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In quantum mechanics it is well known that, if any two states are superposed, they 
interfere with each other. It is true, we should not deny such interference in principle, but 
we may assert what follows. When two states different from each other in a great many 
degrees of freedom are superposed, the interference effect becomes obscure. If they are dif· 
ferent in an infinitely many degrees of freedom, they do not interfere at all, and their 
superposition is nothing but a mere probability function. This assertion enables us to 
understand how the probability amplitude for a micro·system is converted into a probability 
function for a measuring apparatus in the course of measurement. 

§ 1. Theory of measurement 

Though quantum mechanics has achieved a brilliant success, yet there is lack 
of a completely unified interpretation of it, and there has been a lively discussion 
with regard to the subject. Especially the theory of measurement in quantum 
mechanics has aroused much discussion among the physicists, and it is still in 
dispute because there is no proper interpretation acceptable for all of them. In 
the present article this problem will be discussed in connection with the views of 
H. S. Green.1) 

At present the following may be considered to be the most "orthodox" inter­
pretation on this subject, that is: 

Let R be a Hermitian operator with a pure discrete and simple spectrum, and 
put 

R¢i =i.i¢i, i=1,2, .... 

Every wave function cj; can, then, be represented by a senes 

cj;=Cl ¢l +C2¢2+···. 

(1) 

(2) 

When we measure R in the state cj; and get the result Ai' then the measurement 
changes cj; into ¢i, and the probability of this transition is given by 

(3) 

We cannot accept such liin interpretation from a macroscopic point of view 
unless cj; is only of a statistical nature, because the transition from cj; to ¢i is abrupt 
and non-causal. On the other hand, it is well known that any two states interfere 

D
ow

nloaded from
 https://academ

ic.oup.com
/ptp/article/23/1/32/1930325 by guest on 20 August 2022



Measurement in Quantum Mechanics 33 

with each other, and' so cp represents something more than a mere probability. In 
this sense cP is usually called a' probability amplitude. Now we are in a dilemma. 
From a macroscopic point of view ¢ should be a mere probability function, that 
is, a mere statistical sum of ~'s, while from a microscopic point of view it should 
be a probability amplitude. The most typical illustration of this dilemma is af­
forded by Schrodinger's famous allegory about a cat.2) It' is believed in general 
that the abrupt and non-causal change of states by measurement is a characteristic 
feature of quantum mechanics in contrast to classical mechanics. There is, however, 
no conclusive evidence of this interpretation, and the acceptance of such an inter­
pretation is not necessary to develop the most part of the theory of quantum 
mechanics. This is the reason why there is no unified theory of measurement as 
yet. 

Some assert that we must treat measuring apparatus by quantum statistics. 
and that the above dilemma will be solved by such treatment.1).S) Let us cite, for 
instance, Durand III: "the initial state of the object system may be known, but 
that of the apparatus system is at best delimited only by the results of a few 
quasi-classical observations. Furthermore, complete knowledge of the quantum me­
chanicaldetails of th~ apparatus state is probably impossible even in principle .... 
A statistical treatment of the measuring process relative to the apparatus state is 
required." Though there may be some truth in his view, we cannot wholly agree 
with him. If an apparatus can be treated by quantum statistics, it must be treated 
by quantum mechanics at least in principle, and so the theory will not be essentially 
improved by such a statistical treatment alone. Nevertheless, we agree substantially 
with H. S. Green in his following views :1) 

"The essential problem to be faced, therefore, concerns the detector. It has to 
be explained how th~ probability amplitude for t~e arrival of a micro-system in 
one of two or more channels gets converted into a probability for the transition 
between the metastable and stable states of a particular detector.")' 

Now, we interpret the process of "measurement" in the following way and 
explain it by a very simple example. Let [IJ be a micro-system whose physical 
quantity R is measured by an apparatus [IIJ. Let, further, R have a pure discrete 
and simple spectrum and satisfy Eq. (1). At the beginning of "measurement" 
[II] is in· a prepared metastable state ",,"0, and in the course of "measurement" [IJ 
interacts on [IIJ and converts ",,"0 into a state ",,". If [IJ is in the state ~i' then 
[IIJ is converted into a corresponding stable state q,t, and we know that R has 
the value Ai. As [IIJ is a measuring apparatus, these q,'s ought to differ from each 
other macroscopically. If the state cP of [IJ is given by Eq. (2), then 

",,"=C1~+C2q,2+"" (2') 

