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ABSTRACT

We describe a new Maximum Entropy pole-zero spectrum estimation method.
The model is designed to achieve the maximum possible entropy subject to con-
straints on the first few correlation and cepstral values. The solution, which is
in the form of an ARMA model, is based on solving a generalized, symmetric,
almost-Toeplitz eigenvalue problem. We characterize the existence, unique-
ness, stability and minimum phase properties of the solution, and categorize all
possible occurrences of canceling pole-zero pairs. A search procedure based on
a fast Levinson-like algorithm is given for estimating the model, and examples
are presented to illustrate its performance. A special case of the method gives
a model estimate similar to that of Pisarenko’s harmonic retrieval problem.
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1. Introduction

Maximum Entropy has been suggested by numerous authors as a good objective
measure for "optimally” modeling the power spectrum of a wide-sense stationary ran-
dom process. In the original Maximum Entropy Spectral Analysis (MESA} formula-
tion of Burg[1,2], the power spectrum P (e/*) is chosen by maximizing the entropy
function subject to constraints on several of the correlations of the model. Jaynes[3, 4]
has argued that the resulting maximum entropy model accurately describes the avail-
able information, but is maximally non-committal with regard to the unavailable infor-
mation. In the case where the constraints are placed on a set of uniformly spaced
correlations of a one-dimensional stationary process, Maximum Entropy analysis leads

to an all-pole model whose coefficients may be found by a fast Levinson recursion algo-

1This work has been supported in part by the Advanced Rescarch Projects Agency monitored by
ONR under Contract N00014-81-K-0742 NR-049-506 and in part by the National Science Foundation
under Grant ECS80-07102.

2Now working at Sanders Associates, Nashua, New Hampshire
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rithm. Modifications of the procedure, such as the covariance method, the
forward/backward covariance method, and so forth, have been explored in depth by

numerous authors{5, 6, 7].

In this paper, we consider a generalization of the Maximum Entropy Method of
spectral estimation (MEM) in which we find the power spectrum with the largest
entropy which matches both a set of correlation and a set of cepstral values. Lagunas-
Hernandez er. al.[8] first showed that these constraints lead to an Autoregressive
Moving-Average (ARMA) model for the power spectrum. Unable to solve for the
pole and zero polynomial coefficients, however, they used an approximate solution
technique having suboptimal performance. In this paper, we solve this problem exactly
for the case of a one-dimensional process, with uniformly spaced correlation and cep-
stral lags centered about zero. We transform the problem into an equivalent general-
ized real symmetric almost-Toeplitz eigenvalue/eigenvector problem. The entropy of
the model is_ related to the largest eigenvalue of this problem, and the pole polynomial
is the corresponding eigenvector. The zero polynomial is then found by a simple recur-
sion. The formulas are similar to the mixed first and second-order modeling procedure
suggested by Mullis and Roberts[9]. Except for possible pole-zero cancellation, the
pole polynomial is guaranteed to be stable. If the model we calculate is strictly
minimum phase, then we show that it solves the constrained Maximum Entropy prob-
lem. Otherwise, we show that there does not exist any finite, strictly positive power
spectrum which exactly maximizes the entropy. We speculate in this case, however,

that our model is the weak limit of a sequence of minimum phase models which match
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all given constraints, and which asymptotically achieve the maximum possible entropy.

Because the eigenvector problem has an almost-Toeplitz structure with displace-
ment rank 3, there exists a fast Levinson-like algorithm for finding the eigenvector
once the eigenvalue is known. This same algorithm can be used iteratively to help
search for the maximum eigenvalue. A side benefit of this approach is that, at least in
theory, we can detect when the model has canceling pole-zero pairs caused by choosing

an excessively high model order.

When the number of known cepstra is equal to or larger than the number of
known correlations, and all known cepstra have value zero, then we show that our
MEM model yields the same answer as Pisarenko’s harmonic retrieval algorithm[10]
We conclude with several examples illustrating the performance of this pole-zero max-

imum entropy estimator on a variety of simulated data.

2. Derivation of an ARMA Model

Suppose we observe a segment of N data samples x[0], . . . , x[N —1] drawn from
a zero-mean, stationary, ergodic, complex-valued Gaussian random process with unk-
nown power spectrum P(z). (Though we only consider complex-valued data, the
development for real-valued data would be virtually identical.) The correlations R [n]

of this process are defined by:

R[n] = E[x'[k]x[k+n]] for any k (2.1)




i
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= joy ,jon 2.2
:’;P(e e . (2.2)

The power spectrum P (z) of this process is the z-transform of the correlations:

P(z) = i R[nlz™" (2.3)

n=-cx

We define the cepstrum of the process x[n] as:

n
c[n] = :[, logP (¢/ @) eJon ‘,Z’: 2.4)

Using the available time series data, we would like to estimate the power spectrum
P(z). The classical Blackman-Tukey[11] approach to power spectrum estimation ﬁrét
estimates the correlations from the data by a formula such as:

-n-1

Rin = 3 < ki) e

Unfortunately, given only the available segment of N data points, it will not be possi-
ble to directly estimate the correlations beyond lag N —1. Furthermore, for n close to
N,only N — |n| terms are available in the sum for estimating R [n], and so these esti-
mates will have large variance. The classical power spectrum estimation approach mul-
tiplies the estimated correlations by a tapered window which attenuates the high order,
unreliable lags. Applying a Fourier Transform then gives a smoothed power spectral
estimate. Increasing the lag window length improves the spectral resolution, but also

increases the variance of the spectrum.

Burg[1, 2] suggested an alternative procedure for power spectrum estimation which

- often achieves higher resolution with less variance than the classical estimates. Assume




that our estimates of the first p + 1 low order correlations R[0], . . . , R [p] are exactly
correct, but assume that the remaining correlations are unknown. In general, there
will be an infinite number of power spectra which match the known correlations. Burg
suggested that a reasonable estimation approach would be to choose the power spec-
trum which matches the known correlations, but otherwise has maximum entropy H .
For a stationary Gaussian random process, the average entropy can be shown to be

proportional to:

3
oy d
H = flogP(e“");j:— ~ (2.6)
-

Maximizing this entropy formula subject to the correlation constraints yields an
Autoregressive (AR) model for the power spectrum. When the data consists of uni-
formly sampled correlations of a one-dimensional process, this model is easily calcu-
lated by a fast Levinson recursion algorithm which is guaranteed to yield a stable all-
pole polynomial estimate. Numerous studies have proven the high resolution capabili-
ties of this spectrum modeling approach, and have shown that the spectral estimate is a

good model of the envelope of the actual power spectrum[6].

In this paper we consider a straightforward extension to Burg’s Maximum Entropy
procedure which leads to an Autoregressive Moving Average (ARMA) model. Sup-
pose that we know the exact value; of the first p +1 correlations of the process,
R[0], ...,R[p]. Also suppose that we know the exact values of the first g values of
the cepstrum of the process, c[1], . . . ,c[gq]. (Note that the entropy is equal to the

zeroth cepstral coefficient ¢ [0]; this is why we assume that we know only the values




c[1], . . ., c[q].) The additional cepstral information should be useful in generating a
much higher quality spectral estimate than we could achieve with just correlation data
alone. For examplé, in applications such as the analysis of voiced segments of speech,
we would like good estimates of the envelope of the signal power spectrum, without
the fine structure introduced by the voiced excitation. It is well known that the low
order cepstral coefficients accurately reflect this envelope information without much
degradation from the impulse train excitation. This cepstral property has been exten-
sively exploited in homomorphic systems such as those introduced by Kopec,

Oppenheim and Tribolet[12], and Yegnanarayana[13].

We now calculate the power spectrum with the largest entropy (2.6) but which
satisfies the constraints (2.2) and (2.4). Recognize that R[-n]=R'[n] and
c[-n]=c’[n]. Introduce Lagrange multipliers {Ok}kp= —p and {p; }kq= —q» and form
the Lagrangian L by adding multiples of the constraints (2.2) and (2.4) to the entropy

H:

T k)
iy d® iok dO
= joy L9 joy,jok €9 2.7
L p.oll;logP(e )27r + k=§_:p0k :’;P(e )e Py R[k] (2.7

™
+ 3w [rogpeioeon 92— o
k|

1 -
Suppose that a solution to the Maximum Entropy problem exists, P (e/®), which
exactly matches the correlations and the cepstra, and which is finite and strictly posi-

tive. Then by the Euler-Lagrange Multiplier Theorem([14] this solution must be a




critical point of the Lagrangian with respect to variations in P (e/®) and variations in
the multipliers 8; and p;. Using variational calculus, therefore, a necessary condition

which the Maximum Entropy solution must satisfy is:

*o j wk 1 j wk
0= — + 0, e/9% + n — e J® 2.8
P(e/®) Ik|§=0 k |§r’=1 k P(e’®) (28)

(Loosely speaking, we differentiate L with respect to each point of the function
P (e/®), and set the derivative to zero.) Solving (2.8) shows that if a strictly positive
solution exists to the Maximum Entropy problem, ﬁp a (e/9)>0 for all w, then it
must have the form of a rational polynomial, or in other words, an Autoregressive

Moving Average (ARMA) model:

P, ,(z) = —1— (2.9)

The Lagrange multiplier coefficients {6;} and {;} must be chosen so that the con-
straints (2.2) and (2.4) are satisfied. It is well known that linear time invariant systems
satisfying finite ordef difference equations are naturally described by ARMA models
[15]; thus this approach to spectral estimation has the potential of yielding accurate

models for many physical systems.

3. Determining the ARMA Model’s Coefficients

This MEM modeling technique was first published by Lagunas-Hernandez, et
al[8]. In this original paper, however, only approximate solutions for the model

parameters {0 ,.;} were suggested. We have found, however, that it is possible to




transform this problem into the form of a generalized eigenvalue/eigenvector problem

which is comparatively easy to solve.

Assume that a solution P (e/®) exists to our constrained Maximum Entropy prob-

lem which satisfies the Paley-Wiener condition for discrete signals:[16]

} l logP (e©) l %’- <o (.1)

-

Then we can always factor the power spectrum into a product of a gain v2 times a
minimum phase factor G (z) times a maximum phase factor G *ar’y:

P(z) = v2G(z)G"(1/2") (32
where G (z) is causal and stable, with leading coefficient of 1, and with a causal and

stable inverse.

Giz)=1+ Y g[n]™" (3.3)
n=1

We define g[0]=1, and g[n]=0 for n <0. Because the MEM power spectrum (2.9)

must be a finite order rational polynomial, G (z) can be factored into a ratio of two

minimum phase polynomials:

_ B,()
G(z) A, @) (3.4)
where:
AyGz) =1+ §=1 ay 52" (3.5)

B,z) =1+ il by gz " (3.6)




All the roots of A,(z) and B, (z) must be inside the unit circle. It is convenient to
define ag, =1and by, =1.

Oppenheim and Schafer[17] derived a simple formula for minimum phase models
which relates the cepstral coefficients, c[n], to the coefficients of the impulse response,

g[n]. To derive this relationship, take the log of (3.2):

o

S el = log-y2 + logG(z) + logG‘(llz’) (3.7

n=-—o

Since G (z) is minimum phase, the polynomial logG (z) is right sided with non-zero
coefficients starting at lag 1. Similarly, logG '(llz ‘) is a left sided polynomial starting

at lag -1. Matching terms with equal powers of z on both sides of (3.7) then gives:

logG(z) = i c[nlz™" (3.8)

n=1

and

c[0] = H = logy? (3.9)
Equation (3.8) specifies a mapping between the coefficients of the minimum phase
polynomial G(z) and the cepstral coefficients c[n]. Differentiating both sides with
respect to z ~1 gives:

oc

zlnc[n]z'"“ = Ezl;jélnglnlz‘”“ (3.10)

Multiplying (3.10) by G (z) and equating terms with equal powers of z on both sides
of the equation thus gives a recursive formula for the coefficients g[n] in terms of the

cepstral coefficients ¢ [n]:
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gl0] =1 (3.11)
1 2 .
gln] = a S kcelkjgln —k] for n =1,.2,...
k=1
Thus knowing the cepstral coefficients ¢[1], . . . , c[g] is exactly equivalent to knowing
the first ¢ +1 coefficients of the minimum phase factor, g[0], . .., g[q] (where

g[0]=1). Furthermore, the entropy I, which is equal to the zeroth cepstral coefficient
c[0], is just the log of the model gain y2. We may conclude that maximizing entropy
subject to knowledge of the correlations R[0], . . . ,R[p] and cepstra c[1}], . . ., c[q]
is thus equivalent to finding a minimum phase pole-zero model with p poles and ¢
zeroes, which has the largest possible gain 72, and which also matches the correlations

R[0], . . .,R[p] and impulse response coefficients g[0], . . . , g[q].
Now to find the pole and zero coefficients. Multiplying both sides of (3.4) by
Ap (z) gives:

A,(z)G(z) = B,(z) (3.12)

Equating like powers of z on both sides, and recognizing that g[0], . . ., g[q] are

known, gives g +1 linear equations relating the b, , and a, , coefficients.

bg.q gla-rl - - glql] % p
bl.,q - o0] (1] al.,p (3.13)
1 0 2[0] 1

p.g 2 (3.14)

or:
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where w¢ define the vectors b, g and the matrix Gp q in the obvious way. Note that

G

b is a (g +1)x(p +1) rectangular upper triangular Toeplitz matrix. Now multiply

both sides of (3.2) by Ap (z) and substitute (3.4) to get:

Ay(2)P(z) = ¥’B,(2)G (Uz") (3.15)

Since P(z) = S R[n)lz ", and we know R[0], . . . ,R[p] and g[0], . . ., g[q], by

n=—«x
equating terms with like powers of z on both sides of (3.15), we can construct p +1

more linear equations relating the a,, , and b, , coefficients:

n.q
by.q .
R[0] R[P] g [q p] 0 , 116
. ) b1, (3-16)
R[ rl - R[] 8 [41 - 8 [0] 1
or:
R,a = y2GHl b (3.17)

where we define R, as the (p +1)x(p +1) Toeplitz correlation matrix on the left of

(3.16), and where G}'Iq = GT. is the Hermitian (complex conjugate transpose) of

G, 4,- We can eliminate the zero polynomial coefficients b by substituting (3.13), giv-

ing:

K p.9)a =0 (3.18)
where K,(p,9) = R, - ¥’GH, G, ,

Computing the solution to (3.18) requires finding a value of -92 such that K“‘/(p ,q) has

a non-trivial null space. Then 4 is an appropriately scaled member of this null space.
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This matrix K_y(p ,q) has a very Mteresﬁng structure. Suppose that there exists
some minimum phase polynomial G (z) and gain 42 such that this polynomial matches

the given leading impulse response and correlation values:

glnl=g[n] for n=0,...,q (3.19)
# S §'klglk+n] = R[n] for n=0,...,p
k=0

We do not assume that the polynomial G (z) has maximum entropy; in general, there

will be many such polynomials. Substituting into (3.18) shows that the K, (p ,¢) matrix

must equal:

e g'.[k—p] slk—pl---glk
Kq(P'q)=“72k21 . (g[ p] g[])
=g+

: (3.20)
¢'[k]
The matrix Kﬁ(p ,q) is thus equal to the covariance matrix formed from the tail of the
g[n]. This matrix Kq(P ,q) must therefore be symmetric and positive semi-definite.
We conclude that the MEM gain w}z must be chosen so that K (p ,q) is positive semi-
definite with a non-trivial null space, because otherwise the MEM model impulse
response g [n] could not possibly meet the constraints.

To calculate the MEM gain, we multiply (3.18) through by 1/y2, thus converting
the equation into the following generalized, conjugate symmetric eigenvalue problem:

Solve:

Gl Gy a5 = NRyx; (3.21)
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for all generalized eigenvalues \; and corresponding eigenvectors x;. (Note that the
conventional form of the generalized real symmetric eigenvalue problem requires the
matrix on the right hand side, R,, to be conjugate symmetric and positive definite
[18,19]). The MEM gain should then be set to the inverse of one of these generalized
eigenvalues, and the pole coefficient vector should be set to the corresponding eigen-

vector. But which eigenvalue do we choose for '92? Appendix A proves:

Lemma 1 Assume that R, >0. Then the generalized eigenvalue problem
(3.21) has p +1 non-negative eigenvalue solutions \;. Let A,., be the largest
eigenvalue; this will always be strictly positive, A,,, > 0. Then for v2 in the
range 0= y%< 1/\p,,, the matrix K (p,g) will be strictly positive-definite.
For y2 = 1/\max the matrix K. (p,q) is positive semi*definite with a non-trivial
null space. For v2> 1/A oy, the matrix K.y(p ,q) is not positive semi-definite.

Using this result, Appendix A proves:

Theorem 1 Assume that Rp > 0. Then:

A) -?2 = 1/\ax is the only choice for the gain which satisfies the requirements of
the Maximum Entropy problem.

B) Let P(z)=+v2%G (z)G (1/z") be any power spectrum with minimum phase fac-
tor G(z), which matches the leading impulse response coefficients
g[0], . . ..g[q] and the correlations R[0], . . . ,R[p]. Then tiic entropy of
this model, which has value H = logy2, is bounded above by H = log 2.

We will call the model with gain 1‘/2 = 1/ .y, and pole/zero polynomials A}, (),
B, (z) which satisfy (3.18) and (3.13) the MEM (p ,q) solution. We can calculate this
MEM (p ,q) power spectrum by the following procedure:

1) Recursively compute the minimum phase coefficients g[0], . . . , g[q] from the

cepstral coefficients c[1], . . . , c[q] using (3.11).




14

2) Construct the matrices G,, and R, with (n,m Y% clements
[Gpglnm =8lag—p+m—n]and [R,], ,, =R[m —n].

3) Solve for the largest generalized eigenvalue A, .. solution to (3.21) and its
corresponding eigenvector x p,,y. Set 2= 1/A nax- Set d equal to a corresponding
eigenvector, scaled so that g, = 1.

4) Recursively compute the b coefficients from (3.13).

5) The MEM (p ,q) power spectrum then has the form

o By(z) B, (1z")

Ap (z) Ap‘(l/z %

Ppa@) =7 1 (3.22)

The special cases of pure Autoregressive (AR) or pure Moving Average (MA) models

are particularly easy to solve. For the MEM (p ,0) all-pole modeling problem:

0 (0...01)

K@) =R, = ¥ | o (3.23)
1

and equation (3.18) reduces to solving:

% p 0
R, |a 1 N (:) (3.24)
1 'yz

This is exactly the problem Burg suggested, giving a p pole AR model matching the
first p+1 correlations R[0], . . . ,R[p]. Because R, is Toeplitz, this may be solved

with a fast Levinson algorithm(5].
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Another special case that is easy to solve is the MEM (0,q ) all-zero modeling prob-

lem, when only the zeroth correlation coefficient R [0] is known, together with g cep-

stral coefficients c[1], . . . , c[g]. Equation (3.18) gives:
2 R[0]
'y —
3 lsllP (3.25)
n=0

and the optimal B (z) polynomial is equal to the leading impulse response coefficients:
5n’q = g[n] for n=0,...,q (3.26)
The MEM (p ,q) solution is very similar to the least squares, mixed first and
second order information problem suggested by Mullis and Roberts for filter design[9].
The chief difference is that in their problem, the gain vy is effectively assumed to be
known, and the model is not forced to match the given correlations. As pointed out
by Mullis and Roberts, this method is also quite similar to Prony’s ARMA modeling
method, in which we choose the pole polynomial which optimally linearly predicts the
semi-infinite tail of the impulse response data, and then find the zeroes from the lead-
ing impulse response coefficients. These similarities allow us to carry over many of the

stability results and fast algorithms that have been developed for these other methods.

4. Properties of the MEM(p,q) solution

The matrix K,(p,q) has an interesting structure which allows us to prove a

variety of interesting properties for this MEM algorithm. From (3.18) we see that the

(n,m)™ element in this matrix has the formula:
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- ] — 2 *rn — -
[%ea)],,, =Rim=nl=+* 3 ¢'k-p+nlslk—p+m] @.1)
where we define g[n] = 0 for n<0. Careful examination of this formula shows that
we can recursively define K,y(p ,q) in terms of the lower order matrix K.,(p -1,9-1)

in at least two different ways:

Ky(p—19q—1) * (4.2)
K’y(P,Q) = * *
and
R[0] R[1] --- R[p] .
R[-1] , |8 lg -p] [g[q~p] g[q]]
Kea=1 " Ke-1¢-n |7V @3)
R[-p] g [q]
( R[] if g=p
- q-p-1
where R[n] = ] R[n] — v2 i g [kle[k+n] if g>p and n=0
k=0
R’[-n] if n<0

where ¥ denotes elements whose values are not of immediate interest, and where we
define K.Y(n ;m)=R, if m <0. These relationships indicate that K.(p,q) is an
almost-Toeplitz matrix with displacement rank of three[20,21]. It is this structure
which Mullis and Roberts exploited to derive a fast Levinson-like algorithm for finding
the vector 4 once '92 is known. This structure also allows us to analyze the existence,
uniqueness, and stability of the MEM (p ,q) solution. Some of the theorems that fol-

low are improved versions of theorems in [9]; others are new. For clarity, we first
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state the results for the special (and most common case) where the multiplicity, r, of

the largest eigenvalue A, is 7 = 1. Appendix B proves the following:

Theorem 2A Assume that R >0, and that the maximum eigenvalue solution
max 0 (3.21) has multxphcxty r=1. Let 4= 1/Ap .- Then:

A) Kv(p,q)_O, and its null space has dimension 1. For 1=s=<p,

B)

Kﬁ(p -s5,q-5s)>0.
The MEM (p ,q) problem has a unique solution ¥, Afp (z), ﬁq (z).

Appendix C proves:

Theorem 3 Under the same assumptions as in Theorem 2:

A) The MEM (p ,q) model pole polynomial AAp (z) is stable, with all poles inside

B)

0

or on the unit circle.

If any poles are actually on the unit circle, then they will be canceled by
matching zeroes in the zero polynomial B (z)

Except for possible canceling pole-zero pairs on the unit circle, the MEM (p ,q)
mcedel will have no other canceling pole-zero pairs.

Unfortunately, it is quite easy to construct cases in which the MEM (p ,q) solution

places canceling pole-zero pairs on the unit circle. Consider, for example, the follow-

ing MEM (1,1) problem: R[0]=2, R[1]=1, ¢[1]=0. Using the recursive equation

(3.11), we derive g[0] = 1, and g[1] = 0. Constructing the R; and G, ; matrices and

solving the generalized eigenvalue problem (3.21), we find that A\g=1 and \{ = 1/3.

Thus r = 1, and the unique MEM (1,1) solution is:

= 1My = 1 4.9)
Az)=1-z71

Biz)=1-2z"1
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This model has a canceling pole-zero pair at 1. Its leading impulse response coeffi-
cients are ¢[0] =1 and ¢[1]=0. Its power spectrum is 1,1(z) = 1, and its correla-
tions are R[0] =1 and R[1]=0. Note that although the impulse response values are
correct, the correlation values do not match the given values R [0] and R[1]. We will

return to this problem in theorem S.

When the multiplicity r of the largest eigenvalue A, in (3.21) is greater than 1,
then the situation is more complicated. In this case, it turns out that it is the
MEM (p —r +1,q —r +1) problem which has a unique solution. The MEM (p ,q) solu-
tion differs from the MEM (p —r +1,qg —r +1) solution only in that it may contain up
to r —1 extra canceling pole-zero pairs which may be placed anywhere. In more detail,
Appendix B proves:

Theorem 2B Assume that R, > 0, and that the maximum eigenvalue solution
max 10 (3.21) has mulnphmty r. Lety 'y = 1/Apax- Then:

A) r s.min(p,q)+ 1

B) ForO0=s<r, Ki(p —s,9 —s) =0, and the null spaces of these matrices have

dimension r —s. Forr =s =p, K, (p—s,q—s)>0

C) The MEM(p—r+1,q—-r+1) problem has a unique solution 7, Ap r+1(z),

Bq r+1(2)-

D) For s in the range 0= s <r, all solutions of the MEM (p —s ,q —s) problem

have the same gain 4 as the MEM (p —r +1,q —r +1) solution.

E) For s in the range 0=s <r, the pole and zero polynomials A _s(z) and
—s(z) are solutions to the MEM(p —s,q—s) problem if and only if
—s(z) r+1(z)¢r -5 — 1(2) and Bq s(z) Bq r+1(z)¢r —5— 1(2)7

where b, 5 1(:) is a polynomial of order up to r —s —1 with leading coeffi-
cient ¢g= 1. In other words, the MEM (p —s ,q —s) solution is unique except
for having up to r —s — 1 canceling pole-zero pairs, ¢, _, _1(z).

F) For s in the range O0=s<r, the MEM(p—s,q—s) power spectrum
Pp_sq-s(z) is  uniquely defined, and is equal to the
MEM (p —r +1,9 —r +1) power spectrum P, _, 11 5, +1(2).
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Theorem 3 applies to the MEM (p —r +1,g —r +1) model. Because the r —1 canceling
pole-zero pairs in the MEM (p ,q) solution may be located arbitrarily, however, it is
impossible to guarantee that the MEM (p ,q) model has all its poles inside the unit cir-

cle.

