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MAXIMAL POSITIVE BOUNDARY VALUE PROBLEMS
AS LIMITS OF SINGULAR PERTURBATION PROBLEMS!
BY
CLAUDE BARDOS AND JEFFREY RAUCH

ABSTRACT. We study three types of singular perturbations of a symmetric positive
system of partial differential equations on a domain £ C R”. In all cases the limiting
behavior is given by the solution of a maximal positive boundary value problem in
the sense of Friedrichs. The perturbation is either a second order elliptic term or a
term large on the complement of . The first corresponds to a sort of viscosity and
the second to physical systems with vastly different properties in @ and outside §.
The results show that in the limit of zero viscosity or infinitely large difference the
behavior is described by a maximal positive boundary value problem in £. The
boundary condition is determined in a simple way from the system and the singular
terms.

1. Introduction. In this paper we study boundary value roblems for singularly
perturbed systems of partial differential equations. The unperturbed system is of
first order and positive symmetric in the sense of Friedrichs. We study three sorts of
singular perturbations: (1) the addition of & times a positive second order elliptic
system in a domain €, (2,3) the addition of AP or AP(d/d¢) with A> 1 and P
strictly positive in the exterior of € and zero in . In the first case we study the
solutions u, to the Dirichlet problem in Q. Bardos, Brezis and Brezis [1] have shown
that in this case u, —u weakly in L?(Q2) where u is uniquely determined as the
solution of a maximal positive boundary value problem for the unperturbed opera-
tor. Here one has the phenomenon of loss of boundary conditions in the limit and
the existence of boundary layers for u, near d22. We prove several more refined
estimates on u_, in particular a uniform bound in H'/*>~%(Q) for any 5 > 0.

These estimates yield a proof of the strong convergence of u, to u in all H*(R2) for
s < 4. This singular perturbation problem is well known and much studied, in
contrast to the problems of the second sort mentioned above. In the latter problems
we study the Cauchy problems

(L + perturbation) u, =0 on [0, T] X R?,
u(0,-) =g(x) onR",

Received by the editors July 27, 1978 and, in revised form, August 8, 1980.

1980 Mathematics Subject Classification. Primary 35B25, Secondary 35F15, 35L50.

Key words and phrases. Singular perturbations, boundary layers, maximal positive boundary value
problems.

TResearch supported by the National Science Foundation under grant number NSF MCS 79-01857.

©1982 American Mathematical Society
0002-9947 /81 /0000-1049 /$08.50

377

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



378 CLAUDE BARDOS AND JEFFREY RAUCH

describing wave propagation on all of R". The perturbation is very large on the
complement of a region [0, T'] X . The phenomenon we find is that as A — 0,

u, -0 outside [0, T] X Q,
uy—-u inf[0,T]XQ,

where u is uniquely determined as the solution of a maximal positive boundary value
problem on [0, T] X € with homogeneous boundary conditions on [0, T] X 9Q
determined by the operator L and the matrix P on [0, T'] X 9€. Note that in the first
problems we passed from one boundary value problem € to a limiting boundary
value problem on §2 while in the present context one passes from a Cauchy problem
on [0, T] X R”" to a mixed initial boundary value problem on [0, T'] X £.

In problems of wave propagation one often introduces mixed problems on a
domain [0, T] X © where the conditions on [0, T'] X 3§ describe the interaction of
waves with the boundary. Invariably such models involve idealizations about the
containing walls [0, T'] X 9. In reality waves always penetrate beyond the walls. A
more complete model would involve an equation on [0, 7] X R" which suffers an
abrupt change at [0, T] X 0@ reflecting the fact that the medium in £ is very
different from that in the walls. What is needed then is a theorem asserting that in
[0, T] X Q the solution is approximated by solutions of the mixed problem which
one has proposed as a model. Our theorems provide rigorous results of this type.
This point of view is presented in an unpublished set of lecture notes by Friedrichs
[4] where he predicts, by a formal asymptotic analysis, the resuits we prove.

Notice that for all three singular perturbation problems considered above the
limiting problem is a maximal positive boundary value problem in the sense of
Friedrichs [3]. This has two important consequences. First, the limiting boundary
value problems are well posed. This is a crucial fact, since in reality one never
observes the limit A - oo or ¢ — 0, only A very large or & very small. Then the
quantities inside the region do not satisfy the homogeneous boundary condition
Mu = 0 but do have Mu small. Since the boundary value problem is well set, it follows
that u differs from the limiting solutions by an amount which can be estimated in
terms of Mu. Thus if one observes that there is very little disturbance outside £ this
is sufficient to justify the use of the limiting equations. From a practical point of
view, this gives a criterion for knowing when to use the limiting equations. Second, a
special place is assumed by the maximal positive boundary conditions among the
many well-set boundary value problems. Since “physical” boundary conditions arise
as limits when some parameter is large, we expect the basic boundary value
problems of mathematical physics to be maximal positive.

It should be remarked that, corresponding to the fact that our perturbations are
strictly positive, the boundary conditions we find are not only positive but strictly
positive. If the boundary matrix 4, is nonsingular this means (A,u, u)= c|u|* for
all vectors u in the appropriate boundary space. In particular one does not find
conservative boundary conditions, which satisfy (A, u, u) = 0, with these methods.

There are a few well-understood problems which lead to conservative conditions:
Dirichlet + Neumann problems for u,, — Au and some problems in elasticity [4].
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MAXIMAL POSITIVE BOUNDARY VALUE PROBLEMS 379

For these problems the positive definiteness of the perturbation is relaxed to positive
semidefiniteness, and at present we do not have a good general theory encompassing
these examples. On the other hand the inverse problem has a successful resolution in
the category of strictly positive boundary conditions. That is, given a strictly positive
boundary condition, there exist singular perturbations of all three kinds which yield
this boundary condition in the limit. The interested reader is referred to [17] for the
proof.

Some of the problems we discuss have discontinuous coefficients, large in one
region and not large in an adjacent region. One can argue that this too is an
idealization and that one should replace such discontinuities by narrow regions
where the coefficients change rapidly. Qur methods can be adapted to treat such
problems provided that in the appropriate limit the width of the narrow regions
shrinks to zero rapidly. The details of this modification will not be described.

An important ingredient in the proof of all of the theorems are estimates, uniform
in the perturbation parameter, of the derivatives of solutions in directions parallel to
the boundaries. This is consistent with the emergence of a boundary layer where
quantities change rapidly as one moves away from the boundary and slowly as one
moves parallel to the boundary (see [14, 15] for a discussion of boundary layers for
problems analogous to ours).

The paper is organized as follows. In §2 we give the notations and we state the
theorems. Theorem 1 is concerned with the limit of vanishing viscosity. Theorems
2—4 deal with the results predicted by Friedrichs. In §3 we prove weak convergence
for Theorems 2-4. §4 is devoted to the tangential regularity theorems whose proofs
have a common thread. In all cases the idea is to take the given equation,
differentiate tangentially and then apply the energy method. The crux is that by an
appropriate change of independent and dependent variables one can cast the given
differential operator into a special form so that the commutator with tangential
differentiation is suitably small. Given these results the proof of strong convergence
is not difficult, with the exception of the problem of vanishing viscosity. Here the
proof of the H'/27" estimate requires new ideas and is especially troublesome when
9% is characteristic for the unperturbed system. The proofs of strong convergence
and the H'/? 7" estimates are located in §5.

ACKNOWLEDGMENT. In our research we have benefitted from the careful reading
and thoughtful criticisms of J. Ralston. We offer him our hearty thanks.

2. Notations and statements of the results. Let L be the symmetric system of
partial differential operators

@2.1) L=§Aj(x)é%+B(x).

Thatis, 4, € C 3(R*) and B € C?(R") are k X k matrix-valued functions with A ;(x)
hermitian symmetric for all x € R". We assume that D#B and D*4 ; forj=1,...,n,
a|< 3, |B|=< 2, are uniformly bounded on R". We denote by

04,
(22) 8, =L inf min A: A € spectrum B(x) + B*(x) — D, (x) .
2 xER" j ax]
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380 CLAUDE BARDOS AND JEFFREY RAUCH

{2 will denote an open set of R” which lies on one side of its smooth boundary 9.
We do not assume that & is bounded but we do assume that 98 is bounded.

A smooth boundary space N is a continuously differentiable map defined in a
neighborhood of 9Q with value in I‘p(C" ), the manifold of p-dimensional linear
subspaces of C*.

For any m X m hermitian matrix B we denote by B° the kernel of B, by B~ the
space spanned by the eigenvectors with strictly positive (negative) eigenvalues
(C™ = B* ®B° ® B~). We denote by M(B) the space B* ®B°.

We assume that there is a C? vector field »(x) defined in a neighborhood of 9§
with the following properties: (1) on 0£, v(x) coincides with the unit normal to 39
which points out of €; (2) on a neighborhood of each connected component of 3£
there are matrix-valued functions U, a, , a_, of class C? with U unitary and +a.
strictly positive and diagonal so that

wer a,(x) 0 0
23) 4,(x)= Evj(x)Aj(x) = U*(x) 0 a_(x) 0]U(x).
0 0 0
and M(A,) are constant on each such

In particular, the dimensions of 4%, A}, 4
neighborhood.

Concerning norms and inner products, || || , will denote the norm in the space X,
| | and ¢, ) the norm and inner product in C*and (, ) or (, ) the inner product in
L*(9). We use the symbol L*(U) for both scalar and C*-valued L? spaces. Thus

(f, f)»an%U, /) dx.

