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Mean-field Evolution of Fermionic Systems
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Abstract

The mean field limit for systems of many fermions is naturally coupled with a semi-
classical limit. This makes the analysis of the mean field regime much more involved,
compared with bosonic systems. In this paper, we study the dynamics of initial data
close to a Slater determinant, whose reduced one-particle density is an orthogonal pro-
jection wpy with the appropriate semiclassical structure. Assuming some regularity of
the interaction potential, we show that the evolution of such an initial data remains
close to a Slater determinant, with reduced one-particle density given by the solution of
the Hartree-Fock equation with initial data wy. Our result holds for all (semiclassical)
times, and gives effective bounds on the rate of the convergence towards the Hartree-Fock
dynamics.

1 Introduction

In the last years, important progress has been achieved in the mathematical understanding
of the many body dynamics of bosonic systems in the mean field limit. A system of N bosons
in the mean field regime can be described by the Hamiltonian

N N
1
HEese :Z—AﬁNZV(:@ — ;) (1.1)
j=1

i<j

acting on the Hilbert space L2(R3V), the subspace of L?(R3") consisting of functions sym-
metric with respect to an arbitrary permutation of the IV particles.

Typical initial data are prepared by confining the system in a volume of order one (for
example, restricting the Hamiltonian (1.1) to L2(AY), for a cube A C R3 of volume one, or
by adding a trapping external potential), and letting it relax to the ground state (which is
experimentally achieved by cooling it down to very low temperatures). For large N, these
initial data are approximately factorized, having the form ¥y (zi,...zNn) =~ HjV: 1(xj)
for an appropriate one-particle wave function ¢ € L?(R3) (obtained as minimizer of the
corresponding Hartree energy functional). For such data, the coupling constant 1/N in front
of the interaction guarantees that both parts of the Hamiltonian are of the order N and
that the total potential acting on every particle, given by the sum of a large number (order
N) of weak contributions (order 1/N), can be effectively approximated by an average, mean
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field, interaction. As a consequence, factorization is approximately preserved in time, and
the many body time evolution generated by (1.1) can be effectively described in terms of the
nonlinear one-particle Hartree dynamics.

To be more precise, for ¥y € LE(R:SN), we consider the solution ¥ ; = e HINtyy of the
N-particle Schrodinger equation

10N = HNYn g -

We define the reduced one-particle density 7](\}),5

trace class operator on L?(R?) with integral kernel

associated with v as the non-negative

yg\}’),;(x;y) = N/dCCQ...dl’N¢N¢(fE,$2,...,$N)1Z)N7t(y,x2,...,$]\[).

We normalize the reduced density 71(\})15 so that tr ’y](\})t = N. Under suitable assumptions on

the potential V', it is possible to show that complete condensation is preserved by the time
evolution, meaning that
(1

1
NVN,)t = @) (pi] - as N — oo, (1.2)

for all ¢ € R, assuming this to hold at time ¢ = 0. Here ¢, is the solution of the nonlinear
Hartree equation

i0upr = (A + Vext)pr + (V * [@i*) o
with the initial data g giving the condensate wave function at time ¢t = 0.

The first rigorous proof of this result was obtained in [40], for bounded interaction po-
tentials. In [9], the method of [40] was extended to prove the convergence (1.2) for particles
interacting through a Coulomb potential V(z) = £1/|x|. More recently, these techniques
have been applied in [10, 11, 12, 13] to systems of bosons in the so called Gross-Pitaevskii
limit; in this case, the interaction is scaled so that its range and its scattering length are both
of the order 1/N. As a consequence, the limiting Hartree equation has a local nonlinearity
(nonlinear Schrodinger equations with local nonlinearity in one and two dimensions have been
derived from many body quantum mechanics in appropriate mean field limits in [1, 31]). In
contrast with the mean field regime, in the three-dimensional Gross-Pitaevskii limit collisions
among particles are rare and strong and the solution of the Schrédinger equation develops a
singular short scale correlation structure.

Inspired by ideas from [30, 18], a different approach was developed in [36] to control the
rate of the convergence towards the Hartree equation in the mean field limit of many body
quantum dynamics. For a certain class of initial data, and for interaction potentials allowing
Coulomb singularities, it was shown in [36, 7] that

tr vy — Nlge) (el | < CeKl

Among many other important contributions to the mathematical understanding of the
many body dynamics for bosonic systems in the mean field regime, let us also recall [17],
[2], [35, 32], and the series of papers [21, 22, 23]. In [17], the mean field limit for particles
interacting through a Coulomb potential was revisited and interpreted as a Egorov type
theorem. For regular interactions, the convergence towards the Hartree dynamics was stated
in [2] as propagation of Wigner measures. In [32, 35], a different approach to obtain control of
the rate of the convergence towards the Hartree evolution was proposed; its main advantage



compared with other techniques is the fact that it can be extended to potentials with more
severe singularities. In [21, 22, 23], on the other hand, it was shown how a more precise
approximation of the many body dynamics can be obtained by considering also the next
order corrections to the Hartree dynamics. Finally, we remark that also the study of the
spectral properties of bosonic mean field Hamiltonians received a lot of attention in the last
few years. A first proof of the emergence of Bogoliubov excitation spectrum has been found
in [38] (for systems of bosons in a box) and in [24] (in the presence of an external potential).
A new and more general approach to the analysis of the excitations spectra of bosonic mean
field systems was then obtained in [33].

In contrast with this long list of results concerning the mean field dynamics of bosons,
much less is known for the mean field limit of fermionic systems. It turns out that, in the
fermionic case, the mean field regime is naturally linked with a semiclassical limit. Consider a
system of fermions initially confined in a volume of order one. Because of the Pauli principle,
the kinetic energy of a system of N fermions confined in a volume of order one is at least of
the order N3, much larger than in the bosonic case. In order for the potential energy to be
comparable with the kinetic energy, the coupling constant in front of the interaction should
be of the order N—1/3 (in contrast with the coupling constant of order N~! in the bosonic
case). Because of the large kinetic energy, particles move very fast. The average kinetic
energy per particle is of the order N%/3, and hence the average velocity of the particles is of
the order N'/3. This means that one can only expect to follow the evolution of fermionic
systems in the mean field regime for times of the order N=/3. As a consequence, the relevant
time-dependent Schrodinger equation has the form

N N

. 1

ZN1/38t1/1N7t = E —Aj + W E V(l‘l — :L'j) MJN,t . (1.3)
Jj=1

1<j

With this convention, we are interested in times ¢ of order one (so that 7 = N —1/3¢ is small, of
order N~1/3). Let h = N—1/3. Multiplying (1.3) by k%, we obtain the Schrédinger equation

N N
. 1
zh@t@/;N?t = |- E hQAj + N E V(.Z'Z — .%'j) wN,t . (14)
=1 i<

The mean field scaling, characterized by the 1/N coupling constant in front of the potential
energy, is therefore combined, for fermionic systems, with a semiclassical limit characterized
by a small h = N"1/3 « 1.

We observe that a different mean field regime, characterized by A = 1 in (1.4), has been
considered in [16, 4]. This alternative scaling may describe physically interesting situations
if the particles occupy a large volume (so that the kinetic energy per particle is of order
one) and if the interaction has a long range (to make sure that also the potential energy per
particle is of order one). In this paper, we will be interested in the evolution of initial data
describing N fermions in a volume of order one; correspondingly, we will only consider the
scaling appearing in (1.4), with h = N—1/3,

Similarly to the bosonic case, typical initial data can be prepared by confining the N
fermions in a volume of order one and by cooling them down to very low temperatures. In
other words, interesting initial data for (1.4) are ground states of Hamilton operators of the

form
N

N
Y™ = 37 (28, 4 Vo) + xS0 V(i ) (15)

j=1 1<j



where Vg is an external trapping potential, confining the N particles in a volume of order
one. Such initial data are well approximated by Slater determinants

Vlater (15 .-, TN) = \/i\fi' Z sen(7) f1(@r 1)) fo(Tri2) - - IN(Tr(n))

tmeSy

with a family of NV orthonormal orbitals { f; ;\le in L?(R3) (sgn(m) denotes the sign of the
permutation 7 € Sy). Slater determinants are quasi-free states, i.e. they are completely

characterized by their one-particle reduced density, given by the orthogonal projection
N
w=) If)fil.
j=1

In fact, a simple computation shows that (Ygater, H}\ﬁapwslateﬁ is given by the Hartree-Fock
energy

Enr(w) = tr (—A2A + Vext) w + ]i]/dxdyv(gﬁ — yw(z; 2wy y)
(1.6)
_ ;f/da:dyV(:v —y)lw(z;y)*.

In analogy with the convergence (1.2) observed in the bosonic setting, we expect that the
evolution determined by the Schrédinger equation (1.4) of an initial Slater determinant
approximating the ground state of (1.5) remains close to a Slater determinant, with an
evolved reduced one-particle density, given by the solution of the time-dependent Hartree-
Fock equation

ihOywy = [—R2A + (V x p) — Xy, wi] (1.7)

associated with the energy (1.6). Here p;(x) = N~ lw;(x;2) is the normalized density as-
sociated with the one-particle density w;, while X; is the exchange operator, having the
kernel

Xi(w;y) = NV (z — y)w(a;y) .

Of course, we cannot expect this last statement to be correct for any initial state close to
a Slater determinant. We expect minimizers of the Hartree-Fock energy functional (1.6) to
be characterized by a semiclassical structure which is essential to understand its evolution.
In fact, as we will argue next, we expect the kernel w(x,y) of reduced density minimizing
(or approximately minimizing) the functional (1.6) to be concentrated close to the diagonal
and to decay at distances |x — y| > h. To understand the emergence of this semiclassical
structure, and to find good characterizations, let us consider a system of N free fermions
moving in a box of volume one, for example with periodic boundary conditions. The ground
state of the system is given by the Slater determinant constructed with the NV plane waves
fo(x) = eP* with p € (2m)Z3 and |p| < ¢N'/3, for a suitable constant ¢ (guaranteeing that
the total number of orbitals equals exactly N). The corresponding one-particle reduced

density has the kernel
wlay)= Y, Py

|p|§cN1/3

where the sum extends over all p € (27)Z3 with |p| < eN'/3. Letting ¢ = hp (with h =
N~1/3), we can write

L 1 I 1 ]
wlasy) =Y eld@v/h o / S A — < > 1.8
(z5y) = ) = q il s (1.8)

lg|<c




with

an (sin(clé))
5"“)‘15\2( d

Hence, at fixed N and h, w(x;y) decays to zero for |x — y| > h. Moreover, the fact that w
depends only on the difference x — y (for x,y in the box) implies that the density w(x;z)
is constant inside the box (and zero outside). This is of course a consequence of the fact
that we are considering a system with external potential vanishing inside the box, and being
infinity outside of it. More generically, if particles are trapped by a regular potential Vey
with Vexi () — oo for |z] — oo, we expect the resulting reduced one-particle density to have,

approximately, the form
) 1 T —Yy Tty
ol = o ()« (32 (1.10)

for appropriate functions ¢ and x, or to be linear combinations of such kernels. While x
determines the density of the particles in space (because ¢(0) = 1, to ensure that trw = N),
@ fixes the momentum distribution.

