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In this paper, we consider a mean-field stochastic differential equa-
tion, also called the McKean—Vlasov equation, with initial data (¢,x) €
[0, T] x RY, whose coefficients depend on both the solution Xé’x and its
law. By considering square integrable random variables £ as initial condi-

tion for this equation, we can easily show the flow property of the solution

X, Pe

Xé’g of this new equation. Associating it with a process X which co-

incides with va’s, when one substitutes & for x, but which has the advan-

tage to depend on & only through its law Pg, we characterize the function

Vt,x, Pg)= E[CD(XtT’x’Ps, PX,,E)] under appropriate regularity conditions
T

on the coefficients of the stochastic differential equation as the unique clas-
sical solution of a nonlocal partial differential equation of mean-field type,
involving the first- and the second-order derivatives of V' with respect to its
space variable and the probability law. The proof bases heavily on a pre-
liminary study of the first- and second-order derivatives of the solution of
the mean-field stochastic differential equation with respect to the probabil-
ity law and a corresponding Itd formula. In our approach, we use the notion
of derivative with respect to a probability measure with finite second mo-
ment, introduced by Lions in [Cours au College de France: Théorie des jeu a
champs moyens (2013)], and we extend it in a direct way to the second-order

derivatives.
CONTENTS
CIntroduction ... L L L L e 825
. Preliminaries . . . . . . ... e 828
The mean-field stochastic differential equation . . . . . .. ... ... ... . ... ..... 835
. First-order derivatives of X™Ps . 838
. Second-order derivatives of X' Ps . 853
. Regularity of the value function . . . ... ... ... ... ... ... . . .. . ... 863

Received October 2014; revised October 2015.

lSupported by the NSF of P. R. China (Nos. 11071144, 11171187, 11222110), Shandong Province

(Nos. BS2011SFO010, JQ201202), Program for New Century Excellent Talents in University (No.
NCET-12-0331), 111 Project (No. B12023).

MSC2010 subject classifications. Primary 60H10; secondary 60K35.
Key words and phrases. Mean-field stochastic differential equation, McKean—Vlasov equation,

value function, PDE of mean-field type.

824


http://www.imstat.org/aop/
http://dx.doi.org/10.1214/15-AOP1076
http://www.imstat.org
http://www.ams.org/mathscinet/msc/msc2010.html

MEAN-FIELD SDES AND ASSOCIATED PDES 825

7. 1t6 formula and PDE associated with mean-field SDE . . . . . ... ... .......... 870
Acknowledgments . . . . . ... e 877
References . . . . . . . . . . . e 877

1. Introduction. Given a complete probability space (2, F, P) endowed
with a Brownian motion B = (B;);c[o,7] and its filtration F = (F;);c[0,7] aug-
mented by all P-null sets and a sufficiently rich sub-o-algebra Fy independent
of B, we consider the mean-field stochastic differential equation (SDE), also
known under the name of McKean—Vlasov SDE,

0 dXg* =0 (X", Pyx) dBs +b(X0™, Pyrx)ds,
' sel, T, X' =x e R,

It is well known that under an appropriate Lipschitz assumption on the coeffi-
cients this equation possesses for all (¢, x) € [t, T] x RY a unique solution X ;’X, s €
[0, T]. For the classical SDE whose coefficients o (x, i) = o (x), b(x, ) = b(x)
depend only on x € RY but not on the probability measure s, it is well known
that the solution X ;,x ,0<r<s<T,xeR? defines a flow and, if the coefficients

are regular enough, the unique classical solution of the partial differential equation
(PDE)

9V (t,x)+ str(co*(x)DIV (¢, x)) + b(x) D,V (t, x) =0,
(1.2) (t,x) € [0, T] x R,

V(T, x) = ®(x), x e RY,

is V(t,x) = E[®(X7)], (t,x) € [0,T] x R?. But how about the above SDE
whose coefficients depend on (x, u) € R? x P,(R?), where P,(R¥) denotes the
space of the probability measures over R? with finite second moment? Of course,
for an SDE with coefficients depending on (x, u) the solution X1*,0 <s <7 <
T,x € R%, does obviously not define a flow. But we see easily that, if we replace
the deterministic initial condition X\* = x € R? by a square integrable random

variable X* = £ € L2(F;; RY) (:= L2(Q, F,, P; R%)) and consider the SDE

dXy¥ =0 (X%, Pyis) dBs +b(X[5, Pyic)ds,

(1.3)

selt, T, X" =¢ eRd
(where, obviously, in general, X§ = X'*| x=¢), then we have the flow property:
Forall 0 <t <s <T and & € L2(F;: RY) it holds X2 = X'%, r e [s, T], for
n= X?E. This flow property should give rise to a PDE with a solution V (¢,&) =
E[®d(X ’T’S, PXt,g)], but the fact that £ has to belong to L2(F;: R9) has the conse-

T

quence that V (¢, £) has to be considered over the Hilbert space L?(F; R), which
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because of the absence of second-order Fréchet differentiability even in simplest
examples makes such PDE difficult to handle. As an alternative, we associate with
the above SDE for X”¢ the equation

dX;*% = o (X[5%, Pyie) dBs +b(X[™%, Pyis)ds,
(1.4)
selt,T], X" =x e R,

It turns out (see Lemma 3.1) that Xﬁ’x’PE = Xﬁ’x’s,s € [t, T], depends on & €

L2(F;: RY) only through its law Pe, X7¢ = X0 | ¢, and (Xp°7%, x1%),0 <
t<s<T,E€ Lz(]-',; ]Rd), has the flow property.

The objective of our manuscript is to study under appropriate regularity as-
sumptions on the coefficients the second-order PDE which is associated with this
stochastic flow, that is, the PDE whose unique classical solution is given by the
function

V(t.x, P = E[0(X7", Pye)],

(1.5)
(t,x) € [0, T] x R, & € L2(F;; RY).

The function V is defined over [0, T] x R? x PQ(R"), and so the study of the
first- and the second-order derivatives with respect to the probability law will play
a crucial role. In our work, we have based ourselves on the notion of derivative of
a function f : P>(R%) — R with respect to a probability measure z, which was
studied by Lions in his course at College de France [17] (the reader is also referred
to the notes on this course, redacted by Cardaliaguet [6]). The derivative of f with
respect to w is a function 9, f : Pr(RY) x RY — R? (see Section 2). The main
result of our work says that, if the coefficients b and o are twice differentiable
in (x, ) with bounded Lipschitz derivatives of first and second order, then the
function V (¢, x, Pg¢) defined above is the unique classical solution of the following
nonlocal PDE of mean-field type (see Theorem 7.2):

d
WVt x, Pe)+ Y 0y V(t,x, Po)bi(x, P)
i=1

d
+% > afiij(z,x,Pg)(o,-,kaj,k)(x,Pg)
i,jk=1
d
(1.6) +ELY (@, V)i(t, x, Pe, £)b; (€, Ps)
i=1

1
+5 Z dy, (0, V) j(t, x, Pe, &) (0ik0j 1), Ps)p =0,
i) jk=1

V(T, x, Ps) = ®(x, Pe),
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with (t, x, P¢) € [0, T] x R? x Po(RY). We see in particular that, in contrast to the
classical case, the derivative 9, V (¢, x, Pz, y) and, as a second-order derivative, the
derivative of 9,V (¢, x, Pg, y) with respect to y are involved.

Mean-field SDEs, also known as McKean—Vlasov equations, were discussed
the first time by Kac [13, 14] in the frame of his study of the Boltzman equa-
tion for the particle density in diluted monatomic gases as well as in that of the
stochastic toy model for the Vlasov kinetic equation of plasma. A by now classi-
cal method of solving mean-field SDEs by approximation consists in the use of
so-called N-particle systems with weak interaction, formed by N equations driven
by independent Brownian motions. The convergence of this system to the mean-
field SDE is called in the literature propagation of chaos for the McKean—Vlasov
equation.

The pioneering works by Kac, and in the aftermath by other authors, have at-
tracted a lot of researchers interested in the study of the chaos propagation and
the limit equations in different frameworks; for getting an impression we refer the
reader, for instance, to [1, 3, 10-12, 15, 18-20] and [21] as well as the references
therein. With the pioneering works on mean-field stochastic differential games by
Lasry and Lions (we refer to [16] and the papers cited therein, but also to [6]), new
impulses and new applications for mean-field problems were given. So recently,
Buckdahn, Djehiche, Li and Peng [4] studied a special mean field problem by a
purely stochastic approach and deduced a new kind of backward SDE (BSDE)
which they called mean-field BSDE; they showed that the BSDE can be obtained
by an approximation involving N-particle systems with weak interaction. They
completed these studies of the approximation with associating a kind of central
limit theorem for the approximating systems and obtained as limit some forward-
backward SDE of mean-field type, which is not only governed by a Brownian
motion but also by an independent Gaussian field. In [5], deepening the investi-
gation of mean-field SDEs and associated mean-field BSDEs, Buckdahn, Li and
Peng generalized their previous results on mean-field BSDEs, and in a “Marko-
vian” framework in which the initial data (¢, x) were frozen in the law variable of
the coefficients; they investigated the associated nonlocal PDE. However, our ob-
jective has been to overcome this partial freezing of initial data in the mean-field
SDE and to study the associated PDE, and this is done in our present manuscript.
Our approach is highly inspired by the courses given by Lions [17] at College de
France (redacted by Cardaliaguet [6]) and by recent works of Bensoussan, Frehse,
Yam [2] and Carmona and Delarue, who directly inspired by the works of Lasry,
Lions [16] and the courses of Lions [17], translated his rather analytical approach
into a stochastic one; let us cite [8, 9] and the references indicated therein.

Let us describe the organization of our manuscript and link this description with
the explanation of the novelty in our approach:

In Section 2, “Preliminaries,” we introduce the framework of our study. Partic-
ular attention is paid to a recall of Lions’ definition of the derivative of a function
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defined over the space of probability measures over R¢ with finite second mo-
ment. On the basis of this notion of first-order derivatives, we introduce in exactly
the same spirit the second-order derivatives of such a function. The first- and the
second-order differentiability of a function with respect to a probability measure
allows in the following to derive a second-order Taylor expansion (Lemma 2.1)
which is new and turns out to be crucial in our approach. We give an example
(Example 2.3) which shows that, in general, even in the most regular cases, the
functions lifted from the space of probability measures with finite second moment
to the space of square integrable random variables are not twice Fréchet differen-
tiable on LZ, but well twice differentiable with respect to the probability measure.
To the best of our knowledge, the passage to higher order derivatives with respect
to the measure, the second-order Taylor expansion with respect to the measure and
Example 2.3 are new. They constitute the crucial paves in our approach, in par-
ticular also for the derivation of the It6 formula for mean-field 1t6 processes (see
Theorem 7.1 in Section 7).

In Section 3, we introduce our mean-field SDE with our standard assumptions
on its coefficients [their twice fold differentiability with respect to (x, u) with
bounded Lipschitz derivatives of first and second order], and we study useful prop-
erties of the mean-field SDE. A crucial step in our approach constitutes the splitting
of mean-field SDE (1.1) into (1.3) and (1.4)—a system of mean-field SDEs which,
unlike (1.1), generates a flow. The flow concerns the couple formed by the state
and by the law of the process. Such a splitting for the study of mean-field SDEs is
novel.

A central property studied in Section 4 is the differentiability of its solution
process X' P with respect to the probability law P:. The identification of the
derivative of X"*-% with respect to the probability law and the equation satisfied
by it are new, to the best of our knowledge. The investigations of Section 4 are com-
pleted by Section 5, which is devoted to the study of the second-order derivatives
of X"*F¢ and so namely for that with respect to the probability law. The first- and
the second-order derivatives of X’*-* are characterized as the unique solution of
associated SDEs which on their part allow to get estimates for the derivatives of
order 1 and 2 of X" The results obtained for the process X’*>%% and so also
for X»§ in the Sections 3—5 are used in Section 6 for the proof of the regularity of
the value function V (¢, x, P¢). Finally, Section 7 is devoted to a novel Itd formula
associated with mean-field problems, and it gives our main result, Theorem 7.2,
stating that our value function V is the unique classical solution of the PDE (1.6)
of mean-field type given above.

2. Preliminaries. Let us begin with introducing some notation and con-
cepts, which we will need in our further computations. We shall in particular
introduce the notion of differentiability of a function f defined over the space
P> (R?) of all probability measures @ over (R4, B(RY)) with finite second mo-
ment [pa |x|> e (dx) < oo [B(R?) denotes the Borel o-field over R?]. The space
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P, (R2?) is endowed with the 2-Wasserstein metric

1/2
Wageov)i=inf{ ([ lx=yPpwrdy) . pePa(¥)
R4 x R4
2.1
with p(- x RY) = p, p(R? x-)=v}, 1, v € Py(RY).

Among the different notions of differentiability of a function f defined over
P> (R4), we adopt for our approach that introduced by Lions [17] in his lectures at
College de France in Paris and revised in the notes by Cardaliaguet [6]; we refer
the reader also, for instance, to Carmona and Delarue [9]. Let us consider a proba-
bility space (€2, F, P) which is “rich enough” (the precise space we will work with
will be introduced later). “Rich enough” means that for every u € P, (RY) there
is a random variable ¢ € L2(F; RY)(:= L*(Q, F, P; R%)) such that Py = w. Itis
well known that the probability space ([0, 1], B([0, 1]), dx) has this property.
Identifying the random variables in L*(F; R?), which coincide P-a.s., we can
regard L2(F;R%) as a Hilbert space with inner product (§,n);2 = E[§ -n], &, n €

L*(F;R%), and norm |£| 2 =1(,§ )1/ ’ Recall that, due to the definition made

by Lions [6] (see Cardahaguet [7]), a function f : P> (RY) — R is said to be dif-
ferentiable in pu € P> (R?) if, for f(z?) = f(Py), U € L2(F R?), there is some
90 € L*(F; RY) with Py, = , such that the function f : L?(F; R?%) — R is dif-
ferentiable (in Fréchet sense) in vy, that is, there exists a linear continuous mapping
D (%) : LA(F;RY) — R (D f () € L(Lz(}"; R4); R)) such that

2.2) F@o+m) — F(¥0) = D)) + o(Inl2),

with |5|,;2 — 0 for n € L2(F; RY). Since D f (99) € L(L*(F; R%); R), Riesz’ rep-
resentation theorem yields the existence of a (P-a.s.) unique random variable 6y €
L2(F; R?) such that D f(90)(n) = (6o, n) ;2 = E[6on], for all n € L2(F;R%). In
[17] (see also [6]), it has been proved that there is a Borel function A : R — R4
such that 6y = ho (), P-a.s. The function /g only depends on the law Py, but not
on By itself. Taking into account the definition of f, this allows to write

(2.3) F(Py) — f(Psy) = E[ho(D0) - (¥ — D0)] + o(|? — Dol2),
¥ € L2(F; RY).

