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ABSTRACT. The main result is an LP mean convergence theorem for
the partial sums of the Fourier series of a class function on a compact semi-
simple Lie group. A central element in the proof is a Lie group-Lie algebra
analog of the theorems in classical Fourier analysis that allow one to pass back
and forth between multiplier operators for Fourier series in several variables
and multiplier operators for the Fourier transform in Euclidean space. To ob-
tain the LP mean convergence theorem, the theory of the Hilbert transform
with weight function is needed.

Introduction. A theorem of M. Riesz says that if fis in L? of the circle,
1<p<e,andif Sy f(x) = Zy__, a,** is the Nth partial sum of the
Fourier series of f, then S, f converges to f in the L? norm as N — o, Pollard
[15] proved a similar result for Jacobi polynomials on the interval [—1, 1]. If
fisin LP([-1, 1]; (1 — x)%(1 — x)P dx) and if

N
Syf@) =3 diPa Ry P(x)
k=0

is the Nth partial sum of the Jacobi series of f, then Sy f converges to fin the
LP norm provided

e+l B+1 fa+1l B+1
4“‘ax{2a+3’23+3}<”<4m‘“{2a+1’2ﬁ+1}'

Here Rz'p is a normalized Jacobi polynomial and d,‘c’"ﬁ is an appropriate con-
stant.

It is well known that for suitable choices of a, § the {R,‘;"B} are the ele-
mentary spherical functions for the rank 1 symmetric spaces of compact type.
Cast in this setting Pollard’s theorem is an L” mean convergence result for
bi-K invariant functions on the rank 1 compact symmetric space U/K. In this
paper we investigate extending this result to higher rank symmetric spaces.

Even in the abelian case of the n#-torus T" the result depends drastically
on how the multiple series is summed. Consider for example f in LP(T"™) with
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62 R. J. STANTON

Fourier series Ty ..k ) %€~ and form the spherical partial sums
sk

Spf)= X e
k3+... +k2<R?
Fefferman [6] has proved that Spf converges to fin the LP norm only if p = 2.
However if one uses square partial sums
Syf) = 2 ape*>
k&N

the problem essentially factors into n iterates of the dimension 1 case and L?
mean convergence holds for 1 <p <<o,

Our main result is an LP mean convergence theorem for Fourier series of
class functions on a compact semisimple Lie group in which the partial sums are
analogous to the square ones for the torus. The method of proof closely parallels
the abelian case. The technique is to transfer spherical multiplier problems on a
general compact symmetric space (of which a compact semisimple Lie group is the
the special case G x G/A with A the diagonal subgroup) to equivalent Fourier
multiplier problems on the tangent space at the identity coset of the symmetric
space. For symmetric spaces that are Lie groups this equivalence is essentially
established; however, for a general compact symmetric space we prove only one
direction. The Fourier multiplier problems arising from a convex polyhedra method
of summing the Fourier series of class functions turn out to reduce to problems
about iterates of the Hilbert transform in one variable with weight functions. Re-
sults in [12] on the Hilbert transform with weight then provide the tool to prove
these are bounded operators.

In §1 we summarize notation and review basic aspects of harmonic analysis
on compact symmetric spaces and of Fourier analysis on the tangent space at the
identity coset.

In §2 passage from spherical multipliers on the symmetric space to Fourier
multipliers on the tangent space is obtained.

From §3 on, we restrict attention to compact semisimple Lie groups. In
§3 we prove a multiplier restriction theorem from Fourier multipliers on invariant
functions to spherical multipliers on class functions. Then for these muitipliers the
problem on the group and the problem on the Lie algebra are equivalent. An obser-
vation further reduces Fourier multiplier problems on invariant functions on the Lie
algebra to classical Fourier multipliers on Euclidean space with weight functions.

In §4 we apply the results of the preceding sections to prove the mean con-
vergence theorem for Fourier series of class functions. In the converse direction,
we establish continuity properties of the Fourier transform of invariant functions
on the Lie algebra that yield negative results for multiplier problems.

I would like to thank my thesis advisor, A. W. Knapp, for his invaluable

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



MEAN CONVERGENCE OF FOURIER SERIES 63

advice and encouragement while this research was being done. It is also a pleasure
to thank R. Coifman, C. Fefferman, E. M. Stein, R. Strichartz and P. Tomas for
their suggestions.

1. Fourier transforms, multipliers, and Bessel functions. Let U be a com-
pact simply connected semisimple Lie group. Let 8 be an involution on U and
K its fixed point set. K is a connected compact subgroup and U/K is a Riemannian
globally symmetric space of compact type which is also simply connected. Let
u and € be the respective Lie algebras. Then 8 induces an involution automor-
phism 8 of u and a direct sum decomposition u = £ ® b, where £ (resp. h,)
is the +1 (resp. — 1) eigenspace of 8. The concept of roots and restricted roots
can be defined intrinsically for U and U/K; however, we shall define them by
means of the noncompact duals since we shall have to introduce these duals later
anyway.

Let g€ be the complexification of u and extend 8 to g€. Set p = Py
and g, = £ ® p. Then g, is a noncompact semisimple Lie algebra with Cartan
involution 6. Let a be a maximal abelian subspace of b and § a §-stable Cartan
subalgebra of g, containing a. Then § = §, ® a where§, =H N E. The
complexification §€ of § is a Cartan subalgebra of g€, and we denote the set
of roots of g€ with respect to E)C by A. We fix compatible orderings on the
real duals of a and §p = a ®i§,. Since the roots take real values in §, we
get an order on A. Denote by A* the set of positive roots and E); the corre-
sponding positive Weyl chamber.

The Killing form B(- , *) of g€ restricted to § r X bp is nondegenerate
and we use B to identify §, and § 5 in the usual way. For A, in § 1 we de-
note by (X, u) the bilinear form induced by B. An element Ain § 1’2 is called in-
tegral if for all a € A, 2{\, @) {(a, @) € Z and is called dominant if for all @ €
A*,2(\,a){x,a)>0. Let L C § & denote the semilattice of dominant inte-
gral linear functionals. The set of equivalence classes of irreducible unitary repre-
sentations of U is in 1-1 correspondence with [ . The semilattice in §, dual to
L by means of B is contained in the closure of § .

Set P, ={a € A*|a(H) # a(@H) for some H € h} and set ot =
{HE ala(H) >O0forall e €P_}. Let M’ be the normalizer of a in K and M
the centralizer of a in K. The Weyl group W = M'/M leaves o invariant and has
at for a fundamental domain.

We now review some aspects of analysis on U/K, most of which can be
found in Helgason [9] or Coifman and Weiss [3]. Let du and dk denote Haar
measures on U and X normalized to have total mass 1 and let dit denote the U
invariant measure on U/K with total mass 1. Let L2(U/K) be the Hilbert space
of square integrable measurable functions on U/K.
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64 R. J. STANTON

The left regular representation of U on L2(U/K) provides a decomposition
of L2(U/K) into an orthogonal direct sum of minimal invariant subspaces. The
irreducible subrepresentations are precisely the class 1 representations of (U, K),
those with a one-dimensional subspace of K-fixed vectors, and occur with multi-
plicity 1. Let A C L be the set of class 1 highest weights. For X in A let ¥, be
the subspace of L2(U/K) of A type, let d, =dim V, and let ¢, in ¥, be the corre-
sponding elementary spherical function. The dual of A is contained in a*.

