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Abstract. The derivation of the flood risk maps requires an

estimation of maximum inundation extent for a flood with a

given return period, e.g. 100 or 500 yr. The results of nume-

rical simulations of flood wave propagation are used to over-

come the lack of relevant observations. In practice, determin-

istic 1-D models are used for that purpose. The solution of a

1-D model depends on the initial and boundary conditions

and estimates of model parameters based on the available

noisy observations. Therefore, there is a large uncertainty in-

volved in the derivation of flood risk maps using a single

realisation of a flow model. Bayesian conditioning based on

multiple model simulations can be used to quantify this un-

certainty; however, it is too computer-time demanding to be

applied in flood risk assessment in practice, without further

flow routing model simplifications. We propose robust and

feasible methodology for estimating flood risk. In order to

decrease the computation times the assumption of a gradually

varied flow and the application of a steady state flow rout-

ing model is introduced. The aim of this work is an analysis

of the influence of those simplifying assumptions and uncer-

tainty of observations and modelling errors on flood inunda-

tion mapping and a quantitative comparison with determin-

istic flood extent maps. Apart from the uncertainty related

to the model structure and its parameters, the uncertainty of

the estimated flood wave with a specified probability of re-

turn period (so-called 1-in-10 yr, or 1-in-100 yr flood) is also

taken into account. In order to derive the uncertainty of inun-

dation extent conditioned on the design flood, the probabili-

ties related to the design wave and flow model uncertainties

are integrated. In the present paper that integration is done

whilst taking into account the dependence of roughness coef-

ficients on discharge. The roughness is parameterised based

on maximum annual discharges. This approach allows for the

relationship between flood extent and flow values to be de-

rived, thus giving a cumulative assessment of flood risk. The

methods are illustrated using the Warsaw reach of the River

Vistula as a case study. The results indicate that determin-

istic and stochastic flood inundation maps cannot be quan-

titatively compared. We show that the proposed simplified

approach to flood risk assessment can be applied even when

breaching of the embankment occurs, with the condition that

the flooded area is small enough to be filled rapidly.

1 Introduction

Two different general approaches are used in modelling en-

vironmental processes, deterministic and stochastic. The un-

certainty of model parameters related to errors in observa-

tions of process variables, such as flows, water levels, rainfall

and temperature is neglected in the first approach, whilst in

the second approach some sources of uncertainty are taken

into account, which allows the influence of observation er-

rors on model predictions to be assessed. Physical processes

may be described by models based on mass and energy, or

momentum balance in both the aforementioned approaches.

These types of models are described by a set of nonlinear

differential equations, which due to the complex initial and

boundary conditions and nonlinearity of the relationship be-

tween process variables do not have analytical solutions, but

instead are solved using numerical methods, with simplify-

ing assumptions regarding model structure. One example is

the model of flow in an open channel described by Saint

Venant equations. Most of the popular numerical schemes
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for flood inundation modelling as, for example, MIKE11

(http://www.dhigroup.com), ISIS (http://www.halcrow.com)

or HEC-RAS UNET (Barkau, 1993), are based on the Saint

Venant kinematic flow approximation. It should be noted that

2-D and 3-D hydrodynamic models can better describe com-

plex flow in rivers than 1-D models; however, they are less

frequently applied due to the limited amount of available data

required for model calibration and validation. As a result they

are never used for routine flood risk mapping.

Flow routing models (1-D, 2-D, and 3-D) require a knowl-

edge of the roughness parameters and geometry of the chan-

nel and floodplains. This information is usually obtained

from field measurements. Due to measurement errors and the

unavoidable interpolation and approximations related to nu-

merical representation of the flow processes and numerical

errors, the estimated values of water levels in the river are

very uncertain (Grayson et al., 1992; Horritt, 2000; Hankin

et al., 2001). The fundamental problem is how this issue can

be handled in a flood risk analysis.

The most commonly applied, and that recommended in

Poland, method for deriving flood risk maps is based on

the deterministic simulation of a 1-D flow routing model for

flood waves of a specified frequency of occurrence (Radczuk

et al., 2001; Kitkowski and Nieznanski, 2009) to derive maps

of flood inundation extent. In that approach the uncertainties

related to observations, boundary conditions, and model pa-

rameter uncertainty are neglected.

However, the uncertainty is significant in flood inundation

mapping. Romanowicz et al. (2010) presented a comparison

of deterministic and probabilistic flood extent maps using

the HEC-RAS UNET unsteady state flow model (Barkau,

1993) applied to the lowland River Narew in north-eastern

Poland. There is a substantial difference between the results

obtained using both approaches. Di Baldassarre et al. (2010)

presented a critical discussion of deterministic and proba-

bilistic approaches to flood risk assessment. In their paper the

uncertainty of the 1-in-100 yr event was taken into account

by sampling from the 1-in-100 yr discharge within a ±15 %

range, assuming an equal probability for each sample. The

authors performed a qualitative (image based) comparison of

the derived flood inundation maps, assuming that flow model

parameters do not depend on the input flood wave.