We call 0, f(Py,,y) :==ho(y),y € R4, the derivative of f: Pr(RY) — R at
Py,. Note that 9, f (Py,, y) is only Py,(dy)-a.e. uniquely determined.

However, in our approach we have to consider functions f : P (R9) — R which
are differentiable in all elements of P>(R?). In order to simplify the argument,
we suppose that f : L>(F; RY) — R is Fréchet differential over the whole space
L%(F;R%). This corresponds to a large class of important examples. In this case,
we have the derivative 3, f (Py, y), defined Py (dy)-a.e., for all & € L>(F; R?).
In Lemma 3.2 [9], it is shown that, if, furthermore, the Fréchet derivative D f :
L*(F; R?) — L(L*(F;R%), R) is Lipschitz continuous (with a Lipschitz constant
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K € R,), then there is for all ¢ € Lz(]-"; Rd) a Py-version of 9, f(Py, -) ‘RY —
R4 such that

10, f(Py,y) =0, f(Py,y)| <Kl|y—y

This motivates us to make the following definition.

, forall y, y' e RY.

DEFINITION 2.1. We say that f € C,}’l (P2(RY)) [continuously differentiable
over P»(R?) with Lipschitz-continuous bounded derivative], if there exists for all
¥ € L2(F:R%) a Py-modification of Ou f(Py,-), again denoted by 0, f(Py, ),
such that 9, f : P> (Rd) x R? — R4 is bounded and Lipschitz continuous, that is,
there is some real constant C such that:

@) 10 f(u,x)|=C,ue Pr(RY), x € RY;
(ii) dlauf(u,X) — O f (W, x| < C(Walp, ') + |x —x'), o, 1/ € Pa(RY), x,
x' e RY;

we consider this function 9, f as the derivative of f.

REMARK 2.1. Let us point out that, if f € CZ’I(PZ(R‘J)), the version of
ouf(Py,-), 0 e LZ(}" ; Rd), indicated in Definition 2.1 is unique. Indeed, given
U € L2(.7-" ; Rd), let & be a d-dimensional vector of independent standard nor-
mally distributed random variables, which are independent of ¢*. Then, since
Ouf(Pyteo, VU + €0) is only P-a.s. defined, 0, f(Py4e0,y) is determined only
Py +c0(dy)-a.s. Observing that the random variable ¥ 4 €0 possesses a strictly pos-
itive density on R, it follows that Py .4 and the Lebesgue measure over R¢ are
equivalent. Consequently, 9, f (Py1¢g, y) is defined dy-a.e. on R<. From the Lip-
schitz continuity (ii) of 9, f in Definition 2.1, it then follows that 9,, f (Py4¢0, y)
is defined for all y € R?, and taking the limit 0 < & | 0 yields that O f(Py,y)is
uniquely defined for all y € RY.

Given now f € C;’I(PQ(RLI)), for fixed y € R4 the question of the differen-
tiability of its components (3, f);(-, y) : PR - R, 1 < j <d, raises, and
it can be discussed in the same way as the first-order derivative 9, f above. If
@uf)jC,y): Pr(RY) — R belongs to C;’l(Pz(Rd)), we have that its derivative
3 (@ )G yNE, ) Pa(RY) x R? — R is a Lipschitz-continuous function, for
every y € R?. Then

0 f (s, 3) = (0 (@ ) G )1 )y < g
(1, x,y) € P2(RY) x RY x R,
defines a function Bi f:Pr(RY) x R x R4 — R4 @ RY.

2.4)

DEFINITION 2.2.  We say that f € ;' (P2(R%)), if f € Cp' (P2(R)) and:
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D @uf);C.y) € Cp (P2RY), for all y e R4 1 < j <d, and 32f :
Pr(RY) x R? x RY - R? @ R? is bounded and Lipschitz-continuous;

(i) 8, f(u,-) : RY — R? is differentiable, for every u € P»(RY), and its
derivative 3,3, f : P2(RY) x R? — R? ®@R? is bounded and Lipschitz-continuous.

Adopting the above introduced notation, we consider a function
f e CZ’I(PQ (R%)) and discuss its second-order Taylor expansion. For this end,
we have still to introduce some notation. Let (2, F, P) be a copy of the prob-
ability space (€2, F, P). For any random variable (of arbitrary dimension) ¢
over (£, F, P), we denote by 9 a copy (of the same law as ¢, but defined
over (Q .7-" P) P = Py. The expectation E [1=[a()d P acts only over the
variables endowed with a tilde. This can be made rigorous by working with
the product space (£2, F, P) ® (Q, F, P) (Q,F, P)® (2, F, P) and putting
15‘(0) w) = (®), (®, w) € Q x Q=Q x Q, for ¥ random variable defined over
(2, F, P)). Of course, this formalism can be easily extended from random vari-
ables to stochastic processes.

With the above notation and writing a @ b := (a;bj)1<i, j<d, for a = (a;)1<i<d,
b=(bj)1<j<d € R4, we can state now the following result.

LEMMA 2.1, Let f € Cp (P2(RY)). Then, for any given 9o € L2(F; RY) we
have the following second-order expansion:

f(Py) — f(Pyy)
= E[0,.f (Py,. 90) - n] + 3 E[E[tx(d], f (Py,. Bo. 90) - 71 @ n)]]
+ S E[tr(dy3,, f (P, D0) - n ® )] + R(Py, Py,),
0 € L2(F; RY),

(2.5)

where n := 0 — Vg, and for all v € L2(F: RY) the remainder R(Py, Py,) satisfies
the estimate

06 |[R(Py, Pyy)| < C((E[I? = 90l + E[I? = 90l’])
| < CE[|9 —9ol*].

The constant C € Ry only depends on the Lipschitz constants of 83 fand 9,0, f.

We observe that the above second-order expansion does not constitute a second-
order Taylor expansion for the associated function f : L>(F:R?%) — R, since the
remainder term E[| — 190|3 Al — 190|2] is not of order o(|¥} — 190|i2)- Indeed, as
the following example shows, in general we only have E[|9 — 99|> A |9 — 99|*] =
0 (19 —dol7,).



832 BUCKDAHN, LI, PENG AND RAINER

EXAMPLE 2.1. Let ¢y = I4,, with Ay € F such that P(A;) — 0, as £ — oo.
Then ¥ — 0 in L2(£ — 00), and E[|9¢[* A [9¢*] = P(A¢) = E[07] = |9el3, >
0 (£ — 00).

If we had in Lemma 2.1 a remainder R(Py, Py,) = o(|t — 190|%z)7 this would
suggest that f (¢) = f(P;) is twice Fréchet differentiable at ¥o. But however, as
the following Example 2.3 shows, even in easiest cases f is not twice Fréchet
differentiable.

However, for our purposes the above expansion is fine.

PROOF OF LEMMA 2.1. Let 9y € L2(F; R9). Then, for all 9 € L2(F;R%),
putting n := v — ¥y and using the fact that f € CZ’I(PQ (R%)), we have

1 d
F(Py) — f(Pyy) = / 2 Pogian)
2.7) 0

1
— fo E[3,.f (Poysn> B0+ An) - n] dA

Let us now compute j_}\aﬂf(PﬁOJ,_)Ln, Yo+ An). Since f € Ci’l(Pz(Rd)), the lifted
function 9, f(£,y) = 3, f (Pe, y), £ € L>(F; RY), is Fréchet differentiable in £,
and

d

d ~
29 d_)\'a/lf(Pﬁ()—H\n» y)=d—)hauf(l90+)»77, y)

= E[0, f (Poyt D0 + 2. ) - ],
r e R, RS R¢. Then, choosing an 1ndependent copy (&, 99) of (¥, 190) defined
over (2, F, P) (i.e., in particular, P(ﬁ 55) = P(9,90)), we have for 77 := =19 — 9,

d - i
T (Pogrn, ¥) = E[0 f Py, Do + 23, ) - 7],

(2.9)
reR,yeR?,

Consequently,

d ~ ~ ~ o~

_auf(Pﬂ(H—M)a Yo+ An) = E[aif(Pﬁo—H»n, Yo + AN, Do + An) - 77]

dxr
(2.10)

+ 9y f (Pyg+an, Do+ An) - 1.

Thus,

f(Py) — f(Py,)

1
:/0 E[8,. f (Pogtay, Do + An) - n]da
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= E[3, f (Py,. Vo) - 1]
@1+ / / [—auf<Pﬂo+pn, 90+ pu) -] dp da
= E[0,.f (Py,. Do) - 1]

1
+ [ [ Ele@,8,0f Py 20+ 1) - n@n)] do

+f f E[tr(3;, f (Pogrpn» Do+ 1, Do + p1) - T @ )] ] dp .
From this latter relation, we get
f(Py) — f(Pyy)
(2.12) = E[3,f(Pyy. Do) - 0] + SE[E[tr(3 f (Pyy, Do, P0) - 1 ® )]
+ %E[tr(ayauf(Pz?Oa Do) -1 ®n)] + Ri(Py, Py,) + Ra(Py, Py,),

with the remainders

Ri(Py. Py,) = / / E[tr((02 £ (Pogpn» B0 + P, B0 + 1)
(2.13)
— 95 f (Pyg, D0, 90)) - 71 @ n) ] dp dA
and
1 A
Ry(Py. Py,) = / / E[tr((3y0, f (Pogspm D0+ p1)
(2.14) 070

- ayauf(Pﬂ(), 190)) ne 77)] dpdh.

Finally, from the boundedness and the Lipschitz continuity of the functions 8& f
and 0,9, f we conclude that, for some C € R only depending on aﬁ f.0y0, f,
|R1(Py, Pyy)| < C(E[In|*])*/?, while |Ra(Py, Py,)| < C(EIn*)*/? + CE|nl>.
This proves the statement. [

Let us finish our preliminary discussion with two illustrating examples.

EXAMPLE 2.2. Given two twice continuously differentiable functions /4 :
R? - R and g : R — R with bounded derivatives, we consider f(Py) =
g(E[h(®)]), ® € L2(F; R?). Then, given any 9 € L2(F; RY), f(9) := f(Py) =
g(E[h(v)]) is Fréchet differentiable in 99, and

- - 1
Fdo+m — F(o0) = fo ¢/ (E[h(®0 +sm)])E[' Do + sm)n] ds

=g (E[h®0)])E[h' ®o)n] + o(Inl2)
= E[g'(E[h®0)])h' @o)n] + o(Inl.2).
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Thus, D f(90)(n) = E[g'(E[h(90)])d,h(90)n], n € L>(F; RY), that is,

. f (Poy, y) = &' (E[h(00)]) @yh) (),  yeR%

With the same argument, we see that

0% f (P, x,y) = g" (E[h(90)]) (9:h) (x) ® (dyh) ()

and

0y, f (Pyg, y) = &' (E[h(30)]) (97h) ().

Consequently, if g and 4 are three times continuously differentiable with bounded
derivatives of all order, then the second-order expansion stated in the above
Lemma 2.1 takes for this example the special form

g(E[h(M)]) — g(E[h(M0)])
=g (E[h(¥0)]) E[0yh (D) - (¥ — Do)]
+ 38" (E[h®0)]) (E[3,h () - (@ — 90)])°
+ §g (E[h(z?o)])E[tr(ayz,h(ﬁo) (9 = 90) ® (¥ — V)]
+O((E[I9 — 90l2])* + E[19 — 90l?)).
EXAMPLE 2.3.  Let us consider a special case of Example 2.2. For d = 1, we
choose g(x) = x,x € R, and h(x) = ¢'*,x € R. Then f () = f(Py) = gy (1) =
E[e'?] is just the characteristic function of @ at 1. Let ¥ € L%(F;R) be arbitrary
and A € F independent of Uo. Weput = I and ¢ = ¥ + n. Obviously, the first-

order Fréchet derivative of f at ¥g is Dy f (Wo)(n) =iEle Doy, and if f were
twice Fréchet differentiable we would have

Dj f(90) (1. 1) = Dy [ Dy F()] () l9=, = —E[e"™]n*.
Then
R(Py, Py,) = () = [F(90) + Dy F (o) () + 3 D} f B0)(n, )]
= E[e™ (" —[L+in— 3n°])] = E[e"(¢ — (3 +1))1a]
=(e' = (3 +1)po(DP(A) = (¢' — (3 +1))ps,(DInl72.

as |n|;2 = P(A)Y/2 — 0. But this means that f~ is not twice Fréchet differentiable
in ¥g, and taking into account the arbitrariness of ¢ € L2(F:R), we see that fis
nowhere twice Fréchet differentiable.
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3. The mean-field stochastic differential equation. Let us now consider a
complete probability space (€2, F, P) on which is defined a d-dimensional Brow-
nian motion B(= (B!,..., BY)) = (Br)tefo,11, and T > O denotes an arbitrarily
fixed time horizon. We suppose that there is a sub-o-field Fy C F such that:

(i) the Brownian motion B is independent of Fy, and
(ii) Fo is “rich enough,” that is, P>(RF) = { Py, ¥ € L*(Fo; R¥)}, k> 1.

By F = (F¢):eq0.7] we denote the filtration generated by B, completed and aug-
mented by Fy.

Given deterministic Lipschitz functions o : R x P(RY) — R4*4 and b :
RY x Pz(Rd) — R4, we consider for the initial data (tr,x) € [0, T] x RY and
£ € L2(F;; RY) the stochastic differential equations (SDEs)

S N
Xé’g =§ +/ U(Xi’g’ Px’f)dBr +f b(Xi’g’ PX"E)dr’
t r t "
G.1)
s€t,T],

and

s N
X =x +/ o (Xp, Pyrs)dB; +/ b(X}E, Pyi)dr,
(3.2) ' t
selt,T].