The projection operator P, : L*(UK) — V, may be realized as an integral
operator in the following way. If fis in L2(U/K) and the projection U — U/K
is denoted by u — u then

P\ f(x) = d, _[U f@e,(ux)du, xe€ UK.

We denote this integral by P, f=d, f * ¢,.

For fin L2(U/K) we call the expression Zyea 9\ S * ¢, the Fourier series
of f. If fisin L2(K\U/K) the Fourier series of f has the simpler form
Zyen 9 f()\) ) Where f(k) = fU/K f@) e\ (@) di.

A bounded linear operator T on LP(U/K ) is called a spherical multiplier
operator if there exists a sequence {m(A)},c, such that for fin L2 UK) N
LP(U/K), Tf = Z,c 5 m(N)d, f * ¢, . Spherical multiplier operators on
LP(K\U/K ) are defined similarly. In either case the sequence is called a spherical
multiplier. Spherical multiplier operators on LP(U/K) can be characterized as
bounded linear operators commuting with left translation by K.

The Riemannian structure on U/K that we have implicitly assumed is the
restriction of B to hy X P4 and then translated by U. The fact that B restricted
to Py X Py is negative definite will now be exploited to study Fourier analysis
on Py

We view b, as a locally compact abelian group self-dual by means of B.
Lebesgue measure dX on p, is normalized to be self-dual. For f, g in C ( by)
the Fourier transform is given by

fin= [, nemENax,  ves,,
and the Fourier inversion formula by

HX) = f» g(1)eBX) gy,

A bounded linear operator T on L?( ) is called a multiplier operator if there
exists a measurable function m so that Tf = [mf]” for fin L3( be) N LP(py)-
The group K acts on |, via the adjoint map. Set a) = —ia™. The map
d: K/M x a',: — b, given by ®(kM, H) = Ad k(H) is a diffeomorphism onto a
dense open subset. A measurable function fon }, is called Ad K invariant if for
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MEAN CONVERGENCE OF FOURIER SERIES 65

all £ in K and almost all X in b, f(Ad k(X)) = f(X). By the above diffeomor-
phism such a function is specified a.e. by its values on af. Corresponding to ®
there is an integration formula:

J, fnax= j“t |  read ke ax lag+a(ﬂ) dH, [€Cps).

Now suppose f is in C,( p4) and is Ad K invariant. Then

= |, e ax

I1 o« ak an

—iB (Adk(H),Y)
[ saaraye
. aEP

I1 a)|an.

aEP L

j N fH) UK iB(AdK(H),Y) dk]
+

From this we see that f is also Ad K invariant. We define a function J on ay X
aI by

JH,, Hy) = fKeiB (AdREDHD gy

J is W invariant and so extends to an Ad K invariant function on P, x p,. We
call J a Bessel function since for rank U/K = 1 these are classical Bessel functions
J (x)/ |x|¥. These functions have a very rich structure and many properties in
common with the classical Bessel functions. The proofs of the properties are
group theoretic or geometric in nature. In the next section one of these proper-
ties is developed that has applications to multiplier problems.

2. A multiplier theorem from confluence. In this section we derive a rela-
tionship between spherical functions on the symmetric space and Bessel functions
on p, considered as the tangent space at the identity coset of the symmetric
space. This is a generalization of the classical Mehler-Heine theorem relating
Jacobi polynomials and Bessel functions. We then take the first step toward trans-
ferring spherical multiplier problems on U/K to equivalent Fourier multiplier prob-
lems on p,. We prove that an Ad X invariant function is a Fourier multiplier on
p# if a certain family of sequences obtained from this function are uniformly
bounded spherical multipliers on U/K.

Let GC be the complexification of U and G, the real analytic subgroup of
GC with Lie algebra g,. Corresponding to a we have a local Iwasawa decompo-
sition gy =k © a ® n and a global Iwasawa decomposition G, = KAN.

LemMA 2.1. (a) There exist neighborhoods NyofOin gc and N, of e in G¢
such that exp: Ny — N, is a complex biholomorphic map.

(b) Suppose gc =L, ® L, ® L, with the L; complex subspaces. Let V
be an open neighborhood of 0 in gc such thatif Yisin Vend Y =X, + X, +
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66 R.J. STANTON

X with X; €L,, then exp X, exp X, exp X, is in N,. Then the map ¢: V —
N, given by ¢(Y) = log(exp X, exp X, exp X;) has dp(0) equal to the identity
and is a complex biholomorphic map of an open neighborhood of 0 in gc onto
another such neighborhood.

Proor. This is essentially the existence of holomorphic canonical coordi-
nates of the st and 2nd kind and the proof in Hochschild [11] for real Lie
groups can be repeated for the complex case.

We apply Lemma 2.1 to the complexified local Iwasawa decomposition.
Write € = €€ ® a€ ® nC and for Z in g€ let $(Z) be the projection of Z
onto a€. Forgin G, let H(g) in a be defined by g = k exp H(g)n. We want
to continue H analytically to a neighborhood of e in G€. Let V, and V, be the
neighborhoods of 0 given by Lemma 2.1(b). The map $° ¢~ ! o exp™! is holo-
morphic from exp V; to a€ and agrees with H on exp V, 0 G,. We denote this
extension of H also by H.

LEMMA 22. There exists a neighborhood V of O in gc and a positive num-

ber € such that
H(exp tZ) = t§(2Z) + 0(?)
forZin Vand t €Cwith |tl <e.

ProoF. We use a series expansion for H and Lemma 2.1. Let 7 denote
conjugation on g€ with respect to u. Then B.(X, Y)=— B(X, 7Y) is a positive
definite hermitian inner product on g€. For Z in g€ set | Z|> = B,(Z, Z).
Now choose ¥, as above. As H is holomorphic on V; for some € > 0, the ball
B, ={Z¢€ gcl IZ]l < €} is contained in ¥, and H has a series expansion at e
valid on exp B,. So for Z in B, and ¢ € C with |t| <1,tZ is in B, and

H(exp tZ) = H(e) + dH(e)(tZ) + O(t?).

We shall denote the point at which the differential is computed by a subscript on
the differential. H(e) =0 and on B, exp defines a chart, so that

H(exp tZ) = d(H ° exp),y(tZ) + O(t>).
Since H o exp = $o ¢~ 1, d(H o exp), = 49, 149, ° dyy!. By Lemma 2.1
dy, ! is equal to the identity;  linear means that d$ = 9. Then
d(H o exp)(tZ) = t$(Z),

and we have the desired result.

