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Mean Field Games: Numerical Methods

Yves Achdou * Italo Capuzzo-Dolcetta

May 2, 2009

Abstract

Mean field type models describing the limiting behavior of stochastic differential game
problems, as the number of players tends to 400, have recently been introduced by J-M. Lasry
and P-L. Lions. Numerical methods for the approximation of stationary and nonstationary
such models are proposed. In particular, existence and uniqueness are investigated, as well
as bounds on the solutions. Numerical experiments are carried out.

1 Introduction

Mean field type models describing the limiting behavior of stochastic differential game problems
as the number of players tends to +o0o have recently been introduced by J-M. Lasry and P-L.
Lions [11, 12, 13]. In the stationary setting, a typical model of this kind comprises the following
system:

—vAu+ H(z,Vu) + X = V[m], z € T¢, (1)
—vAm — div <m%—l§(3:, Vu)) = 0, z €T (2)
/uzO, m = 1, m>0. (3)

Td Td

The unknowns are the scalar functions u, m defined on the d—dimensional torus T% and the real
number \. The data are a positive number v, the Hamiltonian H : T% x R¢ — R, convex with
respect to p and the (nonlinear) mapping V' associating to a probability density m a Lipschitz
function V[m] on T?. Typical examples for V include nonlocal smoothing operators.

The time-dependent analogue of system (1)-(3), also considered in [11, 12, 13], is

% —vAu+ H(z,Vu) = V[m], inT¢x(0,7), (4)
%—T +vAm + div <m%—5(a:, w)) = 0, inT?x(0,7), (5)
m(x,t)de =1, m >0, (6)

Td
u(t=0)=Wmt=0)], mit=T) = myp. (7)
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We refer to the mentioned papers of J-M. Lasry and P-L. Lions for analytical results concerning
system (1)-(3) as well as for its interpretation in stochastic game theory. Let us only mention
here that a very important feature of the mean field model above is that uniqueness and stability
may be obtained under reasonable assumptions, see [11, 12, 13], in contrast with the Nash system
describing the individual behavior of each player, for which uniqueness hardly occurs.

The aim of the present work is to propose discrete approximations by finite difference methods of
the mean field model, both in the stationary case (1)-(3) or the non-stationary one (4)-(7). The
numerical schemes that we use rely basically on monotone approximations of the Hamiltonian
and on a suitable weak formulation of the equation for m. For the sake of simplicity of notations,
we will always consider the 2-dimensional case although our approach and results hold for general
d.

These schemes have several important features:

e existence and uniqueness for the discretized problems can be obtained by similar arguments
as those used in the continuous case,

e they are robust when v — 0 (the deterministic limit of the models),

e bounds on the solutions, which are uniform in the grid step, can be proved under reasonable
assumptions on the data.

Let us mention in this respect that an important research activity is currently going on about
approximation procedures for mean field games. Quite recently, we learned about a different
numerical approach, based on the reformulation of the model as an optimization problem, which
is restricted however to the case when V[m](z) = g(m(x)), see [10]. See also [5] for a very recent
work on discrete time, finite state space mean field games.

In Section 2, we present the approximation of the nonlinear operators involved in e.g. (1)-(3) and
the main assumptions that are going to be made. The finite difference scheme for the stationary
model is discussed in Section 3: emphasis is put on existence, uniqueness and on bounds on the
solution; the main difficulty faced there is to obtain bounds on the solution which are uniform
in the discretization parameters. An example of a convergence result is also supplied in § 3.

In Section 4 we discuss an implicit in time finite difference method for the following evolution
problem comprising two forward parabolic equations:

% —vAu+ H(z,Vu) = V[m], inT?x (0,7), (8)
om ) oOH B -
5 vAm — div <ma—p($, Vu)) = 0, inT*x(0,7), 9)
m(z,t)de =1, m >0, (10)
T2
u(z,0) = ug(x), m(x,0) = mo(z). (11)

By analogy with known results long time approximations for the cell problem in homogenization
see [14], we expect that there exists some A € R such that u(z,t) — A\t and m(z,t) converge, as
t — +00, to the solution (@(z),m(z),\) of the stationary system (1)-(3). The main result in
Section 4 is Theorem 5 on the existence for the discrete system.

Section 5 deals with the non-stationary mean field system (4)-(7) and contains results on exis-
tence and uniqueness.

Finally, the long time strategy mentioned above and numerical experiments for the stationary
models are described in § 6.

A Newton method for the non-stationary problem (4)-(7) will be discussed in a forthcoming
work, [2].



2 The finite difference operators

2.1 The proposed schemes

For simplicity, we discuss the approximation of (1)-(3).

Let T,% be a uniform grid on the torus with mesh step h, (assuming that 1/h is an integer Ny),
and x;; denote a generic point in ’]I‘}QZ. The values of u and m at x; ; will respectively be approx-
imated by U; j and M, ;.

Hereafter, we will often make the following assumptions on the operator V:

(A1): V :m — V|m| maps the set of probability measures into a bounded set of Lipschitz
functions on T2.

(Ay): if m, converges weakly to m then V[m,] converges to V[m] uniformly on T2

A possible approximation of V[m|(z; ;) is
(Va[M])ij = Vma](2i ), (12)

calling my, the piecewise constant function taking the value M; ; in the square |z —z; j|oo < h/2,
and assuming that V[my] can be computed in practice.
We introduce the finite difference operators

Uit1,j — Uiy
h

Uij+1 — Ui

(DY U);; = and (D3 U);; = - ; (13)

and the numerical Hamiltonian g : T2xR* — R. The finite difference approximation of H(z, Vu)
is g (i, (DY U™ 5, (DY UMYy 5, (D3 U™, 5, (D3 U™, 1), Classically, we choose the
discrete version of (1) as

14
( 72 i = Uisrj = Uiy = Uijir = Uig-1)

+9 (255, (DT U )i j, (DT U )i1,5, (D3 U)i g, (D3 U)ij-1) + An

With the notations

1
(BaW)ij = =15 (4Wij = Witrj = Wierg = Wijr = Wija), (15)
and .
[DhW]ij = (DY W)i g, (DY W)ioa g, (D3 Wi, (DyW)ijoa)” (16)
(14) becomes
—v(ApU)i; + 9(wij, [DrUliy) = (Va[M]),; ;- (17)

The following assumptions on the discrete Hamiltonian g: (q1,42,93,94) — 9 (2,41, 92, q3, q4) Will
be made

(H7): monotonicity: ¢ is nonincreasing with respect to ¢; and g3 and nondecreasing with
respect to g2 and qq.

(Hz): consistency:

9($aQIaQI>Q2,Q2) :H(;Ua(Da Va €T2>Vq: (QI7q2> ERQ' (18)

(Hj3) Differentiability: g is of class C'.

The discrete version of (2) is chosen according to the following heuristics:



e when u is fixed, (2) is a linear elliptic equation for m: therefore, when U is fixed, the
discrete version of (2) should yield a matrix with the following properties:

— the diagonal coefficients are positive,

— the off-diagonal coefficients are nonpositive,
so that hopefully a discrete maximum principle may be used.

e The argument used by Lasry and Lions for the uniqueness of the continuous problems
(1)-(3) and (4)-(7) (see [13, 11, 12]) should hold in the discrete cases. For this reason, the
discrete Hamiltonian g introduced above should be used in the discrete version of (2) as
well, and we will make another assumption on g:

(Hy): convexity : the function (q1,q2,q3,q4) — g (2, q1, 92,43, q4) is convex.

