where A and B have no € rows.)

Exercise 7.7.6 Prove (7.20), (7.21) and (7.22).

Exercise 7.7.7 For each of the matrices below decide whether it is sign-
nonsingular:

1 0 -1
(a) A= 1 -1 -1 |.[Not SNS]
0 1 1



1 1 -1

) A= -1 0 1
11

1 1 -1

(c) A= -1 0 -1
0 1 1
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. [Not SNS]

. [SNS]

Exercise 7.7.8 For each pair of matrices A, B below consider the system
ARr = B®x. Find C = A© B and decide whether C' is SNS. Then decide
whether the system has a nontrivial solution and find one if applicable.

3 1 7
(@A=|240]|,B
6 3 5
solution]
6 1 2
wA=[150|.B
2 1 6
is x = (3,0,4)"]

Exercise 7.7.9 Show by an

2
= 4
2

. [C is SNS, no nontrivial

_ o W
N W N

o~
ot

)
1 |. [C is not SNS, a solution

1

Il
~
w w

example that V is not transitive.
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Printer: Opaque this

8
Reachability of eigenspaces

One of the aims of this book is analysis of multi-machine interactive pro-
duction processes (see Subsection 1.3.3). Recall that in these processes
machines My, ..., M,, work interactively and in stages. In each stage all
machines simultaneously produce components necessary for the next stage
of some or all other machines. If z;(k) denotes the starting time of the
kt" stage on machine i, and a;; denotes the duration of the operation at
which machine M; prepares the component necessary for machine M; in
the (k + 1)%t stage then

xi(k 4+ 1) = max(z1(k) + ai1, -, tn(k) + ain) (i=1,...,n;k=0,1,...)
or, in max-algebraic notation,
z2k+1)=Azk) (k=0,1,...)

where A = (a;;). We say that the system reaches a steady regime if it
eventually moves forward in regular steps, that is if for some A and kg
we have z(k 4+ 1) = A ® z(k) for all k& > ky. Obviously, a steady regime
is reached immediately if z(0) is an eigenvector of A corresponding to an
eigenvalue \. However, if the choice of a start-time vector is restricted we
may need to find out for which vectors a steady regime will eventually be
reached. Since z(k) = A* ® z(0) for every natural k, we get the following
generic question:
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Q: Given A € R"™"™ and z € R" is there an integer k > 0 such that
AF ® x is an eigenvector of A? That is, does

Al @ r = @ A* @z, }

A @z e (8.1)

hold for some A € R?

Clearly, A in (8.1) is one of the eigenvalues of A and therefore A = A (A4)
if A is irreducible.

In general, if A > ¢ and A* ® x is an eigenvector of A associated with A
then

At or=Ag (A'0r) = e (A"®1) £

and hence A**! ® z is also an eigenvector of A. However, if A = & then
ARt @ 2 may not be an eigenvector even if A* ® x is, for instance when

A:(€ 0),m:(0),k:1,
e € 0

in which case A@z = (0,¢)" , A2@z = (c,¢)"
A>ein (8.1).

Recall that A ¢ R"™" may have up to n eigenspaces, corresponding to a
different eigenvalue each (Chapter 4, Theorem 4.5.4, Corollary 4.5.7). Being
motivated by the task Q, we define for A = (a;;) € R"" and 2 € R" the
orbit of A with starting vector x as the sequence

O(A,z) = {A* @ 2}y—01,....

. We will therefore require

If O(A,z) contains an eigenvector of a matrix B then we say that an
eigenspace of B is reachable by orbit O(A,z). If A = B then we say an
eigenspace of A is reachable with starting vector x.

Although the answer to Q may be negative, some periodic behavior can
always be guaranteed provided that the production matrix is irreducible.
This is due to one of the fundamental results of max-algebra, the Cyclicity
Theorem (Theorem 8.3.5):

For any irreducible matriz A € R™™" there ewist positive integers p and

T such that
AP — (X (A))P @ AF (8.2)
holds for every integer k > T.

The smallest value of p satisfying (8.2) is called the period of A. If p
is the period of A then the least value of T' satisfying (8.2) is called the
transient of the sequence {Ak}zozo .

It is easily seen that AF @ x # ¢ for all k if A is irreducible and = # ¢
(Lemma 1.5.2). It follows that for any irreducible matrix A a generalized
periodic regime, will be reached with any starting vector x # ¢ :

AP @ = (N (A) @ AF @z, }

Ak @z # e (8.3)
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We will use the notions of a period and transient for matrix orbits in a way
similar to matrix sequences. The arising operational task then is to find
the period of an orbit:

Q1: Given A € R and z € R", find the period of O(A, x), that is the
least integer p such that for some T (8.3) is satisfied for all k> T .

Given A e R"" and a positive integer p, the p-attraction space, Attr(A, p),
is the set of all vectors x € @n, for which there exists an integer T such
that (8.3) holds for every k > T [16]. Using this concept we may formulate
another related question:

Q2: Given A € @nxn, zeR" and a positive integer p decide whether
x € Attr(A4, p).

Note that Q2 for p = 1 is identical with Q. Also, observe that due to
Theorem 4.5.10, conditions (8.3) may be written as:

A (Ao = WA AWe),
AP @z # e,

that is (8.3) for a given matrix A and vector z means to find the smallest
value of p for which an eigenspace of AP is reachable by O(A,xz). Note
also that by Theorem 7.6.1 every attraction space is a finitely generated
subspace.

It may be of practical interest to characterize matrices, called robust,
for which a steady regime is reached with any start-time vector, that is
matrices A € R"" such that an eigenspace of A is reachable with any
vector z € R", x # ¢. Hence we will also be interested in the following:

Q3: Given A € Rnxn, is it robust?

In this chapter we will address Q1 and Q2 for irreducible matrices and Q3
for both irreducible and reducible matrices. We will also analyze a number
of related questions, such as estimates of the transient and computation of
periodic powers of a matrix.

If A(A) > ¢ and (8.3) is multiplied by (A(A))"""? then the obtained
identity reads

BMP@r=B*ou £,

where B is the definite matrix (A (4)) "' ® A. Therefore in Q1 - Q3 we may
assume without loss of generality that A is definite.

A first step towards our goal is to present in Section 8.1 the diagonal
scaling of matrices as a tool for the visualization of spectral properties
of matrices. Then, in Section 8.2, we study how eigenspaces change with
matrix powers.

Sections 8.3, 8.4 and 8.5 present periodic properties of matrices and
methods for solving questions Q1 and Q2. They have been prepared in
cooperation with Sergei Sergeev.

Finally, robustness (question Q3) is studied in Section 8.6.
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8.1 Visualization of spectral properties by matrix
scaling

Recall that for z = (21, ..., 2,)" € R we denote diag (z) = diag (1, ..., Tn);
if z € R™ and X = diag () then

X! = diag (a:l_l, ey t)

A useful tool in our discussion will be that of a matriz scaling [127], [129],
[81], [42] introduced in Section 1.5, that is an operator that assigns to a
square matrix A a matrix X ' ® A ® X, where X is a diagonal matrix.
Using matrix scaling it is possible to simplify the structure of a matrix, yet
preserving many of its properties. In particular, it enables us to "visualize"
some features, such as entries corresponding to the arcs on critical cycles.

First we show that matrix scaling does not change essential spectral
properties of matrices [60], [80] and then we show the visualization effect.
Recall that pd(A) stands for the principal dimension of A, that is the
dimension of the principal eigenspace of A.

Lemma 8.1.1 Let A,B € R""and B = X" 1@ A® X, where X =
diag(z1, ..., Tn), T1, ...y Ty € R.

(a) If A is irreducible if and only if B is irreducible.
(b) MA) = A(B).
(¢) N.(A) and N.(B) are equal and have the same equivalence classes.
(d) pd(A) = pd(B).
(e) For all integers k > 1 and x € R" we have:
BF=X"'eA"®X.

f) T(B)=X"'19T(A)®X and A(B) = X 1@ A(A)® X.
(9) For all integers p > 1 we have: z € R satisfies

AP @ = AF® 2

if and only if y = X' ® z satisfies

Proof. Dp has the same node set and arc set as D4 and so the first
statement follows. By Lemma 1.5.5 w(o, A) = w(o, B) for every cycle o
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and so (b) and consequently also (¢) and (d) follow (recall that by Corollary
4.4.5 pd (A) is equal to the number of critical components of A). Clearly,

(X'eAeXx) =x"'odaX,

which proves (e).
For (f) we have using (e):

rB) = Y (x'edsx)
jEN
D .
= > (X 'eAdeX)
JEN

= X'® Z@AJ ®X
JEN
= X 'el4d) e X.

Similarly for A(B).
Statement (g) is proved readily using (e). m

Lemma 8.1.1 implies that the tasks Q1-Q3 are invariant with respect to
matrix scaling. In what follows we will use a special type of scaling, namely
a scaling that visualizes spectral properties of matrices.

We say that A = (a;;) € R"™" is visualized if
Q5 < A (A) for all Z,j eN

and
a;; = A(A) forall (i,7) € E.(A).

A visualized matrix is called strictly visualized if
a;; = A(A) if and only if (7,7) € E. (A).

A matrix A with A (A4) = € cannot be scaled to a visualized one unless
A = e. We will show in Theorem 8.1.4 below that every matrix with A (4) >
€ can be transformed to a strictly visualized one using matrix scaling.
However, we will also present a weaker scaling result in Theorem 8.1.3, as
it is much simpler and in many cases sufficient.

Observe that X ' ® A® X is visualized [strictly visualized] if and only if
X1® A\ ® X is visualized [strictly visualized]. Therefore we may assume
without loss of generality that the matrix we need to scale to a visualized
or strictly visualized one, is definite (but we will not always need to do so).

We start with a technical lemma. Let us denote A(A) = (A;;) .
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Lemma 8.1.2 [fA € R"™ is definite then
ai; @ Aj; <0
foralli,j € N and
a;; @Aj; =0 < (i,5) € E. (A).

Proof. Since A is definite, a;; < 0= Ay; for any i € N and a;; = 0 if and
only if (¢,7) € E. (A).

Suppose now i # j. Then A;; = v,;. Recall that T'(A) is the matrix of
the greatest weights of paths in D4 (Subsection 1.6.2). Therefore a;; ® Aj;
is the weight of a heaviest cycle in D4 containing arc (¢,7). Since A is
definite, this value is nonpositive for any (¢,j) € F and it is zero exactly
when (i,j) € E.(A). m

Theorem 8.1.3 [43], [42], [137], [136] Let A€ R"™", \(A) > ¢ and
(Ay) = A (()\ A)'e A) .

(a) If x € V*(A) and X = diag (z) then X' ®@ A® X is visualized; this

is true in particular for x = Z A .
keN

(b) If A is irreducible, ap, > 0 for k € N, ZkeNak =1and xz =
ZkeN arA i (conventional conver combination with positive coef-

ficients), then X' ® A® X is strictly visualized.

Proof. (a) By Theorem 1.6.18 z; ' ® a;; ® x; < A(A) for all 4,j € N;
equality for (i,7) € E. (A) follows from Lemma 1.6.19.

(b) We assume without loss of generality that A is definite. Recall that
A(A) is finite for A irreducible. By Lemma 1.6.20 z is a finite solution
to A® z < z. Hence x € V*(A) by Theorem 1.6.18 and by part (a)
X 1® A® X is visualized.

For strong visualization we need to show that (¢,j) ¢ FE.(A) implies
ai; ® x; < z;. This inequality is equivalent to

a;; + E apA < E TWAY
i kEN k=jk kEN k=ik
or,

ZkeN (a3 (aij + Ajk) < ZkeN . (84)

Since every Ay is a solution to A ® x < z we have

aij + Djp < Agy (8.5)
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for all Kk € N and for k = ¢ this inequality is strict because A;; = 0 and
a;j ® Aj; < 0 by Lemma 8.1.2. If we now multiply each inequality (8.5) by
oy and add them all up, we get (8.4). m

We will now prove that actually every matrix A with finite A (A) can
be scaled to a strictly visualized one. This result will not be used in this
book and the rest of this section may be skipped without loss of continuity.
To prove the strict visualization result, we transform this problem from
the principal interpretation to "max-times algebra" (that is from Gy to G,
see Section 1.4). It is essential that all statements referred to in the proof
of part (b) of Theorem 8.1.3, that is part (a) of Theorem 8.1.3, Theorem
1.6.18 and Lemmas 1.6.19, 8.1.2, 1.6.20 have immediate analogues in G,.
The proofs of the first four follow the lines of the proofs of these statements
in Gy, except that ® stands for multiplication rather than for addition. In
the case of Lemma 1.6.20 the reasoning is slightly different as the system
of inequalities now reads

aij:rj S )\IEl

But as it is again a system of linear inequalities (although a different one),
the set of nonnegative solutions is convex.

We are ready to prove the main result of this section, that is part (b) of
Theorem 8.1.3, modified by the removal of the irreducibility assumption:

—nXn

Theorem 8.1.4 If A€ R and X (A) > e then there exists v € R™ such
that X ' ® A® X is strictly visualized, where X = diag ().

Proof. We assume without loss of generality that A is definite. Take (in
conventional notation) B = (b;;) = (2%). Then the inequalities

ajj +x; <@y, 1,] €N, x1,...,x, finite (86)
are equivalent (in conventional notation) to
bijyi <vi, 4,5 €N, y1,...,yn Positive. (8.7)

A solution to (8.7) can be converted to a solution of (8.6) by setting x; =
log, y;, 7 € N. The same applies when the inequalities are strict.

Let A (B) = (Ayj) in Go,a, > 0 for k € N, ZkeNak =landy =
ZkGN aA i (conventional convex combination with positive coefficients).

The vector y is positive as every row of the nonnegative matrix A (B) has at
least one positive entry (namely 1 on the diagonal). It is now proved exactly
as in part (b) of Theorem 8.1.3 that Y1 ® B®Y is strictly visualized (in
Go), where Y = diag(y). Hence X1 @ A ® X is strictly visualized in the
principal interpretation, where X = diag (z) and z; = logy; for all j € N.
]



194 8. Reachability of eigenspaces

Remark 8.1.5 Note that unlike (8.6), the system (8.7) is also homogenous
(in the conventional sense) and it is therefore feasible to take for y in The-
orem 8.1.4 any linear combination (in particular the sum) of the columns
of A (B) with positive coefficients instead of a convex combination.

-(25)

in Go, thus XA (A) = 0. Following the notation in the proof of Theorem 8.1.4

we have
1 0
2= 1)

in Go. Hence A (B) = B and using Remark 8.1.5 we take fory the (conven-
tional) sum of the columns of B, that is y = (1,3)" . Hence = = (0,log, 3)"

and
-1 . 0 €
X ®A®X_<1—log23 0 )

Example 8.1.6 Consider

More information on matrix scaling including a complete description of
all matrix scalings producing visualized or strictly visualized matrices can
be found in [137].

Recall that a cycle in a weighted digraph is called a zero cycle if all arcs
of this cycle have zero weight.

Corollary 8.1.7 If A € R"™" is definite, B=X"'® A® X and B is
visualized, then a cycle o is critical in D4 if and only if o is a zero cycle
in Dp. Consequently, C(A) = C(B) and thus every cycle in the critical
digraph of A is critical.

8.2 Principal eigenspaces of matrix powers

In the analysis of principal eigenspaces of matrix powers a crucial role is
played by Theorem 8.2.1 below. This theorem applies to definite, nonposi-
tive matrices. Note that the statements proved in the previous section show
how a general matrix A can be transformed to a definite, nonpositive ma-
trix B with the same set of critical cycles (which, in the case of B, is the
set of zero cycles).

We start with key definitions. If D’ is a strongly connected component of
a digraph D then the greatest common divisor of all directed cycles in D’
is called the cyclicity of D’. The cyclicity of D, notation o (D), is the least
common multiple of the cyclicities of all strongly connected components of
D. The cyclicity of a digraph consisting of a single node and no arc is 1
by definition. The cyclicity of a digraph can be found in linear time [74].
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The digraph D is called primitive if o(D) = 1 and imprimitive otherwise.
The cyclicity of A € Ran, notation o (A), is the cyclicity of its critical
digraph C (A). We will use the adjectives "primitive" and "imprimitive"
for matrices in the same way as for their critical digraphs.

A matrix A = (a;;) € R™™™ is called 0-irreducible if the zero digraph Z,
is strongly connected. Since a strongly connected digraph with two or more
nodes contains at least one cycle, every 0O-irreducible nonpositive matrix of
order two or more is definite.

Theorem 8.2.1 below is an application of ([18], Theorem 3.4.5).

Theorem 8.2.1 (Brualdi-Ryser) Let A € R"",n > 1 be a O-irreducible
and nonpositive matriz and let o be the cyclicity of A. Let k be a positive
integer. Then there is a permutation matriz P such that P71 @ A* @ P
has r 0—irreducible diagonal blocks where r = ged(k, o) and all elements
outside these blocks are negative. The cyclicity of each of these blocks is
ofr.

Corollary 8.2.2 Let A € R"™" be a matriz with AMA) > e. Suppose that
C(A) has only one critical component and let o be the cyclicity of A.

(a) If k is a positive integer then C(AF) has r critical components, where
r = ged(k, o). The cyclicity of each of these components is o /r.

(b) pd (A*) =1 for every k > 1 if and only if o = 1.

Proof. Follows from Theorems 8.1.7, 8.2.1 and Lemma 4.1.3. =
As another application we immediately have the following classical result
when ([18], Theorem 3.4.5) is applied to Dy:

Corollary 8.2.3 Let A€ R"™" be irreducible, n > 1 and o = o (Da).

(a) A* k> 1, is equivalent to a blockdiagonal matriz with ged(k, o) irre-
ducible diagonal blocks.

(b) A¥ is irreducible for every positive integer k if and only if D4 is
primitive.

Since C(A) is a subdigraph of D 4, we have that if C(A) is primitive then
also D4 is primitive, yielding the following (recall that the primitivity of a
matrix is determined by the primitivity of C'(A) rather than D,):

Corollary 8.2.4 If A € R is primitive and irreducible then A* is ir-
reducible for all k > 1.

It will also be useful to know that the definiteness of an irreducible matrix
A is preserved blockwise in the powers of A.
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Lemma 8.2.5 IfA € R™" is definite and irreducible then every diagonal
block of AF is definite for all k > 1.

Proof. Let x € V(A) and A* [J] be a diagonal block of A* for some J C N.
Then x is finite and A* [J| @ x[J] = x[J]. Since A*¥[J] is irreducible, it

has only one eigenvalue and hence is definite. m

Spectral properties of matrix powers play an important role in solving
reachability problems. Next we summarize some of these properties.

Theorem 8.2.6 [34] Let k,n be positive integers and A = (a;j) € R"".
(a) T (A (45) " @ AF) <T (AA) @ 4).

(b) N.(A) = N, (A¥) and the equivalence classes of N. (A*) are either
equal to the equivalence classes of N.(A) or are their refinements.

(¢) If g5,9; (j € Nc(A)) are the fundamental eigenvectors of A and A
respectively, then g; > g; for all j € N.(A).

(d) If o; is the cyclicity of the it" connected component of C(A) then this
component splits into ged (04, k) connected components of C (Ak)
The cyclicity of each of these components is o;/ ged (04, k).