A subspace N of C* is maximal positive for a matrix B if and only if
(2.4) (Bn,q)=0 Vq€EN,
(2.5) dim N = dim M(B).
The classical result is the following: Let N(x) be a smooth boundary space; assume
that N(x) is for any x € 0 a maximal positive subspace for 4,, then (see [3, 8, 11})
for every f € L*(92) and & > §, there exists a unique u which is a solution of the
following problem:
(2.6) Su+ Lu=f inQ, Ulye €EN.
When (2.3) is satisfied, it is clear that M(A4,) is a maximal positive smooth boundary

space. Under the same hypothesis it is also true (see [1]) that if E(x) is a smooth
positive hermitian matrix,

E-V2(x)(M(E V3 (x)A,(x)E"/*(x)))

is a maximal positive subspace and therefore there exists for every f € L3(Q) a
unique solution u € L*(R) of the following problem:

du+Lu=f,  Eulyg € M(E '/24,E'/?).

14

Finally we recall some facts about traces (see [1]). If for each x € 0Q we write
Ck = Ker(A,) ® (Ker 4,)", then for any u € L,(2) with Lu € L,(Q) the projec-
tion of uly, on (Kerd,)* is well defined as an element of H_, ,»(3R). Since
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MAXIMAL POSITIVE BOUNDARY VALUE PROBLEMS 381

Ker 4, C N for any maximal positive subspace N, if Lu € L,(2)* the condition
U |oq € N can be made precise in two equivalent ways. First using traces we may
compute the projection of u |, onto N* and insist that it vanish, and second, we
could demand that the relation

/9(0,Lu) dx=/;z<L*v,u> dx

hold for all v € C(}))(ﬁ) such that 4,(x)v(x) € N(x)* for all x € 3Q. Here L* is the
formal adjoint differential operator to L. '
Now we give the main statements.

THEOREM 1. Assume that § > 8, and that E, (x) is a family of n? hermitian matrices
with the following properties.
(i) The matrices D°E, ;, | ot |< 2, are bounded and continuous on a neighfborhood of Q.

(ii) For every unit vector ¢ = (&, &,,...,§,) € R" the matrix E§ - 5“—3 2 E € is
uniformly strictly positive in 8.

Then, for every f € L*(Q), the sequence u, of solutions to

0 du, _ _
@) DBy g b =] =)

J

converges strongly in L*(), when ¢ goes to zero to the solution of the following
problem:

2.8) Su+Lu=/f, Ev-»)"%ul,, € M((Ev-»)" "> 4,(Ev-»)"'?).
19} v

THEOREM 2. Let 8 > 8, and P a twice continuously differentiable hermitian symmet-
ric-valued function on the complement, Q°, of Q and suppose all first order partial
derivatives of P are bounded on Q°. We suppose that P is uniformly strictly positive on
Q°. We denote also by P the function obtained by setting P(x) = 0 for x € Q; then for
every f € L*(R™), the solution u, of the problem

(2.9) du, + Luy + APu, =f inR"

converges strongly in L*(R"), when X goes to infinity, to the limit u defined by the
relations:

(2.10) u=0 inQ, wu=a inQ
(2.11) da+Li=f inQ, P/ %o € M(P™/2(A4,)P™1/?).

Henceforth we will assume that the operator L depends also on the parameter
t € [0, T'] and we will write

d ‘ ]
L(t) = Ay(e, x)& +24,(1, x)g + B(t, x)
1 J

where 4; and B are k X k matrix-valued functions on [0, T] X R” with 4; hermitian
symmetric and DS A4;, Df B bounded and continuous on [0, T] X R* for |a|< 3,
| 8]< 2, 0 <j < n. The critical hyperbolicity assumption is

Ayt,x)=81>0 V(s,x) {0, T] X R"
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382 CLAUDE BARDOS AND JEFFREY RAUCH

We consider two problems involving a large parameter A:

(2.12) (L+AP(t,x))uy=f in[0,T] XR"

and

(2.13) [L+ NAy(t, x)(3/8t)]uy =f in[0,T] X R"
with Cauchy data

(2.14) u(0,-) =g(-) in {0} XR", supp g(+) C Q

where 4, and P are uniformly positive matrices on ¢ and vanish in Q. In either
case, u, is uniquely determined and u, — 0 on ¢ The problem is to characterize
lim u, = u as the solution of a boundary value problem on [0, T'] X §. We have

THEOREM 3. Assume that the matrix-valued function P has the following properties:

P=00onQand thereisay >0

such that P(t,x) =yl V(t,x)€[0,T] X Q.
PeC'([0,T) X Q) and for |a|= 1, D* P

is bounded on [0, T] X Q.

(2.15)

Assume that f € L*([0, T] X R"), g € L*(R"). Denote by u, the solution of the Cauchy
problem (2.12), (2.14) by u the solution of the problem

(2.16) {La:f in[0,T)x @, a(0,-)=g(-) in,

P'?ue M(P'/24,P7V/%) in[0,T] X 39,

and by u the function

_ |0 if x € Q°,
v u(x) ifxeq.

Then as A — o, u, — u in C([0, T]; L*(R")).

To study the limit in problem (2.13) we will have to impose positivity and
regularity hypotheses analogous to (2.15). Precisely we assume

Positivity. /fo(t, x) =0 if x € Q and there is a y > 0 such that /io(t, x) =yl if
x € Q.

Regularity. For | a|< 2, D% A, is uniformly bounded on [0, T'] X Q°.

However, reflecting the fact that the perturbation in (2.13) is more singular than in
the other problems, we will also have to restrict the manner in which 4, and 4, vary
with time. The result we obtain is false without some such restriction, as we show by
example in Remark 6 following the statement.

Restricted dependence on time. For all (¢, x) with x € 92 the matrix
(Ay)'/*(Agy'/?), maps the eigenspace M(A, '/?4,4;'/?) into itself. Let K_ be
orthogonal projection onto the complement of this space. For x € 9%, 9K _ /d¢ also
maps M(A; /%4, A;'/?) into itself.
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MAXIMAL POSITIVE BOUNDARY VALUE PROBLEMS 383

This condition is surely satisfied if 4, and 4, do not depend on time. More
generally if there are matrix-valued functions Ry(x) and R(x) on 9%, scalar valued
functions ¢,, ¢, on {0, T'] X 9 all smooth with

Ayt [0, T] X 92 = ¢,(t, x)Ro(x),
A, [0, T] X 382 = ¢(1, x)R(x),
Then on 32, (A,)'/*(Ay /%), = i/ *(3cy '/?/31)I and K _ is independent of z. This

example gives the spirit of the restriction; it is a restriction on the amount of
twisting.

THEOREM 4. Assume that A, satisfies the positivity, regularity and restricted depen-
dence on time hypotheses above. Assume that f € L*([0, T] X R") and g € L*(RM),
g |oc = 0. Denote by u, the solution of the Cauchy problem (2.13), (2.14),% and by @ the
solution of the problem

{Lﬁ:f n[0,TIxQ, @0,-)=g() inQ,

2.17 - - N

Then as A — oo, u, — u in C([0, T']; L%(R™)), where u is defined by the relation
u=0 ifxe€f, u=u ifxeq.

REMARKS. 1. Theorem 1 has been considered in [1] but only the weak convergence
is proved there. Strong convergence and the H'/*~" estimates were proved by Kato
[7] in less generality (assuming that the matrix » - 4 is nonsingular on the boundary).

2. Theorems 2 and 4 provide proofs for two results predicted by Friedrichs in [4].

3. In the case 4;, 4;, B and P do not depend on . Theorem 3 follows from
Theorem 2 by a variant of the Trotter-Kato convergence theorem (see [10, p. 52] for
a similar argument). In the same vein one could consider the parabolic system

ou, d du, -
ot EEKEUE‘F(SME‘FLL!E—]( 1n [O,T]XQ,

“e|[0,T]><asz =0, ue(O’ ) =g(+)
as € — 0. If the coefficients are independent of ¢, the Trotter-Kato theorem together
with Theorem 1 describes the limit. If the coefficients depend on ¢, a separate
argument is required. This problem will not be discussed though no essentially
different ideas are required.

4. The problems discussed in Theorem 4 pose some interesting technical difficul-
ties. For example, because of the discontinuity of A, + A4, on 32, the term
(Ao + AAy)du/dt is not a well-defined distribution for u € L*([0, T} X R"). Since
the large coefficient is in the terms of highest order, this perturbation is, in a sense,
more singular than the others. In addition, it is interesting to observe the fundamen-
tal importance of the coefficient of 3 /9¢ in the physical applications. It not only
defines the energy but in many problems is the only coefficient which depends on x

2The existence and uniqueness of the solution of (2.13), (2.14) are discussed in §3.
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384 CLAUDE BARDOS AND JEFFREY RAUCH

and ¢. The latter point is emphasized in Wilcox [16] where one can find many
examples. Using these as a starting point a variety of examples illustrating Theorems
1-4 are easily constructed.

5. The physical mechanism excluding waves from [0, T] X (R*\ Q) is very differ-
ent in Theorems 3 and 4. In Theorem 3 the principal part of the operator is
unchanged so that the basic objects of geometrical optics, sound speeds and rays, are
not affected by the perturbation. What one has is very rapid dissipation with a half
life of the order 1/A in the region R"\§2. For the more singular problems in
Theorem 4 the sound speeds o(£) are solutions of

det| (4, + AA)o + F 4,£, | =0
J=1

with | §|= 1. Thus outside & one finds that 0 = O(1/A). Waves travel very slowly
outside 2.

In particular, there is a C > 0 such that
(2.18) support u, C {(z, x): dist(x, Q) < C|r|/A}.
Thus even though there may be no loss of energy in £¢ the waves are effectively
excluded.

6. We show by example that the condition restricting the time dependence of 4,
and A, cannot be entirely omitted. Consider the system

__du 1 o0 ., 0u 3P
[1+ Ax[00(x)]P 2a—t*+1> '(0 _I)P 'a—x*—P PPy =0

where P(r) is a nonsingular positive symmetric matrix-valued function to be
specified below and yx . signifies the characteristic function of F. Then

A, =Pt A,= P*‘((l) f’l )P", AV, A5 = ((1) ?1 )
According to Theorem 4 the expected limiting boundary condition is that the second
component of P~ 'u vanishes when x = 0. We will show that for a suitable choice of
P this limiting condition is not satisfied, that is

second component ( P~ 'u,(£,0)) »0 asA — co.