The main idea is to consider the weak form of (2): it involves the term
0H 0H
- /1T2 div <ma—p(x,Vu)> w = . ma—p(x,Vu) -Vw
which will be approximated by
h? Z mi ;Vq9(Tij, [DrUlij) - [DaW]i .
0,

This yields the following discrete version of (9):

0 0
1 Mi,j%(xi,ja [DnUli5) — Mifl,j%(xifl,jy [DrUli-1,5)
—v(BaM)ig —3 " ag Y
+ M1 == (®it1,5, [DrUlit1,5) — M j=— (24,5, [DrUls )
Jq2 g2 —0.
15) 0
1 Mi,ja—i(xi,ja [DnUli ) — Mi,jfla_qg:g(xi,jfly [DnUlij-1)
- dg dg
h +Mij1g (i1, [DnUlij1) = Mij5 (@i, [DaUlig)
44 q4
(19)
We will also use the more compact but less explicit notation:
0 0
Mi,ja_;(flfi,jy [DrU]i ;) — Mifl,ja—qgl(xifl,ja [DpUli-1,5)
Jg Jg
+Mi+1,ja_(xi+l,ja [DpUliy1,5) — Mi,ja—(flfi,jy [DrU;5)
1 qz q2
By (U, M) = ~ (20)
7 h dg Jg
Mi,ja—%(ii,p [DrU]i ;) — Mi,jfla—qg(l‘i,jfl, [DpUl;5-1)
- 0 B
g g
+Mi,j+18—q4(33i,j+1, [DpUJij+1) — Mi,ja—%(xi,j» [DrUli )
This yields the shorter form of (19):
—I/(AhM)Z'J' - Bi7j(U, M) =0. (21)

Remark 1 It is important to realize that the operator M — —v(ApM); ; — B; (U, M) is the
adjoint of the linearized version of the operator U — —v(ARU); ; + g(zi 5, [DrUli ;).



(Hs5) a further consistency assumption One has to assume that the discrete operator in
(21) is a consistent approximation of the differential operator in (2), i.e. that there exists a
positive integer ¢, a real number dg, &y € (0,1) and some positive real number r such that for
every v,m € CH% (']TZ) there is a constant K depending on the norms of v and m in the previously
mentioned Schauder spaces, such that for all h < 1, calling V and M the grid functions defined
by V” 7z f|x 21 slo0 <2 vdz and MZJ =13 flexi,jloo<h/2 mdx, we have for all 1, j,

B, ;(V, M) — div <m%—;j(x, w)) (i) < KR (22)

This assumption is clearly fulfilled if g satisfies (18) and if g and H are smooth enough.

2.2 Summary

Finally, the finite difference approximation of (1)-(3) is to look for two grid functions U, M on
T% and for a scalar A such that

—v(ApU)ij + 9(wig, [DpUliz) + A = (Va[M]); ; (23)
—Z/(AhM)Z‘,j—BiJ(U,M) = O,

> Ui =0, (24)
i3

hZZMmzl and M;; >0 for 0 <1i,5 < Np. (25)

Vi, j: 0<4,j< N, {

with (V[M]); ; defined in (12), B; ;(U, M) defined in (20) and the numerical Hamiltonian ¢ :
T? x R* — R satisfying at least (Hy)-(Hgz) above.

The same strategy will be used to approximate the nonstationary problems (4)-(7) and (8)-(11)
with implicit schemes, see respectively (86)-(88) and (65)-(66) below.

In what follows, for two grid functions W and Z on T3, denote by (W, Z), the inner product
W, Z)a =22, WijZij-

2.3 A useful lemma
We recall a useful lemma, which can be found in e.g. [4]. We give its proof for completeness.

Lemma 1 Let V be a grid function on T,% and p be a positive parameter. Assume that g satisfies
(H1)-(Hs). There ezists a unique grid function U such that

pUi ;i + g(zi 5, [DpUli 5) — v(ARU )i j = Vi (26)

Proof. Existence for (26) is proved by using Leray-Schauder fixed point theorem: indeed, we
consider the mapping F : RN . RN,

(FU))i; = j)( V(AWU)i — g(wag, [DRULis) + Vi)

and the real number 7 = max L[ (2;4,0) — Vi;|. From the continuity of g, F is continuous

(i:4) o
from B, = {U € RN : |U||oo < r} to RN:.
Assuming that U € 0B, there must exist at least one pair of indices (i, jo) such that U;

i0,jo = LT
Assuming that U;

= r, we have

V(ARD )ig.jo — 9(@ig, 50 [IPnUlig jo) < —H (44,50 0),

0,J0



from the monotonicity and the consistency of g. Hence,

1
(f(U))ioJo < ; (_H(xio,jov 0) + VioJo) =
and (F(U))iy.jo # AUig,jo Wwhenever A > 1. Similarly, if U;, j, = —r, then (F(U))iyjo = —7
which implies that (F(U))i,.j, # AUig,jo- Therefore F(U) # AU for all A > 1 and U € 0B,.
The Leray-Schauder fixed point theorem can be used: there exists a solution of (26) in B,.
Uniqueness for (26) stems from the monotonicity of g. m

3 Numerical analysis of the stationary problem (23)-(25)

Existence results for (23)-(25) can be proved under additional assumptions on g and Vj. The
proof strategy will be to apply Brouwer theorem to a map x defined on the compact and convex
set
K ={(Mi;)o<ij<n, : h* Y Mij=1,M;; >0} (27)
0.

which can be viewed as the set of the discrete probability measures.
We will see below that existence can be proved without bounds on U uniform with respect
to h since the problem is finite dimensional. However, when possible, we will insist much on
obtaining such bounds, for example, equicontinuity with respect to h, because they are important
for passing to the limit when h — 0.

We first define amap ® : M € K — U where (U, \) is the unique solution of the first equation
in (23) subject to the constraint in (24). The map M — x(M) is then obtained by solving a
perturbation of the second equation in (23) with U = ®(M), subject to the constraints in (25).
The discrete function U = ®(M) will be obtained by passing to the limit in the following
Hamilton-Jacobi-Bellman equation

PUz‘(g) +9(2i5, [DRU W] ) — v(AUP); 5 = (Vi [M]) (28)

1,77
when the positive parameter p tends to 0. Such a strategy is reminiscent of those used for
solving the cell problems in the homogenization of Hamilton-Jacobi-Bellman equations, see e.g.
[14, 1, 3]. We first need to study (28) and obtain some bounds on U” uniform w.r.t. p and M
(and possibly uniform w.r.t. h); these will yield bounds on U uniform w.r.t. M (and possibly
uniform w.r.t. h).

3.1 Preliminary results

Concerning the continuous problem, one of the assumptions made in [13, 11] was that there
exists 6 € (0,1) such that for [p| large,

0
i H-p+-—H*)>0. 29
i (e ) -
It was useful in order to apply Bernstein’s method to (1) and get a bound on ||Vu/|| .

With assumption (29), we were not able to extend the method of Bernstein to the discrete level.
Several other assumptions on H and g can be made. Assumption 1 below will make it possible
to use the results of Kuo and Trudinger [9] and [8] on Hélder estimates for the solution of (28).



The slightly stronger assumption 2 will make it possible to apply recent results of Krylov [7].
We will use the following notation:

U1 Uiz 1

(DiU)ij = ——%5—" =3 (DY U)ij + (DY U)iz1j)
(D3U)i; = % = % (D3 U)ij+ (D3 U)ij-1) s
(D3V);y = L U;L;l’j — 2 _ % (DFU)ig — (DY U)icag)
(D30);; = Lt U}i’;‘l — 2 _ % (DFV)ij — (DFV)ij1) -

Assumption 1 a) The Hamiltonian H is of the form

H(x,p) = max (pra—Lz,a)), (30)

where A is a compact subset of R? and L is a C° function on T? x A. The function H is
continuous with respect to x and of class C* with respect to p.

b) The discrete Hamiltonian g : T?> x R* — R, (x,q) — g(x,q), is continuous with respect to x
uniformly in h. For all h < hy, it satisfies (Hy), (H2) and (Hg).