- ccos(c|£|)> , EER3 (1.9)

Next we look for suitable bounds, characterizing Slater determinants like (1.10) which
have the correct semiclassical structure. To this end, we observe that, if we differentiate the
r.h.s. of (1.10) with respect to x or ¥, a factor A~! will emerge from the derivative of ¢ (this
produces a kinetic energy of order N°/3, as expected). However, if we take the commutator
[V, w], its kernel will be given by

[V, wl(@;y) = (Vi + Vy) w(z;y) = %s@ <x = y) Vx (x —; y) : (1.11)
In this case the derivative only hits the density profile x; it does not affect ¢, and therefore
it remains of order one (of course, in the example with plane waves in a box, there is the
additional problem that y is the characteristic function of the box, and therefore that it is
not differentiable; this is however a consequence of the pathological choice of the external
potential, which is infinity outside the box). We express the fact that the derivative in (1.11)
does not produce additional A~! factors through the bound

tr |[V,w]] < CN. (1.12)

Similarly, the fact that w(z;y) decays to zero as |x — y| > h, suggests that the commutator
[z, w], whose kernel is given by

[z, wl(z;y) = (z — y)w(z;Y), (1.13)

is smaller than w, by order A. In fact, one has to be a bit careful here. Going back to
the plane wave example, we observe that the function ¢ computed in (1.9) does not decay
particularly fast at infinity. For this reason, it is not immediately clear that one can extract
an h factor from the difference (z—y) on the r.h.s. of (1.13). Keeping in mind the plane-wave
example, let us compute the commutator of the reduced density w with the multiplication
operator e, for a fixed r € (27)Z3. We find

[eiT'm,w] _ Z [|ei(r+p)-x><eipvx| _ |6ip~m><6i(p—7’)'m|} .
lp|<eN1/3
A straightforward computation shows that

[ w] [ = 3 ey (e (1.14)

pEly



where
I = (2m)Z* N {p ER®:[p—r[ < cNY3 |p| > eNY3or |p—r| > eNY3, Jp| < cN1/3}.

It follows that |[e"%, w]| = |[¢"*,w]|? is a projection, and therefore that
tr ‘ [e"'w?w] ‘ < CNhJr|. (1.15)

Hence, the trace norm of the commutator is smaller, by a factor h, compared with the norm
of the operators e ?w and we®*. The fact that the kernel w(z;y) is supported close to the
diagonal allows us to extract an additional A-factor from the trace norm of the commutator
[e?P® w]. Notice, however, that if we considered the Hilbert-Schmidt norm of [e?P%, w], we
would find from (1.14) that

1/2
/ < (CNRJr|)*/2.

e w] s = (br[[e7,w] )
In other words, the Hilbert Schmidt norm of the commutator [e??%, w] is only smaller than
the Hilbert-Schmidt norm of the two operators e’”*w and we®? by a factor h/2. This is
consistent with the fact that, in (1.10), the function ¢ does not decay fast at infinity (which
follows from the fact that w is a projection corresponding to a characteristic function in
momentum space).

So far, we proved the bounds (1.12) and (1.15) for minimizers of systems of confined non-
interacting electrons. What happens now if we turn on a mean-field interaction? Can we still
expect the minimizer of the Hamiltonian (1.5) to satisfy (1.12) and (1.15)7 We claim that the
answer to this question is affirmative, and we propose a heuristic explanation®. Semiclassical
analysis suggests that the reduced density of the minimizer of (1.5) can be approximated by
the Weyl quantization w = Opf; of the phase space density M (p,z) = x(|p| < (6712/)(3;))1/3),
where p is the minimizer of the Thomas-Fermi type functional

c1v(p) = £ (a0 [ dag? @)+ [ daVia(wlp(@) + 5 [ dodyV @~ g)o@)p(o)

over all non-negative densities p € L'(R?) N L5/3(R3) normalized so that ||p|| = 1. Here, the
Weyl quantization Opfj; of M is defined by the kernel

w 1 Tty ip-T=Y
w(z,y) = Opyy(z,y) :W/dpM<p,2> PR

It turns out that the commutators of w with the position operator x and with the momentum
operator V are again Weyl quantizations. In fact, a straightforward computation shows that

[z,w] = —ihOpPy, a7, [V,w] = Opy, ur-

Hence, semiclassical analysis predicts that

h
tr ] = Gy [ dpdal ¥, M ()] = ON [ 2 0)dg

and that )
e [Vl = sy [ dpdal VM (0. = N [ 1900) d

'We would like to thank Rupert Frank for pointing out this argument to us.



Under general assumptions on Ve and V', we can expect the integrals on the r.h.s. of the
last two equations to be finite, and therefore, we can expect the bounds (1.12) and (1.15)
to hold true ((1.15) easily follows from the estimate tr|[z,w]|| < CNHR). Although one could
probably turn the heuristic argument that we just presented into a rigorous proof, we do
not pursue this question in the present work. Instead, we will just assume our initial data
to satisfy (1.12) and (1.15). We consider these bounds as an expression of the semiclassical
structure that emerges naturally when one considers states with energy close to the ground
state of a trapped Hamiltonian of the form (1.5).

For initial data 1 close to Slater determinants and having the correct semiclassical struc-
ture characterized by (1.12) and (1.15), we consider the time evolution vy, = e N/,
generated by the Hamiltonian

N N

1
j=1 i<j

and we denote by 'y](\})t the one-particle reduced density associated with 1y ;. Our main

result, Theorem 2.1, shows that, under suitable assumptions on the potential V', there exist

constants K, ci, co > 0 such that

17, — wnellus < K exple explealt])) (1.17)
and
tr |7} — wwe| < KNV exp(ey exp(eal]) (1.18)

where wy; denotes the solution of the time-dependent Hartree-Fock equation (1.7) with the

initial data wy —o = 7](\}7)0. The bounds (1.17) and (1.18) show that the difference ’y](\})t —WNt
)

is much smaller (both in the Hilbert-Schmidt norm and in the trace-class norm) than 71(\}15

and wy+ (recall that ||w](\})tHHs, H'YJ(\})t”HS ~ N'/2 while trwN,t,trfy](\})t ~ N).

It turns out that the contribution of the exchange term is small compared to the other
terms in the Hartree-Fock equation (1.7); in fact, for the class of regular potential that we
will consider in this paper, it is of the relative size 1/N. As a consequence, the bounds (1.17),
(1.18) and also all other bounds that we prove in Theorem 2.1 for the difference between
’y](\})t and the solution of the Hartree-Fock equation remain true if we replace the solution of
the Hartree-Fock equation wy,; by the solution wy; of the Hartree equation

ihOony = [—RPA 4+ (V * py), Wn ] (1.19)
with the same initial data wy —g = fy](\}’)o (here py(z) = N~ '@ (z;x) is the normalized density

associated to wy¢). For more details, see the last remark after Theorem 2.1 and Proposi-
tion A.1 in Appendix A.

Observe that both the Hartree-Fock equation (1.7) and the Hartree equation (1.19) still
depend on N, through Planck’s constant & = N~'/3. In the semiclassical limit & — 0, the
Hartree (and the Hartree-Fock) dynamics can be approximated by the solution of the Vlasov
equation. We define the Wigner transform Wy, associated with the solution wy; of the
Hartree-Fock equation by

1 .
Whni(z,p) = (QT)?’ /dy Wt (a: + h%; T — h%) e 'Y



It is a well-known fact that, in the limit 7 — 0, the Wigner transform Wy ; of the solution of
the Hartree-Fock equation (1.7) (or the Wigner transform of the solution Wy ; of the Hartree
equation) converges towards the solution of the Vlasov equation

W N @, p) +p- VoW (2, p) = Vs <V * ,02'1) (2)V, W (2, p). (1.20)

where p}l(z) = [dp WY (z,p). The difference between the Wigner transform Wy, of wy ¢

and the solution of the Vlasov equation Wl is of the order AN = N?/3, and therefore much
(1)

larger than the difference between the reduced one-particle density yjét associated with the
solution of the many body Schrédinger equation and the solution WN7;5 of the Hartree-Fock
equation (or the solution wy; of the Hartree equation). In other words, the Hartree-Fock
approximation (or the Hartree approximation) keeps the quantum structure of the problem
and gives a much more precise approximation of the many body evolution compared with the
classical Vlasov dynamics. Our result is therefore a dynamical counterpart to [3, 19], where
the Hartree-Fock theory is shown to give a much better approximation to the ground state
energy of a system of atoms or molecules as compared with the Thomas-Fermi energy (but,
of course, in contrast to [3, 19], our analysis does not apply so far to a Coulomb interaction).

As mentioned above, the literature on the mean field dynamics of fermionic systems is
rather limited. As far as we know, the first rigorous results concerning the evolution of
fermionic system in the regime we are interested in was obtained in [34], where the authors
prove that, for real analytic potential, the Wigner transform of the reduced density 71(\})1:
associated with the solution of the Schrédinger equation converges weakly to the solution of
the Vlasov equation (1.20). The regularity assumptions were substantially relaxed in [41].
Notice that neither [34] nor [41] give a bound on the rate of the convergence. More recently, in
[8] the many body evolution is compared with the N-dependent Hartree dynamics described
by (1.19); under the assumption of a real analytic potential, it is shown that, for short
semiclassical times, the difference between 7](\}7)]5 and Wy, when tested against appropriate
observables, is of the order N~!. The results of our paper are comparable with those of
[8], but we obtain convergence for arbitrary semiclassical times (for arbitrary ¢ of order one,
where ¢ is the time variable appearing in (1.4)) and under much weaker regularity conditions
on the interaction potential. It should also be noted that the mean field limit of fermionic
systems with a different scaling (the same scaling used in (1.1) for bosonic systems) has
been considered in [4] (for regular interactions) and in [16] (for potentials with Coulomb
singularity). On the other hand, we remark that a joint mean field and semiclassical limit
has been considered, for bosonic systems, in [20] and [15].

2 Fock space representation and quasi-free states

The fermionic Fock-space over L?(IR?) is defined by

F=EPLIR dx; ... dx,)
n>0

where L2(R3") is the subspace of L?(IR3") consisting of all functions which are antisymmetric
with respect to permutation of the n particles. In other words,

L2(R*™) = {f € L*(R*") : f(@r)s - Tan)) = sgn(m) f(z1,...,zy,) for all m € Sy}

Here sgn(m) denotes the sign of the permutation 7 € S,,.



For a one-particle operator O, acting on L?(R3), we denote its second quantization by
dI'(O). This is an operator on F, defined by

(dF(O)w)(") - Z O
j=1

where OU) denotes the operator O acting only on the j-th particle (i.e. oY) =190V g0
1®(=7)). An important example is the number of particles operator, defined by N = dI'(1).

On F, it is useful to introduce creation and annihilation operators. For f € L?(R3), we
define

(a*(£)) " (21, ... 2n) = \}n/}{j«—l)jf<xj>¢ﬂ"-4><x1,...,xj_l,xj+1,...,xn>,
j=1

(@(H)y) (@, ... z0) =V + 1/d$f(ﬂs)w(”+1)(x, Ty Tn).

Observe here that creation operators are linear while annihilation operators are antilinear in
their argument. They satisfy canonical anticommutation relations

{a(f),a*(9)} = (f,9), {a(f) alg)} ={a"(f),a"(9)} =0 (2.1)

for all f,g € L*(R3). It is also important to note that, in contrast to the bosonic case,
fermionic creation and annihilation operators are bounded. In fact

la(f)ell* = {a(f)v, alf)v) = (,a*(Ha(H)v) = If]3 = @, alfa*(Hv) < If]3

and a similar computation for |la*(f)v|* imply that

la(HI < Wfllz and  fla” () < [Ifll2- (2.2)

It is also useful to introduce operator valued distributions a}, and a,, which formally create,
respectively, annihilate a particle at the point = € R3. They are defined by

olf) = [ F@ar @ (0= [def@)a

for all f € L?(R?). In terms of these operator valued distributions, it is possible to write the
second quantization dI'(O) of a one-particle operator O with integral kernel O(x;y) as

dl'(0) = /dxdy O(z;y)ayay. (2.3)
In particular, the number of particles operator is given by
N = /dx asag.

Observe that, even for bounded O, the second quantized operator dI'(O) does not need to
be bounded, simply because the number of particles is not bounded. It turns out, however,
that because of the fermionic statistics, dI'(O) is a bounded operator if O is trace-class. This
fact together with other useful bounds will be shown in Lemma 3.1 in Section 3.



Since we want to study the time evolution of fermionic systems, we need to define a
Hamilton operator on the Fock space F. Inspired by (1.16), we introduce the operator Hy,

by setting (Hy)™ = ’Hg\?)ib(”), with

n

n 1 <
MY =D, D V)

j=1 i<j

where, as discussed in the introduction, i = N3, Hence, the Hamiltonian Hy leaves
each sector of the Fock space with a fixed number of particles invariant. On the N-particle
sector, it agrees with (1.16). Notice that in the notation Hy, the index N does not refer here
to the number of particles, since Hpy acts on the whole Fock space. It reminds instead of
the coupling constant 1/N in front of the potential energy, and of the N-dependent Planck
constant & = N~1/3 in front of the kinetic energy. Of course, in order to recover the mean
field regime discussed in the introduction, we will consider later the time evolution of states
in F having approximately N particles. Observe that, in terms of the operator valued
distributions a, and a}, we can express the Hamiltonian Hy as

1
Hy = hZ/dazvma;Vzaz + 9N /d:rdyV(m — Y)aya,ayay. (2.4)

Notice that the kinetic energy is just given by the second quantization dI'(—h2A).