Our paper deals with the problem of uncertainty impact

on flood inundation mapping. In order to maximise the use-

fulness of probabilistic flood risk assessment we present a

simplified methodology that makes the assessment feasible

in practice. For this reason we have applied a 1-D rather than

2-D model which could be more suitable for flood inunda-

tion modelling (in particular in urban areas). Additionally, a

stochastic approach requires hundred of thousands of compu-

tations of a flow model, which must take enormous computer

time for a single case study when a 2-D model is used. More-

over, Horritt and Bates (2002) and Chatterjee et al. (2008)

report that under specific conditions, a 1-D model provides

a similar estimate of inundation extent to a 2-D model, even

in the case of a large floodplain. Experience shows that for

a large, lowland river the time of flood wave passage is rel-

atively long (over 100 h for Warsaw). Therefore, in order to

decrease computation times, we propose in this paper an ap-

plication of a steady state flow routing model based on HEC-

RAS (http://www.hec.usace.army.mil) for a maximum flood

wave of a given probability of annual exceedance. Flow is

used as an input and water levels are the model output. We

test the model using a new case study, the Warsaw reach of

the River Vistula, which is relatively short with small water

level gradients. The range of applicability of this simplifying

assumption is given by Romanowicz et al. (2013b), where

the steady state flow assumptions for the Warsaw reach were

tested for river bank breaching conditions. That work has

shown that a steady state 1-D model gives acceptable approx-

imations to the unsteady state model in the case studied.

Three different types of uncertainty related to inundation

mapping are discussed: flow model parametric uncertainty,

uncertainty related to flood quantiles of 1 in N yr flood and

the uncertainty of the maximum annual flow. We do not take

into account the uncertainty related to rating curve approx-

imations. In order to estimate the uncertainty of simulated

water levels in the river related to parameter and structural

errors we apply an informal Bayesian uncertainty estima-

tion procedure (Smith et al., 2008), which closely follows

the pseudo-Bayesian generalised likelihood uncertainty esti-

mation (GLUE) of Beven and Binley (1992). This approach

is suitable for the uncertainty analysis of complex, multi-

parameter flow routing models and was successfully applied

to many flow-routing problems, e.g. Romanowicz and Beven

(2003) and Di Baldassarre et al. (2010). The method is not

statistically efficient but easy to apply. It consists of Monte

Carlo forward simulations of the model for an assumed prior

distribution of model parameters. As the MC approach re-

quires multiple simulations of the model, it is restricted to

relatively simple models. However, it has been successfully

applied to both lumped and distributed environmental mod-

els.

We apply flood frequency analysis (FFA) to observed an-

nual maximum discharges and derive a theoretical distribu-

tion using the maximum likelihood approach. The uncer-

tainty related to the design flood, understood to be a 1-in-

N yr flow, is estimated from the theoretical distribution un-

certainty limits.

In order to derive global uncertainty of inundation ex-

tent conditioned on the design flood, the probabilities related

to the design flood and flow model uncertainties should be

integrated (Krzysztofowicz, 2002). In the case of indepen-

dence, both probabilities can be multiplied. However, rough-

ness parameters depend on flood wave (Fread, 1992; Ro-

manowicz and Beven, 2003; Yen, 2002). Therefore in the

present paper we take into account the dependence of rough-

ness coefficients on discharge. When that relationship is not

taken into account, the input flood wave uncertainty and flow

model parameter uncertainty are implicitly assumed to be
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independent. The roughness coefficients are parameterised

on the basis of optimised values for 27 observed historical

flood peaks from the period 1984–2010. It has to be noted

that such a dependency has been applied in an uncertainty

analysis of flood inundation for the first time.

As a result the total probability distribution of an inunda-

tion is obtained. A comparison between the probabilistic and

deterministic formulations of the problem made on such a

basis allows us to raise the question of how the risk related

to the river discharge is affected by the model uncertainty.

To our knowledge, in recent times only Aronica et al. (2012)

have dealt with a similar problem, although they assumed

the independence of roughness coefficients from flows. Apart

from the probability maps conditioned on a design flood, a

marginal probability of flood inundation is also derived as a

result of integration over the flow of a joint probability of

flow magnitude and maximum water levels. For the short,

lowland river reach a relationship between inundation ex-

tent area and discharge is well defined and can be treated

as a measure of the small-scale nonlinearity of flow trans-

formation processes. Moreover, when combined with the un-

certainty assessment of both flood-wave and inundation area

predictions resulting from model parameter uncertainty, and

the flood damage assessment, the relationship can be used as

a measure of uncertainty of the costs of flooding in the area.

The main aims of this work and its main novelty are (i) in-

troducing a new, simplified approach to probabilistic flood

extent mapping that takes into account the dependence of

flow model parameters on the design flood wave; (ii) the

analysis of the influence of model simplifications (an appli-

cation of a stochastic steady state flow routing model) on the

probability of inundation extent; (iii) the derivation of the un-

certainty of inundation extent conditioned on the design flood

taking into account the dependence of roughness coefficients

on flow; (iv) a quantitative comparison of deterministic flood

extent maps derived using a single realisation of a flow rout-

ing model with those derived using a stochastic approach;

and (v) a cumulative assessment of flood extent using a rela-

tionship between the area of flood extent and flow.

In Sect. 2 we present the methodology, including a state-

ment of the problem and deterministic and stochastic ap-

proaches to flood risk assessment. The case study, the 36 km

long Warsaw reach, is described in Sect. 3. Section 4 gives

a short description of the approach used to derive the uncer-

tainty of a flood wave with a given return period. Section 5

presents the parameterisation of roughness coefficients of a

flow routing model and discusses the applicability of a steady

state solution. Section 6 gives a comparison of the determin-

istic and stochastic approaches to the derivation of flood ex-

tent maps. Conclusions are given in Sect. 7.

2 Methods

2.1 Statement of a problem in probabilistic flood extent

mapping

The problem of the derivation of a flood extent map for the

purpose of flood risk assessment can be formulated as a trans-

formation of the flood wave of a given return period by a flow

routing model and the estimation of the flood inundation ex-

tent. In the stochastic approach, both flood wave and model

parameters are assumed to be uncertain, whilst in the deter-

ministic approach a single realisation of that transformation

is regarded as a flood risk map. Flood extent maps are usu-

ally obtained from the interpolation of water levels along the

river reach. Therefore it is convenient to state the problem

in the form of maximum water level predictions along cross

sections of the modelled river reach.