¢) Defining the function F : T? x R* = R, (z,q1,q2, 51,52) — F(x,q1,q2, 51, 52) by

—v(ARU)ij + g(wiyj, [DhUli ) = F(wij, (D{U)i g, (DSU)ij, (DU 5, (D3U)i ), (31)

we assume that there exist positive constants ag, a1 and by such that, for h = 1/Ny < hy,

ap < _8.7: <ay, and '8]: < b. (32)
S5 q;
d) There exists a function g : R* — R, such that
e g°(z,0) =0,
o for all g € R*,
lim sup |eg(z, 1) — g (q)| = 0, (33)

€=0zeT2 €

e ¢°° is nonincreasing with respect to q1 and q3 and nondecreasing with respect to qa and q4.

Example 1 Let H be given by (30) with A = {a € R?|a|] < 1} and L(z,a) = L(a) = %|a|7,
with v > 1. It can be seen that

y—1, o
—‘ph_lv |p| <1,
|p|_;7 |p| 217

and that with the Godunov scheme

9(x,q1,42,93,q4) = H (\/(91)2 +(g3)% +(g3)2 + (q;f)2> ;

Assumption 1 holds with in point d), ¢*°(z, q1,q2,93,q4) = \/(ql_)2 + (g3 )% + ()2 + (g7 )2

7



Assumption 2 a) The Hamiltonian H is of the form (30) where A is a compact subset of R?
and L is a C° function on T? x A. The function H is Lipschitz continuous with respect to x
uniformly in p and of class C' with respect to p.

b) The discrete Hamiltonian g satisfies point b) in Assumption 1.

c) The discrete Hamiltonian g is of the form

4
9(377Q17(127Q3aQ4) = Zug (Z(_af(‘r’ﬁ)sf + bf(x’ﬁ)QZ) - f(‘rvﬁ)) ) (34)
€5 \v=1
where
e B is a compact set,
o 51 =252=(q1 —q2)/h, 53 =54 = (q3 — qu)/h,
e a1 =ay>0andag=a4 >0,

e the functions ay, by : T? x B — R are continuous with respect to 3 (uniformly w.r.t. h); by
and /5 + ay are Lipschitz continuous with respect to x (uniformly w.r.t. h).

o the function f : T? x B — R is continuous with respect to 3 and Lipschitz continuous with
respect to x.

e Forall h < hg, (z,0) € T? x B,max(hbf(a:,ﬁ) —ay(x, B), hby (x, B) — az(z, B), hb3 (z, B) —
as(w, B), Wb (2, 8) = as(w, 3) ) <0.

d) The discrete Hamiltonian g satisfies point d) in Assumption 1.

Example 2 We take H as in Example 1. The Lax-Friedrichs scheme with a large enough
artificial viscosity parameter 0 satisfies Assumptions 1. It also satisfies Assumptions 2, because

+ +q4
9($7Q17(J27(J37(J4) =H <$, <Q1 2 QZ>q3 2 4 )> _9((]1 —Q2+Q3—Q4)

o Q1+Q2+a 93 +qs
2 272

= sup

0(q1 —q2+q3 — qu) — L(a)> .
acA

Example 3 We give a simple example where H only depends on p;. Let H be given by
(30) with A = {(,0),|a| < 1} and L(z, (a,0)) = gla|?, with & > 1. It can be seen that

H(z,p) = H(p1) with H(py) = %\plﬁ—l if |[p1] <1 and H(p1) = |p1| — % if [p1| > 1. Consider
the discrete Hamiltonian

1 1
z,q1,42,43,q4) =  Max —51+5+2——519——526>,
9@ 01,4243 94) ﬁlSl,ﬁ2|§1< a1t By =l = gle

It can be checked that Assumption 2 holds. In particular, ¢*°(z, ¢1, g2, ¢3, 1) = max(q2, —q1, g2 —
qi, 0)



Proposition 1 Assume that H and g satisfy Assumption 1 or Assumption 2. Let V be a grid
function on ']T,QL (we agree to write V instead of Vi) and p be a nonnegative real number.
For h < hg, let the grid function U on T% be the solution of

pUi ;i + g(zi 5, [DpUli 5) — v(ARU )i j = Vi, (35)

see Lemma 1.

If Assumption 1 holds and if ||V || is bounded uniformly w.r.t h < hg by a constant cy, then
there exist two constants 6, 6 € (0,1) and C, C > 0, both depending on ag, a1, by, co and on
|U||loo but not on h and p, such that for all h < hg, 0 < p <1

U -UE) <Cle-¢), v e (36)
If Assumption 2 holds and if
oo F |1 DnV oo 28 bounded uniformly w.r.t. h < hg by a constant cy,
\%4 D,V bounded uniforml h<hghb 37

there exists a constant C, C' > 0 depending on ||U|| but not on h and p, such that Yh < hy,
0<p<l1
U@ -UE<Cle=¢|, V& eT;. (38)

Proof. In the first case, the result is a consequence of a theorem due to Kuo and Trudinger,
see formula (3.10) in [9] and also [8], (which makes use of (32)).

In the second case, (38) is a particular case of a discrete Lipschitz estimate recently proved by
Krylov with a very clever discrete Bernstein method, see [7], Theorem 2.5 and Remark 4.5. m

Remark 2 To cast the discrete quasilinear operator into the setting of Theorem 2.5 in [7], one
needs to consider the grid function W; ; = —=Uj ;.

In Proposition 1 the constants C' depend on ||[U”||«. It is possible to improve this result by
realizing that the constants actually depend on ||U? — Ué), ol and by showing that this quantity
is bounded uniformly w.r.t. p and h: the following proposition is due to F. Camilli and C.
Marchi, see [3]. We give its proof since [3] is not published yet.

Proposition 2 1. If Assumption 1 holds and if ||V ||~ is bounded uniformly w.r.t h < hgy by
a constant cy, then there exist two constants §, § € (0,1) and C, C > 0 both independent
of h < hg and p such that for all p, 1 > p > 0, the solution of (35) satisfies

iy 1T — U

< 39
EAEET? € —¢')o (39)

2. If Assumption 1 and (37) hold, then there exists a constant C > 0 independent of h < hg
and p, such that for all p, 1 > p > 0, the solution of (35) satisfies

0 (¢) _ 7P (¢!
i U (&) — U (¢ <C (40)
EAEET2 1€ — ¢

Proof. We give the proof in the first case only, since the second case is done similarly.
Lemma 1 yields he existence for (35). We also easily obtain a bound on ||pU ||, namely that

1P oo < max (|H (i, 0)] + Vi), (41)

%



so there exists a positive constant C independent of h and p such that ||pU ||, < C.
Let us have p tend to 0. We set W) = ) — U(gﬁ)). Fixing h, assume that there exists a

sequence py such that limg_o [|[WP%)||o, = 400. We use the notation e, = 1/||W#*)| 5. The
grid function Z®) = ¢, W (%) satisfies

k

Zy =0, )1Zz®]w =1, (42)

Pk (k) V 1
25 = a2+ glwig, —1DWZ Vi) + phUGE = Vi (43)

€L €L €L

But (43) is equivalent to
1

kai(,];) — V(AhZ(k))iJ + ekg(rvm, ;[th(k)]@j) + kakU(g’%k) — kai,j- (44)

Note that —v(A,Z®); jterg(wij, o [DaZM)i ) = G(wi . (D{Z)i g, (D5Z)i5. (DI Z)i g, (D3 Z)i )
where G(,q1,q2, 51,52) = eF(x, &, L 2 *2) 50 G also satisfies estimate (32).