(e) pd (A*) = zi:gcd (0i, k).
Proof.
(a) Denote (M(A))”' ® A as B. Then the LHS is
I'(B¥) =B*e B* & ..a B"™ <T(B)
because by (1.20) B" < T'(B) for every natural r > 0.
(b) Ne(A) 2 N, (AF) follows from part (a) immediately since in a metric

matrix all diagonal elements are nonpositive and the j** diagonal
entry is zero if and only if j is a critical node.

Now let j € N.(A) and 0 = (§j = jo,j1,---,Jr = J) be any critical
cycle in A (and B) containing j, thus w(o, B) = 0. Let us denote

™= (.7 = jOvjk(mod r)7j2k(mod 7)) -~-7jrk(mod7‘) = .7)
and B* by C = (¢;;). Then for all4 = 0,1, ...,7— 1 we have (all indices
are mod r and, for convenience, we write here ¢(4, j) rather than c¢;j,

similarly b(4, 7)):

¢ (Jiks Jik+k) = b (Jik, Jik+1) + b (Jint1, Jik+2) + oo+ 0 (Jikah—1, Jik+k)
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since ¢ (jik, Jik+k) is the weight of a heaviest path of length k from
Jik tO Jik+r with respect to B and the RHS is the weight of one such
path. Therefore

w (7r, ()\ (Ak))il ® Ak) =w (W,Bk) > (U/(J?B))k =0.

Hence, equality holds, as there are no positive cycles in (A (A" ))71 ®
AF. This implies that 7 is a critical cycle with respect to A* and so
j € N (AF).

If w is the weight of an arc (u,v) on a critical cycle for A* then there
is a path from u to v having the total weight w with respect to A.
Therefore all nodes on a critical cycle for A* belong to one critical
cycle for A. Hence the refinement statement.

(c¢) Follows from part (a) immediately.
(d) Tt now follows from Theorem 8.1.7 and Theorem 8.2.1.
(e) Follows from part (d) immediately.

8.3 Periodic behavior of matrices

8.3.1 Spectral projector and the Cyclicity Theorem

For A € R"™" it will be practical in Sections 8.3-8.5 to denote the Kleene
star A(A) (see Section 1.6) by A* = (az‘j) (so A* does not denote here the
conjugate matrix). The rows of A* will be denoted by p; (4*), ..., p,, (A*),
the columns by 71 (A*), ..., 7n (A*), Or just Py, .., Py T1y vey T

Recall that if A € R"" and A (A) < 0 (and in particular when A is
definite) then

NA)=A0A’® .0 A"

and
A*=T0A0 A0 .0 A" =TaT(A).

The columns of " (A) are denoted g1, ..., g,,. Hence 7; = g; for all j € N (A)
and 7; differs from g; for j ¢ N.(A) only on the diagonal position where
7; has a zero whereas g; has a negative value.

Let Q(A) = (gi5) € R™™" be the matrix with entries

@ * * .o
Qij = ZkENC(A) aj, ® agy, 0,5 € N. (8.8)
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Hence Q (A) = ZiNC(A) QW (A), where Q¥ (A) , or just Q" is the outer

product 7 (A*) ® p;, (A*).
Proposition 8.3.1 [9] Let A € R"™" be definite and Q = Q(A). Then
ARQ=Q®A=Q=Q".

Proof. Since the columns of Q* are multiples of 7, for every k € N, (A)
all columns of Q¥ are principal eigenvectors of A and so A® Q = Q. By
symmetry the same is true about the rows of Q¥ and so also Q ® A = Q
(see Remark 4.3.6).

We also have (Q[k])Q =710 (p @ Tk)@py, = TL®py, = QI since p, @74
is the k' diagonal entry of (A*)2 = A* which is 0. To prove Q? = Q it is
sufficient to show that Q! @ QU < Q¥ @ Q. The proof of this inequality
is left to Exercise 8.7.4. m

By Proposition 8.3.1, if A is definite and z € R” then Q ® = € V (4,0)
and Q? ® x = Q ® x. Therefore Q(A) is called the spectral projector of A.

The following observation will be useful:

Proposition 8.3.2 Let A € R"™" be definite and Q = Q(A). Then for
any i € N, (A) the it" row (column) of Q is equal to p; (T;).

Proof. Since (A*)*> = A* (see Proposition 1.6.15), we have for all i,j =
1,...,n:

D @
* * * * *
~——§ a; ®a»<§ A Qay; = a;;.
i kEN.(A) ik kj = keN ik kj v

If i € N, (A) and j € N then

@
4ij = ZkeNc(A) ajp @ aZj >a; ® a;'kj = afj
and the statement for rows follows. The statement for the columns is proved
similarly. m

Spectral projectors are closely related to the periodicity questions, as
the following fundamental result suggests, proved both in [9] and [102]. For
finite, strongly definite matrices it also appears in [60], Sect. 27.3, where
Q(A) is called the orbital matriz.

Theorem 8.3.3 Let Ac R " be wrreducible, primitive and definite. Then
there is an integer R such that A” = Q(A) for all T > R.

The statement of Theorem 8.3.3 is also true for a blockdiagonal matrix
whose every block is primitive and definite. This will be important for the
subsequent theory and we therefore present it in detail. For a set S C Z
and k € Z we denote

k+S=S+k={k+s;s€S}.
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n

Theorem 8.3.4 Let A € R"™" be a blockdiagonal matriz whose every
block is primitive and definite. Then there is an integer R such that A" =
Q(A) for allT > R.

Proof. Let Aq,..., A, be the diagonal blocks of A and Ni,...N, be the
corresponding partition of N, that is A; = A(N;), i = 1,...,s . Let us
denote |N;| = n; for all 4. Hence N.(A;) C {1,...,n;}. By Theorem 8.3.3
for each i € {1,..., s} there is an R; such that for all » > R; we have:

r_om) =S50 [+ (4,
AT =Q) =3 o, @ (A,
where Q*] (A;) is the outer product 7y (AF) ® py, (A7) .
Denote n(®) = Z nj,i=1,..,s (thus n* = 0). Then
1<j<i

where

Thus we have

e @ @
QA) = ZkeNC(A) QM (4) = Zi:l,...s ZkeNé(Ai) Q" (4)

where QI*] (A) is the outer product 7 (A*) ® p, (A*).

Let r > R = max(Ry,..., Rs). The matrix A" is blockdiagonal and
its diagonal blocks are A7, ..., A%L. Consequently, A* is also blockdiagonal
and its diagonal blocks are (A;)",...,(As)". Hence for i € {1,...s} and
k € N.(A;), we have k = k' + n(), k' € N.(4;) and

3

T (AT) = | 7w (A7) | o (A7) = (elpy (A7)l e),

where in both expressions the first € is of dimension n and second of
dimension n — n(9 — n,. It follows that the n x n matrix By =T (A") ®
pr (A*) has all entries € except for By,; [N;], which is 7, (A) ® pyr (AF) =

Q[k } (4;) . Therefore
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Finally, we deduce:

7]
QA) = Zi:l,...s ZkeNg(Al) Q[k] (A)
@ ®
- Zi:l,. .8 ZkEN;(Ai)Bk;i
€ € c
= Yo A e
€ c c

e A 5
€ € €
e € e AT

= A"

[

If o is the cyclicity of A, it follows from Proposition 8.2.6, part (d), that
all components of C(A?) are primitive and thus A? is primitive. The matrix
A% may not be irreducible, but is blockdiagonal with ged (0,0 (D4)) =
o (D4) blocks (Corollary 8.2.3). Each block is irreducible (Corollary 8.2.3),
definite (Lemma 8.2.5) and primitive. By Theorem 8.3.4

(A7) = (A7) = QA7)

for all r sufficiently large (observe that A (A%) = {0} and so V(A7) indeed
is an eigenspace). This also implies that for any k large enough, k = s
mod o, we have for some r :

Ak _ AerrU — As+ra+a — AkJra.
Recall that if A (A) > & then (A (A))™' ® A is definite and clearly,
k
((A (A) e A) = (A (4)) " @ A,

We can now deduce one of the fundamental results of max-algebra (note
that we did not prove the minimality of o (A4)):

Theorem 8.3.5 (Cyclicity Theorem) For every irreducible matriz A €

R™™" the cyclicity of A is the period of A, that is the smallest natural
number p for which there is an integer T' such that
ARTP = (N (A))P @ A* (8.9)

for every k > T.
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Recall that the smallest value of T for which (8.9) holds is called the
transient of {A*} and will be denoted by T'/(A). A matrix A for which there
is a p and T such that (8.9) holds for k > T is called wltimately periodic.
Thus every irreducible matrix is ultimately periodic.

Theorem 8.3.5 has been proved for finite matrices in [60]. A proof for
general matrices was presented in [50], see also [51] for an overview without
proofs. A proof in a different setting covering the case of finite matrices is
given in [118]. The general irreducible case is also proved in [6], [102], [9]
and [92]. A generalization to the reducible case is studied in [93] and [114]
(see Theorem 8.6.9). Periodic behavior of matrix powers is also studied in
[75].

Recall that the entries of A" are denoted by ag), in contrast to agj, which
denote the r** powers of aij.

It will be important that the entries al(;), where either ¢ or j is critical,
may become periodic much faster than the noncritical part of A:

Theorem 8.3.6 [117], [133] Let A € R"™" be irreducible. Critical rows
and columns of A" are periodic for v > n?, that is there exists a positive
integer q such that for all i € N.(A) and j € N, or for all j € N.(A) and
1 € N we have: (rra) .

r+ r
a; V=AM (A) ®@a;

v]

Proof. Without loss of generality we prove this statement for the rows
of definite matrices only. Let ¢ € N, (A). Then there is a critical cycle of

length [; to which i belongs. Hence agfli) = 0 for all £ > 1. Since for all
m< kand s=1,...,n we have

a1 = aff 0 6 o) < o)

it follows that o
a;, " = E met, it . (8.10)

ks

Entries agfli) are maximal weights of paths of length k with respect to the

matrix A'. Since the weights of all cycles are less than or equal to 0 and
paths of length n or more are not elementary, the maximum is achieved at
k <n (see Lemma 1.5.4). Using (8.10) we obtain that agitﬂ)li) = agili) for
all t > n. Further for any d,0 <d <1[; — 1,

) (&) )
D S LD
and it follows that a§£t+1)li+d) = aﬁilﬁd) for all t > n. Hence az(f) is periodic
for k > nl;, and all these sequences, for any i € N, (A) and any s, become
periodic for k > n?. m

We will denote by T.(A) the least integer such that the critical rows and
columns of A" are periodic for r > T.(A). It follows from Theorem 8.3.6
that T.(A) < n?.
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Remark 8.3.7 The statement of Theorem 8.3.3 has found a remarkable
generalization in [138] where it has been proved that for any (reducible)
matriz A all powers A", r > 3n2, can be expressed as a max-algebraic sum
of terms of the form C ® S™ ® R, called CSR products. All these terms
can be found in O (n4 log n) time. Here C and R are extracted from the
columns and rows of a certain Kleene star (the same for both) and C @ R
is the spectral projector Q(A) if A is irreducible. The matriz S is diagonally
similar to the Boolean incidence matriz of a certain critical digraph. It is
shown that the powers have a well-defined ultimate behavior, where certain
terms are totally or partially suppressed, thus leading to ultimate C' @ S™ ®
R terms and the corresponding ultimate expansion. This generalizes the
Cyclicity Theorem to reducible matrices. The expansion is then used to
derive an O (n4 log n) method for solving the question whether the orbit of
a reducible matriz is ultimately periodic with any starting vector.

8.3.2  Clyclic classes and ultimate behavior of matriz powers

Imprimitive digraphs have interesting combinatorial structure which plays
a key role in solving the reachability problem (Section 8.6 below). We briefly
introduce this structure similarly as in [18], Section 3.4.

Note first that the length of every cycle is the sum of the lengths of
elementary cycles and therefore the greatest common divisor of all cycles
is equal to the greatest common divisor of elementary cycles.

Let D be a strongly connected digraph with cyclicity o. Let ¢ and j
be any two nodes of D and o; and o; be the greatest common divisor of
cycles containing ¢ and j, respectively. Let o be a cycle of some length r
containing ¢. By strong connectivity, there is a path from ¢ to j, say 3, of
length s and a path from j to i, say «, of length ¢. Clearly, combinations
of B and ~ and that of o, 8 and = yield cycles containing j, of length s+ ¢
and r + s 4 t. Since ¢; is a divisor of both, it is also a divisor of r. Since a
was arbitrary, o; divides the length of every cycle containing ¢ and thus o
divides ;. By symmetry also o; divides 0 and so 0; = ;. Since ¢ and j
were arbitrary, we have o; = 0; = 0. If 3’ is another path from i to j, say
of length &', then o divides both s + ¢ and s’ + ¢ and thus s = s’ mod .

We therefore deduce that by fixing a node, say ¢, we can partition the set
of nodes N into ¢ mutually disjoint nonempty subsets C1, ..., C, as follows:

Cr = {j € N;the length of each ¢ — j path is k¥ modo},

for k = 1,...,0. Clearly, the length of any (and therefore all) paths with
the starting node in C), and endnode in Cj is [ — k mod o. We also have
i € Cy. Every arc in D leaves a node in C} and enters a node in Cyyq
for some k, 1 < k < o, where C,;11 = C;. We will use notation [i] for
the class containing node i. Clearly, for any ¢ and j there is an integer t,
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0 <t < o —1 such that for the length ! of any path starting in [7] and
terminating in [j] we have | = ¢ mod 0. We will write [i] —; [j]. Clearly, if
[i] = [5] then [j] =5y [1].

The sets [1], ..., [o] will be called cyclic classes of D.

We will now apply cyclic classes to critical digraphs of matrices. They
may consist of several connected components, in which case we will treat
each component separately.

Lemma 8.3.8 Let A € R"™" be definite and irreducible, o = o (A), and
let t > 0 be such that to > T(A). Then the following hold for every integer
[>0andk= 1,...,n:

(&)
to+l (to) to+l1
AY = g Ny T ® AT (8.11)
(&)
to+l (to) to+l1
A7 = E ien. () ik ® A7

Proof. The matrix B = A7 is primitive, definite and blockdiagonal. Due
to Theorem 8.3.4, for any r > T(B) we have

(’I") _ ® * *
by = ZieNc(A) by ® b (8.12)

for k,j = 1,...,n. By Proposition 8.3.2, if u € N, (A) or v € N, (A4), then
b, = b&’;,) for all » > T(B). Hence for any to > T(A) (8.12) implies

(to) ® (to) (to)
ay,; *Ziemm)“ki ®ay”). (8.13)

In the matrix notation, this is equivalent to:

to __ ® (to) to
AT = ZieNc(A) ;- @Ay

and similarly for the columns:

to __ ® (tg) to
Ak = ZieNC(A) G © A7

Multiplying the last two identities by any power A!, we obtain (8.11). m
In the proof of the next theorem we will use the following "Bellman-type"
principle
ag-) ® aj“,? < aEZH), Vi, 4, k,r, s, (8.14)

which immediately follows from the fact that A™ @ A = A™+S.

Theorem 8.3.9 Let A € R"" be a definite and irreducible matriz, o =
o (A) and leti,j € N.(A) be such that [i] —; [j], for some | > 0.
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(a) For any r > T, (A) there exists an integer t > 0 such that

ag;U‘l'l)A’.r‘i _ A/él?“j-i-l7 CLZ(;UJrl)A; _ A;—&-l_ (8.15)

(b) If A is visualized, then for all v > T, (A)
ro_ opgr+l o AT+l
A =ATT AL = AT (8.16)
Proof. Let i¢,5 € N.(A). If [i{] —; [j] then [j] —s [¢], where [ + s = 0.
Hence there exists a critical path of length to + [, for some integer ¢t > 0,

connecting 7 to j, and a critical path of length uo + s, for some integer
u > 0, connecting j to ¢. Thus

all’™ @ alt7) = o, (8.17)
and in the visualized case
all" = aly7r = 0. (8.18)
Combining this with (8.14) we obtain:
Ay = Aeay e
< AT‘Z_thoJrl ® a;?cﬂrS)
< grtttuto

K2

Since r > T, (A), by Theorem 8.3.6 we have A", = AT(HUH)J, hence all
inequalities hold with equality. Now multiply the equality
A,z _ A2+ta+l ® a§_7;cr+s)
by az(-;g+l):
a7t @ AT, = AT @ oLt g gl

and the statement for columns now follows by (8.17) and Theorem 8.3.6.
The proof for the rows is similar and part (b) follows from (8.18). m

Letting | = 0 in Theorem 8.3.9 we obtain the following.

Corollary 8.3.10 Let A € R™™™ be definite, irreducible and r > T, (A).
All rows of A" with indices in the same cyclic class are equal, and the
statement holds similarly for the columns.

Theorem 8.3.9 says that for any power A" for r > T, (A) (and in partic-
ular for r > n?), the critical columns (or rows) can be obtained from the
critical columns (or rows) of the spectral projector Q(A?) by permuting
the sets of columns (or rows) which correspond to the cyclic classes of the
critical digraph. Lemma 8.3.8 adds to this that all noncritical columns (or
rows) of any periodic power are in the subspace spanned by the critical
columns (or rows). Since all columns of Q(A“) are eigenvectors of A%, we
conclude the following.
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Theorem 8.3.11 If A € R™™ 4s definite and irreducible then all powers
A" for r > T(A) have the same column span, which is the eigenspace
V(A47).

Theorem 8.3.11 enables us to say that V(A7) is the ultimate column
span of A. Similarly, we have the ultimate row span which is V((AT)?).
These subspaces are generated by critical columns (or rows) of the Kleene
star (A9)". For a basis of this subspace, we can take any set of columns
(A%)* (equivalently Q(A%) or A for to > T(A)), whose indices form a
minimal set of representatives of all cyclic classes of C (A) or, equivalently,
any maximal set of nonequivalent eigennodes of N.(A4) (see Lemma 4.3.2).

8.4 Solving reachability

—nXn

Let A € R be definite and p a positive integer. Recall that the p-
attraction space Attr(A,p) is the set of all vectors for which there exists
an integer r such that A” ® = A" @ x # ¢ (and hence this is also true
for all integers greater than or equal to r). Actually we may speak of any
r > T(A), due to the following observation.

Proposition 8.4.1 Let A be irreducible and definite, p positive integer and
z€R". Then
ARr=ATPu

for some s > T(A) if and only if
Apr=A""T"Qx
for allr > T(A).

Proof. Let x satisfy A* ® x = AP ®@ z for some s > T(A), then it also
satisfies
Alge=A"gq

for all [ > s (to see this, multiply the first equation by A'~*).
Due to periodicity, for all k, T(A) < k < s, there exists [ > s such that
AF = Al Hence A*F @ x = A**P @ 1 also holds if T(A) <k <s. m

Corollary 8.4.2 Attr(A,p) = Attr(AP,1).

Proof. By Proposition 8.4.1, Attr(A,p) is the solution set to the system
A"®@x = A"P @1 for any r > T(A), in particular for multiples of p, which
proves the statement. m

An equation of A" ®x = A""P @ z whose index is in N (A) will be called
critical, and the subsystem consisting of all critical equations will be called
the critical subsystem.
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Lemma 8.4.3 Let A be irreducible and definite and let v > T(A). Then
A" ®@x = A"TP @ x is equivalent to its critical subsystem.

Proof. Consider a noncritical equation A} ® x = A"’ @ 2. Using Lemma
8.3.8 it can be written as

@ (r) r _\® (r) r+p
Do Wi BALOE =3 e e AT e,

hence it is a max-combination of equations in the critical subsystem. m

We are ready to present a method for deciding whether = € Attr(A4, p),
as well as other related problems which we formulate below. We assume in
all that A € R"™" is a given irreducible and definite matrix and o = o (A).

