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MEAN-GIN™, PORTFOLIO THEORY, AND THE PRICING
‘OF RISKY ' ASSETS

" Haim Shalit and Shlomo Yitzhaki

_ The Hebrew University;of,Jerusalem

" ABSTRACT

' ThlS paper presentsbthe Mean—Glnl (MG) approach to analyze risky
prospects and construct optlmum portfolios._ The method possesses the:
stpllc1ty of the mean—variance model w1th the efficiency of stochast1c
dominance.' Hence;-Glnl s mean:dlfference is superlorfto:the.varlance
/for evaluat]ng the variabillty of adprospect. The analysis is further
“exLended wiLh the concentratlon ‘ratio that permits to classnfy dlffe—
rent securitleS'With respect to their relatlve rishlness. The MG
approach lb then applied to capltal markets and the secnrlLy valuation
Lheonem is derlved as a general re]ationship between average ‘return

and risk.TvThis is further‘extended to inclnde a degree of rlsk_aversionn"

"thatvcan be eStimated from capital market data.:

* ) ‘
lh]s rcsearch was supported by a grant from: the Government of Israel
Lhe National Commlttee for Research and Development, Grant No. 5107

 We are grateful to Halm Levy for useful _comments. TAl1l the remalnlng o
crrors are ours. ' :




MEAN-GINI, PORTFOLIO ANALYSIS, AND THE PRICING OF RISKY ASSETS

N The‘forma] simiiarity betmeen modelliné‘decision;making under'uncertainty

~ and eyaiuatiné‘andiinterpreting’income ineqoality‘has been noted'andWGSed
by severai economists An example is Samuelsonv who used the same method"
to prove that it pays to d1versify risky investment (1967) and that equal_
distrlbution of income among 1dent1ca1 Benthamites max1m12es the sum of
social utility'(l966) Atkinson (1970) showed that the srules for stochastic”
dominance which' were developed as’ Crlteria for evaluating risky 1nvest—_-
‘ments, can be translated into- Lorenz—curve terms in evaluating income

1nequa11ty.

Thebpurpose of our paperiis.to”interpretlsome‘of the»recent results’
on inCome ineqnality and applyrthemjto portfolio analysis;' In particular,
we establish that Ginl s mean difference, the Lorenz'curve, and the
concentration ratio;:which are exten51velykused in the.field of income
1nequa11ty, can also. be used to characterize risky prospects and construct

optimum portfollos

The superlorlty of G1ni s mean difference over the variance as: an :
iindex of varlability has been demonstrated by Yitzhaki (1982) In parti—
~cular, ]t was shown that using the mean and Gin1 S mean difference as.summary

Stat]SthS of- the dlstributlon of a risky 1nvestment permlts the nser to.;
: derive necessary conditlons for stochastic. dominance, enabling him to‘ |

'dlscard from the efficient set prospects that are stochastically dominated




by others. This property means thst Gind?s mesn difference is‘s bétter

candidate for evalusting the variebility of a distrrhution. In the oresent
paper, we argue that Gini's mean difference can replace the variance and |
that the concentration‘ratlolbased on it can replace the covarlance.needed

in portfolio theory.

The mean—Ginilportfoiio selection fule is~snperior,to the mean—variance‘
selection rule in.the sense that the mean—Glni eff1c1ent set consists of.
‘portfolios that, accordlng to stochastlc dominance criterla, cannot be-z
dominated by any‘other'portfolio; ‘Furthermore,‘as with the mean—varlance
model, the mean ~Gini ranking can be usedlto derive the pricing of rlsky
assets in an eduilibrium framework. But it is ea81er to compute efflcient
portfollos by mean—Ginl rules than by mean-variance rules and much 31mpler
"than‘u31ng.stochastic domlnance rules. Moreover,lGlnl s”mean d1fference can
lbe extended into a family of coeff1c1ents of variablllty, differing fromA
each other by a parameter, v, that represents”the 1n§estor s risk aversion.
It turns ouL that each member of this fam11§ can be nsed in portfollo‘

Lheory for constructing capltal asset pr1c1ng models.

- In the flrst sectlon, we define Glni s mean difference and Justlfy
its use. In the - second the propertles of a portfolio Whlch 1s spec1f1ed

vby its mean and its Gini coeff1c1ent are developed whlle the thlrd sectlon
. e ‘

presents some extensions of the G1n1 coefflcient to portfollo theory, such




ae the cbnceet;etioh ratiQ'(Kekwahi, 15%7, ?yett, Chen, end'Fei; 1980);
The foufth:eeetiOn ié devoted to the~capital—éesef pricieg model and
vconta1n54a dlSCUSSlOD of the prepertles of the approach wherede the
last se(tlon presents the extended Glnl s mean dlfferenee (Yltzhakl,‘.
vv1980) dnd applles 1t.to portfo]:o analysxe
_Mech of the diseuesion in thisvbaper ie baeed_oﬁ a xeiﬁterpretafioﬁ

of results on -income inequality. in the portfolio context. Thds, whenever

possible we do not prove .the pfopositions but refer the reader to the

original papers.




I. -GINL'S MEAN DIFFERENCE

Gini s mean difference is an'index of the variability of a random varlable._t'
It is. based on the expected value of the absolute difference between every
pair of realizations of the rhndom variable. That is, let F(y) and’ f(y)
respectlvely represent the cumulatlve dlstribution and the.denslty'function‘yj
.Of PrOSpect y and assume that there exist a >.--°o - and- b < such.that

F(a) = 0; F(b) =-l; then Gini's mean difference is defined as follows: ).