From this and (41), we can apply estimate (36) to Z*): we get that the grid functions Z*)
are equibounded and equicontinuous. Up to a subsequence, Z*) converges to Z as k tends to

infinity and Z satisfies:
Zoo=0 and —v(ApZ);; + 97 (wij, [DnZlij) =0, Vi, j,

The assumptions made above on g and the discrete maximum principle yield that Z = 0 which
contradicts (42). We have proved that ||U®) — U(g%) loo < C for a constant C' independent of p,
and (39) is a consequence of Proposition 1. ’

It can be shown by a similar contradiction argument using Ascoli-Arzela theorem that the
constant C' in the bound ||[U®) — Uéfg”OO < C does not depend on h, because the unique
viscosity solution of —vAz + sup,eyq @.Vz =0 with 2(0) =0is 0. =

3.2 Existence for the discrete problem

Theorem 1 If Assumption 1 is satisfied and if the operator V. maps the probability measures
to a bounded set of continuous functions on T? and satisfies (Az), then the discrete problem
(23)-(25) has at least a solution, and there exist two constants §, § € (0,1) and C > 0 such that

for all h = 1/Ny, < hy,
. /
et e TO=TEN _

< 45
gteem: €= (45)

Proof.

Step 1 We consider a mapping ® : M € K — U, where U is part of the solution of the
problem: find a grid function U and a scalar A such that

—v(ApU)ij + 9(ij, [DrUli ) + A = (Va[M]) (46)

ij o
with ZZ j Ui j = 0. Indeed, it can be proved that if g satisfies the assumptions mentioned above,
then there exist a unique A € R and a unique grid function U satisfying (46). To do it, we
pass to the limit in (28) as p — 0. The existence and uniqueness for (28) stems from Lemma
1. We may apply Proposition 2 since Vj[M] is bounded uniformly w.r.t. h and M. Proposition
2 implies that there exists two constants C' > 0 and § € (0,1) independent of h, M and p such

10



that (39) holds. This yields that there exists a constant c¢(h) ~ h°~! independent of M and p
such that

IDAU) o < ch): (47)
Up to the extraction of a subsequence we may say that as p tends to 0, U®) — h2 El j Ui(,?)
converges to a grid function U such that E” U;j = 0, and that ph? E” Ui(,?) converges to
A € R. It is an easy matter to check that (U, \) satisfies (46) and that the bounds (39) and (47)
hold for U.
Uniqueness for A stems from the following comparison principle: if U is a subsolution of (46)
with A = A\; and W is a supersolution of (46) with A = Ay, then A9 < \;. Uniqueness for U is
obtained by repeatedly applying the discrete maximum principle, from the monotonicity of g.
We have defined the map ® : M € K — U, where (U, A) solve (46) and >_, ;U ; = 0.

Step 2: continuity of ® Consider a sequence of grid functions M *) in K which tends to
M € K as k tends to infinity. From the assumptions on V and Vj, Vi,[M®)] converges to
Vi,[M]. Consider X and U solution of (46) and call A(*), U("“') a solution of (46) with M = M ®*).
From the estimates above, the sequences (AF);, and (HU ||Oo)k are bounded. One can extract
a subsequence &’ such that A*®) tends to A and U*") tends to U and that

—I/(Ahﬁ)i,j + g(l'i,ja [Dhﬁ]i,j) + A= (Vh[M])i,j )

with Zi,j ﬁ@j =0.

Uniqueness for (46) implies that A = A and U = U. The whole sequences (A(®),, (U®)),,
therefore tend to A, U.

We have proved that the map ® is continuous.

Step 3 For M € K and U = ®(M), consider the following linear problem: find M such that
uM;; — v(ARM);; — Bij(U, M) = uM; , (48)

where p is a sufficiently large positive number which will be chosen later. This linear problem
may be written

M + AM = M, (49)

where A is a linear operator depending on U.

The assumptions of the monotonicity of g imply that 69 <0, g qg2 > 0, 69 < 0 and 69 > 0.
This yields that the matrix corresponding to A has posmve diagonal entrles and nonp051t1ve
off-diagonal entries. Furthermore, since g is C', (47) implies that there exists a constant C

independent of M (but possibly on h) such that for all 7,5, 0 <4,j < Nj, and for all ¢ = 1,2, 3,4,

99

X = (@ij, [DrUlij)| < C. (50)

From this, we see that for u large enough depending possibly on A but not on M, the matrix
corresponding to pld + A is a M-matrix, and is therefore invertible. The system of linear
equations (48) has a unique solution M and M is nonnegative since M is nonnegative.

We are left with proving that h2(M, 1)y = h2(M, 1)y = 1. For two grid functions W and Z, let

11



us compute (A"W, Z)q: discrete integrations by part lead to

(AW, Z)q =

v

e S Wiy = Wirj)(Zij = Zic1) + Wiy = Wij1)(Zij — Zij1))
2%

9g 9g
Z(DTZ)Z-,]-Wi,ja (@i, [DaUli;) Z(D;Z)i,jwi,j% (i, [DnUli )
N 1 I 3
+ dg + 9g
+> (D Z)ifl,jm,ja—qQ (i, [DaUlis) +> (D3 Z)i,jflwi,ja_qll (@i, [DaUlij)
iJ i
(51)
(AW, Z)g =1y (DY W)ij(DY Z)ij+v Y (DSW)i5(DF Z)i s
" " (52)
+ > WislDuZ);,; - Vag (i DU
i

It is easy to check that for all grid functions W, (AW,1)s = 0. Therefore, taking the inner
product of (49) with the function Z = 1, we obtain that h?(M, 1)y = h2(M,1); = 1,50 M € K.
We call x : £ — K the mapping defined by x : M — M.

Step 4: existence of a fixed point of y From the boundedness and continuity of the

mapping ®, and from the fact that g is C! in the variable ¢ , we obtain that y is continuous.

Therefore, we can apply Brouwer fixed point theorem and obtain that y has a fixed point. m
We obtain a better result under Assumption 2 and a stronger assumptions on V:

Theorem 2 If Assumption 2 holds and if V' satisfies (A1) and (A2 ), then the discrete problem
(23)-(25) has at least a solution, and there exists a constant C' > 0 such that for all h =1/Ny, <
h07

U = U]
Ul + e, =g <C )

Proof. Similar to that of Theorem 1, using now the second part of Proposition 2. =

Since the discrete problem is finite-dimensional, existence for (23)-(25) can be proved without
a bound on U uniform with respect to h. Different assumptions on the structure of g can be
made; for example:

Theorem 3 Assume that

e g satisfies (Hy), (Ha) and (Hs),

e there exist two positive constants o > 0 and v > 1 and a nonnegative constant C' such that
(@ 12,43, 00) = a(ar)* + (63)° + (a3)° + (@)?)? = C, VeeT:  (54)

o V maps the probability measures to a bounded set of continuous functions on T? and

satisfies (A1) and (Az).

The discrete problem (23)-(25) has at least a solution

12



Proof. The proof follows the same steps as that of Theorem 1. Only the first step of the proof
is modified as follows:

existence and uniqueness for (28) follows from Lemma 1. We also easily obtain a bound on
|pU®)||s0, namely that

1pU P |0 < max |H (z;5,0) + (Vu[M]), ;] , (55)
2y

so there exists a positive constant C; independent of M and p such that ||[pU®)||o, < C;. From
this, we deduce that there exists a positive constant Cy independent of M and p such that

9(xij, [DRUP; 5) — v(ALUP),; 5 < O, Vi, j. (56)
Using (54), we see that
9(xij, [DpnWlij) — v(ARW)i

2 ((DFW))2 + (DT W), P+ (@5 W)+ (03w 2) = ¢

— ((DFWE + (DEW) .y + (DEWS + (DEW) ).

Z_Lj Z’j_l

Calling P, = |DLUP) | = max; ; max(|(D; UP); ;|,[(DFUP); ;|), we deduce from (56) and
the previous estimate that there exists a constant C's independent of M and p such that

v
aF] — 43P, < Cs.

This yields (47) for a constant ¢(h) independent of M and p. Up to the extraction of a subse-
quence we may say that as p tends to 0, U®) — h2 El j Ui(,?) converges to a grid function U such

that >, ;Ui ; = 0, and that ph? > i Ul-(g) converges to A € R. The limits U and ) satisfy (46).
Uniqueness for (46) is proved as above, so ® is well defined. m

Remark 3 In Theorem 3, we were not able to obtain an estimate on U uniform w.r.t. h.