In principle, this Eq. (2') is of the same nature as Eq. (2), that is, """ is a super-

t Even if we accept this view of Green's completely, we cannot accept his explanation. At 
the end of § 2 we shall deal with this problem. 
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poSItIon of 4>'s, and it is a probability amplitude. We shall show, however, in 
the following section that, if a state is a superposition of two or more states 
different from each other macroscopically, it can be considered as a mere 
probability function. This implies that Eq. (2') does not mean more than the 
following equation: 

(3') 

Thus we can consider that, when we "observe" the state '0/', it changes into one 
of 4>'s abruptly and non-causally. Even if the relation between a micro-system and 
a measuring apparatus be more complicated, the above interpretation will remain 
essentially unchanged. 

In conclusion we assert what follows: In the course of " measurement" the' 
micro-system interacts on a measuring apparatus, and the prepared metastable 
state of the apparatus changes into a new state, which is a superposition of 
several stable states. As these stable states should differ macroscopically, we can 
treat the new state as a mere probability function, and so, when we "observe" 
it, it changes into one of these stable states abruptly and non-causally. In this sense 
we ~an agree with H. S.Green, and the above statement enables us to accept the 
"orthodox" view on measurement in a slightly modified sense. Care must be 
taken of the fact that we have distinguished the word "observation" from the 
word "measurement" in the preceding assertion. "Observation" implies the final 
process of the usual measuring process, that is, the cognizance by our own organs 
of perception. On the contrary, "measurement" implies the usual measuring 
process except for- the final process, "observation." In our terminology there may 
be an automatic "measuring" apparatus, but not an automatic "observing" ap­
paratus. 

§ 2. Systems with a great many degrees of freedom 

Let SN be a system with N degrees of freedom, where N is a very large 
number, and 9;;, i=1,2, "., N, be a Hilbert space corresponding to the i-th degree 
of freedom. Put 

(4) 

and then it is a Hilbert space corresponding to SN. For example, let SN be made 
up of N particles with the same properties, and (A(x;;) be the wave-function of 
the i-th particle. Then every state 'o/'ES';;lN can be represented by one of· direct 
products 

cFl(X1) XcF2(x2) X··· X cFN(xN) , cFiE9i' 

or by their linear combination. In principle, SN should obey quantum mechanics, 
but, if we apply the usual interpretation of quantum mechanics indiscriminately to 
SN, we cannot but arrive at somewhat unphysical conclusions. 
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Let V' and V" be given by 

and 

V' = ¢/ (Xl) X ¢l (X2) X ... X ¢JI (XN) , ) 

V"=¢/'(Xl) X¢l'(X2) X ... X ¢N"(XN). 

(5) 

At first, we assume that V' and V" are the same except for the N-th degree of 
freedom, that is, 

and that 

¢/(X.) = ¢/'(x.) , i=1,2, ... , N-l, } 

(¢JI, ¢JI') = 1 ¢JI(XN) ¢JI'(XN) dXN=O. 

(5) and (6) show that 

(.,., .'.") = II N ('u' ,f,") = ° 'Y-' 'Y' -£=1 '/"'-t, "ri , 

(6) 

(7) 

and so these two states are" completely" different from each other in the usual 
quantum mechanical sense. V' and V", however, should be very near to each 
other from a macroscopic point of view, because N is very large. In fact, it is 
not an operator q. in' 1). but a mean of ql, q2, .. ', qN, that has a macroscopically 
important meaning, and V' and V" give almost equal expectation values to the 
mean. This implies that, in order that two states V' and V" in (5) can be said 
to be different macroscopically, they should differ in many degrees of freedom; 
namely, they should satisfy the following equations: 

H'/!l(CP/, ¢/') =0, (7') 

where each H' is a product of (CP~,CP~/), i=1,2, ... , N, with the exception of a 
few arbitrary members. In other words, a great many of 1 (CP~, CP~') I, i=l, 2, ... , 
should be zero. 