In order to compare the approaches, we start with a formu-

lation of the problem in the Bayesian framework, following

the approach presented by Tarantola (1987). First, we intro-

duce a forward problem, that in this case is a transformation

of a flood wave into the maximum set of water levels along

the cross sections:

Zmax = G(m,Q), (1)

where Zmax denotes the vector of maximum water levels,

G denotes a transformation operator, m denotes a vector of

model parameters and Q is the input flow rate.

The inverse problem is posed in the context of an obser-

vation equation, which requires the choice of observation

variables. That choice is usually dictated by the observation

availability but should be done explicitly. Depending on the

choice of the observed output, different criteria will be used

during model evaluation.

When a Bayesian approach is used (Box and Tiao, 1992),

we assume that the parameters and flow in Eq. (1) are random

and that information on those variables can be presented in

the form of a distribution function. The Bayes formulation of

our inverse problem has the form (Tarantola, 1987)

f (m,Q|z) =
f0 (m,Q)M (z|m,Q)

fn (z)
, (2)

where z denotes the observation vector (including both input

and output observation), f0(m,Q) denote the prior informa-

tion on input flow and model parameters, fn(z) is a scaling

factor, and M(z|m,Q) represents the theoretical information

on the relationship between z and (m,Q), obtained from the

forward modelling (Eq. 1). Flood extent modelling for the

purpose of flood risk assessment is usually related to the

maximum annual flow, whose distribution can be estimated

following a FFA (see Sect. 4). We assume that the predicted

1-in-N yr design flood flow Q has a log-normal distribution

with a mean value Q∗ and a variance σ ∗ derived from the

observed maximum annual flow records (see Sect. 4).
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The solution of the inverse problem formulated by (Eq. 2)

gives the information required to derive the predictive prob-

ability of maximum water levels corresponding to the 1-in-

N yr annual maximum flow (Box and Tiao, 1992):

P(Zmax < y|z,Q∗) = (3)
∑

m

∑

Qǫ�∗

P(G(m,Q) < y|m,Q∗,z)f (Q|Q∗)f (m,Q|z),

where Q∗ denotes the 1-in-N yr maximum annual flow,

f (Q|Q∗) is N(Q∗,σ ∗), and �∗ ∼ N(Q∗,σ ∗). From Eq. (3)

the quantiles of maximum water levels corresponding to the

assumed probability of flooding can be derived, thus allow-

ing for maps of the probability of flooding with a given return

period to be estimated. When the risk of flooding is of con-

cern we need to derive the marginal predictive probability of

maximum water levels and the flow probability should be in-

tegrated. Assuming that the distribution of maximum annual

flows can be approximated by a theoretical distribution (see

Sect. 4), the marginal probability of maximum water levels

has the form (Box and Tiao, 1992)

P(Zmax < y|z) =
∑

m

∑

Qǫ�

P(G(m,Q) < y|m,Q,z)f (m,Q|z)f (Q), (4)

where f (Q) denotes the distribution of maximum annual

flow values derived in Sect. 4, � ∼ LN(µ,σ). The marginal

probability P(.) gives information on the total probability of

flooding in the area.

The problem of the derivation of flood inundation extent

can be formulated as the transformation of the flood wave of

a given return period into the inundation extent. In a deter-

ministic approach, we assume that (m,Q) are deterministic

and therefore the probability of (m,Q) would always be 1.

If the flow routing model, used to transform the input flow

into the inundation extent, was linear, in respect to both flow

and model parameters, the inundation extent obtained using

a 1-in-N yr input flow (so-called design flood) would give a

1-in-N yr inundation extent, which is the aim of the flood risk

mapping. In mathematical terms, only for a linear flow rout-

ing model can the operator of expectation move from in front

of the operation into the variables. This requirement might be

written in the following general form:

E(G(m,Q)) = G(E(m),E(Q)), (5)

where G(m,Q) is an operator (flow routing model) acting on

the stochastic variables (m,Q) and E() denotes the expecta-

tion.

As mentioned earlier, flood extent is derived by an inter-

polation from the maximum water levels predicted for the

assumed design flood. Thus the transformation of the input

flow into inundation extent is nonlinear with respect to both

flow and model parameters. It depends on the channel and

floodplain geometry, roughness coefficients and on the flood

wave maximum discharge, which additionally undermines

the linearity of the flood wave transformation problem.

The assumption of a deterministic approach would mean

that we have as many probability maps as there are possible

realisations of the flow routing model (for different parame-

ter sets) and the answer to our problem would be not spec-

ified. In order for the assumption (Eq. 5) to be fulfilled, the

operator G should be linear. In fact, it would be sufficient if

it was linear for the range of flows most likely to occur for

the flood wave of a required return period.

In our case, this would require the relationship between

flood extent area A and water levels and input flow rate to be

linear. This formulation also suggests a different approach to

flood risk mapping. Instead of concentrating on spatial pre-

dictions, we can derive the relationship between flood extent

and flow values with confidence limits and match them with

similarly derived maps of the costs of flooding to obtain a

cumulative assessment of flood risk.

The questions we want to answer are, what probability val-

ues can we assign to the deterministic flood inundation extent

map and how would the deterministic maps differ from those

where the uncertainty of the model parameterisation is taken

into account? We shall compare the maps obtained only when

the uncertainty of a flood wave with a specified return period

is taken into account.