Does the MEM (p ,q) solution match the given constraints and solve the original
Maximum Entropy problem? The answer is "yes” if the solution is strictly minimum

phase, but "no" otherwise. In more detail, Appendix D proves (for any multiplicity r):

Theorem 4 Assume that R, > 0 and that A,, has multiplicity r. Let
= 1/\ pay, and let A (z) B (z) be any pole-zero solutlon to the MEM (p ,q)
problem Then:
A) The first g +1 coefficients of the causal impulse response of I§q (z )/A}, (z) are
equal to g[0], . . ., g[q]
B) If the poles of A,(z) are strictly inside the unit circle, then the first p +1
correlations of the model are equal toR[0), . . . ,R[p].

C) If the zeroes and the poles are all strictly inside the unit circle, so that the
model is strictly minimum phase, then the first g cepstral coefficients of the

model are equal to c[1], . . .,c[q]. Furthermore, the model is the solution
to our ori §mal constrained Maximum Entropy problem, with entropy equal to
= log¥~.

Appendix D qualifies these results with the following:

Theorem 5 Under the same assumptions as in theorem 4:

A) If the model has poles on the unit circle at p; = e’ for some set of ®;, then
these will be canceled by matching zeroes at p;. The model correlations R[n]
will still be well defined, but they may no longer match the given correlations,
and the error may have the form:

5;-1

R["]—Ié[”] =2 2 Ki jn Pt (4.5)

i j=0

where the u; ; are some set of weights, and where s; is the multiplicity of
root P;-
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B) If tne poles are strictly inside the unit circle, but one or more zeroes are
strictly outside the unit circle, then the model will not match the cepstral
values c[1], . . ., ¢[q], and the model entropy will be larger than log+2.

C) For either cases A) or B), there does not exist a finite and strictly positive
power spectrum meeting the Paley-Wiener condition which matches the given
correlation and cepstral values, and which also achieves the maximum possible
entropy.

Note that in our MEM(1,1) example above, with the canceling pole-zero pair at
pg = 1, the correlation matching error has exactly the form predicted by this theorem,
R[n]-R[n]=1".

To summarize, if the solution to the MEM (p,q) problem is strictly minimum
phase, then it is the unique power spectrum solution to the constrained maximum
entropy problem. On the other hand, there are a variety of situations in which we

may encounter difficulties:

1) If the correlation matrix R, is only positive semi-definite, then these theorems do
not apply. In this case, only one power spectrum exists which matches the known
correlations, and this is a line spectrum formed from p ‘impulses[IO]. The entropy

and the cepstral coefficients of this spectrum are not well defined.

2) If the maximum generalized eigenvalue solution A, to (3.21) has multiplicity
r > 1, then canceling pole-zero pairs may occur outside the unit circle, and so

A}, (z) may be unstable.

3) The solution to the MEM (p —r +1,q —r +1) problem, though unique, could have
one or more canceling pole-zero pairs located on the unit circle. In this case, the

model may not match the given correlations or cepstra.
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4) Even if all the poles of the MEM (p —r +1,q —r +1) solution are strictly inside the

unit circle, one or more zeroes may be outside the unit circle. In this case, the

model will match the correlations R[0], ... ,R[p] and the causal impulse
response will match g[0], . . ., g[q], but since the model is not minimum phase,
it will not match the cepstra c[1], . . . ,c[q]-

In practice, when we estimate the correlations and cepstra from finite segments of
data, this fourth case occurs quite often. As a result, in practice the MEM (p ,q) solu-
tion often does not solve the original Maximum Entropy problem. We discuss this
further in section 7, where we present several as yet unproven speculations. In prac-
tice, when excessively high model orders are used, we should also note that it is com-
mon to see nearly canceling pole-zero pairs appear near the unit circle, causing

extremely sharp, randomly located spikes in the power spectrum.

5. Algorithms

The most straightforward algorithm for solving the MEM (p ,q) problem is to fol-

low the procedure outlined in section 3, building the matrices R, and G and then

P’
calling the RSG driver in the EISPACK library[22] to compute all the generalized
eigenvalues A; and eigenvectors x;. If the multiplicity » of the largest eigenvalue is
greater than one, then the model order is too high and pole-zero cancellation is a pos-
sibility. (In practice we would have to test whether the largest eigenvalues are equal to

within a certain tolerance).  Either decrease the model order to

MEM (p —r +1,g —r +1) and try again, or else find a linear combination of the eigen-
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vectors corresponding to A, which have the last » —1 coefficients all equal to 0. In
either case, we set '92 = 1/\ pay, derive the pole polynomial by scaling the eigenvector

corresponding to A .., and derive the zero polynomial from equation (3.13).

A faster algorithm relies on the almost-Toeplitz displacement rank 3 structure of

K (p.q ). We start by considering the following set of minimization problems:

g, - min a"K (n,n+q-p)a (5.1)
for n=0,...,p, where a=(a,, " aj, 1)T is a vector constrained to have
coefficient ag , = 1, and 4, is the value at which the function achieves its minimum.
Also define e, as the value of this quadratic function at the minimum:

€y = a5 Ky(n,n+q-p)a, (5.2)
If we choose y2=1/Ap,, then by Lemma 1, K (p,g)=0. Since by (4.2),
K,(n,n+q—p) is a principle minor of K,(p,q), we must have K (n,n+q—p)=0
also. Thus (5.1) involves minimizing a quadratic positive semi-definite function. Dif-
ferentiating with respect to the real and imaginary parts of a; ,» and setting the results
to zero, we get a set of linear equations for the minimizing vector g,. Substituting

into (5.2) we get a formula for ¢,. Combining these gives:

0
Kyn.,n+tq-p)a, = [ (:, ] (5.3)

Because Ky(n ,ntq—p)=0, we have €, =0. Note that our MEM (p ,q) problem is

therefore identical to solving the minimization problem (5.1) with gain w}z = 1/\ paxs
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with this gain we will have €, = 0.

Mullis and Roberts[9] recognized that the displacement rank 3 structure of
K,(p .,q) allows us to recursivelv and quickly compute the g, , €, solution in terms of
the g, _1, €, —1 solution. If the correct gain '92 = 1/A oy Were known, therefore, we
could run this fast Levinson-style algorithm to compute g,, €, for n =0, ...,p.
With this correct gain -92, we will get €, = 0, and the vector g, will be the pole poly-
nomial solution to the MEM (p ,q) problem. We will show that the same algorithm can
also be used to test the positive definiteness of Ky(p ,q)- With the guidance of Lemma
1, therefore, we can develop a search algorithm, based on this fast Levinson-styie algo-
rithm, to find the value '?2 which makes KQ(P ,q) exactly positive semi-definite. The
MEM (p ,q) pole polynomial coefficients ¢ = d, will be computed at the same time.
At least in theory, this algorithm can also be used to detect when the multiplicity r of
the largest eigenvalue is greater than 1; in this case, it automatically gives the unique

pole polynomial solution to the MEM (p —r +1,4 —r +1) problem.
The Mullis and Roberts algorithm is motivated by the two recursive definitions of
K,(p,q) in terms of K. (p —1,¢ —1) given in equations (4.2) and (4.3). In order to

solve for g, efficiently, we will need to calculate auxiliary vectors

d, = (dO,n v dy g )T and f, = (fO,n " San )TWhiCh satisfy:

1

0
Kn,n+q-p)d, = | . 5.9
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g’la-p]
Kn,nt+q—p)f, = : (5.5)
g [n+q-p]
We will also need to recursively calculate the 2X 2 matrix M,, defined by:
dH
M, = FH Ky(n,n+q-p) ( dy fn ] (5.6)
n

In Appendix E we show that all these quantities can be recursively computed by the

following Levinson-style algorithm:

Mullis-Roberts Algorithm:

Initialization:
- R[n]
R[n] = R for n=0,...,p
Rinl - 2" S g'lklglk+n]
k=0
apg = 1)

€ = R(0) — ¥?|gla—p]|?
(I/EO]
fo= (g'[q—p]/eo]

=1[ 1 ](lg[q—p])

€g | 8 [‘I —P]

do

&

Forn=1,...,p

n—-1 _
bp = X R(n—k)ag n1
k=0
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n-1
U, = 3 gla—p+n—kla 5,1
k=0

1 for k=0
a =
ko G n-1" Gndn—kn-1 7% 'Yzqr'nfn—k,n—l for k=1,...,n

n M $n [ 0 ]
}.L,: - n—1 __?24‘" q;n
€, = € - ¢,v, + 'yzd: ™

n n—1 n’n n¥n

IF n=p OR ¢, =0 RETURN(n ¢, ,a,)

v
dyp =dgn1— ——Ay_n for k=0,...,n
b4 b4 en
n
fin = fem-1— :—an—k,n for k=0,...,n
n
L J
v
L[] (o)
Mn =Mn__1+ I *
en p’n

The computation on each pass is approximately 6n +11 operations (1 operation = 1
multiply + 1 add). Total computation is thus about 3p2+14p operations.

Note that we terminate this iteration when e, =< 0. The purpose of this is as fol-
lows. If ¢, <O for some n, then by equation (5.2), Ky(n ,n+q—p) cannot be posi-
tive semi-definite. Since by (4.2) this matrix is a principle minor of K.y(p ,q ), this last

2

matrix cannot be positive semi-definite either. Thus y“ is too large, and we might as

well terminate the iteration.
More interestingly, if 'yz = «72 = 1/Apay» then K‘y(" n+q—p)>0 for
O=n<p-r+1 and Ki(p —r+1,g—r+1)=0 with a null space of dimension one.

Equation (5.2) then guarantees that ¢, >0 for n =0, ...,p—r and ¢, ,,1=0.
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Also the minimizing solution g, _, ,; will be the MEM (p —r +1,q —r +1) pole polyno-

.2
24

mial solution. Thus if ¥y , the test €, =0 will terminate the algorithm at step

n =p —r+1, and will return the MEM (p —r +1,q —r +1) solution dp—r+1-

This algorithm has some interesting features when p >¢q. In this case, for

n=0,...,p—q—1 we will have:
1
al’
g =L (.7)
En .
8y .n
fn =10
/e, O
M.=1o0 o
‘l'n = “’n = 0

v, = d,le,

For the first p —q —1 steps, therefore, this algorithm has the same form as Levinson
recursion, where g, plays the role of the forward predictor, €,d, plays the role of the
backward predictor, €, is the prediction error, and — ¢,/e, is the reflection coeffi-
cient. Furthermore, all these values on the first p —g —1 steps will be independent of

the value of 'yz.

This algorithm will work correctly for any value of v2, provided only that e, # 0
for n =0,...,p—1. In particular, Kv(P ,q) does not have to be positive semi-
definite. In fact, the values of ¢, can be used to test the positive definiteness of

K,(p,q). Appendix F proves the following:
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Theorem 6 Assume that we can find vectors g, and scalars €, which satisfy
(5.3)forn=0,...,p. Then:

A) If 0=+v2<1\p,,, then eg=¢;= - - - =¢, >0. The Mullis-Roberts algo-
rithm will correctly generate all the g, , ¢, .

B) If v2= 1Ay, then €= -+ =¢,_,>0 and €, _, 1= - =¢, =0,
where r is the multiplicity of the largest eigenvalue A,,,. The Mullis-Roberts
algorithm will correctly generate g,, ¢, for n=0,...,p—r+1. For
n=p-r+2,...,p wecansetg, =(0g,l 4 )Tanden =0.

C) I vy%> 1/\p,,, then at least one ¢, is strictly negative.

This theorem suggests a simple binary search algorithm for finding the proper gain
value w}z = 1/A .y, and for calculating the corresponding pole coefficients a,. The
idea is to guess a value for y2, and then run the recursive Mullis-Roberts algorithm. If
the €, are all strictly positive, then K'v(p ,q) > 0 and the value of -yz is too low. If one
of the €, is negative or zero, then K.y(p ,q) is not positive definite, and the value of 72
is either exactly correct or too high. Adjust the value of v2 accordingly, and try again.
When the value of y2 is known to sufficient precision, we can stop the search, and use
the a, vector as the MEM (p ,q) pole polynomial solution. The zero polynomial coeffi-

cients may then be found using (3.13). Putting all this together, we get:

Complete MEM(p,q) Algorithm:

Initialization
vt =0
R[O
vh=
$ 1eik112
k=0

tol = (small) preselected error tolerance




Iterate until y ,% -y E < tol

v2 = (v + )2
n,e€.,a, - return values from Mullis-Roberts algorithm, using gain v2
If i=p and € > 0

set y7 = v2 and iterate

Else

set -y,zl = 42 and iterate

When y3 — y2 < tol , then DONE
Multiplicity r = p —ri +1
Calculate the zero polynomial coefficients by , _, 41 from (3.13)

Return 'YFZI’ T's 8k p—r+1> bk,q—r+1

At each step in this binary search algorithm, -yg and y,?, represent lower and
upper bounds on the feasible range of values of the gain, =y E < -925 v ,21 The initial
value y? = 0 comes from Lemma 1. The initial value of vj is found by noting that
for v2 larger than this, the (p.p) element of K (p .q) is negative, and thus K. (p ,q)
cannot possibly be positive semi-definite. Each loop tests the value at the center of the
range, decides whether it is greater than, less than or equal to Qz. Thus we can cut
the feasible range of values for w}z in half. Faster procedures than binary search could
probably be devised, but binary search has the advantage of achieving a given level of
precision for w}z after a fixed number of passes.