We observe that under our Lipschitz assumption on the coefficients the both SDEs
have a unique solution in S2([¢, T]; RY), the space of F-adapted continuous pro-
cesses ¥ = (Yy)sepr, 71 With the property E[sup,eps 77 |YS|2] < +00 (see, e.g., Car-
mona and Delarue [9]). We see, in particular, that the solution X’ £ of the first
equation allows to determine that of the second equation. As SDE standard esti-
mates show, we have for some C € R depending only on the Lipschitz constants
of o and b,

2

9’

(3.3) E[ sup |X0€ - Xt P < Clx -
seln,T] *

forallt € [0, T], x, x' € RY, £ e L*(Fy: R?). This allows to substitute in the sec-
ond SDE for x the random variable & and shows that X’*§| x=¢ solves the same
SDE as X'*¢. From the uniqueness of the solution, we conclude

(3.4) Xt e =X, selr, Tl
Moreover, from the uniqueness of the solution of the both equations we deduce the
following flow property:

t,x,€ Xj;é

. 1,§
(3.5) (x5 Xs CXSXT) = (x5 x5S, rels, T,



836 BUCKDAHN, LI, PENG AND RAINER

forall 0 <t <s <T,x e R E e L2(F;RY). In fact, putting n = X'° €
L*(Fs; RY), and considering the SDEs (3.1) and (3.2) with the initial data (s, y)
and (s, n), respectively,

r r
X5 =n —i—/ o (X", Pysn)dBy —I—/ b(X", Pysn)du, rels, T],
N N
and

r r
X5yn :y—i—/s o (X;¥", Pysn)d By —i—/s b(X 7", Pysn)du, rels, T],

we get from the uniqueness of the solution that X = Xi’s, r €[s, T], and, con-

s,Xé’X’E,n _ ytx,& .
sequently, X = X,7°, r elt, T], that is, we have (3.5).
Having this flow property, it is natural to define for a sufficiently regular function
@ : R x P(R?) — R an associated value function

V(t,x,8) = E[0(X"%, Poe)],
(3.6) !

(t.x) €10, T1 x R?, § € L*(F; RY),
and to ask which PDE is satisfied by this function V. In order to be able to answer
this question in the frame of the concept, we have introduced above, we have to
show that the function V (¢, x, &) does not depend on £ itself but only on its law
Pg, that is, that we have to do with a function V : [0, T'] x R? x P, (R?) — R. For
this, the following lemma is useful.

LEMMA 3.1. Forall p > 2, there is a constant C), € Ry only depending on
the Lipschitz constants of o and b, such that we have the following estimate:

(3.7) E[ s[upT]|X§’x1’5‘ - X;%&V’] < Cp(Ix1 — x2|” + Wa(Ps,, Ps,)P),
sE|t,

forallt €[0,T], x1,x2 € R, &1, & € L2(Fy; RY).

PROOF. Recall that for the 2-Wasserstein metric W5 (-, -) we have

Wa(Py, Pg) = inf{(E[|9" — 6'|*])"/?, forall 9',6' € L*(Fo; RY)
(3.8) with Py = Py, Py = P@}
<(E[l9 —0P])"*  forall 9,0 € L>(F;RY),

because we have chosen Fy “rich enough”. Since our coefficients o and b are
Lipschitz over R? x P, (IR?), this allows to get with the help of standard estimates
for the SDEs for X§ and X"*¢ that, for some constant C € R, only depending
on the Lipschitz constants of o and b,

E[ sup |Xt5 — x19*] < CE[lg1 — &1,
s€(t,T]
3.9
£1,6 € L2(Fi; RY),t €0, T],
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and, for some C, € R depending only on p and the Lipschitz constants of the
coefficients,

E[ sup |X1161 _X;,quéz’p]
se(t,v]

(3.10) .
< Cp(|X1 — x2|? +/ WQ(PXt,El , PXt,gz)pdr>,
t r r

for all x1,x, € RY, 1,6 € L*(F; Rd), 0 <t <v <T. On the other hand, from
the SDE for X"*¢ we derive easily that X"*¢ (:= X"*¥|,_¢) obeys the same
law as X8 (= X'%8| _¢), whenever £, £ € L2(F;: R9) have the same law. This
allows to deduce from the latter estimate, for p =2,

sup WZ(PX?EI s PX?Sz)Z

s€lt,v]
G < sup E[XC - x0ERP < B[ sup (x0T - x

s€(t,v] s€E[t,v]

é,éﬁ,éz |2]

v
SC(E[|éi—éﬁ|2]+ / Wz(Pxﬁ,a,PX;.mzdr), velrT],

for all &, &, € L2(F;: RY) with Pff = P, and sz/ = Pg,. Hence, taking at the
right-hand side of (3.11) the infimum over all such 5{, Sé e L*(F;; R?) and con-
sidering the above characterization of the 2-Wasserstein metric, we get

sup Wa(P e, Poisy)?
s€(t,v] X5t Xy

(3.12) .

< C<W2(P,§1, P’ + / Wa(P s PX,,EZ)er>,

t r r

v € [t, T]. Then Gronwall’s inequality implies

sup Wa(Pis, Prey)” < CWa(Py, Pey)’,

E[Z,T] s s
(3.13) '

t €10, T, 61,6 € L*(Fis RY),

which allows to deduce from the estimate (3.10)

(3.14) E[ s[upT]|X§’x1’§1 - X;’x2’52|”] < Cp(lx1 — x2|” + Wa(Pg,, Psy)?P),
se(t,

forallz € [0, T, x1, x2 € RY, £&1,6 € Lz(]-",; ]Rd). The proof is complete now. [

REMARK 3.1. An immediate consequence of the above Lemma 3.1 is that,
given (¢, x) € [0, T] x R?, the processes X"*-51 and X'*%2 are indistinguishable,
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whenever the laws of & € L*(F;; RY) and & e L2(F;; RY) are the same. But this
means that we can define

(3.15)  X'Pe .= xIEE, (t,x) €[0,T] x R, £ € L*(F;; RY),

and, extending the notation introduced in the preceding section for functions to

random variables and processes, we shall consider the lifted process Xg,x,é =

X, P
Xy = X0 s € (1, T, (1,x) € [0, T] x RY, & € L2(F;; RY). However, we
prefer to continue to write X’*¥ and reserve the notation X’*% for an inde-
pendent copy of X'*P% which we will introduce later.

4. First-order derivatives of X"*>Ps, Having now defined by the above rela-
tion the process X'** for all 1 € P>(R¥), the question of its differentiability with
respect to p raises; it will be studied through the Fréchet differentiability of the
mapping L>(F;; RY) 3 & — X;’x’g € L*>(Fs;RY), s € [t, T]. For this we suppose
the following.

Hypothesis (H.1). The couple of coefficients (o, b) belongs to C;’I(Rd X
Pz(]Rd) — RIxd Rd), that is, the components o; j,b;, 1 <i, j <d, have the
following properties:

(i) i (x,-),bj(x, ) belong to C; (P2(RY)), for all x € RY,
(i) 0y, ;(-, ), b;(-, 1) belong to CL(RY), for all u € P,(RY);
(iii) The derivatives 3,07 ;, d:b;j : R? x Po(R?) — R? and 9,07 j, d,b; : RY x
P>(R?) x R? — R are bounded and Lipschitz continuous.

Before discussing the differentiability of X’-*-# with respect to the probability
measure u let us recall in a preparing step its L>-differentiability with respect to x.

LEMMA 4.1. Let (t,x) €[0,T] x R4 and & € LZ(}",; Rd). Under our above

Hypothesis (H.1), the process Xt P = (X;’X’Pg)se[;j] is Lz-diﬁerentiable with

respect to x, for all s € [t,T]. More precisely, there is a (unique) process
d X% P € S2([t, T1; RY*9) such that

E[ sup [xy - xi T — g X = o(hP), asRT 5k 0.
selt,T]

t,x, Pg
s

[Recall that o(|h|) stands for an expression which tends quicker to zero than
h: o(|h)/Ih| — 0, as h — 0.] Moreover, 3, X'*Pe = (3, X"""*

S, J =i,
8 ([t, 2 ], R X ) iS the unique SOlution Qf[hefbllown’lg SDE

d
t,x,Ps § t,x,Ps t,x, P
e, X j =5i,j+§:/z Oubj (X7, Pyre) O X, dr
k=1

d N
t,x,P t,x,P,
(4.1) + > /t (0,070 (X S’PX;,E)axin’z “dBf,
k=1
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1 <i,j =<d (here, §; j denotes the Kronecker symbol: it equals 1, if i = j, and
is equal to zero, otherwise). Furthermore, we have the following estimates for the
process 3x X" 5. For every p > 2, there is some constant C)p € R such that, for
allt €[0,T],x,x' e R? and &, g/eLZ(ft,Rd)

(1) [ sup |9,y X IXP‘§| ]<Cp,
selt,T]
4.2)

(ii) E[ sup |, X
selt,T]

tXPE IXPS/

0, X 7] < Cpllx = 2|7 + Wa(Pe, Pe)?).

PROOF. Considering for fixed (¢, &) the coefficients o (s, x) := o (x, P zs)
and b(s,x) :=b(x, P zg) and taking into account that these coefficients are L1p—

schitz in x, uniformly Wlth respect to s, we get the L2-differentiability of X~
and the SDE satisfied by its L?-derivative directly from the corresponding classi-
cal result. The proof for estimates for the L2-derivative combines standard SDE
estimates with the argument developed in the proof for the estimates for X% F%.

O

REMARK 4.1. From the above lemma, we see that, for given (¢, £) € [0, T] x

Lz(]-",, Rd) the process 0y X“E = 0Oy Xt X P |x=¢,s € [t, T] is the unique solu-
tion in S2([z, T]; R¥*?) of the SDE

8xX;’S,PE =1 +/ (8x0')(X;t”s’ PX’f)afo”g’Pg d B,
t r
(4.3) ! ,
+/ @) (XS, Pe)du X5 Fdr,  selt, T,
t r

Moreover, it satisfies

(4.4) E[ sup \axX;’g’Pélpl]-}] < sup E[ sup ]E)xXé’x’Pg\p] <C,, P-as.,
selt, T] xeR  Lse[r,T]

for some real constant C;, only depending on p > 2 and the bounds of 9,0 and 9, b.

Before giving the main statement of this section concerning the Fréchet deriva-
tive of L2(F;; RY) 5 & — X»%§ = X% P and thus of the differentiability of the
process with respect to the probability law Pz, let us begin with a heuristic com-
putation for the directional derivative. Subsequently, we will prove that it is indeed
the directional derivative and defines a Gateaux derivative which, on its part, is
Lipschitz, and hence, a Fréchet derivative. We will make the computations for di-
mension d = 1; the case d > 1 can be obtained by an easy extension.

Let (t,x) € [0, T] xR, & € L%(F)(:= L3*(F;; R)), and consider an arbitrary
“direction” n € L*(F;). Then, supposing in a first attempt that the directional
derivative

1
@5) Yy =1L? - }}erloﬁ(x;’x75+h” —XpY), seln T,
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exists, we consider the SDE

N
X;,X,S-i—hr] — +/ U(Xi,x,P£+hn’ PXI.EJrhn)dBr
(4.6) ! .
+/ b(Xr’x’ Sthn PXz.s+hn)dr,
t r

s € [t, T, which, after lifting the process X'* P and the coefficients from the
space R x P> (R) to R x L%(F), takes the form

X;,x,f-ﬁ-hr} —x+ /S 6:(X£’x,§+/’m, Xﬁ,f-ﬁ-hr})dBr
4.7) S’~
+ /t b(xLxsFhn | xtEFhn) gy,

s € [t, T], and we derive formally this equation with respect to 4 at 1 = 0. For this
we denote the Fréchet derivatives of & and b with respect to their second variable

by Dy and we note that, morally, the L2-derivative of X §’$+h” is given by
X, P
4.8) XL = 9, X L - VTS () e

Recalling that, for some real C independent of (¢, x, P),

E[ sup |o.xp PP <,
selt,T]

&P, X, P
WeseethatforaxXiS S= axxéx Elx:g,

(4.9) E[ sup [a X" PIFE]<C P
selt,T]

Using the notation,

(4.10) YEE () = Y58 ()=t

we get by formal differentiation of the above equation

S
YiE ) = f (@0:3) (X755, XI5 Y45 () d B,

s
+ [ @B (X Xy dr
4.11) ,
~ &, P;
+ / (D) (X, X16) (0, X055 + Y14 () d B,
t

&, P;

S ~
+ [ DB X X @ X Y ), s el T
t

As concerns the above term (D198)(X£’x’5, Xﬁ’g)(axX?s’PEn + Yst’g(n)), we see

from the definition of the differentiability of o with respect to the probability mea-
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sure, that

1,&, P

(Dp3) (v, X5) (0 X" 50 + Y5 ()

(4.12) e, e
= E[(8,0)(y, P i X LE) (0, Xy S+ YIS ()], yeR.

Now, for given &, € L%(F;) we denote by (E, n, E) a copy of (§,n,B) on
(Q, F, P), while X"¢ is the solution of the SDE for X*¢, but driven by the Brow-

nian motion B and with initial value g; Moreover, X'* }L ¢ denotes the solution of
the SDE for X'*-% but governed by B instead of B:

RFF 4 [(o(F Byab,+ [ bR Py ar
t T t r
~t,x, Pz , ~ R Pz
S =xt | 0% P dB+ | b(XT Pug)dr,  seln T
t r t r
Obviously, g = groope ,x € R, and ('§ 0, X X"%Pe By is an independent
copy of (&,n, X""% P 4 B) deﬁned over (Q , P). Then, due to the notation al-
ready introduced, 0y X * is the LZ(P) derivative of X w1th respect to x,
9, X5 g R 7, and

~ T ~ 1 ~, 2,0 ~,_ 7%
(4.13) Y!*5(@) = L*(P) — }}i_r)r%)E(Xf;x"Hh” — X8, selt,T].