For this example the restriction that AY29(A, '/2)/dt maps M(Ay'/%4,A4,"'/?)
into itself will be violated.
The substitution «, = Pv, transforms the system to

dv, 1 0 )\0v, _
(1 +>\X[0‘°°))_87+ (0 _I)W—F}\X[O-W)P IP,U:O.

We choose

P(1) = CXP( ~Ot Bt)

SO

PP = (_01 ‘01), P(0) = 0.
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Then P = P* and P(0) is positive so we may choose 0 < T so that P is positive for
O0=<r<T.
For Cauchy data we take
0,(0, x) = (X[—T,O](x)’o)'

It is not difficult to show that the solution v, = (v}, v3) on [0, '] X R satisfies

vy =0, i=1,2,

o'=1 ifx—t/(1+A)<0 and t<x-—-T.
Then, for the second component v in x = 0 we have

0

a
(1 + }\)E_ a Oi = >‘Dl)\>>‘X[-T,0}(x — t/(l + A))

Integrating from time zero yields
v3(2,0) = At/2(1 + A).
In particular, it is not true that v; —» 0 as A > oo. Thus u, provides the desired
counterexample.
Notation. We will use lower case letters e, o b, etc. for the functions obtained after
localization and change of coordinates, use D; for d/0x; in these cases and eventu-

ally use the standard summation convention instead of the sign 2. Finally we will
use the same letter ¢ for several constants, all of them independent of £ and A.

3. Basic a priori estimates and weak convergence. It is known (see [1] for example)
that the solution u, of the Dirichlet problem (2.7) lies in H*() N HY(Q) and, for
8 = 8, + 1, satisfies

(3.1) e8IV u ll 20, + 82 lu 32y < cll f 22,

Here and in all our succeeding work ¢ will be used to denote constants which are
independent of ¢, § and the data of the boundary value problems, in this case f.

Similarly, there is a unique solution u, € L*(Q) of the boundary value problem
(2.9) and we have

(3.2) Re(8u, + Lu,, u) 2(6—80)/9|u)\(x)|2 dx.

Since P is strictly positive on ¢ this implies that for § > §, + 1,
(3.3) 82I|u>\lliz(kn) + 7\8|Iu,\lliz(9c) <clf ||iz(g).

Finally there is a unique solution of (2.12) and (2.14). Using the relation
“weak” =“strong” proved for instance in [8], one can show that this solution belongs
to the space C((0, T']; L>(R")) and satisfies the estimate

8
fOIRe(L(S)ux(S’ ), ux(s, ) ds >§L"u>\(” ')Hsz(R") — clluy(0, ')“iz(n")

(3.4) ’
+ 8, [0 Han(s, I 3z ds.
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386 CLAUDE BARDOS AND JEFFREY RAUCH

From (3.4) we deduce that the solutions of (2.12) and (2.14) with supp u,(0, -) C Q
satisfy, forO0 < ¢ < T,

(3.5) lluy(s, 1l ey T }‘”u)\”Lz([O Nxen S clluy(0, )”1}(9) + C“f“zLZ([o,:]xn")-

The last problem (2.13)-(2.14) requires some changes in the underlying theory so we
review some of the basic facts about scar problems. As pointed out in the introduc-
tion (L + AAyd /8t)u is not a well-defined distribution for arbitrary u €
L,([0, T] X R"). One way to avoid this problem is to write (L + Axfo(a/at))u in the
divergence form

0
ot

34, | 34, 04,
(A +Ad )u>\+2 ‘(Au)\)+ B 3 W ?5)—6 u,.

This expression does have meaning for u € L*([0, T] X R"), and if it lies in
L*([0, T] X R") then (A, + Ady)u|,—, is a well-defined element of H_, ,(R") so
the initial condition (2.14) makes sense. An equivalent method (and the one
proposed by Friedrichs) is the following:

Let

S=[0,T]XR,, S,=[0,T]Xw foranywCR
0= {uc&R)| u€ C(S5) N C*(Sq) and A,u is continuous
on a neighborhood of [0, T'] X 3Q}.

Functions in § are smooth up to 3§ from both sides and A4,u is continuous across
0Q. We say that u € L*(S) is a weak solution of (2.13) and (2.14) iff (Vo € 8 with
o(T) =0)

(u, (L*v — Aga;/fov))s =(f,0)s + (g, (4, + N4, )0(0, Vs
The basic theorem is the following.

FRIEDRICH’S THEOREM [4]. For any f € L*(S) and g € L>(R"), there is a unique
weak solution u, of (2.13) and (2.14). In addition, uy, € C([0, T1; L,(R")) and there is a
constant ¢ independent of f, g, t € [0, T}, and A = 0 such that

(3.6) Alluy(1)1 2200y + Nup(EN 22y < (1 f 1225y + 11811 22gey + Al gH 2200 ).
SKETCH OF PROOF. For u € # we can prove (3.6) by taking the scalar product (in
L*([0, t] X Q)) of (3.2) with u and integrate by parts to obtain
(Aogu, u)qlo = Re(u, fho.nxa + (4,4, u)o.nxse + (Zu, u)o.nxe

where the boundary integral involves the limits of u on 92 from Q@ and 2Z = 04,,/9¢
— B — B* + 3,04,/3x;. Similarly on [0, 1] X Q¢ we have

((AO + A/‘f )u u)Q( IO Re(u f)[() (xQ° (A,,u, u)[()'t]xaﬂ

(74350 )
Z+=——\u,u
2 ot (0,01 Q°
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MAXIMAL POSITIVE BOUNDARY VALUE PROBLEMS 387

where the boundary term involves the limits of u from Q¢. However, since A,u is
continuous across 0§ the boundary integrals cancel when one adds these expressions.
The positivity of 4, and A, yields (3.6) after an application of the Schwarz and
Gronwall inequalities.

A similar “adjoint” inequality implies that Vo € ¢ with o(T) = 0 we have

9 -~

L PO p— —_
L*p )\aton sy
Let T' = {L*v — A(3/0t)A,v| v € 6 and v(T) = 0}; then the existence of a weak
solution follows from an application of the Riesz Representation Theoreim to the
linear functional §: I' — C defined by

No(O) 2@y + Noll 25y < ¢

L*v — A%/fovi (4o +AA4,)0(0), g) + (v, £).

The next step is to show that if u, is a weak solution the there exist 4} € 6§ such
that as m — oo,
u > u, inL*(S),
9
ot
u(0,-) > g in L*(R").

(L-i—}\/fo )u§\"—>f in L2(S), and

This “weak = strong” result is proved with mollifiers as in [8], [11]. Inequality (3.6)
shows that u}, u?,... is a Cauchy sequence in C([0, T]; L*(R")). It follows that
u, € C([0, T]; L*(R")) and that inequality (3.6) holds for u,. In particular, there is at
most one solution. O

We turn next to a discussion of the weak convergence of the solutions as € — 0 or
A = o0. In [1] it has been shown that when & goes to zero, the solution u, of (2.7)
converges weakly in L2(Q), to the solution of (2.8). Similarly, the solution of (2.9),
((2.12), (2.13)) and ((2.12), (2.14)) are uniformly bounded (with respect to A) in
L*(R") and C([0, T']; LX(R")), respectively. Therefore, there exist some subfamily of
functions (still denoted wu,) which converges in L*(R") weak, respectively
L=([0, T]; L>(R")) weak star, to a limit ». The a priori estimates (3.3), (3.5) and (3.6)
imply that in the case of Theorems 2, 3 and 4 we have, respectively,

f|u>\|2dx<£, fo |u)\|2dxdt<£, and,
) C
2 i
sup j;2|u,\(t,x)| dxsx.

O0=<¢<T

Therefore, in the case of Theorem 2, u(x) |- = 0, and u(¢, x) |0, r)xg< = 0 in case of
Theorems 3 and 4. Furthermore, in the sense of distributions we have

du+Lu=f inQ  (Theorem2), and
Lu=f in[0,T] X2  (Theorems 3 and 4).

The main point will be to prove that u satisfies the boundary conditions given by
(2.18), (2.11), (2.16) and (2.17). Since the solutions of the resulting boundary value
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problems are unique we conclude that not only the subfamily but the whole family
converges weakly. This result has been proved for the case of Theorem 1 in [1]. We
will give a detailed proof in the case of Theorem 2 and give some indications of how
to adapt it for Theorems 3 and 4.

We introduce a neighborhood O of 0 such that 4, and all the boundary spaces
are defined and smooth on . Next we choose an open cover O, 1=1,...,N of 3%
with O, C O and so that there are diffeomorphisms

7:0,-B={x eR'||x|< 1}
with
g[0,NQ =H_={xe€B|x <0}
and
(7).(3/8v) = D,.

Choose 0 < x, € C°(9,) such that 2x, < 1 and Zx, = 1 on a neighborhood of 3Q.
Choose x, € C*(R") such that x, = 0 on a neighborhood of 92 and x, =1 on a
neighborhood of {x|Zx,(x) < 1}. For{= 1, let u} = (x,uy) o 7,7 ' € L*(%) be the
localization of u to ©, in the coordinates induced by 7. For u} we have the
differential equations

(S a(x)D+b(x)+Ap+8I)ui=g' iR,

(3.8)
(Eak(x)Dk + b(x) + 81)u§\ =g~ inR.

where a,, b, p are matrix-valued functions defined on R”, with smoothness, symme-
try and positivity properties analogous to 4,, B, P. In addition, a, = 4, o 7, ! since
(1), © (3/3v) = D,. Henceforth we will omit the index /, and extend «} and g;* by
zero outside the ball | x|< 1. These functions are uniformly bounded in L*(R").

Now we put v, = p'/?u,, so v is a solution of the following equation.?