Due to numerical inaccuracies, it is likely that the preceding algorithm will

underestimate the multiplicity of the largest eigenvalue, and thus overestimate the
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model order. One potential method of improving this model order identification is to
run the binary search algorithm to estimate ?2. Then call the Mullis-Roberts algorithm
again, this time using a gain '92 + tol2, where tol2 is a small positive number. With
the gain set slightly too high, the matrix will be slightly non-positive definite. In par-
ticular, if r is the true multiplicity of the largest eigenvalue, then €, —r+1 Will be
slightly negative, and the iteration will stop at step p —r +1 despite small numerical
errors. Thus the true multiplicity r will be correctly identified, and the Mullis-Roberts
algorithm can be run one last time, with the correct gain and model order

MEM (p —r +1,q —r +1), to identify the correct low-order ARMA model.

If p > q, then the first p —q +1 steps of the recursive algorithm will give the same
results regardless of the value of ,Yz_ To save time, therefore, we need only restart the

recursive algorithm at step n = p —q for each new value of y2 that we test.
The following theorem, proved in Appendix G, is sometimes useful:

Theorem 7 Assume that Rp >0. Suppose that vZ< '92 so that
€ - - - €5 > 0. Then:

A) The polynomial A, (z)= § a oz —k s strictly stable with all roots strictly
k=0
inside the unit circle.
B) Form the polynomial B, (z) by substituting the coefficients of Ap (z) into the
recursion (3.13). Then the leading coefficients of the impulse response of

YB,(z)/A,(z) match g[0], . . ., g[q], but the correlations R [r] of the model
are off by:
™
a €
Rin1-R[r] = | 2 do (5.8)

il IA‘p(ejm) |2 2n
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6. Pisarenko’s Method

There is a special case of our MEM (p ,q) method which turns out to be identical
to Pisarenko’s well known method for fitting a harmonic line spectrum to a set of
correlations[10]. Assume that there are at least as many zeroes as poles, g =p, and
that the known cepstral values are all zero, c[n]=0forn =1, ...,q. Also assume
that R, > 0 (this is not necessary to prove the following results, but it allows us to
apply our theorems without modification). From the recursive equation (3.11), the
leading minimum phase coefficient values must be g[0]=1 and g[n]=0 for
n=1,...,q. This implies that G;fq Gp q= I is an identity matrix, and that the

generalized eigenvector problem (3.21) will take the form:

5L =NRyy (6.1)
The solutions for A; will be the inverse of the eigenvalues of Rp , and the x; will be the
corresponding eigenvectors of R,. Thus «72 = 1/A pay Will equal the minimum eigen-
value of R,, and the MEM (p,q) pole polynomial coefficients d, will be the
corresponding eigenvector of R,. From (3.13), the corresponding zero polynomial will

satisfy:

7 for k=0,...,
5 % .p P (6.2)
k,q 0 else

and thus éq (z)= A}, (z). Thus every pole must be canceled by a matching zero, and
any extra zeroes will be placed at the origin. Suppose that the multiplicity of the
minimum eigenvalue of R, is r. Combining theorems 2 and 3, at least p —r +1 pole-

zero pairs must be exactly on the unit circle.
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Since there is complete pole-zero cancellation, the model power spectrum must be
flat, P, ,(z) = 42, and the model correlations are just R {n] = 4%8[n], where 5[0] = 1
and 3[n] =0 for n # 0. Suppose the roots of A}, (z) that are on the unit circle are at
{p; }, and that they have multiplicities {s; }. Then the correlation matching error for-
mula in Theorem 5 can be used to show that:
5-1

R[n] = -928[71] +3 3 B n? pt for n=0,...,p (6.3)

i j=0

The first term represents the correlations of a white noise sequence with variance &2.

The second term represents the correlations of a sum of at least p —r +1 complex
exponentials. In effect, we have modeled the original correlation sequence R [n ] as the
sum of white noise plus at least p —r +1 complex exponentials whose frequencies are
determined by the roots of Ap (z) which are on the unit circle. Note that the gains
B j are not determined by our procedure, but would have to be calculated by other
means; for example, we could calculate these by factoring A‘p (z) to find the roots p;,

and then solve the set of linear equations (6.3) for the p; i

Finally, note that, except for the calculation of the zero polynomial,
éq (z) = A}, (z), this procedure for fitting a sum of complex exponentials plus white
noise to a given correlation sequence is identical to that suggested by Pisarenko[10].
The interesting point is that we have shown that Pisarenko’s method is a special case of
our pole-zero MEM method when g =p and when the known cepstral coefficients ¢ [n ]

are all set to zero.
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7. Speculation on Non-Minimum Phase MEM(p,q) Models

One troubling aspect of our MEM (p ,q) procedure is that the zero polynomial is
not guaranteed to be minimum phase, and thus the model is not guaranteed to match .
the cepstra. Consider, for example, the situation where we are given R [0] and c[1].
Our MEM procedure says that the maximum entropy solution should be a single zero
model. To calculate it, we compute the leading coefficients of the minimum phase fac-
tor G (z) as follows: g[0]=1, g[1]=c[1]. The MEM (0,1) model is then:

Po1(z) = 4% B1(2)B{ (Uz") (7.1)

where:

él(l) =1+ 51’12_1

51,1 = g[l] = C[l] (72)
02 _ R][0]
EEETENE

The zero polynomial B {(z) has a zero at —b; 1 = —c[1]. For |c[1]| <1, this model
will be minimum phase. For |c[1]]| > 1, the model will not be minimum phase. In
fact, to illustrate Theorem 5, for |c[1]| = |b 1,11>1, we can factor Iso,l(z) into its

minimum times maximum phase factors as follows:

. - 1 )
Poi(z) = ¥? [b111? 1+ =——2) 1+ =2 7] (7.3)
b1 b1,1

The minimum phase factor is (1+ /b 1"12 "1), and the first cepstral value of the model
is é[1]= b ;’1 , which does not equal c[1] =& 1,1- Furthermore, the entropy of this

model is log (§2 lem |2), which is larger than the value we expected, log 2.




33

This is quite puzzling, since it is easy to find high-order ARMA models which are
minimum phase and which match both R[0] and c[1], even when |c[1}| > 1. For
n=<]|c[n]|<n+1, we will need a model with a total of at least n+1 poles and
zeroes. In fact, it is possible to devise numerical search techniques for finding high
order all-pole or all-zero models which match R [0] and ¢[1] and which have maximum
entropy for the given model order. For example, using a numerical search technique
sketched in Appendix H, we have found a minimum phase 500 pole model
v2IA s00(z)A 5'00 (1/z") which has maximum entropy subject to the constraints that
R[0] = 5.7488221 and c[1] = —1.1163325. The MEM (0,1) model for this problem has
model coefficients:

byp=—1.1163325

42 = 2.5593564
Our AR (500) model has gain 'yz = 2.5586002, which is about .04% below the theoreti-

(7.9

cal upper bound of w}z above (see Theorem 1). This implies that the entropy of the

MEM(0,1) AR(500)

v2 2.5593564  2.5586002

glo] | 1 1

gll] | -1.11633 -1.11633
gl2] | 0 .00794
gBl | o .00768

R[O] | 5748822  5.748822
R[1] | -2.857093  -2.877325
R[2) | © .0000698
R[3] | o .0000915

Table 7.1 - MEM (0,1) versus AR (500) models
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AR (500) model, H = logy?, is very nearly equal to the maximum achievable entropy.
The first 4 leading impulse response coefficients and correlations for the MEM (0,1)
and AR (500) models are listed in table 7.1. The remaining impulse response coeffi-
cients of the AR (500) model taper to zero. Similarly, the peak AR (500) correlation
value for 2=n =501 is .00016. Figures 7.1 and 7.2 show the errors between the
MEM (0,1) and AR (500) impulse responses and correlations. Note that the most signi-
ficant difference between these models is that the R[1] correlation of the AR (500)
model is significantly larger than that of the MEM (0,1) model. In fact, for the
AR (500) model, 2R [1}/R [0] > 1, which is not possible for a single zero model. Figure
7.3 shows the power spectrum of the AR (500) model (dotted line) and the power spec-
trum of the MEM (0,1) model (solid line). Note that the AR (500) spectrum deviates
substantially from the MEM (0,1) spectrum in that there is a deep notch in the
AR (500) spectrum at frequency @ = 0. On the basis of this and other similar experi-

ments, we speculate that the following statements may be true:

Speculation 1 Suppose the zero polynomial B (z) in the
MEM(p-r+1,q-r+1) problem has zeroes outside the umt circle. Then
there exists a sequence of minimum phase polynomials G, (z) with gains vy,
such that the impulse responsc of vy k! G, (z) converges coefficient by coefficient
to the impulse response ¥ Bq ,+1/A —r+1(z), and the entropy, log-y,c , con-
verges from below to the upper bound log -yz Thus the MEM (p ,q) solution,
though not minimum phase, is a weak limit of a sequence of minimum phase
models which asymptotically attain the maximum entropy while meeting all
constraints.

Speculation 2 The power spectrum ‘szGk (z )G,:(llz *) does not converge point
by point to the MEM(p,q) power spectrum. Instead, for each zero
z; = pie" i which is outside the unit circle, p; > 1, there is a notch in the

. 2
response 7 le(eJ‘”) I at frequency o = 0;, and as k -, the value of the
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power spectrum tends to zero at each of these points.

One way to characterize minimum phase polynomials G,(z) is to compute the
unwrapped phase as z = ¢/ transverses the unit circle from o = 0 to 2. We define
the winding number as the difference between the unwrapped phase at z = /27 and at
z = /0 divided by 2w. For a minimum phase polynomial, the winding number is
zero. For our MEM (p ,q) solution, the winding number will equal the negative of the
number of zeroes that are outside the unit circle. We speculate that at the notches in
the G, (z), the phase rapidly shifts through a multiple of 21 so that the overall winding
number of the polynomial is zero; elsewhere the magnitude and wrapped phase of

G, (z) approximate the MEM (p ,q) model.

8. Estimating the Correlations and Cepstra From Time Series Data

To apply our MEM method to estimate the power spectrum of a finite segment of
time-series data, it is necessary first to estimate the correlations and cepstra. Suppose
we are given complex-valued time series data x[0], . . . ,x[N —1], drawn from a sta-
tionary Gaussian random process with power spectrum P (w). The ideal correlations
R [n] and cepstra c[n] of the process are defined by formulas (2.2) and (2.4). To esti-
mate these quantities from the given data, we can start by forming an initial estimate
of the power spectrum by applying a low pass window w[n] to the data, such as a

Hamming window, and then compute the periodogram Iy (w):

| X(ef®) |2 (8.1)

. 1
Bi(el®) = Iy@) = 3
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where X (e/?) = > wlnlx[n]e ~/on

n=0
N-1 )
Ng =3 Iwnll
n=0
Inverse Fourier transforming the periodogram and the log periodogram then give esti-

mates of the correlation and cepstra respectively:

™

Rinl = [ By(ei®)elon i;—‘;’— 8.2)
-1
k(4

¢t = f tog (Belel)) elon %;r“l (8.3)
J |

When the periodogram is used as the power spectrum estimate, and rectangular data
windows are used, w([n] =1, then the correlation estimate is equal to:

. { N-1-n
R[n] = N kgo x [kx[k+n] for n=0 (8.4)

In Appendix I we argue that for a rectangular data window, these periodogram-

based estimates are asymptotically consistent:

E[R[r]] = R[n] (8.5)
Vm[ﬁ[n]] = %,— ﬁxz(ej‘”)%f’;—
for n %0
B[¢[n]] = { i 3.6)
2
Var[é[n]] = 31,— T

where p = .577 is Euler’s constant. Thus the correlation estimates and the cepstral

estimates for n #0 are asymptotically unbiased as the number of data samples N -,
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and their variance tends toward 0.