Harish-Chandra [8] obtained an integral formula for spherical functions
corresponding to finite-dimensional class 1 representations of Gy: If Ais in A,
then
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MEAN CONVERGENCE OF FOURIER SERIES 67
= A(H(xk)) cG..

o\ (x) fKe dk forx €G,
The analytic continuation of the H function allows us to obtain a local integral
formula for ¢, on U. In fact,

H(exp Xk) = H(kk™! exp Xk) = H(exp Adk™ (X)) for X € g,,,

and B, is invariant under Ad K; thus the integrand in Harich-Chandra’s formula
for ¢, is defined for x = exp Z with Z in B,. Now ¢, is a matrix coefficient of
a finite-dimensional representation of G€, hence is holomorphic on all G€. On

exp B, , ¢, and the analytically continued integral are holomorphic and agree on
exp(B.) N G,, hence are equal on exp B,. Summarizing, we have

ProposITION 23. If Xisin u and | X|| <e, then
or(exp X) = [ HExpAdCO) g,
K

REMARK. For special U, e.g., rank U/K = 1, the € can be determined and
exp B, fills a dense open subset of U. The integral has been called a “Laplace
type” integral because for SU(2)/SO(2) it gives the Laplace integral for Legendre
polynomials.

PROPOSITION 24. For \ € A and n a positive integer
lim ¢, (exp X/n) = J(HY, X), XEu,
n—reo
with the convergence uniform on compact subsets of u .

ProoF. Recall from §1 that the element dual to Nisin a*. If H, is this

element, we set Hy =—iH, . Then H,* is in af. LetLCubea compact set.

Then L is contained in By, a ball of radius N, for N large enough. Let € be as in
Proposition 2.3. For all n > N/e and for all X in L, X/n is in B,. Then

X
san)\(‘EXP X ) - IK eMA(H(exp Ad K(X/n))) gp.

By Lemma 2.2 we have

o <exp %) - IK MO (Ad K(X/m)))gnA(O(1/n2)) gy

= fKeMWAdk(X)))enh(O(llnz)) dk.
Asn— o, n\O(1/n2)) — 0, so that e MO(/n?) s | Then

lim ¢, (exp ;:X) = IK MOAdEXD) g
n—»eo

Recall that
J(H;, X) - IKeiB(H}\: Ad k(X)) dk.
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68 R. J. STANTON

To complete the proof we need only observe that
B(H,, Ad k(X)) = B(H,, D(Ad k(X)) = ND(Ad k(X))).

To see the first equality suppose Z is in 3€ and Z = X, + X, + X, with X, €
tC, X, =%(Z), X; € nC. Then t L y implies that B(H,, X,) = 0. Lemma
VI, 3.5 in Helgason [9] shows the existence of a basis of g€ with respect to
which ad X is strictly lower triangular and ad H, is diagonal. Hence B(H,, X3)
=0.

THEOREM 2.5. Let m be a bounded Ad K invariant function on V, that
is continuous a.e. Suppose that for each r > 0 the sequence {m(H,:‘ IN}rep isa
spherical multiplier on LP(U/K) and the norms of the corresponding operators are
uniformly bounded. Then m is a multiplier on LP(h,) (1 <p < o).

REMARK. This result was proved by Igari [13] and Clerc [2] independent-
ly when rank U/K = 1. Strichartz [18] then extended it to symmetric spaces
that are compact Lie groups. Proposition 2.4 allows us to push Strichartz’s proof
through for arbitrary compact U/K. Clerc has independently found Proposition
2.4 with essentially the same proof. We include the proof then only for complete-
ness.

ProoF. Let g be the index conjugate to p. We first assume m decreases
rapidly, say Im(X)l <c, exp(—c,|| X||?). Let f and g be in C."(py). It suffices
to show that / = f Tf(X)g(X)dX is bounded in absolute value by
Cll ﬂl Il gII with C 1ndependent of fand g. The idea is to obtain a Riemann sum
apprommatlon to I by using Proposition 2.4 and then to use the uniform bound-
edness of the operators corresponding to the dilates of m.

I= I»,Tf(X)g(X)dX = f,,‘ f,‘m(Z)f“(Z)e‘B‘X'@ dZ g(X) dX

= f, f, L m(z)e’B X D)f(¥)e B(Y: Dg(X) dY dZ dX.

As m decreases rapidly, we may apply the Fubini theorem to the two inside in-
tegrals and then use the integration formula for Ad X invariant functions on p,
to obtain

=5, 0,1,

Now choose R large enough so that exp is a chart on R~ !supp f and R~ !supp &
Define functions f5 and g5 on U/K by fp(exp X/R) = f(X) and g5 (exp X/R) =
g(X). Let Ty be the operator corresponding to { m(H,:' {R)}cp and let I =
Juik Tr Iz (4)gg (@) di. By hypothesis there exists 4 < oo independent of

R, f, g such that [I| < A|l lelpllgR Ilq. We claim there is a constant C depend-

dH f(Y)g(X)dY dX.

oH)
aEP,
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MEAN CONVERGENCE OF FOURIER SERIES 69

ing only on U such that RNI; — CT as R — o where N = dim U/K. In fact

H*
R =R [ S % () 07107 0o i) i,

U/K AEA

*
H.
Ny . pN A -
RI =R fa. L.}\EAm(R )d,\go,\(exp Yexp X)

x fr(exp Y)gg(exp X)A(Y)Ay(X) dY dX,
where we have used exp as a chart and if ¥ = Ad kH,

Ay(Y) = Jacobian exp,, (Y) = Ay(Ad kH) = ag+ Slf;gﬂ) )

Now we make the change of variables ¥ = Y/R, X = X /R to obtain

H*
RNIR = RN . RN I ., L‘ éx\m (%)d)\‘p,\(exp = Y/R exp X/R)

x A(NF(X) Ay( Y/R)AO(X/R) dY dX.
Consider the inside sum

RN 30 m(HE/R)d\p\(exp — Y/R exp X/R)Ao(Y/R) Ay(X/R).
AEA

As R — oo, A(Y/R) and Ay(X/R) tend to 1 and will be no problem. Using the
Campbell-Hausdorff formula we see that exp — Y/R exp X/R = exp Z /R with
Zp —X — Y as R — . Make the change of variable A = A/R so the expres-
sion becomes

RN 3% m(HY)d\g ealexp Zg/R)A(Y/R)AL(X/R).
AEA/R

Weyl’s formula for the degree of a representation is
{,\R + p)
ecat  (a,p)

As AR is class 1 we have (a, AR) = 0 for a ¢ P, . If |P,|is the cardinality of
P_, then

d)\R -

(a,\ + p/R)

1P}
dyp, =Rt
AR acat (@, p)
and as R —> oo,

dyr “aep+ (a, A)

—’ .
R'P+1 Meat (o, p)
Since N =dim a, + |P + | the expression is

1 . d\p exp Zp Y X
m(H,) — A=A 2.
Rdima. AE;/R ( A’RIP.‘_I Rh( R 0 R 0<R
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70 R. J. STANTON

Using Proposition 2.4 and the continuity a.e. of m we see that the above is a
Riemann sum approximation to

1

—— mHYIH X -Y) [l (a H)dH
TSI J e )¢ )

aEP+
Then
. 1
lim RN] =———],
R—ow R HQEA+ (a, p)

which is the claim.
Finally,

[I|=C lim RN

R—oo

fU/K Tg fr()gg (1) dul,

|1|<CR1im RN « Al fll, liggll,
=C- 4~ lim RYPYfll, RN ggll,

=C- Alf, gl

And so m is a multiplier on LP(b,). To remove the hypothesis that m decreases
rapidly, define for € > 0 a new multiplier m*(X )exp(— €}l X||?) and observe that
the constant 4 can be chosen independent of €. Letting e — 0, we have the
desired result.