It will also be important to consider linear combinations of creation and annihilation
operators. For f, g € L?(R?) we set

A(f.g) =a(f)+a*(g), and A*(f,g) = (A(f,9))" = a*(f) +a(9).
Observe that
A*(f.9) = A(Jg, J f) (2.5)

where we introduced the antilinear operator J : L?(R3) — L?(R®) defined by Jf = f. Note
that A* is linear while A is antilinear in its two arguments. In terms of the operators A, A*
the canonical anticommutation relations assume the form

{A(f1,91), A7 (f2, 92)} = {a(f1), 0" (f2)} + {a"(g1), a(g2) }
= (f1, f2) + (92, 91) = (f1, f2) + (91, 92) (2.6)
= ((f1,91), (f2,92)) 2@ 12-

Note that {A(f1,91), A(f2,92)} and {A*(f1,91), A*(f2,92)} in general do not vanish.

We now introduce Bogoliubov transformations (a useful review on this subject can be
found, for example, in the lecture notes [39]). A (fermionic) Bogoliubov transformation is a
linear map v : L*(R3) & L?(R3) — L?(R?) ® L*(R3) with the properties

{A(W(f1,91)), A" (v(f2, 92))} = {A(f1, 1), A*(f2, 92)} (2.7)

for all f1, g1, f2, g2 € L*(R3), and

A*(v(f,9)) = A(v(9, 1)) (2.8)

for all f,g € L?(R3). In other words, a Bogoliubov transformation is a map v : L?(R?) @
L?(R3) — L?(R3) @ L?(R3) with the property that (2.5) and the canonical anticommutation
relations (2.6) continue to hold for the new field operators B(f,g) := A(v(f,g)). Note that,
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by (2.6), condition (2.7) means that every Bogoliubov transformation v is unitary. The
condition (2.8), on the other hand, is equivalent to

()= (5 i)

It is then simple to check that a linear map v : L}(R3?) @ L3(R?) — L%*(R3) @ L%(R3) is a
Bogoliubov transformation if and only if it has the form

V:<§j ) (2.9)

where u,v : L?(R3) — L%(R3?) are linear maps with u*u + v*v = 1 and u*v + v*u = 0. Here
we used the notation u = Ju.J, for any linear operator u : L?(R3) — L?(R3). Notice that, if
u is a linear operator with integral kernel u(x;y), then @ is again a linear operator, with the
integral kernel u(z;y) = u(x;y) (this explain the notation @).

gl <

We say that a Bogoliubov transformation v is implementable on the fermionic Fock space
F if there exists a unitary operator R, : F — F with the property

RLA(f,9)Ry = A(v(f, 9)) (2.10)

for all f,g € L?*(R?). A Bogoliubov transformation (2.9) is implementable if and only if v is
a Hilbert-Schmidt operator (Shale-Stinespring condition, see e. g. [39, Theorem 9.5] or [37]).

Given a Fock space vector ¢ € F, we define the one-particle reduced density 7, associated
with ¢ as the non-negative operator with the integral kernel

Yo (w3 y) = (¥, ajaz9).

Notice that 7, is normalized such that tr v, = (¥, N9). Hence 7, is a trace class operator
if the expectation of A in the state 1 is finite. In general, if 1) does not have a fixed number
of particles, it is also important to track the expectations (¢, aya,%) and (i, aja;). We
define therefore the pairing density «,, associated with 1) as the one-particle operator with
integral kernel

Oly)y (1'; y) = <¢, ayamlw'

Then we also have @ (x;y) = (1, aya;v). The operators vy and a,; can be combined into
the generalized one-particle density I'y, : L2(R3) & L?(R3) — L*(R3) & L*(R?) defined by

((f1,91), Ty(f2,92)) = (b, A*(f2, 92) A(f1, 91)¥) -

A simple computation shows that I'y, can be expressed in terms of 7, and ay, as
(e )
ry = " _ . 2.11
v ( —ay 1-7y 2

As a consequence of the canonical anticommutation relations, it is simple to check that
0<Ty <L

Knowledge of the generalized one-particle density I'y, allows the computation of the ex-
pectation of all observables which are quadratic in creation and annihilation operators. To
compute expectations of operators involving more than two creation and annihilation oper-
ators, one needs higher order correlation functions, having the form

<17Z)7afl . ..aiw> (2.12)
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where each a¥ is either an annihilation or a creation operator. An important class of states
on F are quasi-free states. A pure quasi-free state is a vector in F with the form ¢ = R,
where R, is the unitary implementor of an (implementable) Bogoliubov transformation v.
The crucial (and defining) property of quasi-free states is the fact that all higher order
correlations functions like (2.12) can be expressed, using Wick’s theorem, just in terms of
the reduced density 7, and the pairing density ay, (see, for example, [39, Theorem 10.2]).
In other words, quasi-free states are completely described by their generalized one-particle
reduced density I'y,. If v is a Bogoliubov transformation of the form (2.9), it is simple to
check that the reduced one-particle density associated with ¢ has the form

vtv v*u
r,= .
v ( utv utu )
Hence, the reduced density of the quasi-free state associated with the Bogoliubov transforma-
tion v is v, = v*v, while the pairing density is a,, = v*u. From the property of Bogoliubov
transformations, we conclude that ~, is trace class (because v is a Hilbert-Schmidt oper-
ator, for v to be implementable) and hence the expectation of the number of particles is

always finite for quasi-free states. Moreover, it follows that I'2 =T, i.e. ', is a projection.
Conversely, for every linear projection I' : L?(R?) @ L?(R3) — L?(R3) @ L?(R?) having the

form
_ [ «Q
F_<—a 1—7)

for a trace class operator «y, there exists a quasi-free state, i.e. an implementable Bogoliubov
transformation v, such that I' = I',,, i.e. I' is the generalized reduced density associated with
the Fock space state R, . Restricting the Hamiltonian (2.4) on quasi-free states of the form
R, one obtains the Bardeen-Cooper-Schrieffer (BCS) energy functional. BCS theory plays
a very important role in physics. Originally introduced to describe superconductors, it has
been later applied to explain the phenomenon of superfluidity observed in dilute gases of
fermionic atoms at low temperature. In the last years, there has been a lot of progress in
the mathematical understanding of BCS theory; see, for example, [27, 25, 14, 28] for results
concerning equilibrium properties and [26, 29] for results about the time-evolution in BCS
theory.

In this paper we will be interested in pure quasi-free states with no pairing, i.e. with
a = 0. Since I' must be a projection, the assumption o« = 0 implies that v is a projection.
We require the number of particles to be N, i.e. try = N. We know then that there
exists a Bogoliubov transformation v, such that v is the reduced density of R, ). In fact,
it is easy to construct such a Bogoliubov transformation. Since we assumed v to be an
orthogonal projection with tr v = NN, there must be an orthonormal system { f; §V21 such that

N N R _ N _

v = 22521 [f5){fi]- We define then v = 37.7, | f;){f;|. Then we have v* =v =737, | f;){/;l
and v*v = Zjvzl |fi)(fj] = ~v. We also set

N
u=u'=1=Y |f){fil=1-7.

=1

Then u is a projection and u*u = u?> = u = 1 — v. Hence u*u + v*v = 1, and v*u = 0. It

follows that i )
s (v Loy el
( ! ) ( Sl Al 1 —]7 ) (2.13)

gl <
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is an implementable Bogoliubov transformation, with

FV—<g ?—7) (2.14)

Both the pure quasi-free state R, and the N-particle Slater determinant ¢gater(X) =
(ND~12 det (f; (#i)); j<n satisfy the Wick theorem and are therefore fully characterized by
their generalized one-particle density. Since (2.14) coincides with the generalized one-particle
density of ©glater, it follows that R,Q = {0,...,0, ¥gater, 0, - . . }. Hence, Slater determinants
are the only pure quasi-free states with vanishing pairing density.

Although we will not make use of this fact, let us notice that unitary implementors of
Bogoliubov transformations of the form (2.13), generating Slater determinants, can be con-
veniently constructed as particle-hole transformations. In fact, let {f;}2; be an orthonormal
system on L?(R3) and extend it to an orthonormal basis {f;}$°,. The Slater determinant
Yslater (X) = (N!)*l/2 det(fi(z;))1<ij<n can be expressed as R, (2, where the operator R, is
defined by

R,Q = a"(f1)---a*(fn)Q

and by the property
cipnpe . Joalfi) fori< N
Rya*(fi) Ry, = { a*(f;) fori> N.

It is then simple to check that R, preserves the canonical anticommutation relations and
that it is surjective. As a consequence, it is a unitary operator on F.

The next theorem is our main result. In it, we study the time evolution of initial data
close to Slater determinants, and prove that their dynamics can be described in terms of the
Hartree-Fock (or the Hartree) equation. Of course, we cannot start with an arbitrary Slater
determinant. Instead, we need the initial state to have the semiclassical structure discussed
in the introduction. We encode this requirement in the assumption (2.16) below. We do
not expect the result to be correct if the initial data is not semiclassical, i.e. if (2.16) is not
satisfied. Notice, however, that the semiclassical structure emerges naturally, when one tries
to minimize the energy. Hence, the assumption (2.16) is appropriate to study the dynamics
of initially trapped fermionic systems close to the ground state of the trapped Hamiltonian
(traps are then released, or changed, to observe the dynamics of the particles, which would
otherwise be trivial).

Theorem 2.1. Assume that, in the Hamiltonian (2.4), V € L*(R3) is so that

/ dp (1 + )|V (p)] < 0. (2.15)

Let wy be a sequence of orthogonal projections on L*(R?), with trwy = N and such that

tr ][eip’x,WN]’ < CNh(1+1p|) and

(2.16)
tr [V, wy]| < CNA

for all p € R? and for a constant C > 0. Let vy denote the sequence of Bogoliubov transfor-
mations constructed in (2.13) such that R,, S has the generalized one-particle density

_(wn O
FVN_(O 1—wN)'
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Let En € F be a sequence with (Ex,N&n) < C uniformly in N. Let '7](\}),5 be the reduced
one-particle density associated with the evolved state

Yy = e HNURR, ey (2.17)

where the Hamiltonian Hy has been defined in (2.4). On the other hand, denote by wn+ the
solution of the Hartree-Fock equation

ihOwny = [—RPA+ (V x py) — Xp,wne] (2.18)

with the initial data wyn—0 = wn. Here pi(z) = N_let(x; x) 1s the normalized density and
X, is the exchange operator associated with wy ¢, having the kernel X¢(z;y) = N7V (z —
y)wnt(x;y). Then there exist constants K, c1,ca > 0 such that

[ = ]|, < K expleaexplealtl)) (2.19)
and
1) _ 1/2
tr |y —wne| < KN exp(cg exp(e1]t])) (2.20)
for allt € R.