One way to improve the estimates of the correlations and cepstra would be to first
compute a smooth, consistent power spectrum estimator ﬁx (e/®), and then use this
estimate in formulas (8.2) and (8.3) for R[n] and é[n]. Two basic approaches could
be used. A “classical" Blackman-Tukey approach would first estimate L correlations
from the data via equation (8.4). It would then multiply by a symmetric window
h[~L}, . ..,h[L] which has a positive Fourier transform, H (¢/®) > 0. The Fourier
Transform of the windowed correlations would then be a positive power spectrum esti-
mate st (e/*). This could be plugged into the correlation and cepstral estimation for-
mulas (8.2) and (8.3), and then the MEM (p ,q) algorithm could be run. (Note that
the correlation estimates will equal our original correlations multiplied by the window
h[n]). By choosing the correlation window length L much smaller than the data
length, L << N, but much larger than the MEM model order, L >> p ,q, we can signi-
ficantly reduce the variation in the power spectrum estimate, and thus decrease the
variation in the cepstral estimates. The tradeoff is that a short window decreases the
resolution of the power spectrum estimate, and increases its bias. The resulting corre-
lation and cepstral estimates will thus also be biased. In particular, valleys in the
power spectrum tend to be "filled in" by the windowing, and sharp peaks tend to be

blurred.

An alternative "modern” approach would start by fitting a high order all-pole
MEM model to the first L correlations of the data. We choose L to be much smaller

than the number of data points, L << N, but much larger than the desired ARMA
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model order, L >>p,q. A Yule-Walker method based on Levinson Recursion could
be used; this is identical to our technique for fitting an all-pole MEM (L ,0) model to

the correlations R[0], . . . ,R[L]. This idea has been suggested in numerous contexts

for similar problems[23,24]. The resulting all-pole model ﬁ;)_ is guaranteed to be
L

minimum phase, and the first L model correlations are guaranteed to match the given

correlations. The model :4-—7(—5 is thus a good high order approximation to the
L

minimum phase component of the power spectrum. We can use the impulse response
of 1/A; (z) as an estimate of g[n], then use g[n] together with the original correlations
R[n] to compute the MEM (p ,q) model. (It is not necessary to estimate the cepstral
values directly, though they could be derived recursively from g [n].) By decreasing the
model order L of the initial all-pole approximation, we can achieve smoother initial
power spectrum estimates and thereby get cepstral estimates with lower variance.
However, decreasing the model order also increases the bias of the power spectrum

estimate, and the bias of the cepstral estimate.

9. Experimental Results

Figure 9.1 shows the result of using our MEM method with various order models
to approximate the impulse response of a minimum phase 8 pole, 4 zero model. The
correlations and cepstra were estimated directly from the periodogram via equations
(8.2) and (8.3), with a rectangular data window w[n]= 1. The dotted lines show the

periodogram of the data, while the solid lines show the MEM (4,0), MEM (6,2),
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MEM (8,2) and MEM (8,4) approximations. As expected, increasing the model order
produces a model spectrum which follows the actual spectrum more and more closely.
The MEM (8,4) spectrum exactly matches the data. For model orders higher than this,
the algorithm either detects that the largest eigenvalue has multiplicity greater than 1
and automatically decreases the model order to its correct value, or else it places extra
canceling pole-zero pairs exactly on the unit circle, as predicted by Theorem 3. In

either case, the model spectra exactly match the ideal spectrum.

Unfortunately, our MEM method does not perform as well when we must esti-
mate the correlations and cepstra from a finite segment of time-series data. Figure 9.2,
for example, shows the result of applying the method to data derived by passing an
impulse train with period 91 through the same 8 pole, 4 zero filter as used in figure
9.1. 12 different datasets were used, each 800 points long, each differing solely in the
initial phase of the impulse train excitation. Three different methods were used to g =-
erate an initial power spectrum estimate from the 12 Hamming-windowed datasets. In
figure 9.2a, we used the periodogram. In figure 9.2b we applied a triangular lag win-
dow to the first L =50 correlations. In figure 9.2c we used an initial MEM (50,0)
approximation. Correlations and cepstra were computed via formulas (8.2) and (8.3)
from these initial power spectra. MEM (10,6) models were fit to the estimated correla-
tions and cepstra from each dataset, and the resulting spectra were drawn in solid
lines, superimposed on the periodogram. We deliberately used a model with an extra
pole and zero pair in order to demonstrate the behavior when the model order is set

too high.
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Note that the periodogram-based method in figure 9.2a shows 5 strong peaks
instead of 4, with resonances that are far too sharp. Note also the large variance in
the spectral models for the 12 datasets. 4 of the models are not minimum phase. In
figure 9.2b, using a S0 point triangular window on the correlations before estimating
the correlations and cepstra gives MEM models which follow the 4 peaks more
robustly. The valleys of the spectra, however, show the characteristic "filling in" due to
the initial windowing operation. All of the models are minimum phase. If we substi-
tute the original correlations for the windowed correlations, but use the cepstra from
the log windowed periodogram, then we would get MEM spectra with 5 strong, exces-
sively resonant peaks. (This is not shown). The spectra have a large amount of vari-
ance, and 11 of them are not minimum phase. This suggests that it is important to
start with correlation and cepstral estimates derived from the same initial power spec-

trum estimate.

Using an initial MEM(50,0) model to estimate the correlations and cepstra in fig-
‘ure 9.2c gives the best results. The models have low variance, and all conform closely
to the original filter shape. Note, however, the peculiar glitch in many of the models
near a frequency of 0.27. This is caused by a nearly canceling pole-zero pair located
virtually on the unit circle. None of the models are minimum phase. The culprit
appears to be related to Theorem 3. In all 12 datasets, the multiplicity of the largest
eigenvalue is estimated as r =1. Given more poles and zeros than necessary, however,
the method tries to locate the extra poles and zeroes someplace where they will nearly

cancel. Unfortunately, by theorem 3, if the multiplicity r =1, then the only place
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canceling pole-zero pairs can be located is exactly on the unit circle. Since the extra
poles and zeroes do not exactly cancel, they are only placed near each other and near

the unit circle. The result is a sharp, highly variable "glitch” in the power spectrum.

Figure 9.2d shows the results when the correct model order, MEM (8,4) is used,
with an initial MEM (40,0) model to estimate the correlations and cepstra. Note that
the 12 model spectra are quite accurate, except for some variance in the depth of the

high frequency null in the spectrum. All are minimum phase.

Figure 9.3 shows the result of applying the method to a similar problem, where
white Gaussian noise is filtered through the same 8 pole, 4 zero model to préduce a
colored Gaussian signal. 12 different datasets were generated, each 800 points long.
Exactly the same processing was used, except that the model order was increased to
MEM (12,8). Figure 9.3a was generated using an initial power spectrum estimate equal
to the periodogram. Figure 9.3b used a 60 point triangular lag window, while figure
9.3c used an initial MEM (60,0) model. The periodogram-based and MEM (60,0)
based models are very similar; all show some variance in the spectral envelope, together
with 2 sharp glitches caused by the 4 extra poles and zeroes being located in nearly
canceling pairs near the unit circle. The triangular-window based models have much
less variance, but show the characteristic "filling in" of the valleys. Figure 9.3d shows
the models generated with the correct MEM (8,4) model order, using the correlations
and cepstra derived from the periodogram. Note that the correct spectral envelope is

captured in all 12 datasets.
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In general, resolution in the model power spectrum appears to be controlled by
the number of poles used in the model; adding more zeroes tends to improve the shape
of the spectral peaks. In practice it is rare for the method to detect muitiple eigen-
values, even when the model order is} set relatively high. Non-minimum phase models
do not appear to have significantly different shape than minimum phase models gen-
erated from datasets with the same stochastic behavior. When modeling data formed
from sinusoids in white Gaussian noise, the method tends to locate nearly canceling
pole-zero pairs near the correct frequencies; unfortunately, these result in peaks whose
position and shape appear to be highly variable. The worst problem, in general, is the
presence of sharp glitches in the power spectrum when the model order is high.
Further work is needed to devise an accurate model order estimation procedure, or to

eliminate this behavior.

10. Conclusions and Further Work

We have shown that the solution to the Maximum Entropy spectral estimation
problem, subject to constraints on the first p +1 correlations and first ¢ cepstral values,
is an ARMA model with p poles and q zeroes. To calculate the parameters of this
model, we converted the Maximum Entropy problem into an equivalent generalized
eigenvalue/eigenvector problem. The inverse of the maximum eigenvalue in this prob-
lem is the model gain; it is also the exponential of the entropy of the model. The
corresponding eigenvector contains the coefficients of the pole polynomial. The zero

polynomial coefficients are computed by a simple recursion. The solution is unique,
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except for possible pole-zero cancellation. The model is also stable, with all uncanceled
poles inside the unit circle. If all the zeroes are aiso inside the unit circle, then the
computed model matches ail the given correlatior: and cepstral values and it is the
Maximum Entropy solution. If the zero polynomial is not minimum phase, however,
then it does not match the cepstra, and there does not exist any minimum phase model
which matches the given constraints, has a finite and non-zero power spectrum, and
also achieves the maximum possible entropy. VWe speculate, however, that there exist
minimum phase models which match the correlations and cepstra, whose impulse
responses match that of the MEM (p ,g) model arbitrarily closely, and whose entropy is

arbitrarily close to the theoretical upper bound given by the MEM (p ,q) method.

Several issues regarding this algorithm require considerable work. The issue of
non-minimum phase models needs to be resolved more cleanly; in particular, a better
explanation would be helpful for why the non-minimum phase models seem to yield
spectra which are about as accurate as the minimum phase models. Better methods are
needed to estimate the correlations and cepstra more carefully from the given data, or
to modify the algorithm to give more accurate estimates from short segments of data.
Model order estimation procedures are needed. These would probably be based on
monitoring the value of the gain -92 or the error €, as the model order is increased,
and picking a model order near the knee in this curve. Modifications to improve the
estimation of sinusoids in noise would be helpful. Most importantly, the problem of
nearly canceling pole-zero pairs appearing near the unit circle must be resolved.
Despite these difficulties, however, this new pole-zero MEM method is quite elegant,

and seems quite promising.
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Appendix A - Proofs of Lemma 1 and Theorem 1

Proof of Lemma 1

Assume that R, > 0. Then we can always factor R, in the form R, = QHq,

where Q is an invertible matrix. (For example, Q could be the upper triangular factor

computed by a Choleski decomposition [18]). Let Q H be the inverse of Q. Then:

Q" HK (p9)Q ' =1-+2QHG G, Q7! (A.1)

Note that for all x:

Hah-HH -1 = .
sHQHGH G, Q7 ls =y =0 (A.2)
where y = G,, , Q~!x. Thus the matrix Q—HGIEq Gp q Qlis positive semi-definite,
and it will have a complete set of orthonormal eigenvectors x, . . . ,X, and
corresponding eigenvalues A, . . ., A, all of which are non-negative:
Q" HGH G, , Q1 =Ny fori=0,....p (A.3)

where \; =0
H, -
%% = 8 j
where 3; ; =1 and §; ; =0 for i # j. Let us order the eigenvalues so that A is the

largest and A, is the smallest, and let us define A,y = Ag-

We next show the connection between these eigenvalues and eigenvectors, and
the generalized eigenvalue problem (3.21). Suppose \;, x; is an eigenvalue, eigenvec-

tor pair of the matrix Q HGH G _ Q71 Lety; =Q 1. Then:
P9 P.q Y 4

_ -HgH -1
GIEQGPJIX" = Q¥ (Q HGp,q Gp 4 Q ]Xi (A.4)




45

= Qg

A Q7Qy
= )\iRp Y

Thus \;, y; is a generalized eigenvalue, eigenvector pair solving (3.21). Conversely, it
is easy to show that if \;, y; solves (3.21), then \; and x; = Qy; is an eigenvalue,
eigenvector pair of the matrix Q"HGlf'fq G, q Q1. Thus the generalized eigenvalue,
eigenvector problem (3.21) has the same (p +1) non-negative eigenvalues as does the
matrix Q™ H G;I,q G, 4 Q1. Also, the corresponding eigenvectors vy, . . . ¥, are
linearly related to the eigenvectors xg, . . . X, by v; =Q° 11,-. Therefore they are
linearly independent and satisfy:

z‘-HRp]!.j = I,'H&j = 8,‘ o (AS)

Now suppose that the maximum eigenvalue A, ,. has multiplicity r, so that
Mmax=Mg= *** =M\,_;. For model orders g =0, the matrix G, , has at least one

non-zero element. Since @ is invertible, the number of non-zero eigenvalues of

Q“HGIHq G, 4 Q1 will equal the rank of G, ,q > since this is at least one, A, > 0.