. P~=f§‘ J J.v'ly - xlf(x)f(y)dxdy .
' a a : - :

This definition is not easy to handle and one flnds at least eight
different formulations of Gini's mean difference in the 11terature. Forc

our purposes it will be useful to ‘deal with two of them. The first is

b _
T —_J 1 - F(y)ldy - J (L - F(y)] dy.

a

- Fo 1%y .

Equation (2) presents Gini's mean difference in terms of the expected

value of the distributlon, U, and 1ts cumulative dlstribution function, »F(y).z.
This equation is important when dealing with- stochastic dominance criterla 3

The- other Gini formple which is useful for'enalysing portfolios is5

y[F(y) - 3] £y




that is, G1n1 s mean difference is twice the covarlance of vatlable 'y and
its cumulatlve dlstrlbutlon For completeness, we state the following pro-

‘ pertles of G1n1 .S mean dlfference

' 1.'lehevGiﬁi'eoefficient:is non-negative and bounded from above by u - a.
lf.'y is a giyenjconstsnt, I = 0.  Furthermgre, as is shown in Yitzhaki -

" (1980:); its méxlmum velue is reached for the distribution

y a

otherwise. = -

!2.’}elhe:Gini coefficientiis seositlve to meanjpteserving spreads“kstkinson,
1370). . _ L .

Let ‘ éHl ‘ l re. a'.isie.coﬁStantgvthen‘?z = |a|r1:

Let -y, = t e where c is a eonstaot;.tﬁen I, = fl}
3; »»Letb = yi +'yé.,'wheré“:ylfénd yé;;are~too’inoepeﬁdently»disttibuted
s‘:oarlebles;jtheﬁ “f3 5-Fl + tz . - .

Let 'y ‘be a normally distributed variable with ‘4 and.- o 3 then

T = of/i - (Nair, 1936).

Propertlesvﬁ to S‘ere‘similar to those attrlboted to the.standard

"detiatlonj Hence 1t‘is not’surptislngithat the Glni eoefflclent can be used
to detiQe.the efficient‘set ofvunoertain,prospects in the same way as is
1qooe usiog the'meen-variance'critetion. ‘This feature'is implied'by the:

' behaviot-of investOrs?who rénk uncettaiolorospects;by theitxhean and the

dispersion of -their returns. Efficient setsgof uncertain prospects ave




constructed such that no other feasible prospect will be included in the _

set unless it has a lower dispersion for a given mean or a higher mean for
a given dispersion. Usually the standard deviation is used as the measure
of dispersion; we propose to use instead Gini's mean difference. Hence,‘

thc “éfficient set that answers the mean—Glnl (MG) crlterlon is obtalned by

'finding; for each given mean '“o , that prospects whlch are not in the eff1c1ent
'sgt'have at least 1arger or'equal'Gini's mean difference._vlf combinations of |
uncertain prospects are allowed’to be held, the'efficient set is obtalned'by'
constructlng, for each given mean, a mix of prospects that m1n1mlze ‘the Gini"

» coeff1c1ent of that portfollo. We advocate the use of the mean—G1n1 (MG)
method flrst because, if prospects are normally dlstrlbuted tbe eff101ent

set of the mean—G1n1 is 1dent1ca1 to the efflclent set- of the mean-variance
(MV) method (see property 6 above). Secondly, it is JuStlfled by the superlorlty‘
of the mean-Gini over the mean—varlance approach in ranklng uncertaln prospects

accordlngto stochastlc domlnance (SD) ru]es as we will now brlng forward

Proposition 1:. Let y1 nd y2 be two uncertaln prospects._ The condition

My = Fé is a. necessary cond1t1on for y1 to domlnate y2 accordlng
Lo flrst and second StOChaSth domlnance rules (Yltzhakl, 1982) (See.Append;x

for a proof,)

Define SMG the efficient set obtainediby the MG,method;.SS 'the efficient
set obeylng the stochast1c dom1nance f1rst and second rules. and S1 the set:l

obeying prop031t10n 1,  we assert the follow1ng. ”S1 is a subset of SSD and

S1 1s also a‘subset ot SMG'~

Hence, applylng prop031t10n 1:to the efflclent ‘set constructed by the MG

meLhod enables ‘us- to obtaln an eff1c1ent set whlch is a subset of the eff1c1ent

set according_to first and second SD’rules. Thls subset is not llable to the




criticism usualiy edvanced ‘against the'efficient set constructed'hy'the MV
jru]e (See Rothschlld and Stlglltz, 1970; Hanoch and Levy, 1969) . ‘The'uee’
of prop031t10n 1. can be demonstrated by an example assume that yih'ie
unlformly dlstrlbuted between 0 end 1 while yznyis uniformly‘dietributed
between 2“ and 4 . 'Both ‘y1}1;ﬁd :yz'.are‘in the'etfjcrent set according

to mean-variance and mean-Gini rules, wlth u1 = =3, T, =— g, = ———

_ B 7 Ty T8 9 ,/72—
‘and ‘pé =:3i>F2 %’%-,1021%?7%:7. ’But'clearly;ailfinyestore‘ﬁrefer yz'bover
“yi.. APbIYing PrOposition,1'to the eetbohteined hY'thefmeen4Cini criterron
" enables us'to diecerdl y{ﬂ from'thelefficientfset;( k

The’superiority of the‘mean—Gini.epproach over the stochastic doninanCe
(SD) crlterle results from ltS 51mllar1ty to the MV method As far.as we know;

there is no. method for constructlng optlmum portfollos by .-SD rules Users’of

o the mean—G1n1 method may minimize the G1n1 coefflclent of a. 11near comblnatlon‘

of prospects_subJect toa_glven requlred mean return.’ Changlng the mean permlts

the user toﬁconetruct the efficient .set corresponding’to the mean—Gini criterion.
ThlS set canbe|Jsed‘for portfollo analy31s and capltal aeset orrc1ng equ111br1um
»according to MGwculee.4 Furthermore, by applylng prop051t10n 1 to that efflclent
settia‘subset is obtalned whlch is contalned in the eff1c1ent‘set of" pOfthllOS‘7

according to.SD rules.