2.2 Deterministic method of derivation of flood

inundation extent used in practice

Following the recommendations presented by Radczuk et al.

(2001) and Kitkowski and Nieznanski (2009), the determin-

istic approach to the estimation of flood inundation extent

consists of the following stages:

1. Development of a 1-D flow routing model (e.g. HEC-

RAS or MIKE11) using available information about

the river channel and floodplain geometry, taking into

account existing engineering structures in the area af-

fected by flow, e.g. bridges.

2. Deterministic calibration and validation of a 1-D flow

model using the available water level observations.

3. Derivation of synthetic flow waves with a specified

probability of annual exceedance (e.g. p = 0.01 or

p = 0.001, equivalent to 100 yr or 1000 yr flood).

4. Estimation of flood inundation extent on the basis of

1-D model simulations for an assumed flood wave and

a digital terrain model (DTM) for an area.

The derived flood inundation maps can be used to estimate

the potential flood damage based on information on the num-

ber of inhabitants, the infrastructure and the land use in the

catchment.
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2.3 Stochastic approach to the derivation of flood

inundation extent

A stochastic approach to the derivation of flood extent maps

that also takes into account the uncertainty of observations

(including the initial and boundary conditions and the model

parameters) consists of the following stages:

1. Development, calibration and validation of a determin-

istic 1-D flow routing model based on historical obser-

vations.

2. Generation of a priori distributions for the chosen pa-

rameters (roughness coefficients) and boundary and

initial conditions using information obtained from the

deterministic optimisation regarding the mean values

and the parameter variance.

3. Stochastic simulation of the model using e.g. Latin hy-

percube sampling of a parameter space.

4. Bayesian conditioning of model predictions using

available observations (a version of the GLUE method-

ology) to derive an a posteriori distribution of model

parameters and predictive uncertainty of the model

output.

5. Stochastic validation consisting of running the model

for historical data different to those used during the

calibration stage; the a posteriori distribution of the pa-

rameters obtained during the calibration stage is used

to derive the a posteriori distribution of model predic-

tions (e.g. maximum water levels at the analysed cross

sections of the river reach).

6. Generation of ensembles of flood waves with a spec-

ified probability of exceedance (i.e. a probability of

an event being greater or equal to a given value), cor-

responding to the uncertainty of the flood frequency

curve derived for an input cross section of the model.

7. Multiple simulation of the 1-D flow routing model for

randomly varying parameters, initial conditions (input

ensemble) and random boundary conditions.

8. Estimation of a posteriori outputs from the model in

the form of water levels at cross sections of the reach

for flood waves of a specified exceedance probability

and the derivation of maps of probabilities of maxi-

mum inundation.

3 Description of the River Vistula case study

The 36 km long Warsaw reach (Fig. 1) starts from the

Jeziorka tributary and ends before the Vistula’s tributary

Narew. Due to its glacial past, the upper part of this reach

forms the so-called “Warsaw corset”, where the river val-

ley width decreases rapidly from 7500 m at 507 km to 600 m

¯oliborz

ŒródmieœcieWola

Targówek

Praga Po³udnie

Bielany

Bemowo

Mokotów

Ochota

W³ochy

Ursynów

Wilanów

Wawer

Weso³a

Rembertów

Bia³o³êka

Ursus

GOC£AW

ZOO

GOLÊDZINÓW

V
istu

la

Legend

storage areas

0 2 4 6 81

Kilometers

city boundary

Fig. 1. Study area – Warsaw reach of the River Vistula – breaching

test locations (Goclaw, ZOO, and Goledzinow).

in Warsaw (514–516 km). The mean annual discharge at the

Nadwilanowka gauge is 573 m3 s−1. This part of the river

valley is highly urbanised and embankment systems are sit-

uated on both river banks along the whole reach length. The

floodplains consist mainly of a diverse vegetation cover and

only small parts of the left bank are protected by solid ce-

ment constructions. From the flood protection point of view,

the tree-rich habitats along the whole right bank might affect

river flow due to increased resistance.

Low flows are regulated by a system of replying spurs,

which also contributes to an increase of water levels during

freshets. The character of the flood-endangered city areas is

diverse along the reach. Generally the upstream parts of the

reach are densely populated and downstream parts consist of

a dispersed development; however, each part differs signifi-

cantly. On the right bank large housing complexes exist in the

direct neighbourhood of the embankments and such areas are

considered to be especially endangered.

There have been only a few studies published on flood

modelling of the Warsaw reach of the Vistula. Kuzniar

(1997) estimated water surface levels for a 500 yr flood event

and compared it with historical observations. Hydroprojekt

Warszawa developed a complex program of flood preven-

tion for the middle Vistula, in which a 1-D steady state flow

model was used to assess flood inundation zones (Hydropro-

jekt, 1999). Magnuszewski et al. (2009) applied a 2-D de-

terministic model to compute the inundation extent caused

by embankment breaching at densely populated parts of the

river valley. All these approaches are deterministic, so the

www.nat-hazards-earth-syst-sci.net/13/3443/2013/ Nat. Hazards Earth Syst. Sci., 13, 3443–3455, 2013
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estimated flood risk zones do not reflect the uncertainty of

the model parameters and its boundary conditions.

The analysis of inundation extent is limited to three areas

(Fig. 1): two smaller (ZOO and Goledzinow) and one larger

(Goclaw). All are isolated and protected with embankments.

Therefore these areas might be considered as storage zones

for flood water, in the case of embankment failure or over-

topping.