Let v be an arbitrary non-zero vector. Because the v, . . ., v, form a basis, we

can always write y as a linear combination of these eigenvectors:

e= %o ~
1=
where at least one a; is non-zero. But then, using y; = Q"la:,- together with (A.1)

and (A.3):
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17K, (p g ) = ﬁo ﬁo o o 57QHK,(p,q) Q7 1y
i=0 j=

-$ ﬁ o; o) gH(1-v2))
i=0j=0

A | PA—v2) (A7)

i

For 0= vy2< 1/Npyax» €very term on the right hand side of (A.7) will be non-negative,
and at least one will be strictly positive. Thus MK, (p,q)x >0 for all y #0, and
K,(p,q) will be strictly positive definite. For v = 1/\ pay, terms O through r —1 will

be zero, so that:

YHG = 5 Tag PN A (A8)
Thus K (p ,q) will be positive semi-definite, and its null space will be spanned by the
vectors v, . . ., ¥ 1. Since these vectors are linearly independent, the null space of
Ky(p ,q) will have dimension r. For 12> 1/\ ax» We will have zgil(y(p q)ro<0,

and so K (p ,q) will not be positive semi-definite.

Proof of Theorem 1

If there exists some minimum phase model vy, G(z) which matches the given
correlations and impulse response coefficients, then section 3 shows that K(p,q) must
be positive semi-definite. By Lemma 1, this requires 0 < 2= 1/\ pyax- By section 3,
the entropy of the model is H = log v2, and thus the entropy must be bounded above

by H < logy‘2 = log 1/A oy
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For the MEM (p ,q) problem, we must choose v2 so that K,(p,q) is positive

semi-definite with a non-trivial null space. By Lemma 1, the only possible choice is

42 = 1\ pax-




Appendix B - Proof of Theorem 2

Assume that R, >0 and that A, has multiplicity r. For notational conveni-

n
ence, we will call the n** order polynomial V,(z) = ¥ v,z ~k a member of the null
k=0

space of K. (n,m) if the vector of coefficients v = (v, - - - vo)T is a member of the
null space. (For convenience, we drop the model order index from the coefficients.)
Also, let us define K. (n,m)=R, if m <0butn =0.

In Appendix A we proved that for -92 = 1/\ oy, then K_g(p ,d) =0, and its null

space has dimension r. This null space is spanned by the generalized eigenvectors

¥ - - - »¥.—1- Let us look for vectors y in the null space of K?(p ,q ) whose last coef-

ficient is zero, vg=0. This represents only one additional linear constraint on the
values of v, . . ., v,; thus there will be at least an r —1 dimensional linear subspace of

vectors y' = (v, * - - VIO)T which are elements of the null space of Kﬁ(p ,q). But

equation (4.2) implies that if K.?(p ,q)r' =0, then:

Vp
K(p-14-D | : ]| =0 (B.1)
vy

Thus KQ(P —1,q4 —1) must have a null space with dimension at least equal to r —1.
Applying this argument recursively for s =1,...,r—1, we can show that
K,g(p —s,q —s) must have a null space with dimension of at least r —s.

Now let § be the largest integer such that Kﬁ(p —§,q —5) has a non-trivial null

space. By the reasoning above, s =r —1. Let Ap _;(z) be any non-zero member of
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the null space of K,?(p -$,q—5):

Kp-s.a-5| = [=0 | (B.2)

First we show that d# 0. Suppose this were not true. If § = p, then we would have
/fp —.6(2) =0, which would contradict our definition that ;fp _;(z) is a non-trivial

member of the null space of Kﬁ(p —§,g—5§). For § <p, using equation (4.2) we

would have:
(. )
 J * ap—f
(a,_, "+~ d10) :
= P~ — —
0= Kﬁ(p $,9—5) iy
0
* * a .
(a“ I a“l ) pP—Ss
= P7* K?(p -§—-1,g—-5s-1) : (B.3)
dq

But since K_g(p ,g) =0, and since KQ(P —§—1,g —§—1) is just the p —s —1 order prin-
ciple minor of K‘?(p ,q), we must have K?(p —§—1,g—5—1)=0. By definition of §,
however, Kﬁ(p —§—1,4 —5—1) can have only a trivial null space and so this matrix
must be strictly positive definite. But then (B.3) implies that 4, =0 for
n=1,...,p—5. This, however, contradicts our original assumption that Ap _j(z) is
non-zero. Thus we have shown that 45 # 0. We can therefore scale Ap _;(z) so that

dg=1, and this scaled polynomial will still be a member of the null space of
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Kﬁ(p —§,q —5). From now on, we assume that 4y = 1.

Clearly ¥, /fp _;(z) are gain and pole polynomial solutions for the
MEM (p —§ ,q —5) problem. Let us define ﬁq _; (z) to be the corresponding zero poly-

nomial with coefficients:

n n .
b, = Y gln—kl4 (B.4)
k=0
where we define 4, =0 fork >p —5.
Now we prove that both Ap _s.(z) and z ‘lAp _f(z) are members of the null space

of Kﬁ(p -§+1,g—5+1). Using (4.2):

rd W
(4, ig 0) "
a _.°-'-a :
p—s 0 K(p-§+1g-s+1) | . (B.5)
, 0
. 0
(d, ;" dg) o
= P K.(p—5.9-5)
dg
=0

Since K_?(p —-§+1,g —§+1) =0, this shows that z ‘lffp _;(z) is a member of the null
space of KQ(P —-§+1,q—§+1).

Next, using (4.3) we can show that:
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0
~* ~ d‘
(04 _.---dy) p—§
a
L 70
| - d a
(6 _, - dg) p-s o |a-s+1 . L
= P Kp-§q-5)| : |-+ 2 glg—s+1-nld,
aAO n=0
— _ =2z 2
-y I q—§+1l
=0

But since K?(p ~§+1,g—-5s+1)=0, this equation must actually equal zero. This

shows that Ap _s(z) is a member of the null space of K (p —§+1,¢ —§+1). In addi-

A

q—5+1

~

tion, since 4= 1/A o >0, we must have 5 =0. Since both 4, _.(z) and
z‘IAp _s.(z) are members of the null space of K,?(p -s§+1,4 —5+1), and these two

polynomials correspond to linearly independent vectors of coefficients, the dimension

of the null space of K?(p —§+1,g —5+1) must be at least one greater than the dimen-
sion of the null space of K?(p —-5,q—5).

Applying this argument recursively, we can show that fors =0, . . ., §, the poly-
nomials z ""Ap _;(z) for £=0,...,s are all members of the null space of
K,?(p —§+s,9—§5+s). Since these members are all linearly independent, the dimen-

sion of the null space of Kﬁ(p ,4), which we assumed to be r, must be at least § +1.
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Thus r =§+1; however, we earlier showed that r =s5§+1. We conclude that

r =$+1. Furthermore, the same recursive argument shows that 5, =0 for

n=q-r+2,...,q. Thisin turn implies the following:

a)

b)

d)

Matrix Ki(p —r+1,g—r+1) =0 with a null space with dimension one. There is

a unique member of its null space, A, _, ..1(z), with leading coefficient of dg = 1.

For s in the range 0 = s <r, the optimal gain for the MEM (p —s ,q —s) problem
is exactly the same as the optimal gain ?2 = 1/\ppay for the MEM (p ,q) problem.
(This is because Lemma 1 guarantces that there is exactly one value of the gain
for which the matrix K.y(p —s,q —s) is exactly positive semi-definite; ¥ is this gain
value.)

For s in the range 0=<s <r, the null space of K«‘,(P —s,q —s) has dimension
r—s, and is spanned by A, _, . 1(z), . . .,z "¢ HAP _r+1(z)- (The dimension
r —s is a consequence of our proof that § =r —1. These vectors must be a basis
because we have shown that all r —s of them belong to the null space, and they
are all linearly independent; thus they must span the null space.)

For s in the range r =< s =< p, matrix K,?(p —s,q4—s)>0. (This is true because
K%p —s,q —s) is a principle minor of K‘?/(p ,q), and thus must be at least positive
semi-definite. It is strictly positive definite because § = r —1 is the largest value of
s for which KQ(P —5,q —s ) has a non-trivial null-space.)

For s in the range 0=s <r, Ap_s(z) is a solution to the MEM (p —s,q9 —s)

problem with dy = 1, if and only if:
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r—s—1

Ap-s@)= 3 b 27"y 41(2) = &, (@A, _,41(z)  (BT)
where ¢, _; _1(z) is some polynomial of order r —s —1 with leading coefficient
$o=1. (This is because A, _ (z) must be in the null space of K_g(p—s,q—s),
and therefore must be a linear combination of the basis vectors
Ap_r-1(2), - - . ,z "4 _1(z). Conversely, every such linear combina-

tion must be an element of the null space, and therefore must be a solution to the

problem. We must have ¢y = 1 in order to make dy = 1.)

Finally, for s in the range 0=<s <r, let A, (z) be any pole polynomial solution to
the MEM (p —s,q —s) problem, so that A, _s(z)= ¢,_s_1(z)1§p —r+1(z) for some
r —s —1 order polynomial ¢, _; _1(z) with ég=1. Let B, _ (z) be the corresponding

q —s order zero polynomial with coefficients:

n
b, = 3 gln—kla; for n=0,...,9-s (B.8)
k=0
where we define a; = 0 for k > p —s. Substituting for a; :

n r—s-1

by =3 3 gln—klg_;d, (B.9)

k=0 [=0

r—s—1 n

S ¢ X gln—kld_,

=0 k=1

I

r—s-1 R

= X dibpy
1=0
where d, and b, are the coefficients of the A}, —r+1(z) and éq —r+1(z) polynomials.

But since I;,, =0forn=q-r+2,...,q, this implies that:

Bq —s(z) = d’r —s—l(z)éq __,.+1(2) (BIO)
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Thus Ap__,(z) and Bq_s(z) share up to r —s —1 common factors ¢, _,_1(z). The
power spectrum, however, depends only on the ratio of B, (z )/Ap —s(z), and there-
fore is uniquely determined, and is identical to the MEM (p —r +1,4 —r +1) power
spectrum Isp —r+1,g—r+1(2)-

The multiplicity r must be less than or equal to the total number of eigenvalues,
r=p+1l. Also for p+t1=n>q+1, K\ (p—n+lg-n+1)=R,_,,1>0. Thus

r = q+1. Combining gives r = min(p ,q)+1.
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Appendix C - Proof of Theorem 3 and part A of Theorem 7

Assume that R, > 0 and that A ,, has multiplicity r. Set 72 in the range
05725 1/\pax» SO that K.y(p ,q)=0. For convenience, we will assume that if
v2= ﬁz then r=1; the case r>1 can be treated by replacing p and g everywhere
below with p—r+1 and q—r+1 respectively. For notational convenience, let

K=K,(p,9)- Letd, bea solution to the minimization problem in (5.1) forn =p:

n . H

dp - ming, Ka, (C.1)
Then e, = d, Kd, = 0.

p ~dp Np

If p = 0, then A, (z) = 1, and the pole polynomial is stable. For p > 1, let us fac-
tor the polynomial A,(z) = (1-pz " Hy(z) where ¥(z) is a p—1 order polynomial
with $p=1, and p is one complex root of A, (z). Minimizing (B.3) over all
ay, . ..,ap is equivalent to minimizing over all {,, . . ., ¥, 1 and p. In particular,

if we factor the minimizing polynomial A“p (z)=(1-pz ‘1)113(2), and define vectors:

‘I‘p—l 0
: ¥p -1
e =1 g ¢ = p: (C2)
0 0o
then
- ¢ (C3)
4y [ U - ) 1

and p must be the solution to the following quadratic minimization probiem:
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* H
(et [ -p
e OV Er (7)o
This minimum occurs at:
. ik c
(e .5
sy, ()
and the value at the minimum is:
. yHRy_ | (wERy
o CL S N C 1) o

b FKy,

But €, =0 and by conjugate symmetry, gfl(g:__ = (_\E?Kg_,. ) . Thus combining

(C.5) and (C.6):

l'!z“ _?Kg_.-—ep ©n
_‘EEK}P_-;- , .
Using (C.2) and (4.2):
* RN Sy ‘I’p—l
$r Ky, = [‘p”_l %) K.,(p—l,q—l)[ : ] >0 (C.8)
¥o

where strict inequality must hold since p >1, r =1, §9=1, and by Theorem 2,
K.y(p—l,q—l)>0. This guarantees that (C.5) is well-defined. Using (C.2) and

(4.3):

Hy_ = )K?(p—l,q—l) I IR ST 8 L (o)
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= o}k, - 97 iy |7
where we define:
R n
by = X gln—k]¥y (C.10)
k=0
and where we define §;; = 0 for k >p —1. Combining (C.9) and (C.7):

vin, 12+ e,
H
v+ Ko,

The pole p must therefore be inside or on the unit circle. Since we chose the root arbi-

Ipl12=1- (C.11)

trarily, all poles in A}, (z) must be inside or on the unit circle.