(3.9) (pfl/za,pfl/le + > dek-F}\I;)v}\:g
k>1
where P(x) = 0if x ER" and P(x) = I ifx € R”_, and where g denotes a function
bounded in L*(R") uniformly in A. If K_ denotes the orthogonal projector on the
negative subspace of the matrix p~'/%a, p~'/2, then 3(K_v,)/0x, belongs to the
space L>(R; H '(R""')) and, therefore, (K_v,)0,-) is defined (at least in
H™V2(R"")). Furthermore, D\(K_v,) | _ is uniformly (with respect to A) bounded
in L2R_; H (R"™")), and K_v, is uniformly bounded in L*(R_; L*R" ')).
Therefore, introducing a new subfamily we deduce that we have:

vy—v inL2(R_; L*}(R"")),

(3.10)
K_0,(0,-)~K_0(0,-) inH V2(R").

3For x; < 0 we put p(x,, &) = p(-x,, %).
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From (3.10) we deduce that u,—a=p~'/? in L}(B) and K_p'uy|, o
converges to K_p'/%i|,_, in H™'*R""'). Finally we will show that
K_p'/?%il|, _o=0 or, equivalently, K_v(0,-) =0. It suffices to prove that
K_v,(0, ) converges to zero in H~'(R"™'). In R”, we have
(3.11) K_p '2a,p7"/2K_D\(K_v,) + AK_v, = h,
where £, is uniformly bounded in the space L*(R,, H '(R"™")). The operator
K_p~'%a, p /2K _ restricted to K_(C*) is strictly negative. Therefore we deduce
from (3.11) that we have (with a different 4, )

(3.12) -D(K_v,) + A\BK_v, =h, inR, XR""!

where B8 is a smooth and strictly positive matrix. Denote by A the Laplacian in the
tangential variables x,, x5,...,x,. For p>0, p — A defines an isomorphism of
LR, ; H'(R"Y) onto L3R, ; H '(R"™"). Define w, by K_v, = (g — Myw,.
Multiply both sides of (3.12) by w, dx, dx,...dx, and integrate over R*"! to obtain

(hA’WA)LZ(R"*')

(3.13) -
- (ABK_ Uy, W)\)LZ(Rnfl) - DI(K— UA’ (H' - A) K_ DA)LZ(R"*l)'

1t is not difficult to see that for p sufficiently large one has
(ABK vy, wy) 2wty = (AB(H - A)Wm WA)LZ(R”") = )\YHW)\“%{‘(R"")
where vy is a strictly positive constant. Thus
(3.14) ~3Dyllwy |l %1'(11"*') + Ay iyl 12‘1'(R"") <(how) e
where the right-hand side is bounded in LYR,) since h, is bounded in
L*(R, ; H"'(R* ")) and w, is bounded in L*(R,; H'(R"')). Integrating (3.14)
over R, yields
zllw(0, ')”%1‘(11"*‘) + >‘Y||W>\”%.2(R+;H'(R"*')) < clwall 2z, ey
which implies that
Iwall 2w,y = O(A"') and [Iwy(0, ')“H‘(R"“) =0(A71?)

as A — co. Thus, | K_ 050, ) y-1g-1) < cllwy(0, )l g1 ge-1y gOES to zero when A
goes to infinity, so K_ p'/?u, |, -, converges to zero on H~'/*(R"~"), and the proof
of weak convergence in Theorem 2 is complete.

The proof of the weak convergence in case of Theorem 3 is similar; in fact, the
operator L(t) = Ay(¢t, x)(d/0dt) + ZAj(t, x)(@/9x;) + B + AP defined in
L*([0, T] X R") is of the same type as the operator 34 (0/9x;) + B + AP defined
in L?>(R"). The only difference is that the domain [0, T] X © has a corner and that
the boundary condition is not of constant rank there. If & is a weak limit point in
L*([0, T] X Q) of u, li0,7)xq We must show that # is a weak solution of the boundary
value problem (2.16). Precisely we need to show that

fjl’oﬂxg(&, L*¢)— (f, @) drdx :/s;<g,(p> dx
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forallp € C(z))([O, T] X &) such that o(T) = 0, and g satisfies the adjoint boundary
condition

o LAPV2IM(PT/24 P~ '/2) on[0,T] X 39.

Let ¢, be a simple cut off function vanishing at points less than & units of length
from {t =0 or t = T} X 3Q and equal to one at points at last 2¢ units from the
same corners. We may choose y, with v, = O(1 /¢). In this case replacing ¢ by y,p
changes each term in the above identity by a quantity o(1) as ¢ — 0 so it suffices to
prove the identity with ¢ replaced by {,¢ and then to pass to the limit ¢ - 0. With ¢
replaced by ., it suffices to study the behavior of u, and # on small neighborhoods
of point (¢, x) such that x € 0Q,r # 0andt# T,orx € ,r =0 or t = T. In these
neighborhoods the analysis proceeds as before.

The weak convergence in Theorem 4 uses the same tools but is somewhat more
difficult. To make the going a little easier we observe that because of the bound (3.6)
it suffices to prove the weak convergence for a set of f, g dense in
L¥[0,T] X ®) and L?*(Q), respectively. For example we may suppose f €
C(0,T] X £) and g € C°(2). In this case we will shortly prove in part (4) of
Theorem 5 that «* has additional tangential regularity, uniformly in A. Using the
same localization in x the analogue of equation (3.8) is

(3.15) (ag(t, x) + Aay(t, x)) ty Ay 2 a,(t, x)D,u, + bui =

with u} defined in R, XR" with support in the open set |x|< 1, and with the
function 4,(¢, x) satisfying the hypothesis

(3.16) do(t,x) =0 ifx, <0, do(r,x)>81 ifx,>0.

Using the tangential regularity we see that in [0, T] X {x, > 0}, Ad@,(du’ /dr) +
a,Dyu} lies in a bounded subset of L*([0,7]X {x,=0}) for A= A,. Letting
v, = dy *ul for x, > 0 we find that for X large

a a~fl/2
(3.17) A—é”—* + 8,2y /2Dy, + Ay /2L

lies in a bounded subset of L*([0, T] X {x, = 0}). Let K_(¢, x) be the orthogonal
projector onto the negative eigenspace of d,'/%a,d;'/?. Taking the C* scalar
product (3.17) with K_ v, we find that

A9
2%

Y

|K_ovy P+ D (K_vy, a5 %a,a,/*K_v,)
(3.18)

a~7 0K _
+)\<K v,\,aol/z aat >+ 2>\RC<DA’K—TD>\>

lies in a bounded subset of L([0, T] X {x, = 0}). Letting K, = I — K _ the last two
terms in (3.18) are written as

1/2
dy

ot

da ~ﬂ/zad—'/z
(3.19) A{K_vy,dg———K vy )+ A{K v,,K d, a7 K, v, ),
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and
0K _ 0K _
(3.20) 2ARe K_U)\, TK_U)\ +2ARe K_U)\, K_TK+U)\ .

The first term of each of these is no larger than cA | K_ v, |%. It is in estimating the
last terms in (3.19), (3.20) that we use the restrictions on the time dependence of /fo
and A,. As observed in (2.18) the v, vanish for x; = c¢/A and the matrices d,
dd,'/?/3t, K_, and 3K _ /9t at the point (¢, x, x|,. . .,x,) differ from their values at
(¢,0, x,,...,x,) by quantities O(1 /A). On the other hand, the restriction on the time
dependence of the coefficients implies that
oK _

=0 and K_—K,

ad
K_a;'?—2K, =0.
(£,0,x7) 0t

-0 ot (4.0,x")
Thus the integrals of (3.18) and (3.19) over [0, ¢] X {x, > 0} are bounded by

! 1
CAJ;LI>0|K_UA|(|K_UA|+X|v,\|)dtdx_

To take advantage of this we set
1/2
0 =([ 1K (oudn)Pa)

x =

Note that Q(0) = 0. Integrating (3.18) over [0, ¢] X {x, = 0} then yields

)\Qf(t)—f/ %a,d5' K _vy, K_vy ) dt dx,...dx,
(3.21) b ,
<c?\'/(;Q§(s)ds+cf0Q(s)ds.

Notice that
(3.22) (ay"/%a\dy ' /*K_vy, K_vy)< -C| K_v,

so the integral on the left of (3.21) is negative. Applying Gronwall’s method to the
remaining terms one finds that Q, < Ct/A for 0 << T. Notice that the basic
energy estimate (3.6) shows that Q, < C/ VA so the K_ v, components are smaller
than v, itself. Using this refined estimate for Q, in equation (3.21) we find

[ [(a5" a5 K v, K_vy)|  dxy...dx, di < ct/A.
0 —_

X =

Because of (3.22) this implies that
Il K_ ~é)/ u)\”Lz([OT X (x,=0}) — = O(A 1/2)
and the proof is complete.

4. Tangential regularity. The main goals of this section are to show that ase — 0 or
A — oo the “tangential derivatives” of the solutions to our problems can be esti-
mated independent of ¢ and A.

The Dirichlet problem (2.7) is best known. If f€ H () for -1 <s <1 then
u, € H, ,(2) N H,. The restriction | s |< 1 arises from the fact that the coeff1c1ents
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need not be infinitely smooth. As e — 0 the derivatives of «, in the directions normal
to 082 become large. However, some tangential regularity persists.

For the other problems, the solutions need not be smooth when the data are
smooth. The main point is that 908 is allowed to be characteristic for the differential
operator L (A, may have nontrivial kernel). It is well known that this may cause a
“loss of derivatives in the normal directions.” Nevertheless, solutions will be smooth
in the tangential directions and this regularity will persist in the limit A — ooc.

To make these remarks precise we define a space of functions whose tangential
derivatives of first order are square integrable.