4 Derivation of a design flood; FFA analysis for the

Warsaw reach of the River Vistula

Water resource management requires information on water

availability in both short and long time horizons, locally and

regionally. In particular, information on the maximum prob-

able flow and its duration and timing is important for the de-

sign of water structures, such as embankment height, reser-

voir spillways and bridges. For this purpose a design flood is

estimated. In the present paper we are interested solely in the

derivation of the maximal discharge of the flood wave with

a specified return period, used as an input to the steady state

flow model.

Methods of derivation of maximum flows with a specified

return period are based on fitting an analytical distribution to

series of annual maximum observed flows. Due to the usu-

ally short length of available observations, the estimates are

strongly biased (Strupczewski et al., 2002). The results of

this procedure depend on the choice of an appropriate proba-

bilistic distribution, uncertainty in estimated distribution pa-

rameter values, uncertainty in the river discharge data and

the lack of stationarity of the observed time series (Yue et al.,

2002; Strupczewski et al., 2007).

The FFA approach was applied to develop a theoretical

distribution of maximum annual flows for the Warsaw reach

of the River Vistula. The analysis was based on 90 yr of ob-

servations from 1921 to 2010, the longest available homo-

geneous time series. It should be noted that available mea-

surements span a much longer period, the gauging station

in Warsaw having been set up in 1789. However, the pre-

vious records were mostly limited to water levels, and due

to changes in the gauging station location and its datum, it

is difficult to evaluate the rating curve and to calculate dis-

charges.

In the first step of the analysis we tested statistically

whether the data are independent, stationary, and homoge-

neous. The independence of data was tested by the Wald–

Wolfowitz test, Kendall’s test for stationarity, and homogene-

ity was tested by the Wilcox test. The empirical probability

distribution was calculated in accordance with the Weibull

formula. The nine most commonly used probability distribu-

tions (exponential, GEV, Gumbel, Weibull, log-normal, log-

normal with three parameters, Gamma, Pearson type III, log-

Pearson type III) were applied to describe maximum annual

flow. The parameters of these distributions were estimated

Fig. 2. Comparison of the empirical distribution with a two-

parameter log-normal distribution estimated using the maximum

likelihood method for the Warsaw reach; squares represent the em-

pirical distribution, continuous line denotes the estimated theoreti-

cal distribution, dashed lines represent 0.95 confidence limits.

using four methods: maximum likelihood (MLM), moments

(MOM), probability weighted moments (PWM), and the dis-

tribution of the log-Pearson type III by a method recom-

mended by the US Water Resources Council (WRC) in well-

known guidelines for flood frequency analysis, Bulletin 17B

(USIACWD, 1982).

Standard statistical tests did not lead to the rejection of

any distribution and on this basis it was difficult to deter-

mine the best. Four additional selection criteria were applied:

Akaike information criterion and Bayesian information cri-

terion (Akaike, 1974; Strupczewski et al., 2011), the average

absolute deviation index (MADI) and the mean square de-

viation index (MSDI) (Mitosek et al., 2002). As a result, a

two-parameter log-normal distribution (LN2), estimated by

the method of maximum likelihood (MLM), was selected.

The distribution together with the confidence limits and the

observed annual maximum discharge values are shown in

Fig. 2.

In the following sections the derived theoretical distribu-

tion of maximum annual flows is used to estimate quantiles

of a 1-in-N yr flow together with their uncertainty.

5 Calibration and validation of the MSS model;

introducing roughness coefficients dependent on flow

5.1 Matlab steady state model (MSS)

The water levels were computed with a Matlab steady state

flow model (MSS) developed according to the original HEC-

RAS model description.

The algorithm was presented in detail by Brunner (2010).

The model is based on the energy and continuity equations.

The water resistance is described by the Manning equation.

As in the original code, the flow is subdivided into separate
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units to take into account a non-uniform distribution of ve-

locity within a cross section. Each cross section is divided

into three zones: channel and left and right floodplains, for

which different Manning coefficient values have to be spec-

ified. The reason for using the MSS model, rather than the

original steady state HEC-RAS model, is a matter of con-

venience. Multiple Monte Carlo realisations require that the

model programming interface is as transparent as possible

and this can be easily achieved with the direct use of the code,

written in the same environment as the MC runs.

A TIN digital terrain model from aerial imaging and 114

channel cross sections forms the basis of the representation

of the river valley topography. Measurements of the channel

were carried out by Falacinski et al. (2009), providing very

useful information for this research. A DTM on a regular grid

of 10 m×10 m resolution was prepared in order to integrate

the elevation data. An evaluation of model functions from

this type of elevation data gives similar advantages to using

a finite element model, because it is possible to include the

spatial diversity not only at cross sections but also between

them. The upstream end of the river reach was placed at the

Vistula inflow of the Jeziorka, situated along the southern

border of Warsaw.

Inundation maps were obtained by projecting the com-

puted water levels onto the 2-D grid, using DTM. A linear

interpolation was applied to compute values between cross

sections.

5.2 Parameterisation of roughness coefficients of the

MSS model on flow

Various studies, such as Fread (1992) or more recent by De

Doncker et al. (2009), show that the Manning roughness co-

efficient reveals a dependency on river discharge. The prob-

lem is complex and one possible explanation is given in the

first paper, where this effect is linked to changes of vegetation

along the river banks that are submerged. Usually the resis-

tance grows with the rise of water level, but some rivers can

show the opposite effect (Fread, 1992), in particular, when

the increase of flow area within the bank is relatively large

compared to the increase in the overbank flow area, as is

typical of wide rivers. Figure 3 presents the dependence of

Manning roughness coefficient on discharge for the Warsaw

reach for historical floods.