Having these notation in mind as well as the fact that the expectation E[-] with
respect to P applies only to variables endowed with a tilde, we see that

P;
t,&, Sn_'_Yl,?;'(n))

(4.14) = E[0u0) (X7 P, X09) - (0, K,

(Dpd) (X155, X1EY - (3, X

t%‘ Ps

7+ 7))
selt,T].

Using also the corresponding formula for (Dlg‘b)(X“Cé th)(a Xzng +

;E(n)) and taking into account that 0,6 (x, ) = 0,0 (x, Py) and Bxb(x, v) =
d:b(x, Py), (x,0) € R x L?(F), we obtain

N
EOE / (0:5) (X5, Xp )Y 5 ) d By
s ~ ; ! ¢
+f, (@:D) (X105, Xp5) Y5 (y dr

(4.15) ; y
~ X, P St E SULE P S E o~
+ / E[0,0) (X2, Py, R05) - (0 X5 7 + 75 ) | d B,

~

+/ [@ub) (X207, P > X5) . (8, goEPe £@i)]dr,

~
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s € [t, T]. Finally, recalling the definition of the process Y ”5(77), we see that
Y"¢ () solves the SDE

SIOE ft (@0:8) (X1E, X5 Y5 () d By + f, @D (X715, XI5 Y5 (i dr

s = ~tE P~ F
(4.16) + /, E[(0,0)(X}%, Py, X1F) - (0. X055 + Y15 ()] d B,

S o ~. ~t E ~
+ / E[@ub)(X15, Py, XU5) - (0 X0 5 4+ 70 )
t r

s € [t, T]. We remark that, thanks to the boundedness of the first-order derivatives
of the coefficients ¢ and b, the system formed of the both equations above has
a unique solution (Y”x’g(n), yhE ) € S2([t, T1; R?). Moreover, both processes
are linearin n € L2(F;), and a standard estimate shows that

@17 E[ sup Y5 <CE[?],  nel’F,
selt,T]

for some constant C independent of (, x, P¢). This shows, in particular, that
Yst’x’s (+) is a bounded linear operator from L2(F) to L*(Fy):

YPUE () e LILA(F), LX(F)),  selt, Tl

We are now able to show in a rigorous manner that our process Y. ! i (n) is the
directional derivative of Xﬁ’x’s in direction 7.

LEMMA 4.2.  Under assumption (H.1), we have for all (t,x, Pg) € [0, T] x
R x L*(F),

1
4.18) Y =17 — }}i_r)rbz(X;’x’“h” — X5, seltTl,
that is, Y;’x’g (n) is the directional derivative of Xg,x,f in direction n € L2(F).

PROOF. The proof uses standard arguments. Let us sketch it, and without re-
stricting the generality of the argument we suppose b = 0. First, using the contin-
uous differentiability of o, we see that

U(Xi’x’é—HM, Pxé.éﬂm) — U(Xé’x’g, PX?S)

1
= fo 03 (0 (X508 - A(XHETIN — XP08), Pyreinn)) d
4.19) |
+/0 3. (o (X155, PXE,E+)L(X§,S+hn7X§,S)))d)»

= o (x, M) (XEVEIT — XEE) 1 BBy (x, ) (RESHT — R10E)),
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where

1
ag(x, h) :/ (B0) (X5 4 (XS — X0, Poreim) diy

l‘ P,
By ) = f (0u0) (X Py rem e,

TF 0T 1)

s €[t,T], x,h € R, are adapted, uniformly bounded processes which are indepen-
dent of F;. Indeed, while for «(x, i) the statement is obvious, concerning B(x, )
we have, for s € [¢, T']:

(o (X0 Pyeerm_yis))

= (Dy&) (X058, XLE f (X LEHhn _ x 1.8y (xLe+hn _ x1.6)
(4.20)

P ~. ~ ~
E[@u0) (X3, Py, ey, X0E 4+ A(REEHMT — R1.5))
x (REEHT - %19)).

Moreover, using the Lipschitz continuity of 9,0 we see that, for some C € R, only
depending on the Lipschitz constant of 9,0,

~ P
EH:BS(X,h) My )( Xg© , P s X $)|]
1 ~ ~ ~ ~
SC/O (WQ(PXz,s_M(Xthn X’é)’P {,5)2+E[|X§’ +h"—X§"§{2])d)L

< CE[|X1EHm — X8|
“4.21)
< CELE[|X0 M = X0 P11 e

< CE[[|y = ¥'* + Wa(Psinys Pe)*lys+h,v—¢]
<Ch*E[n?],  selt,Tlx,heR, & neL*(F).

Similarly, for 9,0, from its Lipschitz continuity and our estimates for the process
X'*-Ps we have for all p > 2, there is some constant C, such that

Eflas(x, h) — (3,0 (X5 ™%, P, )]

< C,(E[|xy" e — Xi”“”S P14+ WalPyrcsm, Pyro)?)
(4.22) :

< CpWaPeyny. Pe)? + Clh|PE[n?]"?
<C,hPE[n*]"?,  selt.TlL.x.heR,EneL*(F).
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Recall that with the processes «(x,h) and B(x,h), the difference between
Xi’x’P“'”’ and X;’X’PE writes, for all s € [z, T'], as follows:

S
xR e / o (e, ) (X, 15— X' Pe) aB,
(4.23) " i i
+f, E[B(x, h)(X5 T — X15)]d B, .

Consequently, using the equation for Y**-¢ (1)), we have
X;’X’P§+h'l . Xt,x,Pg . hYt,x,Pg( )

_'/ (ax ) tng P )(thpg+h,7_thP§ hleé(T]))

(4.24) + / [(@0) (X057 ,PXL;,)N('{%)
x (REEFT - R0E (o, X055 + 7)) d B
+ Ri(s, x, h),

with

Ri(s,x, h)

_/ o[r(x h) (a O')( t,x, P ’ PX£S)) ) (Xi,x,PS+I1n _Xi,x,PE)dBr

+ [ Bl o) = @) (X0 Py, K (ReFH0T - R,

From Holder’s inequality, (4.22) and our estimates for X/* % we obtain

Ellos G 1) — (3o (X5 "% Py PLr vt — X
(4.25) 2
< CH?E[n*Wa(Psyny, Ps)* < CR*E[n*]",

and (4.21) yields
E[|E[(Br(h, ) = 0,0) (X%, Py, R05)) - (X007 — RL6)))
E[E[|r(h, x) — 0,0) (X, Py, REF)[]
x E[|R0ET — g8 2]
<CH*E[W*]*.,  relt.Tlh,xeR £ nel*F).

Consequently, the remainder R (s, x, k) can be estimated as follows:

(4.26)

E[ sup |Ri(s,x,m’] < CH*E[?F’,  h,x eR.& ne LX(F),
selt,T]
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and, using Gronwall’s inequality, we obtain, for a suitable constant C not depend-
ingon (¢, x,&,n), that forall u € [¢, T],

sup E[ sup | Xy Py P hyE5E ()]

xeR  s€lt,u]

4.27)  <Ch*E[p*]

+c/ B[ %8 _ 318 p(a, X5 4 798 ) 1P ar

In order to conclude, let us now estimate

SO St ELRE StE P~
B[R ET _ 21E (o, X055 4 70E ) ]

P
= E[|X1Eh — xLE _ (o, X’g n+ Y Em)|)-

For this, we observe that

t,§, P

XLEH _ XUE _h(3, X, S+ Y5 () = Li(r, h) + La(r, B,

t,x,Ps

where Iy (r, h) = (X275 = XI5 _ pyloE ()} cee satisfies

E[|L(r, ) []* < sup E[| X, T80 — x0T

xeR

— hY!E )]

and for Ir(r, h) = Xﬁ’“hn’PE*h" - Xﬁ’é’PE“’” — haxXﬁ’S’PEn we have

1
E[|L( )| < th[nz]fO E[|a, xS Perm _ g x5 P 2 an

1
t,y,P, t,y', P,
< WEP] [ BRI = 0 X Pl e 42
< Ch*E[n*]".
Therefore, combining these three latter estimates, we obtain

E[ sup [x;" - XCUT vt P < chtE[PT
se(t,T]

forallheR,n € Lz(]-",), for some constant C independent of t € [0, T], x € R
and & € L>(F;). The proof is complete now. [

PROPOSITION 4.1. Forany givent € [0,T], & € L2(F), x, yeR, let

4.28) (U5 (), U () = (U5 (30, UP5(30) yepp gy €S8 T R?)
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be the unique solution of the system of (uncoupled) SDEs

S
X, P;
U (y) = /t 0:0 (X1, P ) UM (1) d B,
)
n / 0cb(Xy" " P UL E (y) dr

+/ [ngP Xl‘yPg)aXl‘yPg
(4.29) P N -
e
+ (0,0 (X, Pyre, Xp5) U5 ()] dB

+/ (3Mb)( tng P[ ’XtyPg) 8XtyPg

X, P,
+ @b (X Py, REOTHE ()] dr
N
UL (y) :/f 050 (X5, Pyre) U5 () dB,

S
+ / b(XLE, Pe)URE (y) dr
+/ [0u0) (X}%, Py, Xy g X
(4.30)
+ @) (X5, P, X05) - 015 ()] B,

+f [0uD)(X}%, Py, Xy g x0T

+ (3,b) (X! tg,xf S) U,ff(y)]dr,

s € [t, T], where (17 t*g(y), E) is supposed to follow under p exactly the same
law as (U" s(y) B) under P. Then forall n e L*(F,), the directional derivative

txg(n) 0f§—>th§_X satzsﬁes
(4.31) YIS () = E[UM4(E)-7],  selt, Tl P-as.

REMARK 4.2. (1) One can consider Us (y) as the unique solution of the SDE
for U'¢ (y), but with the data (£, B) instead of (£, B).

(2) Since the derivatives 0,0, dxb, d,0 and d,b are bounded and the process
3, X"Y-P¢ is bounded in L? by a constant independent of y € R, it is easy to prove
the existence of the solution U%¢ (y) for the above SDE (4.30) and to show that
it is bounded in L2 by a constant independent of y € R. Once having the process
U"% (), the existence of the solution U"*¢ (y) of (4.29) is immediate.

Before proving the above proposition, let us state the following lemma.
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LEMMA 4.3.  Assume (H. 1) Then ,forall p > 2 there is some constant C, € R
such that, forallt € [0, T], x,x’, y,y' e R4 and £, &' € L2(F;; RY):

1) [ sup |U’x$(Y)| ]<Cp’
s€(t,T]

@32 G E[ sup [U7E0) = U ()]
selt,

<Cp(lx =x"|” + ]y = Y|P + Wa(Ps, Pe)P).

REMARK 4.3. From estimate (ii) of the above lemma, we see that U"*- (y)
depends on £ € L?(F;) only through its law Pz . This allows, in analogy to X"*" Fe |
to write U5 (y) := U € (y).

Moreover, it is easy to verify that the solution U’ X Pe(y) is (6{B, — B;,r €
[z, s]} v Np)-adapted and, hence, independent of F; and, in particular, of &. Sub-
stituting in U’*F% (y) the random variable £ for x, we deduce from the uniqueness
of the solution of the equation for U (y) that

(4.33) U0 =0 (W)leme,  selt, T1, P-as.

The same argument allows also to substitute F;-measurable random variables for
. t,&
y in U™ (y).

PROOF OF LEMMA 4.3. We continue to restrict ourselves to the one-
dimensional case d = 1, and to simplify a bit more we suppose also that b = 0.
By standard arguments already used in the proof of the estimates for X'* %%
which we combine with our estimates for X% and 9, X' Fs we see that, for
allt€[0,T],x,x",y,y eRand &, & € L*(F),

(4.34) E[ sup ((UHE|” + Ul m|”)] = ¢
selt,T]
As concern the proof of the estimate
E[ sup (|Uf4 () = U ()7 + U o) = U (v)7)]
selt,T]
< Cp(lx =x'|" + [y = ¥'|" + Wa(Pe, PP,
we notice that its central ingredient is the following estimate, which uses the Lip-

schitz property of 9,0 with respect to all its variables as well as the boundedness
of 9,0

E[|E[@u0) (X, Puue, X770, X

(4.35)

oty Pe

’

t,x", Pgr ty P
— (8,0) (X, 5,P,g/ X,

y Py

436 )- 0% ]|

( ‘ ) 1,X, Pg r,x ’Pg/ 2p ~ Nt,y,Pg ~t,y’,P§/ 27\ P
< CH(E[|X7" =X, PP (ENX7 =X )

~t,y', Py
—|-W2(PX£~5,PX?E/)Zp)l/Z_{_C (E[|a. X077 — 0, X7 P2,
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Once having the above estimate, we can use our estimates for Xtx-Ps and
9, X"* P in order to deduce that

E[|E[(3.0) (X, P [g,)?i’y”’é) 9, X0 T

t,x' s Py ~t,y, Py

(4.37) o) (X P BT 0 R

< Cp(lx = X" + 1y = y'|" + Wa(Ps, Pe)P)
and

E[|E[(0,0) (X\5, Py, Xy g x0T

(4.38) — @) (XpE, P, X)X Pl
< Cpllx =x"[7 + |y = ¥'|” + Wa(Pe, Pe)?).

Consequently, from the equations for U (y), U"*"¢'(y’), the above estimates
and Gronwall’s inequality we see that for all p > 2, there is some constant C),
such that, forall 7 € [0, T], x,x’, y,y' € Rand &, &' € L*(F),

E[ sup (U5 (y) — US€ ()7

relt,s]

(4.39) <Cp(lx =x"|" + 1]y = y'|" + Wa(Pe, Pe)P)
S~ ~_ % ~_ T
+ E[/ \E[|T5 (y) — T () []|P dr:|, selt,T).
t
Then, from this estimate, for p =2,

E[ sup U} () = UfF ()]

relt,s]

= E[E[ sup |UF50) = U3 ()P Jlecg
relt,s]

(4.40) /2 /2
CE[lE =&+ ]y =)

[ [ B0 ) - 05 0 Per],

€ [t, T]. Applying Gronwall’s inequality to (4.40) and substituting the obtained
relation in (4.39), we obtain (ii) of the lemma. This completes the proof. []

We are now able to give the proof of Proposition 4.1.