REMARK 2.6. Theorem 2.5 is true for multipliers on Ad K invariant func-
tions on Y, if the dilated multipliers are uniformly bounded operators on bi-X
invariant functions on U/K. The proof is exactly the same. In fact if our original
f and g were Ad KX invariant, the only fact one needs to check is that Jr and gg
are bi-X invariant. But this is obvious.

REMARK 2.7. One can formulate Theorem 2.5 for weak type boundedness
of multipliers rather than strong type. For rank 1, Connett and Schwartz [5]
have proved such a result. Proposition 2.4 allows one to carry their proof over to
arbitrary rank.

3. Restriction and transplantation of multipliers. When the rank of U/K
is 1, one can use Theorem 2.5 to obtain many well-known multiplier theorems on
R" from the corresponding results for Jacobi polynomials (see Igari [13]). How-
ever, for higher rank little is known about analysis on U/K, whereas multiplier
theorems on R" have been deeply investigated. So it would be much more use-
ful to have a “restriction” theorem for multipliers from the tangent space to the
symmetric space.

Let G be a compact simply connected semisimple Lie group and let g be
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its Lie algebra. In this section we shall prove a theorem concerning restrictions
of multipliers on Ad G invariant functions on g to central multipliers on class
functions on G. The analogous abelian theorem is due to de Leeuw [14], and
our proof parallels the proof of de Leeuw’s theorem found in Stein and Weiss
[17]. Afterward we make an observation that allows us to transplant Fourier
multiplier questions on Ad G invariant functions to classical Fourier multipliers
on Euclidean space with weight functions. Coifman and Weiss [4] also have
transplantation type results. The essential difference between their approach and
ours is they use the weight function to modify the multiplier whereas we keep
the multiplier fixed and face handling multiplier problems with weight.

The group G with the Riemannian structure induced from the Killing form
on g is isometric to the symmetric space U/K where U =G x G and K = A,
the diagonal subgroup. By means of this diffeomorphism, the bi-K invariant func
tions on U corresponds to class functions on G and the spherical functions on
U/K correspond to characters of irreducible unitary representations of G divided
by the degree of the representation. In this setting the restriction theorem in this
section is a partial converse to Theorem 2.5.

Since G is a symmetric space the notation introduced in §1 could still be
used; however results in the literature that we need are expressed in more tra-
ditional notation. For the purpose of compatibility with the literature we employ
the traditional notation.

Let G be a compact simply connected semisimple Lie group and T a maxi-
mal torus in G. Let g and § be their Lie algebras and g€ and §C the respective
complexifications. Let A be the set of roots of (g€, @C); A" the positive roots
for some order; and W the Weyl group. Let p be half the sum of the positive
roots. For H in §C set

DH) = n [ea(H)/2 - e-a(H)/2],
acEA

PH)Y= [l «H) and D,(H)=DH)PH).
acAat

The positive roots determine a positive Weyl chamber a C i§. Set §* =—iq.
The Killing form on g€ x g€ will be denoted by B(+, +). When restricted to
g x 8 it agrees with the Killing form of g. The set of equivalence classes of
irreducible unitary representations of G are in 1-1 correspondence with the semi
lattice L of dominant integral forms. If Aisin L, let H, be its dual element in
ib and set H,:' = — iH,, let x, be the character and d, the degree of the associ-
ated representation. Normalization of measures is as in §1. If I' denotes
{HeE€ Y| |a(H)| <27 for all « € A}, then the Weyl integration formula for a class
function f is
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Jo (81 dg = - [ 1exp HYIDEDI? d

The ability to transport analysis problems between group and algebra is
provided by the following theorem of Harish-Chandra [7].

ProvosITION 3.1. For all H,, H, in §€
P(Hl)P(Hg)fG eB(Ad g(”])tz) dg = P(Hp*) Z G(S)eB(SHl’Hz).
€W

We set
J(Hll Hz) = J'G eiB(-Ad X(Hl)»Hz)(&

for H,, H, in §. This function will be called a Bessel function. As it is W in-
variant it has an extension to g x g. The following properties of J are easily
verified.
. (l)_J is Ad G invariant in each variable, hence is specified by its values on
b+ x b+ -
(D JH,, Hy) =J(H,, H ), J(H,, H,)) =J(- H|, H)) = JH,, — H,).
(3) H,, Hy)I<1andJO, H,) = 1=J(H,, 0).
(4) ForH,,H,in ",

PEH ) Zecw) P PHrH)

P(H,)P(H,)

JHy, Hy) =

PROPOSITION 32. For Nin Land Hin §*
J(Hy, o H) = Do(H) x\(exp H)/ d,.

ProoF. Use the Weyl character formula, the Weyl dimension formula, and
(4) above.
The Gauss kernel on § is given by

g,(H) = cexp(~ I HI}/s)/s"* fors>0 and ! = dim §.
LEMMA 33. Let A be in L, regard D, and g as extended to functions on

g and pull back x, to an invariant function on § via the exponential. Then for
Hy€ pt

[Do ’sz gs] " Hy)
PEHY)

= ——e _ - * 2 .
TIENZCA, g‘w e(0)e(r)exp(~sliTH, — oHY, 11%)
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ProoOF.
xa(exp H) —_—
[Dx ](Ho) Wi fg (H)—*—-—gs(H)J(H,HO)lP(H)PdH.

By Proposition 3.2 and the Weyl character formula the right side is

. *
_ 1 (DH) Ze(o)e® o)

 \wiJsP(H) d\D(H)

P(H?) 2 e(rye” B oD
X

p—— g,(H)\P(H)I* dH
P(H,)P(H)

PH)) oo
m wzw €(0)e(7) fe, g (H)e 0=9H 31 4o

_PE)) 5 H— ot |2
= WP Hy) 1 e(0)e(r)exp(-slitH, — o Aol

Next we shall develop a series of lemmas paralleling §3 of Chapter 7 of
Stein and Weiss [17].

LeMMA 34. Let f be a continuous class function. Then

lim [ &,(1)f(exp HDEHI aH = [ flexp H)IDEH) aH.

ProoFr. This is a well-known fact in abelian harmonic analysis. A proof
can be found in, e.g., [17].

Now suppose m is a bounded measurable Ad G invariant function on g.
Let K be the multiplier operator acting on Ad G invariant functions correspond-
ing to m. If, in addition, m is continuous at H: +p for each A € [, we define a
multiplier on G by the sequence m* = {m(H,', )} (. We denote by K * the
corresponding operator on class functions on G. For the remainder of this sec-
tion these hypotheses and notations will remain in effect.