For ease of reference we denote:

P1.Foragivenz € R" and positive integer p, decide whether z € Attr(A, p).
P2. For a given k, 0 < k < o, compute the periodic power A® where s = k
modo.

P3. For a given x € R" compute the period of O(A4, z).

Observe that P1 is identical with Q2 and P3 with Q1 formulated at the
beginning of this chapter. The proof of the next statement is constructive
and provides algorithms for solving P1-P3. Note that a similar argument
was used in the max-min setting [130].

Theorem 8.4.4 [133] For any irreducible matriz A € Rnxn, the problems
P1-P3 can be solved in O(n3logn) time.

Proof. Suppose that £ and p are given. First note that using the Karp
and Floyd-Warshall algorithms (see Chapter 1) we can compute both A(A)
and a finite eigenvector of A, and find all critical nodes in O(n?) time
(see Theorem 8.1.3 and Corollary 8.1.7). Further we can identify all cyclic
classes of C (A) by Balcer-Veinott condensation in O(n?) operations [8].
We can now assume that A is definite and visualized.

By Theorem 8.3.6 the critical rows and columns become periodic for r >
n?. To find the critical rows and columns of the required power s > T(A),
we first compute A" for one (arbitrary) exponent r > n? which can be
done in O(logn) matrix squaring (A, A%, A%, ...) and takes O(n®logn)
time. Then following Theorem 8.3.9, we shift the rows and columns of A"
to obtain the critical rows and columns of A® (to do this as described in
(8.16) we assume that r € [i],s € [j] and [¢{] —; [j] for some 4, j, ). This
requires O (n2) operations. In a similar way we find the critical rows of
AstP.

By Lemma 8.4.3 we can solve P1 by the verification of the critical sub-
system of A° ® x = AP @ x which takes O(n?) operations. Using linear
dependence of Lemma 8.3.8 the remaining noncritical submatrix of A® and
AP for any s > T(A) such that s = k mod o, can be computed in O(n?)
time. This solves P2.
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As the noncritical rows of A are generated by the critical ones, the period
of O(A, x) is determined by the critical components. For a visualized matrix
we know that A7 = Ay for all 4,5 € N, (A) such that [i] —; [j]. This
implies (A" ® x); = (A" ® x); for [i] — [j], that is, to determine the
period we only need the critical subvector of A™ ® « for any fixed r > n2.
Indeed, for any i € N, (A) and r > n? the sequence {(A" "' ® z);};>0 can
be represented as a sequence of critical indices of A” ® = determined by
a permutation on cyclic classes of the strongly connected component C' to
which i belongs. That is if in C' we have

[i1] — [io] — .. — liz] — [ial;

where @ = o (C), then we take a sequence {j,},_, such that j, € [i,].
This sequence can be taken randomly since by Corollary 8.3.10 all rows
and columns of A" with indices from the same cyclic class are equal. Now
we consider the sequence z;,, ..., z;, and find its period. Even by checking
all possible periods it takes no more than > < n? operations. The period of
A" ®x is then the least common multiple of periods found for each strongly
connected component. It remains to note that all operations above do not
require more than O(n?) time. This solves P3. m

Example 8.4.5 We will examine problems P2 and P8 on the following
strictly visualized 9 X 9 matriz:

-1 o -1 -1 -9 -7 -10 —4 -8
0o -1 o -1 -10 -1 -10 -9 —4
-1 -1 -1 0o -2 -3 =2 —6 —6
o -1 -1 -1 —-10 -6 -10 —6 -1
A= -10 -2 -8 -1 -1 0 -1 -10 -1
-5 -5 -100 -9 -1 -1 0 -3 —6
-9 —-10 -7 -10 0o -1 -1 -8 -8
-7 -80 —-7r -8 —-80 —T77 -—82 -2 —0.5
-84 -81 -—-7r =80 =78 =77 =78 —-0.5 -2

The critical components of A, see Figure 8.1, have node sets {1,2,3,4} and
{5,6,7}. The cyclicities are o1 = 2, 02 = 3, so 0 (A) =lem(2,3) = 6. Let
us denote M = {8,9}.

The matrix can be decomposed into blocks

A A Ag
A= | Axn A Awm |,
Ayt Ame Aum
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FIGURE 8.1. Critical digraph
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where the submatrices A1, and Ass correspond to two critical components
of C(A), see Figure 8.1. They are

-1 0 -1 -1
0 -1 0 -1

An=1 1 1 41
0 -1 -1 -1
and
1 0 -1
Ay =| -1 =1 0
0 -1 -1

The noncritical principal submatriz

-2 =05
Apenr = (—0.5 —2 ) '
It can be checked that the powers of A become periodic after T(A) = 154.

We will consider the following instances of problems P2 and P3:
P2. Compute A” for r > T(A) and r = 2 mod 6.

P3. For a given x € @9, find the period of {Ak ® :r}
Solving P2. We perform 7 squarings A, A%, A* ... to raise A to the
power 128 > 9 x 9. This brings us to the matrix

128 128 128
A A A

)

128 128 128 128
AT = Agl) Aéz) AéM)

128 128 128
Az 4028 4azs)

M2 M
where
2 e (2
A - = o)
0 -1 0 -1 10 -1
-1 0 -1 0
all entries of A%%) and Aglfg) are —1 and
jg :; -1.5 -2
AR — | T ;AU — | 25 2,
-25 -1 95 _1
-15 -2 ’
T
—76 —75.5 76 765\ T
4028) _ —75 —=76.5 4028 _ [ _76 _765
M1 —76 =755 7 M2 '
—76 —76.5

—-75 —=76.5



210 8. Reachability of eigenspaces

We are lucky since 128 = 2 mod 6, thus we already have true critical
columns and rows of A”. However, the moncritical principal submatrix of

A128 is
2028) _ —64 —65.5
MM\ —655 —64 )°

It can be checked that this is not the noncritical submatriz of A" that we
seek (recall that T(A) = 154). Hence, it remains to compute the principal

noncritical submatrixz AE\Z)M.

We note that A2 has critical rows and columns of the spectral projector
Q(A), since 132 is a multiple of 0 = 6. In A2, the critical rows and
columns 1 — 4 are the same as that of A28, since 01 = 2 and both 128 and
132 are even. The critical rows 5—1T can be computed from those of A8 by
cyclic permutation (5,6,7). Since AE&IZIS) and AS\%S) happen to have equal
columns, all blocks in A2 are the same as in A'?® above (after a similar
block decomposition of A*?), except for

0 -1 -1 —2.5 -2
AP = -1 0 -1 |, Al =25 —1
-1 -1 0 15 -2

Now the remaining noncritical submatrixz of A" can be computed using lin-
ear dependence of Lemma 8.3.8, which now reads

52
AP =" aP oA, k=89

A —-76.5 =77
MM ™\ 78 —-76.5)"
Solving P3. We examine the orbit period of A* @ x for x = a', 22, 23, 2*,
where

This yields

=1, 2, 3, 4, 5, 6, 7, 8 97,
2=, 2, 3, 4, 0, 0, 0, 0, 0)7,
x»¥»=(0, 0, 1, 1, 0, 0, 1, 1, 1T,
z*=(, 0, 1, 1, 0, 0, 0, 0, 0)T.
Let us compute y = A2 @ = for x = z', 22, 23, z*:
y' =AM =8, 7, 8 7, 7, 7, 8 x, x)T,
=A@ =(3, 4, 3, 4, 3, 3, 3, x, x)7,
P =A"es=(1, 1, 1, 1, 1, 0, 0, x, x)T,
yt=A%gat=(1, 1, 1, 1, 0, 0, 0, x, x)..
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(—©

FIGURE 8.2. Cyclic classes in Example 8.4.5

Here x correspond to noncritical entries that are not needed. The cyclic
classes in the first critical component have node sets C; = {1,3}, Cy =
{2,4}, and the cyclic classes in the second have node sets C3 = {5}, Cy =
{6} and C5 = {7}, see Figure 8.2.

From Theorem 8.4.4 it follows that the coordinate sequences

{(A"@a)i, r =2 T(A)}

Y1, Y2, Y1, Y2,..., fori=1,2.34,
Ys, Y6, Y7y Y5, Y6, Y75+, fO’I“’L':5,6,7.
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Note that the first sequence has been taken randomly from four possibilities:

Y1, Y2, Y1, Y2,-- -,
Y3, Y4, Y3, Y4, ...,
Yi, Y45 Y15 Y4y .-,
Ys, Y2, Y3, Y2, .-

The second sequence is uniquely determined since all cyclic classes in Cy
are one-element.

From y',...,y* above we deduce that the orbit of x' is of the largest
possible period 6, the orbit of 2% is of period 2 (that is x* € Attr(A,2)), the
orbit of 23 is of period 3 (that is 3 € Attr(A,3)), and the orbit of 2* is of
period 1 (that is x* € Attr(A,1)).

8.5 Describing attraction spaces

For applications it may be important to decide not only whether a vector
is in an attraction space but also to describe the whole attraction space as
efficiently as possible and thus to provide a choice of starting time vectors
leading to stability of processes such as MMIPP. In this section we discuss
the systems

AT@r=A"®u, (8.19)

which fully describe attraction spaces Attr(A4,1) provided that r is suffi-
ciently big. We will therefore call such systems attraction systems. The task
of finding A" for such r has been solved in Section 8.4. The results of this
section enable us to simplify these systems for irreducible matrices A.
Note that if the critical digraph is strongly connected then for an irre-
ducible matrix A there is a v € R" —{e} such that V(A4) = {a @ v; € R}.
The attraction space is then described by the essentially one-sided system

ATRr=vQ®uy,

where y is a single variable. Therefore the unique scaled basis of the attrac-
tion space can be found using the results of Subsection 7.2.4. If, moreover,
all nodes of A are critical, then Corollary 7.2.7 offers an even simpler way
of finding the basis, see Remark 8.5.6. The case when there is only one
critical cycle has been analysed in more detail in [16].

8.5.1 The core matrix

Let A€ R"™" be irreducible. We will assume that the critical nodes of D A
are the first (say) ¢ nodes. Suppose also that C(A) consists of n. strongly
connected components C,, with cyclicities o, for p = 1,...,n.. Let ¢ be
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the number of noncritical nodes. Further it will be convenient to consider,
together with these components, also noncritical, that is trivial, components
Cy for p = n.+1,...,n. + ¢, whose node sets N, consist of just one
noncritical node, and the sets of arcs are empty.

Consider the block decomposition of A™ for r > 1, induced by the subsets
Ny for p=1,...,n.+¢ The submatrix of A" extracted from the rows in IV,
and columns in N, will be denoted by Affl,) . If A is visualized and definite,
we define the corresponding core matriz A€°T = (), v =1,...,n.+¢
by

o, = max{a;j;1 € Ny, j € Ny} (8.20)

The entries of (A9°7¢)* will be denoted by ;. Their role is shown in the
next theorem.

Theorem 8.5.1 Let A€ R""" be an irreducible, definite, visualized ma-
trix and r > T.(A). Let p,v € {1,...,n.+ ¢} be such that at least one of

these indices is critical. Then the maximal entry of the block AEL) is equal

* ; ; (
to o, and therefore this entry appears in every row and column of A,fl,).

Proof. The entry aj, is the maximal weight over paths from x to v in
D jcore. Take one such path, say (uq,...,4;) of maximal weight, where
pq = p and p; = v. With this path we can associate a path 7 in D4
defined by m = 711001 0790...00;_1 0T, where 7; are paths containing
only critical arcs, which entirely belong to the components C),,, and o;
are arcs of maximal weight from C),, to C,, . Such a path 7 exists since
any two nodes in the same component C), can be connected to each other
by critical paths if u is critical, and C,, consists just of one node if y is
noncritical. The weights of 7; are 0, hence the weight of 7 is equal to a;,,.
It follows from the definition of o, and oy, that o, is the greatest weight
of a path from C), to C,. As at least one of the indices p, v is critical, there
is freedom in the choice of the paths 71 or 7; which can be of arbitrary
length. Assume without loss of generality that p is critical. Then for any r
exceeding the length of 0y 0o750...00;_1 o7; which we denote by [, the

block Aff,,) contains an entry equal to aj,,, which is the greatest entry of
the block. Taking the maximum 7”(A) of I, over all ordered pairs (u,v)
with g or v critical, we obtain the claim for r» > T"(A). Evidently, 77(A)
can be replaced by T.(A4). m

Further we observe that the dimensions of periodic powers can be re-
duced. The rows and columns with indices in the same cyclic class coincide
in any power A", where r > T.(A) and A is definite and visualized (Theorem
8.3.9). Hence after an appropriate permutation of the rows and columns,
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the blocks of A", for u,v =1,...,n.+¢and r > T,.(A), are of the form

~g:2£1 ® OS1t1 cee ag?&m ® Osltm
Al = : : , (8.21)

~L(s:)tl ® OSA tp e dg:)lf,,L ® Osktm
where k (resp. m) are cyclicities of C), (resp. C,), indices s1,...,s; and
t1,...,ty, correspond to cyclic classes of C), and €, respectively, and O,

are zero matrices of appropriate dimensions. We assume that C,, has just
one “cyclic class” if p is noncritical.

Formula (8.21) defines the matrix A" ¢ R(E-kE)X(E—&-E), where ¢ is the
total number of cyclic classes, as matrix with entries &gzj. By (8.21), this
matrix has blocks

A1) 4

~ s1t1 e S1tm
Al — : : . (8.22)
A e G,

It follows that A("1+72) = A1) @ A(2) for all r1,7y > T.(A). In other
words, the multiplication of any two powers A(”j and A2 for rq,ry >
T.(A) reduces to the multiplication of A(") and A("2),

Let 0 = o (A). If we take r = ot +1 > T(A) (instead of T,.(A) above)
and denote A := A(°**+1) then due to the periodicity we obtain

A(Ut+l A (o't+l)l Al — 140’1%‘,47 (823)

so that A" can be regarded as the rth power of A, for all r > T(A).

8.5.2  Clirculant properties

A matrix A = (a;5) € R™™ "™ will be called circulant, if a;; = aps whenever
p=i+t (mod m)and s =j+t (mod n) for all i € M,j € N,t > 1. For
instance

01 2 01 2 0 1 2
2 01 2 01 2 01
1 2 01 2 01 20
A= 01 2 01 2 0 1 2 (8.24)
2 01 2 01201
1 2 01 2 01 20
is circulant. Note that if m = n then there exist scalars aq,...,a, such

that a;; = ag whenever j —¢ =d (mod n) and a circulant matrix then has
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the form:
aq Qg Q3 Qp,
Qn ap Qg v Qp-1
A= . . 2
Ap—1 Qn Q7 . Ap—2 (8 5)
(6] Q3 e . a1

A matrix A € R™™" will be called block k x k circulant if there exist
scalars ai,...,ap and a block decomposition A = (4;5), 4,5 = 1,...,k

such that A;; = ag®O;; if j —i = d (mod k), where O;; are zero matrices.
—mXn

A matrix A = (a;5) € R will be called d-periodic when a;; = a;s if
(s —7) modn is a multiple of d, and aj; = ay; if (s —j) modm is a multiple
of d.

The matrix (8.24) indicates that a rectangular m X n circulant matrix
consists of ordinary d x d circulant blocks, where d = ged(m,n). In partic-
ular, it is d-periodic. Also, there exist permutation matrices P and @ such
that B = PAQ is block d x d circulant:

0 0

= NN O

=N N O

=N NN OO
NN O O ==
NN O O~
OO~
O O = = NN
O O = NN
OO = = NN

Observe that if A € R™" is circulant and m and n are coprime then A is
constant. We formalize these observations in the following.

Proposition 8.5.2 Let A€ R"™" be circulant and d = ged(m, n).
(a) A is d-periodic.

(b) There exist permutation matrices P and Q such that PAQ is a block
d x d circulant.

Proof. (a) There are integers t; and ¢y such that d = tym + ton. Using
the definition of a circulant matrix we obtain a;; = a;s, if s = 7+ tim
(mod m), and hence if s = j+d (mod n). Similarly for the rows, we obtain
that aj; = as, if s = j +ton (mod m), and hence if s = j 4+ d (mod m).

(b) As A is d-periodic, all rows such that ¢ + d = j (mod m) are equal,
so that {1,...,m} can be divided into d groups with m/d indices each, in
such a way that A;. = A;., if ¢ and j belong to the same group. We can
find a permutation matrix P such that A’ = PA will have rows A} =
o= Ay = Ay, Ay, =0 = Ay = Ag, and so on. Similarly, we
can find a permutation matrix @ such that A” = PAQ will have columns
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A= . =Ay=A Ay =...= AlY; = A5, and so on. Then A" has
blocks Aj; fori,j =1,...,d of dimension n/dxm/d, where A}, = a;; ®O;;,
and O;; is a zero matrix. As A is d-periodic, the submatrix extracted from
the first d rows and columns is circulant. Hence A” is block d x d circulant.

Proposition 8.5.3 Let A € R"™™ be an irreducible, definite and visu-
alized matriz which admits block decomposition (8.21), o0 = o (A) and
r > T(A). Let C,,C, be two (possibly equal) components of C(A), and
d=gecd(op,,0,).

(a) flffy) is circulant.

(b) For any critical i and v, there is a permutation P such that (PTAP)EZ,)
s a block d x d circulant matriz.

(¢) If r is a multiple of o, then fl,(fﬁ are circulant Kleene stars, where all
off-diagonal entries are negative.

Proof. (a) Using (8.16) and notation (8.22) we see that for all (7, ;) and
(k,1) such that k =i+t (modo,) and { = j +¢ (modo,),

Ly s;ity

~(r+t ~(r
, =a) ),
(b) If 4 = v then P = I, and if 4 # v then P is any permutation matrix
such that its “subpermutations” for N, and N, are given by P and @ of

Proposition 8.5.2.

(c) Part (a) shows that flm are circulants for any r > T'(A) and critical

w. If 7 is a multiple of o, then fll(fu) are submatrices of A7 = Q(A”) and
hence of (fl")* This implies, using Corollary 1.6.16, that they are Kleene
stars. As the uth component of C(A) is just a cycle of length o, the
corresponding component of C(fl") consists of o, loops, showing that the

off-diagonal entries of flm are negative. m

8.5.83 Max-linear systems describing attraction spaces

Let A € R™™" be definite and irreducible. It follows from Section 8.4,
in particular Theorem 8.4.4 that the coefficients of the system A" @ z =
AP @ z for integers p > 1 and r > T(A) can be found using O(n?logn)
operations, by means of matrix squaring and permutation of cyclic classes.
Due to Corollary 8.4.2 we may assume without loss of generality that p = 1.
Next we show how the specific circulant structure of A™ at r > T(A)
can be exploited, to derive a more efficient system of equations for the
attraction space Attr(A,1). Due to Theorem 8.5.1 the core matrix

ACore _ {aNV; TS 17,..,7’LC+E}7
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and its Kleene star
(Acore)* = {oz;"w; wv=1...,n.+¢}
will be of special importance. We will use the notation

M (i) = {j € N,; al?) = @yt 1€ Ny, YOy # C,

r
)

(8.26)
KO(i) = {t>c; af)) = a,)}, i € Ny,

where C), and C, are strongly connected components of C(A4), N, and N,
are their node sets and v(t) in the second definition denotes the index of

the noncritical component which consists of the node ¢. The sets M (1)
defined in (8.26) are nonempty for any r > T.(A), due to Theorems 8.3.9
and 8.5.1.