PROOF PROPOSITION 4.1. Let now (E, 7, E) be a copy of (€, n, B), indepen-
dent of (&, n, B) and (E, 7, §), and defined over a new probability space (Q, F , ﬁ)
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which is different from (€2, .7-" P)a and (Q .7-" P) the expectatlon E [-] applies only
to random variables over (<, F, P) This extension to (S 7, E [-D here is done in
the same spirit as that from (&, , B) to (E, 7, B).

In order to obtain the wished relation, we substitute in the equation for U*¢ (y)
for y the random variable £ and we multiply both sides of the such obtained equa-
tion by 77 [observe that ’é and 7 are independent of all terms in the equation for

Ut (y)]. Then we take the expectation E [-] on both sides of the new equation.
This yields

E[US5E) 7]
_/ 0.0 (X5, Pye) E[UME B) - 7]dB
+f oxb(X)5, Pys) E[UMEE) - 7] dr

7 StEP, StE P
@an) o+ [ E[E[0,0) (X5, Py X5 -0, %57 7)) a,

+ / E[(@u0)(X} %, PX;,s, X*)-E[U)* @) -7]ldB

+f E[(9,b)(X e X050 o, X5 R ar

+/ [(3,.b)(X ) [Uff(s) 7]]dr, selt, Tl

Taking into account thaNt (5 ,7) s 1ngependent of (¢, 7, B) and (E, 7, E), and of the
same law under P as (£, 77) under P, we see that

~ ~,A,P P R
E[E[(0u0) (X05, Pyue, 757 8. X5 5]

:E[(aua)(xﬁ’é,l’x'{,s,iﬁ’ ) - Ox th P 7],

and the same relation also holds true for 9,5 instead of 9,0. Thus, the above
equation takes the form

E[U®) 7]
- /; 0:0 (X}%, Pyre) ELULEE) - 7] d B,
+ fts dcb(XL5, PX;.E)E[Uf'E@) -7 dr
+ [ Bl (X5 Py, XeF) - (0: X5 4 E[015@) - 7)) a5,
+ [ EL0b (X, e, Xi5) - (0.5

+E[0¥ @) -7])]dr,  seltTl.
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But this latter SDE is just equation (4.16) for Y’ € (n), and from the uniqueness of
the solution of this equation it follows that

(4.42) Y5 =E[U @) -7], selr, Tl

Finally, we substitute & for y in the SDE for U™ %% (y), we multiply both sides of
the such obtained equation by 77 and take after the expectation E[-] at both sides
of the relation. Using the results of the above discussion, we see that this yields

~e 0, P o~
E[uy™ ™ @) -7
s x, P -~ B P
= [ oo™, Py E[U " ®) -7l aB,
t r
S o~ o~
+ [ b, P EU @ -Alar
(4.43) !

SHE P
- .

S ~ ~ ~
+ / E[0u0) (X", Py, X05) - (0 %57 57 + 715)] d B,

S ~ ~ ~ = ~.
+ [ E[@b (G Pye X5 - 0,55+ T )]

selt,T].

But this latter SDE is just that (4.15) satisfied by Y’ %P (). Therefore, from the
uniqueness of the solution of this SDE it follows that

@44y v =Byt @) 5], seln Tlne LAF).

The proof is complete now. [

The preceding both statements allow to derive our main result. We first derive it
for the one-dimensional case before stating it for the general case.

PROPOSITION 4.2. Under the assumption (H.1), for any (t,x) € [0, T] x
R, s € [¢t, T], the mapping

t,x, P

LA(F)se — X\ =x7""0 e LX(F)

&

is Fréchet differentiable. Its Fréchet derivative Dg X0 satisfies

445) DX 5 =Y i) =E[USt @) -R]. ne LAF).

REMARK 4.4.  We observe that the latter relation satisfied by D¢ Xé’x’g (n) ex-
tends that for the derivative of deterministic functions with respect to a probability

law to stochastic processes. In this sense, it is natural to define the derivative of
X, P .. .
X; © 7 with respect to the probability law P by putting

X ) =ul ), selnThx yeR.
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We observe that, with this definition, for any (¢, x) € [0, T] x R, s € [t, T],

o~ s ’P o~ ~
(4.46) De X" =YP¥ ¥ = E[0, X, ©) 7], nelLl*(F).

PROOF OF PROPOSITION 4.2. Let (r,x) € [0,T] x R, & € L*(F;) and
s € [t, T]. We recall that the directional derivative Yst ’x’g(n) of L2(F}) 2> & —
X;’x’s € L*(F,) in direction n e L?(F,) has the property that Yst’x’g(-) €
L(L*(F;), L*(F;)). Let us denote the operator norm || - [, z2 2y in L(L*(F),
L?(Fy)). Then, using the preceding lemma, since

SrohX Pe A
E[|vy S ml*) = E[[E[Ur™" @ - 7))
< E[E[u;" " ®YER]] < CE[nY),  ne L’

for some positive constant C depending only on the coefficients b and o, we have

[V 1L g2,y = sup{E[| Y5 (nI*] :m € L2(Fy) with E[n’] <1} < C.
Moreover, for all (¢,x) € [0, T] x R, &,&" € L>(F,),s € [t, T],
X Py~
@) Al

o tx Pe 1,0, Per ~ 12

< E[E[Jus™ " @ - U, @ P1E[R]
< C*Wa(Pe, PO’ E[n*],  neL*(F.

t

E[|YI=5 () — vI2F (pH] = E[|E[(US ™ @) - U

that 1s,
2
[ Y;’x’s - Yst’x’s HL(LZ,L2)
=sup{E[|Y"5¢ () — YO58 () |*] - m € L2(Fy) with E[?] < 1)
<CWy(P;, P)? <CE[|e €[], & & eL*(F).

This proves that the directional derivative Y % is a bounded operator (and, hence,
a Gateaux derivative), which, moreover, is continuous in &, which proves that it is
even the Fréchet derivative of X é’x’é with respect to £. The proof is complete. [

A direct generalization of our preceding computations from the one-dimen-
sional to the multi-dimensional case allows to establish the following general re-
sult.

THEOREM 4.1. Let (0,b) € C)'(RY x Pa(RY) — R x RY) satisfy
assumption (H.1). Then, for all 0 <t <s < T and x € R4, the mapping
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tx,P,
LX(FiRY) 36 0 Xy = X
Fréchet derivative

447 DeXU5Em) = E[UyT @) 7] ( [Z ;fjps(g)'ﬁj}) ;
1<i<d

for all n = (n1,...,nq) € L3(F:; RY), where, for all y € R4, yt~ Pf(y) =

€ Lz(}"s; Rd) is Fréchet differentiable, with

((Ust ;XJP Y)selr, T])1<, j<d € SF(t T: RY%d) js the unique solution of the SDE
P P P
U o) = / B01.e (X5, Pyre) - UL F () dBf
k=1
§ t,x,P t,x,P
+th by (X015 P ) - UL G
P . P
+ Z/ (04010 (2. Py X27) -0 X107
k,t=1
(4.48)

+ (0u01,0k (2, Py, X15) - UL 0] e dBy

+Z/ (@b (2, Py, X07) 0 X0

+ @bk (2, Pyre, X15) rkj(y)]\zxt,x,pgdr,

se(t,Tl,1 <i,j<d, and U"%(y) = (( s,j(y))se[z TD1<i,j<d € SF(Z T;
R*4Y s that of the SDE

_glj(y)_ f 8XkUlZ r a té) rk‘](y)dBﬁ
k=1

s
+ Zl anbi(X’tjs, Pxif) rk j(y)dr

P P,
+ Z/ (G010 (@ Pyse. Xr ) -0 X0
k,l=1

(4.49) .
+ (001,00k (2, Py, X5 -u J(y)]‘ e 4B
d N
t,y,P; t,y,P;
+Z/t E[@ubii(z, Pyre, X, F) - 0, X, 0

+ @bk (z, Py X05) - USE 00| _ e
selt,Tl,1<i,j<d.
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REMARK 4.5. As for the one-dimensional case, following the definition of
the derivative of a function f : P (RY) —> R explained in Section 2, we con-

. X, P x, P, . x, P,
sider Ustx “(y) = (Uz ;Cj é(y))lfl-,jfd as derivative over P»(R?) of ng f =
(Xl‘,x,Pg

«i Jl<i<a With respect to P:. As notation for this derivative we use that al-
ready introduced for functions: s € [t, T],

t,x,Pg t

t,x,P X, P
0 X" () = (0 X" D) i<i j<a = Us )

(4.50) o

= U O i<ij<ar

5. Second-order derivatives of X**>%. Let us come now to the study of
the second-order derivatives of the process X’*:F¢. For this, we shall suppose the
following Hypothesis for the remaining part of the paper:

Hypothesis (H.2). Let (o, b) belong to C;' (R? x Py(RY) — RI*4 x RY), that
is, (0,b) € C;’I(Rd x Pr(RY) — R4 x RY) [see Hypothesis (H.1)] and the
derivatives of the components o; j,b;, 1 < i, j <d, have the following proper-
ties:

(i) %o j (), %b;(-,-) belong to CHL(RY x Py (RY)), forall | <k <d;
(i) 9u0ijC, ), dubj (-, -, ) belong to CHI(RY x Pr(RY) x RY);
(iii) All the derivatives of o; j, b; up to order 2 are bounded and Lipschitz.

REMARK 5.1. With the existence of the second-order mixed derivatives,
Oy (303, (x, , ) and 8, (B, 07,7 (x, 1)) (¥), (%, . y) € RY x Pa(RY) x RY, the
question of their equality raises. Indeed, under Hypothesis (H.2) they coincide,
and the same holds true for those for b. More precisely, we have the following
statement.

LEMMA 5.1. Letge CZ’I(Rd x P (RY) — R4*4 x RY) [in the sense of Hy-
pothesis (H.2)]. Then, forall 1 <l <d,

O, (B8 e, 11, ) = 3, (B, (X, 10) (), (3, 1, ) € RY x Po(RY) x R,

PROOF. Let us restrict to d = 1. Following the argument of Clairaut’s theo-
rem, we have, for all (x, &), (z, n) € R x L*(F),

I:=(g(x +2, Petn) — 8(x +2, Pe)) — (8(x, Pein) — 8(x, Py))

1
- /0 E[((0p8)(x + 2. Peays & +51) — 0u8) (X, Py & +sm)n] ds

1 1
= ’/(; L E[ax(aug)(-x‘i_tz, P5+S77’§+577)772]dsdt

= E[0,(8.8)(x, Pz, &)nz] + Ri((x, §), (z, m),
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with [R1((x, §), (z.m)| < C(nl2 - 121> + [nl7, - |z]), and at the same time
I=(g(x+2z, Pety) — 8(x, Peiy)) — (8(x + 2, Pg) — g(x, Py))

1
- /0 ((0:8) (x + 12, Peay) — (0x8)(x + 12, Pe))dit -2

1l
=/0 /() E[3,((0x8)(x + 12, Peisy)) (€ +smn]dsdt - z

= E[0,((0:8)(x. Pe))E)n]z + Ra((x. §). (2. ).
with |Ry((x. &), z.m)| < C(Inlz2 - [zI* + Inl7, - I2]), where C is the Lips-

chitz constant of 9,(dyg) and d.(d,g). It follows that d,(d,g)(x, P, &) =
0, ((0x8) (x, P¢))(§), P-a.s., and hence,

e (Iug) (x, Pg, y) = 3, ((0:)(x, P))(y)  , Pe(dy)-ae.

Letting ¢ > 0 and 0 be a standard normally distributed random variable, which
is independent of &, and taking & + €0 instead of &, we have

O (3.8) (X, Pgten, ) = 3 ((3x8) (X, Peten)) (), Peiep(dy)-ae.,

and thus, dy-a.s. on R. Taking into account that 9,(9,g), 9, (9xg) are Lipschitz,
this yields

e (9u8) (x, Psteo, ) = 9u((0:8) (x, Pste0))(y),  forally eR.

Finally, using W(Ps4¢0, P:) < e(E[6%])!/? = Ce and again the Lipschitz prop-
erty of 9,(d,g) and 9, (9, g), we obtain by taking the limit as ¢ | 0,

0 (3,8)(x, P, y) = 8, ((0x8) (x, Pe))(¥), forall x, y € R, £ € L*(F).
The proof is complete. [J

After the above preparing discussion, let us study now the second-order deriva-
tives. Following the approach for the first-order derivatives, we restrict here our-
selves to the one-dimensional, and to shorten the formulas let us put b = 0. We
emphasize that the general case with dimension d > 1 and a drift » not identically
equal to zero can be obtained with a straight-forward extension. For the purpose of
better comprehension, the main result in this section, concerning the general case,
will be given only after our computations.

We begin with recalling that the process 8, X" € S([t, T]; R) is the unique
solution of the SDE

S
G X" =14 f @) (X% Pue) X, dB, s eln T
t r

(Recall that » = 0 in our computations.) With the same classical arguments which
have shown the existence of this first-order derivative in L?-sense with respect
to x, we can prove the existence of the second-order L2-derivative 92 X" F¢ with
respect to x and we can characterize it as the unique solution in S([¢, T']; R) of
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the SDE

a th , P _/ (ax tx P P )a)%X;,x,Pg
(5-2) 2 tx P t,x,P:\2
+(@20) (X Pe) e X)) dB s el T

We also notice that, with standard arguments we obtain the following lemma.

LEMMA 5.2. Under Hypothesis (H.2), for all p > 2, there is some con-
stant C), only dependlng on p and the coefficients o and b, such that, for all

te€l0,T],x,x' eR, & & € L2(F):
M E[ sup [a2x7 "] <€)
selt,T]
(5.3)

(ii) E[ sup 92Xy
s€lt,T]

tng t,x’ Pg/

— 2% ] < €Iy = |7+ WaCPe, Pe)?).

P
In the same manner as one proves the L2- dlfferentlablhty of x - Xy iR

s € [t, T], one proves that for § — SMXS E(y) and y — 8MXS iE(y), s € [t, T].
Standard arguments give the following result.