Remark 4 Note that the assumption (Az) can be relazed in the discrete case. Indeed, Theorem
1 holds if we replace (Ag) with the assumption that Vi, is a continuous map from K defined
in (27) to grid functions bounded by a constant independent of h. Theorem & holds if Vi, is a
continuous map from IC to grid functions.

These observations lead to existence results when Vy, is a local operator, see § 3.4.

3.3 Uniqueness

Proposition 3 If g satisfies (Hy)-(Hy), and if the operator Vj, is strictly monotone, i.e.
(Vh[M] ~VA[M], M — 1\7)2 <0=M=M,

then (23)-(25) has at most a solution.

Proof. Let (U, M, \) and U, M, X be two solutions of (23)-(25). We have

(AU = 0))ij + 9(ig, [DhU)ig) — 9(wig, [DaU)ij) + A — X = (Vh[M] - Vh[MD (57)

,J

13



Take a grid function such that Z - Z; j = 0. Multiplying by Z; ; and summing over all 7, j leads
to

~U(A(U =0), Z)2+ Y (9@, [DaU)is) =g(wi [DT)ig) Zog = (ValM] = V[M], Z) . (58)
7]
On the other hand, multiplying the second equation in (23) by —W; ; and summing over all i, j
leads to
V(M AgW)a = > M; j[DyW, ;- Vg (w45, [DrUli ) = 0. (59)
.3
From this and the similar equation satisfied by M , we obtain
0 =v((M — M), A W),
. . . M o). (60)
- Z M; ; [DhW]i,j Vg (@i j, [DrU]i ) + Z M; [DhW]m’ Vg (i, [DaUlij ) -
i,J i3

Taking Z = M — M in (58), W = U — U in (60) and adding the resulting equations leads to

Z M; ; ( (-Tija [Dhﬁ]i,j) — g3, [DRU]; ) — D (U — U); ;- Vag (@i, [DhU]z',j)>
+ZM” ( g (zij, [DpUij) — g (fﬂz‘,j, [Dhﬁ]z‘,j) — Dp(U = U), ;- Vg (%‘,j» [Dhﬁ]z‘,j))

+ (ValM) - Vi[M]. M = 2T) - =o.
(61)
From the convexity of g and the monotonicity assumption of F, the three terms in (61) must
vanish. The strong monotonicity of Vj, implies that M = M. A comparison argument similar
to that used in the first step of the proof of Theorem 1 yields that A = A and that U =U. =

3.4 The case when V is a local operator
We now aim at relaxing the assumptions on V: we now assume that V' is a local operator, i.e.
V[m](x) = F(m(z),z), where F is a bounded and C° function defined on R x T2.

3.4.1 Existence

From Remark 4, we have the analogues of Theorems 1 and 3:

Proposition 4 Take V as above. If assumption 1 holds, then the discrete problem (23)-(25)
has at least a solution, and there exist two constants 0, 6 € (0,1) and C > 0 such that (45) is
satisfied for all h = 1/Ny < hyg.

Proposition 5 If g satisfies the same assumptions as in Theorem 3 and if Vm|(z) = F(m(z), z)
with F is C° function defined on R x T2, then the problem (23)-(25) has at least a solution.

Remark 5 In Proposition 5, we do not have a bound on U uniform w.r.t. h.

3.4.2 Uniqueness

We have the corollary of Proposition 3:

Corollary 1 If g satisfies assumptions (Hq)-(Hy) and if F is strictly monotone, i.e.
(F(m,z) — F(m,x))(m —m) <0=m=nm,

then (23)-(25) has at most a solution.
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3.5 A convergence result

It is possible to prove several convergence results. We give the simplest one as an example.

Theorem 4 We make the same assumptions as in Theorem 1 and we suppose furthermore that
(H4)-(Hs) hold and that there exist real numbers ¢, s, ¢ >0, s > 0, such that for all h < 1, for
all grid functions M and M,

B (Va[M] = Va[M], M = ML) > c|[V[M] = V4[] . (62)

Assume that (1)-(3) has a unique solution such that v and m belong to C*%(T?) N C?(T?), see
(22). Calling (U, M, \p) the solution of the discrete problem (23)-(25), we have

I i) = Uij| =0, lim |x— Ay =0.
lim sup |u(zi;) — Uiyl =0, lim A= An[ =0

0,
Proof. We call U and M the grid functions such that ﬁ” =h? ﬁI*Iij‘oo<h/2 udx and ]\Z] =
h~2 'f‘x*xi,ﬂoo <hj2 mdz. From the consistency assumptions, we have that
—v(ARD)ij + gl@ig, [DRU)ij) + A = (Vh[ﬁ])ij +o(1),
—v(Ap M) — Bi,j(ﬁai\‘]) = o(1),
M;; = 0, (63)
W2y M;=1, and Y Uy = 0,
.3 4,3

where o(1) means a grid function whose maximum norm tends to 0 as h tends to 0.
On the other hand, from Theorem 1, ||U||« is bounded by a constant.
We therefore obtain an equation close to (61):

o(h™2) = (Va[M] = Va[M], M — 1)
+2_ My (g (ﬂﬁm [Dhﬁ]i,j> — 9 (@i, [DaUlig) = Du(U = U); ;- Vag (i, [DhU]m-))

+Y My (g (zij, [DrUlij) — g (xm, [Dhﬁ]z‘,j) — Dy(U=T);; Vg (xmv [Dhﬁ]i,j)) -
i

(64)

From (64), the convexity of g and (62), we obtain that lim_.¢ [|V,[M] — Vi [M]||cc = 0. Thus,

1,J

—v(ARU )i 5 + g(xi 5, [DrUlij) + An = (Vi [M]), ;-

]

{ —v(AW0)ij + 9(xi g, [DRULig) + A = (Vi[M]), ; + o(1),

The maximum principle at the maximum of U — U yields that A—j, < o(1). The same argument
at the maximum of U — U yields A, — A < o(1). Therefore, limp_o |A — Ay| = 0.

We know that the family of grid functions wy, is equibounded and equicontinuous. There exists
a function u’ and a subsequence uy, = (UZ(?))H € N such that limy, o sup; ; [u' (2 ;) — Ui(3)| =0.
The function v’ is a viscosity solution of (1) and is such that [, w'dz = 0. This implies that
u = u'. Therefore, the whole sequence u;, converges to v. m
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4 Approximation of the evolution system (8)-(11)

Let Np be a positive integer and At = T'/Np, t, = nAt, n = 0,..., Np. The values of u and
m at (z;j,t,) are respectively approximated by U;"; and M. Given M 0 € K (the compact set
K is defined in (27) and UY, the discrete problem is to look for (U™, M™), n = 1,..., Nr, such
that

Uir,l;—l - Ui,j n+1 n+1 n+1
Vn,i,j : AT v(ARU™ )i+ g(wig, [DRU™ i) = (ValM™),
0 <n < Nr, M — M,
0<i,j <N th” —v(ApM™Y) 5 = By (UM, MY =0,
o ’ ntl
2¥) - ’
(65)
with the notations introduced above (in particular B; ; is defined in (20)), and
Wy MM =1, forn=0,...Ny—1. (66)
.3

4.1 The main theorem on existence

Theorem 5 Assume that
e g satisfies (Hy )-(Hg) and there exists a constant C such that
0

g
%(JS, (q1,92,G3,q4)| < C(1+ |q1| + |g2| + |gs] + |qal), Vo € T, Vai,q2,q3,q. (67)

o V satisfies (A1) and (Az).

If M° € K, then (65) (66) has a solution. If there exists a constant C independent of h such
that ||[DRU°||eo < C, then for all n, | DRU"|o < c. for a constant ¢ independent of h and &t.