The results of Subsection 8.5.2 yield the following properties of M." ()
and K () (q).

Proposition 8.5.4 Let A € R"™" be an irreducible, definite and visualized
matriz, r > T.(A) and p,v € {1,...,n.}.

1. If [i) = [j] and i,5 € N, then MY (6) = MSV(5) and K9 (6) =
K0(j).

2. Each M." (1) is the union of some cyclic classes of C,,.

3. Leti € N, and d = gcd(o,,0,). Then, if [p] C M (1) and [p] —q [8]
then [s] € MS" (3).

4. Let i,j € N, and p,s € N,. Let [i| —¢ [j] and [p] — [s]. Then
[p) € M7 (i) if and only if [s] € M (7).

Next we establish the cancellation rules which will enable us to simplify
systems of equations for the attraction space Attr(A4,1).
Recall first that by Lemma 7.4.1, if a < ¢, then

{z; a@r®b=caxdd} = {z; b=cRzrdd}. (8.27)

Consider now a chain of equations

2] 2] 52}
ZiGN a1;T; ey = ZiGN a9;ix; Deg =...= ZiEN Apili D Cp- (828)

Suppose that aq,...,a, € R are such that a;; < «; for all [ and 7, and
Sy ={i;ai; = a;} for 1 =1,...,n. Let S; be such that J;_, S; = {1,...,n}.
By repeatedly applying the elementary cancellation law (8.27), we obtain
that (8.28) is equivalent to

2 @ @
Ziesl a;x; B cp = ZiGSQ a;x; ey =...= Ziesn ;T B e (8.29)
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We will refer to the equivalence between (8.28) and (8.29), as to the chain
cancellation.
We may now formulate the following key result.

Theorem 8.5.5 Let A € R be an irreducible, definite and visualized
matriz and r > T(A) be a multiple of 0 = o (A). Then the system A” @ x =
AT @ 2 is equivalent to

® @ . @
Zke[i] Ty ® Z#M (Oé;w ® ZkeM,E”(i) xk> (8.30)
@ *
© ZteKw(i) Xty @ Tt
S5} ) . @
N Zke[f] k@ Zugép, (aw ® ZkeMﬁ”(j) xk)

@ *
® ZtGK(T)(j) aﬂ”(t) ® Tt

where p=1,...,n. and [i] and [j] range over all pairs of cyclic classes in
C,, such that [i] —1 [j].

Proof. By Lemma 8.4.3 A" ® x = A" ® z is equivalent to its critical
subsystem. Consider critical equations of A" ® r = A" ® :

& (r r+1) .
Zk al(.k)®xk Z a( ) @ap, i=1,...,c. (8.31)

Take 4,5 € {1, ..., c} such that [¢{] —1 [j]. Then by Theorem 8.3.9,

hence the critical subsystem of A” ® x = A" ® z is as follows:

Z a ) ® z), = Z a ®xk, Vi g 8] —1 [4]- (8.32)

Proposition 8.5.3, part (c), implies that all principal submatrices of A"
extracted from critical components have circulant block structure. In this
structure, all entries of the diagonal blocks are equal to 0, and the entries of
all off-diagonal blocks are strictly less than 0. Hence we can apply the chain
cancellation (equivalence between (8.28) and (8.29)) and obtain the first
terms on both sides of (8.30). By Theorem 8.5.1 each block A, contains
an entry equal to ay,,. For a noncritical v/(t), this readily implies that the
corresponding * subcolumn Ay contains an entry a V(1) Applying the
chain cancellation we obtain the last terms on both sides of (8.30). From the
block circulant structure of A, with both p and v critical, see Proposition
8.5.3 or Proposition 8.5.4, we deduce that each column of such a block also
contains an entry equal to aj,. Applying the chain cancellation we obtain
the remaining terms in (8. 30) |
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It follows that (8.19) is equivalent to (8.30). As Attr(A,t) = Attr(A4%, 1),
this system can also be used to describe more general attraction spaces - it is
only necessary to substitute C'(A?) for C(A) and the entries of ((A?)“°re)*
for a7, (the dimension of this matrix will be different in general, see The-
orem 8.2.6 part (d)).

We note that (8.30) naturally breaks into several chains of equations
corresponding to individual strongly connected components of C(A). Let
p € {1,...,n.} and consider the subsystem of (8.32) corresponding to C,,.
It is a single chain of equations. Denote the common value of all sides in
this chain by z,. Then, the subsystem can be written in the form P® x =

(2, ...,z#)T7 where each row of P corresponds to one side of the chain.
Therefore the whole system (§.32) can equivalently be written as R @ ¢ =

—CX N,

H ® z, where H = (h;,) € R

has entries
0, ifie N
hm:{ y BT E N (8.33)
g, otherwise.

(¢ is the total number of cyclic classes)

Remark 8.5.6 If all nodes of A are critical and the critical digraph is
strongly connected then the sets of variables on individual sides in (8.30)
are pairwise disjoint, corresponding to individual cyclic classes. In this case
the unique scaled basis of the attraction space of A is described by Corollary
7.2.7.

Theorem 8.5.5 can be used for finding the attraction system in a way
different from matrix scaling and permutation of cyclic classes [134]. This
method is more efficient if the number of strongly connected components
of C(A) and the number of noncritical nodes are small relative to n.

Example 8.5.7 Consider the following 9 x 9 definite, strictly visualized
matriz:

-8 o -1 -8 -8 -9 -4 -5 -1
-4 =5 0 -2 -6 0 -7 =3 -9
-7 -9 -8 0o -8 -4 -6 -9 -10
-8 -8 -10 -7 0 —4 -6 —-10 -1
A= -2 -8 =7 -4 -8 0 -3 -1 -10
0 -1 -2 -7 —-10 -6 -3 -6 -1
—10 -7 =7 -7 -6 -1 ) 0 -9
-8 -3 -6 -8 -6 -8 -5 —10 0
—4 -3 =5 -6 -6 -—10 0 -6 -9

The critical digraph of this matrix consists of two strongly connected com-
ponents, comprising 6 and 3 nodes respectively. They are shown in Figure
8.3 and Figure 8.4, together with their cyclic classes. Note that o (A) =
lem (ged (6,3),3) = 3. The components of C(A) induce block decomposi-
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FIGURE 8.3. Critical digraph in Example 8.5.7.

FIGURE 8.4. Cyclic classes in Example 8.5.7.
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tion A A
A= ("M 12), 8.34
<A21 Az (8:34)
where
-8 o -1 -8 -8 -9
-4 -5 0 -2 -6 0
A _ -7 -9 -8 0 -8 —4
= -8 -8 —-10 -7 0o -4 |’
-2 -8 -7 -4 -8 0
0 -1 =2 -7 -10 —6
-5 0 -9
Agy = -5 —10 0. (8.35)
0 -6 -9

The core matriz and its Kleene star are equal to

ore ore\x 0 -1
ACere — (AC0re) _<_1 0). (8.36)

By calculating A, A%, ... we obtain that the powers of A become periodic
after T(A) = 6. In the block decomposition of AS induced by (8.34), we
have the following circulants:

0 -1 -2 0 -1 -2 —2 -1 -1
-2 0 -1 -2 0 -1 -1 -2 -1
@ | -1 -2 0 -1 -2 0 @ | -1 -1 =2
A= 0 1 2 0 -1 2 2T o o 1 |
2 0 -1 -2 0 -1 -1 -2 -1
-1 =2 0 -1 -2 0 ~1 -1 -2
(8.37)
-3 -1 -2 -3 -1 -2 0 —3 —2
A= 2 3 -1 -2 -3 -1 |, A9=| 2 o0 -3
-1 -2 -3 -1 -2 -3 -3 -2 0
(8.38)

The corresponding blocks of “reduced” power A®) are

i 0 -1 -2\ —2 -1 -1
A= —2 o -1 |, A9=| -1 —2 -1 |,
-1 -2 0 —1 -1 -2
» -3 -1 -2\ 0 -3 -2
A= —2 -3 -1 |, A9=| 2 0 -3
-1 -2 -3 -3 -2 0

Note that flﬁ) and 121562) are Kleene stars, with all off-diagonal entries
negative.
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Using (8.37) and (8.38), we see that the attraction system consists of two
chains of equations, namely

$1@$4@(1‘8—1)@(1‘9—1) = x2@$5@($7—1)@($9—1)
= 3Dz D (x7—1) D (zs— 1)
and
(.1‘2—1)@(.735—1)@"E7 = ($3—1)@($6—1)@$8
= (.’11‘1—1)@(.’134—1)@3?9.

Note that only 0 and —1, the coefficients of (A“°")* (which is equal to
AC°re in this example), appear in this system.

8.6 Robustness of matrices

8.6.1 Introduction

In this section we deal with Q3, that is with the task of recognizing robust
matrices. We start with a few basic observations and then analyze the
problem first for irreducible and then for reducible matrices.

Let A = (a;5) € R"™" and recall that Attr(A, 1) is the set of all starting
vectors from which the orbit reaches the eigenspace, that is

Attr(A,1) = {x e R 0(A,z) NV (A) £ {s}} .

Clearly,
o V(A) — {e} C Attr(4,1) CR" — {e}

and so robust matrices are exactly those for which Attr(4,1) = R" — {e}.

It may happen that Attr(A,1) = V(A) — {e}, for instance when A is the
irreducible matrix
-1 0
0o -1 )°

Here A(A) = 0 and by Theorem 4.4.4
V(A) —{e} = {a®(0,0)7;a € R}.

Since
A® ( Z > = (max(a — 1,b), max(a,b—1))7,

b
A ® z is an eigenvector of A if and only if x is an eigenvector of A. Hence
Attr(A4,1) = V(A4) — {e}.

we have that A ® ( “ ) is an eigenvector of A if and only if a = b, that is
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Attr(A,1) may also be different from both V(A) — {¢} and R" — {¢} :
Consider the irreducible matrix

-1 0 -1
A= 0 -1 -1
-1 -1 0

Here A\(A) = 0 and = = (=2, —2,0)7 is not an eigenvector of A but A®x =
(—1,-1,0)T is, showing that Attr(A, 1) # V(A) — {e}. At the same time
if y = (0,—1,0)7 then A* ® y is y for k even and (—1,0,0)7 for k odd,
showing that y ¢ Attr(A4,1).

Lemma 8.6.1 If A, B € R""and A = B then A is robust if and only if
B is robust.

Proof. B= P~ ® A® P for some permutation matrix P. Hence

Bfflgr = P leAt gPox
= PlgizedAfePeox
A® BF @ .

]

Due to Lemma 8.6.1 we may without loss of generality investigate robust-
ness of matrices arising from a given matrix by a simultaneous permutation
of the rows and columns.

We finish this introduction by excluding a pathological case:

Lemma 8.6.2 A matriz with an € column is not robust. This is true in
particular if one of its eigenvalues is €.

Proof. If (say) the k™ column of A is ¢ then A ® 2 = ¢ for any = € R"
such that x; = ¢ for ¢ # k. Hence A is not robust.
The second statement follows from Lemma 4.5.11. m

8.6.2 Robust irreducible matrices

Characterization of robustness for irreducible matrices using the results of
the previous sections is relatively easy. We will also deduce a few corollaries
of the following main result.

Theorem 8.6.3 Let A€ R be column R-astic and |[A(A)| =1 (that is
A(A) ={\(A)}). Then A is robust if and only if the period of A is 1.

Proof. Suppose that the period of A is 1. Let # € R" — {¢} and k > T/(A).
Then A* @ z € R" — {&} by Lemma 1.5.2, A*"!' @ z = A ® A* @ 2 and so
A is robust (and all columns of A are eigenvectors of A).
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Now let A be robust and z be the 5 column of A. Then z € R" — {&}
and thus there is an integer k; such that A¥™! @ z = A\(A) ® A* @ x for all
k > kj. So, if kg = max(k1, ..., kn) then A¥+2 = X\(A) @ A**L for all k > ko,
and thus the period of Ais 1. m

Recall that every irreducible n x n matrix (n > 1) is column R-astic
(Lemma 1.5.1), but not conversely.

Note that if A is the 1 x 1 matrix (¢) then A is irreducible, 0(A) = 1 but
A is not robust. This is an exceptional case that has to be excluded in the
statements that follow.

Corollary 8.6.4 [34], [102] Let A € R"™" A # ¢ be irreducible. Then A
18 robust if and only if A is primitive.

Proof. Every irreducible matrix has a unique eigenvalue and if A # ¢
then it is also R-astic. The period of A is o (A) by Theorem 8.3.5 and the
statement now follows from Theorem 8.6.3. m

Corollary 8.6.5 Let A € @nxn, A # ¢ be irreducible. If A is primitive, © #
¢ then A* ® x is finite for all sufficiently large k.

Proof. If A is primitive then A is robust, thus for x € @",x # ¢, and
all sufficiently large k we have A*¥ @ x € V(A) — {e} = V*(A) since A is
irreducible. m

Example 8.6.6 For the irreducible matriz A of Example 4.3.7 we have
that the cyclicity of the critical component with the node set {1,2} is 2, that
of the component on {4,5,6} is gcd{1,3} = 1. Hence 0 (A) = o(C(A)) =
lem {1,2} = 2 and so A is not robust.

The following classical sufficient condition for robustness now easily fol-
lows:

Corollary 8.6.7 [65] Let A = (a;;) € R"™", A +# ¢ be irreducible. Then A
is robust if a;; = A(A) for every i € N.(A).

Proof. If a;; = A(A) for every i € N.(A) then a cycle of length one exists
in every component of the critical digraph, hence A is primitive and so A
is robust. m

We also deduce that the powers of a robust irreducible matrix remain
irreducible:

Corollary 8.6.8 Let A € R™™™ be irreducible and robust. Then A* is
irreducible for every positive integer k.

Proof. The statement follows from Corollary 8.2.4. m
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8.6.3 Robust reducible matrices

Robustness of reducible matrices is not very strongly related to ultimate
periodicity (unlike for irreducible matrices). However and although it will
not be directly used in this book, for the sake of completeness we present a
(slightly reformulated) generalization of the Cyclicity Theorem to reducible
matrices:

Theorem 8.6.9 [11}] (General Cyclicity Theorem) A matriz A € ™"
1s ultimately periodic if and only if each irreducible diagonal block of the
FNF of A has the same eigenvalue.

The rest of this subsection is based on [35].

Recall that if A = (a;;) € R"" is in the FNF (4.7) and Ny, ..., N, are
the classes of A then we have denoted R = {1,...,r}. If i € R then we now
also denote T; = {j € R; N; — N;} and M; = |J N;. A class N; of A is

JET;
called trivial if N; contains only one index, say k, and ayr = €.
We start with a lemma. Without loss of generality we assume in the rest

of this subsection that A is in the FNF (4.7).

Lemma 8.6.10 [85] If every nontrivial class of A € R"™" has etgenvalue
0 and period 1 then A¥*1 = A* for some k.

Proof. We prove the statement by induction on the number of classes.

If A has only one class then either this class is trivial or A is irreducible.
In both cases the statement follows immediately.

If A has at least two classes then by Lemma 4.1.3 we can assume without

loss of generality:
All 3
A =
( Agr Ago )

Ak €
Ak — 11
( By, A, )7

€3] i .
Bi= Y AL®An® A
it+j=k—1

and thus

where

By the induction hypothesis there are k; and ks such that
k141 k ka+1 k
A1 = A7] and A53T = A53.
It is sufficient now to prove that

D . )
B, = Z {AZQQ ® Aoy ®A]11;i <ks,j<ky,i=kyorj= k‘1} (8.39)
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holds for all k > k1 + ko + 1.
For all 4,5 we have

Al ® Ay @ Al = AV, ® Ay ® AT,

where i’ = min(i, k2), 7/ = min(j, k1). If i+j+1 = k > k1 +ko+1 then either
i > ko or j > ky. Hence either i’ = ky or j' = ky and therefore < in (8.39)
follows. For > let i = ko (say) and j < kq. Since k > ky+ko+1 > j+i+1,
we have kK — j — 1 >4 = ko and thus

Aby @ Ay @ Al = AFT771 @ Ay @ AT, < By

]
We are ready to prove one of the key results of this book.

Theorem 8.6.11 [35] Let A € R"™" be column R-astic and in the FNF
(4.7), N1, ..., N, be the classes of A and R ={1,...,r}. Then A is robust if
and only if the following hold:

1. All nontrivial classes N1, ..., N, are spectral.

2. Ifi,j € R,N;, N; are nontrivial and t ¢ T; and j ¢ T; then A\(N;) =
A(N;)-

3. 0(Ajj) =1 forall j € R.
Proof. If r = 1 then A is irreducible and the statement follows by Theorem

8.6.4. We will therefore assume r > 2 in this proof.
Let A be robust, we prove that 1.-3. hold.

1. Let i € R,A;; # ¢ and x € R" be defined by taking any x5 € R for
s € M; and x5 = ¢ for s ¢ M;. Then ARl @z =A@ A* ® x for some
kand A € A(A). Let z = A* @ x. Then z[M;] is finite since A[M;] has
no € row and

A[M;] ® 2[M;] = (A® 2)[M;] = A @ 2[M;],

hence z[M;] € VT (A[M;]). By Lemma 8.6.2 A > € and so by Theorem
4.4.4 then A\(IV;) < A(IV;) for all t € T;. Hence N; is spectral.

2. Suppose i,j € R, N;, N; are nontrivial and ¢ ¢ T}, j ¢ T;. Let « € R"
be defined by taking any
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and ¢, = € for s € N — N; UN;. Then ARl @ ¢ = @ AF @ ¢ for
some k and A € A(A). Denote z = A¥ ® 2. Then z[N;] is finite. Since
i ¢ T, we have a,, = ¢ for all u € N; and v € N;. Hence

A ® 2[Nj] = (A® 2)[N;] = A[N;] ® 2[N}]

and so by Theorem 4.4.4 A(N;) = A. Similarly it is proved that
AV;) = A

Let j € R and A[N,] # ¢ (otherwise the statement follows trivially).
Let z € R” be any vector such that z # ¢ and z; = ¢ for s ¢ Nj.
Then A* '@z = A\@ A*®2 for some k and A € A(A). Let z = A*®u.
Since

2[N;] = (AIN;)* @ [N;],

we may assume without loss of generality that z[N;] # e. At the same
time

A[N;] ® 2[Nj] = (A® 2)[N;] = A ® 2[Nj]

and thus z[N;] € V(A[N;]). Hence A[N;] is irreducible and robust.
Thus by Theorem 8.6.4 we have o (A[N;]) = o(A4;;) = 1.

Suppose now that conditions 1.-3. are satisfied. We prove then that A
is robust by induction on the number of classes of A. As already observed
at the beginning of this proof, the case r = 1 follows from Theorem 8.6.4.
Suppose now that » > 2 and let = € @n, x #e. Let

U={ieN;@j)i— jz; #c}.

We have

and

(A% @ 2) [U] = (A[U])* @ =[U]

(Ak ®a:)i =¢

for ¢ ¢ U. Therefore we may assume without loss of generality that U = N.
Let M be a final class in C4, clearly z[M] # ¢ by the definition of U. Let
us denote

and

S={ieN;(3jeM)(i— j}

S'=N-8.