Assume additionally that dU(wn)én = 0 and (Ex,N?¢x) < C for all N € N. Then there
exist constants K, c1,co > 0 such that

tr

W — @] < KNS exp(es explenl])) (2.21)

)

for allt € R. Moreover, under this additional assumption, we obtain that

)

tr =Y (40— wn) | < KO+ lal + )2 expleexp(alt)  (222)
for every q,p € R3, t € R.
Remarks.
e Using (2.10), it is simple to check that R} N R, = N —2dI'(wy)+N. The assumption
(&N, N&n) < C implies therefore that

tr 97y — tr x| = (v, Bi N Ruyén) = N| <€

uniformly in N (this bound is of course preserved by the time-evolution). Following
the arguments of Section 4 it is also easy to check that

Ih —wnlas <O, and tr |y} — wy| < ONY/2,

if (¢n,N¢n) < C. Under the additional assumption dI'(wy)&n = 0, one can even show
that
tr ) W _ ‘ <C
fYN’() WN| > )

uniformly in N (applying the arguments at the beginning of Step 3 in Section 4). This
proves that, at time ¢ = 0, the bulk of the particles is in the quasi-free state generated
by R,,. The small fluctuations around the quasi-free state are described by £n. In
particular, it follows that the bounds (2.19), (2.20), (2.21) and (2.22) hold at time
t = 0. Results similar to (2.19), (2.20), (2.21), (2.22) also hold if ({x, N&n) ~ N© and
(En, N26x) ~ NP, for some «, 3 > 0, but then, of course, the errors become larger.
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e Suppose that the initial data is wy = Zévzl |fi)(f;j| for a family {f; j-vzl of orthonor-
mal functions in L?(R3). Then the condition dT'(wy)éy = 0, required for (2.21) and
(2.22), is satisfied if a(f;)én = 0 for all i = 1,..., N, meaning that particles in {y are
orthogonal to all orbitals f; building the quasi-free part of the state.

e All our results and our analysis remain valid if we included an external potential in the
Hamiltonian (2.4) generating the time-evolution (in this case, the external potential
would, of course, also appear in the Hartree-Fock equation (2.18)).

e Eq. (2.19) is optimal in its N dependence (it is easy to find a sequence {y € F with

(N, NEN) < oo such that, already at time ¢ = 0, the difference between 7](\})0 and

wn,o is of order one). On the other hand, we do not expect (2.20) and (2.21)7t0 be
optimal (the optimal bound for the trace norm of the difference should be, like (2.19),
of order one in N). Since the Hilbert-Schmidt norm of 7](\}7),5 and of wy; is of the

order N'/2 (while their trace-norm is of order N), it is not surprising that in (2.19)
we get a better rate than in (2.20) and in (2.21). We point out, however, that we can
improve (2.21) and get optimal estimates, if we test the difference 71(\2 — wn,+ against
observables having the correct semiclassical structure, even if these observables are not

Hilbert-Schmidt; see (2.22).

e The bounds (2.19), (2.20), (2.21), (2.22) deteriorate quite fast in time. The emergence
of a double exponential is a consequence of the fact that when we propagate (2.16) along
the solution wy; of the Hartree-Fock equation (2.18) we get an additional factor which
is growing exponentially in time. It is reasonable to expect that in many situations, the
exponential growth for the commutators [e???, wy ;] and [AV,wp ] is too pessimistic.
In these situation, it would be possible to get better time-dependences on the r.h.s. of

(2.19), (2.20), (2.21) and (2.22).

e Let wy denote the solution of the Hartree equation
Zlhatw]\]’t = [—hQA + (V * ﬁt), (TINJg] (223)

with the initial data wpy. Under the assumptions of Theorem 2.1 on the initial density
wy and on the interaction potential V', we show in Appendix A that the contribution
of the exchange term [X;,wpn ] in the Hartree-Fock equation (2.18) is of smaller order,
and that

trwn,: — O < Cexp(erexp(ealt])).

It follows from this remark that the bounds (2.19), (2.20), (2.21) and (2.22) remain
true if we replace the solution wy; of the Hartree-Fock equation with the solution wy
of the Hartree equation (with the same initial data).

We can also control the convergence of higher order reduced densities. The k-particle
reduced density associated with the evolved Fock state ¢+ defined in (2.17) is defined as

the non-negative trace class operator vl(\l,f)t on L?(R3%) with integral kernel given by

(k)

’YN,t(J»’l, T T, ) = <@ZJN¢, a;/l . a;;camk . lewN,t>-

The k-particle reduced density associated with the evolved quasi-free state with one-particle
density wy; (obtained through the solution of the Hartree-Fock equation (2.18)) is given,
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according to Wick’s theorem, by

Ead

k
w](\,’)t(:vl, T T, ) = Z sgn(m H (@i 20 (2.24)

TES j=1

Notice that these reduced densities are normalized such that tr w(k) NUV/(N — k).

Theorem 2.2. We use the same notations and assume the same conditions as in Theo-
rem 2.1 (the condition dI'(wn)&n = 0 is not required here). Let k € N and assume, addition-
ally, that the sequence £y is such that (En, (N + 1)F€én) < C. Then there exists constants
D,c1,c2 > 0 (with ¢; depending only on V' and on the constant on the r.h.s. of (2.16) and
D, co depending on V', on the constants on the r.h.s. of (2.16) and on k) such that

|6, )|, < DN exples expenll) (2.25)

and
tr ‘7](\]7; - w](\]i)t‘ < DN*3 exp(cg exp(c1lt])). (2.26)

Remark. The N-dependence of the bound (2.25) is optimal. On the other hand, the
N-dependence of (2.26) is not expected to be optimal, the optimal bound for the trace norm

of the difference 71(\]2 — wg\]f)t should be of the order N*~1.

In order to show Theorem 2.1 and Theorem 2.2 we are going to compare the fully evolved
Fock state ¥ = e~ "Mt/ th,Nf ~ with the quasi-free state on F with reduced one-particle
density given by the solution wy; of the Hartree-Fock equation (2.18). To this end, we
write wy; = Z;V:1 |fjt)(fj] for an orthonormal family {fj,t}éyzl in L?(R3). Notice that the
functions f;; can be determined by solving the system of N coupled non-linear equations

ihoh (@) = — WA f4(x) Z / ayV (@ — )| fia ) 25 (2)

1 & 7
Ly / dyV (= 9)J5(0) 5 (0) Fie ()
i=1

with the initial data f;—o = f; appearing in (2.13). This system of equations is equivalent to
the Hartree-Fock equation (2.18). We define then un; = 1—wy¢ and vy = Zjvzl ]fj’t>(fj7t|.
Similarly to (2.13), we define the Bogoliubov transformation

s = ( une g > _ ( 1—wny ol 1|fjt><fj,t|) 2.27)

UNt UNp Z; e (fiel 1=

The generalized reduced density matrix associated with the quasi-free state R

by
_ [ wne O
FVN’t o ( 0 1 —wN’t ) ’

We expect ¢+ to be close to the quasi-free state R, 2. To prove that this is indeed
the case, we define {y; € F so that

vy $2 is given

Ung = e HNUIR, En = Ry Eng
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for every t € R. Equivalently, {n; = Un(t; 0)€n, where we defined the two-parameter group
of unitary transformations

Un(t;s) = RZN’te_mN(t_s)/hR (2.28)

UN,s

for any t,s € R. We refer to Uy as the fluctuation dynamics; it describes the evolution of
particles which are outside the quasi-free state.

As we will show in detail in Section 4, the problem of proving the convergence of 71(\})15

towards the solution of the Hartree-Fock equation w; can be reduced to the problem of
controlling the expectation of the number of particles operator (and of its powers) in the
state {v ¢, or, equivalently, of controlling the growth of the number of particles operator with
respect to the fluctuation dynamics Uy .

In spirit, this approach is similar to the coherent state method developed in [36] for
bosonic systems. In the bosonic case, however, one considers the evolution of approximately
coherent initial data. In this case, the fluctuation dynamics is obtained by conjugating the
full evolution exp(—iHy(t — s)) with evolved Weyl operators, in contrast to the Bogoli-
ubov transformation appearing in (2.28). Notice that also in the bosonic case, Bogoliubov
transformations can be applied, in addition to Weyl operators, to obtain a more precise
description of the evolution. In particular, bosonic Bogoliubov transformations have been
used in [5], to describe fluctuations around the condensate, and in [6], to implement the
short scale correlation structure produced by the singular potential. In both cases, bosonic
Bogoliubov transformations describe corrections to the evolving condensate created by the
Weyl operator. In the fermionic case, on the other hand, the Pauli principle excludes the
presence of a condensate and the Bogoliubov transformations produce the main term in the
approximation of the many body dynamics.

3 Bounds on growth of fluctuations

In this section we prove bounds for the growth of the expectation of the number of particles
operator and of its powers with respect to the fluctuation dynamics Uy (¢; s). To obtain such
estimates, we will make use of the following lemma, where we collect a series of important
bounds for operators on the fermionic Fock space.

Lemma 3.1. For every bounded operator O on L*(R3?), we have
[dL(O)¢[| < O] [NV
for every v € F. If O is a Hilbert-Schmidt operator, we also have the bounds
[dT(O)[| < [[O]lms N2,

H/da:da:’O(x;a:’)aggaxlz/JH < |0 ms [N, (3.1)

] / dwdx'0<x;x'>a;awH < 20| s | (N + 1)V2y).

for every ¢ € F. Finally, if O is a trace class operator, we obtain

1T (O) || < 2[[Olse ,

H/da?dx’O(sc;x’)axaz/ <2||O||tx »

H/dwdx’O(x;x’)a;a;, < 2|0t -
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Here ||Ol|4r = tr |O] = tr VO*O indicates the trace norm of O.

Proof. For any bounded operator O on L?(R3) we have

ldr(0)|* = ZZ <o) an N2 = 01PNV

n=11,j5=1

For a Hilbert-Schmidt operator O on L?(R3), we have, using (2.2),
H/dl’dl’ O(2;x) ,axi,Z)H /dz:Ha x))ag||
< / dz |0 2)]l2 llaz] (3.3)
1/2
< Olls < / d:cnawn?) < O/l |IA 24|

where a# is either an annihilation operator a or a creation operator a*. This proves the
first two bounds in (3.1). The third bound in (3.1) can be reduced to the previous bound as

follows:
H/dwdy O(z;y)azay, <<p,/dxdy O(w;y)a2a2¢>'

= sup
PeF, llell=1

= s |( [ dody Oz, 0 + 17720, (0 4312 )
peF, lpll=1

IN

sup  [|O]|s[IVV2N + 1) 2|V + 3)
PEF, llpll=1

IONlus | (A +3)1/2.

IN

Finally, we prove (3.2). Assume first that O is a self-adjoint trace-class operator. Then
we have the spectral decomposition

0= NI

for a real sequence {A;} of eigenvalues with >, |A;| = tr |O] and an orthonormal family of
eigenvectors f; € L*(R3). We find

H/dxdac'O(x;x') ata?| < Z

J
where .E is either f; or its complex conjugate ?j. We conclude from (2.2) that

deda’ fi(2') f;(x) atal,

= >l ||t (Hat ()|

H/dxdm O(z: a')ata? Z\)\ 1% = 101 (3.4)

Now, for an arbitrary, not necessarily self-adjoint, trace-class operator O, we write

o+0* 0-0*
i +1 .

0O =
2 LY
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Therefore, applying (3.4), we find

H/dmdw’O(w;w’) afaf,

< H/d:ﬂdx' <O—;O )(x;x') ax#af, + H/d:vdaj' (O;iO )(az;x') afaf,
O+ O* 0 - 0*
~ . S 2”0”‘51" O
2 tr tr

We are now ready to state the main result of this section, which is a bound for the growth
of the expectation of (A + 1)* with respect to the fluctuation dynamics.

Theorem 3.2. Assume (2.15) and (2.16). Let Un(t; s) be the fluctuation dynamics defined
in (2.28) and k € N. Then there exist a constant ¢; > 0, depending only on V, and a
constant co > 0 depending on V and on k such that

(6.Un(B:0)" (W + D! Un(0)€ ) < explezexplerlt) (& W + 1) (35)

The first step in the proof of Theorem 3.2 is an explicit computation of the time derivative
of the expectation of the evolved moments of the number of particles operator appearing on
the Lh.s. of (3.5). Recall from (2.28) that Uy (t;0) = R;Nte_ZHNt/f”RVN, where

- ( UNt UNt )
UNt = _
UNt UN
is the Bogoliubov transform defined in (2.27), with vy ,on: = wn and un; =1 — wiy.