The relationship was elaborated on the basis of optimal

parameters computed for maximal annual inflow rates. The

data period includes 27 events in the years 1984–2010. For

each set of an inflow and water levels at a river gauge, a min-

imisation problem, in a form of sum of square residua of the

model, was formulated and the optimisation was conducted

using a simplex algorithm. The methodology is similar to that

adopted by Domeneghetti et al. (2012).

The relationship shows a linear decrease of Manning co-

efficient with increase of flow values for the channel and

right floodplain. The left floodplain roughness coefficients

1000 1500 2000 2500 3000 3500 4000 4500 5000 5500 6000
0

0.01

0.02

0.03

0.04

0.05

0.06

Discharge [m
3
/s]

M
a

n
n

in
g

 c
o

e
ff

ic
ie

n
t 

[−
]

 

 

Opt. LFP

Opt. Chn.

Opt. RFP
n

LFP
(Q)

n
Chn

(Q)

n
RFP

(Q)

68% conf.

Fig. 3. Parameterisation of Manning roughness coefficients on dis-

charge; circles, stars and crosses represent, respectively, channel,

right-hand and left-hand floodplain roughness values obtained from

the optimisation of the non-parameterised model; lines follow the

function given by Eq. (6), fitted to the data; thick dashed lines show

the linear fit and dashed thin lines present 0.68 confidence limits for

the fit.

increase with the flow. The different behaviour of the right

and left flood plain roughness coefficients may follow from

their different geometry and differences in vegetation cover.

The identification of the reasons for that behaviour is a com-

plex task and requires further specific studies (Yen, 2002;

Mugler et al., 2011).

We applied a linear parameterisation of the relationship

between roughness coefficients and the flow. The parameter-

isation equation of the Manning coefficient n for floodplains

and channel has the form:

n =







aQ1 + b, if Q ≤ Q1,

aQ + b, if Q1 > Q > Q2,

aQ2 + b, if Q2 ≥ Q,

(6)

where n is the Manning coefficient as a function of a flow rate

Q; Q1 and Q2 denote the upper and lower bounds of a linear

model. The Q1 and Q2 bounds were introduced to avoid ex-

trapolation into discharge ranges not included in a calibration

data set. In this case it was the minimum and maximum of an

annual maximal flow. The results of the parameterisation are

shown in Fig. 3. For the purpose of uncertainty estimation

the uniform sampling of the parameter space was assumed,

with parameter ranges given in Table 1 and the mean values

equal to optimum (fitted) parameter values.
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Table 1. Parameter ranges used in Monte Carlo simulations;

alfp, achn, arfp, blfp, bchn, brfp stand for a and b coefficients,

given in Eq. (6), for left floodplain, channel and right floodplain,

respectively.

Parameter Lower band Upper band

alfp × 10−5 0.0528 0.5003

achn × 10−5 −0.4966 0.1099

arfp × 10−5 −0.1184 0.1456

blfp 0.0333 0.0476

bchn 0.0326 0.0520

brfp 0.0501 0.0585

5.3 Calibration and validation of the MSS model

At the model calibration stage, our goal was to obtain a ro-

bust solution. We achieved this by performing a parameter

estimation for a 25 yr observation period using the infor-

mal Bayesian uncertainty estimation procedure (Smith et al.,

2008). At the model calibration stage we took into account

the uncertainty related to model parameters, neglecting the

uncertainty related to flow observations. The model parame-

ters describing the parameterisation of the roughness coeffi-

cients (Eq. 6) were sampled uniformly 2000 times. Parameter

ranges were selected following the results of the determinis-

tic optimisation routine and are given in Table 1. Following a

standard Bayesian procedure, the posterior distribution of the

model parameters was obtained using Eq. (2) and input flows

assumed to have known deterministic values, corresponding

to historical flows.

In this way the parameter values that give superior re-

sults are weighted higher than those giving an inferior perfor-

mance. The same weights are used for the estimation of the

uncertainty of model predictions at the validation stage. The

results depend on the choice of prior parameter sampling and

the choice of evaluation criteria. Romanowicz et al. (1994)

showed that the method is equivalent to the formal Bayesian

approach when specific assumptions regarding the modelling

error are fulfilled. However, this often requires introducing

the transformation of the modelling errors and increases the

number of unknown parameters and, in consequence, the un-

certainty of model predictions. The other method commonly

used in statistics is inflation of the modelling error variance

to account for its unknown structure and being non-additive

(Romanowicz and Beven, 2006). A similar approach was ap-

plied by Werner (2004) and Blasone et al. (2008).

The calibration data consisted of annual maximum wa-

ter stage and discharge records for the 1984–2009 period

for the Warsaw gauging station. The validation was per-

formed against water surface elevation for the flood event in

June 2010, with the peak discharge of 5898 m3 s−1.
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saw reach. The observations are shown by red dots, median predic-

tions obtained from the stochastic approach are shown by a green

line, the deterministic solution is shown by the dashed blue line;

grey shaded area shows the 0.95 confidence limits, the black con-

tinuous line shows the bottom of the river channel and the left and

right bank heights are depicted by a dashed line.

The model validation results are presented in Fig. 4. The

observations are shown by red dots, median predictions ob-

tained from the stochastic approach by a green line and

the deterministic solution by the dashed blue line. The grey

shaded area shows the 0.95 confidence limits. The black con-

tinuous line denotes the bottom of the river channel and the

left and right banks heights are depicted by a dashed line.

The validation results reveal that the best parameter sets ob-

tained from a deterministic solution give larger errors than a

statistical solution, corresponding to the median of the model

predictions.