Proof. The strategy of the proof is similar to that used for Theorem 1. We are going to
construct a continuous mapping x : KV — KN and use Brouwer fixed point theorem. We
proceed in several steps:

Step 1: a mapping M — U Given (U?.)o<ij<n,, Consider the map ® : (M")ij<p<n, €

Zhj
KNT — (U™)1<n< Ny, solution of the first equation in (65), i.e.
UZnJJr - Ui n+1 n+1 n+1
—i gy VARU )iy 4 (g, DU i g) = (Va[MT), 5 (68)
forn=0,...Ny—1and 0 <4,j < Nj,. The existence and uniqueness of U}, n =0,..., Np —
1 is obtained by induction: at each step, we use Lemma 1 with p = A% and V;,; = Aztf
(Vh[Mn+1])i,j’

Step 2: boundedness and continuity of ® Looking at the proof of Lemma 1, we see that

||Un+1||OO < I(Izlgﬁc ‘At (H(a:m-,()) — (Vh[MnJrl])i,j) — Ui??j

)

which implies, from the uniform boundedness assumption on V' and of H(-,0), that there exists a
constant C' depending on ||U° but independent of (M™) such that |U"||o, < C(1+7T). Therefore,
® maps KV to a bounded subset of (RNﬁ YNT . Moreover, by using the assumption on the
continuity of V' and well known results on continuous dependence on the data for monotone

schemes (sce e.g. [4]), we see that the mapping ® is continuous from KN to (RVi)Nr,
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Step 3: discrete Lipschitz continuity estimates on ®((M"),=1,. n,) We proceed by
proving discrete Lipschitz continuity estimates on U™*! given by (68). The solution of (68) is
noted

Uttt = w(Un, M.

Standard arguments on monotone schemes yield that for all M € K, U, W € RN fQL,
| (W(U, M) = $(W, M) oo < (T = W) e, (69)
WU, M) =YW, M)|looc  <[U—=W|e. (70)
For (¢,m) € Z?, call 7;,,U the discrete function defined by

(TemU)ij = Uryim+j-
It is a simple matter to check that

(T& U)?Jrl - (TZ, U)? n n
mU )i g N mYJ)ij V(Ap(TemU H))i,j + gz, [Dh(temU +1>]i’j)
n+1 n+1 1
- (Vh[M ' ])m + (Vh[M +1])i+e,j+m o (Vh{Mm_ ])” )
=9(@ittjm [Dn(remU™ D]ig) + 9(@i g, [Dn(remU™ i g),
and therefore

TomU" = V(1 U™ + AtE, M™ 1),

B — (Vh [Mn+1])z‘+£,j+m - (Vh [Mn+1])i,j
7 —9(@itojrms [Dh(memU" ™) + 9(@i g, [Dn(memU™ )i j)

From the assumptions on V' and on ¢ (in particular (67)), there exists a constant C' (independent
of n, (M™), h and At) such that ||E||oc < C (1+ |[DrU™ o) RV + m?. We conclude from
(70) that
[7emU™ T = UM loo < |7emU" = U ||oo + CRALV 2 +-m? (1 + [ DU o0 - (71)
Thanks to (71),
(1 — CAYDRU™ oo < ||DRU™||00 + CAL.

A discrete version of Gronwall’s lemma yields that there exists a constant L which only depends
on C, T and the initial condition || D,U°||o such that for all n, 1 <n < N7,

IDR U™ |oo < L, (72)
which is a discrete Lipschitz continuity estimate, uniform with respect to (M™)1<n<ng-
Step 4: a fixed point problem for (M")i<,<n, For (M™)1<p<n, € KN and (U™)1<p<n, =

O((M"™)1<n<n,) and a positive real number pu, consider the following linear problem: find
(Mn)lgnSNT such that

M+ N N N

[2%) = 2,) + MMZZI—I _ V(Ath+1)Z‘,j _ Bi,j(UnJrl,Mn) — MMZ};—I? (73)

with the initial condition M = M°, with h? 3", ; M?; =1 and M° > 0.
We are going to prove first that for y large enough, (73) has a unique solution (M ")i<n<Np €

KCNT | then that the mapping (M™)1<n<ng. — (M™)1<n<n, has a fixed point. Existence for
(65) (66) will then be proved.
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Step 5: existence for (73) Clearly (73) is a discrete version of a linear parabolic initial value
problem. It can be written

WViss! —i—At(,uM"H +An+1Mn+1) — M" _’_MAtMn+17 (74)

where A"t is a linear operator depending on U™,
As in the proof of Theorem 1, The assumptions on the monotonicity of g imply that the matrix
corresponding to Id+ AtA™ ! has positive diagonal entries and nonpositive off-diagonal entries.
Furthermore, since g is C!, (72) implies that there exists a constant C' depending only of || D,U°||
(in particular independent of (M™)) such that for all n, 1 <n < Np, for all i,7, 0 <i,j < Np,
and for all £ =1,2,3,4,

g—je(ari,j, [DrU"i )| < C. (75)
From this, we see that for p large enough but independent on (M™), the matrix corresponding
to Id+ At(uld+ A™H1) is a M-matrix, and is therefore invertible. The system of linear equations
(74) has a unique solution.
Moreover, since M? > 0 for all n =0, ..., Ny and since Id + At(uld + A™*!) is a M-matrix for
all n, 1 <n < Np, M" >0 for all n = 0,..., Np.
We are left with proving that h? E” MZ”J =1, forall n, 1 < n < Np. As in the proof of
Theorem 1, we see that for two grid functions W and Z, we have

(AW, Z)y =v > (DIW)i (DY 2)ij +v Y (DFW)i (D5 Z)i
,J 4,J

+ Z Wii[DnZl; ;- Vag (xivj’ [DhUn]@J') :

ihj

(76)

From (76) and (74), it can be proved by induction that if h2(M° 1), = 1, then the condition
h?(M™,1)2 = 1 holds for all n, 1 <n < Nr.

Step 6: existence of a fixed point of y From the boundedness and continuity of the
mapping ®, and from the fact that g is C', we obtain that y is continuous. Therefore, we can
apply Brouwer fixed point theorem and obtain that y has a fixed point.

Conclusion Assuming that M? is such that M? > 0 and h?(M°,1)3 = 1, we have proved that
the mapping x has a fixed point that we call (M")1<,<n,. Calling (U")1<pn<n, = ®((M")1<n<n,),
(M™)p=1...ny and (U")p=1... N, satisfy (65) and (66). m

Remark 6 FExistence for problem (65)-(66) can also be obtained without (67) and when V is a
local operator, (see §3.4).
4.2 A different fixed point strategy

In the proof of Theorem 5, keeping the strategy unchanged up to Step 3, it is tempting to take
pw=01n (73): in Step 4, we now have to find (M™)1<p<n, such that

M A N .
WTW _ V(Ath+1)i,j . Bi,j(Un—H, Mn-i—l) =0, (77)

with the initial condition M = M°, with h? 3", ; MP; =1 and M° > 0.