DEFINITION. A vector field A € C*(Q;C") is tangential iff (A(x), »(x))= 0 for
all x € 0Q. We say that u € L?(Q) isin H. () if

tan
u € H'({x € Q: dist(x,9Q) > 1))

and Au € L3 (Q) for all tangential vector fields A.
Observe that if ¢ € C*(R), ¢ = 0 on 992, then for any vector field T, oI is
tangential so @I'u is square integrable near 9Q if u € H!. Thus if u € H/, then

dist(x, 0Q2)u € H] (&) so the rate at which nontangential derivatives may grow at
L is restricted. The next lemma shows that the above remarks are reversible.

LemMa 1. If u € L*(Q) then u € H. () if and only if the following conditions
hold:

(Hu € HY{x|dist(X,9Q) > 1}.

(2) For any x € 3 there are k — 1 tangential vector fields A', A?,..., A< linearly
independent at x and so that N'u € L%W(Q)fori =1,2,....,k— 1.

(3) For any x € 0Q there is a neighborhood O of x in R" and ¢ € C*®(I) so that
?lagna =0, Vo(x) # 0 and pu € H'(IL N Q).

ProOF. The only if part is demonstrated by the remarks preceding the lemma. For
the 1f part it suffices to prove that, for every tangential vector field A, Au is square
integrable on a neighborhood of each x € 9€2. Given such an x and A we may
choose a neighborhood 9, of x in R” with 9, C C 9 of condition (3) and so that
A, A% A1y form a basis of CX for each x € 9, and ¢(x) # 0 for x €
9, \9Q. Then there are functions a; € C*(N,) such that

A=agr + Yo N

and ag oy, ag = 0. It follows that agp™' € C*(9,) so | Au|< c|gru| +cZ;| Mu|
is square integrable near x since ¢» and A’ are tangential. [

This lemma allows us to norm H\, () as follows. Let 0,, 7, x, be the covering of
2, diffeomorphisms, and cut off functions introduced in §2. As before, u' =
(x,u) o 7' for />0 so that «/ has as its natural domain % _ = {x: |x|<1 and
x, <0} with 0 corresponding to x, = 0. The tangential vector fields which we
choose are given in local coordinates by D,, kK = 2,...,n, and the function ¢ is x,.

Then

(4.1) Full 3, = Ixoulling, + 2 Ixwlin, @
>0
(4-2) ”X]u”%](lan(g) = ||u1”%‘2(@7) + HXID]UIH%‘Z(%W) + 2 ”Dku[”%,z(%,)‘
k=2
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The norms arising from different choices of 0, 7, x, are equivalent. The space

H_, (Q°) is defined in the same way with Q replaced by Q¢, and B _ replaced by B,

in (4.1) and (4.2). We say that u € H,(R") if u € L*(R"), u|q € H.(R), u|o- €
on(€29). The norm is

2
”u“H' SR T Hu”H' 2(2) + ”u”Hllan(Qv)-

For the problem of vanishing viscosity we will need higher order tangential spaces
(actually only H2 ). These are defined as follows. For any integer j = 0,

H{(9) = {u € L*(Q): for any j tangential vector
fields A',...,A/, A'A?--- Nu e 12 (Q),
and u € H/({x € Q: dist(x, 92) > 1})}.

Forj = 2, the norm is

lull 3y = Ixoull yry + 2 lxull e o),
>0

HXIuHHZ W) ”x D u ”Hl (B )+ 2 ”Dku ”Hl (B )+ ||u1||%2(g7)-

THEOREM 5. There is a 8, = 8, and ¢ > 0 so that if § > §,, A = 0 and € > 0 then:
() If f € H.(R) and u, is the solution of (2.7) which arises in Theorem 1, then,

edllvu iy o+ 6 u i @ <cllfll3 q,
and if f € H¥(Q), then u, € H*(Q) and
edllvu ”HZ (Q) 62““ ”H2 () = C”f”%.]ém(g)-

Q) If f € H. (R") and u, is the solution of (2.9) which arises in Theorem 2, then
u, € H. (R") and

82 lluy o + A8y 1oy < Il £ 1 1o

() If f € L¥((0, T): Hy,(R) N H'(0, T): L*(R")), g € H,(R"), glg- = 0, and
u, is the solution of (2.12), (2.14) which arises in Theorem 3, then

ur € C([0, T]: HLW(RY)) 0 CY([0, T]: LA(R"))

L? R"))

A LW+ 22 0]

and

8u>\()

sup (uux(z)ui,;am |
o=<t<T

dt
L2(Q°)

T
(HgHH| <m+f; IIf(t)H?::mm"*'W” at(’)
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(4) If f and g are as in (3) with g |- = 0 and u, is the solution of (2.13), (2.14) which
arises in Theorem 4, then u, € C([0, T]: H. (R")) N C'((0, T): LXR")) and
du, >

5 U

sup (““A(’)”H' (R +>‘”“A(’)”§1(‘an(9‘) +‘

O<r<T L*R")

LZ(Q‘))

Al (Ol o + | 520

dr .
LZ(R')

The proof of this theorem is rather technical and involves several ingredients. First
one observes that it suffices to prove the estimates (1)-(4) for solutions which are
known a priori to be quite smooth. The result then follows by applying the estimates
to suitably mollified (regularized) functions. Since such arguments are standard we
will omit them. To derive the a priori estimate there are two distinct ingredients. One
must derive estimates for all derivatives away from the boundary of £ and this can
be done by standard energy estimates (Lemma 2). To derive the estimates near 0§2,
we localize the problem so that @ becomes a half space bounded by the plane
x, = 0. By a change of variables we then cast the differential equations in a
convenient form (Lemma 3). Notice that the reductions are different from those used
in [1] or in §3.

The first step is the proof of the estimates away from 9.

(”g“H‘ () +/ ”f(t)HHl'a,,(R" ! H

LEMMA 2 (A PRIORI INTERIOR ESTIMATES). For any ¢ € )(R”) with y =1 on a
neighborhood of 39 and @ = 1 — , there are constants 8, = 8, and ¢ > 0 so that if
6>68,,A=0,e>0 B

(1) If f and u, are as in part (1) of Theorem 5 and u, € C*(), then

58”(?’%)“%12(9) + 82 “*P“e”%l'(m
< c(Ilf W3 + ellu iy @ + elludlia @ + e 3 o)
and

edllpu, I 3sgy + 02N gu 3y < (I £ 133 oy + el o) + Nl Bz ().

(2) If f and u,, are as in part (2) of Theorem 5 and u, € (‘(’)°)(&_2) N C(‘(’)‘;(QC), then
8211 puy Il 2gqy + Al @uy gy < e(I1f 13 oy + Nty 13 ) -

(3) If f, g, and u, are as in part (3) of Theorem 5 and u, € Cg([0,T] X Q)N
Co (0, T] X Q°), then
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sup (Il pun()l 3y + 193, ()13, +Mlqoux(z)il%,'([o,w,)
0<t<T

ST (P M FOTNES EAC

LZ<R")
Flup (O3 gy + 18un(O1 F2gery dt ]

(4) If f, g and uy are as in part (4) of Theorem 5 and uy € Cg([0,T] X )N
C(0, T] X Q°), then

sup (lpuy(t)lZay + Mour() 3 + 19d,ur(t)132q) + M@dur()l1 22 )

O0<s<T
(ngnmmm, +f (nf(on,,w +| ¥l

LY(R")

(O i, ey + l18,ux(t)1 22 gy

FANp (D)3 ey + MBur(1)1132ge )) dt).

PrOOF OF LEMMA 2. These are all straightforward applications of the energy
method. We will sketch the proofs in cases (1) and (4); the others are similar.
Consider u, as in part (1). We have for any i,

(S b+ L) ton) = 2L+ m(u)

where M, is a differential operator of order two whose terms of order two have
coefficients O(e) and all of whose coefficients vanish in a neighborhood of 9%.
Multiply this equation by dpu,/dx; and integrate by parts to obtain the estimate

2 2
€ v(—aqyu‘) + 8‘ Spu,
% /| ey ;i || 12y
dpu
= C’ d s (”f”Hllan(Q) +ellull 2 @ T ol g (9)).
xi LZ(Q) tan tan

Summing over i yields the first estimate of part (1). The second estimate is derived in
the same fashion.

Next we pass to part (4). In this case, if v = d(pu,) with d = 9 /9x,, i = 1,...,n,
or 9 = 9,, then

(4.3) (L+MAy(3/3))0 = f,,

where by explicit calculation of f, one finds

1A 2y < e[ Ml (21 w@ T (Ol g g

@3, f(ON 2y + RSN pmy + 1 () Lz(w)).
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The standard energy method for (4.3) (note there is no problem with boundaries
since v = 0 near 9{2) yields the estimate of part (4). This completes the proof of
Lemma2. O

Next we describe the localizations required in the proof of the tangential estimates
near 0.

LEMMA 3. Assume that the entries of the right-hand side of

a,(x), 0, 0
a;(x) = U(x) 0, a_(x), 0|U*x)
0, 0, 0

belong to C*(R"), a\(x) is a k X k hermitian matrix, U(x) is unitary, a . (x) is a
strictly positive (negative) diagonal matrix. Let a,(x) (2 < k < n) be (n — 1), C3(R"),
k X k, hermitian matrix-valued functions. Let e, (x) (1 <i, j<n) be n*, C*(R"),
k X k, hermitian matrix-valued functions, b,, k = 1,...,n, be n C* matrix-valued
functions. Assume that one has

(4.4) 2<eij§i’£j>>a 2 &P V(L g, E) e R (a>0).
k=1

Assume that p(x) is a hermitian matrix-valued function with the properties:
p(x)=0ifxeR";
p(x) |, belongs to C*(R, ) and is strictly positive.