In quantum mechanics it is usually assumed that for any two states, ¢' and 
¢", there is at least one such physically meaningful operator q that 

(CP', q¢") ~ 0, (8) 

and this assumption seems to have some grounds. The validity of the above 
assumption, however, becomes doubtful for the system SN. In SN every physically 
meaningful operator is given by 

(9) 

or by their linear combination, where qtJ is an operator In 1)tj" Let V' and V" 
satisfy Eqs. (5) and (6), and put 

As 
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there may be such qN that I (V', q~') - (V", q~") I ~ 1. This is unphysical at 
least from a macroscopic point of view, and so such qN will be physically mean­
ingless. Furthermore, it is obvious that any qn corresponding to a proper physical 
quantity, such as energy and momentum, is a product of a few q's. From these 
facts, we may conclude that, the larger n becomes, the less meaningful becomes 
qn physically.t If V' and V" are macroscopically different, every operator q 
satisfying 

(v', qV") ~ 0 (8') 

cannot be qn with small n, and has little physical meaning. Therefore, we may 
say that 

(v', qV") = 0 (10) 

for almost every q which IS physically meaningful. 
Put 

(11) 

for any macroscopically different states V' and V", where (j IS any real number. 
From (10) it is easy to show that 

(VO, qVO) = (VO" qVO,) 

for any (j and (j' and for almost every physically meaningful operator q. Thus 
every ";0 can be considered as representing the same state, and this means that 
V' and V" do not interfere at all. Accordingly, 

v=v'+";" (11') 

can be considered as a mere statistical sum of V' and V", that is, a mere pro­
bability function, though it is a probability amplitude as a matter of principle. 
This is what we desired to show in the preceding section. 

We shall compare the foregoing assertion with that of H. S. Green. l ) Let 
p (x, y) be a statistical matrix 

p(X, y) = {V'(x) + V" (x) }. {V'(y) +t"(y) }*. 

The interference of V' and V" can be represented by 

p' (x, y) =V' (x) . V"(y) * 

(12) 

= [sOI' (Xl) . sO/' (Yl) *J- [sb/ (X2) . sO/' (Y2) *]- .. [sO"/ (XN) . sON" (y N) *J. (13) 

When V' and V" are macroscopically different, 

)p'(X, x)dx 

= ) sO/ (Xl) sO/' (Xl) dXl· ) sO/ (X2) sO/' (X2) dx~··· ) sON' (XN) sON" (XN) dx; 

= (V', V") =0. (14) 

t The validity of this assertion will be clear in the quantum theory of fields. (See also § 3.) 
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It seems to us that Green's assertion is, in essence, nothing but to assert what 
follows: 

Eq. (14) shows that ,0' (x, y) is a very small operator, accordingly it has 
no physical effect. 

This seems to us incorrect, however, because the norm of the operator ,0' (x, y) 
IS 1. On the contrary, our assertion is as follows: 

For any physically meaningful operator q(x, y), 

Jp'(x, y)q(x, y)dxdy=O, (15) 

.therefore ,0' (x, y) has no physical effect. 
Lastly, it will be necessary to add a few words about the relations between 

cf>'s in (2'). At first sight, it seems paradoxical to apply (10) to these cf>'s, because 

all these states result from the same state '0/0' For example, if 

cf>i= Ui'%, i=l, 2, "', N, 

then 

and 

in contradiction to (10). In order to solve this dilemma, it IS necessary to re­
member the fact that '0/0 is the prepared metastable state; therefore, even if the 
operator Ui be physically meaningful, Uil has no physical meaning. Maxwell's 
demon will be responsible for taking these operators into consideration. Only in 
this respect, it is necessary to take account of the statistical nature of the apparatus 
system. It is noteworthy that the statistical consideration is necessary not to show 
how '0/ in (2') can be a mere probability function but to explain how vanous 
macroscopically different states can result from the same metastable state. 

§ 3; Systems with an infinitely many degrees of freedom 

In the preceding section we have shown that a system with a great many 
degrees of freedom is fairly different from a system with a few degrees of free­
dom in its physical import. The difference is, however, only quantitative and 
not qualitative. In order to clarify the distinction between these systems, we shall 
-consider a system S"" with an infinitely many degrees of freedom, because it can 
be considered as an extreme case of SN' Comparing S", with SN, we can show 
how they are qualitatively different, and this serves as an extreme illustration of 
the aforementioned difference. 