5.4 Test of the steady state flow assumptions for

breaching conditions

As mentioned before, in order to speed up the computations

of the flow routing model, and make the stochastic approach

less computationally demanding, it was decided to use a

steady state flow – MSS model. Steady state flow is a spe-

cial case of unsteady flow. Both problems can be solved only

approximately, using numerical methods. A comparison of

steady and unsteady flow solutions was presented by Franz

and Melching (1996), who summarised the differences using

the principle of conservation of momentum. From the gov-

erning equations presented by them it follows that a steady

flow solution approximates that of an unsteady flow when the

variation of flow and cross-sectional area with time is small

compared to the variation of these variables with distance.

The Warsaw reach is situated in the middle of a plain. The
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gradients are moderate and the variability of flow at the max-

imum relatively small. The assumption of steady state flow

is challenged when breaching of the embankment occurs.

The validity of this assumption was tested by Romanow-

icz et al. (2013b), where a number of breaching scenarios

were analysed. In general, three different widths of breach-

ing, 50 m, 100 m and 150 m (Wierzbicki et al., 2013), at lo-

cations being considered in this study, i.e. Goclaw, ZOO and

Goledzinow, situated on the right-hand side of the river, were

analysed (Fig. 1). Each breach was located at the upper end of

a storage area with the forming time set to 6 h with a constant

velocity. The analysis was performed with the full (unsteady)

HEC-RAS model (http://www.hec.usace.army.mil) for the

historical 2010 flood wave. The resulting water levels were

projected to the 2-D inundation extent using DTM. The as-

sessment shows that in the case of the ZOO and Goledzinow

locations, because of relatively small capacity, filling up the

areas up to channel water level is rapid enough for its impact

on river discharge to be neglected. The computed decrease

of maximum water stages is below 4 cm, significantly below

model accuracy. However this it is not the case for the Go-

claw area. Because of the significant capacity, the predicted

impact of breaching at this site would lead to a 19–25 cm

decrease of water levels along the river reach.

The test results indicate that the filling of two smaller

breached areas is rapid enough to allow for the supply of

flood water during the whole period of the passage of the

flood wave along the Warsaw reach (about 3.5 days). There-

fore this test shows that neglecting the weir-type flow be-

tween channel and flooded areas is justified when the breach-

ing areas are small (ZOO and Goledzinow). This is also a jus-

tification for the application of a 1-D instead of a 2-D model.

In this paper we also compared the deterministic inunda-

tion maps for the ZOO area using the MSS and HEC-RAS

unsteady flow models. The results show very small differ-

ences (Fig. 5).

6 Comparison of the results and discussion

In this section we present an application of the MSS model

for the 1-in-100 yr flood event using a stochastic approach.

During the MC simulation of the model we used the same

sample for the roughness parameters as during the calibra-

tion stage, with parameter ranges given in Table 1. In order to

assess the influence of the input uncertainty on the flood ex-

tent estimates, 200 quantiles were generated for a 1-in-100 yr

flood, assuming a normal distribution of quantile errors.

Following the procedure for the derivation of stochastic

flood extent maps given in Sect. 2.3, stages 1–5 correspond

to the derivation of a posteriori distributions of the model

parameters and they constitute the stochastic development

of the first two stages of the deterministic approach pre-

sented in Sect. 2.2. Stage 6 is equivalent to stage 3 of the

deterministic approach, and stages 7 and 8 constitute the

Fig. 5. Comparison of MSS and HEC-RAS unsteady flow inunda-

tion area for ZOO.

stochastic development of the fourth stage of the determin-

istic approach. A more detailed description of all the stages

of the stochastic approach can be found in Romanowicz et al.

(2010). We shall discuss certain aspects of the approach pre-

sented where necessary changes were made due to the spe-

cific nature of the problem.

In order to compare the flood extent estimates obtained

by deterministic and stochastic approaches, three different

embankment breach scenarios were simulated. These cor-

respond to the scenarios tested in Sect. 5.4, namely, ZOO,

Goledzinow and Goclaw. They differ in the extent of the

inundation area. The fourth scenario analysed assumes no

breaching. The Goclaw area, for which a steady flow assump-

tion was not confirmed, is given here for comparison.

The results of the deterministic and stochastic approaches

for all scenarios, given in the form of a marginal cumula-

tive probability of flood inundation extent, are presented in

Fig. 6. The deterministic estimates of flood inundation ex-

tent for the flooded areas due to breaching are different to the

estimates with parametric and input uncertainty taken into

account. However, as might be expected, the in-channel flow

probabilities of flood extent do not differ much (Fig. 6d).

The flood extent areas obtained by the deterministic approach

are shown by black dashed lines in Fig. 6. As this map re-

sults from a single realisation of a flow model for a 1-in-

100 yr flow, it does not have an uncertainty assigned. Goclaw

has the largest inundation area, whilst ZOO and Goledzi-

now are smaller and comparable in size. Each of the cu-

mulative density functions (cdfs) of inundation extent for

the embankment breach scenarios show a complex, multi-

modal shape for the Goclaw area, apart from the no-breach
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Fig. 6. Comparison of flood inundation extent for a 1-in-100 yr flow

for four scenarios: (a) Goclaw; (b) ZOO; (c) Goledzinow; (d) in-

bank zone; perpendicular red dashed lines represent simulated de-

terministic inundation extent. Mean stochastic values are shown by

black dashed lines.

scenario, which has a single mode. The multi-modality fol-

lows from the input flood wave uncertainty transformed by

a non-linear flood inundation–water level relationship. Ac-

cordingly, the in-bank scenario shows that the transformation

is close to linear. This means that the deterministic model

predictions would be similar to the stochastic predictions for

the in-channel steady state flow for the Warsaw reach. For

the other scenarios, the deterministic solutions are located

above the cdf median. These results show that the complex-

ity of the transformation of input and parametric uncertainty

through the nonlinear relationship between inflow and inun-

dation extent in the embankment breaching conditions can-

not be depicted by a deterministic approach.