LEMMA 3.5. For any characters Xy and Xy

Xa — Xu(exp H)
; 12 Bl AN 2
lim s f@ K<Do—gd)\ s) (H) Dy(H) Z g, P(H)I? aH

X X, (exp H)
=pary [ & *<Ef) (exp H)Jr— ID(H)|? dH.
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ProOOF.

X — Xulexp H)
s ff; K (Dod—:\gs>(ﬂ) Do(H)MT g ) PH)I* dH
u

=2 f[) m(H) [DO;T"gS] (H)[Do—zﬁgs] (H)PH)? dH
u

S2PH))? T e(w,)exp(~ slH — w HY, I1?)

= H
dd, o ) PAH)
Te(w,)exp(—siH — w,H _11?)
2 2 BYe \p@#)? dH
P(H)

P(H)?

=L 512 e(w,)e(w,) fm(H)exp(— SIH — wHY, 1)
d)\d}l. W, W

x exp(—s||H - w2H”+pllz).

If X # u, the sets {o( A + p)} and {r(u + p)} are disjoint So we choose §
small enough so that for all w,, w, in W, lllefﬂ, - “pllz > 26. Then

§ii2

S, mEYexp(=slLH = wyHy 4 1P exp(=slH = wyH!, I dH

<s'/2f|IH_lei+ 1255 |mE)lexp(=sIH - w, HY, 1%)e® dH
p

+ 5112 j vty 8 OXP(—SIH wiHY, I2)e=5 Im(H )| dH.

And as s — o both terms on the right — 0. Next we compute the integral on
the group.
(exp H

«f Xn X p H)
[.x <d_)\—> (exp 11)—‘171—— \DH)? aH

m

m(Hy ,)
= —_ —
~Tdyd, J ¢ % (exp HY X, Gexp H) | D)2 dH = 0.

Suppose then that A = u. The argument above works for w,, w, in W with
w, # w, to show the integral on §is zero. If w, =w,,

*12
P(Hp)
2
dx
. . : . * .
is the classical Gauss convolution on R’ and since m is continuous at H,, , it

P

)3 fg m(H Yexp(—2sIH — wH,$, JI?)aH
W
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equals, in the limit s —> oo, P(Hp*)2| WIm(H;'\= + p)/d,f. Again we compute the
integral on the group and by orthonormality of characters we have

H*
pr< )(exp )—}‘—(C&ID(H)I’ |wnr—"(—;‘—2’i‘ﬁ.
A

REMARK 3.6. The preceding lemma is true for trigonometric polynomials.

THEOREM 3.7. Suppose m is an Ad G invariant measurable function on g
that is continuous at {Hy', )|\ € L}. If there is a C< > such that for f in

L? (g)

II'IV

S K7D PP @) aH < C [, 1FEDIPIDLE)I P 1PEDI?

then m* = {m(H: +o el is a multiplier on Lipnv(G ) with operator norm < AC
where A depends only on g .

ProoF. We prove the theorem for 1 < p <o and trigonometric polyno-
mials. Suppose f = Z a,d, x, and h = Z b, d, X, are trigonometric polynomials.
As usual it suffices to find a constant 4 independent of f, i with

[ K*f(exp HYexp HY D (H)I* aH |< Al 1l Il

By Lemma 3.5,
I=P@H} )zfr K *f(exp H)Yh(exp H)| D(H)I? dH

=lim 7 [ KD, g,f) Do) hlexp H) g,()|P(H)I? dH.

§—> 00

Then
1< lim s'7 KD, £) () 1DoH Yhlexp H)g,H)I |PH)I? dH.

Writing Do(H )| = | Do(H ! ~2/9| D(H )29 and using Holder’s inequality we
find that the right side

/
< lim s”z[f o |KDog, ) ()P IDo(H )2~ PIPEH ) dH] ’

§—» 00

Yq
: [ [ 1m@H 1912, (B )19 IDG(H 2 PEH)I dH]
<C lim s”’[f IDo(H )& (H ) f(H)PIDo(H) =P | P(H) dH] /

- [ Sy ig @)D pe 2 dH] ;

Now g, is positive; we apply Holder again to bound the right side by
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< C lim s'2(\g|P—DIpy g J1(a-Da,

S-»00

Yp
[ J1reexp H)1P gt Do PG dH]

[ [ (\nexp H)I9 g () IDoH)I2 P12 dH].

Now
s g L1 /P) g -1/ = 5% g |, = constant.

Applying Lemma 3.4 completes the proof.

Theorem 3.7 provides a method for constructing multipliers on G; however,
the hypothesis may be difficult to verify directly. Next we shall see that this
verification reduces to Fourier multiplier problems on § and then often can be
done easily. Thus we now develop a procedure for transplanting multiplier prob-
lems on LP (g) to Fourier multiplier problems on LP(§). First we see how the
Fourier transform is transplanted and then how multiplier operators are trans-
planted.

For f a continuous compactly supported invariant function on g, the
Fourier transform of f was shown in [7, Theorem 3] to be given by

- P(H.)
fa) =——— [, Pt ;) T eowye™ D gy
\W|P@H,)
Since fis Ad G invariant, it is W invariant. The function P, however, is odd with
respect to W, i.e., P(wH) = e(w)P(H). Then fp is odd, and, making a change of

variables, we see that
P@H,))

f@y) = [FPY(H,)
P(H,)
where = denotes the Fourier transform on §.
A similar computation for inverting the Fourier transform gives
PHY) _ s
g() =gy 1PR1°(H) ifg=1
If K is a multiplier operator on L?nv( g) with (K f)" = mf, denote by K 0
the Fourier multiplier on L2(%) with Kof) =m f Then for f€ L‘znv(g) n

mv(q)
PHY) _ . P(H*)z
Kf#H)= [mf1” (H)—P(H) [P f]=H) == PH) [mP(H Y1 @)
P(11*2 P(H?*)?
PE) mPfI7]*H) = —— PA) KoPYH).
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PRrOPOSITION 38. If m is a multiplier on LP(%) with respect to the weight
function \D(H)\2~P and has operator norm |\ m||, then m is a multiplier on
L? (8) with weight function \Do(H)I>~P and operator norm at most

P(H I mll.
ProOF.
oK FEIPIDGH =P LPEH)I* dH
= AN [ Ko@) EIPIDGH)I? =P PEH)I*~P aH
<PEPImIP [ \PfIP\DEP dH

= PP ImlP [ @)D )PP IPE)I dH

4. Mean convergence. We come to the main result, a theorem concerning
convergence in L? of the Fourier series expansion in characters of a central func-
tion on the compact semisimple Lie group G. Briefly this convergence question
is handled as follows: convergence on the group reduces to uniform bounded-
ness of the partial sum operators, which reduces by Theorem 3.7 to uniform
boundedness of multiplier operators on L{’nv( g) with a weight function, which in
turn reduces by Proposition 3.8 to the uniform boundedness of the multiplier
operators on Euclidean space corresponding to a family of convex polygons.
These last operators are to be bounded with respect to a weight function. Follow-
ing an observation of Bochner [10], we simplify this question to one concerning
uniform boundedness of the Hilbert transform with respect to a family of weight
functions. Finally a theorem due to Hunt, Muckenhoupt and Wheeden [12] and
a lemma due to Coifman allow us to establish this uniform boundedness. T am
indebted to R. Coifman for pointing out the applicability of his lemma.