By Lemma 4.1.3 we may assume without loss of generality that

Al € €
A= Ay Ay A |,
3 3 A33
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where the individual blocks correspond (in this order) to the sets M, S — M
and S’ respectively. Let us define ¥ = A* ® x for all integers k& > 0. We
also set

:L']f = xk[ML
ey = "[S'].
Obviously,
ittt = Ap®af,
$§+1 = A21 ®1']1€ @AQQ ®$§ @A23 ®$§7
Tl = Az ®ab.

Assume first that M is nontrivial. Then A(A;1) # € and by taking (if
necessary) (A(A11))”" ® A instead of A, we may assume without loss of
generality that A(A;;) = 0. By assumption 3 and Theorem 8.3.5 we have
AR — AR for some k. By assumption 2 every class of Ass has eigenvalue
0. Since each of these classes has also period 1 by assumption 3, it follows
from Lemma 8.6.10 that A%t = A% for some k3. We may also assume
without loss of generality that

=7 =a]=..

and

Therefore
xg_‘—l = A21 ® x? EB A22 ® «’Eg @ A23 ® xg

Let v = Ay; ® 2 @ Aoz ® xg. We deduce that
ah=Ah®aye (Ao e A))®v (8.40)

for all k. Moreover, A(Ag2) < A(A11) = 0 since M is spectral by assumption

1. Hence
AT @ L @AYy =T (Agy)

for all k > n. Note that 2{ is finite as an eigenvector of the irreducible
matrix Aj;. Also, since every node in S has access to M, the vector

I'(Ag) ® Agy ® 2

is finite and hence also T' (Agg) ®@v is finite. If A(Azg) < 0 then A%, @2 —
—00 as k — oo and we deduce that x5 = I' (Ag) ®@v for all k large enough.
If )\(AQQ) = 0 then

A" = Az
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by the induction hypothesis and thus
ok = AR @100 (4y) @0

for all k Z max(kl, ]CQ, kg)
It remains to consider the case when Aj; is trivial. Then x’f = ¢ for all
k > 1 and we have

1']26+1 _ A22 A23 ® x’;
x§+1 9 A33 :L‘§
for all £k > 1. We apply the induction hypothesis to the matrix
Aga Agz
€ Ass
and deduce that zFt! = zF for k sufficiently large. This completes the
proof. m

An example of the condensation digraph of a robust reducible matrix
can be seen in Figure 8.5, where the nodes correspond to primitive classes
with unique eigenvalues A1, Ao, A3, Ay and A\; < Ay < Az < Ag.

2 € ¢
Example 8.6.12 Let A= ¢ 1 ¢ |,thusr=3,A(A4)={0,1,2},N; =
0 0 0
0
{j},i=123Ifz=| 0 |, then O(A,x) is
0
2 4 6 8
10,12 0,13 1], 4],
0 2 4 6

which obviously will never reach an eigenvector. The reason is that 1 ¢ T,

Example 8.6.13 Let A = ,thusr = 3,A(A) ={0,2}, N; =

S M N

€ €
€ ¢
0 0
{7},7 =1,2,3. This matriz is robust since both nontrivial classes (N1 and
N3 ) are spectral, o (A;) =1 (i = 1,2,3) and there are no nontrivial classes

<

0
N;,N; such thati ¢ T; and j ¢ T;. Indeed, if x = | 0 |, then O(A,x) is
0
2 4 6 8
e |, e, e, €],
0 2 4 6

hence an eigenvector is reached in the first step.
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FIGURE 8.5. Condensation digraph of a robust martrix
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8.6.4 M— robustness

Note that in this subsection the symbol M has a reserved meaning. Re-
quirements 1.-3. of Theorem 8.6.11 imply that every robust matrix A either
has only one superblock or |A(A)] = 1. Obviously this restricts the con-
cept of robustness for reducible matrices quite significantly. Therefore we
present an alternative concept of robustness and provide a criterion which
will enable us to characterize a wider class of matrices displaying robustness
properties reflecting the rich spectral structure of reducible matrices.
We start with a simple observation.

€

A/
Lemma 8.6.14 Let A = ( o A[M]

) be column R-astic, x € an M C

N andy = A* @ z. If x[N — M| = ¢ then y[N — M] = .

Proof. Straightforward. m

Let z € R". Recall that the set {j € N;z; > ¢} is called the support of
x, notation Supp(z). Lemma 8.6.14 implies that if M is the support of an
eigenvector and Supp(z) C M for some z € R" then Supp(A* @ ) € M
for all positive integers k. This motivates the following definitions:

Let A = (a;5) € R"™" be in an FNF. Then M C N is called regular if
for some A there is an x € V(A, \) with z[M] finite and 2[N — M| = . We
also denote A = A\(M).

Remark 8.6.15 FEven if M is regular there still may exist an x € V (A, A\(M))
with x; = ¢ for some j € M.

Since for a given matrix the finiteness structure of all eigenvectors is well
described (Theorem 4.6.4), we aim to characterize matrices for which an
eigenvector in V(A, A\(M)) for a given regular set M is reached with any
starting vector whose support is a subset of M.

It follows from the description of V(A) (Section 4.6) that M is regular
if and only if there exist spectral indices %1, ...,is for some s such that

Let M C N. We denote

R'(M)={zeR"—{e};(Vje N - M)(z; =¢) }.
Let A = (a;5) € R"™" be a column R-astic matrix in an FNF and M C N

be regular. Then A will be called M-robust if

(Vz € R*(M))(3k)A*F @ 2 € V(A,\(M)).
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Theorem 8.6.16 Let A = (a;;) € R"™" be a column R-astic matriz in an
FNF, M C N be regular and B = A[M]. Then A is M—robust if and only
if o(B) = 1.

B
Supose that A is M-robust. Take x = A;,j7 € M. Then z € Rn(M)
because A (and therefore also B) is column R-astic and there is a k; such

that A" ® A; € V(A,A(M)) for all k > k;. Since A; = ( [ ) ) We

Proof. Without loss of generality let A = < A[N _ M] e > .

Aj[M]
have
Ae (AF @ 4;) = ( Bo (B’“Z@Aj[M]) ) =AM)® ( Bk®ilj[M] )

Hence, for k > max;cs k; there is
Bk+2 _ )\(M) ® Bk+1,

that is o(B) = 1 with A = A(M).
Suppose now Bt = A @ B* for some X and for all k > kq. If the FNF
of B is

Bl 9
B = :
B,
then
BY €
Bk — .
Bk

and so BF¥*' = A ® BF (i = 1,...,7). But since every B; is irreducible,
A=AB;)=AM) (i=1,...,7). Let M = My U...UM, be the partition of
M determined by the FNF of B. Let = € R" (M),

and let
s = min{i; x[M;] # €}.

Denote y = A* @ x,
y[N — M|
y[M]
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Clearly, y[N — M] =€ and
y[M,] = B* @ x[M,] # &

since B is irreducible (note that using Corollary 8.6.5 it would be possible
to prove here that y[M;] is finite for all i > s). Hence y € R (M). At the
same time

B* @ 2[M] = A @ B* @ 2[M]

and
- ( B & ofM) >
Therefore
Aoy = ( B®Bk€®z[M] > =MM)® < BF ®Ex[M] ) =AMM)®y.

We conclude that y € V(A,A(M)). =

8.7 Exercises

Exercise 8.7.1 Is any of the matrices in FExercises 1.7.11 and 1.7.12 ro-
bust? [Both are robust/

Exercise 8.7.2 Use matriz scaling to obtain a visualized matriz from the
matriz

1 -4 6 0
1 2 4 2
A= 1 -1 2 3
-2 5 4 0
and then deduce the cyclicity of A.
1 -6 4 -1
3 2 4 3
5 21 o 4 |oA)=3]
-1 4 3 0
Exercise 8.7.3 For the matrix
4 4 3 8 1
3 3 4 5 4
A=1| 5 3 4 7 3
21 2 3 0
6 6 4 8 1

of Ezercise 4.8.1 find the critical digraph C (A) , all strongly connected com-
ponents of C (A) and their cyclicities and the cyclicity of A. Is A robust?
[N1 ={1,3,4}, Ny = {2,5}; 0 (N1) =1, 0 (N2) = 2, 0 (A) = 2, A is not
robust]
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O O O,

FIGURE 8.6. Condensation digraph for the matrix A

Exercise 8.7.4 Let A€ R"™" be definite and denote by Py P (T1y s Tn)
the rows (columns) of A(A). Prove then that QM @ QU < Q¥ QY. where
QU is the outer product T, @ pL (see Proposition 8.3.1).

Exercise 8.7.5 The digraphs of Figures 8.6, 8.7 and 8.8 are condensation
digraphs of reducible matrices A, B, C in the FNF, whose all diagonal blocks
are primitive. The integers in the digraphs stand for the unique eigenvalues
of the corresponding diagonal blocks. Decide about each matriz whether it
is robust. [A is not, B and C are]
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FIGURE 8.7. Condensation digraph for the matrix B
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FIGURE 8.8. Condensation digraph for the matrix C
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9

Generalized eigenproblem

This chapter deals with the generalized eigenproblem (GEP) in max-algebra
defined as follows:

Given A, B € Ran; find all X € R (generalized eigenvalues) and
z € R",x # ¢ (generalized eigenvectors) such that

ARz=A®B®ua. (9.1)

When A € R and # € R", z # ¢ satisfying (9.1) exist then we say that
GEP is solvable or also that (A, B) is solvable. Obviously, the eigenproblem
is obtained from the GEP when B = I or A = ¢ and we will therefore
assume in this chapter that A > e.

It is likely that GEP is much more difficult than the eigenproblem. This
is indicated by the fact that the GEP for a pair of real matrices may have
no generalized eigenvalue, a finite number or a continuum of generalized
eigenvalues [70]. It is known [135] that the union of any system of closed
(possibly one-element) intervals is the set of generalized eigenvalues for
suitably taken A and B.

GEP has been studied in [15] and [70]. The first of these papers solves
the problem completely when m = 2 and special cases for general m and
n, the second solves some other special cases. No solution method seems
to be known either for finding a A or an x # ¢ satisfying (9.1) for general
real matrices. Obviously, once A is fixed, the GEP reduces to a two-sided
max-linear system (Chapter 7). We therefore concentrate on the question of
finding the generalized eigenvalues. First we will study basic properties and
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solvable special cases of GEP. In Section 9.3 we then present a method for
narrowing the search for generalized eigenvalues for a pair of real square
matrices. It is based on the solvability conditions for two-sided systems
formulated using symmetrized semirings (Section 7.5).

A motivation for the GEP is given in Subsection 1.3.2.

Given A, B € R™ " we denote the set of generalized eigenvalues by
A(A, B), the set containing ¢ and all generalized eigenvectors corresponding
to A € R by V (A, B,\) and the set of all generalized eigenvectors by
V (A, B), that is:

V(A B,X)

{xe@";Am:A@B@x},AeR
V(A,B) = {me@n;A®$:)\®B®x,)\€@}

and
A(A,B) = {)\ ER;V (A, B\ # {5}}

9.1 Basic properties of the generalized
eigenproblem

In this section we present some properties of the GEP provided that A and
B are finite matrices [70]. We therefore assume that A = (a;;), B = (b;;) €
R™*™ are given matrices and, as before, we denote M = {1,...,m} and
N ={1,...,n}. We will also denote:

C = (cij) = (ai; @ b

and
D= (d”) = (bij ® a{jl).

Theorem 9.1.1 If (A, B) is solvable and X\ € A(A, B) then C satisfies
maxmin¢;; < A < minmaxc;;. (9.2)
i€M jEN i€EM jEN

Proof. No row of A ® B strictly dominates the corresponding row of A, so

for every ¢ there is a j such that a;; > A®b;;, i.e. A < ¢;;. Hence for all 7 we

have A < max; ¢;;, thus A < min; max; ¢;;. Similarly, no row of A strictly
dominates the corresponding row of A ® B, yielding for all 7 : A > min; ¢;;,

thus A > max; min; ¢;;. m

The interval [max;c s minjeny ¢;j, min;e s maxjen ¢;;) is called the feasi-

ble interval for the generalized eigenproblem (9.1).

Example 9.1.2 If A = ( _} (2) > and B = ( 8 } ) then (A, B) s

not solvable because C' = _} _1 ) does not satisfy (9.2).
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Recall that for a square matrix A the symbol A (A) stands for the max-
imum cycle mean of A. We now also denote by X (A) the minimum cycle
mean.

Corollary 9.1.3 If m = n, (A, B) is solvable and A € A(A, B) then C
satisfies

N(C) <A< N(0).

Proof. A cycle in D¢ whose every arc has the weight equal to a row maxi-
mum in C' exists. The arc weights on this cycle are all at least the smallest
row maximum, thus A(C) > min;ep maxjen ¢;5. The second inequality
now follows from Theorem 9.1.1 and the other inequality by swapping max
and min. m

Recall that the conjugate of B is B* = (b];) = (b]_ll) Then the "
element of the diagonal of A ® B* equals

max(a;; + b};) = max(a;; @ bi_jl) = max ¢;;.
J J J

Similarly, the i" element of the diagonal of A®’ B* equals min; ¢;;. Hence
by Theorem 9.1.1 we have:

Corollary 9.1.4 If (A, B) is solvable then the greatest element of the diag-
onal of AR B* does not exceed the least element of the diagonal of A® B*.

By Corollary 9.1.3 we also have:

Corollary 9.1.5 If (A, B) is solvable and X\ € A(A, B) then
N(A® B*) <A< ANA® BY).

The next statement is a remarkable observation on generalized eigenval-
ues, yet there is no description of the unique possible value for the eigen-
value.

Theorem 9.1.6 [15] If both (A, B) and (AT, BT) are solvable then both
these problems have a unique and identical eigenvalue, that is there is a
real number A such that

A(A, B) = {\} = A(AT, B)
provided that A(A, B) # 0 and A(AT, BT) # ().

Proof. Suppose that
ARr=A®BRx

and
AToy=poBT oy
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for some A, u, z,y. Then

 oyleBor = yYeAex
T AT @y
pezl @ BT @y
= ey’ ®Beu.

Since y© ® B ® x are finite it follows that A = . m
Corollary 9.1.7 If A, B € R"*™ are symmetric then |A(A, B)| < 1.

The following simple corollary provides in some cases a powerful tool of
proving that the generalized eigenproblem is not solvable:

Corollary 9.1.8 If A, B € R™" and (AT, BT) has more than one gener-
alized eigenvalue then (A, B) is not solvable.

9.2 [Easily solvable special cases

9.2.1 FEssentially the eigenproblem

If either A or B is a generalized permutation matrix then (9.1) is easily
solvable. If (say) B is a generalized permutation matrix then B has the
inverse B~! and after multiplying (9.1) by B~! the GEP is transformed to
the eigenproblem. Unfortunately, since in max-algebra matrices other than
generalized permutation matrices do not have an inverse (see Theorem
1.1.3), this case is fairly limited.

9.2.2 When A and B have a common eigenvector

Proposition 9.2.1 [70] A common eigenvector of A and B is a generalized
eigenvector for A and B, more precisely, if A,B € @nxn, A®u~t €R,
then

V(ANNV(B,p) CV(ABA®u ™).
Proof. If x € V(A,A\) NV (B, ) and A > € then p € R and
ARr=A®@z=AQu '®B®u.

If A\ =¢ then A ® u~! = ¢ and the statement trivially follows. m
An example of pairs of matrices having a common eigenvector are com-
muting matrices (Theorem 4.7.2). Hence we have:
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Theorem 9.2.2 If A, B € R**" and A® B = B® A then both (A, B) and
(AT, BT) are solvable, with identical, unique generalized eigenvalue.

Proof. A and B have a common eigenvector corresponding to finite eigen-
values by Theorem 4.7.2 and so by Proposition 9.2.1 (A, B) is solvable. At
the same time AT and BT are also commuting and by a repeated argu-
ment we have that (AT,BT) is solvable. The equality of all generalized
eigenvalues now follows by Theorem 9.1.6. m

9.2.8 When one of A, B is a right-multiple of the other

Theorem 9.2.3 [70] If one of A, B € R™" is a right-multiple of the other
then (A, B) is solvable.

Proof. Suppose e.g. A = B® P, where P € R"". Let A € A(P) and
x €V (PN, xz#e. Then

ARr=BPzrz=B(A@z)=A®@ B«x.
]

Example 9.2.4 Suppose

(28 (5 )= ( 00

Then A(P) =4,

and

e (2 Yaaor () monn (1)

We can also prove a sufficient condition for A to attain the upper bound
in (9.2) when (say) A is a right-multiple of B and A, B € R™*". Recall
that C' = (¢;;) is the matrix (a;; ®bi_j1), D = (dij) = (by; ®ai_j1) and let us
denote

L = maxmin ¢;;
[
and
U = min max ¢;;.
i
It follows from the proof of Theorem 9.2.3 and from Theorem 9.1.1 that
A(P) € [L,U] for every P satisfying A = B® P. If A = B® P then we
have:
A=B®(B*® A).
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Let us denote B* ® A by P = (@j) and A = A (P); thus L < A < U.
The following technical lemma will help us to characterize in Theorem 9.2.6
when the upper bound U is attained.

Lemma 9.2.5 If A, B € R™*" and L' = max; min; ¢;; then L' < \.

Proof.

>
|

A(P)

max p;;
(2

%

= maxmin(b; ® a;;)
i

= maxmin(a;; ® b]‘_il)
i

= maxmincy;
i J

= maxming; = L.
] 2

Theorem 9.2.6 [70] If A, B € R™*", D has a saddle point and there is a
matriz P such that A= BQP then A\ = U where A = A (P) = A (B* @' A).

Proof. D = (d;;) has a saddle point means

max min d;; = minmax d;;.
(2 J J 3

Therefore the inverses of both sides are equal:

. . 12
U = minmaxc¢;; = maxminc;; = L'
2 J J 7

Hence by Lemma 9.2.5: L' =A=U. =
The following dual statement is proved in a dual way:

Theorem 9.2.7 [70] Let A,B € R™*™. If there is a matriz P such that
A= B® P and C has a saddle point then N = L where X = X (ﬁ) =
N (B*®' A).

Even if one of A, B is a right-multiple of the other, the eigenvalue may
not be unique as the following example shows.

Example 9.2.8 With A, B as in Example 9.2.4, we find for the principal

solution matriz P :
4 6 —
- ( 2o ),A(p):a

!
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1 6
to(o)=(5)
1 1
peo)=(3)

Hence for the same A, B we find two solutions to (9.1), with different values
of \.

and

9.3 Narrowing the search for generalized
eigenvalues

9.3.1 Regularization

In the absence of any method, exact or approximate, for finding generalized
eigenvalues for a general pair of matrices, we concentrate now on narrowing
the set containing all generalized eigenvalues (if there are any) for finite A
and B.

Let C = (cij), D = (dij) € R™*™. The system

Cer=D® (9.3)

is called regular if

cij # dij
for all 4,j. The aim of the method we will present in this section is to
identify as closely as possible the set of generalized eigenvalues for which
(9.1) is regular.

Let us first briefly discuss the values of A, for which this requirement is
not satisfied. There are at most mn such values of A\. We will call these
values extreme and the set of extreme values will be denoted by L. More
precisely, for A = (a;;), B = (b;j) € R™*™ we set

L ={XeR;a;; = A®b;; for some i,j}.
Note that the elements of L are entries of the matrix A — B. Obviously,
|L] < mn (9.4)

and (9.1) is regular for all A € R—L. Recall that solvability of (9.1) can be
checked for each fixed and in particular extreme value of A using, say, the
Alternating Method.