In the rest of this section, we will use the shorthand notation R; = Ry ,, ut = uny, vt =
vn, and Ty = Un,. Moreover, we define the functions us q, vt o, Ve by w2 (y) = une(y; ),
V2 (y) = vne(y; ) and Ty (y) = Une(y; ¢), where un (y; @), v (y; z) and Ty ¢(y; ) denote
the integral kernels of the operators uy;, vy and Tn;. Note that, from (2.10), the action
of the Bogoliubov transformation R; on the operator valued distributions a,, a}, is given by

RiazRy = a(uy) +a*(Try) and  Rja,Ry = a*(uy) + a(Urz) -

Proposition 3.3. Let Un(t;s) be the fluctuation dynamics defined in (2.28), £ € F, and
k € N. Then

in s (U (6006, OV + 1)t (1:0)€)

. k
44
= —NIm z;/dxdyV(:L‘—y)
J:

X {<L{N(t; 0)¢, (N + 1)j71a*(ut,x)a(@ty)a(ut,y)a(ut,x)(N+ 1)k7jL{N(t; O)§>
+ <UN(t; 0)¢, (N + 1) a(0r2)a(@ry)alury)a(ur.)(N + 1D Uy (t; 0)5>

+ (Un (0)€, (N + 17740 (g )" (B o (510)a(T0) (N + 1)U (4006 }
(3.6)

Proof. A simple computation using (2.10) shows that

RtNR;; = N — QdP(WN,t) + N
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and therefore that
Un (t;0) NUy (;0) = RE eTINURN — 24D (w ) + N)e VIR,
= R{ N Ry — 2Rl (wy e N Ry + N

Hence
m% U (t; 0N UN (1;0) = —2 R MNP LT (ihdrwn ) — [, dT(wiv )]} e PR,
= —2UN(t;0) Ry {dT' (ihOwn ) — [HN, dL (wn )]} ReUn(250).
On the one hand, from the Hartree-Fock equation (2.18) for wy; we find
dl(ihdywn ) = dT ([—R2A,wp ) + dU ([V * py — X, wie])

where we recall the definitions of the normalized density p;(x) = (1/N)wn+(x; ) and of the
exchange operator X¢(z;y) = (1/N)V(z — y)wn+(x;y). On the other hand

[Hy,dT(wn )] = [dT(=h2A), dT (wi )] + [V, dT(wn )]

with the interaction .
VN = N /dwdyV(w — Y)ayayaya;.
We conclude that
d
h— U (t; )N UN(E:; 0
= —2UN(t; 0) Ry {dT ([V * pr — Xy, wny)) — VN, dl(wn )]} Reldn (¢50).

Next, we compute the two terms in the brackets. The first term is given by
dU([V x pr — Xi,wn )
= ;f/dzldzz az, az, /dm V(z1 —x) [wN’t(zl; 20)wn (T3 2) — wn (215 2)wh (T 22)] (3.8)
— h.c.
Using (2.10), we find
R;dU([V % pr — Xt wit]) Ry

= % /dzld22 (a” (ut,n) + a@t,n)) (a(ut,ZQ) +a” (Et,m)) (3.9)
X /d:l: V(z1 — ) [wni(21; 22)wn (2 2) — w21 2)wn (s 22)] — hee.

The integration over zs can be done explicitly using the property [ dzo ut(y1; 22)wn i (y2; 22) =
(wntu)(y2; y1) = 0 and the fact that wy v, = 7. We get

REdU([V o pr — Xy, wne]) Ry
1 % =
= N/dzl (@™ (ut,z,) + a(Tez,))

X /dm V(21 — @) [a*(0p,2) )wn i (@3 2) — a* (Vpo)wne(z152)] — hec.

— % /dmdy V(z —vy) [wNyt(:c; z)a" (Ut y)a* (e y) —wni(y; x)a™ (ury)a”™ (Ve )| — hec.
(3.10)
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where in the last step the contributions containing a(v; ,,) are cancelled by their hermitian
conjugates.

We now consider the second contribution in the brackets on the r.h.s. of (3.7). Using the
canonical anticommutation relations, we obtain

1
VN, dl (wn )] = N /dxdydz V(z —y)wni(z, y)asasaya, — hc.
Conjugating with the Bogoliubov transformation R;, we find
Ri[Vn, dF(WN,t)]Rt

1
— [ dedudz Vi = pnaein)

x (a*(urz) + a(Vy2)) (0" (uee) + a(Va)) (a(ury) + a* (Vy)) (a(ura) + a* (Vi)
— h.c.

Integrating over z, using again wy u; = 0 and wy Uy = V¢, we find
R} VN, dI'(wn )| Ry
1
= / dzdy V(z — y)a(Vry) (@’ (ue) + a(Vez)) (a(ury) + a™ (Ory)) (a(ure) + a*(Vz))
—h.c.

Since <5t7y,ut,x> = 0 the operators a(v;,) and a*(u;,) anticommute. Taking into account
the fact that many contributions cancel after subtracting the hermitian conjugate, we find

RI [VN,dF(WN,t)]Rt

_ % / dady V(z — 1) [a*(um)a(ut,y)a(ut,y)a(ut,x)
+ 0@y )aluy)aluns) — aya)al@y)a* @aluy)| - b

Normal ordering the last term in the brackets using <Ut7y,§t7x> = wn(z;y), we conclude
that

R [VN,dl'(wn )| Ry

= [ st Ve =) | (et ot
+ a(Tpe)a(Vry)a(usy)a(u ) + a*(ut,y)a*(vt,y)a*(vt,x)a(vm)} —h.c.

1
+x [y Via—y [WN,Ax; 20 ()0 (Buy) — Oy x)a*(ut,ym*(vt,x)] e
(3.11)
Combining (3.10) with (3.11), we find

R {dl ([V % pr — Xt,wnt]) — [V, dl(wn )]} Re

= [ ey Vio =) |a” (ol ol )

+ a(Tpe)a(Vry)a(usy)a(uz) + a* (uey)a™ (Tey)a™ (Uz)a(Tez) | — hec.

21



From (3.7), we obtain
od o,
zh$ U (t; 0)NUN(t;0)
41
- -5 Im / dxdy V(x —y) Un(t;0) [a* (ut,2)a(Tey)a(ugy)a(u )
+ (Vs ) a(Vr,y)a(usy)a(uez) + a* (ugy)a™ (Ve y)a™ (Vg )a(Veq) |Un(E;0).
Eq. (3.6) now follows from the observation that
i (& U (EO) N + DFUx(50)¢)
k
=3 (S UREOW + 1)
j=1

% Un (£ 0) {ihiu]@(t; 0)N U (; 0)] U3 (£:0) (N + 1P 90 (¢; 0)§>. 0O

Next, we have to bound the three terms on the r.h.s. of (3.6) by the expectation of
(N + 1)¥ in the state Uy (t;0)¢. A key ingredient to obtain such bounds is an estimate for
the trace norm of the commutators [eP® ,wy,]. For t = 0 such an estimate was assumed
in (2.16). In the next proposition, whose proof is deferred to Section 5, we show that the
bound can be propagated to all t € R.

Proposition 3.4. Let V € L'(R3) such that

/@0+WMWm<w.

Let wy be a non-negative trace class operator on L*(R3), with trwy = N, |lwy|| < 1 and
such that

sup tr |[wy, eP*]| < CNh
pers 1+ [Pl (3.12)

tr |[wy, hV]| < CNh .

for allp € R3. Let wn be the solution of the Hartree-Fock equation (2.18) with initial data
wn. Then, there exist constants K,c > 0 only depending on the potential V' such that

1 .

sup ——— tr|jwny, €7 < KN exp(clt])

pers 1+ [p| (3.13)
tr [[wn e, AV]| < KNh exp(clt|)

for allp € R? and t € R.

We are now ready to estimate the three terms appearing on the r.h.s. of (3.6).

Lemma 3.5. Under the assumptions (2.15) und (2.16) of Theorem 2.1, there exists a con-
stant ¢1 > 0 depending on V and a constant C > 0 depending on V and on k € N, such
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that

[ [ o =) (Ut 06 + 177 o (g atuny ot
+ (Ut ) a(Vry)a(usy)a(u ) + a* (uy)a™ (Tey)a* (vtvx)a(vt,x)}(/\f + 1)k*jL{N(t; 0)§>‘

< Chexp(ci|t|) (Un(t;0)€, (N + 1) Un(t;0)E)
(3.14)

forallj=1,....k and t € R.

Proof. We estimate the contributions arising from the three terms in the parenthesis sepa-
rately. Let us start with the first term,

I:= ’% /dwdy V(z—vy) <L{N(t; 0)¢, (N + 1)/
X 0" (,0) (T )a (g )aluna) NV + DTy (40)¢)|

Inserting 1 = (N + 3)¥/279(N + 3)~%/2% pulling (N + 3)~%/>*J through the fermonic
operators to the right, and using the Cauchy-Schwarz inequality, we get:

I< ]if/deA/(p)] H/dm a*(um)eip'ma(ut,z)(./\f—i—3)k/27j(/\f+ DY Uy (t; O)fH

(3.15)
<| [ avatweratu,) 0+ 1 o
The first norm can be bounded using that, for any ¢ € F:
‘ /da: a*(ut7x)eip'xa(ut7x)¢H = H/dmdrldrg ut(rl,x)eip'xut(x,rg)a,’flar2¢’
ip 3.16
|| (™) | (3.16)
< [N

where the last line follows from Lemma 3.1 together with ||u;e®%u,|| < 1 (with a slight abuse
of notation, e””* denotes a multiplication operator). As for the second norm on the r.h.s. of
(3.15), we use that:

= H / dridry (vi[e™ " wiyg]) (r1;72)ap, ary @

2 Hvt[efip'x,wN,t]Htr o]l

< 2KK(1+ |p|))Ne | ¢|| (3.17)

H/d?/a(”t,y)e_ip.ya(ut,yWH = H/dhd?“g (vte_ip'xut) (ri;72)am aryd

IN

where the second line follows from v;u; = 0 and u; = 1—wp 4, the third from from Lemma 3.1,
while the last from |lv¢|| < 1 and Proposition 3.4. Using the bounds (3.16), (3.17) in (3.15)
we get:

< 2Kh ( [alvwla+ \p|>) IV + 32T 1y 2t (80

X

|+ D)2y (2 0)¢ |
< Che™||(V + D)2y (£ 0)¢ )2 (3.18)
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for a suitable constant C' > 0 (depending on k). Consider now the second term on the right
hand side of (3.14),

Il := ’% /dxdy V(z —vy) <L{N(t; 0)¢, (N 4+ 1)1
< T )T ol ol ) + D2 (0 )|

Inserting a 1 = (N + 5)F/2H1=J (N 4 5)=%/2=147 and pulling (N + 5)"%/2-1+J through the
annihilation operators to the right, we get:

I < Jb/dpdxdy]f/(pﬂ H(N—I—1)j_1(N+5)k/2+1_jUN(t3 O)fH

X

Using that v;u; = 0 and that u; = 1 — wy ¢, we obtain, for any ¢ € F:

/dl‘dy a(@yz)eP a(ug ;) a(Ty)e” PYa(ug,) (N + l)k/2_1UN(t;0)fH (3.19)
H/dxa(vt’z)eima(um)ng = H/drldmdmvt(rl;x)eimut(az;rg)ahamgé‘
[ve[e™ ", wn ] lus V26|
. 1/2
212 |[e7 %, wn ||, IV 26

< (2KR(1+ [p))N) 2t |N 29| (3.20)

IN

IN

where the second line follows from Lemma 3.1, the third from |[v|| < 1, [[e?| < 1, Jwn.]| <
1, while the last follows from Proposition 3.4 (the constants K, ¢ > 0 depend on V but not
on k). Applying this bound twice, we can estimate the last norm in the r.h.s. of (3.19) as:

| / dardy ()€ alug2)a(Try e~ " Valury) N + 1) Uy (10)¢ |

< (2KR(1+ [p|)N)/2eel

[ vt atun N+ D9 0|
< 2Kh(1 + |p|) N2l HN(/\/+ DR2= 1y (1 0)5(‘

< 2KH(1 + [p|) Ne2elt H(N+ DR 2 (8 0)5H . (3.21)

Plugging this bound into (3.19), we conclude that

II < 2Kh (/ dp |V (p)|(1 + !pl)> Q2 H(N+ 5)k/2uN(t;0)§Hz

IN

Che?elt H(/\/+ DR (¢ 0)5“2

where the constant ¢ > 0 depends on V' while the constant C' > 0 depends on V and on k.
The last term in (3.14) is bounded analogously to I. This completes the proof of (3.14). O

Proof of Theorem 3.2. Combining Proposition 3.3 and Lemma 3.5, we find

m% (W (1 0)€, (N + 1)U (1 0)5}‘ < Che ! (Un (8 0)€, (N + 1) Un (150)6).
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Gronwall’s Lemma implies that

(Un (£:0), (N + 1) U (8 0)¢ ) < expleaexp(ent]) (&, (W + 1)¥e)

where the constant c¢; depends only on the potential V', while co depends on V and on
k € N. O

4 Proof of main results

In this section we prove our main results, Theorem 2.1 and Theorem 2.2. As in Section 3,
we will use the notation R; = Ryy s ut = unyt, vt = UNt, Ut = Nt Moreover, we define the
functions uez(y) = un(¥; @), via(y) = vnve(y;z) and Ve (y) = U (y; @)

Proof of Theorem 2.1. We start from the expression

Y@ y) = (Une, alaidn,)
= (e MM Ry, ayage” ¥ Rogy) (4.1)

— <£N7 RSeiHNt/haZaxe*iHNt/hR0§N>'

Introducing the fluctuation dynamics Uy defined in (2.28), we obtain

71(\2(95; y) = (En, Uy (t; 0) Ry ayaqs Rildn (1 0)En )
= (&N, UN(E;0) (a™(ury) + a(Bry)) (alure) + a™(Te)) Un (t0)EN)
= (&N, Un (6 0){a" (ury)a(urz) — a* (T e )a(Try) + (Tty, Ut
+ a* (ugy)a”™ (Ve e) + a(@tyy)a(ut’x)}l/{]v(t; 0)§N>.