If the gain v2 is below 4 = 1Ay, then K>0 and €, >0. Thus |p| <1, and
every root of A‘p (z) will be strictly inside the unit circle. (This proves part A of
Theorem 7). If 72= w}z= 1/\ ay» however, then €, = 0, and A},(z) will be the
MEM (p ,q) pole polynomial. All the roots of AAP (z) will be either inside or on the
unit circle. From (C.11), a root of A}, (z) can be on the unit circle if and only if

by = 0. But then if we examine the zero polynomial corresponding to A}, (z):

-

by

éo gln~klé; (C.12)

S gln—klby — pgln—klby_

k=0

il Rl |

so that:
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By(z) = (1-pz "D i(z) (C.13)
where ji(z) is a ¢ —1 order polynomial with coefficients fig, . . ., i, _1. Thus if the
MEM (p ,q) pole polynomial A,(z) has a pole p on the unit circle, then the
corresponding zero polynomial éq (z) must have a canceling zero on the unit circle at
P-

Now we will prove that all canceling pole-zero pairs in the MEM (p ,q) model
must be on the unit circle. Suppose that A}, (z) and ﬁq (z) share a common factor
(1-pz —1y. As above, A}, (z) = (1-pz ") ¥(z), where §(z) is an order p —1 polyno-
mial with leading coefficient Jjy = 1. The coefficients of the corresponding zero poly-

nomial must obey (C.12). This implies that:

. L -1 .
By(e) = (1-pz ™) [20 iz ™" ] * i, (C14
But we assumed that (l—ﬁz_l) was a factor of qu (z); thus iy =0. But then from

(C.11), | p | = 1, and so this canceling pole-zero pair must be on the unit circle.
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Appendix D - Proof of Theorems 4 and §
Proof of 4A)

Let g[n] be the causal impulse response of éq (z )/Ap (z). By definition, for

n<0,g[n]=0,and forO=n =<gq:

n ~
EO gln—kléa = b (D.1)

But the MEM (p ,q) solution must also satisfy equation (3.13):

n ~
kgog[n—k]dk = b for n=0,...,q . (D.2)

Define ¢, [n]=g[n]-£[n], subtract (D.1) from (D.2), and write the result in matrix

form:
(1 0
€. [0]
i 1 .
. : =0 (D.3)
é, + dp 1 J €glq]
Since the matrix is invertible, € [n]=0forn=0,...,q and the first g +1 coeffi-

cients of the model impulse response must match the given data, ¢[n] = g[n].

Proof of 4B)

Let I;p q (z) be the model power spectrum:

, B, (2)B, (112")
Ay (2)A, (1z")

P, (z)=1% (D.4)
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and let R [n] be the correlations of the model. R [r] is just the inverse z-transform of
15p q (z). Multiplying through by A}, (z), identifying the leading coefficients of
éq‘(llz *)IA (1/z") as ¢ [~n), and equating terms with equal powers of z, we get an
equation similar in form to (3.16):

R,d = 4G, b (D.5)
where correlation matrix ﬁp has (n,m)" element R[m —n], and Gp g has (n,m )
element ¢[g —p+m—n]. But the MEM (p,q) model ¥, 4, b must also satisfy equa-
tion (3.16). Recognizing that ¢[n]=g[r] for n <g, and thus G, , =G, ,, sub-

tracting (D.5) from (3.16) gives:

er[0] - e [P]
: (D.6)
eR[‘P‘] - €g [0]

where eg[n] =R [n]—-R[n] is the correlation matching error. To analyze these error
values, let us extrapolate the tails of ez [n] by forward and backward prediction using

the pole polynomial coefficients 4 :

egln] = —dieg[n—-1]- - -- —a“peR[n—p] for n=p+1,p+2,.. (D.7)
egln] = —djegln+1]- -+ —d,egln+p]  for n=-p-1,—p-2,..

Using (D.6) and (D.7) we can show that:

$ & eqln-k+114"d, =0 forall n (D.8)
=0 k=0

If the polynomial Ap (z) has all its roots strictly inside the unit circle, then the extrapo-

lated sequence ep[n] will decay exponentially to zero, and thus must be absolutely
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summable. Therefore the Fourier transform ep (e/®) exists and is finite for all o.
Fourier Transforming (D.8) gives:

eg(e?®) | A, (e79) [2 =0 (D.9)
Since all of the roots of A,(z) are strictly inside the unit circle, | A,(e/®) |2> 0 for
all . Thus we must have €p (e/*) = 0 for all w, which implies that €z[n]=0 for all

n. Thus the model must match the given correlations.

Proof of 5A)

If A}, (z) has one or more roots p; on the unit circle, p; = ejw‘, then the argu-
ment above breaks down. First of all, Theorem 3 guarantees that any poles on the
unit circle must be canceled by matching zeroes. Thus the power spectrum of the
model has a Region Of Convergence which includes the unit circle, and the correla-
tions are still well-defined. The extrapolated tails of ez [n], however, may oscillate at
the frequencies of the roots on the unit circle. Suppose that the roots of A}, (z) are all
different. Then the tails of €5 [n] will be bounded, but may not be absolutely summ-
able. The Fourier Transform ez (e/®) may therefore contain impulses. In particular,

since IAP (e79) |2=0 at the frequencies = w;, a non-zero solution for ez (e/®) in

(D.9) will be a weighted sum of impulses located at the unit circle roots ejw":

ep(e/®) = 2 K d(o—o;) (D.10)

for some set of weights ;. Inverse Transforming:
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erln] = X ;i pf (D.11)

]
More generally, if A}, (z) has roots p; with multiplicities s;, then ep (e/®) will be a
weighted sum of impulses and impulse derivatives of order up to 2s; —1. Since ez [n]
is even, however, only even order derivatives can be present. Thus ep (e/*) will con-

. 2s.—2
tain terms such as p/*, nzp,-",..., nt Tpl

Proof of 4C)
If G(z)=B,(z)/A,(z) is strictly minimum phase, then by Theorem 4A, its
impulse response has the correct first g + 1 coefficients g[0], . . ., g[q]- Rewriting the

recursive equation (3.10) to define the cepstra in terms of the minimum phase coeffi-

cients:
1 n
clrl== 3 kglklgln—k] (D.12)
=
This equation provides a one-to-one mapping between the g[0], ...,g[g] and

c[1], .. .,c[q]- Thus the first g +1 cepstral coefficients ¢ [n ] must equal the specified
values c[1], . . . ,c[g]. Furthermore, the entropy of the model is log w‘/z. By Theorem
1, however, this is the maximum possible entropy of any model matching the given
data. Therefore, the MEM (p ,q) solution is indeed the solution to the constrained
Maximum Entropy problem. By Theorem 2, it is unique except for possible pole-zero

cancellation if the multiplicity of A,,, is greater than 1.
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Proof of 5B)

Suppose that B, (z) is not minimum phase, so that it has zeroes strictly outside the

unit circle. Suppose there are g, zeroes outside the unit circle, pg, - . ., Pgp—1° and
q —qp zeroes inside, Pgp * * * *Pg-1-
By(z) = n Aoz T (-pjz ™ (D.13)
Ji=490

To calculate the model cepstral values ¢[1], . . ., é[gq], we need to factor the model
power spectrum into a gain times a minimum phase factor times a maximum phase fac-

tor. In this case we get:

, Dy (z) Dq‘(llz %)

Fpa(®) =¥ = T D.14
P Ap(z) A)(uz") (D-14)
where:
90-1 __1 q—-1 1
D,(z) = H ( ) II (A-pjz77) (D.15)
pi i=90
qo"1
= 42 1 le 12
The impulse response g '[r] of this minimum phase factor D (z)/A (z) satisfies:
. Of (s01) (4o
ai . .
. | (D.16)
d, ~d1 1 g'lq] d,
\ y

where the d;, are the coefficients of D (z). Subtracting this from (D.2):
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L 0 (ep- g[OI] [bo do
01 °

d, -dq 1| |8&lal-g’lq]

(D.17)

Since the matrix on the left is invertible, and since the right hand side is non-zero, at
least one of the coefficients of the minimum phase factor g‘'[n] does not match g[n].
Since equation (D.12) defines a one-to-one mapping between the minimum phase coef-
ficients g’[0], . . . ,g'[¢] and the model cepstral values é[1], . . . ,é[q], the model

cepstrum cannot match all the original cepstra c[1], . . ., c[q].

Finally, the entropy will equal:

= logy? (D.18)
= log§” + q02-1 log | p; |2
i=0
> log 42
where the strict inequality holds because pg, . . ., Pg,—1 ar€ outside the unit circle,

and thus have magnitudes greater than one. The MEM (p ,q) model does not solve the
original Maximum Entropy problem. We conclude that there does not exist any
strictly positive, finite power spectrum P (ejw) meeting the Paley-Wiener condition
which matches the given correlations and cepstra, and which achieves the maximum

possible entropy.
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Appendix E - Derivation of Fast Levinson-Style Algorithm

Assume that we already have the values g, 1, d,_1, f,—1 and M, _;. Now

using (4.2):
(0 Y b ) (27 la-r]
Ay —-1,n-1 0 :
Kymmtq=p) | = | =] : | =, : (E.1)
a1n-1 0 . :
\ 1 ) | €n -1 | (& [r+q-p])
n—-1 _
where ¢, = ¥ R(n—k)a; ,
k=0
n—-1
b, = 3 gla-p+n—kla p1
k=0
Using (4.3):
dOn 1 |
K (n,n+q-p) d, —l,n _1 (E-2)
where v, E K (n,n+q P)] X di n-1
fO,n 1 g [q -p]
Ky(rim+tq—p) | ¢ 1n ; (E-3)
g [n+q -p]

where p., = 2 Ky(n.,n+q—p) ] xfen-1-2 “[n+q-p]
We can now compute g, by combining linear multiples of d, _ and f, _;, then com-
pute 4, by combining linear multiples of d, _; and g, , and then compute f,, by com-

bining linear multiples of f,, _, and g,. The value of €, can be found by direct substi-
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tution. These update formulas are given in the algorithm listing in section 5.

To compute M,, recursively, we start by expanding d, and f, in terms of d, _q,

fn-12nd g,:
dnfil 0 1 vr: anH ’ (E.4)
Ma = j_rnH—l o] €n l"r:G.nH KY(",'!'HI"I?) .
dp-1 fn-1)] 4
0 0 ) o (vt ean)

Writing this out as a sum of four terms, and using (4.2) and (5.3), gives the update

formula for M,, in section 5. Finally, we can avoid having to calculate v, and n,

directly by noting that:

di, 0 di, o

H _
n.nt+q— a, =
£H, o K 97P) o fH 0l |0

()

(E.5)

But also:

dfi, o
FH 0 K (n.n+q-p) a, (E-6)

In—1
dnH—l 0 0 dy 1 fn-1 —b,
= anl_l 0 K,Y(n,n+q—p) a.n—-ll + O 0 yz\bn
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f 1 0-0 v,: [ 0 ] M ~é,
= - + —
| gla-p] - - - glr+a-pl+p, | |@n- n=1 4 g2y,
r vr: — b,
= s +M —
Y + 1y n=1 42,

\

Equating these gives the formula relating v, n, to ¢,, ¥, given in section 5. Thus
we can derive v, and p, from this formula, rather than calculating them directly.
This is particularly advantageous, since we no longer need to calculate the actual ele-

ments of the K (n ,n +¢q —p) matrix.
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Appendix F - Proof of Theorem 6

The proof of this theorem relies on two key formulas involving the €,. The first

formula is:
60 0
0
1 01’1 ° ap’p
h A !
e =
wher Caq,
0 1
To prove this formula, note that for n < m, the (n,m )"' element of the matrix on the
left is:
H qH H nH
a, @ am a, O
( ) Ky(p.q) [ 0 ] = ( ) K(m,m+q-p)a, (F.2)
0
_ ( a,,H oH ] :
- 0
em
€, if n=m
“ Lo if n<m

where we used (4.2) in the first line and (5.3) in the second. The case n > m can be
treated similarly. We now invoke Sylvester’s law of inertia[18, 19] which states that
since A is invertible, the matrix AH K.{(p »4 ) A must have the same number of positive

eigenvalues as K. (p,q), the same number of negative eigenvalues, and the same




69

number of zero eigenvalues. The eigenvalues of AH K.y(p ,q) A, however, are
€ - - -1 €p- Thus, using Lemma 1, if 0= v2< 1/\ max» then K (p ,g) >0 and all the
values of €, must be strictly positive. If vZ> 1/\ pax» then K.y(p ,q) has at least one
negative eigenvalue, so at least one value e, is negative. If v2 =1\, then
K, ,q) =0, it will have r eigenvalues equal to zero, and thus r of the values €, will

be zero and the rest will be strictly positive.