LEMMA 5.3. Under Hypothesis (H.2), for all t € [0,T],& € LZ(}";), the
process BMX’*X*PE(y) is L’-differentiable in x,y € R, and its derivatives
A (0 X" P (1)), 8y (0, X" P (y)) € S2([t, T1; R) are the unique solutions of
the SDE

$ x, P, X, P
0 (8, X" 1% () = f (@0 (X, E,Pxf,s)ax(aﬂxﬁx () dB;

+ [ @) pya 0 0.0 a,

X
(5.4)
+/ [0:(0u0) (X2 P, K00 7) 0, 0T
+ 85 (0, 0) (X, P e, XU T () ]o X dB,
and

N
X, P, WX,
ay(aux”“’f(y))=ft @) (X, Pyr)dy (0, X7 (1) d By
S~ ~ ~

+ / E[3y@u0) (Xr . Py X7 - (0K 7)) B,
5.5 t
(-5 S 1.3, Ps S8V Pey 02 51, P

[ Elouo) (67 Py, K025

+ @uo) (X7 Pye, X069, 015 ()] d B,
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respectively, where the latter equation is coupled with the SDE
S
9, U (y) :f (0:0)(X}%, Pyrs)dy UL () d By

+/ [0, (3,0 (X15, Pye, Xr°7F)

(5.6) x (0, X)) ]dB

+/ [(B,0) (XEE, Py, X2 X,

P
+ (B0) (X, 5P [g,xfé) 0,05 (y)]dB,.  selt.Tl,

which solution 9y Ut (y) e S([t, TL; R) is the L?-derivative with respectto y € R
of UM (y) = GMX”X’PE (¥)|x=¢. Moreover, the techniques of estimate explained in
the preceding section yield that for all p > 2, there is some Cj, € R such that, for

allt €0, T],x,x',y,y eR, & & e L>(F):

@ [ sup (00X O + [0y @ X 0)N)] = €.

selt, T
(i) E[ sup (|9c(0, X" (1)) — 00, X" ()P
[2,T]
5.7) selr |
+ |ay(auXt’x’PE () — ay(auXt’x P (y/))|p)]

<Cp(lx =217 + |y = y'|” + Wa(Ps, Pe)P).

Let us now consider the derivative of the process 9, X"** ¥ with respect to the
probability law. Knowing already that the mixed second-order derivatives 0,9,
and 9,0, coincide for all functions from CH(RY x Py (R)), we guess the follow-
ing.

LEMMA 5.4. Under Hypothesis (H.2), forall (t,x) € [0,T] xR, & € L2(F),

0,0 X (» = 0,0, X (y),  seln Tl

PROOF. Recall that we have put b = 0. Then, using the fact that 9,0 and 8)%0
are bounded, a standard estimate involving the SDEs for X’ X Pe and 9, X1 Fe
shows that there is some constant C € R such that, for all (f,x) € [0, T] xR, & €
L*(F)andall s € [¢, T],h e R\ {0},

1
(58) EH_(Xé,x-‘rh,Pg _ X;,x,Pg) _ 8 Xt X, Ps

? 2
<Ch~.
h ]_
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Then, for all direction n € Lz(]-",) and all A € R\ {0}, we have, for arbitrary & €
R\ {0},
]

h? 1
C - E|: ((Xé,x+h,Pg+An B Xg,x+h,Pg) B (Xé,x,PgH,, B Xg,x,Pg))

hA
]
h2

1 Ao ~
=Cn +EHm/ E[(8, x50 E 4 um)

1 ~
B[ |5 0 — 0, ) — Efo X0 @) -7

— E[0: (3, X" @) - 7]

— 9, XTI E o) - ] dv — E[0, (0, X0 @) - 7]

]
h2 1 Aorho L tox+u, Py 3 ~
gcﬁ+E[ ﬁ/o /0 E[0 (3, X" & + o) - 7] du dv
]
_c +EH : /A/h E[Jox (3, x5 50 E 4 i)
- — N v
=" ma o Jo e !
]

~ XAu, Pe gy 2 ~ X, ~ ~
B85 (8, X5 0 E 4 o) — e (0, X570 E)] - 171

— E[0c (9,057 ®) -7

N ~
— 0.8, X, " @) - 7] dudv

Thus, taking into account that

(5.9
< C(jul + Wa(Pe vy, P))E[n?]'? + CIvIE[n?].
we obtain
1 - _ 2
E H‘(axxi’x”’““’ — 0, x ) — B[ (0, x5 ®) - '7]' ]
(5.10)

h2
< C(A—2 + AZE[nz]Z) — CA2E[n?)?.  ash—0.

But this proves that E [0y (8MX§’X’P5 (E)) - 7] is the directional derivative of
3y X"*P¢ in direction 1. Using the SDE for 9, (9, X"* %% (y)), we show like in
the preceding section that this directional derivative is in fact a Fréchet derivative:

De (9, XY () = E[0, (8, X5 ®)) - 7]
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of the lifted mapping L2(F)) 3 £ > 3, X5 1= I e

ment of the lemma follows directly. [

€ [t, T]. The state-

It remains to study the second-order derivative of X" with respect to the
probability law, that is, the derivative of 8, X"* % (y) in P:. Recall that, using
that b = 0, we have that 3, X"*?(y) = U"*F(y) is the unique solution in
S%([#, T1;: R) of the following (uncoupled) SDE:

N
X, P
Up ) = [ 00 (X Py UEE ) dB,
(5.11) +/ [(Bu0) (X775, P e, X 1%) 0, X007
X, P
+ @u0) (X7 P X5 T ()] d B

N
0= [ ot p g nan

(5.12) +/ (@) (X}5, Pyr, Xy g Xt

+(0,0) (X} %, Pyrs, X5). U5 (y)]dB,.

Arguing similarly as in the preceding section in the proof of the Fréchet differ-
entiability of the lifted process X*%¢ := X" P we derive formally the lifted

process Ust’x’s(y) = Ust’x’Pé (y) for fixed (¢,x) € [0, T] x R, y € R, in direction
ne Lz(]-}). This gives for the formal directional derivative

1
ZIE (y, ) = L* — Jim E(UA:’X’“’Z"(y) —UE(y)),  selt Tl

the following SDE:
Zy 5 (y,m)

N
= [ @) Pz (L,
/ X Ul B[ E) - 7)dB

+/ (8, (Bx0) (X, 515, P stf) US™ " () (0, gLEP

=2

+ E[Uff(g) -7])]d B,
+/ [(9u0) (x0T P XY E[0,0.X0 0 @) - 7]]4B

IXP,PtE XtyPg) 8XtyPg]

+/ [0x(3,0)(X
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~r  Lx,Pe o~ -
x E[U, 5 () - 0] dB,

S~_ _7
—i—/ E[E[(aia) txpf P e X’YPS Xfé) 3XtyPE(8XX;’§’PS.ﬁ

5.13)  +E[U°®) -7])]]dB,

+/ [0y (@0 (X2 P, K10 1%) 9, 0

x E[0; P@. 7]]dB,
+ [ E@o (" P B - (00,55 0)
+ 718 (y, )] dB,

+f [0 @,0) (X, Py, X05) - 05 )] - E[US" @) -] dB

N

i [ EE(Ro) (6, e, X5 G ) 0%

(U5 @) - 7)) 4B

E
§ t,x,P; St E ~.F Nt,N,P ~
[ Bl @uor(xi ™", e 205 O - (0, X5 7

™

+ E[0'F @) -7))]dB,.

s € [t, T], where Z"¢ (y, n) := Zb5Fe (y, M lx=¢ € S?([t, T1; R) is the unique so-
lution of the above equation after substituting everywhere x = §. Let us also point
out that in the above equation we have used the notation (Yt’s, Ut’g (y)); itis used
in the same sense as the corresponding processes endowed with ~ or ~ : We con-
sider a copy (€,7, B) independent of (&, 1, B), (E, 7, _E) and (E, 7, B), and the
process X" is the solution of the SDE for X" and U"* that of the SDE for U £,
but both with the data (£, B) instead of (&, B).

Let us comment also the expression aia(x, Py,y,2) = 0,00 (x, Py, y))(2)
in the above formula. Recalling that aia(x, Py,y,2) = 0,(0,0(x, Py, y))(2) is
defined through the relation D,g[afp:c (x, v, y)](O) = E[Bﬁa (x, Py, y,0) - 0], for
0,0 € Lz(]-' ), x,y € R, where Dy denotes the Fréchet derivative with respect to
¥, we have namely for the Fréchet derivative of L3(F)> 9 > 8;8 (x,0,y) =
(0u0)(x, Py, y) in direction 6 € L*(F),

Dy[d,0(x, 3, )]©®) =E[(3;0)(x, Py, y, D) - 0].
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. . ~ X, P, = .
Then, of course, the Fréchet derivative of & — 8M0(X£x 5 Xﬁ’g, Xty Pey s
given by

De[dor (X7, X5 X0 )
= 80,0 (X, P K0 )  E[Ur T @) 7]
+ E[(aga)(xi’x*f’f, Pys, X0 P X5
(5.14) - "
—t,E, P _ e e 1N P AUPS
x (X5 g+ E[U @) - 7))
P SEY. Py prtynPe o
+0y(0,0) (X, Pyae, X07T) B[O ) - 1),
ne L*(F),

r € [t, T], but this is just, what has been used for the above formula in combination
with arguments already developed in the preceding section.

Let us now compare the solution Z"*€ (y, 1) of the above SDE with the process
U*Pe(y, z) e SI%(Z, T) defined as the unique solution of the following SDE:

Uyt (v, 2)
= /S(axa)(xﬁ”“”)é, Pxi,g)Ur”x’Ps (v,2)dB,

+ [ @) Py Ul o) Ul @ a,

+/ [0, @) (X", P, K5 5)Ur ™ () 0,80 a B,

+ / Elu(ax0) (X1 ™", Py XU ()01 ()] d B

s [ ElOu0 (X Py 57 00,5 ) @) aB,

+ [ B @) (0" Py B0, %) 0P @) s,

o [ EIELG2) (0 Py 5 R

x 0, X" 9, X048 d B,

+ / CE[E[@20) (0" Py, X701 05 0.5 T )]

(5.15)

t,x, P

+/ [0y @u0) (X%, Py, X0y o X0 g ()] aB
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+fs E[0u0) (X2, Py, X05) - 0¥y, 2)]d B
+f YT P KT 0, (0,%07 ™ ()] B,
o[ [ax<a,ia><x£”‘”’i Py, X05) - 01 ()] - UF " @) dB,
+ f CE[E[(020) (X077 Py, XUE XLV
x U5 (y) - 0, X "]dB,
+ / CE[E[(020) (x " Py X5 X05) . 01 () - U 0)]] dB
+/ E[oy@0,0) (X7 P X051) - 005 (y) - 0, %75 d B,

, i, o
+ / E[0,(0,0) (X275, P e, X05) . 005 (y) - 05 (2)] d By,
[ r
s€l0, 7],

combined with the SDE for Uf’é(y, 7) = (Ust’g (¥, 2))se[r,T], obtained by sub-
stituting x = £ in the equation for U’* % (y,z) (recall namely that X" =
XtxFe| e, UM = U P |, _¢). We consider now the processes E[U™P(y,8)-
71 and E[U"% (v, ) - 77]. Substituting first z = & in the SDE for U"*%% (y, z) and
that for U (y, z), then multiplying the both sides of these SDEs with 7 and taking
the expectation E[] of this product, we get just the SDEs solved by Zé’x’PE (y,n)
and Zé’s (v, n) (see also the corresponding proof for the first-order derivatives in
the preceding section), and from the uniqueness of the solution of these SDEs we
conclude that

-~ X, P ~
(5.16)  Z'YE(y, ) =E[Us"  (3,8) 7], selt.TlyeR.

We also observe that the SDEs for U"*% (y, z) and U"¢(y, z) allow to make the
following estimates.

LEMMA 5.5. Under Hypothesis (H.2), for all p > 2, there is some constant
Cp € R such that, forallt € [0, T],x,x',y,y',z,z e Rand §, &' € L%(F)):

(i) E[ sup |U;’X’Ps(y,2)|p] <Cp,
selt,T]

tx PE/

(5.17) (i) 43@\U "y, - U UZHﬂ
set,T]

<Cp(lx =X+ [y =y|" + |z = " + Wa(Pe, Pe)P).
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The estimates of Lemma 5.5 allow to show in analogy to the argument devel-
oped for the proof of the Fréchet dlfferentlablhty of &£ > X" £ = Xy 0P that

the mappings L2(F,) > & — U™ S(y) € L*(F,) and L%(F;) > s — U (y) e
L?(Fy) are Fréchet differentiable, and

De[0, X)) = De[UST T ) ) = E[US (3, 8) - 7],
De[8, X5 (0)](n) = De[UL5 (0)] ()

t,x,P ~ ~ o~
=0, Uy (Me=g -0+ E[US5 (v, %) - 7).
But this means that

(5.18) 2x =" (0, selo, Tl

forallt € [0,T],x,y,z€R, & € LZ(J-',).

Let us now summarize the above results concerning the second-order derivatives
and formulate the main result concerning them, but for dimension d > 1 and b not
necessarily equal to zero. It can be proved by a straight forward extension of the
preceding computations.

THEOREM 5.1.  Under Hypothesis (H.2) the first-order derivatives 0y, X;’X’PE ,

1<i<dand 8,LX§’X’PE (y) are in L*-sense differentiable with respect to x and
y, and interpreted as functional of & € L*(F;;R?) they are also Fréchet dif-
ferentiable with respect to &. Moreover, for all t € [0,T],x,y,z€ R and & €
L2(F;; RY), there are stochastic processes Bu(axl.X”x’Pf)(y) e S2([t, T1; RY),
1<i<d, and X" (y,2) = 0,0, X" () (2) in S*([t, T]; R*) such

that, for all n € L>(Fy; Rd), the Fréchet derivatives in &, Dg [8XX§’x’PE](-) and
,x, P .
De[0, X" (1) satisfy

@ De[ay Xy ™)) = E[8,(0, X5 )®) - 7],
(5.19) () De[a Xy ™ ] = E[02x™ (3,8 - 7).

selt, T],ye R,
Furthermore, the mixed derivatives 0y, (E)MX”“"C’PS (y)) and 93, (9y, X545 Fe) (y) coin-
cide, that is,

X, P X, P;
0 (0, X5 () = 0, (0 X5 ) (), s elt, T, P-as.,

and for

t,x, Pt
(y

MS’ a Z)

(82 tng a (8 tng)( ) 82 tng(y Z) a)l( tx,Pg(y)))’
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1 <i<d, we have that for all p > 2, there is some constant C), € R, such that,
forallt €[0,T1,x,x', v,y 2,2 and &, €' € L*(F;; RY):
X, P
i) E[ sup (M, 0"] <€),
selt,T]

(5200 Gv)  E[ sup [MIV(y.0) - M )P |
selt,T]

< Cp(lr ="+ |y =y1" + |z = 217 + Wa(Ps, Pe)?).