Then for any € = 0,8 > 0, A > 0, the equation

(4.5) ~8[D,(e,-ijv) + kakv] +a, Do +8v+App=f

can be reduced to an equation of the same type but with “leading” coefficient a,
independent of x. More precisely, there exists a matrix V(V € C3(R"), V™! € C*(R"))
such that © = Vv is a solution of the equation

4.6) -eD(é, Dv) +¢eb D6+ da, Do+ (8G+r +er,)t+ Apo= V*f
I\%ij ™y k™k k™k 1 2

which has the following properties:
(1) the matrices @, are hermitian symmetric;
(2) the operator D,(¢é,;;D,) is elliptic in the sense of (4.4);
(3) the matrix § is strictly positive; L
(4) the matrix p is zero on R™ and is C*(R". ) and strictly positive in R_’Lr;
(5) the matrices é 5k, dy, G, r; are smooth (belong to C*(R™)) and @, is independent

of x.

ProoOF. We introduce the matrix

ij?

va, (x), 0, 0
(4.7) Vix)=U(x)| ¢ Ca_(x), 0|

0, 0, 1
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then we have

I, 0, 0
(4.8) a(x) = V*(x)a(x)V(x) = (0, -1, 0
0, 0, 0

Now we put v = V& and we multiply both sides of (4.5) by V*. The system takes the
form (4.6). The properties (1)~(5) are readily verified. [

The next result gives the basic a priori estimates for the tangential derivatives near
09Q. The proof is rather technical; the main ingredients are: (1) the localization of
Lemma 3, and (2) the observation that the localized operators nearly commute with
tangential derivatives in the sense that the commutator involves only first order
derivatives in the tangential directions.

LEMMA 4. Assume that the coefficients e, ;, ay, by, p satisfy the hypotheses of Lemma
3. In addition suppose that a, € C*}([0, T] X ®: Hom(C*)) is hermitian_and strictly
positive and that d, is a C* hermitian strictly positive matrix on [0, T] X % , and that
do =0 for x € B_ . Then there are constants 8; = 8, and ¢ > 0 so that for all A = 0,
8§=8,and0 <&

(D Ifv € H3R.) N H'(RY), supp v € B_ satisfies
(4.9 -eDje;;D;v + a, Dy + v = g,
then fori= lori=2,

(4.10) e8|V oll g, ey + 8210l Ty ey < Wl e

() Ifv € C*(R%:. )N C®(RZ )N C(R"), supp v € B satisfies

(4.11) a,D,v + Apv + v =g,
then
(4.12) 820l g + ASlI0IG @, <cllgli @)

(3) If v € C=(0, T] XR") N C=([0, T} XR%) N C(0, T] X R"), supp v C
[0, T] X % satisfies

(4.13) a,(dv/dt) + a, Dy, + Apv = g,
then if

¥(1) = lo()l3p gy + 180(2) /0211 22y

and0 <t <T,

2
¥(e) + M o(s) 3, ) + ava(tS) )
(4‘14) A L*(R%)
! a ’
< c¥(0) + i, 3
c¥(0) c_/(;||g(s)”ll.m(ﬂ)+’ ds (s) 1,2(R")ds'
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@) If v € C=([0, T] XR%) N C=([0, T} XR%), a,0 € C([0, T] X R"), supp v C
[0, T} X B satisfies

(4.15) (ag + Xdy)(3dv/3t) + a, Do = g,
then if

®(1) = llo()l 5, g, + 130(2) /011 2 ke

(4.16)
+ )\Hu(t)IIH. ey T A80(1) /801122,

and 0 <t <T,

(4.17) B(1) = (0) + ¢ [ gl +| S (s o e

L*X(R")

PrROOF. We prove (1) and (4). The proofs of (2) and (3) follow the same lines and
are somewhat simpler.

Let v be the solution of (4.9). We apply Lemma 3 to cast equation (4.9) in the
form

(4.18) -eD,é, D6 + d, 2 a, Do+ 8gv =g

where 4, is independent of x and
(4.19) gl g < C(||g|| m, T llollg +ellvol H.'an)
where here and in all estimates up to (4.25) the norms are over R . Let M, be the

differential operator —eD,é;;D; + a, D, + 84 so that (4.18) takes the form M0 = &.

Take the real part of the scalar product of this equation with ¢ and integrate over
R”_ to obtain for & large

(4.20) elv o2+ 88l <118l 118l .

Using the analogue of (4.19) with H_  replaced by L? we find that the right-hand
side of (4.20) is dominated by (e/2)llv 613> + cll§l12: + cligli?.. This yields the
basic estimate

(4.21) edllvalli + 828l <cllgli:

To estimate || & || Y, and therefore || v]| s We need estimates for | D&l ;2,2 < r <n,
and | x, D5}l ;2. Let D represent either the operator x| D, or D, for r = 2. Differenti-
ating (4.18) yields

(4.22) M/(Dd) = Dg + [M,, D]o.

Taking the real part of the L? scalar product with D& and using (4.21) to estimate
e[V, D]¢ yields for 8 large

(4.23) elDv ol + 8IDsl. < cliglljy + Re(Ds,[M,, D]5).

We will show that for each D,

(4.24) |Re(D5,[M,, D1Ds) |< c(lgl%y, + 1812 + el v 5l 151 ).
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Using this estimate in (4.23), summing over all D, and estimating
Deell v ol 181y < (e/2)Iwdli3y + clldlif,

yields the desired estimate.
To prove (4.24) we write
M, = —-€Die,D,+a D + N,

defining the operator N.,. It is easy to see that
I[N, D)6l 2 < c(el v 6ll gy + U8l + 881 12).

This, together with (4.21), yields the desired estimate for | (D%,[N,, D}6);:|. The
other commutator terms require more subtlety. Consider first the case D = D,. Then
[-eDie\\D, + a,D,, D,] = —eD\(D,ey;)D;.

Using the facts that & and D,6 vanish when x; = 0, two integrations by parts yield
(D®, D\(D,ey;)D\5) = (D3, D,(De,)D5).
Now, by virtue of the symmetry of D,e,|,
Re(D,5, D(D,e,)D,6)=3D,(D5,(D,e;,) D) — ( D,5,(Dje,,)D,5).

Since v vanishes for x, large, the integral of the D,( ) term over R” vanishes and one
gets

| Re( D5, eD(D,e,,)D,6) |< cell v §ll%a.
Consider next the case D = x,D,. Here, the critical commutator is
[-eDie,,D, + a,Dy, x,D,] = —eD\e;, D, + a,D, — ¢e,, D} + ex,(Dlze”)Dl.
Using the equation M.§ = g we have
(commutator) 5 = § — N + ex,(D?e,,)D,6 — ee, D¥.
The scalar product of the first three terms on the right with x, D, is estimated using
the Schwartz inequality and the estimate
NSl 2 + llex,(Diey, ) Dol 2 < C(tzllvﬁll,%m + 18l + 8II5ll,2).

For the final term write I' = —x,e,,, so we must estimate | Re(D,, el D) |. The
symmetry of I" implies that

Re( D6, TD¥ )= 4D, (D\6,TD\6)— (D\%,(D,T)D,5).
Integrating over R” the integral of D,{ ) vanishes since I' = 0 when x; = 0. Thus
| Re( D5, eTDI) |< cell v ll32 < I gl 32
The proof of (4.24) and therefore (4.10) with / = 1 is complete.

To prove (4.10) for i = 2 one proceeds as before. With D’ a second tangential
derivative, one differentiates (4.22) to obtain

(4.25) M(D'Dé) = D'Dg + D'[ Me, D]é + [M,, D'| Dé.

Next one takes the real part of the L? scalar product with D’Dv. The crucial
estimate analogous to (4.24) is

|Re(D'D5, D'[M,, D15) |< c(lgl13a + 151132 + el Voll gz 151 2 )
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with a similar estimate for the term coming from the extreme right-hand element in
(4.25). These estimates, which rest essentially on the symmetry of e,, and a,, are
proved via integration by parts in a manner analogous to the proof of (4.24).

Next we prove part (4) of the lemma. Apply Lemma 3 to reduce (4.15) to a system

. s V00 L oo
(4.26) (d, + }\ao)—éT +>a,Do=§
!
where 4, is independent of ¢, x and

i 98
1E(N ary, ey ’ _aég'

L%(R")
ag .
(4.2) (R 18] I O
a0
+{| 3 . .
l 3 Lz(Rn)+>\I|UHH‘la"(R*) L2(R"+))

Let Q, be the differential operator (d, + Ady)8/9t) + Z7a, D,; then the basic
energy estimate for Q, is Vw € C'({0, T] X R_) N C'([0, T} X R",) with aw €
C([0, T] X R") and suppw C [0, T] X B.

(4.28) n(t)scn(0)+c£)[n(s)+|(w(s),Q)\w(s))|ds, 0<r<T,

where
7)( ) - ”W( )”LZ(R") + A”W(S)”%‘Z(er)

Applied tow = ¢ this givesfor0 <¢ < T,

150 2, + M) 22
(4.29) ’
(IIv(O)IlL sy + A B0 22 +f0||g(s)||2Lz(Rn)ds).