If (77) has a unique solution (M");<,<n, € K7, then we have a new mapping (M")1<p<n, —
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(Mn)lénSNT which may have a fixed point. If it is the case, existence for (65) (66) will then be
proved. We are going to show that this strategy is indeed feasible, under a mild assumption on
the time step. In spite of this further assumption, this strategy is interesting because it uses a
discrete weak maximum principle which will be useful for studying uniqueness.
Clearly (77) can be written

M 4 AtAMT M = M (78)

with the notation defined above. We introduce the semi-norm |||W|||:

W = 32 (FWE; + (D5 W) .
.3
From (75) and (51) we deduce that there exists a nonnegative constant o depending only of

| DrU°|| s (in particular independent of (M™),—1 . N, and n) such that for all grid function W,

n v
S WislDaWl, ;- Vg (i, [DAU": )| < SIIWIIE + oW,

ihj

(79)
n v 2 2

(AW, W) = SIWIIIE — o[ W]z.
The latter estimate is a discrete Garding inequality and implies that if cA¢ < 1 then the system
of linear equations (78) has a unique solution.
We now have to prove that M™ > 0, for all n, 1 < n < Np. For a grid function W, denote by
W (resp. W™) the grid function obtained by taking the positive (resp. negative) part of W:
(WH);; = (Wi ;). Let us take Z = =W~ in (51): we have

" _ _ v
(AW ) = [WIP g YW Wimr )™+ g (Wi W)
i,J 1]
Z SIDRW ], - Vg (%‘,p [DhUn]i,j) (80)
Z WEIDAW T, - Vg (xj [DhU”]m-) .
From (79), there exists a nonnegative constant o such that, for all grid function W,

n 12
ECly i3 Va9 (w0 [DRU], ) | < SIW I + oW 3 (81)

On the other hand, from the monotonicity of g, easy algebra shows that for all grid function W,

Z W IDaW ], - Vg (:cj [DhU”]m.) > 0. (82)

From (80), (81) and (82), we see that for all grid functions W,

n - v - -
—(A"W,WT)2 = Sf[[W 117 = oW I3. (83)
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Similarly,

= (Wt =W, ) = (T = (), W) ZW”“ Wiyt

2
1 1
=5 775+ 3 Il - wm—m——HW“ﬂb+§3W“*<W&ﬁ

7.7

1 1 1
e (G e U R (O N e [ [

We deduce from (78), (83) and (84) that

||+ vy 12 - 2ot | @) < [y (85)

If 20 At < 1, then (85) implies that M >0 for all n, 1 < n < N7 as soon as MY > 0.

Remark 7 We have used a weak discrete maximum principle which does not require that the
matrices corresponding to Id + AtA™, n = 1...,Np be diagonal dominant. The latter may
require a much more restrictive assumption on the time step, namely that ozAht < 1 for some
positive «.  On the other hand, if the matrices corresponding to Id + AtA™, n = 1..., N
are diagonal dominant, they are irreducible M-matrices, and we get the stronger property that

M° > 0 implies M™ > 0 for alln, 1 <n < Nr.
The proof that h? E =1, for all n, 1 < n < Nr is obtained exactly as above. We thus

have a new mapping ¥ : ICNT = KNT(M™)1<pneny — (M Ji<n<Ny- The existence of a fixed
point for x is proved as above.

5 A finite difference scheme for problem (4)-(7)

5.1 Description of the scheme

Given M7 we choose the following scheme:

yrtl _pgn,
V(AU )i 4 g(wi, [DAU™ig) = (ValM™HY),
M — M (86)
LA — Al : I/(Ath)i,j + Bi,j(Un, M"™) = 0,
Mj; >0,
form=0,... Ny — 1 and 0 < 4,5 < Np, with
Wy My =1, forn=0,...Ny—1, (87)
and
U5 = (Von(M?), ; = Volmp] (i), (88)

where m}) is the piecewise constant function taking the value M. i(?j in the square |z —x; j|oo < h/2.
We have the analogue of Theorem b5:

Theorem 6 We make the same assumptions as in Theorem 5, and we also assume that V)
satisfies (A1) and (Ag). If MNT >0 and > MNT =1, then (86)-(88) has a solution. There
exists a constant C' independent of h and At such that HDhU”HOo <C.

Proof. Similar to that of Theorem 5. ®m
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5.2 Uniqueness

We slightly modify (86)-(88) in order to obtain uniqueness: we either replace the second equation
in (86) for n = 0 by M? = M, or we replace (88) by

Uy = (Vou(MY), .- (89)

These modifications do not affect the consistency of the scheme. For brevity, we only discuss
the second modification. Let (U", M"),—o,.. N, and o, n)n—O,...,NT be two solutions of (86),
(87), (89). We have
Un—i—l Un—i—l . Ur — ﬁn i n ~
( )A,J ( ) J I/(Ah(U +1_U Jrl))i,j
t (90)

(i, (DU :5) = (i, D05 = (VA" =V

for n =0,... Ny — 1. Multiplying by Z;‘;rl and summing over all 7, j leads to

((UnJrl _ fjn+1) _ (Un _ fjn%Z

)2 . Z/(Ah(Un-l—l B ﬁn+1)72)2

At
+ > (i g, [DAU™ i j) = g(wi g, DU i 5) Zi (91)
i
= (VM = VAT, Z) o =0, Np - L

On the other hand, multiplying the second equation in (86) by W; ; and summing over all i, j
leads to
(M — M™, W)z .
At

+v(M", AW )2 — Z i [DnW]; ;- Vag (@5, [DhU"]i5) =0, (92)

7]
for n =0,... Ny — 1. From this and the similar equation satisfied by M " we obtain
((Mn+1 _ Mn) _ (MnJrl _ Mn% W)2
_l’_
At
—Z SO, - Vg (g, [DAUig) + D M IDAW]; ;- Vg (i (D105 )

7]

0= v((M™ — M™), A,W)s

(93)

forn=0,... Ny — 1. Taking Z = M™** — M™+! in (91) forn=0,... Ny —1 and W = U" — U™
forn=1,..., Ny — 1 and summing leads to
Nr—1 - N ) - N
0= (V M" -V, M”,M”—M”) —(V MY -V Ml,Ml—Ml)
> (VM) = Vi[M™] ,t g (VonlMT] = Vor[M7]

n=1
Np—1

+ Z Z ( 9(@i g, [IDRU™ij) = g (@i j, [DRU]i) — [DR(U™ = U™, ;- Vg (xi,j>[DhUn]i,j)>

2

Nr—1
P> Z 5 (9/@ig, [DAUig) = 9w, [DRT™)ig) = [DA(U™ = T, - Vag(wi s [DAT")ig) )

(94)

from MNT = MM and (89).
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Theorem 7 We make the same assumptions as in Theorem 6. We assume furthermore that
g is conver w.r.t. to (qi,q2,q3,q4), i-e. (Ha), and that the operators Vi, and Vi, are strictly
monotone, i.e.

(ValM] = VAIM], M = M) <0 = Vi[M] = Vi[M],
(Vo] = VoulM], M = 31) <0 = Vou[M] = Vou[M].
There exists a constant o > 0 independent of h such that if 20 At < 1, then (86), (87), (89) has
a unique solution.

Proof. From the convexity of g and the monotonicity assumptions on Vj, and Vjy, the four
terms in the right hand side of (94) vanish, and V;,[M"]| = Vh[M”] foralln =1,...,Np, and
VoMY = Vo,h[]f\\j 1. Since the scheme for U™ is monotone, this implies that U" = U™ for all
n =0,..., Np. Let o be the constant of the Garding inequality (79). Uniqueness for (78) (given
U™) yields that M™ = M" for alln =0,...,Ny. =

6 Numerical simulations

6.1 Long time approximation of the stationary problem

As mentioned in the introduction, we consider a solution (u,m) of (8)-(11) with the Cauchy
data mg and g defined on T2, mg being a probability measure. We e expect that there exist a
C? function u on T?, a function m in WP(T?) and a scalar A such that

lim u(t,z) — Mt = u(x), lim m(t,z) = m(z),

t—o0 t—o0
and [, u = 0. If so, then (u,m,\) is a solution of (1)-(3).
Such long time approximations have been justified for the cell problem in the homogenization
of Hamilton-Jacobi or Hamilton-Jacobi-Bellman equations, see for example [14], [1], [3]. This
approach is close to the so-called eductive strategy in economy. In [6], O. Guéant studies the
eductive stability on some examples where V' has not the monotony property used in Proposition
3 and justifies the approach.
The same long time approximation method may be used at the discrete level. The discrete
version of (8)-(11) is (65)-(66) if an implicit Euler scheme is chosen. A semi-implicit linearized
scheme can be used as well. Both schemes require the numerical solution of a linearized problem.
Linearizing (65)-(66) needs careful computations and is not always possible. In such cases, an
explicit method can be used.

