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Abstract. In this paper fuzzy mean-entropy-skewness models are proposed for 
optimal portfolio selection. Entropy is favored as a measure of risk as it is free 
from dependence on symmetric probability distribution. Credibility theory is 
applied to evaluate fuzzy mean, skewness and entropy. Hybrid intelligence al-
gorithm is used for simulation. Numerical examples are given in favor of each 
of the models.   
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1   Introduction 

Different authors like Philppatos and Wilson [1], Philippatos and Gressis [2], Naw-
rocki and Harding [3], Simonelli [4], Huang [5], Qin et al. [6] used entropy as an 
alternative measure of risk to replace variance proposed by Markowitz [7]. Entropy is 
used as risk in the sense that uncertainty causes lose and so investors dislike uncer-
tainty and entropy is a measure of uncertainty. Entropy is more general than variance 
as an efficient measure of risk because entropy is free from reliance on symmetric 
probability distributions and can be computed from non-metric data.     

Skewness measures the asymmetry of a distribution. Portfolio returns are generally 
asymmetric and investors would prefer a portfolio return with larger degree of asym-
metry when the mean value and risk are same. There will be three goals in portfolio 
optimization, maximizing the mean and the skewness and minimizing the entropy. 
Consideration of skewness in portfolio selection was started by Lai [8] and then con-
tinued by Konno et al. [9], Chunhachinda et al. [10], Liu et al. [11], Briec et al. [12] 
etc . All these literatures assume that the security returns are random variables. There 
are many non-stochastic factors that affect stock markets and they are improper to 
deal with probability approaches. So Ramaswamy [13], Inuiguichi et al. [14], Li et al. 
[15] etc. studied fuzzy portfolio selection. But till date none has considered mean- 
entropy- skewness model for portfolio selection problem.  

In this paper, in section 2, the definition of fuzzy entropy by Li and Liu [16] is dis-
cussed and also credibility theory is used to evaluate the mean and skewness of the 
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fuzzy return. In section 3 portfolio selection models are constructed. In section 4 
fuzzy simulation integrated genetic algorithm is used to solve the proposed models. In 
section 5 numerical results are given to illustrate the method followed by conclusions 
in section 6. 

2   Mean, Entropy, Skewness by Credibility Theory 

In this section we will discuss credibility theory (c.f. Liu [17]) to have the mean, 
skewness and entropy of a fuzzy variable.  

Definition 1: Suppose that ξ be a fuzzy variable with membership function ξμ . Then 

for any set B  ⊂ ℜ the credibility of ξ ∈B is defined as: 

c
ξ ξ

x B x B
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Definition 2: The expected value of ξ is defined as 
0

E[ ξ ] Cr{ ξ r }dr Cr{ ξ r }dr.
0

∞
= ≥ − ≤∫ ∫

−∞
 

Definition 3: Suppose that ξ be a fuzzy variable with finite expected value. The 
skewness of ξ is defined as 

3S[ξ]  E[(ξ E[ξ]) ].= −  

Definition 4: Let ξ be a continuous fuzzy variable and let T(t) = – t.ln(t) – (1–t).ln(1– 
t). Then the entropy of ξ is defined by  

H[ξ ] T(Cr{ξ r })dr.
∞

= =∫
−∞

 

Definition 5: Let ξ be a discrete fuzzy variable taking values in {x1, x2, . . .} and let 
T(t) = – t.ln(t) – (1–t).ln(1– t). Then the entropy of ξ is defined by  

iH[ξ ] T(Cr{ξ x }).
i 1

∞
= =∑

=
 

Example 1: The expected value, skewness and entropy of a triangular fuzzy number ξ 
= (a, b, c) are respectively 

2a + 2b + c (c  a) (c  2b + a) c  a
E [ξ ] = , S[ξ ] =  and H[ξ ] = .

4 32 2

− − −
 

Theorem 1: Let i i i ir  = (a , b , c )% (i =1,2,…,n) be independent triangular fuzzy num-

bers. Then 

( )
n

1 1 2 2 n n i i i
i 1

1
E[ r x r x .... r x ] a b c ,

4 =
+ + + = + +∑% % %  
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( )
n
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1
H [ r x r x .... r x ] c a ,
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1 1 2 2 n n i i i i i i
i 1 i 1

1
S[ r x r x .... r x ] c a x c a 2b .
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Proof: Since i i i ir  = (a , b , c )% are triangular fuzzy numbers, by Extension Principle of 

Zadeh it follows that    
n n n

1 1 2 2 n n i i i i i i
i = 1 i = 1 i = 1

r x r x .... r x  =   a x  ,  b x  ,  c x ,
⎛ ⎞

+ + + ⎜ ⎟⎜ ⎟
⎝ ⎠
∑ ∑ ∑% % %  

which is also a triangular fuzzy number. Combining this with the results obtained in 
example 1 we are with the theorem. 

3   Mean-Entropy-Skewness Model  

Let ir%  be a fuzzy number representing the return of the ith security. Let xi be the por-

tion of the total capital invested in security i, i = 1, 2, …, n.  

Then 
'
i i i

i
i

p  + d p
r  = ,

p

−
% where pi is the closing price of the ith security at present,  

'
ip is the estimated closing price in the next year and di is the estimated dividends in 

the next year.  
Now when minimum expected return (α) and maximum risk (γ) are known, the in-

vestor will prefer a portfolio with large skewness. It can be modeled as: 

1 1 2 2 n n

1 1 2 2 n n

1 1 2 2 n n

1 2 n

i

m axim ize S[r x r x .... r x ]

  subject to 

  E [r x r x .... r x ]  α
  H [r x r x .... r x ]  γ
  x x .... x  =  1

  x   0, i =  1 , 2, ...., n.