Here we used the defining property (2.10) of the Bogoliubov transformation R; and, in the
third line, the canonical anticommutation relations (2.1). We observe that

Bty Tra) = / dzvy (2 )00 (% 2) = (00) (y: @) = wna(s ).
This implies that

V(@3 y) — wna(@y) = (En, U (1 0){a* (ury)alure) — a* (Tra)a(Tey)
+ a* (ury)a* (Uee) + a(@tvy)a(utvx)} Un (t; 0)5N>.

Step 1: Proof of (2.19). We integrate this difference against the integral kernel of a
Hilbert-Schmidt operator O on L?(R3) and find

tr O ('71(\},)15 — wN,t)
= (&, UN(t;0) (dT(wOuy) — dT' (0:0%vy)) Un (;0)EN ) (4.2)

+ 2Re <§N7 U?{[(t; 0) </ dridro (UtOut)(TH 7'2)ar1 am) Un (t; 0>€N>-

From Lemma 3.1, and using ||u|| = ||v¢]| = 1, we conclude that

tr0 (70} = wwa) | < (luOwll + 707 wl)) (x Usc (t ONU (8; 0)¢n)
+ 2o Ousllis | (N + 1)U (8 0)éw | ign] (4.3)
< OOl (€, Uiy (1 0) N + 1) (1 0)€w)-
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From Theorem 3.2 and from the assumption (x5, N¢x) < C, we obtain
ny](\})t - WN’tHHS < Cexp(eq exp(ea|t]))

which completes the proof of (2.19).

Step 2: Proof of (2.20). We start anew from (4.2), assuming now O to be a compact
operator on L?(IR?), not necessarily Hilbert-Schmidt. Proceeding as in (4.3), we find

10 (35 —eow) |
< 2000 |V + D)2 (8 0)8w I + 2ueOullas | (N + 1) (t: 0)éw | |
< 20N | + 1) 22y (5 0)x 1 + 0] lfollsl| V + 1)U (1500wl -

Applying Theorem 3.2, the assumption (&x, Néx) < C, and ||vg||lus = N2, we obtain
‘ trO (’71(\},)15 - wN,t) ‘ < CNY2 exp(e; exp(ealt])) .

This completes the proof of (2.20).

Step 3: Proof of (2.21). Let us now assume additionaly dI'(wy){ny = 0. Let 51(\7) the
n-particle component of the Fock space vector £n. With a slight abuse of notation, we denote
again by 51(\?) the Fock space vector {0,...,0, {1(\?), 0,...} € F. The assumption implies that

dF(wN)fj(\?) = 0 for all n € N. Hence
NR e = Ry (N + N = 24T (wn )W) = Ry (n+ N)EW = (n+ )R, 6 . (4.4)

In other words, R,,ij(\?) is an eigenstate of the number of particles operator with eigenvalue
n + N. Hence

(1)

TN (T3 Y)
_ Z( —z’HNt/hRVNgN 7aya e zHNt/hRyNgj(:;)>
n>0
=" Un (00N, (a* (ury) + a(Tey)) (alues) + a* (a)Un (t; 0)ER).
n>0

Proceeding as in the proof of the first part of Theorem 2.1, for a compact operator O on
L?(R3), we end up with:

tr O(’y](\}’)t — WNt)

= 3" (e U (£ 0) (T (u:Our) — dT(5:0%vy)) Un (£ 0)6T)

n>0

2Re Z Z/{N (¢;0) (/ drldrg(vtOut)(rl;m)arlam) Un(;0) (n)>

n>0

(4.5)

=I1+1I.

We estimate separately the two lines in the r.h.s. of Eq. (4.5). Let us start with

L=l Uk (£0) (dT (uOug) — dT(T,0%0r)) U (£ 0)ER).

n>0
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From Lemma 3.1, we get

1< (JusOuell + [7:07ue ) S (€W Uz (t: 00N UN (£ 0) )

n>0
< C|0] exp(er explealt])) S (€0, NEG) (4.6)
n>0

= C[|O|| exp(c1 exp(czlt]))(€n, NEn) < C|O] exp(er exp(ealt]))

where we used the fact that ||u¢|| = |lv¢|]| = 1, Theorem 3.2 to control the growth of the
expectation of NV w.r.t. the fluctuation dynamics Uy, and that by assumption (§n, NEn) <
C'. Therefore, we are left with

II =2Re Z LlN (t;0) (/ drldrz(vtOut)(rl;rg)arlam) Uy (t;0) (n)> . (4.7)

n>0

It follows from Proposition 3.3 that, for any k € N,

Zhjt <Uz*v(t; 0)&, N U (t; 0)§> = <§,uj*v(t;0)[/\f’“,gN(t)] Un (t: 0)§>

where we defined

Ln(t) = Jif/dxdy V(x — y){a*(um)a(ﬁtjy)a(utyy)a(um)
+ %a@t,w)a(@t,y)a(Ut,y)a(ut,x) — a"(uty)a" (Tey)a" (Te0)a(Tra) }
+ h.c.
(4.8)

The operator Ly(t) plays the role of the generator of the dynamics Uy (¢;0) (up to terms
which commute with the number of particles operator). Approximating the orthogonal
projection P, = 1(N = n) on the n-particle sector of F by polynomials in N, we conclude
that

ﬁ;lt (Un(E;0)8, fFIN)UN(E;0)8) = (&, UN (L 0)[f(N), L ()] Un (¢;0)€) (4.9)

for every continuous function f : R — C. We are going to compare the dynamics Uy (t;0)
with a modified dynamics, whose generator only contains one of the three terms on the r.h.s.
of (4.8) (and terms which commute with N, therefore not contributing to the change of the
expectation of functions of N'). We define

1
=+ / drdyV (z —y) (4.10)
x {a” (utp)a(Oy)a(uy)a(uez) — a*(uey)a™ (Vry)a* (Ve)a(@ez)} + hec.

and we denote by Uy (t;s) the time evolution generated by Ux(t; 0)Ln (t)Un (t;0) which is
the two-parameter group of unitary transformation satisfying Uy (s;s) = 1 for all s € R and

RO Un(t; ) = —U% (5 0) L (8) Un (£ 0) U (t; ). (4.11)
Finally, we define
UG (t;5) = Un (t;8) Un (8 5)
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and we observe that, from (4.9) and (4.11),
ihoh (& U (50 f N UR (5:0)8) = (SU (50) [FV). LY 0| uf 0)g)  (412)
where we set
£(t) = Ln(t) - Lx (1)
— o [ AoV (@~ ) {alEa)alon, Jalueyalun) + (o) (e, )a” (G 01}

Notice that [,5\1[) (t) can only create or annihilate four particles at a time. This implies that,

although ES\I,) (t) does not commute with N, it satisfies [Eg\l,) (t),iN] = 0. From (4.12), we
conclude that
€Uy (60N U (1:0)6) = (€Y )

for all t € R and all £ € F. We conclude that 2" (£ 0) iV U (0) = #V for all ¢ € R and
therefore that
MNul :0) =uP (;0) Y (4.13)

We rewrite now (4.7) as

ITI =2Re Z {(fz(\rfl)auj(\})*(t; 0) (/ dridry(viOuy)(r1; rg)amam) Z/{](\;)(t; 0) ](\?)>

n>0

€ (ttt0) = 50) ([ dmarauOu) msmlanon, ) UP GO (41

+ <§](\7;)7u7{,(t;0) </ drldrg(vtOut)(rl;Tg)arlam) (UN(t; 0) — L{](\})(t;o)) 5\’{‘))}
=: IIl —+ IIQ —+ 113 .

The key remark which allows us to improve the rate of convergence with respect to Eq. (2.20)

is that II; = 0. This follows from the remark that U/ ](\} ) can only create or annihilate particles
in groups of four. So, the expectation of the a product of two creation or two annihilation

operators in the state Z/l](\})(t; 0)51(\7,1), where fj(\?) has a fixed number of particles must vanish.
To prove this fact rigorously, we use (4.13), which implies that

(e Uy (1:0) < / drydra(v,Ouy) (1 >) Uy (0060
= <§J(\?),L{](\})*(t;0) (/ drldrg(vtOut)(rl;T2)arlar2> U](Vl)(t; O)iNﬁj(\?)ﬁ_"
= <§](\7,1),iN+2L{](V1)*(t; 0) </ drldrg(vtOut)(rl;rg)arlam) L{](Vl)(t;O)gz(\?)ﬁ*"

= (e 00) [ dndra(uOu) s r2)anan, ) U (60O

and therefore

( ](\7),2/{](\})*(15; 0) (/ drldrg(vtOut)(rl;rg)amam) Z/{](\})(t; 0)51(\7)> =0.
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We are left with bounding the last two terms in (4.14); let us start with

I = 2Re Y <§§$), <Z/{j§;(t; 0) — UV (¢; 0))

n=0 (4.15)
X (/ drldrg(vtOut)(rl,Tg)arlaw) Z/l](\})(t;())éj(y)>.
We expand Uy in terms of U ](\} ) using the Duhamel formula:
Uy (£:0) — D (1:.0) —/ dsU(t; s)En (U (s:.0). (4.16)

Plugging (4.16) into (4.15) and using (4.10) we end up with

4 R A T
HQSWZ{K v /0 dsUy""(s;0)

n>0

X </ dedy V(z — y)a* (usz)a(sy)a(usy)a(us ) + h.c. >

X Un(t;s) </ dridra(viOug)(r1;7m2)ar, Ay, U(l) t;0)€ >

b
+'<§](\7)7/0tdsuz(\})*(s;0) (/da:dyV(x_ D) (s )a* (B )" (B 2) (e )+h'c.>
Jut

x Ux(t;s) (/drldrg(vtOut T1372)0py Qry Z/l(l) t;0 E(n > }

=:1lp1 +1ls5.
(4.17)

We start by estimating IIs ;1. We find
Iy <Z/ ds/dp\v
X {’< (n) Z/I( ) (5;0)dI (use™ )
X (/ dwydws (vse_ipxﬂs)(wl;wg)awlawZ> Ux(t; s)
X (/ drldrg(vtOut)(Tl;T2)ar1ar2> u](\fl)(t; 0)51(\7;)>‘
’<§N , (3 0) </ dwidws (Tse™ P u,) (w1 wo) wlaf&)

x dT'(use Ty s UN(L; 9) </ drldrz(’utOut)(rl;rg)anam> U}\,l)(t; 0) ](\7)>‘} .
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Using Cauchy-Schwarz inequality, we obtain