I7. PORTFOLIO ANALYSIS |

'.The'P£°p?rtieS of_avportfdliowwhqée performance'isvsﬁmmarizéd by fﬁé meaﬁ:"
and.;he Gini c0eff1cient'are_91milar to those of'Fhe regular mean-éﬁaqaérd
deviation model. These properties can be iilﬁstrated:by the familiarl'
;ektbook:diagraﬁ.in which I'y, the Gini coefficient'of the ;eturnvoﬁ ﬁhg'."
portfolio, is eriétedvontfﬁe horizbntai axis, Qﬁi1e, M ;Vthé'mgap,ﬁf tﬁé R

one-period return, is on the vertical axis, as in Figure 1.

The performance of two~préspects, A -and B , is denoted by A and B '
- in the mean-Gini space. The return on por’tfolio"_yp is -given by'the‘éonvex -
where o

A

combination.of'the”ré;urh'on A and B., Hence Vp = ax, + (1 - a)x'E

is the share of Weélth ihvested in A and Xy and XB are the one~period .

As iA.theférdinary meanestaﬁaAfd deviétion médel ﬁhe>peffofﬁénééwof;
thé‘fortféiid yp.dépegds‘also‘on thé c;rféiatioﬁ_between A and'.B: gnd
on d:. Tblshow ﬁhié;‘considér fhe thieé Specialycases_aésdrawn iﬁ-Figuré‘l;
First; if préépects jA_ énd‘ BT are'linearly depeﬁdent;ythe‘éoefficiengi

- of gorreiation kpAB) ig‘equéiﬁtolunity and, foliowing fréﬁ the pt§pgrtieé of
'Gini's.mean difference, the line ACBifepresents aii the éoésibilitieé;df
a portfolio mix céﬁposed,of'AA»faﬁd B . Secqnd;'if_vAv:éﬁdi B Mé;éjiﬁde?
= 0), fﬁe ﬁugve ADB ‘expr§sses the'perform;ncé ofvthe

péndent (pA'B

p0rtfolib; yp » showing intuiti?ely that diversification improves:thét

- performance. Furthermofe,»the'portfolio returns would be much improved

if A and B were‘hegé;ivély_correlated as shown by the broken line AFB"

for the extreme case of »p







. The éffect of the variability of a prospact on  the variability of
the portfolio can be presented much as it is in.the mean-standard.deviation

model. By equation (3), the Gini coefficient of aipOrtfolib is:

- l o =. . ) : -
2 L‘ | y[Fp(y) - .2]-_de(y)” YZCOV[y_p, Fp(yp)_lvf

where F_ 1is the éumulative distribution of the portfolio. Since

where Xy is the return on prospect 1 , we obtain

: N
=2 ¥

. aicov[xi, Fp(yp)} g

1.

that is, the risk of the poftfqiio can be decomposed into a weighted sum

of the covariance between: the: variables xi'and the cumulative distribution

of the portfolio, p.

.1t is worth -mentioning that the variance of the portfolio ¢an be

written as

(7) Var(yp) =,;£l aigoy(xi, yp)c,




“and the difference in the decomposition of.the nondiversifiable risk'byf
the two methods is that in (6) the portfollo is represented by the cumu-
1at1ve dlstrlbutlon:of 1tS‘returns,_Fp, wh11e in (7) it 1s represented

by its returns;‘ypit

By multlplylng and d1v1d1ng each component of. (6) by F 2cov[x . F (x )]‘

where F (x ) is the cumulatlve dlstrlbutlon of prospect i, we obtaln 3’_‘

(8)

where Ri = cov[x s Fp(y )]/cov[xl, F (%, )] whlch represents the ratlo of

non- dlver51f1ab1e rlsk tothe. varlablllty of prospect i.




S III. 'THE CLASSIFICATION OF PROSPECTS BY-RELATIVE RISK

One can e]dsslfy a eecurlty by 1ts risk’ by u51ng cov[x s Fp(y )] as an
1ndex ot the undlver51f1ed risk carrled by a securlty i whereas the diversi-
fied risk ;s the share of total risk that cen be reduced by 1nc]udin5>

7secqtity i vin the portfollo &p. However, thlS cla581f1cat10n JS sileht'

about the possibility that security i "can be,rlSklertthan security - j

. in oné situation and less risky in another.

One way to improve:the cléssificetion is to use coneentratioh curves
that«eneble_yus to determine the sechrity's‘tisk according to the teturn on
the.portfolih.5 This c1a351f1cat10n enables us to determlne, for any two

: proepectsb A and B_ within portfollo p ; whether all 1nvestors agree that
.prospect A ié‘riskier‘than' B with regardwto.portfollo p or that they
may. dlsagree among ' them about thevrelatlve rlsklness of A. Assume two
sccurltles with 1dent1cal pOSlthE expected rates of return; i. e.,

Ei(xi) = Ej(gj) =p, . Now define the funetlon gj(yp) as the cond1t10na1

]

" expectation of rate of return xj , -given the portfolio yp ; that is,

(9) 8 (yp? = Ej(xjv/yp.)

