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If (X, y ) is a set X with topology y we shall say that y is connected
if (X, y ) is a connected topological space. We shall investigate the existence
of and the properties of maximal connected topologies.

If A C X the interior of A will be denoted Int {A) and the closure of
A will be Cl(^4). If it is necessary to distinguish between topologies on the
same set we shall use subscripts. For example Cl2(v4) will denote the closure
of set A with respect to topology y 2 . If S is a set of subsets of X, @(S) will
denote the topology generated by S. If V C X we let (V, 3T\V) denote the
set V with the topology induced by y . If y x and y 2 are topologies on X
we shall denote K(^'1, y 2 ) = {x e X\x has a neighborhood for y 2 which
is not a neighborhood of x for y a } .

Parts of this paper were taken from the author's dissertation done
under the supervision of Dr. E. E. Enochs at the University of South
Carolina.

DEFINITION 1. A topology y on a set X will be said to be finer than a
topology y x on X if y x C y . If in addition we have y ^ y x we say that
y is strictly finer than y x . A connected topology y will be said to be
maximal connected if y x strictly finer than y implies ^ is not connected.

EXAMPLE 1. Let X be any non-empty set and let x e X. Define y by
letting F" e y if F C X and F = 0 or x e V. Then y is maximal connected.

EXAMPLE 2. Let X be any set, x <= X. Let F C X belong to y if and
only if x £ V or F = X. Then y is maximal connected.

We note that each of these examples is To. This condition is necessary.

THEOREM 1. Let y x ie a maximal connected topology on X. Then (X, y x )

PROOF. Suppose x,yeX, x e Cl1({y}), y e C ^ ({*}), x^y. Let
y 2 = <p(yx u {{«/}}). Then y 2 is strictly finer than y i ( hence y 2 is not
connected. Suppose {A, B) is an open partition of (X, y 2 ) . Then either
{a;, ?/} C A or (x, ^ } C B for the neighborhoods of x are the same for y x

and y 2 . So suppose {x, y} C A. Then 4̂ e y x for there exists an open y x

neighborhood F of x, V C A. But F is a neighborhood of y contained in A,
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and every other point of A has a neighborhood contained in A since the
neighborhoods of z ^ y are the same for 3~x and < "̂2. Clearly B e ?7~x.
Thus {A, B) is an open partition of (X, ^~x), a contradiction.

Neither of the topological spaces in the previous examples are Tx.
However, there do exist maximal connected topologies which are Tx, as the
following example will show. To the author's knowledge it is an open
question whether there are maximal connected T2 topologies.

EXAMPLE 3. Let X be an infinite set and let ^ be the filter of comple-
ments of finite sets, <% an ultrafilter finer than J5". Let 3~x = &{<%). Then
&~x is maximal connected and Tx.

THEOREM 2. Let (X, 3~x) be a finite connected topological space. Then
there exists a maximal connected topology &~% on X such that 3~x C 3T2.

The proof is easy and will be left to the reader.

THEOREM 3. Let {X, &~x) be a maximal connected topological space and
let V be an open connected subset of (X, &~x). Then (V, &~i\V) is maximal
connected.

PROOF. If (V, ^jV) is not maximal connected let S^j be a topology
on V such that S?x is strictly finer than 3~X\V and (V, SPX) is connected.
Let WCV be such that W e^x— (^X\V). Then &2 = ®{$~X\V v {W})
is connected and is strictly finer than &~X\V. Let ^~2 = &(&~x u {W}).
Then ^"2 is strictly finer than &~x so let (A, B) be an open partition
of (X, &~2). T h e n e i t h e r V C A or V C B, ior o t h e r w i s e ( F nA,V n B)

is an open partition of (V,J7~2\V) = (V,6^2), so assume V C A. Hence
K{STX, 3T2)CWCVCA, which implies Ae9~x since F E J J . Clearly
B e &~x. Hence (A, B) is an open partition of (X, £TX) which is impossible.

DEFINITION 2. Let a and b be points of a set S and let Hx, H2, • • • Hn

be a finite collection of subsets of S. This collection is said to be a simple
chain from a to b if and only if

i) aeHx-H2, beHn-Hn_x

ii) Hi n Hj ^ 0, if and only if \i—j\ ^ 1, i = 1, 2, • • •, n, j = 1, 2, • • •, n.