Typically the range of p for which mean convergence holds is a small inter-
val centered at p = 2. We show that the Fourier transform maps L? (q) into
continuous functions for p less than a critical exponent. Taken with a theorem
of Strichartz or Theorem 2.5 this provides negative results for a range of p. Un-
fortunately for rank G > 1, the mean convergence result together with this nega-
tive result do not exhaust all possible p and so complete information on mean
convergence is not yet available. An example with rank G = 2 appears at the
end of the section. I want to thank Peter Tomas for bringing my attention to
Varopoulos’s result on the Fourier transform on radial functions (see Stein and
Weiss [17, p. 176]) which suggested this approach.

Before stating the main theorem, we shall specify the particular ways the
partial sums of the Fourier series are formed.

Let w,,... ,w, be the fundamental weights for G. The set {H‘: s oo
H‘::z} is a basis of § and the positive Weyl chamber, E)+, is the set of alll Hin}
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whose coordinates with respect to this basis are p(;si‘tive Fix H, * in E)_; with
NHX = [-BH,S, H)) % =1and - BHY ,HS)>0fori=1,...,L Let
vin (§°) be the element dual to —iH,. If £ is in L (G)n Lfnv(G) with
Fourier series Z, < 4,d, X,, for each R > 0 we define the partial sum operator

Sef= 2 ad\ X

{(A+p,V<R

Let r equal the number of positive roots a such that a(Hu*) # 0. Of course both
Sp and r depend on »; however we shall suppress this in the notation.

THEOREM 4.1. If fisin LY, (G)and 2r + 1)/(r + 1) <p <(Q2r + 1)/r,
then Sy f converges to f in the L? norm as R — oo,

The theorem will be proved in a series of steps.

Step 1. The conclusion is certainly true for trigonometric polynomials and
these are dense in L{’nv(G). By standard functional analysis it is enough to show
the operators Sy are uniformly bounded.

Step 2. Reduction to a multiplier problem on Li’:‘ ,(8). We construct an
invariant function m on g which when restricted to the lattice {H,", oINE L}
gives the multiplier for Sg.

Set 0 = {H € | — B(H, H,,*) = 1}; o is a hyperplane intersecting the
positive Weyl chamber. Set E; = {H € §|- B(#H, H,,*) < 1}. Then E| is a half
space containing zero and with boundary 0. Foreachw € Wset £, = wE|. As
w acts by orthogonal transformations, E,, = {H € § |~ B(w~ 'y, H: )=
- B(H, wH,}) < 1} and so is a half space. Set C= ﬂwew E,, and set m equal
to the characteristic function of C. More generally, for each R > 0 set my equal
to the characteristic function of RC.

LeEmMa 42.(2) RCNHY =RE, Nn§™*.
(b) The sequence {mp (H,{"+ p)} is the multiplier corresponding to Sg.

ProoF. (a) It suffices to prove (a) with R = 1. We always have CN §*

contained in E, N ™ so suppose His in £, N §*. Since both H and H," are in
B, H= zh,H wnthhi>0andH*—2cH* with ¢; > 0. For w € W,

WHw, =- ’WHw,- =- I[H“’I k=1 “1 Hak] w1th the ak nonnegative integers and the
a, the simple roots. Then wH‘:i = H‘*’*i - 2o aiH:k. We shall compute
— B(H, wH:) and show that H is in E .

- BH, wH,) = —B(Z hHG W Zc,.H,:i) = —Z;hich(H‘:i, wH;‘i)
=_;h,.c,.3( ,H )+Zh,c]Zak ,H*)
]
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But #;>0,¢; > 0,4} > 0 while B(H; , Hy ) <0, then
- BH, wH)) < - Zhich(H:,'i, H:,‘l_) =-BH HS)<1.
i

(b) If Nisin L, then (X + p,») <R if and only if - B(Hy, ,, H') <R
if and only if Hy', , isin RE; N §*. By part (a) Hy , is in RC N §7if and
only if H,:" +p ISINRE N $*. Then we have the desired conclusion because the
sequence {mp (H; +p)} contains precisely these lattice points.

In order to apply Theorem 3.7 to the multipliers mp it is necessary that
they be continuous at [. We can arrange matters so that this condition is satis-
fied. For each R > 0 the number of X in L with (A + p, ) <R is finite. In-
deedif A = Z [w;, (X + p,v) = Z(/; + 1) {w;, v) and if this is <R we must
have (/; + 1) (w;,v)<Rforeachi=1,...,L Butp waschosen so that
(w;, v) > 0; then (/; + 1) < R/(w;, v) and only finitely many nonnegative inte-
gers /; can satisfy this. Then it is clear that we can find an increasing sequence
Ry <R, <R, * - of positive numbers such that m R, Is continuous at L,
(A+p,»)<Rjifand only if A\ =0, for R, KR<R,,, thesets {A € LA +
p, ) <R;} and {NE€ LKA + p, v) <R} are equal, and the set { A€ LI(A +
p, V)< R;} isnotequal to {AE L] (X +p,v) <R, }. Then to prove Theo-
rem 4.1 it suffices to show the operators SRi are uniformly bounded.

Let K R; be the multiplier operators on Ad G invariant functions on g corre-
sponding to mg . By Theorem 3.7 the operators SRi are uniformly bounded on
i
L?P (G) if the operators K R, A€ uniformly bounded on LP (%) with the weight

mny
function |Dy(H)I?>~P.

Step 3. Reduction to Fourier multipliers on LP(§) with weight function.
In fact by Proposition 3.8 the operators K R; have the required properties if the
functions m R, A1 uniformly bounded Fourier multipliers on LP(§) with respect
to the weight function [D(H )i~ P.

Step 4. Reduction to Hilbert transform.

For w € W let T,, be the Fourier multiplier operator on § corresponding to
the multiplier x,, = characteristic function of E,,. Let K be the Fourier operator
on §corresponding to m. Asm =1l X,,, K is the composition of the T,,,
A sufficient condition for K to be bounded on LP(f) with respect to a weight
function is that each of the T, is so bounded.

It is useful to use different coordinates on § for each of the T,,. Let o,
be the  — 1 dimensional subspace of  orthogonal to RH,,* and let {H,, ...,
H,_,} be an orthonormal basis of 6. For notational convenience denote H,’
by H,. For each w in W the set {wH, ..., wH,} is an orthonormal basis of
b and with these coordinates X, is the characteristic function of the half space
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{(h, ..., H)In, <1}. Following Stein [16],
T, f(hy,...,h) =T, f(h)

=UB[f(h)+ie

iB(h,wH —iB(+,wH,

@)

where H is the classical Hilbert transform acting in the /th coordinate. Then T,

is bounded on LP(§) with a weight function if this is true for H. Actually more
can be said; if for R > 0 one constructs the objects Tf , xﬁ, , mp, Kp correspond-
ing to RE,,, then K, is bounded on LP(%) with a weight function if each of the
TR is. But

Vi (e

iB('h, wR H)) ~iB(*,wRH,

TR f(R) =% [f(R) + ie A 1)

and is bounded provided H is. Summarizing we have

LemMA 4.3 . The functions mg, define uniformly bounded Fourier multi-

plier operators on LP( E)) with a weight function if the Hilbert transform H acting
in the Ith coordinate with respect to each of the bases {wH,, . .. ,wH,;} is
bounded on LP (%) with the same weight function.