 We assume that yb >0, g (y ) >0 and that the'first derivative_of g )

existstﬁ If E[gj(yp)] = uj , one can define the concentratlon curve of

security j as the relationship between




¢j[gj(y9)l

Fp(yp)

Concentration curves are plotted in Figure 2 below. It can easily be
seen that if Xj é'yp, equation (10) represents the_Lorenz curve of port-
folio Yy (curve B in thé figure). The relative riskiness of the securities

in a portfolio can be comparedvaCCofding to the follbwing;proposition:

‘ Proposition 2:7 The cbncentration'curve for the function gj(yp) Will‘bE‘
”abdve (below) the concentration curve for the function gi(yp) if>ni(yp) is
less (greater) than nj(yp),’for'allf ybu,nwherexrnx.is the elasticity of ‘g

~with respect to y .

Two corollaries follow' from propoéition 2

~ Corollary 1: The concentration curve for the function gj(y) will be above
(below) the egalitarian line (450 line) if- nj(y)' is less. (greater) ‘than

" zero, for all y

That is, in Figure‘2, the 450 degree line represents the risk free asset.
Stocks which are always‘negatively correlated with the portfolio have a .

conéentration curve which is above the 450-degree line.




The second corollary permits'comparison between the securities and the -

portfolio'they,make up.

Corollary 2: 'The concentrationncurve for tﬁe‘function gj(y)_'lies above

(below) the Loren? curve for'fhe‘distribupioﬁ 'Fp(ypﬁ if nj(yp) is“less
(gréatéf)'phah unity for all'yp > 0.
Corollary 2 permité us éo distinguiSh,betwéén two kinds of securities
~in a - . portfolio .. First, we observe aggressiveseéurities, with concéﬁt—
ration'curveé below the‘Lorenz curve of the portfolio,'whoéé high_degree df_

' respéhsivénegs to the - .portfolio  -' leads to considerable‘instgbilitf.
Second, we have défeﬁsive seéurities;vWith concentfatioﬁ cﬁrVes’abqve the
Loreﬁz curve of ﬁhe portfolio which feduce‘insfability because they:are~lessv“

responsive. These results are summarized in Figure .2.

Let OAB be the Lorenz curve of thé'boftfolid. The aggressive stock will be.
represented by OCA while the defensive stock is‘representedAby the concéntration
curve. ODA. The 459 line portrays the risk-free asset (if it exists) while

OFA represents a stock which is negatively correléted.with,the portfolio.

By construction and definition, the relative Gini coefficient is 1-2 (area
under the lL.orenz curve) and the relative concentration ratio for security

j is 1 - 2 (area under the concéntration curve for éécﬁrity j ) . Hence,







whenever concentratlon curves do not lntersect the classificatibn of*"

securltles by the G1n1 coeff1c1enf and  the concentratlon ratio truly'
frepresents their relative rlsklnees. fThet is, if cov[x. F (y )] >
cov[yé, Fb(yp}],A segurity .i is said to be a ggre351ve, and lt 1s: :
séid'tb'Be defensive if the iﬁequallty 1s_reversed. However, when o
eonéentretien curyes'intersect, the_relative:riskiness_of securi;ylfi7
.depeﬁds:oﬁ;the inveetof eQefsioﬁ‘tdwérds risk;vlThus, differénﬁ;invee;ere'

may disagree about the relative riskiness of securities.’




IV. THE PRICING OF RTSKY ASSETS

, Ih"thisjéectientwadeveloé the.secutity'velgation‘theetemtfor‘inﬁeétbrs
‘holding mean—Gini eff{cient portfoiios." The- CAPM. marhet—eqﬁilihriuﬁ»
relatlonshlp has been-formulated for MV eff1c1ent portfollos by Treynor
(1961), Sharpe (1964) Lintner (1965),land Moss1n (1966) The theorem o
vstates that for any securlty, the hlgher its nondlver51flab1e rlsk |

_ the'hlgheF will bevltsexpected return. ;Nondlver31f1eb1e (orvsyetematiéj
| risk is‘that hert of theveecurity'é total tisk that cahhot he:feauéedluh
by dlver51fy1ng a portfollo w1thout reéucxng its expected rate of
return. The theorem is stated in the context of cempetltlve flhanc1a1
matkets'Wlthqptrtaxes:and~w1thout teetrtctlons-on shert selllng and‘
‘bortewing;”*ln theee markets'investqrs'tradevrisky'aeéetehwhose
quantitieskare knowu,end fixed, to build efficient portfoliosithat
-answer thelr‘preferenees : By d01ng so, they act ln the securltles
ﬁarket bulldlng forces that 1nf1uence and determlne the velue of

these secutlttes .Assumlngvthet 1nvestors bu11d thelr ﬁortfollos'
“aecording’teeaeﬁv ut111ty,@the'fam111ar CAPM relatlonshlp betweenfi

‘expected return and risk is expressed-as-

71’; ff + [pm'-jffj [covtti,-ym)]/oi‘“




where f E(xi) is the expected rate of return on security i
is the rate of return on a.risk-free security.
E(ym) is the expected rate of return on the market portfolio -

variance of the rate of‘return'on,the(market portfolio.

Equation (11) was derlved under several assumptlons of whlch the most 1mportant

are (a) slngle—perlod analy81s, (b) the existence of a rlsk—free asset and -

(c) perfect competition in the securities market.