As mentioned in Sect. 2, the estimates of maximum wa-

ter level quantiles at the cross sections along the river reach

can be used to derive probability maps of inundation extent.

The map of probability of flooding due to breaching of the

embankment in the ZOO area is shown in Fig. 7. The deter-

ministic boundaries of inundation extent are shown by a solid

blue line. The deterministic and stochastic maps cannot be di-

rectly compared. In order to present some sort of comparison,

we assumed that the deterministic map represents water lev-

els with a probability of exceedance of 0.5. This assumption

would be true if the transformation (Eq. 5) was linear. With

this assumption, the deterministic map shows a larger flood

extent than the stochastic. This is different to the results ob-

tained for the Narew reach (Romanowicz et al., 2010), where

an underestimation of the deterministic map was apparent.

Fig. 7. The map of the probability of inundation extent for the ZOO

area with superimposed deterministic boundaries.

The methodology for the derivation of distributions of

flood extent of a specified probability following the deter-

ministic approach (Kitkowski and Nieznanski, 2009) is ob-

viously much simpler than the statistical approach. However,

when comparing the results, one should remember that they

represent totally different values.

Figure 8 presents the cdfs of water levels at four cross sec-

tions (1, 40, 80 and 114) of the MSS model for a 1-in-100 yr

flood event, taking into account an estimated uncertainty of

the model. The four panels in Fig. 8 illustrate that the flood

transformation generated by a deterministic approach differs

from the solution obtained by a stochastic approach. There-

fore, the flood extent at those cross sections, derived using a

deterministic approach, does not represent a maximum prob-

able inundation extent nor an extent that has a 0.5 probability

of annual exceedance nor mean value. Moreover, each anal-

ysed river cross section will be characterised by a different

cumulative distribution of the probable water levels and a dif-

ferent relationship to the deterministically derived water lev-

els. Equation (1) can be written in the form of a dependence

of inundation area (A) and input flow as an inundation ex-

tent is obtained by the interpolation of maximum water levels

over the DTM of the area. Applying the posterior distribution

of parameter and input flow rate values obtained from Eq. (2)

we can present the prediction of inundation area as a function

of input flow Q. The derived relationship for the ZOO area

(Fig. 9) shows that uncertainty related to model parameters

varies with the value of Q. This relationship can be parame-

terised and applied in flood risk assessment studies.
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Fig. 8. The marginal cumulative probability density function of wa-

ter levels at the MSS model cross sections (1, 40, 80 and 114) lo-

cated along the Warsaw reach of the River Vistula for a 1-in-100 yr

flood event flood event; solid lines show the distribution of water

levels obtained using the GLUE framework; red dashed lines show

the deterministic solution; mean values of water levels are shown

by black circles.

In Fig. 9 the dashed perpendicular lines denote water level

values obtained using a deterministic approach. This figure

gives us a different way of conditioning the model parame-

ters, and would be very easily applied when the conditioning

is done using satellite inundation images. The dot-dash lines

represent the 1-in-100 yr flow, together with 0.95 confidence

limits and corresponding 1-in-100 yr inundation extent. If the

inundation area can be related to flood damage, the above

curve would give estimates of the risk together with confi-

dence limits. The approach seems to be simple and it can be

applied to either 1-D or 2-D flow routing models. Figure 9

shows that the uncertainty of the relationship between inun-

dation extent and discharge is very large and grows with the

discharge value. Those wide uncertainty ranges result from

the uncertainty of the design flood integrated with model

parametric uncertainty. It indicates that further work towards

decreasing that uncertainty is required.

7 Conclusions

This study has shown that the deterministic approach used

for the derivation of risk of flooding does not answer the

question as to what is the probability of inundation extent.

The results indicate that there is no unique representation of

the deterministic flood inundation map because the probabil-

ity of inundation extent derived from a single realisation of

the set of all possibilities is not defined. Depending on what

probability is assumed for the map, a different flood risk will
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Fig. 9. Relationship between the inundation extent and the input

flow rate for the ZOO area. Continuous red line denotes the deter-

ministic solution, black continuous line denotes the median, black

dashed line denotes the mean and gray shaded area denotes 0.95

confidence bands; blue dashed lines show a 1-in-100 yr flow and

corresponding inundation extent value; green dashed lines denote

0.68 confidence limits.

be derived. Therefore one cannot assert that the uncertainty

related to flooding is small in comparison with the uncer-

tainty related to the potential losses without estimating that

uncertainty.

Maps of the probability of flood extent are required for the

derivation of flood risk, as defined by multiplying the proba-

bility of the event and the damage caused by that event (Rad-

czuk et al., 2001; Di Baldassarre et al., 2010). In the case

of deterministic maps, a question arises as to the probability

they represent.

The task of performing a stochastic approach to flood risk

assessment is too computer-demanding to be practically fea-

sible. In this study we tested a simplified approach consisting

of the application of a steady state flow model and we have

shown that this approach gives a reasonable approximation

to the unsteady state solution for the Warsaw reach for two

out of three tested breaching conditions. The dependence of

roughness coefficients on flow has been taken into account

via the parameterisation of a 1-D steady state flow routing

model on flow. This allowed the conditioning of flow routing

model predictions on the design flood. This dependence can

be also applied in a 2-D model and further work is planned

in that direction.
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A new way of flood risk mapping is suggested by the de-

pendence of the flood extent area on flow. The uncertainty of

this dependence increases with flow values.
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