6. Regularity of the value function. Given a function & € Cg’l(Rd X
P> (RY)), the objective of this section is to study the regularity of the function
V[0, T] x R? x P,(RY) — R,

V(. x, P) = E[®(X7"" Pyie)],
T

(6.1)
(t,x,&) €[0,T] x RY x L?(F;; RY).

LEMMA 6.1. Suppose that ® € Cg’l(Rd x P2(R%)). Then, under our Hypoth-

esis (H.1), V(¢,-,-) € Cg’l(Rd X Pz(Rd)),for all t € [0, T], and the derivatives
axv(ta-xa PE) = (axiv(t’x’ PS’ y))lflfd and a[LV(t9-x7 P$9 y) = ((a/xv)z(t»x»
Pg,y))1<i<a are oftheform

62) 3V, x, Pg)—ZE(a D)X Pyre) - 0, X7,

j=1

@, V)i (1, x, Pe, y) = Z (B, ) (X7, Py ) (0,X757), )

t,y,Pg

6.3) + E[0,9), (X7, P, X5 0, X5

@0 (X7, Py, K- @75 1)
Moreover, there is some constant C € R such that, forall t,1' €[0,T], x,x',y,
vy eR? and &, &' € L*(F;; RY):
1) |0Vt x, Po)| + (3, V)i(t,x, Pe, y)| < C,
(i) |9y V(t,x, Pe) — o, V(t,x', Per)|
+ @0 V)it x, Pe, y) — (8, V)i(t, x', Per, y')|
< C(|lx = x|+ [y = y'| + WaPg, Per)),
(i) |V, x, Pe) = V(¢ x, Pe)| + |0, V (2, x, Pe) — 3y, V (¢, x, Pg)|

6.4)

+ @ V)it x, Py y) — (3, V)i(t'. x, Pe,y)| < Clt —¢/|'/2.
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PROOF. In order to simplify the presentation, we consider again the case of
dimension d = 1, but without restricting the generality of the argument we use.

In accordance with the notation introduced in Section 2, we put V(t x,&):=
V(t, x, Pt), and CIJ(z ¥) :=®d(z, Py), (z,9) € R x L2(F). Recall also that, in the

same sense, X'¢ = X* P Then (X%, X75) = o (7™, P ).
T

As & € Cg’l (R x P1(R)), its first-order derivatives are bounded and Lipschitz
continuous. Thus, standard arguments combined with the results from the preced-

ing section show the existence of the Fréchet derivative D¢ (CT)(X ;x’é, X ;5)) of the
mapping L2(F;) > € — CTD(X’T’X’E, XtT’S) € L2(Fr), and for all n € L%(F;) we have
De(B(X7"5. X75)) ()
=0, B(X55F, X5 De X555 () + (D®) (XL, X5 ) (D[ X551 )
xhxP 1P

=0, (X7 P ) E[0, X7 6) 7]

(6.5) o .
~ X, >t S,
+ B[ (x5, e, X5 D[RS ]

=0, 0(X; ", ) E[0, X7 @) 1)

+ B0, ® (X} f“’é Py X55) - (0, FE 1 B0, %5 @) 7).

(For the notation used here, the reader is referred to the previous sections.) With

the argument developed in the study of the first-order derivatives for X% we

conclude that the derivative of ® (X ;x’é, PXt,g) with respect to the measure in Pg
T

is given by
X, P
du(@(X7" . Prre)) )

=0, d(X;" ", Py )auXtT’x’PE(y)

(6.6) -

E[a, (x5 ”‘Pg Py X7 8, X5

t,x, P, StE S1.E, P

In particular, we can deduce from this latter formula and the estimates from the
precedmg section that, for all p > 2, there is a constant C), € R such that, for all
XXy €R.EE € L2(F).

X, P;
E[(@(X5"" ) 01" < €,

67  E[jdu(e(x"", Pyre)) () = du(@(x7 ", Prie))0)I"]

<Cp(lx =X|" + |y = y'|" + Wa(Ps, Po)P).
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As the expectation E[-] : L*(F) > Risa bounded linear operator, it follows
from (6.5) and (6.6) that L*(F;) 3 & — V(t,x,8) = V(t,x, P) =

E[®(X IT’X’P‘E, Pyie)] is Fréchet differentiable and, for all n € L>(F;),
T

D[V (1,x,6)](n) = E[De(S(X75°, X55)) ()]

(6.8) = E[E[3,(e(X7 ", Pye)) &) -7]]

= E[E[3,(@(X7"" . Pyuc))®] -7,
that 1s,
69 0.V(x, Pey) = E[((X;" ™, Pue)) )] yveR

But then from (6.7), we obtain (6.4)(i) and (ii) for 0,V (¢, x, Pg, y).
As concerns the derivative of V (7, x, P¢) = E[®(X ;X’Pg, PX;,g)] with respect
T
to x, since z — P (z, PXLE ), is a (deterministic) function with a bounded, Lipschitz
T

continuous derivative of first order, the computation of 9, V (¢, x, P) is standard.
Concerning the estimates (i) and (ii) for the derivative d, V stated in Lemma 6.1,
they are a direct consequence of the assumption on ® as well as the estimates for
the involved processes, studied in the preceding sections.

In order to complete the proof, it remains still to prove (iii). For this end, we
observe that due to Lemma 3.1, for arbitrarily given (¢,x) € [0,7T] x R and & €
L2(F), X05 P = x"Fe for all & € L>(F,) with Py = P;. Since due to our
assumption L?(Fo) is rich enough, we can find some &’ € L?(Fy) with Per = P,
which is independent of the driving Brownian motion B. Using the time-shifted
Brownian motion Bé := Byyy— B, s > 0 (where we consider the Brownian motion
B extended beyond the time horizon T'), we see that X'* Pe and X"¢ solve the
following SDEs (for simplicity, we put b = 0 again):

’ s ’
(6.10) X;’—ft =¢ +/ O(Xiiz’ Px’f/)dBﬁ»
0 r+t

t,x,Psr s t,x,Psr
6.11) X, ° :x—l—/ o(X, % " Pe)dBl,  s€[0,T —1l.
0 r+t

X, Per / ’ .
Consequently, (X tf, X ,If,) and (X 0.x, F ¢, X%&") are solutions of the same Sys-
tem of SDEs, only driven by different Brownian motions, B’ and B, respec-

N ,P / /
tively, both independent of &’. It follows that the laws of (X,t th 5 ,X.lf,) and
(x%*Fe  x0.5") coincide, and hence,

t,x,ng-/
V(t,x,Pg):V(t,x,Pg):E[CD(XT ’PX’T‘E/)]

(6.12) 0r.p
X, Py
= E[CD(XT—I 5 ) PX(])-i)]
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Thus, for two different initial times 7, ¢’ € [0, T'], using the fact that the derivatives
of @ are bounded, that is, ® is Lipschitz over R x P> (R), we obtain

\V(t,x, Pe)— V(' x, Pt)|

0,x, Pg/ OxP/
P Pyoe) = (X P ]

T—t

< E[|®(X
6.13)

O,X,Pé/ O,X,PE/

= C(EHXT—t - XT_t/ |] + WZ(PXO.s’ s PX(),g’ ))
T—t T—t

0,x, Pg/ O,X,PE/

XT t

0 0, 1/2
P+ x5, - X251

C(E[|X7_

But, taking into account the boundedness of the coefficient o of the SDEs for
X% P and X094, we get

(6.14) \V(t,x, Pe) = V(' x, P;)| < C|t — ']/

The proof of the remaining estimate (iii) for the derivatives of V is carried out
by using the same kind of argument. Indeed, considering &’ € L?(Fp) the sys-
tem of equations for N'*%¥ (y) := (X"*P¢ 9. x" P U (y)), x,y € R,
and N'¢'(y) := (X"5', 8, X"5', U8 (y)), y € R [see (3.2), (5.1), (4.29)], we see
again that

(N )y (N D) yem)

and

(N D), yer (N () ye)
are equal in law.
Hence, from (6.9) we deduce

t,x, P
0V (1 x, Pe,y) = E[0u(@(Xy ", Pyre)) ()]

(6.15) 0.x, Per

= E[0u(@(X77, ", Py )) 0]

Consequently, using the Lipschitz continuity and the boundedness of 9, ® : R x
Pr(R) — Rand 9, P : R x Po(R) x R — R as well as the uniform boundedness

in L? (p > 2) of the first-order derivatives 9, X% 7¢’, 8MX0’X’P5/ (), we get from
(6.6) with (0, x,&", T —t) and (0, x,&’, T —t') instead of (¢, x,&,T),

|0,V (t,x, Pe,y)— 0, V(' x, Pe,y)|
0,x, Pss
C(E[|X72;°

Oy Pg/

0,x, P/ 0,y, P OyP/ 0,&
XT—z/E |+{XT7t§ T t/‘g |+|X XTEz/|
(6.16)

Oy,PE/ OxP/ 0,x, PE’

+|8x ax T—t |+|8M T—t (y)_au, T—t' (y)|

1005 0 = 85 D]+ WaP e, P ).
T—t T—t'
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Thus, since &' is independent of X%%F¢' 9, X% and auXO’x/’PE’ ),

|0,V (t,x, Pe,y) — 3, V(',x, P, y)|
0,x, Ps/ 0,x, Py 0,x, Py 0,x,Ps
6.17) <C- sup (E[|XTLE — X, P o X =X T o))
x,yeR
0,x,P é/ 0,x PE’

0, X7, ) — 0, X7 S D2

and the uniform boundedness in L? of the deriv%tiv?)s of X%* % allows to deduce
X, Per
from the SDEs for X***¢', 8, XO*%" and 9, X, ¥ () [(3.2), (5.1), (4.29)] that

(6.18) 0,V (t,x, Pe,y) — 3,V (t', x, Pe,y)| < Clt — /| /2.

The proof of the corresponding estimate for 0,V (¢, x, Pz) is similar, and hence,

omitted here. [

Let us come now to the discussion of the second-order derivatives of our value
function V (¢, x, Pg).

LEMMA 6.2. We suppose that Hypothesis (H.2) is satisfied by the coefficients
o and b, and we suppose that ® € Ci’l(Rd x P>(R%)). Then, forall t €10, T],

Vi, -, ) e Ci’l(Rd x P2(R?)), and the mixed second-order derivatives are Sym-
metric:

0y, (0. V (2, x, Pe,y)) =3,(3x, V2, x, Pe))(y),
(t,x,y)€[0,TI xR x R, & € L2(F; RY), 1 <i<d
and, for
Ut x, Pe,y,2) = (955, V (1, %, Pe), 0, (9, V (2, x, P, ),
BﬁV(t,x, Pe,y,2), 9y(3,V (2, x, Pe, y))),

there is some constant C € R such that, forall t,t' € [0, T],x,x",y,y',z,7 € R4,
£, € L*(F1,RY):

(i) |U@x, Pe,y, 2| <C,
(i) U@, x, Pe,y,z) = U(t,x', Per,y', 7))

<Clx =X+ [y =¥+ [z = [+ Wa(Pe, P)),
|1/2

(6.19)

(iil) U@, x, Pe,y,20) = U(t',x, P, y,2)| < Clt —

PROOF. As in the preceding proofs, we make our computations for the case
of dimension d = 1. Moreover, in our proof we concentrate on the computation



868 BUCKDAHN, LI, PENG AND RAINER

for the second-order derivative with respect to the measure 83 V(t,x, Ps,y,z) and
to its estimates; using the preceding lemma on the derivatives of first order, the
computation of the second-order derivatives BfV(t, x, Pe), 0,3,V (t,x, P:)(y)),
0,0V (t,x, Pe))(y), 0y(d,V(t,x, P:)(y)) and their estimates are rather direct
and left to the interested reader. On the other hand, a direct computation based on
(6.6) and (6.9) and using the symmetry of the mixed second-order derivatives of ®
and of the processes X'* s and X'-¥ shows that
8x(8MV(t,x, Pév y)) = a,u(axv(ty X, Pé))(y)’
(t,%,y) €[0, TI x R x R, § € L*(Fy).

For the computation of 83 V(t, x, Pe,y,z), weuse the formula for 0, V (¢, x, Pe, y)
in Lemma 6.1 as well as (6.9) and (6.6). We observe that

(6.20) 9, V(t,x, Pe,y)=Vi(t,x, Pe,y) + Va(t,x, P, y) + V3(t,x, Pg, y),
with

tng)

Vi(t,x, P, y) = E[0: D) (X7, P, ) - (0u X7 ) 0],

Valt.x. Pe.y) = E[E[0, @) (X7 Py K777) - 0,877 )]

~t

Vs(t,x, Pe,y) = E[E[(8,®)(x7"" Pyre X LEY (0,855 )]

Let us consider V3(t, x, P¢, y), the discussion for Vi(t,x, Pg,y) and V2(t, x,
Pg, y) is analogous. Using the Fréchet differentiability of the terms involved in
the definition of V3, we obtain for the Fréchet derivative of

£ V3(t,x,6,y) = Va(t, x, P, y),
(6.21)
(t,x,6)€[0,T] x R x L3(F)),

that, for all n € L2(F,),
DeVa(t, x, €, y)(n)
E[E[@,®) (X7, Py, ) - Del 0, 5,5 ) 0]

(622)  +0,(3,®)(x;"" Py fi;g)-(aﬂi ) - De[X7 )

+f[<ai<b><x’fx’f’f,Px;f,fffﬁi ) Dg[xT Jan]- (05550

+ 0,0, @) (X7 P i X G5 (0, K55 () DE[X5E 1))
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(recall the notation introduced in Section 4). On the other hand, we know already

that:
@) De[x7" %] = E[9,. X7 &) -7,
) DeXF ) =0 X" q+ E[0, X7 @) -7
623) Gi) DRI =0, X" 4 B[, %55 @) -7,
v Del(0, %5 )]

~t.E,P, ~
=00, X5 () -7+

Consequently, we have
D; Vs (t, x, &, y) ()
= E[E[E[@,®)(X7

+ (0287 (0,8)
+ o @) (x50 P [g,)? LEY (0,8 ’Epg)(y) 9, X757 @)

P S0 E S1EP,
7 P X5) - (00X )

(6.24)
E[(070)(X7"", Py, R X - (0,855 ()

_’A’p —t,&, P;
B X5 + 0, X557 @)
o, (X P, R - (0,55 )

~t,&, P ~t,E, P o a
0555 10, X5 @) 7.