Remark 8 In tests 1, 2, and /4, the Hamiltonian is of the form H(z,p) = |p|® + g(z). In such
cases, as observed in [13], the system (1)-(3) is equivalent to a generalized Hartree equation.

Indeed, introducing ¢ = exp (—%) (exp (—27“))_5 and taking m = @2, the system reduces to

—12A¢ — gp + ¢V [p?] = A\ and m can be written as a function of u.
6.2 Results

In all the problems considered below, the Hamiltonian is of the form H (z,p) = ¥ (z, |p|) and the
discrete Hamiltonian is obtained via a Godunov scheme, i.e

oo v osanan) =6 (/a2 (0524 (@) 4 @)
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A semi-implicit linearized scheme is used and the time step is progressively increased: when the
asymptotic regime is reached, very long time steps (At ~ 1000) have been used. On the other
hand, if the condition m"™*! > 0 is violated, we start back from (u",m™) and decrease the time
step dt™.

Table 1 contains the data of the problems simulated below, i.e. the real number v, the Hamil-
tonian H and the operator V.

Table 1: the real number v, the hamiltonian H and the operator V/

Test v H(z,p) Vm|(x)
1 1 sin(2mry) + sin(2721) + cos(4nzy) + |p|? m?(z)
2 | 0.01 | sin(27z2) + sin(27rxy) + cos(dmzy) + [p|? m?(z)
3 0.1 | sin(2wz2) + sin(27z1) + cos(drzr) + [p|* m?(z)
a=15,369
4 0.1 sin(27wxs) + sin(27z1) + cos(4mwy) + |p|? —log(m(z))

5 0.1 | sin(2rzs) + sin(2rz1) + cos(drz) + [p>/2 | 200 ((1 — A)~H1 — A)~im) ()

6 | 0.001 | sin(2mws) + sin(27mz1) + cos(drzy) + [p|*/2 | 200 (1 — A)7H (1 — A)~Im) (2)

sin(2mxy) + sin(27x1) + cos(4dmay)

.001
7 | 0.00 +(0.6 4 0.59 cos (2mz) ) |p|>/2

200 (1 = A)~1 (1= A)"'m) (=)

8 |0.001 p|? 4 cos(4mx) + m(x)

The contours of the potential x — sin(27xy) + sin(27wz1) + cos(4nxy) are displayed on Figure 1.

6.2.1 Test 1

See Table 1 for the data of the problem. We first check that the long time approximation yields
2

the expected asymptotic behavior. In Figure 2, we plot the graph of hT Z” Uij(t =T), when

the mesh step is h = 1/50; as T tends to infinity, this quantity tends to a constant \p, as

expected. Here, we find that A; ~ 0.9784.

Here V[m](x) = F(m(x)) with F(y) = y? is a nondecreasing function. Such a function is used
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Figure 1: the contours of the potential 2 — sin(27x9) + sin(2wz1) + cos(4mxy) used in tests 1-6.
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Figure 2: Test 1: graph of hTQ > Uij(t =T) for T < 2000, with Nj, = 50
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to model repulsive cases when the players do not like to share their position with others. If v is
not too small, then the players positions should be well distributed, and the density m should
not be strongly localized. In Figure 3, we plot the contours of u; and my; we see indeed that
my, is supported in the whole domain T?. Moreover, from Remark 8 and since v is large enough,
m is a smooth decreasing function of u. This explains why the contour plots of u; and mj, have
the same aspect.

1.
1
1
1.
1.

5 1.

11

1.
1o.
lo

1 o.
0.
0.

1 o.
0.

1 o.
0.

Figure 3: Test 1: the contours of uy(left) and my,(right), with Nj, = 200

Finally, in order to estimate the rate of convergence as h tends to 0, we compare the solutions
with the one obtained with N} = 200 (considered as a fine grid). We compute the errors in
the maximum norm. The graphs of the errors are displayed in Figure 4. The convergence looks
linear.

6.2.2 Test 2

See Table 1 for the data of the problem. Here the value of v = 0.01 is small, so the case is close
to the deterministic limit.

As in Test 1, the solution of the discrete non stationary problem has the expected behavior
for large times. In Figure 5, we plot the graph of hTQ >.:;Uij(t = T), when the mesh step is
h = 1/50; as T tends to infinity, this quantity tends to a constant A, as expected. Here, we
find that A, ~ 1.1885.

In Figure 6, we plot the contours of up and my. Note that the supports of Vuy and of my
tend to be disjoint for such a small values of v. This is coherent with the results concerning the
deterministic limit in [13], see also § 6.2.8 below for more details. This test confirms the fact
that the method is robust for small values of v.

6.2.3 Test 3

In Figure 7, we compare my, for different values of o (see Table 1). We see that the variations
of my, become stiffer as o grows.
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Figure 6: Test 2: the contours of uj(left) and my,(right), with Nj, = 200

</\/ K

Figure 7: Test 3: contours of my: comparison for o = 1.5 (top-left), a = 3 (bottom-left), o = 6
(top-right), a = 9 (bottom-right)
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6.2.4 Test 4

See Table 1 for the data of the problem. Here V|m|(z) = F(m(z)) with F(y) = —log(y). By
contrast with tests 1 and 2, F' is a decreasing function. Such a function F' is used to describe
situations when the agents are gregarious, i.e. they like to all be in the same position. O.
Guéant proved results concerning the eductive stability in close cases, see [6]. Indeed, as shown
in Figure 8, the solution of the discrete non stationary problem has the expected behavior for
large times.

0.5 “mean_8_200" ——
-1
1.5
-2
-2.5 \\

0 100 200 300 400 500 600 700 800 900
Figure 8: Test 4: graph of hTQ > Uij(t =T) for T <900, with N, = 100

In Figure 9, we plot the contours of up and my. Note that the measure my concentrates near
the minimum of uy, i.e. the players take positions close to each other.

Figure 9: Test 4: the contours of uj(left) and my,(right), with N, = 100
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6.2.5 Test 5

See Table 1 for the data of the problem. By contrast with the previous cases, the operator V
is nonlocal. At the discrete level, applying V' is done by solving a system of linear equations.
Alternatively, a method based on fast Fourier transform could be used. In Figure 10, we plot
the contours of uy and my,.

7
5
5
5
5 -
4
5
3
5
2
1
5

e B w A~ o

Figure 10: Test 5: the contours of up(left) and my,(right), with N, = 100

6.2.6 Test 6

See Table 1 for the data of the problem. Compared to Test 5, we keep everything unchanged,
except that we now take v = 0.001. In Figure 11, we plot the graphs of uj and mj. We see that
uy, is not better than Lipschitz continuous and that my, is close to a sum of two Dirac masses
located at the minima of uy,.

"u.gpt —— "mgp" ——

/,’///// X
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7

Figure 11: Test 6: the graphs of uy(left) and my (right)
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6.2.7 Test 7

See Table 1 for the data of the problem. Compared to Test 5, we keep everything unchanged,
except that the Hamiltonian strongly couples x and p. In Figure 12, we plot the contours of up
and myp,.

Figure 12: Test 7: the contours of up(left) and my,(right), with N}, = 100

6.2.8 Test 8: the deterministic limit

See Table 1 for the data of the problem. In [13], it is proved that if H(x,p) > H(x,0) = 0 and
if V[m] = F(m) + fo(z) where F’ > 0, then calling \, u,, myu the solution of (1), (2), (3),

lim (A, m,) = (X, ),

vV—

where N
m(x) = (Ffl()\ - fo(w))> and mdzx = 1.
’]I‘Q
To illustrate this property, we choose

v =0.001, H(z,p)=|p]*, V[m](z)=4cos(4rz)+ m.

In Figure 13, we plot the graphs of u;, and mj,. We obtain that m(z) &~ (A — 4 cos(47z)) ", as
expected. We also see that the supports of Vu and of m are disjoint.
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