Since then, most efforts in modern. financial theory'have been directed

‘to‘adapting,thejmodel«to differentacontegts and‘teéting it empirically,

?Much‘leeé>attention has heen derotea‘to whether rts‘theoreticaljfopnna—
tions were sohno,hWith:theihotable exceptioniofnatochastic aoninance theory~
(SD). Unfortunately, the’éﬁgapérqach was.founocto'be compntationally
cumhereome aﬁd cannot'providehanéners to‘investora' oneétionS‘on.securitp

valuation in terms of portfolio diversification.

The valuation theorem proposed here retains the main aseumptions of the
classical CAPM However, 1nstead of holdlng MV efflcient portfollos,‘
_lnvestors construct market portfolios whlch are SD effic1ent ThlS is done :

by the meanfGini approach.




i Each 1nvestor determlnes his Optlmum portfollo by choos1ng a seCutitieS»'
mix that m1n1mlzes the G1n1 s mean: dlfference of the portfolio glven 1ts =
o expected rate of return.” Investors are permltted to borrow and 1end at the

riskless rate,kr‘

£ - The rate of return of 1nvestor <] s.portfolio is-glven by .

2y
a2y,

where Xy is the rate of return on securlty i (i
"1s the share of investor j's wealth invested in securlty i.
investors problem is to minimize “Fj : subject to
N . N

'.(13)'.'E(yl) = I aJu + (1 = I ai)rf
o i=1 ° i=1

Recall that the Gini coefficient of the portfolio can be written as

o o N ‘ , ,
(14) _rj =j2COY[?j’ Fj(yj)]. = Ziflaicov[x , F (y )]

Thus the necessary COndlthnS for a mlnlmum are 51mply:
N .3 cov[xk,F (yj)]

‘(15) : :eov[gl, FJ(yJ)] +v2 k£1 ak — ’.aai . Xj(ui rf) ﬁm;?u i=1,...,N

and equation (13), where Xj is the Legrange multiplier_associated with'

investor j




“As’we saw earlier, cov[xi, Fj(yj)] is the concentration ratio®

between security’ i aﬁd‘theiportfolio*of_individual‘ j R repreéeqtsw
the degree by which the risk of security i Acanﬁqt be ‘diversified by
including it in j's portfolio.

.By property 3 of the Gini coefficient, we know that Tj_ is

J

homogeneous of degree one in a; . Therefore -

(16) T.
= J“ -

or

, . j .+ N N uj: .. 9.cov[x
(16a) T, =" oy cov[x.,, F.(y.)]1 +2 I I o a

J i=1 * By B3 07 i=1 k=1 %

L Fi(y.)]
3j k’ -_]wYJ
k oo,

. i
implying ,by equation (14) that the double sum on theﬂright;hénd—sidé -
~ vanishes. .

i

"By<mu1tip1ying each of the conditiqns in’(15)_by’its share oy ‘and

summing over all the securities N , we obtain for every investor

v : : . L j S
.‘(17) Fj vxj ; 1,qi (“i' re)

~(18) .T. = ). s ou, -, ¥ (1 -"%
: o3 1 1 .

j
£ Qi):fl

i=1
‘and we have obtained the relation between‘risk (expresSed by the Gini)

of the portfolio and its expected return as

(19) 1, = ’Aj[E(yj)“f rl .




Equatlon (19) represents thekhaghest fea31ble stralght llne in the (u, j,
space glven .an eff1c1ency frontler constructed by portfollo comblnatlons‘of
risky assets; Since. the eff1c1ency frontler 1s concave w1th1n ‘that space:d
. due to propertie5“3 and 5, {the second—order condltlons for a m1n1mum are~
satisfied‘ In- that context 1/A 1s’the 1nvestor subJectlve prlce of rlsk
51nce 1t relates the expected rate of return of ‘the chosen portfollo to its
’ risk.b The investor w111 chose a portfollo mix along that 11ne that maximizes
his utility.

Now assume a market of. 51mllar lnvestors who are rlsk averse,ihave
‘identlcal 1nvestment opportunltles; and minimize the Gini coeff1c1ents of .
’ their portfollos subJect to thelr expected rates. of return.f' In that case,

quatlon (19 will be 1dent1ca1 for a11 the 1nvestors in that market.

For a glven rlsk free rate of return, the un1t prlce of r1sk w111 be
4 equal and determlned by the slope of the market 11ne in- the (p, F)space

(see/Figure-B),

For an 1nvestor wh1ch does not borrow nor 1end all hlS wealth w111 be'
;1nvested in rlsky securltles whose portfollo is the market portfollo, plctured

by m in Elgure 3. Thusibr all. 1nvestors, the prlce of rlsk w111 be

‘(éo)’fj/x,= (- rf)f/'rm

S Where hm is’ the expectedvreturn on the market portfollo and T 1s‘its Gini
Hcoeftlcient; In thatcase, the G1n1 coeff1c1ent of the portfollo held by
investor j 1is equal to _fm- 31nce the optlmum ranklng, _F (y ) of‘lnvestor
j‘ remalns unchanged whether or not a rlsk free securlty is added and thus

'1s equal to F (y ) for all ‘investors: Thus, from (13)

N L a cov[xk, F. (y )]
(21) 2% ui - = =0
/ “k=1 R N R

‘and the equilibrium condition for every security i and investor j .becomes




MG efficiency frontier

m —'marketiportfolié' .

e e e e e e o e e wee E— em o e wwe - e




(22) g omre o Qg = xg) c 2eovleg, FG] /T

. This is essentially the. CAPM valuation’relationship for a market of. .. .
investors usihg theAmean—Gini approach.vao undersfand the dependeh¢e,between
systematic_risk and expected return,vlet‘ﬁs rewrité 2coV[xi, Fm(ym)]ﬂ " as.