The above definition is a slight modification of that given by [1] in
that we require a $ H2 and b $ Hn_x. It is easy to see that with this change
the following theorem, also from [1], remains valid.

THEOREM 4. A space S is connected if and only if given any two points
a and b of S and any open covering {Gx} of S, there exists a finite subcollection
of {Ga} which is a simple chain from a to b.

THEOREM 5. Let (X, 3~x) be a topological space where X has at least
two elements and &~x is such that every intersection of open sets is open. Let
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/ be the set of all isolated points of (X, 3~x) and let J = X—I. If x e J let
Vx be the smallest neighborhood of x, (i.e. the intersection of all open neighbor-
hoods of a;). Then in order that (X, J7~1) be maximal connected it is necessary
and sufficient that all of the following three statements be true:

i) \JV. = X.
xeJ

ii) If x ^ x', x and x' e J, then Vx n Vx- has at most one point.
iii) If a, b e (X, $~x) then there exists exactly one simple chain from a

to b of open sets Vx.

PROOF. Suppose (X, &~x) is maximal connected,
i) If z e X is in no Vx, then {z} is open and closed which is impossible,

ii) We shall show first that Vx—{x}CI for every xeJ. Suppose
z eVxr\ J, z =£ x. Let y% = 0{&~x u {{2}}), which is strictly finer than
3~x. Hence, we can let (A, B) be an open partition of (X, !7~2). Since
K{yx, 3~2) = {z} and x # {z}, we may assume VXCA. But then (A, B)
is an open partition of (X, &~x), which is impossible. Thus z el.

From the above we see that if x, x' e J then Vx n Vx> C / . Suppose
{2/i. 2/2} CVxn V.,, yx * y2 andlet V'x> = Vx,-{y2). Let T3 = <P{^ u {V'x,}),
which is strictly finer than &~x. Let (A, B) be an open partition of (X, ^~3)
and suppose x' eA. Then V'X,CA and Vx<tA since K{$~lt S~3) = {x1}.
Thus we have yteA and y2eB. But then x e C\3(A) n C13(B) since
{Vx> 2/2} ̂  Vx- This is a contradiction.

iii) That there exists a simple chain of elements Vx from a to b is a
consequence of connectedness (Theorem 4). Hence, suppose there are two
such simple chains, Cx = {VX(}, i = 1, • • •, n and C2 == {CVj}, j = 1, • • -, m.
Let S = \JVX, Vxe Cx u C2. Then S is open and connected and hence
maximal connected for ^-^S by Theorem 3. Let / be the smallest integer
such that VXj ^ VVj. Ii j = I, we know that VXj n VVj = {«} by ii). H
)' ^ 2 we have Vv. n Vv = Vy n Vx , a single point, say c, again by ii).
Let y = a if / = 1 and y = c otherwise. Let V'Vj = Vy—{y}, and let
<r2 = 0{^x u {V'v>}), which makes $~2\S strictly 'finer than y^S, so
(S, &~%\S) is not connected. But S2 = V't u (u Fv., i = ; + l, •••,»») is
connected for ^"2|S, Sx = u Vx, VxeC1, is connected for &~2\S, and
6 6 5X n S2, so Sx u S2 = S is connected for ^"2 |5, which is a contradiction.

To show that the conditions are sufficient suppose they hold for
(X, ^j). We show first that (X, 3T^ is connected. Let a e (X, fj. With
each b e X there is a simple chain Cb of sets Vx from a to 6, by iii), and
clearly \jVx,VxeCh is connected. Hence X = u Vx, b e X, Vx e Cb, is
connected.