In place of Eq. (4), we put 

(16) 

where the right-hand side IS the infinite direct product,4) and it is a Hilbert space 
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corresponding to Sao. t The set of all physically meaningful operators of this system 
forms an algebra ~, which is generated by operators in all WS.5) For example, 
in the quantum theory of fields every physical quantity can be represented by crea­
tion and annihilation operators. This means that they belong to ~ or to its closure 
~c in an appropriate topology. Even a unitary operator exp (iHt) belongs to ~c 
where H is the Hamiltonian. On the other hand, every state of this system is 
nothing but a linear functional f on ~ or ~c/) and can be represented by a vector 

iJ!fES"Jao as 

(17) 

Now we consider the superposition of two states IJI"' and IJI"", each of which belongs 
to an incomplete direct product. It There are two cases to be distinguished. First,. 
we consider the case in which iJ!' and iJ!" belong to the same incomplete direct 
product. This case is similar to that of quantum mechanics, and· there is such an. 
operator qE21c that 

(iJ!', qlJl"") ~ o. (18) 

Put 

(19) 

then IJI"0 represent different states for different 0, and we may say that IJI"' and IJI"'" 
interfere. It is obvious that there; are two operators q' and q" and a vector lJI"o, 
such that 

(20) 

As 

(21) 

we can represent the superposition as the sum of operators, but we cannot represent 
it by using f. In fact, 

(f'+eiOf") (q) = (IJI"', qiJ!') +eiO(IJI"", qlJl""), 

and it IS not equal to 

P(q)=(IfJ"0, qiJ!0). 

The second is the case in which IJI"' and IJI"" belong to different incomplete 
direct products. In this case there is no operator satisfying Eq. (18), and IJI"I!' 

t ~ao is not separable. On the contrary, an incomplete direct product ~" is separable, but we· 
cannot tell which of them is more appropriate for Sao from a physical point of view. ~'" however, 
resembles ~.N in its character, so we use not ~" but ~'" in the following. 

H Essentially this means that 7]1' and 7]111 are direct products 

'JI'= X i -:::'l </Jl, 'JIII= x/:,l</Jl', </Jl, </Jl'E~i' 

In the first case of the following, (</Jl, </Jl') =0 only for a finite number of i's, and in the second 
case, (</Jl, </Jl') =0 for an infinite number of i's. 
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represent the same state for all (j; namely, 1Jl" and IJl'II do not interfere. 1Jf9 can 
be given by 

p (q) = (f' + j") (q) = (1Jf1, qlJf' ) + Up·II, qlJf"). (22) 

As there are no operators satisfying (20), 1Jf9 cannot be represented by a sum of 
operators. To sum up, in the first case (1Jl'1 + IJfll) is a probability amplitude 
and can be represented by a sum of operators as in' Eq. (21). On the contrary, 
in the second case (1Jl'1 + IJfll) is a mere probability function and can be repre­
sented by a sum of states as in Eq. (22). In each case the representation by 
operators or by f's will be more esse~tial than that by lJf's. 

As an illustration of the above argument, we shill I consider the difference 
between the classical field theory and the quantum field theory. Divide the whole 
space into many small domains V-&, i = 1, 2, .... In the quantum theory there is a 
Hilbert space ~y. corresponding to each Vi, and the Hilbert space c:. y which 

• ~ 00 

corresponds to Voo is given bll 

~Yoo=®-&~l~y •• (23) 

That is, any state IJl' E~v 00 IS given by a direct product 

(24) 

or by their linear combination 

IJf = 2j { X i~l IJfl}. (25) 
J 

Every state IJf can be represented as in (25), but it is not necessarily represented 
as in (24). All these states, however, are equivalent. In fact, whether a state qr 
can be written as in (24) or not is relative to the division {Vi}. If a state is 
written as in (24) for any division {Vi}, it is nothing but the vacuum. On the 
contrary, in the classical theory a state is completely determined when we know 
one in each Vi. Therefore, we may say that a state is always given by (24) in 
the classical theory. 

In principle, the classical theory should be an approximation to quantum theory. 
Hence, it is necessary to explain how to settle the difference above mentioned. A 
domain Vi sufficiently small from the view-point of the classical theory may be 
large enough to contain a great many degrees of freedom from the view-point of 
quantum theory. In the following we take only such divisions. Two states dif­
ferent with each other from the view-point of the classical theory should be dif­
ferent macroscopically at least in one Vi, and the sum of two such states is a 
mere probability function. This implies that a state able to be written as in (24) 
plays a principal role, and that a state unable to be in the form of (24) plays 
only a subordinate role. Of course, there is no state which can be written as in 
(24) for any division {Vi} except for the vacuum, but there are states which can 
be written as in (24) for any division {Vi} in an approximate sense, and it is 
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only such states that are fundamental in the classical theory.t We may say, 
therefore, that in the classical theory a "state" means only such a state as in 
(24), and this explains the aforementioned difference. 
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