R, T, where
- dm i

‘va[xi;>ﬁm(ym)]‘

R, = -
im _COY[Xi"Fi(Xi2]

' is a sorﬁ'of'fahk coftéiation coefficient and Fi =2 qbv[xi, E(xi)}»;.

Thus

@ 1 B ?f:*‘(“jm y );_’?f)i‘.;mﬁfiffm) NS

Therefore, security i's beta is simply
(28 B; = Rim(ri/rm) .

" As is well known, Bi. represents the. degree of responsiveness of the rate
of return of security i to changes in the market, and_"_Rim is the -

)

proportion of total risk -(expressed by the Gini coefficients .of security 1 ,Fi

‘that cannot be ‘eliminated by the market without reducing the expéétéd:rate‘of

"return.




At this point, it is 1mportant to. draw the analogy between the ‘Bi
in (24) and thev'B derived from the MV~CAPM It can be shown that for
normally djstributed‘securities; "Ti'='ci//ﬁ -and xFﬁ =" dm/Vﬁ" , where

'

o, andf‘om'”are the standard deviations of i'and m :

Therefore, Rim does converge to.the Pearson correlation coefficient

between:security i end thefmerket mw . This assertion is-lntnitive]y.deduced'
~ since in the case of normally distributedlprospeets; the MV and MG"betas'
‘coincide'for the same set‘of observationSQ. donever this is not alweys true
for prospects that are not normally dlstributed In general MV and MG betas
will be dlfferent, w1th the MG betas corresponding to SD° efflcient securities‘
-markets. Furthermore whenblnvestors use the mean—extended—Glnl (MEG) approach'
to evaluate risk end(construct‘efficient portfolios, thekcomputetion and | |
estimetion of betas will depend on’their_attitude”tonerds'risk; es nill now

be‘shown, when weﬂextendbthe analysis with the MEG.




V. 'THE EXTENDED GINI COEFFICIENT

In this section we.develop ‘the extended Gini coeff1c1ent and apply 1t to
4portf0110 analysis and the CAPM. Gini' $ mean dlfference may ‘be extended i
into a famJ]y of coeff1c1ents of varlablllty dlfferlng from each other 1n -
the decision-maker’ s degree of rlsk:averslon, Whlchlls reflected bY{tbQ .
parameter Vd; Remrite eqnatdon‘(Z)'as‘ | | )
‘ b o b
T = J [1 - F(y)lay 4'J [t - F(y)]vdy'f

(29 % . @

b Lo
- -'a -_J-»[1‘— JONET
ar .

where 1< v < © is a parameter chosen by the user of the method -We deflne B

(25) as the extended G1n1 coeff1c1ent whose propertles are (Yltzhakl, 1980):

1. The extended Gini coeff1c1ent 1s non—negatlve and bounded from above
for all v . That is, 0 S T(v) <p-a . It lS a non-decrea51ng functlon
of V. The proof of thls property is 1mmed1ate if we remember that'

12 F(x) 0. for a’g x £ b .
2. =1, 2 '1 con ~integers, the extended Gini coefficient is

. XV)] . since

s1m01v rv) = u - E[mln(xi, x2,

P () = Probmin () < y] = 1 - ProblminGe) >yl = 1= (1=,
Cmin(x.) i=1,2.0.v e AT e T g T

Thus, - E[mln (X )] ( [1—F(y)]vdy for v ' integer
i=1,2, _oJ ‘ L

The extended Gini coefficient is sensitive to mean~preserving spreads.-

If“"y2 = ay1, then F (V) laIF (v)-




- 26 -

Proof: Since. Fz(yz) = F1(ay1) for a > 0 we get
rab S L oo
|- ry ) - 11 - e

oca:
' b
o

: AY]
a{[1if”F1(y1>] - [1 —~F1(y1)]»}dy1 .

Let y, =y, +c; then T, =T()

Let y;, y, be two.p?ospech;‘then[uJ—F1(y)J —'[uz f Fz(v)] > 0,

" for v =1, 2, 3, ... is the'necessary condition forrfirst and second degree
"stochastié dominance (Yitzhaki 1982).

7. Let Y12 Yy be two prospects with cumulative distributions that intersect
at most once. Then [ul -~ rl(v)] - [u2 —'F2(v)] >0 for all v=1, 2,3
is a sufficient condition for yi _to stochastically dominate 'y2

" (Yitzhaki, 1982).

The interpretatidn of v can best be seen by looking at u - T'(v). .

Its value for different values of- v .

and it is‘a non-jpéreasing~funétioﬁ of v .vTﬁus one can viéw f(v)‘és
ﬁhe_;isk premium that shéﬁld-be subsfrécted from the expected value of the
: djstribution; The éése. v o= l‘fepresents‘the risk{neutral in§estop.
whilé v > o represehts ﬁhe investornﬁﬁo:is iﬁterestéa iﬁ the miﬁimum v

: . iy ~ . P SR
value of the distribution, and maximizes this minimum.