The weight function relevant to our problem is

[DE)N?*P = ] Isin aiH)/2|%-P.
acat

This weight function is a product so when computing the L? norm of Hf

only those factors that depend on the /th coordinate are required. For w € W

set A¥ = {a € AT|a(wH,) # 0} and split | D(H)I>~P into two factors:
!

2-p

iDL (H)2—P = I1 lsin%(iH) and
aEAW

2-p

D, Ez-r = II

sin %(iH)
acAt\AW

LEMMA 44. The cardindlity of AY, | AV, is independent of w.

ProoF. ForBE€ Aset || =Fif §>0and —§if § <0. We show that
A is in 1-1 correspondence with A! where @ — |w™'al is the bijection. It is
well known that this map is 1-1. If a is in A" then a(wH),) # O but this is the
same as w™'a(H,) # 0. Then |[w™'alisin A'. Conversely if B is in A', B(H))
# 0 implies that wB(wH;) # 0 so |wg| € A" and then the map is onto.

LeMMA 4.5. If for almost all Hyy in wa, H is bounded on LP(R') with
the weight function |DL(H,, h;)|* =P with norm C independent of H,, then H
is bounded on LP (%) with weight function |D(H )| 2-p
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ProOOF.
J £GP IDE) P aH
= _[ lva(Ho)iz—P[f ltl‘_lf(Ho,h,)i”iD}v(Ho,h,)iz"’ dh,] dH,
waog R

<CIW°0 Iszv(Ho)iz_p[fkn |f(Ho, h)iPIDy, (Ho, )P dhl] dH,

=C [, if)P IDEH) P aH

Fortunately the theory of the Hilbert transform with weight function has
been completely worked out (see [12]). Suppose w is a nonnegative function on
R!. w is said to satisfy condition A, (1 <p <)if there is a constant C such
that for every interval I,

p-1
[f, w(x) dx] U’ w(x)“‘/(”")dx] <ClP.

The result is

PROPOSITION 4.6. A necessary and sufficient condition for H to be bound-
ed on LP(R') with respect to w is that w satisfies condition A . The norm of
H is dominated by the constant C in condition A p times a function of p.

Step 5. Verification of condition 4,,.

Our problem now appears to be computational. By Lemma 4.5 and Propo-
sition 4.6 it is enough to determine for which p, if any, the collection of weight
functions { |D),(H,, h)|>~P|w € W} satisfy 4, independent of H,. For rank G
= 1 this is the function |sin x|2~? and it follows from a theorem of Hardy
and Littlewood when the Hilbert transform is bounded for this weight.

We are grateful to R. Coifman for pointing out the next lemma which en-
ables us to treat the general rank case.

LemMA 4.7 (R. COIFMAN). Suppose w,, w, are nonnegative functions on
R! both of which satisfy Ap for some p with constants C,, C,. Then for 0 <
a< 1, w, = wiw; ™ satisfies A, with constant C{C}~°.

ProoF. Let ] be an interval and

.= [L wa(x)dx] [J'I wa(x)—ll(p—l) dx]P—l.

We use Holder’s inequality with » = 1/a and s = 1/(1 - a).

» [, wogx) dx < [f: wl(x)dx]a [f, @, () dx] e

f, wg(x)~ P~ dx < [fl w, ()~ HP=1 dx]a[fl w,(x)~ (P 1) dx] !
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Then
* < C{C P (=P = cecl-e

CoROLLARY 4.7. If w,, ..., w, satisfy A panda,, ..., agare nonnega-
tive numbers with Za; = 1, then wi! + + + @S satisfy Ap.

We consider the weight function

IDL (Hy, B)*~? = T1 Isin aH)2127P.
acEAW

By Lemma 4.3, |A¥| = [A!|=r. Let w,(H) = |sin o;(iH)/21"®~P) for the
a, ..., in A, If each w; satisfies A, then by Corollary 4.7 |D),(H)I*~P
=wH)=1M_, w,H )/ also satisfies A,. Using our coordinates {wH,, ...,
wH,}, each of the w; is of the form |sin(c;h + b,-)l'(2 ~P), Condition A, is
independent of translation and the scalar multiple ¢; is independent of H,,. Then
w;(Hoy, k) = Isin o;(iH)/21"?~P) satisfies 4, independent of H,, if and only if
[sin A|"(2~P) does. It is known that the classical Hardy and Littlewood weight
Ix]? satisfies Ay ifand only if —1 <a<p - 1. If a = r(2 - p), solving for p
we have (2r+ 1)/(r + 1) <p < (2r + 1)/r. The following lemma will complete
the proof of the theorem.

LEMMA 48. If (2r + D/(r + 1) <p < (2r + 1)/r, Isin o )/2|"C?~P)
satisfies A P independent of H,.

Proor. Using our convenient coordinates |sin a(H)/2|1"?—P) =
Isin(ch + b)I" _(2"p ), Again the translation b and frequency ¢ which is inde-
pendent of H, will not affect the result, so we need only consider
Isin hI"3~P). We verify A, for various types of intervals. Seta =r(2 — p).

(1) If valid for |I| = =, then valid for [/ | = k.

Proof. By periodicity

-1
[Llsin x|® dx] [Llsin x|~¥(P=1) dx] P < cKPnP.

(2) If valid for |/| =n then valid for ka < [JI<(k + Dm k> 1.
Proof, I=1{a b] andsay |/|=kr+ awith0<a<m.

" o r—afp-1) g [P
[fllsmxl dx] [fllsmxl dx]
- p-
< [f:+1r—a |sin xla dX] [fab'f-ﬂ alsinxl—a/(P—l) dx]

<c[k+ D)n]P.
Ask>1, (k + 1)m <2|I|s0 A, is verified with a new constant 2Pc
(3) Fixe>0. If 4, valid for (7] = w then valid for# = |I| > €.
Proof. I = [a, b],

1
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p-1
[fllsin x|? dx] [fl [sin x|~2/(P=1) dx]
< [fb+1r—|1l Isin x|® dx] [f:ﬂr—m Isin xl-a/(p—l)]"" <enP.
a

Nown=|Il+n-I|<|I|+7m—-e=|I|+ (7 - €)ele. SetR, = (7 - €)le,
then w < |1+ R.e< (1 +R)II|. So A, is verified with new constant
c(l +R,)P2%.

(4) |11 =n. By periodicity it suffices to check for [0, #]. After the
change of variable sin x = (1 — ¢)", the integrals become

-1
101 _ =12 =% g [Ler o —(a—p+1)/2(p—l),—%dt]” _
[i‘fo (1-1 t dz] [Jo (-9

These integrals are classical beta functions and are finite provided (@ — 1)/2 >
—land (—a—-p+1)2(p — 1) > —1. The first condition is always satisfied
for p < (2r + 1)/r; while the second becomes on rearranging a = r(2 — p) <
p—lorp>Q2r+1)r+1).