We want to estimate D& for 2<r=<n, 06/9t, and x,D,0. Differentiating
equation (4.26) with respect to x, for 2 < r < n or with respect to ¢, one finds
O\(Dd) = Dg + [0y, D]¥
where D = 0 /dtor D = D,, 2 < r < n. Since d, is independent of ¢, x, the commuta-
tor satisfies | (v(s5),[Qy, D, Jv(s))|< ¢®(s), so by (4.27),

(4.30) 11Q\(D5)(s )||L2(R") c®(s) + ”g(s)”%ﬂan(k") + |[8g(s)/3t||iz(kn)

where ® is defined in part (4) of the lemma. Notice that @, Dv = Da,v is continuous
on [0, T] X R" so we may apply the basic energy estimate (4.28) with w = D¢.
Similarly, differentiating equation (4.26) with respect to x, and multiplying by x,
yields :

O\(x,D\5) = x,D,§ + [Q), x,D,]5.
Notice that even though D,5 need not be continuous on R”, x,D,¥ is and we may
apply the basic energy estimate (4.28) with w = x, D,d. Toward this end observe that

| (xlDlﬁ(S)’ [Oh. xIDI]ij(s)) [<c®(s) + | (xlDlﬁ(s)’ alDlﬁ(s)) |
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However, the differential equation (4.26) shows that | (x,D,0, a,D\d)|< ¢®(s) +
Il ()17 2(gey» SO with (4.27) this yields

(4.31) |(X1D|6’ Qx(xanﬁ)) |< c®(s) + C”g(s)||1211,'an(n")-

Apply the basic identity (4.28) to D5, 2 <r <n, 96/0¢, and x, D, using (4.30)
and (4.31) to estimate the result of applying Q, to these functions. Adding the
resulting expressions to (4.29) yields (4.17) and thus completes the proof of Lemma
4. O

END OF PROOF OF THEOREM 5. Using the estimates of Lemma 4 for the localiza-
tions u!, u}, / = 1, and the estimates of Lemma 2 for x,u,, x (%) and summing yields
the estimates of Theorem 5. This process has only one hitch, that is, for the ui the
right-hand sides of the localized equations come from the right-hand side of the
equations defining u, or u, and terms from the commutator of multiplication by x'’
with the differential operators entering the equations defining u,, u,. Both types of
terms enter in the terms called g in Lemma 4. The commutator terms are lower
order. However, the commutators may have large coefficients. Nevertheless, they can
be estimated by using the basic energy estimates (3.1)-(3.5). In deriving the H2(Q)
estimate in the first part of Theorem 5, the commutator terms are estimated by using
the H estimates. [

5. Strong convergence and the H'/2~" estimate. In this section we show how the
tangential regularity of Theorem 5 can be used in the proofs of Theorems 1-4. First,
using energy identities, the proofs of Theorems 2 and 4 are given. The proof of
Theorem 3, which is similar to these, is omitted. Finally, we prove a uniform
H'/?*7(Q) bound for the solutions u, of problem (2.7), and the strong convergence
follows easily. We call attention to the H'/277(2) bound which is not an easy
consequence of Theorem 5 and is of independent interest.

PrOOF OF THEOREM 2. Our notation is the same as in the statement of Theorem 2.
Since the operators 81 + L + A P are uniformly strictly accretive for 8 > 8y, A =0, it
suffices to prove the assertion of the theorem for a single § > §;. We will assume
that 8 > &, where 8, is as in Theorem 5. Since the inverse operators (8] + L + AP)™"
are uniformly bounded for A = 0, it suffices to prove the convergence u, — u for fin
a dense set ¥ in L*(R"). We take ¥ = H_ (R"). Theorem 5 then yields a uniform
estimate || u, || ;1 gy < constant independent of A.

The standard partial hypoellipticity argument shows that the map v 4,0 |5q is
continuous from the Banach space, {v € L*(2): Lv € L*(®)} with norm
v loll 2, + 1 Lol 2(g), to H™'/%(3Q) (see [1]). Thus the weak convergence
u,—~u in L*(Q) and the differential equations (§ + L)u, = f in £ imply that
A, uy |gg — A, u |5q weakly in H™'/?(3Q). The same differential equations and the
fact that {uy: A = 0} is bounded in H.,,(Q) imply that {4,u,}, is bounded in H'(T')
where T is any compact neighborhood of 9§ on which » is smooth. Thus {4,u, |30}a
is bounded in H'/%(dQ) and therefore precompact in L?(dQ). It follows that
A, uy |ag = A, u |5q strongly in L2(3Q).
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We next show that, as A - oo,

(5.1) '[i)Q(Av(uA—u), uy-u) do — 0.

First to see that this integral is meaningful, let K(x) for x.€ 3Q be the hermitian
operator on C* defined by K(x) [puncs,) = 0, K(X)|rgea,) = (A, rgs,,) " Then K4
= I onrg A,, so the integral is equal to

/aQ<A"(u)‘ ~u), KA,(u, — u)> do,

which makes sense since A,(u, — u) € L*(3R). In addition, the convergence (5.1)
follows from the fact that A, (u, — u) — 0in L2(3Q).
The classical energy identity is

2(8 — 8)lluy — “”iz(n) = ([(8 +L)+(8+ L)*](“A —u),uy — u)LZ(Q)

= Re((8 + L)(uy — u), (uy — “))LZ(Q) +/aQ<A"(u)‘ —u),uy— u> do.

Thus, the convergence of u, to u in L*(Q) follows from (5.1) and the differential
equations (8 + L)(u, —u)=0in Q. O

PROOF OF THEOREM 4. As above, it suffices to prove that u, — u in
C(0, T): LX(Q)) for f € LX[0, T): H. (R")) N H'({0, T]: L(R")) and g € H} (R")
with g|q- = O since these are dense subsets of L¥[0,T] X R") and (g € L*(R"):
g |gc = 0}, respectively. Then by Theorem 5, {u,: A =0} is bounded in
C(0, T]: H.(R™)) N C'([0, T): L*(R")). As in the proof of Theorem 2, A,u, — A, u
weakly in H™'/2((0, T) X 9R), and the tangential regularity implies that {4, u, }, is
bounded in H'((0, T') X I') where I is a compact neighborhood of Q. Thus {A4,u,}
is bounded in H'/2((0, T) X 3), hence precompact in L2((0, T') X 3Q) so A,u, —
A,u strongly in L2((0, T) X 98). For this problem, the energy identity in [0, ¢] X Q
for 0 < ¢ < T yields

1y — ) (D1 220y < ¢ fo N(aun — ) ()22, ds

1
+ = A(u, —u),uy, —u)dtdo
2/—/[0‘:]><asz< (i =) 1y =)
<[ = w)() sy ds + el 4,(ur = )1 Fxo. a0
0

Gronwall’s inequality shows that
Ny — ull cgo.ry: 20y = clf A, (uy — ulll 120, 7yx00)

and the proof is complete. O

The strong convergence asserted in Theorem 1 is an immediate consequence of
Theorem 6 which asserts the boundedness of {u,: 0 <e} in H'/?2"°(Q) for any
n > 0. This result is sharp in the sense that if s > 3 then u_ will not, in general, be
bounded in H*(2). To see this, observe that if 4, were bounded in H*({2) we would
have u, — u in H*(R) so the trace theorem yields u, |5 — |5 in H*~'/2(382). Since
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U, |aq = 0 it follows that u solves the boundary value problem (L + 8Iu = fin {,
U |yq = 0. Unless 4,(x) <0 for all x € 09, there exist f € L?(Q) for which this
boundary value problem will have no solutions. Thus, except when 4, is negative, we
cannot expect to have {u,: ¢ = 0} bounded in H*() for any s > 3. To see whether
there is boundlessness in H'/2 we consider the special case

(eD2+D)Ju, =1, 0<x<I,
u, =0, x=0,1,

with explicit solution
u(x)=x—(1—e**)/(1—e'/5).

In this case u, is bounded in H'/? away from x =0 but is not bounded in
H'/*, o) for any ¢ > 0.

The statement and proof of Theorem 6 are complicated by the fact that 3€2 may be
characteristic for L. In the noncharacteristic case one has [lull j/2-ng) <
cll fl ;1 () In the characteristic case the components of , in the nullspace of
(Ev - »)"'/24,(Ev - v)”'/? may be less smooth than the others. To compensate for
this correspondingly more regularity of these components of f is required in order to
bound the H'/27" norm of u,.

THEOREM 6. Suppose 0 <7 and P, = gm, € CJ(8: Hom(C*)) where ¢ € C*(R")
is supported near 3, ¢ = 1 on a neighborhood of 08, and m, is orthogonal projection
on nullspace (Ev - v)"V24(Ev - v)"'/2. Then there are positive constants 8, = §,
and ¢ so that if 0 < g, 6 = 8, and u_ is the solution of (2.7) then

(1) Regularity of (I — Py)u_: for all f € H}, (),

“(1 - Po)uE”H'/Z—'T(Q) <cll f I HL (@)

(2) Regularity of Pyu,: for all f € H2 (Q) with P,f € HY(Q),

tan

(5.2) I Pyt | 2y < (11 f Ny + U Pof N sncay)-

REMARK. (1) The content of the assertions of Theorem 6 is independent of the
choice of P,, since if P, and P, are equal on 3%, then for any g € H. (),
(P — P%g € H\(R) and (P, — Py)gll gy < cllgll y1_(q)- In particular the right-
hand side of (5.2) defines a norm and a corresponding Banach space which, up to
equivalence of norms, does not depend on F,.

PROOF OF THEOREM 1 ASSUMING THEOREM 6. As in the proof of Theorems 2 and
4, we may assume that § > 8, and f € H'() N HZ(Q). If Q is bounded it follows
from Theorem 6 that {u, 0 <¢} is bounded in H'/>""(Q) and therefore is
precompact in L,(Q). Since u, — u weakly in L2(Q) it follows that u, — u strongly in
L3().

If © is not bounded, choose ¢ € C*(R") such that ¢ vanishes on a neighborhood
of ¢ and ¢(x) = 1 outside some compact set. The above argument proves that
u, - u in L3, (). We complete the proof by showing that gu, - u in L*(Q). It
suffices to show that {pu,} is a Cauchy sequence in L*(Q) since we already know
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that pu, — pu. Subtract equation (2.7) for one value ¢ of ¢ from the same equation
for a different value ¢,, multiply by ¢p2(uEl — u,,) and integrate by parts to find

_ 2 2
(8 80)”‘7’“5, - ‘Puh” ey S C(El [ u, I oy T 82““52 “%{“an(ﬂ))~

Only the tangential norms occur since ¢ = 0 near 0§2. By Theorem 5 the right-hand
side converges to zero as ¢, and &, converge to zero and the proof is complete. O

PROOF OF THEOREM 6. Part (1). By Theorem 5 we see that if § > 8, llu_ll ;1 ) <
cll il (@) To prove the theorem it suffices to show that the localizations,
ul = (xu)er ', 1=1,2,..., asin (4.1), (4.2), satisfy

(5.3) (7 - Po)“é”nVZ*U(R 2wty <l fllg,

where py = Pyo 7 .