2 ' : o D (s 016
< 1pxT .
HmﬂWgéﬁ/mme%GW%@m%

X

(/ dwidws (Use_ipxﬂs)(wl;wg)awlam> Un(t;s)
X (/ d?"ld""Q(’UtOUt)('I"l;T'Q)Clrlar2> L{](Vl)(t; 0)61(\7;)

2 t N
*mv;/o ds/dp\V(p)| (4.18)

X "(/\/’+2)71/2df‘(useipx@5)

X </ dwidws (vseimus)(wl;wg)awlam> UJ(\})(S;O) ](\7)

X

(N + 2)1/2U]*{7(t; s) (/ drldrg(futOut)(rl;rg)anam) L{](\})(t; 0)51(\7,1)

From Lemma 3.1, it follows that

2 ¢ - n
o < 75 3 [Las [ ap V) v (006
n>0

lose™"as |y

x |INYV2U (t; s) </ drldrg(vtOut)(ﬁ;rg)arlam> L{](\})(t;O)éj(y)

2 t . . 1) (n)
—_— 1PT X
ﬂwgﬂﬁ/wmmmeumﬁmW@mN

< ||V +2)Y 25 (¢ 5) ( / dridra(v,0u) (r1; m2) ar, ar2> Ul (t;0)W

(4.19)

Using Theorem 3.2 to control the growth of A/ with respect to the unitary evolutions, and
again Lemma 3.1, we conclude that

C exp(cy exp(calt]))

1oy <

AN
t . o 2 (4.20)
x Z/O ds/dpyV(p)| o561 g 01Ot g HW+2)€N

n>0

Here we also used a bound of the form HNL{](\})(t; 0)¢]] < Cexp(crexp(ealt]))||INVE] for the
growth of the expectation of the number of particles w.r.t. to the modified dynamics
u ](Vl ) (t;0). This bound can be proven exactly as the estimate in Theorem 3.2 for the dynamics
Un(t;0), with the only difference that when we compute the derivative of (£ ,Z/I](\} )(t; 0)(N +

1)ku}vl)§> only one of the three terms on the r.h.s. of (3.6) appears.

Since ||u;Ov|yg < ||O||N/? and, using Proposition 3.4,

HvseimjﬂsHis < tr|[vs, €7]| < C(1 + [p|)NRexp(c|s|),
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we find that
1 < CJ|OJIh~Y2 exp(er explealt]) Y |V +2)€0 |1
n>0
< C||O]|h 2 exp(er exp(ealt)) |V + 2)En 1%

The same strategy is followed to bound Ilp9 in (4.17), and II3 in (4.14). Hence, we have
shown that, for every compact operator O,

trO (1) — )| < ClIOINYS exp (ez exp(en[t])) (En, (N +2)%n)
< C||O||INYS exp (¢ exp(es [t]))

where we used the assumption ({x, N2¢x) < C. This completes the proof of (2.21).

Step 4: Proof of (2.22). We consider an observable O = @9tV with p, ¢ € R3. As in
(4.5) we decompose

tr 0(7](\2 —wny) = I+1L

The bound for I obtained in (4.6) for an arbitrary bounded operator O is already consistent
with (2.22). However, we have to improve the bound for II, using the special structure of
the observable O. Writing II = II; + IIy + II3 as in (4.14), and noticing again that II; = 0,
we are left with the problem of improving the bound for Il and II3. To bound Ils, we use
(4.20) and the remark that, for O = @ a+hV-p,

2
2 ix-q+hp-V
S n
4.21
< tr ‘ [wN,t, e’m'q+hp'v] ‘ <tr ‘ [wN,t, em’q] ’ + tr ‘ [WN,t, ehp'v] ) .
Using that
1 d
[WN,ta ehp.V] — wN,tehp.v - ehp-VwNyt — _/ ds £eshp-VwN7te(lfs)hp.V
0

1
= —/ ds eShp'V[hp . V,wN,t]e(lfs)hp'V
0

we conclude from Proposition 3.4 that

tr\[wN,t,ehp'vH < |p|tr|[AV,wn ]| < Clp|Nhexp(cl|t]).

Therefore, using Proposition 3.4 also to bound tr |[wy ¢, €@9]|, (4.21) implies that
lorOulffis < C(L+ lg| + |pl) Nhexp(clt]).
Inserting this bound in (4.20), we obtain that, for O = e 4+"Vp,
Iy < Cexp(er exp(calt])) (1 + p| + |a) WV + Dén|.
A similar bound can be found for the contribution II3. Hence
tr Y (0 — )| < OO+ ol + Jal) 2 explen explealt)IIV + D
< O(1+ |pl + lal)'? exp(er exp(eat])),

where we used the assumption ||(N +1)¢x]|? < C. This concludes the proof of Theorem 2.1.
O
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Next, we proceed with the proof of Theorem 2.2.

Proof of Theorem 2.2. We start from the expression

k
71(\,),5(301, TR T, :EZ,)
= <e mNt/hRg{, a;% e a;/laxl .. .azke_mNt/hRO@
= (Un(t;0)¢, Riay ...a5 a0, .. ap, Rilln (t; 0)¢) (4.22)

= (Un (1008, (0" (upay) + aT107) ) -+ (0 (w1 0g) + (T 21))
% (a(ug,) + 0" (Tra,)) - (altes,) + 0" (Trs,)) Un (t0)E).

This product will be expanded as a sum of 22 summands. Each summand will be put
in normal order using Wick’s theorem, which gives rise to contractions. The completely
contracted contribution will be identified with the Hartree-Fock density matrix wj(\]f’)t, all
other contributions will be of smaller order.

Step 1: Ezxpanding the product and applying Wick’s theorem. We recall Wick’s theorem.
For j =1,...,2k, we denote by a;# either an annihilation or a creation operator acting on
the fermionic Fock space F. We denote by : a}f . a#; : the product aﬁ . a}i in normal
order (obtained by moving all creation operators on the left and all annihilation operators
on the right, proceeding as if they were all anticommuting operators). Wick’s theorem states

that

k — —
a?&a#...ai::af&a#.-.ai:+z Z :af...aﬁl...a#Qj..'GQ#k:
=1 n1<--<ng;

p)lelf ot i
X Z Q’an a(1) tn (2)Q> <Q’a” (25— l)a”0(2J>Q>
O'GPZJ

where Py; is the set of pairings

Pyj={oc€Sy:0(20-1)<o(20)Vl=1,...,jand
o20-1)<o(20+1)Vl=1,...,j—1}.

and |o| denotes the number of pair interchanges needed to bring the contracted operators in
the order a#a(l)a# .al We call <Q a#a#Q> the contraction of a and a

a(2) Ang(2j)

Next, we apply Wick’s theorem to the products arising from (4.22). To this end, we
observe that the contraction of a a¥ (uy ., )-operator with a a¥ (v, , )-operator is always zero
because uwUy = viuy = 0. Furthermore, the a#(utyz)—operators among themselves are al-
ready in normal order, so their contractions always vanish. Hence, the only non-vanishing
contractions arising from the terms on the r.h.s. of (4.22) have the form

(Q, a(ﬁt,x;)a*(@,zj)9> = wn (), ;) - (4.23)

Since each contraction of the form (4.23) involves one z- and one a’-variable, the normal-
ordered products in the non-vanishing contributions arising from Wick’s theorem always have
the same number of z- and z/-variables. So, all terms emerging from (4.22) after applying
Wick’s theorem have the form

* <uN(t; 0)E, = a¥ (w1 (a7,)) -+~ a¥ (wr—j (525, 5)))
x a3 2e)) 0 (e (5 Trreyy)) © Un(t; 0)g> (4.24)

X WN,t(xw(kfjJrl); x;—(k_]q_l)) e 'WN,t(xw(k)Q 1‘;(1{))
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where j < k denotes the number of contractions, 7, c € S; are two appropriate permutations,
and, for every j = 1,...,k — j, wj,n; : L*(R3) — L?(R3) are either the operator u; or the
operator v; (the operators are identified with their integral kernels).

Step 2: Estimating (4.24) in the case 0 < j < k. We will use the shorthand notation
xg = (z1,...,7) € R3%* and similarly x} = (2}, ...,2}) € R*. Let O be a Hilbert-Schmidt
operator on L?(R3%), with integral kernel O(xy;x}). Integrating (4.24) against O(xy;x},),
we set

= ’/dxkdx;f O(x; ) (Un (5 0)€, = a™ (wi (525 0y)) - - a7 (wi—j (5 24 5)))
a1 (5 221)) -+ 0 (e (5 Trigy)) = Un (£0)E) (4.25)
X WN (T (k—j+1); xir(k—j—i—l)) o 'WN,t(xﬂ(k);x;(k))‘.
We remark that

- ’ / dxydx, [ng“(”)---n,ﬁ’i(f‘j’>0w§"(1)) . ~w,‘fff‘j”} (X3 X},)

x (Un(t0), ca?y, ---a?, o oaf : Un(t;0)€)

To(1) x;(k—j) Tr(1) Tr(k—j) *
) )
X wN,t(iEw(k—jH),330(k_j+1)) o 'WN,t(iUw(k)7 xo’(k‘))

where néﬂ(m and wéo(z)) denote the one-particle operators 1y and wy acting only on particle

m(¢) and, respectively, on particle o(¢). Notice that to be precise some of the operators

ny(m and wéa(m may need to be replaced by their transpose, their complex conjugate, or
their hermitian conjugate. In the end, this change does not affect our analysis, since we will
only need the bounds ||n;||, [[w;|| < 1 for the operator norms. From Holder’s inequality, we
get

(1 w(k—7j o(l o(k—j
< [0 ) 0 ) o)

. . # . . 2
X </dxkdx§€ [(UN(t;0)¢, - al "'ax;(k,ﬂaﬁr(l) e ai(k_]-) Un (£;0)8)]
) N\ 12
X }wN,t(xw(k;—jH);xf,(k_jﬂ))\ "'}wN,t(xw(k)ﬁﬂUf,(k))‘ )
J
HS

< [|Ollssllwn|

1/2
 |(Un (00, af, -oeal,  af oaf -uN(t;0)£>!2> :

W Tek—p T kg

Since |lwn|lus = N'/? and since the operators in the inner product are normal ordered, we

obtain ' .
I< ClOllus N7/ Uy (£ 0)¢, (N + 1)F Uy (£ 0)€) .

Hence, the contribution of each term with j < k arising from (4.22) after applying Wick’s
theorem and integrating against a Hilbert-Schmidt operator O can be bounded by

C||Ollus N* V72U (£0)€, (N + 1)" U (£ 0)€) . (4.26)

Step 3: Fully contracted terms, 7 = k. To finish the proof of Theorem 2.2, we consider the
fully contracted terms with j = k arising from (4.22) after expanding and applying Wick’s
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theorem. Since (Q,a(Vy,.y,)a*(Vrq;)Q) = wny(z;;y:) are the only non-zero contractions,
only the term
a(Vty,) - a1y, )a" (Vi) -~ - 0" (V)

on the r.h.s. of (4.22) produces a non-vanishing, fully contracted, contribution. From (4.23)
and comparing with the definition (2.24), this contribution is given by

Z sgn(m) wy ¢ (z1; x;(l)) o wn (g x;(k)) = w%i)t(xk;xﬁg).
TES

Combining the results of Step 2 and Step 3, we conclude that

tr O (1) =« )| < CNED210 s U (8 0)¢, (W + 1 Uy (£ 0)€)

)

for every Hilbert-Schmidt operator O on L?(R?*). Eq. (2.25) now follows from Theorem 3.2.