Remark 9.3.1 The upper bound in (9.4) can slightly be improved: If for
some i we have ¢;; > d;; for all j then (9.3) has no nontrivial solution.
Therefore (9.1) has no nontrivial solution if \ is too big or too small, in
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particular for A > maxL and A < min L. These two conditions may be
slightly refined as follows: a;; > XA ® by; for all j or a;; < A® by for all j
must not hold for any ¢ = 1,...,m. Hence (9.1) has no nontrivial solution
for X < X and X > X' where X' is the m*" smallest value in L and X' is
the m*" greatest value in L (both considered with multiplicities). So actually
only at most mn — 2m extreme values of A need to be checked individually
by the Alternating Method.

Let us denote the extreme values described in Remark 9.3.1 by A1, ..., A,
where A\ < ... < A\¢ and t < mn — 2m. All these values can easily be found
among the entries of A — B and checked individually for being generalized
eigenvalues. Thus we may now concentrate on the real numbers in open
intervals (A;,\jy+1), 7 = 1,...,t — 1. We will call these intervals regular
and we will also call every real number regular if it belongs to a regular
interval. It follows that there are at most mn — 2m — 1 regular intervals to
be considered. In the rest of this section we assume that one such interval,
say J, has been fixed, and we consider (9.1) only for A € J.

9.3.2 A necessary condition for generalized eigenvalues

Symmetrized semirings have been introduced in Section 7.5 and they have
been used to derive necessary conditions for the existence of a nontrivial so-
lution to two-sided systems. We now reformulate this to obtain a necessary
condition for generalized eigenvalues.

Recall first that S = R x R and the operations @ and ® are extended to
S as follows:

(a,a") @ (b,0) = (a® b,a’ ®V),

(a,d )@ (b,V)=(a@b®d @b, axl ®d @Db).

Also, ©(a,a’) = (d’,a) and (a,d’) is called balanced if a = a’. The
determinant of A = (a;;) € S™*™ has been defined as

det(A) = S 7 (sgn (0) @ H®ai,a<i>> )

cEP, iEN

and we know that
|det (A)] = maper |A],

see Proposition 7.5.6.
The next statement follows from Theorem 7.5.4 and Corollary 7.5.5. We
denote here and in the rest of this section

C(\)=A0A®B.
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Corollary 9.3.2 Let A, B € R"*" and A\ € R. Then a necessary condition
that the system A ® x = A ® B ® © have a nontrivial solution is that C (\)
has balanced determinant.

The idea of narrowing the search for the eigenvalues is based on Corollary
9.3.2: We show how to find all A for which C () has balanced determinant.
It turns out that this can be done using a polynomial number of operations
in terms of n. This method may in some cases identify all eigenvalues, see
Examples 9.3.7 and 9.3.8. In general, however, it finds only a superset of
generalized eigenvalues, see Example 9.3.9.

If A is regular then C = A© A ® B has no balanced entry. The following
statement is a reformulation of Theorem 7.5.7 (note that the matrix C has
been defined just before that theorem):

Corollary 9.3.3 Let A, B € R*"*" X be regular. Then C (\) has balanced

—_—

determinant if and only if C (\) is not SNS.

The problem of checking whether a (0,1, —1) matrix is SNS or not is
equivalent to the even cycle problem in digraphs [18] and therefore poly-
nomially solvable (Remark 1.6.45). Therefore the necessary solvability con-
dition in Corollary 9.3.3 can be checked in polynomial time for any fixed
regular value of A\. This will be used later in Subsection 9.3.4. However,
C ()\) may have balanced determinant for a continuum of values of A (see
Example 9.3.8) and therefore we also need a tool which enables us to make
the same decision for an interval. This tool will be presented in Subsec-
tion 9.3.4. As a preparation we first show in Subsection 9.3.3 how to find
maper |C' (N)| as a function of A € J.

9.3.3 Finding maper |C (N)]

In this subsection we show how to efficiently find the function
f (\) = maper|C (V)]

This will be used in the next section to produce a method for finding all

P

regular values of A € J for which C ()\) is not SNS.

Recall first that |C (A)| = (ai; A ® bij) = (c;5 (A)) and for every A € J
we have

2% 7é A® bij

for all 7,5 € N. Therefore for every A € J and for all 4,5 € N the entry
cij (A) = a;; & A ® b;; is equal to exactly one of a;; and A ® b;;. Observe
that f (\) = maper |C (N)] is the maximum of n! terms. Each term is a ®
product of n entries ¢;; (), hence of the form b ® A* where b € R and k is
a natural number between 0 and n. Since b ® A* in conventional notation
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is simply kX + b, we deduce that f (\) is the maximum of a finite number
of linear functions and therefore a piecewise linear convex function. Note
that the slopes of all linear pieces of f(\) are natural numbers between
0 and n. Recall that f()\) for any particular A can easily be found by
solving the assignment problem for |C (\)|. It follows that all linear pieces
can therefore efficiently be identified. We now describe one possible way of
finding these linear functions: Assume for a while that the linear pieces of
smallest and greatest slope are known, let us denote them f; (\) = a; ® \!
and fr (\) =ap ® pUR respectively. If | = h then there is nothing to do, so
assume [ # h. We start by finding the intersection point of f; and f;, that
is, say, A1 satisfying f; (A1) = fn (A1) . Calculate f (A1) = maper |C (A1)].
If f(M\1) = fi(M) = frn (A1) then there is no linear piece other than f
and fp. Otherwise f (A1) > fi (A1) = fa(A1). Let 7 be the number of A
terms appearing in an optimal permutation (if there are several optimal
permutations with various numbers of A appearances then take any). Since
7 is the slope of the linear piece we have [ < r < h. Then a, = f (A1) =7\
and f. (\) = a, ® A". This term is a new linear piece and we then repeat
this procedure with f; and f,. and f, and fj, and so on. At every step a new
linear piece is discovered unless all linear pieces have already been found.
Hence the number of iterations is at most n — 1.

For finding f; and f; it will be convenient to use the independent ones
problem (IOP) for 0 — 1 square matrices:

Gwen a 0 — 1 matric M = (m;;) € R"*", find the greatest number of
ones in M so that no two are from the same row or column or, equivalently,
so that there is a m € P, selecting all these ones.

Clearly, IOP is a special case of the assignment problem, and therefore
easily solvable. Note that in combinatorial terminology IOP is known as the
maximum cardinality bipartite matching problem solvable in O (n2'5) time
[22]. In general we say that a set of positions in a matrix are independent
if no two of them belong to the same row or column.

Now we discuss how to find f; and f5. The values of [ and h are obviously
the smallest and biggest number of independent entries in |C' (A)| containing
A and these can be found by solving the corresponding IOP. For h this
problem can be described by the matrix M = (m;;) with m;; = 1 when
lei; (A)] = A ® b;; and 0 otherwise and for | by E — M, where E is the
all-one matrix.

Now we show how to find a; and ay. Let d;; = b;; if ¢;; (A) = A®b;; and
dij = a;j if ¢;; (A) = a;; (note that by regularity of A only one of these two
possibilities occurs for A € J). For finding a; and aj, we need to determine
permutations m and o that maximize ),y di ;) and >, n di o) and
select [ and h entries containing A, respectively. To achieve this we interpret
the two above mentioned IOPs as assignment problems and describe their
solution sets using matrices M}y, and M; obtained by the Hungarian method
(that is nonpositive matrices whose max-algebraic permanent is zero). It
remains then to replace all entries in D = (d;;) corresponding to nonzero
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entries in M}, and M; by —oo and solve the assignment problem for the
obtained matrices.

9.3.4 Narrowing the search

In this subsection we show how to efficiently find the set of all regular
values of A for which det(C (\)) is balanced. This set will be denoted by S.
We use essentially the fact that the decision whether det(C' ())) is balanced
can be made efficiently for any individual value of A (Corollary 9.3.3). The
following will be useful:

Lemma 9.3.4 Let f(x), g(x), h(x) be piecewise linear convex functions on
R, f(z) = g(x) ® h(x) for all x € R. Suppose a,b € R are such that f is
linear on [a,b]. If g(x) = h(z) for at least one x € (a,b) then g(x) = h(x)
for all x € [a, b].

Proof. Suppose g(zo) = h(xo),x0 € (a,b). Hence g(x¢) = h(zo) = f (o) -
If g(z) < f(x) for an x € [a,b], without loss of generality for € [a, zg),
then by convexity of g and linearity of f we have that g(x) > f(x) for all
x € (xo,b), a contradiction. Therefore g(x) = f(x) for all € [a,b] and
similarly h(z) = f(z) for all € [a,b]. =

Recall that as before J is a regular interval. Let us denote

det(C' (V) = (d+ (C (V) ,d™ (C (),

or just (d™ (\),d™ (A\)). Then C (A) for A € J has balanced determinant if
and only if
dt () =d (\). (9.5)

It follows from the results of the previous section that the piecewise linear
convex function

|det (C'(\)| =dt (\) @ d™ (\) = maper |C (\)]

can efficiently be found. By the same argument as for maper |C ()\)| we
see that both d* (\) and d~ ()\) are max-algebraic polynomials in A (hence
piecewise linear and convex functions) containing at most n + 1 powers
of A between 0 and n. No method other than exhaustive search (requir-
ing n! permutation evaluations) seems to be known for finding d* () and
d~ () separately for any particular A [29], however for a fixed A € R—L by
Corollary 9.3.3 we can decide in polynomial time whether d* (\) = d~ ())
or not. Since d* (\) @ d~ (A\) = maper |C (N\)| then if maper |C (N\)| is
known, using Lemma 9.3.4 we can easily find all values of \ € J satisfying
d™ (\) = d~ (A\) by checking this equality for any point strictly between
any two consecutive breakpoints and for the breakpoints of maper |C ()\)].
We summarize these observations in the following:
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Theorem 9.3.5 If the set S = {\ € J;d" (\) =d~ (\)} is nonempty then
it consists of some of the breakpoints of maper |C (N\)| and a number (pos-
sibly none) of closed intervals whose endpoints are pairs of adjacent break-
points of maper |C (N)|. All these can be identified in O (n®) time.

Proof. The statement is essentially proved by Lemma 9.3.4. We only need
to add that each interval whose endpoints are adjacent breakpoints of
maper |C (\)| can be decided by checking d* (\) = d~ (A\) for one (arbi-
trary) internal point of the interval and that the number of breakpoints
is at most n and therefore the number of intervals is at most n — 1. The
equality d™ (\) = d~ ()\) for a fixed A can be decided in polynomial time
by Theorem 9.3.3. =

We summarize our work in the following procedure for finding all regular
values of A for which det (C (X)) is balanced:

Algorithm 9.3.6 NARROWING THE EIGENVALUE SEARCH
Input: A, B € R"*" and a regular interval J.
Output: The set S ={\ € J;dt (\)=d~ (\)}.

1. §:=0.
2.C(\):=4A0)1®B.

3. Find f (X\) = maper |C (N\)| as a function of A, that is find all break-
points and linear pieces of f ().

—_~—

4. For every breakpoint \g of f(\) do: If C (\o) is not SNS then S :=
SU{io}.

5. For any two consecutive breakpoints a,b and arbitrarily taken Ay €

—_~—

(a,b) do: If C (No) is not SNS then S := S U (a,b).

9.3.5 Fxamples

In the first two examples below we demonstrate that the described method
for narrowing the search for eigenvalues may actually find all eigenvalues.
Note that in these examples all matrices are of small sizes and therefore
the functions d* (\) and d~ ()) are explicitly evaluated, however for bigger
matrices this would not be practical and the method described in Subsec-
tion 9.3.4 would be used as an efficient tool for finding all regular values of
A for which d* (\) =d~ ().

The third example illustrates the situation when the algorithm narrows
the feasible interval containing the eigenvalues but a significant proportion
of the final interval still consists of real numbers that are not eigenvalues.
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Example 9.3.7 Let

3 8 2 4 4 3
A= 71 4 |,B=| 2 3 4
0 6 3 3 2 1
Then
-1 4 -1
A—B= 5 -2 0
-3 4 2

and L = {-3,-2,—-1,0,2,4,5}. For A\ < —1 all terms on the RHS of the
first equation in AQx = A® B® x are strictly less than the corresponding
terms on the left and therefore there is no nontrivial solution to A ® x =
A® B ® x. Similarly, for A > 4 all these terms are greater than their
counterparts on the left. Hence we only need to investigate reqular intervals
(=1,0),(0,2) and (2,4) and extreme points —1,0,2, 4.

For A € (—1,0) we have

442 8 3+
IC ()] = 7 34\ 4],
34+ A 6 3

dt (A) = max (10 4+ 2\, 14 + X, 9+ 3))
d™ (A) = max (16 + A, 15 + A, 18),
maper |C (A)] = 18.

Since d* (\) # d= (\) for X\ € (—1,0), there are no eigenvalues in this
interval.
For X € (0,2) we have

44X 8 3+
IC ()| = 7T 3+X 4+A |,
342 6 3

d* () = max (10 4+ 2X, 15+ 2X, 9+ 3)),
d~ (A\) = max (16 + A\, 14 4+ 2, 18) ,
maper |C ()| = max (18,16 + X, 15 4+ 2X,9 + 3.

For X\ € (0,2) there is only one breakpoint for maper |C (N)| at Ao = 3/2.
Since dt (X)) = d~ () for X\ = Xo, this value is the only candidate for an
eigenvalue in (0,2). It is not difficult to verify that x = (2,0,3.5)T s a
corresponding eigenvector.
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For X € (2,4) we have

44X 8 3+
IC ()| = 7T 3+XN 4+A |,
342 6 1+

d™ (X)) = max (15 + 2X, 16 + X, 9 + 3)),
d” () =max (16 + A, 14 +2X, 8+ 3)),
maper |C (A)] = 15 + 2.
Since dt (X) # d~ (X) for X € (2,4), there are no eigenvalues in this inter-
ml['/et us consider the extreme point A = 0 : In this small example we solve
the system A ® x = B ® x by direct analysis but note that in general the

Alternating Method would be used. By the cancellation law (Lemma 7.4.1)
the two-sided system A ® x = B ® x is equivalent to the one with

A:

m o~ M
o ™ 0o
[SCRING

4
,B=1 ¢
3

m W M
oM o~ W

Here from the first equation either to = —44x1 or xo = —5+x3. In the first
case the third equation yields max (2 + x1,3 + x3) = 3 + x1, thus x1 = x3.
By substituting into the second equation then x1 = —4-+x9, a contradiction.
In the second case the third equation yields again x1 = x3, which implies
a contradiction in the same way. Hence A = 0 is not an eigenvalue and a
similar analysis would show that meither are the remaining three extreme
values.
We conclude that A(A, B) = {3/2}.

Example 9.3.8 Let A = < 3 g ) ,B = < g 1 > . It is easily seen that
J = (4,5) is the unique regular interval. For A € (4,5) we have

con-( 2, 8)

and
maper |C (A)] =max (9+ X9+ N) =9+A=d" (\) =d" (\).

Hence every A € J satisfies the necessary condition. In fact all these values
are eigenvalues as T = (6,)\)T is a corresponding eigenvector (for every
X € J). This vector is also an eigenvector for X € {4,5} and thus A(A, B) =
[4,5].
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0 1/2 1 0 -2 -2
Example 9.3.9 [182/LetA=| 1 0 0 |,B=| -2 0 0
0 0 1 ) 0 -2 -2
Consider only the regular interval J = (0,2). For A € J we have
A 1/2 1
cMl={1 x A,
A0 1

and

d™ (A) = max (1 +2X,5/2).
We deduce that d= (\) = d () if and only if X > 3/4. Hence the algorithm
returns S = [3/4,2]. However, there are no eigenvalues in (1,2). To see this,
realize that for A € J the system (9.1) simplifies using the cancellation rules
and then by setting ©; = 0 to:

(1/2) @z d1®@x3 = A,
]. = )\@Z’Q@)\@l’g,
ToP1l®xrz3 = A

The second equation is equivalent to xo & x3 =1 — X. Hence, if A > 1 and
T = (O,fEQ,.’Eg)T is a solution then both xo and x3 are negative, thus xo B
1®x3 <1< A, a contradiction. Note that all A € [3/4,1] are eigenvalues
since for such A the vector (0,1 — X\, A —1)" is a solution to (9.1).

9.4 Exercises

Exercise 9.4.1 Use Theorem 9.3.3 to give an alternative proof that \ (A)
18 the unique eigenvalue for any irreducible matriz A.

Exercise 9.4.2 Show that the generalized eigenproblem has no nontrivial
solution for the matrices

3 5 4 7T 4 1
A‘(? 9 8>’B_<3 5 2)'
[The feasible interval is empty]

Exercise 9.4.3 Find all extreme values in the feasible interval for the gen-
eralized eigenproblem with matrices

3 5 4 741
A(o 3 7)’3(3 5 2)'

[(=3,-2,1,3)"]
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Exercise 9.4.4 Prove the following: Let A, B € R"*™. Then (A, B) is
solvable if and only if there exist P,Q such that AQ P = B Q and (P, Q)
is solvable.

Exercise 9.4.5 Prove or disprove: If A, B € R"™™ and A = B® Q
then X\ (B) is the greatest corner of the maxpolynomial maper (A® A ® B).
[false]

Exercise 9.4.6 Find all generalized eigenvalues if

[0,1,2]
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Max-linear programs

If f € R" then the function f(z) = fT ® x defined on R" is called a maz-
linear function. In this chapter we develop methods for solving max-linear
programming problems (briefly, maz-linear programs) that is, methods for
minimizing or maximizing a max-linear function subject to constraints ex-
pressed by max-linear equations. Since one-sided max-linear systems are
substantially easier to solve than the two-sided, we deal with these two
problems separately. Note that if f(z) is a max-linear function then — f(x)
may not be of the same type. Therefore unlike in conventional linear pro-
gramming, in max-linear programming it is not possible to convert mini-
mization of a max-linear function to a maximization of the same type of
objective function by considering — f(z) instead of f(z).

The following will be useful and is easily derived from basic properties
presented in Chapter 1:

Lemma 10.0.7 Let f(z) = fT ® x be a maz-linear function on R". Then

(a) f(z) is maz-additive and maz-homogenous, that is f(aRzDLRY) =

a® f(z)® B fy) for every z,y € R" and o, B € R.
(b) f(zx) is isotone, that is f(x) < f(y) for every x,y € R,z <u.

Note that in the rest of this chapter we will assume that f € R™. This
chapter is based on the results presented in [32]. Related software can be
downloaded from

http://web.mat.bham.ac.uk /P.Butkovic/software/index.htm.

This is page 253
Printer: Opaque this
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10.1 Programs with one-sided constraints

Max-linear programs with one-sided constraints have been known for some
time [149]. They are of the form

f(z) = ff @z — min or max

subject to

Az =0, (10.1)

where f = (f1, ..., fa)T € R", A= (a;;) € R" " and b= (by, ..., b,)" € R™
are given. The systems A ® x = b were studied in Chapter 3 and we will
denote as before:

S={zeR" ARz =10}

and T = (T1,...,T,) T, where T; = min;en b ® am1 for j € N. Recall that
by Theorem 3.1.1 then z < T for every x € S and = € S if and only if

z <7 and
U M=mMm,

JT; =T

where for j € N we define
M;={ie M;T; =b;®a;'}.