Suppose now that «̂ "2 is strictly finer than 3~x and that (X, 3~2) is
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connected. Let V e ^~2—^V We may assume x e V C Vx for some x e J.
Then Vx—V consists entirely of isolated points, by ii), and is non-empty.
Let M be the open covering of (X, &~2) consisting of all Vv such that
y^x, yej, all {z} such that zeVx—V, and V. Let weVx—V. Let
C' = {M1( • • •, Mn} be a simple chain of elements of M from x to w. Note
that since V is the only element of C which contains x we have M1 = V.
Hence, let {v} = V n M2 and let C = C—{V}. Then C" is a simple chain
from v to w of elements of M. Furthermore, V $C and Vx $ C, so C
consists entirely of sets Vv, y ^ x, and hence is a simple chain from v to w
of elements Vv. But C" = {Vx} is also such a chain which contradicts iii).
Thus (X, <̂ ~1) is maximal connected. This completes the proof.

The preceding theorem give us a means of quickly determining all the
maximal connected topologies on small finite sets. We represent the members
of / by solid dots and the members of / by open dots. We represent Vx by
a line segment on which we place the dots representing x and the isolated
points which are in Vx. The order of the dots on the line segment is im-
material. Thus if X = {a, b, c} and 9~ = {<f>, {b}, {c}, {b, c}, X} our sketch is

We can thus easily see and sketch all the non-homeomorphic maximal
connected topologies on small finite sets by disregarding the naming of
elements. We sketch below all the non-empty maximal connected topologies
with less than 6 elements.

1 element •

2 elements

3 elements

4 elements

5 elements o

It should be an interesting counting problem to discover the number of
maximal connected topologies on a set with n elements. To the author's
knowledge this question is as yet unanswered.

Theorem 5 gives us a good source of examples for answering general
questions about maximal connected topological spaces.
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EXAMPLE 4. The quotient of a maximal connected topological space
by an equivalence relation is not necessarily maximal connected. For, let
(X, $-) be

d
o

a b c

and let R = {{a, b}, {c, d}}. Note that {a, b} is neither open nor closed.
Then the quotient topology on X/R is the trivial topology which is not ro

and hence not maximal connected by Theorem 1.

EXAMPLE 5. The product of maximal connected spaces is not necessarily
maximal. For Q , is maximal connected but the product topology
•^"I = {+> {(*>• &)}> {(*. «). (b> b)}> {(«. 6)> ih> b)}> XxX} is not maximal since
0({{(x, y)}\(x, y) e XxX, (x, y) ^ {a, a)}) is connected and strictly finer
than Tx.

EXAMPLE 6. A door space (X, 3") is a topological space having the
property that if A C X then either A e 3~ or X—A e 3~. Examples 1, 2, 3
and Theorem 6 suggest the possibility that every maximal connected space
is a door space. This is not the case for

is not a door space since {a, b} is neither open nor closed. A semi-door space
(X, &~) is a space having the property that for A C X there exists
such that either BCAC C1(B) or B C X—A C Cl(5). The space

d e

no—»
o

is maximal connected but not semi-door. For A = {b, c, d, /} does not
satisfy the condition.

THEOREM 6. In order that (X, 3~x) be maximal connected it is necessary
that whenever A C X and A is connected and X—A is connected, A e 2TX or
X-A e ^ .

PROOF. If either A or X—A is empty the proposition is trivial so
suppose A ^ 0, X—A ^ 0. Suppose neither A nor X—A is open. Let
T (T1 u {̂ 4}). Then ^"2 is strictly finer than 2TX hence not connected,
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so there exist U, V e ^~2 such that (U, V) is an open partition of (X,
Suppose U n (X—A) and V n (X—A) are non-empty. Then (U n (X—A),
V n (X—A)) is an open partition of X—A for ^"2. But

({X-A),rx\{X-A)) = ({X-A),rt\(X-A))

so (U n (X-A), Vn (X-A)) is an open partition of (X-A, &-j\[X-A))
which is a contradiction. Thus either U C A or V C A, so assume U C A.
If U — A we have V = X—Ae^~2, and hence F e J , , which is im-
possible. Hence, V n A ^ 0, and therefore ([/, 7 n 4 ) is an open partition
of (.4, &~2\A). But ii x e A the neighborhoods of a; for ^"xl-d are the same
as those for $~2\A, hence (U, V n A) is an open partition of (A, ^~X\A)
which is a contradiction, hence the result.

NOTE: The conditions of the above theorem are not sufficient for they
hold for the reals R with the order topology 3~, but 0(^~ u {Q}), where Q
denotes the rationals, is strictly finer than 9" and is connected.
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