Therefore,

2% (5, 0)

8;LV3(t’x’ P$7y’z)
S1E Stz P,
£ X5) - (0: (0, X7 ) + (9

E[E[@,.®) (X7 Py
P; StE o v~7P ’ ’P
+ 0, (8, P) (X7 F, P [g,X’T’S)-SMXtTE 3-8, X7 7 (2)
X7) - 0% )

6.25) +E[(320)(x7" ", P e X7 5

@ X5 10, X5 ()]
x, P StE StE,P
+ 3y (3, D) (X5 Py X L) (0, X555 ()

~t,z, P; ~t,&, P;
(@ X"+ aux’f f<z>m,
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tel0, T],x,y,zeR, &€ Lz(]-",), satisfies the relation
(6.26) DVs(t,x,&,y)(n) = E[3,V3(t, x, Pe,y.&) - 7],

that is, the function 9, V3(t, x, Pe, y, z) is the derivative of V3(z, x, P¢, y) with re-
spect to the measure at P:. Moreover, the above expression for 0, V3(t, x, Pe, y, 2)
combined with the estimates for the process X" and those of its first- and
second-order derivatives studied in the preceding sections allows to obtain after a
direct computation

0, V3(t, x, Py, 2) — 0, Va(t. x', Py, 2)
(6.27)
<C(lx=x'|+|y=Y|+|z= 2|+ Wa(P:, Pg)),

forallr €[0,T],x,x",y,y,z,7 € Rand &, &' € L>(F;). Furthermore, extending
in a direct way the corresponding argument for the estimate of the difference for the
first-order derivatives of V (¢, x, Pg) at different time points [see (6.16)], we deduce
from the explicit expression for 9, V3(z, x, Pt, y, z) that, for some real C € R,

(6.28) [0, Va(t.x, Pe.y.2) — 9, V3(t'. x, P, y.2)| < Clt —¢'|'?,
forallz,¢/ €[0,T],x,y,z€Rand & € L2(F).

In the same manner as we obtained the wished results for 9, V3(z, x, Pz, y, 2),
we can investigate 9, Vi(t,x, Pg,y,z) and 9, V>(t,x, Ps, y,z). This yields the
wished results for BiV(t, x, Ps,y, z). The proof is complete. [

7. It6 formula and PDE associated with mean-field SDE. Let us begin with
establishing the It6 formula which will be applied after for the study of the PDE
associated with our mean-field SDE.

2TIHEOREM 7.1. Let F:[0,T] x R? x P(RY) — R be such that F(t,-,-) €
C, (RY x P(RY)), for all t € [0,T], F(-,x,u) € C([0, T1), for all (x,p) €
R4 x Pg(Rd), and all derivatives, with respect to t of first order, and with re-
spect to (x, ) of first and of second order, are uniformly bounded over [0, T] x
RY x P(RY) (for short: F € C;’(Z’l)([O, T] x R4 x P2(RY))). Then, under Hy-
pothesis (H.2), for all 0 <t <s <T,x € Rd,é € Lz(}'t; Rd), the following Ito
formula is satisfied:

F(s, Xy, Poie) = F(t,x, Py)

_ § t,x, Pg d t,x, Pg ) t,x, P
= | (8 F(rn X, Pyre) + )0 F(r. X, 5, Pue)bi (X5, Pie)
t r r 7

i=1
t,x,P;

1 & P
(7.1) +5_§18§M_}.F(n X7 P (0iko 0 (X0, Pyse)
L, ],K=
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[Z(a F)i(r. X Pore, XE6)bi (REF i)

! R :
5 Z a)’z(al/«F)J( tx : P ’5’ )(leojk)( ,PX;,E):|>dr
i,j,k=1
d tng t,x, P j
+ ZaxlF  Pyis)oij(X: 0, Pyie)dBl, s e[t T,
t
i,j=1

PROOF. As already before in other proofs, let us again restrict ourselves to
dimension d = 1. The general case is got by a straight-forward extension.

Step 1. Let us begin with considering a function f € Ci’l(Pz(]R)), let £ €
L>2(F)and 0 <t <sz<T.Weputt! :==¢t+i(s—1)27",0<i<2".n>1.
Due to Lemma 2.1, we have

F(Pye) = f(Pe)

21

Z (f(P rs ) f(Py)

_ = SLE\ (y1E _ p.E
7 =¥ <E[8M Pyt R~ X1
l~—= GtE\ gtE | o E\ptE | orE
+ S E[E[0 £ (Pyrs. Xﬁ,F,Xi YKy =X (X = X))
I 1 E | wE
B (e T, ~ X1+ Ry s )

i i+1

(for the notation we refer to the preceding sections), where, for some C € R
depending only on the Lipschitz constants of 8& S and 9,0, f,

) 13
Rp (s Py = CEINGE, ~XiEP)

t.
tin‘H t,x,Pg 3
§C<E[(/ (X1 ,PXz,g)‘dr) }
i r
[;7 3/2
([t ) )
! r

(7.3)
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Thus, taking into account the relations (recall that B and B are independent Brow-
nian motions)

(i)

(iii)

- R~ 1 —
= E[E)M f(Pyis, X455 - / ) T p(X1E, Pé) dr],
1l 4 r

oI v ,N _tss v 7N v 7N _t5§ _[sg
E[E[aif(PX;f’ X;;F’ le?’ )(th B X;"S)(Xt." - Xz?’ )]]

- i E [T oz )
= B[0,0,f (Pye. X50) - [Tl (R Py ar |+ 0.

i

with | Q| < C(t}'y ) — /)%, 0 <i <2" — 1, as well as the continuity of r

t,x,P:
(X!

, PXt,E) € L2(F; R x P2(R)), we get from the above sum over the second-
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order Taylor expansion, as n — +00,

F(Pye) = f(Pe)

(7.4) =/Sl*~?[b(??£f, )0 f (P X5 dr

1 / 02 (REE, Pe) 000y ) (Pre, XE5)]dr, s el TI.

From this latter relation, we see that, for fixed (z, &), the function s — f (PXtA,g ), s €
N

[¢, T'], is continuously differentiable in s and twice continuously differentiable, and
in particular,

Oy f (Pyre) = E[p(X:E, P x1€)0u f (P fs»??é’g)
(7.5)

+ E(72()??{ Pye)@y0u ) (Pyre, Xi%)], s elt, T,

Step 2. From the preceding step, we can derive that, for F € C 2’(2’1)([0, T] x
R x P2 (R)) also W (s, x) := F(s, x, P,+¢) is continuously differentiable,

05 W (5, %) = D5 F)(s x, Pyre) + E[B(X)5, Pyre)duF (s, x, Pyre, X0°)
+ 302 (X5, Pyre) (038, F) (s, x, Pyre, X0F)],
and twice continuously differentiable with respect to x. Hence, we can apply to
W (s, X;’X’PE)(: F(s, Xi’x’PE, PX{,E)) the classical 1t6 formula. This yields
Fs, X;"", Pye) — F(t,x, Py)

tx,Pg)

(5, Xy ) =W (e, x)

v
S

:/ (a,\p(r, X5 pb(xE P ) o w (i, X00T)
t r
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+h(xVE P

X, P;
) D (X Py

1 2 t,x, P

+oo2(xP% P )2 F(r XV P

X£,§)> d?’

2 xp¢
N
+/ o (X7 Pae)d (X0 Puc)dB,  seln T,
t r r

The proof is complete. [

The above It6 formula allows now to show that our value function V (¢, x, P¢) is
continuously differentiable with respect to ¢, with a derivative 9,V bounded over
[0, T] x R? x Po(RY).

LEMMA 7.1. Assume that ® € CZV (R x Po(RY)). Then, under Hypothe-
sis (H.2), V. e CH@D ([0, T] x RY x Po(RY)), and its derivative 3,V (¢, x, Pg)
with respect to t verifies, for some constant C € R:

(7.7) (i) |8,V (t, x, Ps) — 8, V(t, x, Per)| < C(|x —x'| + Wa(Ps, Per)),
(i) [0, V(. x, Pe)— 0,V (£, x, Pe)| < Clt —1']'/?,
forallt,t’ €[0,T], x,x' eR? £, & € L>(F;; RY).
PROOF. Recall that, for z € [0, T],x € R?, and & [which can be supposed

without loss of generality to belong to L?(Fp); see our previous discussion in the

proof of Lemma 6.1], we have
t,x,P, 0,x, P,
(78)  V(t.x, P) = E[®(X7 ", Pys) | = E[®(X77,7, Poc )]

Hence, taking the expectation over the It6 formula in the preceding theorem for
F(s,x, Ps) = ®(x, P), s =T — t and initial time 0, we get with, for simplicity,
d =1 again,

V(t,x, Ps) = V(T, x, Pt)
T—t
:,/() EI:(BXCD(X?’X’PS, PX(V),g)b(Xg’x’PE, PX(r),g)
1 0,x, P, 0,x, P,
(7.9) + §8§¢(Xr o PX?,g)O'Z(Xr o Pyoe)

+E| @00 P OBEE o)

1 0,x, P, $0.6\ 250
+ an(awb)(Xr 5 Pyos, X05)a2 (X025, PXro,g)D} dr.
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Then it is evident that V (¢, x, P¢) is continuously differentiable with respect to ¢,
BV (t.x, P) = —E[d,d(xy" P o Jb(X7" el p 40 )

+3 3 q’( - PE PX(}E )o Z(X%i’tpé’ ng'f )
(7.10) ' N

+ E[(8,®) (X7 P X0 R )b(??(%’ivagg)

p _
+ 10,0 (X7 Proe X950 (RYE, Pros ).

Moreover, using this latter formula, we can now prove in analogy to the other
derivatives of V that 9,V satisfies the estimates stated in this lemma. The proof is
complete. [J

Now we are able to establish and to prove our main result.

THEOREM 7.2. We suppose that ® € Ci’l(Rd x P2(R?)). Then, under
Hypothesis (H.2), the function V(t,x, Ps) = E[CID(XZT’X’PE, PXt,S)], (t,x,&) €
T

[0, T]1x R4 x L2(F;; RY), is the unique solution in CL@D (10, T1 x R? x P, (R%))
of the PDE

d
0: al‘v(t’xa P&) + ZBX[V(t’x’ Ps)bl(xv PS)
i=1
d
Y. 05y, Vit x, P01 k00 (x, Pe)
i,j.k=1

N =

+

d
+ [Z(E)MV) (t,x, Pg, )b (§, Pt)
i=1

(7.11) )
1
+ X ay,.(auvw,x,Pg,;f)(o,-,koj,k)(s,Pg)},

ijk=1
(t,x,&) €0, T]1 x RY x L?(F;; RY),
V(T,x, Ps) = ®(x, P), (x,€) € R? x L*(F; RY).
PROOF. As before we restrict ourselves in this proof to the one-dimensional
case d = 1. Recalling the flow property
5. X 6P g g

(7.12)
O0<t<s<r<T,xeR,&eL*F),
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of our dynamics as well as
(71.13) Vs, y, Py) = E[®(X3"7, Pyso)] = E[o(x3"", Pyso )17,
se€[0,T], y eR, ¥ e L>(F,), we deduce that

t,x,Ps _ s,y, P,
V(S, XS , ij,f) = E[®(XT v PXS ﬁ)|fs]|(y’ﬂ):(xz,xPE’X?S)

t,x,PE
S,Xs vP t,&

(7.14) = E[®(X, - PXs’Xé,g)U:S]

T

X, P;
:E[CD(Xth E’PX;:S)LFS]’ Se[t, T],

that is, V (s, XZ’X’Pg P f,g) s € [t,T], is a martingale. On the other hand, since
due to Lemma 7.1 the function V € C;; 1.2, 1)([O T1 x R? x Pz(Rd)) satisfies the

regularity assumptions for the Itd formula, we know that

P
o ) — V(t.x, Pe)

V(S X , PXt,E

_/ (av X7 P )+ 0V X7 P )b (X P )

X Xﬁ
(7.15) 2
X' P SiE

—|—E[8 V(r, X, Pyre, X05)b(X)5, Pyre)

4o a @, V) (r, X5 P Xo ()?;E,th,s)Ddr

+/ oV X, P ) (X7 Pe)dBy, s el T
Consequently,

Vs, X3, Pyre) = Vit x, Pe)

(7.16) .

/ oV X, P )o (X7 P ) dBy, s eln T,

t

and

0= /(av X7 P ) 0V (n X7 Pe)b (X7 P )

4o 82 ( tng PX£§) 2(X£x , Pt PX£§)
(7.17)

—|—E[8 Vi X% p s X’é)b()?j’g,PX;,e)

1 -~
+ 59y (3 V) xr% p ,g,xff) 2(X£’5,PX1,5)]>dr, selt, T],
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from where we obtain easily the wished PDE.

Thus, it only still remains to prove the uniqueness of the solution of the PDE in
the class ">V ([0, T] x R x P2 (R9)). Let U € C,y* ([0, T] x R? x Py(RY))
be a solution of PDE (7.11). Then, from the It6 formula we have that

U(s, Xy "5, Pe) = Ut x, Pe)

(7.18) .
= / 8.U (r, X757, PX,,g)a(Xi’x’Pf, Py .¢)dB,,
t r r

s €[t, T], is a martingale. Thus, for all # € [0, T], x € R and £ € L?(F;),

X, Py
U(t,x, Ps) = E[U(T, X7" L Pyre) 7]
(7.19)

t,x, P,
= E[®(X; é,PX;g)]zV(t,x,Pg).

This proves that the functions U and V coincide, that is, the solution is unique in
c,}(z’“([o, T1 x R? x Py(R%)). The proof is complete. [
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