To prove that the sequence of €, is decreasing for K.y(p ,q) =0, we combine the

formulas for €, and v, , p, in the Mullis-Roberts algorithm in section 5:

¢
en = en_l — ( vn “‘fl ] _y;‘pn (F,s)
¢,: 2y, bn
=€ 1~ ( " ) M, 1 YRy, — 2|, 12

Now if K_y(p ,q)=0, then by (4.2) K.y(n -1,n—-1+q-p)=0, and by (5.6),
M, _1 =0 also. Thus ¢, <€, _; for all n. For y2 =< 1/\,,, therefore, the values of
e, decrease with n, and are non-negative. For y2 = 1/ s, the last r values must be
zero.

For K.y(p ,q) >0, all the e, will be strictly positive, and therefore we can run the
Mullis-Roberts algorithm for steps n =0, ...,p to calculate all the g,, €,. If
Ky(p ,g) =0 with an r dimensional null space, thene, >0forn =0,...,p—r but
€p—r+1= 0. Thus we must stop the Mullis-Roberts algorithm at step n =p —r +1.

However, Theorem 2 guarantees that the vectors g, = (0g, 4 )T for
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n=p—-r+2,...,p will be elements of the null space of K.y(n ,n+q—p), and thus

satisfy the assumptions of this theorem withe, =0forn =p—-r+2,...,p.
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Appendix G - Proof of Theorem 7
Let 0= y2< 1/A ;- By Theorem 6, the Mullis-Roberts algorithm will be able to

calculate the unique p** order solution Gy, €p-

Appendix C proves that for -yz< -92, the pole polynomial solution to (5.1) is
strictly stable with all poles strictly inside the unit circle. To prove part B of Theorem
7, let us define the zero polynomial B, (z) by substituting the coefficients of A, (z) into
the recursion (3.13). Following the proof in Appendix D, we can show that the lead-
ing coefficients of the impulse response of our model exactly match the given values
g[0], . . ..glg)- The correlation matching proof proceeds similarly to that in Appen-

dix D, except that we find that:

xl0] - xlp1) |7 0

. . . ‘ : _ ’ G.1
exl-pl -~ 0] | | 0 o
R R 1 €

We can extrapolate ep[n] forwards and backwards as in Appendix D. We can then

show that:

ﬁ é er(n —k+l]¢il'a“k =¢€,8n] foral n (G.2)
1=0k=0

Since the pole polynomial is guaranteed by part A to be strictly stable, the extrapolated
tails decay exponentially and are thus absolutely summable. We can thus Fourier

Transform both sides of (G.2) to give:

€R (e/®) ’Ap(ej‘”) |2 = € (G.3)
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. 2
Dividing through by ‘Ap (e/®) ' and inverse transforming:

s

T %
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Appendix H - High Order Minimum Phase AR Approximations to Non-Minimum
Phase Models

To find a minimum phase all-pole (AR) model ey /Ay (z )AA;(llz *) which matches
R[0] and c[1] and which achieves maximum entropy for a given model order, we will
try searching over the reflection coefficient domain. The reflection coefficients
ki, . ..,ky are related to an N th order polynomial An(z) by a Levinson recursion,
which builds an n** order polynomial A,(z) from linear combinations of the n — 1%
order polynomial A, _(z):

A,(z) =4, () + k,z "A,_q(11z") forn=1,...,N (H.1)
where A o(z) = 1. Simply by keeping all k,, less than 1 in magnitude, we can force the
all-pole model to be minimum phase. Furthermore, if we choose the model gain €N by

the following recursive calculation:

€g = R [0] (H'z)

n = €-1(1- Ikn |2)

then each n** order model €, /A, (z )A,:(I/z ') will have the zeroth correlation coeffi-

€

cient equal to R [0]. The model entropy will be:

N
H = logey = logR[0] + 3 log(1- |k, |?) (H.3)

n=1

Furthermore, the first cepstral coefficient will be

el = —agy = — (k1 + 3 kkyq) (H.4)

n=2

The Maximum Entropy N** order all-pole model matching R [0] and ¢ [1] can now be

found by maximizing (H.3) subject to the constraint (H.4) and subject to |k, | <1.
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Introducing Lagrange multiplier A for constraint (H.4), building the Lagrangian, and
then differentiating the find the critical point, we can show that the reflection coeffi-
cients achieving maximum entropy while meeting the constraints must satisfy: (we

assume all quantities are real-valued)

2k;

PERTRT] T = A(kj_1+k4q1) (H.5)
where we define kg =1 and ky,{=0. An exact AR (=) solution for c[1]=5b;= -1
is \=1 and k, = 1/(n+1). For finite order AR models with c[1] somewhat more
negative than -1, the solution will generally have A slightly greater than 1, and k,
slightly greater than 1/(n +1). A relaxation algorithm based on equation (H.5) can be
used to find these values. Choose an appropriate AR model order N, try an initial
guess of k, = 1/(n +1), and guess an initial value for \. Now repeatedly solve (H.5)
for k, for n=1,...,N. Iterate until the estimates converge. While iterating, com-

pute the value of c¢[1] in (H.4). If this is larger (smaller) than desired, then decrease

(increase) \.
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Appendix I - Asymptotic Behavior of Correlations, Cepstral Estimates

To estimate the asymptotic behavior of the correlations and cepstral estimates
derived from a periodogram, let us approximate the complex-valued, zero-mean Gaus-
sian sequence x [n] as periodic with period N. As N -, we would expect this approx-
imation to give asymptotically valid formulas for the means and variances of estimators
based on the data. (See, for example[25] or [26]). The power spectrum will be a line
spectrum:

N-1 2k
P (w) = 20 P (0 )d(w—wy) for o= N (1.1)
k= '

and the periodic correlations and cepstra are defined by:
- _ 1 N1 jagn
Rlrl= § 3 Pe(op)e (12)

. 1 Nt jopn
C[n] = 'ﬁ' 2 long((nk)e Ok
k=0
Let X (w;) be the Discrete Fourier Transform (DFT) of x[n]:

X(og) =3 x[a]e’ ™" (L.3)

n=0

It is easy to show that the real and imaginary parts of —\/ITN—-X (wg) are independent

Gaussian random variables with zero mean and variance % P (w;):

.

E 71_&- Re X (0f) 7 ImX (o) ] (L4)

L Imx (wp) X (w)) ]

E| L Rex(w;) Rex (w)) -

N
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1
—P_ (o for k=0
x( k) (1.5)

Il

0 else

E XII,-ReX(wk) ImX(w;) | =0
Given x([n], let us estimate the power as equal to the periodogram,
P () = -I%I— |X(w;)|% Inverse transform the periodogram and the log periodogram
to get the correlation and cepstral estimates R [#] and é[n] respectively. To compute

the mean and variance of the estimates, we will use the formula:

Cov[u ,v] = E[uv] — E[u ]E[v] (1.6)

and where x, y, z and w are Gaussian:

E[xyzw | = E[xy ]E[zw ] + E[xz |E[yw ] + E[xw ]E[yz ]

Then:
E[Ié[n]] = ;1,- z:‘, IX(w,,)IZ] eI = R[n] (L)
N A _ 1 N-IN-1 1 1 j(w,n—w,m)
Cov[R[n],R[m]] - X’—Z-EO > Cov L X(@) 12,4 X ()2 | /"7
= 5 = PR 18)

To compute the statistics of the cepstral estimates, we will use formulas from [27]:
N-1 i
E [ én] ] = LS5 Elog L [x(w) (2| /"
N &, N

jw.n
eJ k

= -1-:,— i [long(wk) + fe“‘logtdt
k=0 0
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= c[n] - y3[n] (L9)
Cov[c‘[n],c‘[m]] = ﬁ?gg Cov logxl,- |X(wk)|2,log—11\7 IX(o.)l)]Z] ef (oxn —erm)
= %t};}; [ie" (logt ]zdt - -yz] gJxr—m)
= % -%z—ﬁ(n —m) (1.10)

where y = .577 is Euler’s constant.




78

References

[1] John P. Burg, Maximum Entropy Spectral Analysis, Ph.D. Thesis, Stanford Univer-
sity, May 1975.

[2] John P. Burg, “Maximum Entropy Spectral Analysis,” Proc. 37th Meeting of the
Soc. Expl. Geophysicists, reprinted in Modern Spectrum Analysis, ed. Donald G.
Childers, IEEE Press 1978, New York, 1967.

[3] E.T. Jaynes, “New Engineering Applications of Information Theory” in Proc.
First Symposium on Engineering Applications of Random Function Theory and Pro-
bability, ed. J.L Bogdanoff, F. Kozin, New York: John Wiley, 1963, pp. 163-203.

[4] E.T. Jaynes, “Prior Probabilities,” IEEE Trans. Syst. Sci. Cybern., vol. SSC-4, pp.
227-241, 1968.

[S] J. Makhoul, “Linear Prediction: A Tutorial Review,” Proc. IEEE, vol. 63, no. 4,
pp. 561-580, reprinted in Modern Spectrum Analysis, ed. Donald G. Childers,
IEEE Press, New York 1978, April 1975.

[6] Donald G. Childers, Modern Spectrum Analysis, New York: IEEE Press, 1978.

[7] Steven M. Kay and Stanley Lawrence Marple, “Spectrum Analysis - A Modern
Perspective,” Proc. IEEE, vol. 69, no. 11, pp. 1380-1418, Nov 1981.

[8] Miguel A. Lagunas-Hernandez, M. Eugenia Santamaria-Perez, and Anibal R.
Figueiras-Vidal, “ARMA Model Maximum Entropy Power Spectral Estimation,”
IEEE Trans. Acoustics, Speech, Sig. Proc., vol. ASSP-32, no. §, pp. 984-990, Oct
1984.

[9] Clifford T. Mullis and Richard A. Roberts, “The Use of Second-Order Informa-
tion in the Approximation of Discrete-Time Linear Systems,” IEEE Trans. Acous-
tics, Speech, and Signal Processing, vol. ASSP-24, no. 3, pp. 226-238, June 1976.

[10] V.F. Pisarenko, “The Retrieval of Harmonics from a Covariance Function,” Geo-
phys. J. Royal Astr. Soc., vol. 33, pp. 347-366, 1973.

[11] R.B. Blackman and J.W. Tukey, The Measurement of Power Spectra, New York:
Dover, 1958.

[12] Gary E. Kopec, A.V. Oppenheim, and J.M. Tribolet, “Speech Analysis by
Homomorphic Prediction,”” IEEE Trans. Acoustics, Speech, Sig. Proc., vol. ASSP-
25, no. 1, pp. 40-49, Feb 1977.

[13] B. Yegnanarayana, “Speech Analysis by Pole-Zero Decomposition of Short Time
Spectra,” Signal Processing, vol. 7??, pp. 5-17.

[14] David Smith, Variational Methods in Optimization, Englewood Cliffs, NJ: Prentice
Hall, Inc., 1974.

[15] James A. Cadzow, “High Resolution Spectral Estimation: An Assessment,”
Trends and Perspectives in Signal Processing, pp- 16-19, June 1983.




79

[16] Norbert Wiener, Extrapolation, Interpolation and Smoothing of Stationary Time
Series, Cambridge, MA: MIT Press, 1949.

[17] Alan V. Oppenheim and Ronald W. Schafer, Digital Signal Processing, Engle-
wood Cliffs, NJ: Prentice-Hall, 1975.

[18] Gilbert Strang, Linear Algebra and its Applications, New York: Academic Press,
1976.

[19] F.R. Gantmacher, The Theory of Matrices, New York, N.Y.: Chelsea Publishing
Co., 1959.

[20] Bruce R. Musicus, “Levinson and Fast Choleski Algorithms for Toeplitz and
Almost Toeplitz Matrices,” (to be submitted).

[21] B. Friedlander, M. Morf, T. Kailath, and L. Ljung, “New Inversion Formulas for
Matrices Classified In Terms of Their Distance from Toeplitz Matrices,” Lin. Alg.
and Appl., vol. 27, pp. 31-60, 1979.

[22] B.S. Garbow, J.M. Boyle, J.J. Dongarra, and C.B. Moler, Matrix Eigensystem
Routines - EISPACK Guide Extension, New York: Springer-Verlag, 1977.

[23] J. Durbin, “Efficient Estimation of Parameters in Moving Average Models,”
Biometrika, vol. 46, pp. 306-316, 1959.

[24] Louis L. Scharf and James C. Luby, “Statistical Design of Autoregressive-Moving
Average Digital Filters,” IEEE Acoust., Speech, Sig. Proc., vol. ASSP-27, no. 3,
pp. 240-247, June 1979.

[25] Ulf Grenander and Gabor Szego, Toeplitz Forms and Their Applications, Berkley:
Univ. of Calif. Press, 1958.

[26] Robert Molten Gray, “On the Asymptotic Eigenvalue Distribution of Toeplitz
Matrices,” IEEE Trans. Info. Theory, vol. IT-18, no. 6, pp. 725-730, Nov. 1972.

[27] LS. Gradshteyn and I.M. Ryzhik, Table of Integrals, Series and Products, New
York: Academic Press, 1965.