The task of minimizing (maximizing) f(z) = fT ® = subject to (10.1)
will be denoted by MLP®" (MLP¥#). The sets of optimal solutions will
be denoted ST and S™Ma* respectively. It follows from Theorem 3.1.1 and
from isotonicity of f(x) that T € S{"**, whenever S # (). We now present a
simple algorithm which solves MLP®,

Algorithm 10.1.1 ONEMAXLINMIN (One-sided maz-linear minimiza-
tion)

Input: A € R™*" b e R™ and c € R".

Output: x € S0,

1. Find® and Mj,j € N.

2. Sort (f; ®Zj;5 € N), without loss of generality let
1T < o@T2 <. < fr®T,.

3. J:={1},r:=1.

4. 1f
UM =m
jeJ

then stop (xj =T; for j € J and x; small enough for j ¢ J).
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S5.ri=r+1,J:=JU{r}.

6. Go to 4.

Note that "small enough" in Step 4 may be for instance
v < i ® fr @

Theorem 10.1.2 The algorithm ONEMAXLINMIN is correct and its com-
putational complezity is O(mn?).

Proof. Correctness is obvious and computational complexity follows from
the fact that the loop 4.-6. is repeated at most n times and each run is
O (mn). Step 1 is O (mn) and Step 2 is O (nlogn). m

Note that the problem of minimizing certain objective functions subject
to one-sided max-linear constraints is NP-complete, see Exercise 10.3.1.

10.2 Programs with two-sided constraints

10.2.1  Problem formulation and basic properties

Our main goal in this chapter is to present the necessary theory and meth-
ods for finding an x € R™ (if it exists) that minimizes (maximizes) the
function f(x) = fT ® x subject to

ARz Pc=BRzdd, (10.2)

where [ = (fl,...,fn)T e R" ¢ = (01,...,cm)T, d = (dl,...,dm)T € R™,
A = (a;;) and B = (b;;) € R™*™ are given matrices and vectors. These
two problems will be denoted by MLP™" (MLP™2%). We now denote

S={zeR"AQaxPc=BRzdd},

Smin — fx € S; f(x) < f(2) for all z € S}

and

St ={x e S; f(z) > f(z) for all z € S}.

Systems of two-sided max-linear equations are investigated in Chapter
7 and we will follow terminology introduced there. It has been shown in
Section 7.4 how the general systems of the form (10.2) can be converted
to homogenous systems with separated variables (Lemma 7.4.3) and hence
be solved using the (pseudopolynomial) Alternating Method. Since now we
assume finiteness of A and B, a two-sided system has a nontrivial solution
if and only if it has a finite solution, thus this conversion is slightly more
straightforward and is expressed as follows:
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Proposition 10.2.1 Let A,B € R™*" ¢,d € R™ and E = (A|c),F =
(Bld) be matrices arising from A and B respectively by adding the vectors
c and d as the last column. Let

Sp={2eR"SE®z=F®z}.

If z € S then (z]0) € S, and conversely, if z = (z1,...,2n41)" € Sh then
Zt1 ® (21, ) €S

Proof. The statement follows straightforwardly from the definitions. m
In what follows we will need a slight reformulation of the computational
complexity formula (7.19):

Theorem 10.2.2 Let E = (e;;), F = (fi;) € Z™ " and K' = K (E|F).
There is an algorithm of computational complezity O (mn (m + n) K') that
finds an x satisfying

ERz=F®z (10.3)

or decides that no such x exists.

Proof. Tt follows from (7.19) immediately. m

Proposition 10.2.1 and Theorem 10.2.2 show that the feasibility ques-
tion for MLP™2% and MLP™?" can be solved in pseudopolynomial time for
instances with integer entries. We will use this result to develop bisection
methods for solving MLP™" and MLP™#%, We will prove that these meth-
ods need a polynomial number of feasibility checks if all entries are integer
and hence overall are also of pseudopolynomial complexity.

The Alternating Method of Section 7.3 is an iterative procedure that
starts with an arbitrary vector and then only uses the operations of +, —,
max and min applied to the starting vector and the entries of E, F'. Hence
using Proposition 10.2.1 we deduce:

Theorem 10.2.3 If all entries in a homogenous mazx-linear system are
integer and the system has a nontrivial solution then this system has an
integer solution. The same is true for nonhomogenous max-linear systems.

Using the cancellation law (7.4.1) we have:
Lemma 10.2.4 Let a,a/ e R,/ < a and f(z) = ff @z, f'(z) = fT @«
where f]’ < fj for every j € N. Then the following holds for every x € R:
f(x) =aif and only if f(z) B’ = f'(x) Da .

For the bisection method it will be important to know that attainment
of a value can be checked by converting this question to feasibility. The
following proposition explains how this can be done.
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Proposition 10.2.5 f(z) = « for some x € S if and only if the following
nonhomogenous maz-linear system has a solution:

AQrxPdc = Bzxdd,
f@ed = f(z)da,

where o/ < a, f'(z) = fT @ x and fi < fj for every j € N.

Proof. The statement follows from Lemma 7.4.1 and Lemma 10.2.4. =
This result has a useful consequence for programs with integer entries.

Corollary 10.2.6 If all entries in MLP™* or MLP™" are integer then
an integer objective function value is attained by a real feasible solution if
and only if it is attained by an integer feasible solution.

Proof. It follows immediately from Theorem 10.2.3 and Proposition 10.2.5.

]

For a computational complexity estimate it will be useful to know the
computational complexity of the attainment of a value. To do this, for given
MLP™™ or MLP™&* we denote in this chapter

K = max{|ag], |bi;] , |eil , |d;], [ f5] ;i€ M,j € N}. (10.4)

Corollary 10.2.7 If all entries in MLP™® or MLP™™ and o are integer
then the decision problem whether f(x) = « for some x € SNZ™ can be
solved using O (mn (m + n) K') operations where K’ = max (K + 1, |a]) .

Proof. For o’ and f] in Proposition 10.2.5 we can take o — 1 and f; —
1 respectively. Using Proposition 10.2.1, Theorem 10.2.2 and Proposition
10.2.5 the computational complexity then is

O((m+1)(n+1)(m+n+2)K')=0(mn(m+n)K").

]

Before we compile bisection methods for MLP™™ and MLP™®* we need
to prove a simple property of max-linear programs, which justifies the bi-
section search.

Proposition 10.2.8 If x,y € S, f(z) = a < B8 = f(y) then for every
v € (a, B) there is a z € S satisfying f(z) = 7.

Proof. Let A\=0,0=8"'®7,2=A238®y. Then A& p=0,2¢€ S
by Proposition 7.1.1 and by Lemma 10.0.7 we have

fR=ref@epafly)=a®pf ' ®y0B="1.
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10.2.2 Bounds and attainment of optimal values

We start by proving criteria for the existence of optimal solutions. For
simplicity we denote inf ,c5f(x) by f™", similarly sup ,csf(z) by f™a*.
First let us consider the lower bound. We may assume without loss of
generality that in (10.2) we have ¢ > d. Let M~ = {i € M;¢; > d;}. For
r € M~ we denote
Ly=minfr®ec ® by

and

L = max L,.
reM>

Recall that max () = —co by definition.
Lemma 10.2.9 If ¢ > d then f(x) > L for every xz € S.

Proof. If M~ = () then the statement follows trivially since L = —oo. Let
x € S andr € M~. Then
(B ® x)r Z Cr

and so
T > ¢ & b;kl

for some k € N. Hence f(z) > fr @z > fr ® ¢ ® b;kl > L, and the
theorem statement follows. m

A very simple criterion for the existence of a lower bound is given in the
next statement.

Theorem 10.2.10 f™*» = —oo if and only if c = d.

Proof. If ¢c = d then a ® z € S for any x € R™ and every a < 0 small
enough. Hence by letting « — —oo we have f(a®z) = a® f(z) — —oc.
If ¢ # d then without loss of generality ¢ > d and the statement now
follows by Lemma 10.2.9 since L > —co. =
Let us now discuss the upper bound. We prove two lemmas before pre-
senting the main result, Theorem 10.2.13.

Lemma 10.2.11 Letc>d. Ifx € S and (A® x), > ¢; for alli € M then
¥=a®zeS and (AR "), =¢; for some i € M, where

— . -1
o = max (cz ®(A® ), ) . (10.5)

Proof. Let z € S. If
(A®x);, > ¢

for every i € M then A ® x = B ® z. For every a € R we also have

AR (a®z)=BR(a®z).
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It follows from the choice of « that
(A (@), =a®(A®z); >

for every i € M, with equality for at least one 7 € M. Hence 2’ € S and
the lemma follows. m
Let us denote

U = maxmax f; ® a, 1@ e,
reM jEN J

Lemma 10.2.12 If ¢ > d then the following hold:

(a) Ifv €S and (A® x), < ¢ for somer € M then f(x) <U.

(b) If A® x = B® x has no nontrivial solution then f(x) < U for every
z€b.

Proof. (a) Since
arj @ xj < ¢

for all 7 € N, we have

1
flx) < Ijne%\%(fj ®a,; @c <U.

(b) If S = () then the statement holds trivially. Let « € S. Then
(A ® m)r S Cr

for some r € M since otherwise A ® * = B ® x, and the statement now
follows from (a). m

Theorem 10.2.13 f™** = +oc0 if and only if AR x = B® x has a non-
trivial solution.

Proof. We may assume without loss of generality that ¢ > d. If A® x =
B ® z has no solution then the statement follows from Lemma 10.2.12. If
it has a solution, say z, z # ¢, then for all sufficiently large & € R we have

AR (a®2)=BR(a®z2)>cédd

and hence a ® z € S. The statement now follows by letting « — +o00. =

Theorem 10.2.13 provides a criterion for the existence of an upper bound,
which is less simple than that for the lower bound, but still enables us to
answer this question in pseudopolynomial time.

We can now discuss the question of attainment of f™™ and f™a%. In both
cases the answer is affirmative: We will show that the maximal (minimal)
value is attained if S # @ and f™** < +o0 [fmin > —oo] . Due to conti-
nuity of f this will be proved by showing that both for minimization and
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maximization the set S can be reduced to a compact subset. To achieve
this we denote for j € N :

h; = min (rrélj\r/} al ®@cj, min bt @d, fi'® L) ; (10.6)

h; = min (Heuz\% a;jl ® Cj,?l:Iéi]‘I/} b;jl ® dj) (10.7)

and h = (hy,....;hs)" 0 = (h,,....,h,)" . Clearly, b’ is finite. Note that h
is finite if and only if f™* > —oo.
First we show the attainment of f™in,

Proposition 10.2.14 For any x € S there is an x’ € S such that 2’ > h
and f(x) = f(a').

Proof. Let « € S. It is sufficient to set 2’ =« @ h since if x; < hj,j € N
then z; is not active on any side of any equation or in the objective function
and therefore changing z; to h; will not affect validity of any equation or
the objective function value. m

Corollary 10.2.15 If ™ > oo and S # () then there is a compact set
S such that

F7 = min f(2).

€S
Proof. Note that h is finite since f™* > —oco. By Proposition 10.2.14 there
isan £ € S, > h. Then
S=8n{zeR"h;<z; < fi'®f(&),jeN}
is a compact subset of S and & € S. If there was a y € S such that
f(y) <min f(z) < f(2)
zeS
then by Proposition 10.2.14 there is a y' > h,y’' € S, f(v') = f(y). Hence
fioy; <) = fy) < f(@)

for every j € N and thus y' € S, f (') < min, g f(z), a contradiction. m
Now we prove the attainment of f™ma,

Proposition 10.2.16 For any x € S there is an &’ € S such that ' > b’

and f(x) < f(@').

Proof. Let x € S and j € N. It is sufficient to set 2’ = z & b/, since if
z; < h; then x; is not active on any side of any equation and therefore
changing x; to h} does not invalidate any equation. The rest follows from
isotonicity of f(z). m
Let _,
S=5n{zeR%h<z;<f'oUjeN}.
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Corollary 10.2.17 If f™** < 400 then

™ = max f(a).

zes’

Proof. The statement follows immediately from Proposition 10.2.16, The-
orem 10.2.13 and Lemma 10.2.12. =
The next statement summarizes the desired result:

Corollary 10.2.18 If S # () and f™" > —oo [f™8 < +o0] then S™1 £ ()
[Smax ;é @]

We conclude this subsection by a technical statement that will be useful
in the algorithms.

It follows from Lemma 10.2.9 that f™®< > L. However this information
is not useful if ¢ = d, since then L = —oo. Because we will need a lower
bound for f™** even when ¢ = d, we define L' = f (h’) and formulate the
following.

Corollary 10.2.19 Ifz € S then o’ = x® R’ satisfies f(z') > L' and thus
fmaX Z L/.

10.2.3 The algorithms

In this subsection we present the minimization and maximization algo-
rithms for the case of real entries; those for integer entries are presented in
the next section.

It follows from Proposition 10.2.1 and Theorem 10.2.2 that in pseudopoly-
nomial time either a feasible solution to (10.2) can be found or it can be de-
cided that no such solution exists. Due to Theorems 10.2.10 and 10.2.13 we
can also recognize the cases when the objective function is unbounded. We
may therefore assume that a feasible solution exists, the objective function
is bounded (from below or above depending on whether we wish to mini-
mize or maximize) and hence an optimal solution exists (Corollary 10.2.18).
If 29 € S is found then using the scaling (if necessary) proposed in Lemma
10.2.11 or Corollary 10.2.19 we find (another) x° satisfying L < f(2°) < U
or I/ < f(2°) < U (see Lemmas 10.2.9 and 10.2.12). The use of the bisec-
tion method applied to either (L, f(z°)) or (f(z°),U) for finding a min-
imizer or maximizer of f(z) is then justified by Proposition 10.2.8. The
algorithms are based on the fact that (see Proposition 10.2.5) checking the
existence of an z € S satisfying f(z) = « for a given a € R, can be con-
verted to a feasibility problem. They stop when the interval of uncertainty
is shorter than a given precision € > 0.

Algorithm 10.2.20 MAXLINMIN (Maz-Linear Minimization)
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Input: A = (a;5),B = (bj;) € R™*", f = (fi,on )T € R, ¢ =
(c1yemrem)’  d=(d1,...;dp)” €ER™ c>d, c#d, e>0.

Output: x € S such that f(x) — f™i» <e.

1. If L = f(z) for some x € S then stop (f™" = L).

2. Find an 2° € S. If (A®x0)i > ¢; for all i € M then scale z° by o
defined in (10.5) .

3. L(0):=L,U(0) := f(z°),r:=0.

4. a=L(Lr)+U(r).

5. Check whether f (x) = « is satisfied by some x € S and in the positive
case find one.
If yes thenU (r+ 1) :=a,L(r+1):=L(r).
If not then U (r+1):=U(r),L(r+1) :=a.

6. r:=r+1.

7. If U (r) — L (r) < e then stop else go to 4.

Theorem 10.2.21 The algorithm MAXLINMIN is correct and the number
of iterations before termination is

0 <10g2 U;L>.

Proof. Correctness follows from Proposition 10.2.8 and Lemma 10.2.9.
Since ¢ # d we have at the end of step 2: f(z") > L > —oo (Lemma 10.2.9)
and U(0) := f(z°) < U by Lemma 10.2.12. Thus the number of iterations
is O (log2 %) , since after every iteration the interval of uncertainty is
halved. m

The maximization algorithm has many similarities with the minimization
algorithm, however for the proof we need to consider it separately.

Algorithm 10.2.22 MAXLINMAX (Maz-Linear Mazimization)

Input: A = (ay;),B = (b;) € R™" f = (fi,... fn)' € R", ¢ =
(c1yomrem)’ d=(dy,....dp)" €R™, &> 0.

Output: x € S such that ™ — f(z) < e or an indication that f™ =
+00.

1. If U = f(x) for some x € S then stop (f™** =U).

2. Check whether AQx = Bz has a solution. If yes, stop (f™** = 4+00).
3. Find an 2° € S and set 2° := 2" ® 1’ where b’ is as defined in (10.7).
4. L(0) := f(z°),U(0) := U,r := 0.
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5. a:=3(L(r)+U(r).

6. Check whether f (x) = « is satisfied by some x € S and in the positive
case find one.

Ifyes thenU (r+1):=U(r),L(r+1) :=a.
If not then U (r +1) :==«a,L(r+1):=L(r).

7. r:=r—+1.

8 IfU (r) — L(r) < e then stop else go to 5.

Theorem 10.2.23 The algorithm MAXLINMAX is correct and the num-
ber of iterations before termination is

_ /
O<10g2U€L>.

Proof. Correctness follows from Proposition 10.2.8 and Lemma 10.2.12. By
Lemma 10.2.12 and Corollary 10.2.19 U > f(z") > L’ and thus the number

of iterations is O (log2 U_TL/) , since after every iteration the interval of

uncertainty is halved. m

10.2.4  The integer case

The algorithms of the previous section may immediately be applied to
MLP™® or MLP™#* when all input data are integer. However, we show
that in such a case f™ and f™2* are integers and therefore the algorithms
find an ezact solution once the interval of uncertainty is of length one,
since then either L (r) or U (r) is the optimal value. Note that L and U
are now integers and integrality of L (r) and U (r) can easily be maintained
during the run of the algorithms. This implies that the algorithms will find
exact optimal solutions in a finite number of steps and we will prove that
their computational complexity is pseudopolynomial. The symbol fr (k)
will stand for the fractional part of k € Z, that is fr (k) =k — | k] .

Theorem 10.2.24 If A, B,c,d, f are integer, S # 0 and f™" > —oo then
Smin 7n oL () (and therefore f™" € 7).

Proof. Due to Corollary 10.2.18 it is sufficient to prove that for any z € S
there is a z* € SN Z" such that f(z*) < f(2). Let z = (21,...,2,)" € S.
Without loss of generality, suppose z ¢ Z"™ and denote

N(z) = {jeN;z ¢Z},

7= {ieN@ire) = i 1o

kEN(z
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Let z; = |z;] for j € J and z; = z; otherwise. Then 2’ < z, thus
f(z") < f(2), and 2’ € S since the validity of equations is unaffected: if
zj,j € J was active on one side of an equation then zj for some k € J is
active on the other side, by minimality there are no terms in this equation
between a;; and a;; + z; and so the new values of both sides are a;;; if
zj,j € J was not active then the transition z — 2’ does not affect this
equation at all. After at most n repetitions of this operation we get the
sequence 2, 2", 2", ..., whose last term is the wanted z* € Z". m

Theorem 10.2.25 If A, B,c,d, f are integer, S # () and f™* < 400 then
fmex e Z (and therefore S™>NZ" #10).

Proof. Suppose ¢ > d, ™ ¢ Z and let z = (21,...,2,)T € S™%_ For any
z € R™ denote

Fz)={jeN;fj®z; = f(x)}.

We take one fixed j € F'(z) (hence z; ¢ Z) and show that it is possible to
increase z; without invalidating any equation, which will be a contradiction.

Due to integrality of all entries it is not possible that equality in an
equation is achieved by both integer and noninteger components of z. Hence
the increase of z; only forces the noninteger components of z to increase.

At the same time an equality of the form (A ® z), = ¢; (if any) cannot
be attained by noninteger components, thus a;; ® z; < ¢; and b;; ® z; < ¢;
whenever z; ¢ Z and (A® z); = ¢;, hence there is always a scope for an
increase of z; ¢ Z. m

Integer modifications of the algorithms are now straightforward since
L,L’ and U are also integer: we only need to ensure that the algorithms
start from an integer vector (see Theorem 10.2.3) and that the integrality
of both ends of the intervals of uncertainty is maintained, for instance by
taking one of the integer parts of the middle of the interval.