+ + +⎧
⎪
⎪
⎪ + + + ≥⎪
⎨ + + + ≤⎪
⎪ + + +
⎪

≥⎪⎩

% % %

% % %

% % %
   ……………………………….. (1) 

When expected return (α) and skewness (β) are both not less than some given target 
values, the investor would aim to minimize the risk; which can be modeled by II. 

1 1 2 2 n n

1 1 2 2 n n

1 1 2 2 n n

1 2 n i

minimize H[r x r x .... r x ]

  subject to 

  E[r x r x .... r x ]  α
  S[r x r x .... r x ] β
  x x .... x  = 1,  x   0, i = 1, 2, ...., n . 

+ + +⎧
⎪
⎪⎪ + + + ≥⎨
⎪ + + + ≥⎪
⎪ + + + ≥⎩

% % %

% % %

% % %

  ……………………….. (2) 

When minimum skewness (β) and maximum risk (γ) is known, the investor would 
aim to maximize the expected return. It can be modeled as:  
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1 1 2 2 n n

1 1 2 2 n n

1 1 2 2 n n

1 2 n i

maximize E[r x r x .... r x ]

  subject to 

  H[r x r x .... r x ]  γ
  S [r x r x .... r x ] β
  x x .... x  = 1, x   0, i = 1, 2, ...., n.

+ + +⎧
⎪
⎪⎪ + + + ≤⎨
⎪ + + + ≥⎪
⎪ + + + ≥⎩

% % %

% % %

% % %

………………………….. (3) 

4   Hybrid Intelligence Algorithm  

To find the optimal portfolio, we integrate fuzzy simulation into the genetic algo-
rithm. The genetic algorithm procedure has been introduced in detail in [18]. Here, we 
sum up the hybrid intelligent algorithm as follows: 

Step 1) In the GA, a solution x = (x1, x2, . . . , xn ) is represented by the chromosome C 
= (c1, c2 , . . . , cn ), where the genes c1, c2 , . . . , cn are in the interval [0, 1]. The 
matching between the solution and the chromosome is through xi = ci /(c1 + c2 + · · · + 
cn ), i = 1, 2, . . . , n, which ensures that x1 + x2 + · · · + xn = 1 always holds.  
Randomly generate a point C from the hypercube [0, 1]n . Use fuzzy simulation to 
calculate the entropy value, skewness and expected value. Then check the feasibility 
of the chromosomes. Take the feasible chromosomes as the initialized chromosomes. 

Step 2) Calculate the objective values for all chromosomes by fuzzy simulation. Then, 
give the rank order of the chromosomes according to the objective values. For model-
III, the greater the expected value is, the better the chromosome is, and the smaller the 
ordinal number the chromosome has. For model-II, the smaller the entropy value is, 
the better the chromosome is, and the smaller the ordinal number the chromosome 
has. Next, compute the values of the rank-based evaluation function of the chromo-
somes and the fitness of each chromosome according to the rank-based-evaluation 
function. 

Step 3) Select the chromosomes by the roulette wheel selection method, which is 
fitness proportional. 

Step 4) Update the chromosomes by crossover and mutation operations. Check the 
feasibility of the chromosomes in a similar way as the initial step. 

Step 5) Repeat the second to fourth steps for a given number of cycles. 

Step 6) Choose the best chromosome as the solution of portfolio selection. For model-
III the chromosome with the maximum expected value is the best chromosome. For 
model-II the chromosome with the minimum entropy value is the best chromosome. 
For model-I the chromosome with the maximum skewness is the best chromosome. 

5   Numerical Example 

We apply our mean-entropy-skewness models to the data from Huang [19]. We take 
the first seven securities. The returns are triangular fuzzy numbers.  
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Security Return( ir% ) Security Return( ir% ) 

I (-0.3, 1.8, 2.3) V (- 0.7, 2.4, 2.7) 

II (-0.4, 2.0, 2.2) VI (- 0.8, 2.5, 3.0) 

III (-0.5, 1.9, 2.7) VII (- 0.6, 1.8, 3.0) 

IV     (-0.6, 2.2, 2.8)  

 

Example 1.  Considering the minimum expected return and the bearable maximum 
risk to be as 1.6 and 1.8, we judge the model-I and the solution of the above model is 
obtained as: 

 

Securities 

I II III IV V VI VII 
Skewness 

0 0 0 0 0 0.3077 0.6923 12.6875 

 

Example 2.  Considering the minimum skewness and the bearable maximum risk to 
be as 12.5 and 1.8, we judge the model-III and the solution of the above model are 
obtained as: 

 

Securities 

I II III IV V VI VII 
Mean 

0 0 0 0 0 0.5549 0.4451 1.6803 

 

Example 3.  : Considering the maximum skewness and the minimum expected return 
to be as 12.5 and 1.8, we judge the model-II and the solution of the above model is 
obtained as: 

 

Securities 

I II III IV V VI VII 
Risk 

0 0 0 0 0.0813 0.2451 0.6736 1.772 
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6   Conclusion 

Since skewness is incorporated in the portfolio selection model, the model has be-
come more sensible. Entropy is used as the measure of risk. The smaller the entropy 
value is, the more concentrative the portfolio return is and the safer the investor is. A 
hybrid intelligence algorithm is designed and numerical results are given to show the 
effectiveness of the method. Works are going on to apply the proposed approach in 
Indian stock market. 
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