The extended Gini cOeffidiént~bf a po:tfdlio-can.be deCoﬁpééédfiﬁt6 _lT

an equation similar to (6). “That:is;

S ~ L SRR | -
- (26) Pp(v? = ?iilaif:OV{xi;. [1 Fp(yp)] }

Proof: Let ypk. X ; then -
o = - a - o’ey
P . » P ‘ylf
‘Defining v, ahd u as
. v ' | v-1,
-1 s e - F 1Y)
1

and applying integration by parts, we get

b

: -;vJ' (1 -FM] “yi(ydy -
: a ’ P

N S '.,_?" =
Q) "Pp"_a‘rr[;, F 1y .

: _ av=1 L
R vL‘, [1 - Fp(y‘__);]! yfp(y)dy ;




Jb [1 _r ( )]V'"-lf (y)d %-['1\ ‘-‘F~( )j‘*/v " .b
N R p y)dy =7 pt¥) L

b : o
£ d
y P(Y)~y",'

(-1 ) yi ay - |

T (v) uf -V J
‘P P . . a a

(P » v-1 1. -
Y J.{[l - FP(Y)] S ;'} yfp(y)dyi‘ 
a g :

~veovly s 11 = F 1"

Therefore
' N IR v-1
27) T (v) = -v.Z a ,covix,, [1 =F (y) 71,
» P 4= 1 i P .

11

since y. = Lo X,
Py

Q.E.D.

| That is, the nondiversified fiskhgf»alprospegt_is its cpvariéncg with

the”portfolio rank . to the power>  v '.rlThe higher ;v; the greatérifhe |
. wéight given io tﬂe'pérforméﬂce of the érospécf Whenléhévyielq of the .
ﬁortfqlio’is low. Note that if 'v = 2, then wé have thé rééhlar Gini
coeffiéient. | | |

We derive the CAPM, usihg the ektended Gini‘of degree v. For inVéétor

j , the extended—Gini’Of‘his pbrtfolio‘i§~given by |
N

r,(v) =-v I
- i=1

j . . A‘_ . - \)_1
ajcov{[1 Fj(yj)]_ ,_xi}

\




investor j:’chdoses ‘ther ‘ag that 'minimize T (v) subject e
to the expected rate of return on the portfollo glmen by (12) As shewn;;e
.nA reflects the’ degree of rlsk aver51on. Hence, it is p0551b1e to“model :
.a securltles market that w1ll exhlblt dlfferent market portfo]:os.becausenf;:
of different degrees of rlsk ayer51on. For the present we requlre thatit
investors are similar.and that they diepley 1dent1ca1. n . Therefore; fcr B

allvji, the necessary cqnditions‘for a minimum are
—veov([l - F. 301" x, Y = - )
o R D SO ST e & £7

- l/>\J= (‘um_—, te) T, 00)

where T (v) is the market portfollo E extended Glnl coeff1c1ent of

degree 'v , and the market—equ111brium relatlon becomes R

ep - = T /1) T veov ([1 = B

. If the 'rank' correlation ratio of degree v between securitYf;ir
and the market is

cov{{l _SFm(ym)]‘ , Xi}

R, (V) = — e —
im | covﬁ[i - Fy(x,)7" % 5 %}




the market—equilibriﬁm vaiuation for every i and any V 1is given by‘_

‘ : T, (V)
'_‘(30) up = org F v(ym‘ rf)Rim(V) };‘(*\;7

Thus,

Fi(v) ‘

(30 B0 = Ry () § gy

Thus, even if investors have thé‘samevattiﬁﬁde tqwards risk as expressed

by v,.aifferent efficient market portfoiié;laﬁd'different éystematic riskév

for each seéurity Qill be obtained.' This feature muét:be;borhe in mind when
estimatiﬁgzbeéé;. It muéf;ﬁé éadéd théé if secufitiéé éfé norﬁally diéfribﬁted;
the MEG §'s will be identical to the MV betas, independently of v. But our
concgrn‘fof thé‘existence for differént:efficiéﬁt‘méfkét portfolios is |
brincipélly ditééted ﬁa&ards'disgributidnéubthér[théﬁ ﬁo?mai such as the-

log ﬁormal and the unifo:m distribution. For‘thesejdist:ibutioﬁs, the MV
approaéh'is.not‘éonsi5£eﬁt‘wifh ékﬁecﬁed'@tility méximizétion'aﬁd Stoéhastié‘

dominance, whereas the mean—Gini is.! o




VI. CONCLUSION

We have presented a new approach‘tOranalyze risky prospectsaandtethtroet
optima]tportfolios. This methoo.owns thefsimplieity‘oan two—oarameter |
model wjthhthe efficiency of°stochastic dominaoce.h:To’that‘exteht;

we elaim thét.Gini;s mean difference is*suﬁerior(to.the varianeeﬁfofii
emaluatihg the variability'of'a securityw ,Furthermore,bthevcohceotratioh.
ratio based oo the Cini coeffieieot permits us - to elassify djfferehtt
secorities with respeot to their relative riskiness. Finaliy‘me.havei
applied the MG approach to capltal markets and the‘security valuation
>theorem was derlved on a general relationshlp between average’return

and riskf :By'extendrng the‘analysisbwith:the_mean-extended-Ginivmethod,
we‘have eapliCitly‘ ihtroduced_the:degree of risk aversioo as‘ahparameter‘

‘that can determine the specific compoSition of ‘market portfolios; ‘v”