We start with the minimization. Note that

L,L',U € |-3K,3K], (10.8)
where K has been defined by (10.4).
Algorithm 10.2.26 INTEGER MAXLINMIN (Integer Max-Linear Min-
imization)
Input: A = (a;;),B = (b;j) € Z™*", f = (f17...7fn)T e 72", ¢c =

(¢t onem)’  d=(dy,...idp)” €Z™m, c>d, c#d.
Output: x € SN 7",

1. If L = f(z) for some x € SNZ" then stop (f™* =L).

2. Find 2° € SNZ". If (A ® mo)i > ¢; for all i € M then scale x° by o
defined in (10.5) .
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3. L(0):=L,U(0) := f(z°),r:=0.

4. o= L% (L(r)+U (T))J )

5. Check whether f(x) = « is satisfied by some x € SNZ™ and in the
positive case find one.

If x exists then U (r+1) :=a,L(r+1):=L(r).
If it does not then U (r+1) :=U (r),L(r+1) := a.

6. r:=r+1.

7. If U (r) — L(r) =1 then stop (U (r) = f™in) else go to 4.

Theorem 10.2.27 The algorithm INTEGER MAXLINMIN is correct and
terminates after using O (mn (m + n) K log K) operations.

Proof. Correctness follows from the correctness of MAXLINMIN and from
Theorem 10.2.24. For computational complexity first note that the number
of iterations is O (log(U — L)) < O (log6K) = O (log K) . The computa-
tionally prevailing part of the algorithm is the checking whether f(z) = «
for some z € S NZ" when « is given. By Corollary 10.2.7 this can be
done using O (mn (m +n) K') operations where K/ = max (K + 1, |«]).
Since « € [L, U], using (10.8) we have K’ = O (K). Hence the computa-
tional complexity of checking whether f(xz) = « for some z € SNZ" is
O (mn (m + n) K) and the statement follows. m

Again, for the same reasons as before, we present the maximization al-
gorithm in full.

Algorithm 10.2.28 INTEGER MAXLINMAX (Integer Maz-Linear Maz-
imization)

Input: A = (ai;),B = (b;) € Z™", f = (f1i,. ) € Z", ¢ =
(c1esem)’, d=(d1,....dn)" €Zm.

Output: © € S™** NZ"™ or an indication that f™** = +o0.

1. If U = f(x) for some x € S NZ"™ then stop (f™** =1U).
2. Check whether AQx = Bz has a solution. If yes, stop (f™** = 400).

3. Find an 2° € SNZ" and set z° := 2° © b’ where b/ is as defined in
(10.7).

4. L(0) = f(z°),U(0) :==U,7 :=0.
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6. Check whether f (z) = « is satisfied by some © € SNZ"™ and in the
positive case find one.

If x exists then U (r+1) :=U (r),L(r+1) := a.
If not then U (r+1) :=a,L(r+1):=L(r).
7 r=r+1.
8 IfU (r)— L(r) =1 then stop (L (r) = f™*) else go to 5.

Theorem 10.2.29 The algorithm INTEGER MAXLINMAX is correct and
terminates after using O (mn (m + n) K log K) operations.

Proof. Correctness follows from the correctness of MAXLINMAX and from
Theorem 10.2.25. The computational complexity part follows the lines of
the proof of Theorem 10.2.27 after replacing L by L'. m

10.2.5 An example

Let us consider the max-linear program (minimization) in which
f = (37 17 47 _2’ 0)T7

17 12 9 4 9
9 07 9 10 |,
19 4 3 7 11

A

2 11 8 10 9
B=| 1 o0 12 20 3 |,
2 13 5 16 4

12 12
c=|( 15 |,a=1| 12 |,
13 3

and the starting vector is
2% = (—6,0,3,-5,2)" .
Clearly, f(2°) = 7, M> = {2,3} and the lower bound is
L = max minf; Rc & bT_k1

reM> kEN
= max (min (7,16,7,—7,12), min (14,1,12, —5,9)) = —5.

Record of the run of INTEGER MAXLINMIN for this problem:
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Iteration 1: Check whether L = —5 is attained by f(z) for some z € S
by solving the system

17 12 9 4 9 12 2 11 8 10 9 12
9 0 7 9 10 15 11 0 12 20 3 12

9 43 711 13| 213 5 16 4 3 %
3 1 4 -2 0 -6 2 0 3 -3 -1 =5

There is no solution, hence L (0) := —5,U(0) := 7,7 := 0, := 1.

Check whether f (x) =1 is satisfied by some = € S by solving

17 12 9 4 9 12 2 11 8 10 9 12
9 0 7 9 10 15 11 0 12 20 3 12

19 43 711 13 |9T| 213 5 16 4 3 |[®V
3 1. 4 -2 0 0 2 0 3 -3 -1 1

There is a solution x = (—6,0,—3,—5,1)T. Hence U (1) := 1, L(1) :=
—5,r:=1,U(1) — L(1) > L.

Iteration 2: Check whether f(z) = —2 is satisfied by some x € S by
solving

17 12 9 4 9 12 2 11 8 10 9 12
9 07 9 10 15 11 0 12 20 3 12
19 43 711 13 |9T| 2 13 5 16 4 3 |®%
3 14 -2 0 -3 2 0 3 -3 -1 -2

There is no solution. Hence U (2) :=1, L (2) := —2,7r:=2,U (2)—L(2) > 1.
Iteration 3: Check whether f (z) = 0 is satisfied by some = € S by solving

17 12 9 4 9 12 2 11 8 10 9 12
9 07 9 10 15 11 0 12 20 3 12
19 43 711 13 |®T| 2 13 5 16 4 3 |®%
3 1.4 -2 0 -1 2 0 3 -3 -1 0

There is no solution. Hence U (3) :=1,L(3) := 0,U (1) — L (1) = 1, stop,
f™n = 1, an optimal solution is z = (—6,0, -3, —5,1)7.

10.3 Exercises

Exercise 10.3.1 Prove that the problem of minimizing the function
291 4 2%

subject to one-sided maz-linear constraints AQx = b is NP-complete. (Hint:
Find a polynomial transformation of the classical minimum set covering
problem to this problem with a matriz A over {0,—1},b6=0)
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Exercise 10.3.2 Find a minimizer of the function max (z1, z2, T3, T4, Z5)
subject to the constraints AQ x ®c= B®x®d, where

49 31 82 38 35 55 21 23 23 44

A = | 44 51 79 81 94 |,B=| 62 30 84 17 31 |,
45 51 64 53 88 59 47 19 23 92
43 98

c = | 18 |,a=[ 44
90 11

[zmin = (19,19, 16,19, —2)% )

Exercise 10.3.3 Find a mazimizer of the function max (z1, x2, T3, T4, Z5)
subject to the constraints AQ x ®c= BR® x & d, where

95 49 46 44 92 41 41 35 14 60

A= |23 8 2 62 74 |,B=| 94 8 81 20 27 |,
61 76 82 79 18 92 6 1 20 20
2 93

c = | |,a=| 47
45 42

[ = (~2,14,8,11,1)7]
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Conclusions and open problems

The aim of this book is two-fold: to provide an introductory text to max-
algebra and to present results on advanced topics. Chapters 1-5 aim to
be a guide through basic max-algebra, and possibly to accompany an un-
dergraduate or postgraduate course. Chapters 6-10 are focused on more
advanced topics with emphasis on feasibility and reachability.

In the case of feasibility the most important results are: complete resolu-
tion of the eigenvalue-eigenvector problem using O (n3) algorithms; meth-
ods for solving two-sided systems of max-linear equations of pseudopoly-
nomial computational complexity; full characterization of strongly regular
matrices and the simple image sets of max-linear mappings; O (n3) algo-
rithms for three presented types of matrix regularity and a polynomial
algorithm for finding all essential coefficients of a characteristic maxpoly-
nomial.

Basic reachability problems are solvable in polynomial time. These in-
clude the question of reachability of eigenspaces by matrix orbits (for ir-
reducible matrices) and robustness (for irreducible and reducible matri-
ces). Max-linear programs with two-sided constraints can be solved in
pseudopolynomial time for problems with integer entries.

There are a number of problems that seem to be unresolved at the time
of printing this book. We list some of them:

OP1: Is it possible to multiply out two n X n matrices in max-algebra in
time better than O (n?)?

OP2: Although strong regularity and Gondran-Minoux regularity can
be checked in O (n3) time, it is still not clear whether it is possible to
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check the strong linear independence or Gondran-Minoux independence in
polynomial time.

OP3: Although the question of the existence of permutations of both
parities, optimal for the assignment problem for a matrix, is decidable in
(0] (n3) time, it is not clear whether the best optimal permutations of both
parities can be found in polynomial time.

OP4: Although the two-sided max-linear systems with integer entries are
solvable in pseudopolynomial time, it is still not clear whether this problem
is polynomially solvable or N P-complete.

OP5: Although all essential coefficients of a characteristic maxpolynomial
can be found in polynomial time, it is still not clear whether the problem
of finding all coefficients is polynomially solvable or N P-complete.

OP6: Can the pseudopolynomial algorithms for solving max-linear pro-
grams with finite entries be extended to problems with non-finite entries?

OP7: Although it is clear that the greatest corner of a characteristic
maxpolynomial is equal to the principal eigenvalue, it is not clear how to
interpret the other corners.

OP8: One of the hardest problems in max-algebra seems to be the gen-
eralized eigenproblem. Although some progress is presented in Chapter 9,
probably no method is available of any kind, exact or approximate (in-
cluding heuristics), to find at least one generalized eigenvalue for general
matrices. In particular, we know that there is at most one generalized eigen-
value if the matrices are symmetric (Theorem 9.1.6), yet there is no clear
description of the unique (possible) eigenvalue.
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Appendix A
List of symbols

Symbol Page first used Description

R 1 The set of reals

€ 2 —o0 (scalar, vector or matrix)

el 64 The vector whose i" component is 0 and all other are &
a~! 2 —afora€R

R 1 RU {¢}

R 1 RU {400}

Z 1 The set of integers

Z 1 ZU {}

&3] 1,2 Maximum (for scalars, vectors and matrices)

® 1 Addition (for scalars)

® 2 Max-algebraic product of matrices

Xmexn 4 The set of m X n matrices over X

xXm 4 Xm><1

| X 6 Size of X

a® 6 a®a® ... a (a appears k-times), that is ka

Ak 6 A®AR®..® A (A appears k-times)

I or A° 3,6 Unit matrix (diagonal entries are 0, off-diagonal entries are ¢)
AT 2 Transpose of A

A1 5 Matrix B such that A B=1I=B® A

A* 30 Conjugate of A, that is — AT, except Sec. 8.3

A* 197 In Sec. 8.3: A(A)

az(-?) 6 The (i,5) entry of A*

ay;] 6 The (i,5) entry of the k' matrix in a sequence A, Al .
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Symbol Page first used Description

z[L] 6 Subvector of = with indices from L

AK,L] 6 Submatrix of A with row indices from K and column indices from L
@ 30 Minimum (for scalars, vectors and matrices)

®’ 30 Addition (for scalars)

®’ 30 For matrices defined dually to ®

() 14 Length of a path 7

w(m) 15 Weight of a path/permutation 7 in a weighted digraph
w(m,A) 15 Weight of a path/permutation 7 in D4

w(o, A) 17 Mean of a cycle o in D4

A(A) 17 Maximum cycle mean for a matrix A

Ay 19 AMA) oA

I'(A) 22 Weak transitive closure of A (metric matrix)

A(A) 22 Strong transitive closure of A (Kleene star)

Ap 15 Direct-distance matrix corresponding to the digraph D

Dy 15 Weighted digraph associated with matrix A

Fy 14 Finiteness digraph associated with matrix A

ZA 14 Zero digraph associated with matrix A

Sa 137 The simple image set of the matrix A

Ca 92 Condensation digraph of the matrix A

K (A) 168 max; j |a;;|, for the matrix A = (a;;)

Col(A) 68 Column space of the matrix A

C(A) 19 Critical digraph of the matrix A

N.(A) 19 The set of critical nodes (eigennodes) of A

E.(A) 19 The set of arcs of all critical cycles of A

V(AN 76 The set containing ¢ and eigenvectors of A with eigenvalue A
V(AN 176 The set of finite eigenvectors of A with eigenvalue A

V*(A, ) 22 The set of finite subeigenvectors of A corresponding to value A
Vi (A) 22 V*(A,0)

V*(A) 22 V* (A, X (A))



Symbol
V(4)
V*H(A)
A(A)

V(A, B, )

V(A,B)
A (A, B)
Im (A)

pd (A)
maper (A)
ap(A)
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Page first used Description

100
64
71

171
171
171
172
202
13

The set containing ¢ and eigenvectors of A

The set of finite eigenvectors of A

The set of eigenvalues of A
The set containing £ and generalized eigenvectors of A
with eigenvalue A

The set containing ¢ and generalized eigenvectors of A

The set of generalized eigenvalues of A

Image space of the matrix A

Principal dimension of A (dimension of the principal eigenspace)

Max-algebraic permanent of A

The set of optimal solutions to the linear assignment problem for A

Cyclicity of the matrix A

Cyclicity of the digraph D

Matrices A and B are equivalent

Matrices A and B are directly similar

Matrices A and B are similar

Eigennodes ¢ and j are equivalent

Eigennodes i and j are A-equivalent

Max-norm of the vector v

Chebyshev distance of the vectors x and y, that is ||z — y||

Support of the vector v

Symmetrised semiring

Subtraction in a symmetrised semiring

Balance operator

Balance relation

Cyclic class determined by node 4

Linearly ordered commutative groups
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Index

A-test, 69 cancellation law, 168

algorithm Chebyshev distance, 71
ALTERNATING METHOD, class of a matrix, 92

163 final, 92
BMISDI, 46 initial, 92
ESSENTIAL TERMS, 123 spectral, 95
EVOLUTION, 110 component
FLOYD-WARSHALL, 28 critical , 19
INTEGER MAXLINMAX, 265 strongly connected, 14
INTEGER MAXLINMIN, 264 concavity condition, 112
Karp’s, 20 conjugate
MAXLINMAX, 262 of a matrix, 30
MAXLINMIN, 261 constituent cycles, 31
NARROWING THE EIGEN- corner, see product form
VALUE SEARCH, 248 covering

ONEMAXLINMIN, 254 nearly minimal, 161
RECTIFICATION, 114 critical subsystem, 205
RESOLUTION, 112 cycle, 14

arc, 14 critical, 19

attraction space, 189 elementary, 14

attraction system, 212 even/odd, 37

positive, 15
balance operator, 171 zero, 15, 194
basis, 64 cycle mean, 17

standard, 64 maximum, 17



minimum, 239
cyclic classes, 203

determinant, 172
digraph, 13
acyclic, 14
condensation, 92
critical, 19
cyclicity of, 194
primitive/imprimitive, 194
strongly connected, 14
weighted, 15
zero, 14
dimension
principal (of a matrix), 85
discrete-event dynamic system, 150
dual inequalities, 44
dual operations, 30

eigennode, 19
eigenproblem, 75
eigenspace, 77
principal, 81
reachable , 188
eigenvalue, 75
generalized, 237
principal, 81
eigenvector, 22, 75
finite, 86
fundamental , 81
generalized, 237
principal, 81
element
minimal, 65
element of a symmetrized semi-
ring
balanced, 171
sign-negative, 171
sign-positive, 171
signed, 171
unbalanced, 171
equation
critical, 205
max-linear, 10
maxpolynomial, 115

Index

evolution, 109
extremal (vector), 64
extreme value, 243

feasible interval, 238
Frobenius normal form, 92
function
max-linear, 11, 253
fundamental eigenvectors
equivalent, 83

generalized eigenproblem, 237

feasible interval for the, 238

group
linearly ordered, 13
dense, 13
sparse, 13
radicable, 13

image set, 137
interval
regular, 244

job rotation problem, 52
Kleene star, 23

Markov parameters, 151
matrices
directly similar, 16
equivalent, 16
similar, 16
matrix
0-irreducible, 195
active entry of, 121
blockdiagonal, 5
R-astic
column, 6
column space of, 68
cyclicity of, 194
R-astic
doubly, 6
definite, 18
strongly, 23
diagonal, 4
diagonally dominant, 34
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direct-distances, 16
doubly stochastic, 37
Gondran-Minoux regular, 145
Hankel, 151
idempotent, 158
increasing, 23
irreducible, 14
M-robust, 231
metric, 23
normal, 34
normal form of, 35
orbit of, 188
starting vector, 188
period of, 188
permutation, 5
generalized, 5
production, 10
R-astic
row, 6
reducible, 14
robust, 12, 189
sign-nonsingular, 174
strictly normal, 34
strongly regular, 136
type of, 134
ultimate column span of, 205
ultimately periodic, 201
unit, 3
visualized, 191
strictly, 191
matrix class
trivial, 225
matrix multiplication constant, 29
matrix scaling, 16, 190
max combination, 64
max-algebra, 2
max-linear program, 253
max-linear system
homogenous, 156
nonhomogenous, 156
one-sided, 10, 57
two-sided, 10, 155
regular, 243
with separated variables, 156
max-norm, 64

maximum cycle mean, see cycle
mean
maxpolynomial, 107
characteristic, 117
degree of, 107
length of, 107
standard, 107
term of, 107
inessential /essential, 108
method
Hungarian, 32
min-algebra, 2, 13
modulus, 171
multi-machine interactive produc-
tion process, 9

node, 14
critical, 19
reachable, 14
spectral, 95
starting, 14
nodes
equivalent, 19
A-equivalent, 100
nontrivial solutions, 156
number
regular, 244

observation vector, 150

path, 14

length of, 14

weight of, 15
permanent, 31, 173

strong, 34
permutation

cyclic, 31

length of, 36

even, 36

odd, 36

optimal, 32

sign of, 36

symmetrized sign of, 172

weight of, 32
principal interpretation, 13
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problem induced, 16
EXACT CYCLE COVER, 128 subeigenvector, 22
independent ones, 246 submatrix
linear assignment, 32 principal, 6
minimal-dimensional realiza- subspace, 64

tion, 151 dimension of, 70

PRINCIPAL SUBMATRIX WITH superblock, 92
POSITIVE PERMANENT, symmetrized semiring, 170

128
shortest-distances, 50 Theorem
synchronization, 10 Carathéodory’s, 65
product form, 109 Cayley-Hamilton, 129
corner of, 109 Cuninghame-Green, 88, 89
simple, 110 Cyclicity, 200
standard, 110 General Cyclicity, 225
program Gondran-Minoux, 145
max-linear, 11 Karp, 20
Schneider, 102
realization (of a DEDS), 151 transient of matrix sequences/orbits,
resolution, 111 188
transitive closure of a matrix
semimodule, 4 strong, 22
semiring weak, 22
commutative idempotent, 4 tropical algebra, 2, 13
sequence
convex, 151 vector
set scaled, 64
dependent, 64 sign-negative, 172
independent, 64 sign-positive, 172
max-convex, 134 signed, 172
of generators, 64 support of, 65
regular, 231 vectors
scaled, 64 Gondran-Minoux dependent/independent,
totally dependent, 64 145
set covering, 61 linearly dependent /independent,
minimal, 61 133
nearly minimal, see covering strongly linearly independent /dependent,
135

simple image set, 137
sleeper, 166
solution
principal, 59
stable, 164
span of a set, 64
steady regime, 12, 187
subdigraph, 14