Theorem 5 shows that u/ is bounded in L*(R_;H') and ¢'/2u4! is bounded in
H(R_;H") where for ease of reading we abbreviate H'(R"~") to H' when confu-
sion is unlikely. Spaces L>(R""') and H™'(R*"") will be treated similarly. We may
write the differential equation satisfied by u/ with all the tangential derivative terms
on the right-hand side to obtain

-eDe;, Dy’ + aDul + 8ul =g,
with [ gl 2m .12y < cll fll gy Let w, = e}{*ul (the / dependence of w, is sup-
pressed); then if @ = e},'/%a,e,,'/?, we have
(5.4) -eDiw, + aDw, + 8e;'w, =g, in%B_
where g, is bounded in the same way as g,. Extend e, and 4 from %_ to R X R*"!
to be C? functions independent of x for | x | large and so that e, is positive definite
for all x. Extend w, and g, to all of R X R""! by setting them equal to zero in
R, XR"~!. Denoting the resulting functions by the same symbols w,, §,, we have
(5.5) -eD}w, + aDw, + 8e;,'w, = &, + 8(x,) ®eDw,(0) inRXR"!

where
eDw,(0) = lim Dw,(x,)
x; 270

exists in H'/2(R" ") since w, € H*(R_ XR"" '), The next lemma studies the regular-
ity of solutions to this equation. A crucial idea is to use the multiplier aDw..

LEMMA 5. There are positive constants ¢ and 8s so that for any s € [-1,1],
re[-1,1], §>8, 0<e<l1, and g € H'R: H'(R"™ ")), there is a unique v €
HS"2(R: H'(R*" ")) such that

(5.6) —Div + dDv + dej'v =g

and, in addition,

(5.7) ol s m: ey < 8 'ligll H(R:H (R ))»
(5.8) laoll oo ey < € g1 o mrrre-1y)-
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PROOF OF LEMMA. Except for estimate (5.8) this result is standard. The estimate
(5.7) for s =0 and r =0 is proved with the multiplier v and for r =1 with
multiplier X, Djzv. By interpolation the result follows for s = 0 and 0 < r < 1. For
s =1 the multipliers D}v and 2,_, D{D}v yield estimate (5.7) for r =0 and 1,
respectively. By interpolation (5.7) follows for 0 <s <1, 0 <r<1. The values
-1 <s5=<0,-1<r=<0 are obtained by duality.

The critical additional step in proving (5.8) is to use the multiplier 2D, v to obtain

_ERe'/;!XR"<DIZD’ lev>+-/;{><R"“leD”2

< C(8||U“L2(R><R"") + “g”LZ(RXR""))(”a~D10”LZ(RXR"’I))

The right-hand side is dominated by cligll ;2 gxr—1 D01l 2w xgey BY virtue of

(5.7) and
4

_eRe/R XRn_](Dfu,dplu>=-5]R XRH,I(Dw,(D,d)D,o)

is bounded by a constant times || g”iZ(kanfl) by the standard energy estimate
(multiplier = v). This proves (5.8) for s = r = 0. For s = 0, » = 1 the multiplier is
3"_,aD,Dfv and for s = 1, r = 1, the multiplier 37, a4D7D/v is used. The general
case follows by interpolation and duality. O

We can estimate the trace D\w,(0) using

leD w0l rr2ge-1y < clleDw,ll 2. iy leDF Wl 212y
The basic tangential regularity estimate in part (1) of Theorem 5 implies that
e/ NDw gy <cll [l HL (@)
and the function eD?w, is estimated using the differential equation (5.4):
||5D12We“ LAR.:LY — llaDw, + ael_llwe — gl LYR_:LY)-

The basic energy estimate (3.1) for u, implies that the norms of 8w and &'/2D,w are
bounded by cl| f Il jp_. Thus,

2 -1/2
HEDl WEH L2R_:LY) <ce V Il f I H(2)"
In total, [leDwO)l 1,21y < cll Il gpr_(q)- Then, for any 0 <7 < 3,
18(x,) ® eDw ()l p-1/2n . 21y < €W f gy -

Thus, the right-hand side of (5.5) is bounded in H~!/27"(R: L}(R""')) and Lemma
5 yields the important estimate

||a~ws|| HI/ZV"(R:LZ(R"fl)) < C“ f ” Hllan(ﬂ)’

which implies (5.3) and therefore completes the proof of part (1). [

REMARK 1. If f € H2 (), reasoning as above shows that g, in (5.4) is uniformly
bounded in LR_ : H'(R")) and |eDw(0)|l j3/2ge-1) < cll f | y2_(q)- Thus we have a
bound on g, + 8 ® eDw(0) in H™ /2 "(R: H') and the corresponding estimate

(5.9) NI = po)ulll s .oty < €l f 2,0
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follows if a, is three times differentiable and e, is twice differentiable. This estimate
is needed in the proof of part (2).

PROOF OF THEOREM 6. Part (2). In the notation of the proof of part (1) we need to
prove

(5.10) W, s 12y < (Il F 2oy + 1 Pof ey ) -

The basic idea is that multiplying equation (5.4) by F, eliminates the term 4D,w, and
Pyw, can be estimated from the resulting equations.

First, observe that taking a different (finer) open cover O, if necessary and making
a smooth orthogonal change of basis in C* we may suppose that for z € C* and
Xx € suppw, that pyz = myz = (2, z5,...,2,,0,0,...,0).

Next, we make a closer analysis of the equation satisfied by w,. In (5.4) all
tangential derivatives were absorbed in £,; here we will separate the term 27 d, D, w,
S0

n
5.11 —eD*w. + Ya,Dw + 867w +bw —=h_ +k
I e k= k"e 11 e I3 € I3
1

where b is bounded independently of 8, and k, denotes the terms other than —eD#w
which contain a factor of €. For these we have the trivial estimate

”ke“Lz R_:H' < C£||Vu||HZ .
( ) fan

The tangential regularity yields

(5.12), Ik 2y < 6871 f 132, @)
and
(5.12), Hpohcll inr. xre-1y < cll pof 1l ggy-

The equation for w, is broken into the components in range p, and the rest.
Toward this end, let p, = I — py, w! = pw,, w® = pyw,. The remark following the
proof of part (1) shows that

I Wel ” HY2 "R _H\(R 1Y) < cll f | H2.(Q)>
so forj = 2,
”aijWE‘ ” H'/2""R_ :LZ(R"fl)) = C” f ” lean(ﬂ)'
0 : : _
The a; D;w,’ part of a; D;w is written as (note D, p, = 0)
a;,Dw? = a,D,piw? = a;pyDw?.
Thus, multiplying (5.11) by p, yields
-eD 12 Weo + 2 PoajpoDjWeo + dpge TIIPOWEO + PobWeO

j=2
(5.13)

h
=pol k. + h,—de;)'w) —bw! — X a,Dw!].
j=2
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Since p, is just projection on the first / variables, we may let v = (( ws- (W)
to obtain v € H'(R_ XR") N H*(R_ XR") and

(5.14) ~eD¥v + 3 r(x)Dv + 8g(x)o + b(x)o =g
j=2

where g is the first / component of the right-hand side of (5.13), r,, b, and ¢ are
C?(R": Hom(C")) with r; and ¢ hermitian, g positive definite and all independent of
x for |x| large. We use two estimates for the solutions to (5.14), both valid
uniformly for 0 < ¢ and § large,
(515) Silvll HY2 "(R: L?) = Cl|g|| H'Y/2"1(R: L2)s
(516) 68“0”31'(RA:L2) S(,‘”g”iz(R7XRnAl).

Postponing the derivation of these estimates, we complete the proof. Write
g = g, + g, where g, is the first / components of h, — 8ey;'w} — bw! — 37, a, D,
and g, the same components of k, and let v, and v, be the corresponding solutions
of (5.14) with v, € H'(R_: L?); then v = v, + v, and (5.12), together with (5.16)
show that

Sllogll g2y < el fll 2 (@)

To estimate v, we use (5.15). This requires an estimate for g, in H'/2""(R_: L?).
Inequality (5.12), bounds p,yh, in this space. On the other hand (5.9) shows that

I|8e,‘|1w£l + bWEI + 2 aijwel”Hl/Z"n(R_:L?) < C(Sllf”Hl'a" + “fllylzm)
j=2

This together with the estimate for py 4, yields

gl 212y < €81l oS Ny + 1/ gz qay)-
Estimate (5.15) yields

loyll g2ng_ 2y < €l pof iy + 1/ Wz )-
Adding the estimates for v, and v, yields, for large §,

loll /2w 2y < c(ll Pof W angay + 1 f 2 ()
Since

[ P()Ws” HY/2wR_:L2%) = ol HV/2""R_:L?)>

this proves (5.10). Thus, to complete the proof of Theorem 6, it suffices to prove
estimates (5.15) and (5.16) for the solutions v € H'(R_ XR*™!) of (5.14).

The proof of (5.15) proceeds in several steps, each one an application of the
energy method with a different multiplier. First, one shows that, for § large,

(5.17) 8||U”L2(R_:L2)<C|lg|lL2(R;L2)~
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This is proved by multiplying (5.14) by v and integrating over R_ XR" ! to

obtain
€f|Dl”|2+C(5—C)f|v|2< (/|U|2)1/2(/|g|2)1/2

which also proves (5.16). Next, one shows that
(5.18) Slloll pr_.2y<cllglpr_.12)-

This is proved using the multiplier D}v. Interpolating between (5.17) and (5.18)
yields

(5.19) Slivly,<clighy,, O0<6<I,

where Hj is the interpolation space [L*(R_ : L?), H'(R_: L?)],. For 0 < n <! and
=43—m, Hy=H">""(R_: L?) s0 (5.19) for this value of 8 is exactly (5.15) and
the proof is complete.
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