The main impiications-of»the model reside as’mhether‘iovestors,‘_
s;ln general behave more in a MG or MEG framework rather than: follom the
W approach These 1mplications can be empirically tested by estimating_:
;'the performance of CAPM for different degrees of v , and comparrng .
these w1th the results_obtained from MV-CAPM. Twohparameterroortf61io_.
models”Were”tested‘using regressioo'techniqoes.: This was notablfﬁef‘
‘.exemo]ifieo by Famaiand MacBeth (1973) who sopportea thevhypothesis

that fiskfgvé£5é inyestors hbla effieient portfolio in terms ot‘meanh

.and-staodard;deviation,of the‘returns.. Recently, certains doubtélWere




raised as to whéther»fhe_different regression procedures were
to test the‘CAPM.(seelRoss, 1980).. By proposing the mean-Gini and

mean-extended-Gini models as means of evaluating capital market data,

we add a new dimension to modern, finance theory, suggesting that we

should return to theydrawing_boardf




égpendix

- Proposition 1: (Yitzhaki, 1982). The condition oy F1(v)‘z pzfrz(v) is

a necessary condition for ¥y to dominate Yo according to

first and second stochastic rules for. vz 0.

For y, to dominate Y, according>to FSD and SSD rulesiif is

necessary that

(A.1) . F (y) s Fy(y) for all y°
and ‘

(Aa.2) - J'<F1(t)dt S [ Fz(t)dt' ~for 'all y.
: a a .

The condition ‘p1A? ry) "pét— r,(v) - implies

: b RS Y | 3
(A3 J ’[1—F1(y)]vdy z J [1—Fé(y)]vdy for v > 1.
e a ‘ \ - a o :

If v =1, the propdsicion'is'proved directly since (A.3) holds whenéver
_(A.1) and (A.2) exist. For v ?;1 ‘we know that ‘since the function ,zv is

s ' R ' VooV v-1 e
strictly convex for positive 1z, Z >,zO + v zZ (2-20)1 Thus

2.6 | [1—F1(y)lv },[1-F2(y)1v + v{1—F2(y)]“"[Fzgy)_— F1(y)]v.

b o S b Ll ,
~J {[T-F1(y)]v- [14F2<y>]”}ay > vj [1—F2(y)]v 1[Fz(y)’—F1(y)]dy .
a ' : . -a | . :

, Yy . . : .
,J [Fz(t) - Fi(t)]dt_g 0 for all'y by (A.2)
a : v S -

[1—F2(y)]v_1‘,is non negative and non iﬁcreasingnin v,




" . . b . ' — N ) ’ : ‘ B v',
- (A.6) _ [:[1—F2(y)]y 1-[F2(y) - Fi(y)]dy 20 forv> 1,
. a R o1 g ‘

”By,the fdliqﬁing»lémma;

Thus from (A.S) we have

as

, b . b

cwn [t [, o ey

: o .. a ' R
whenéver Y, stochastically dominates Yo

~ Lemma: Let h(z) be a non-negative and non-increasing fungtiod‘of z, and

let g(z) be a functioh_with,thé,propertyfthat

x _ '
( (z)dz 2 0 for all x.
Then j“h(z)-g(z)dz 2 0 for all x.
' a’’ : ‘

La

‘Assume fg(x)‘changes signs n  times between ‘a and b at

X1; Xgs vnns xﬁ. Thén'g(x)'> 0 for a < x < XT and g(x) < 0 for
, ‘ | T . A :
P R 2 - T [Xeo
X, < x <fx2, and so on. Thus j g(z)h(z)dz 2 h(x1)[ 2g(z)_dz z 0.
. e a“ - : .a” .

Since -this argumént'can be fepeated‘for‘xi when 1 =¢2;,.§ b;
X,

X . . . , . N :
J 1g(z)-’h(z)dz z h(xi_1) j lg(z)dz
a’ - o . a C

‘g(z)~h(z)dz 20 forall x.




FOOTNOTES

]Por simp11c1ty of presentation, contlnuous and bounded random variables
wxll be used throughout the paper, keeping in mind that most of the
results can be. applled to dJscontinuous and unbounded distributions
The index i o will be om]tted whenever 1t is not necessary to. djsting—’
-ujsh between two var1ab1es Note that we use ha]f of Gini's original

v‘mean difference “Note too that we here use: the’ absolute forms of -
C]ni s mean d]fference and the concentration ratlo, that is, we do
not follow the more usual practice of d1v1d1ng by the mean (see Kendall

and Stuart, 1977)

» . ) ; }_' . ~ . ,
2For derivatlon of equatlon (2) for. continuous, discrete and unbounded

distribution see Dorfman (1979)

,3For the def1n1t10ns of- the stochastic domlnance rules see Hanoch and

Levy (1969) and Rothschild and Stiglitz (1970)

l’For derlvatlon of formula (3) see Kendall and Stuart (1977) for the
contlnuous case and Pyatt, Chen, and - Fei (1980), in the case of discreteﬂ

] d'istributions.

) . S
For a dlscu551on of the properties of. the concentratlon curve see

. Lakwanl (1977) and Pyatt et al. (1980).w

6The restrictions g ( ) > O and yP >0 Should‘be interpreted as a-.

shift of the or1g1n
.7This propositjon'and'the two corollaries:were nroved by Kakwani (1977);

8NoLe that to. obtaln the concentration ratio -as defined by Pyatt et al.

(1980) cov[x s F(y )] should be divtded by E (x )

%Values of 0 < v <1 represent the case of the risk lover, the extreme
case - vV = 0 representing the 1nvestor interested in: Lhe max1mum value of
the distribution b (the max-max-. 1nvcstor) In-this,paper, we restrict

ourse]ves to- szk—averse 1nvestors

%See. Yitzhaki (1982) for a con51stency analy51s of the mean—G1n1

approach for dlfferent distrlbutlons
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