(5) 171<e. If the distance of both endpoints of / from the set of integer
mutliples of  is greater than €, use the estimate €/2 < |sin x| < 1. Condition
A, is satisfied with possibly the new constant 2/e. Suppose the distance of either
endpoint of I from { Zn} is less than e. We assume 3¢ < =; then 7 is contained
in an interval of the form (k7 — 2¢, k7 + 2€). Use the estimate |x[/2 <
Isin x| < |x| and the integrals are bounded by

-1
[fz |x|® dx] [f, 28/(P=1)|y|=a/(P~1) dx] = <2 enpp

provided -1 <a=r2 -p)<p-1.

We come to a type of converse to Theorem 4.1. To the Lie algebra g we
associate a number p, with 1 <p_, <2 which we call the critical index. Its
significance in analysis on g is given by

ProPosITION 49, If fis in Li”nv(g) with 1 <p <p, then f is continuous
onh*.

Let us defer the proof and see how this result yields negative results for
mean convergence questions. We use the multipliers constructed at the beginning
of this section. Suppose the operators S, R > 0, were uniformly bounded oper-
ators on L? (G). The function m satisfies the hypotheses of Theorem 2.5
specialized to invariant functions or the hypotheses of Strichartz’ theorem [18].
We would conclude then that m was a multiplier on L{’n +(8)- Applying Propo-
sition 4.9, it is necessary that p > p,-

The proof of Proposition 4.9 involves a closer study of Bessel functions.

We need a refinement of Harish-Chandra’s result (Proposition 3.2) and this
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necessitates a digression into Lie algebra structure theory.

Let 7 = set of simple roots a,, . . . , &, and let S = set of nonempty sub-
sets of 7. If Sisin S, S determines a root system Ag C A, namely, take Ag to
be the totality of roots in A spanned by the elements of S. The Weyl group Wy
of Ag is generated by the reflections Say2 @ € S, and is a subgroup of W. The

relevance of subsets § is that they determine the walls and corners of the closed
Weyl chamber, walls corresponding to one element set and corder S with more than
one element. The origin corresponds to .

Fixe>O0and set b} = {H € & |a(Hf) > e for all « € A*} and for each
Sin Sset hf s={HEh |a(H)<eforall«a €S and f(H) > € for all § in
m\S}. Then § is the disjoint union of 7 and Uge s 6.5

Recall that by Proposition 3.2,

sin a(iH)[2
JH* H)=DyH) and Dy(H)=c ag+ —oﬁ)—/—

On E)i s» we have

- sin a(iH )2 sin a(iH)/2
DO(H) ¢ [aGI}g' a(H) ] [QEAI}\ A;: Q(H) ]

and for € small the first factor is essentially constant. We shall see that all the
Bessel functions behave like this.

We fix S in S and examine the behavior of J(H, H') on §¢ ¢ for H, H'
in §* and Hin 8¢ ;.

P(Hp) Z e(w)eiB(wH,H')_

T H) = pameay 2,

Define P§(H) and PZ(H) by
PY(H) = H+ a(H) and Pi(H)= H+ o).
aEA s aEL s\A S
Since P3(H)J(H, H') is continuous on §, (P(H,")/PYH)Z,,cyy (w)e’BWHH )
is continuous on §.

We shall use a coordinate system such that H = H, + H, with H, is in
the span of { H: la € Ag} and H, is orthogonal to this space. Then

PH? , *) . o '
H,) o) BOH H) = 05 BOVH 1 H) BOVH ),
Py(H) Z PL(H,) Z

Since H'is in §, the function above is periodic in the H, variables. In fact,
H' = Eh,.H:,i with &; > 0, so that if « is a simple root not in S,

BwH,, + wn(H [ k), H') = BwH,, H') + 2n/h)BWH , H')

= B(wH,, H') + 2 h,)h, B(WH, H;a)
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and this equals B(wH,, H') + 2nk for some integer k. Since on 5t c.5» the H,
variables range over a compact set we must have I(P(H )PI(H)Z e(w)e'B(W” H')
bounded by a constant depending only on H'. Then on E)e s W@, HH <
CH'YPH' )P;(H ). Motivated by this asymptotic behavior, we make the
following definition.

Set g, equal to the infimum of g > 2 such that for each S in S,

J-e,e"*

and
1 q
f%+| P(H)

Each of the integrands is the reciprocal of a nowhere vanishing polynomial and
50 q,, is finite. We shall call the conjugate exponent p. (l/g, +1 /pc = 1) the
critical exponent.

REMARK. We believe g, to be the infq>2{q|f[)+]DO(H)["IP(H)I2 dH < e}
however we have been able to prove this only for a few cases.

We shall now prove Proposition 4.9.

Proor. For H,, H, in 7,

TIP@E)I? dH < oo

P} (H )

|P(H)I? dH < .

f@) - fey) = [ rey U@ H) - T B)] PE)P aH,

Applying Holder’s inequality, we obtain

\FH) = FEISNAITC L Hy) =T, Hly-

We shall have proved the claim if we can justify applying the dominated conver-
gence theorem to [, +J(H, Hy) ~ J(H, H)P|P(H)I? dH.

On each 5:, s and on a fixed compact neighborhood of H, for all H in
E):, s and H, in this compact neighborhood we have the estimate |J(H, H,)| <
C(H,)/|P(H )| |PZ(H)I so we can dominate |J(H, H,) — J(H, H,)| by
M/P}(H). Since p <p,, |M/PL(H ) is integrable.

We shall give two examples illustrating typical ranges of p for which mean
convergence results hold.

ExaMpLE 4.10. G = SU(2), dim § = 1, P(H) = h and computation gives
p, = 3/2. There is only one way to sum the series and for that method r = 1.
Then (2r + 1)/(r + 1) = 3/2 and complete mean convergence information is ob-
tained except at p = 3/2. This is also a special case of Pollard’s theorem.

ExaMpLE 4.11. G =SU(3), dim § = 2 and §™ is a 60° cone. Take the
the hyperplane ¢ to be a line perpendicular to the H°:1 axis. Using H‘:l JHY

for coordinates,
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D(H) = ¢ sin x sin y sin(x + y).

Then r = 2 and (2r + 1)/(r + 1) = 5/3. The Euclidean multiplier m is the
characteristic function of the triangular region shown in Figure 1.
Ht

Wa

b+

I ”:’|
\ o
™~

FIGURE 1
Suppose o was chosen to form an equilateral triangle with the H‘:l and

H;z axes. Using H Y, g H *t+ g for coordinates we get
D(H) = csin x sin(x — v/3y)sin(x + V3 ).

Here o corresponds to the y variable so r = 3 and (2r + 1)/(r + 1) = 7/4. The
Euclidean multiplier is the characteristic function of the hexagonal region shown
in Figure 2.

u}z

b+
/ ¢
/l:,I
¢
FIGURE 2
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