Step 4: Bound for the trace norm. Eq. (2.26) follows, similarly to (2.25), if we can show
that, for any bounded operator O on L?(R3F), the contribution (4.25) can be bounded by

1< C||O]| N3 exp(er exp(ealt])) (4.27)

for all £ € F with (¢, N*¢) < 0o, and the number of contractions 0 < j < k. In fact, because

of the fermionic symmetry of 'y](\];)t and wgf’)t, it is enough to establish (4.27) for all bounded

O with the symmetry

O(Tr(1)s -+ -+ Tr(k)i Tiy(1)s - - -+ Top()) = 880(m)sg0(0) O, ..., wps 2, - - )

for any permutations m, o € Si. For such observables, (4.25) can be rewritten as

I= ‘/dxkdxk O(xp, x1,) (Un (00, a (wr (-, 2))) -+ @™ (we—j (-, ;)
< a® (ny (- 21)) - a® ey (-, 2e—y)) : Un (t;0)€)
X N (@1, Thgi) e (on, )|
= ‘ / dxp—jdx),_; [7751)' e (trk Lk 0(1®w5€3ﬁ)) wi -l f)} (Xk—j; Xp—j)

X <L[N(t; 0)¢, calh a, o af i Un (t; 0)§>

4 x Th—
x| T T k

where

(trk—j+1,...,k o1 W%ﬁﬁ (Xk—j3 X} ;)

/
:/dxk_jﬂdxkjﬂ...dxkda:k (X5 X)) H wn +(ze; 7))
{=k—j+1

denotes the partial trace over the last j particles. Using Cauchy-Schwarz, we obtain

I

IN

Hn%l)...n,(f ) <trk G,k O(1®w )) wgl). wkkjj H HN Un(t;0) §H

i,

-----

IN

‘tl"k—j—&-l k01 ®W®j H HNTUN(t; O)EH
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where in the second line we used that ||wj(-j)\| =1forall j=1,...,k—j. Since

trr—jt1,..6 O(1® W%{t)H = sup ’<¢7 (tl"kfjJrl,.--,k O(l® W%{t)) ‘/’>’
$pEL?(RII))
llell=llvl<1

= sup ’tr O (|<p>(¢] ® w%{tﬂ
€L (R3(K—1))

lol=lvl<1
< (trlwng])’ IOl < N[O (4.28)
we get
ket k—j 2
1< N O] [V uv 0|
which, by Theorem 3.2, proves (4.27). O

5 Propagation of semiclassical structure

In this section we prove Proposition 3.4, which propagates the bounds (2.16) along the
solution of the Hartree-Fock equation and plays a central role in our analysis.

Proof of Proposition 3.4. Let wy; denote the solution of the Hartree-Fock equation (2.18).
We define the (time-dependent) Hartree-Fock Hamiltonian

hur(t) = —R2A + (V% py) () — Xy

where p(z) = (1/N)wn ¢(x; x) and X; is the exchange operator, having the kernel X;(x;y) =
V(z — y)wn(x;y). Then wy, satisfies the equation

ih@tht = [hHF(t)wa,t]~
Therefore, we obtain

z’hd

&[eip'm, wn 4] = [P, [har (1), wn ]

(i (1), €77, wndl] + [, [hme(E), €77 (5-1)
(

— [hw(®), €77, wnal] = [wongs B2, €77 — [z, [ X, €]

where we used the cyclic properties of the commutator and the fact that [p; * V, %] = 0.
We compute ' ‘ ‘
[R2A, €] = ihV - hpe?™ 4 P hp - ihV

and hence

Wit [B2A, €7 7)) = [wny, iRV - hpe™ + e hp - ihV]
= (w1, 1hV] - hpe?® + ih*V - plwn.y, €P?]
+ hpe Py, ihV] + [wig, €P7)i2V - p

From (5.1) we find

zh% [P wn ] = A)[eP ™ wy ] — [€77, wi. B(t)

— hpe o iBY] — e, i8V] - Fpe — e, [Xi o]
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where we defined the time-dependent operators
A(t) = hyp(t) +ih?V -p and  B(t) = hur(t) — ik®V - p.
Observe that A(t) and B(t) are self-adjoint for every t € R (the factor +ih%p - V can be

interpreted as originating from a constant vector potential). They generate two unitary
evolutions U (t; s) and Us(t; s) satisfying
ihoh (t;8) = A(t)Ui(t;s)  and  thoa(t; s) = B(t)Ua(t; s)

with the initial conditions U(s;s) = Ua(s;s) = 1. We observe that, by definition of the
unitary maps Ui (t; s) and Us(t; s),

d .
Zﬁ@ U7 (t;0)[e”, wn ] Ua(t;0)

. . d . .
= U;(t;0) {—A(t)[e’p'x,wMt] + [P wn ] B(t) + ihﬁ[e’p‘x,wN,t]}UQ(t; 0)

= — Uit 0){hpeip'x[wN7t, ihV) + [wn g, ihV] - hpe™® + w4, [ X, eip'z]]}Z/{Q(t; 0).

Hence

Ui (t; 0)[6”’“, W) Ua(t;0)

= [eip-:p7wN]

.
+ ;_l/ dsUs (s;0){ hpe (w5, ihV] + [wn,s, iRV - Tipe’?® + (w5, [Xs, €P7]] JUa(s;0)
0

and therefore

[P, W]

= Uy (¢;0) [eip’m, wn | U5 (t;0)
:
h

Taking the trace norm, we find

¢
+ / dsUy (t; 8){ hpe " (w5, iV ] + w5, 1AV ] - Ape?® + [wh s, [Xs, €P7]] JUha(s3t).
0

) ) t 1 [t )
e[ o] < [ vl + 2] [ ds e [0 o]l + 5 [ dstr o, [, )
0 0
(5.2)

To control the contribution of the last term, we observe that

1 1 ~ (e 1 N
Xo(wsy) = N V(e —y)wn,s(z;y) = N /dq V(g)e @Yy ((a;y) = N/dq V(q)wg,t(z;y)

where we defined the operator wy; = €4 wy e~ (here x indicates the multiplication

operator). Hence, we get

. 1 . 4
o (X, e77]) = [ dg V(@) oy, ]

and therefore, using [|wy || < 1,
, 1 . ,
tr [fwn, [ X, e*]| < N/dQ|V(Q)| tr |[wn t, [w.e, €|
2 - -
< [ dalV@)] trllwgs, )
< ([ 7@} trlfox 7]
N a1V \q Tl|WNt, €
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where in the last line we used that [wy ¢, €P¥] = €% [wy 4, eP%]e "%, From (5.2), we conclude
that

. . t Cc [t .
tr [P, wn | < tr|[e?”, wn]| + 2|p| / ds tr |[AV,wn ]| + Nh/ dstr [[eP™ wy ]| (5.3)
0 0

and therefore, from (3.12), we find

t
sup tr|[e?", wn ]| < ChN + 2/ ds tr |[[AV,wy ]|
p 1+1pl 0

t
1
+C/ ds sup tr |[e®* wy sl

0 p 1+|pl I .

Next, we need to control the growth of tr|[AV,wn]|. Consider

Zhi [hV, WN7t]

g [V, [har(t), w t]]

(hur (1), [AV,wn ] + [wN e, [har(t), AV]]
[hir (1), [AV, wn ]| + [wne, [V * pe, AV]] — [wi g, [ X, AV

As before, the first term on the r.h.s. can be eliminated by an appropriate unitary conjuga-
tion. Denote namely by Us(t; s) the two-parameter unitary group satisfying

ihOyUs(t; s) = hur(t) Us(t; s)
and Uz(s;s) = 1. Then we compute

m%ug(t; 0)[AV, w4 Us(t;0) = U3 (t;0) {—[hHF(t), [AV, wn ] + iﬁ%[w, WN 1] } Us(t; 0)

=U3(t;0) {[wn e, [V * pe, AV]] — [wn s, [Xe, AV]] } U3(2;0).
This gives

[WV,wn ] = Us(t; 0) [V, wn U5 (t;0)
1 t
b [ dsts(t9) (lowan IV 5 9o V] = o (X AV} (1)
0
and therefore
tr |[[AV,wn ]| < tr [V, wy]|

1/t 1 [t (5.5)
+ h/ ds tr|[wns, [V * ps, AV]]| + h/ ds tr |[wn,s, [Xs, BV]]|.
0 0

The second term on the r.h.s. can be controlled by
tr HWN,Sv [V * Pss hv]” = h tr HWN,Sa V(V * ps)”

gh/dmﬁmmmmxmuwwM&a”n

< [ anlP@i a2 ) swp

where we used the bound ||ps||cc < [|ps]l1 = 1. As for the last term on the r.h.s. of (5.5), we
note that

qu”

tr|jwns, €

o Xt = [ da V(@ Lo V)
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where, as above, we set wy s = eiq'wa,se_iq'x. Hence, we obtain
tr |[wn s, [Xs, AV]]| /qu )| tr|[wg,s, AV]|
<% ([av@1) .9
where in the last inequality we used that

[wq,s, AV = elar [wh s, A(V + iq)]efiqx = ¢la® [wn,s, AV]e "

From (5.5), we conclude that

t . ¢
tr |[[AV,wn ]| < ChN + C/ ds sup tr|jwns, €] + C’/ ds tr|[wn,s, AV]|.
0 q 0

1
L+ |q|

Summing up the last equation with (5.4) and applying Gronwall’s lemma, we find constants
C, ¢ > 0 such that

tr |[€ip-:v7 WN,t] =

(eft]),
tr |[[AV,wn ] < ChN exp(c|t]). O

sup
p L+]p|

A Comparison between Hartree and Hartree-Fock dynamics

In the next proposition we show that, under the assumptions of Theorem 2.1, the solution
wn,¢ of the Hartree-Fock equation (2.18) is well-approximated by the solution wx ¢ of the
Hartree equation (2.23). Since we can show that the difference wy; — Wy remains of order
one in N for all fixed times ¢ € R, this result implies that all bounds in Theorem 2.1 remain
true if we replace wy; by wy ;.

Proposition A.1. Assume that the interaction potential V € L'(R3) satisfies (2.15) and
that the sequence wy of orthogonal projections on L*(R3) with trwy = N satisfies (2.16).
Let wn ¢ denote the solution of the Hartree-Fock equation

ihath,t = [—hQA + (V * Pt) — Xt, (,UN7t]
and wn the solution of the Hartree equation
ihdng = [—W° A+ (V % py), DN )

with initial data wy =0 = WNt=0 = wnN (Tecall here that p(z) = N_le’t(x;x), pe(z) =
NN +(z;2) and Xi(z;y) = NV (z—y)wne(x;y)). Then there exist constants C,cy,co >
0 such that

trlwn s — wn | < Cexp(er exp(ealt]))

for allt € R.

Proof. Let W(t; s) be the unitary dynamics generated by the Hartree Hamiltonian hy(t) =
—h2A + (V % py). In other words, W(s;s) = 1 for all s € R and

ih%W(t; s) =hug(t)W(t;s).
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Then, we have

ih@tW*(t; O)aN,tW(t; 0) =0 5
ThOW™ (t; 0)wn WV (E;0) = WH(E;0) ([V * (pe — pr) swne] — [Xe, wi]) W(E;0).

Integrating over time, we end up with

wnt = W(t;0)wyW*(t;0),
wnt = W(t;0)wnyW*(t;0)

t
1 ~ *
g [ WS (V5 (i ) o] — Xesiom ) W (155)
0
and thus
1 t
r s — G| < h/ ds {tr|[V % (5 — py) somsll + tr [ Ko o] [} = T+IL (A1)
0
Let us first estimate II. We get
1 t
m o= / ds tr |[Xs, ]|
h Jo

1 ! 94 ip-x —ip-x
< hN/O ds/dp\V(p)|trHep wnse P ,wMSH

2 ! 17 ip-x
hN/O ds/dp\V(p)|trHe ,wN,SH
< Cexp(c|t]), (A.2)

IN

where in the last step we used Proposition 3.4 (¢’"* denotes here the multiplication operator).
We are left with I. Writing

Vx (ps — ps)(z) = /dp ‘7(]9) (;Js(p) _ ﬁs(?)) i

L[ as v p

pap) = pp)| tr [ won]|
t
CNeXp(ct])/ ds sup

0 peER3

we find

—
IN

IA

ps(p) — P (p) ’

IN

t
Cexp(c|t|)/ ds trlwn s — WnN s (A.3)
0

where in the second inequality we used again Proposition 3.4, while in the last inequality we
used the bound

1 - ~ 1 -
ps(p) — ps(p)‘ = 7 [tre? T (wn,s = Bns)| < 7 trfwn,s =GNl
Inserting (A.2), (A.3) into (A.1), and applying Gronwall lemma, we get
trjwn: —wn | < Cexp (c1exp(calt])) (A4)

for some C, c1, c2 only depending on the potential V. 0
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