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MEASUREMENT OF THE LOW-WAVENUMBER COMPONENT 

OF TURBULENT BOUNDARY LAYER PRESSURE 

SPECTRAL DEN SITY

d e n sit y . Chase (1 969 ) showed t h a t  a clam ped p la t e  

respo nd s ( k p A c) 2 l e ss than a membrane to t h e  co nvec

t i v e  peak, w here the wavenumbers k and k r e f e r ,
P c

r e sp e c t iv e ly ,  to the wavenumber o f  the p la t e  and th e  

wavenumber o f  the co n v e ct iv e  p eak .

In  t h is p ap er, we d iscu ss t h e  t h eo ry  o f  r e la t in g  

p la t e  modal resp o nse to  t h e  v a r io u s re g io n s o f  the 

t u rb u le n t  boundary l a y e r ,  t h e  d esig n  o f  the ex p erim en t , 

and the exp erim en t al r e su l t s .

Paul W. Jam eson

B o lt  Beranek and Newman I n c.

Cam brid ge, M assach u set t s 02138

ABSTRACT

T h is p ap er d e scr ib e s an exp erim en t  in  w hich t h e  

t u r b u le n t  boundary la y e r  (TBL) o v er  a f l a t  p la t e  

e x c i t e s bending waves in  t h a t  p la t e  p red o m in an t ly  

through low-wavenum ber components in  t h e  p re ssu re  f i e l d  

having  the same wavenumber as t h e  bending w aves o f  the 

p la t e . The p la t e  d esig n  i s  such t h a t  co n t r ib u t io n s to 

th e bend ing  w aves f rom  t h e  co n vect ive  peak o f  the TBL 

p r e ssu r e  and from a co u st ic  n o ise  are  m in im a l. The 

le v e l  o f  resp o n se  o f  in d iv id u a l modes o f  the p la t e  i s  

used to m easure the in t e n si t y  o f  t h ese low-wavenumber 

sp e ct r a l  components in  the TBL w a ll  p r e ssu r e .

INTRODUCTION

There  i s  in t e r e st  in  the low-wavenum ber reg io n  o f  

t h e  t u r b u le n t  boundary la y e r  (TBL)  w a l l - p r e ssu r e  sp e c

t rum , b ecause p re ssu re  sp e ct r a l  com ponents a t  an app ro 

p r i a t e l y  low  wavenumber a r e  cap ab le  o f  reso n an t  i n t e r 

a ct io n  w it h  t h e  n a t u ra l waves o f  t y p ica l  naval st r u c 

t u r e s. These p r e ssu r e  com ponents, t h e n , cause a v ib r a 

t io n a l  f lo o r  f o r  a st r u ct u r e  moving through t h e  w a t e r .

PLATE MODAL RESPONSE AS A MEASURE OF SPECTRAL DEN SITY

The modes o f  a clam ped r e ct a n g u la r  p la t e  can be 

exp ressed  in  a p ro d uct  form  as a f u n ct io n  o f  x t im es a 

f u n ct io n  o f  y .  The x dependence o f  th e modes w i l l  have 

e i t h e r  o f  two f o rm s, depending on w hether t h e  mode i s  

sp a t i a l l y  even o r  odd:

^ ( x )  *

/ L , cosh k jX  \

Ico s k x + sin
k . 2

----------- j-—  1 even ( l a )

V sin h  k ^  /

/ L. sin h  k x \

( si n  k jX  -  cos
k. 2

- - - - - - - - - - —  odd , ( lb )

V cosh  k ^ r  /

w here L x i s  the len g t h  o f  th e p la t e  in  the x d i r e c t io n ,  

and the d e t erm in an t a l eq u at io n  f o r  ^  i s  g iven  by

L i k i L i

tan  k -g" ± tanh Y  ~ 0 ’ ( 2)

th e upper sig n  r e f e r r in g  to  even modes. The e x p re s

sio n s f o r  t h e  modal form and t h e  d e t erm in an t a l eq uat io n  

t o g et h er  e n su re  t h a t

and

B la k e  and Chase (1 9 6 9 ) and Jameson (1 9 7 0 ) employed 

a p hased a r r a y  o f  f o u r  co nd enser m icrophones t o  m easure 

t h is low-wavenum ber reg io n  in  a w in d - t u n n el f lo w . 

Jam eso n 's exp erim ent  showed t h a t  the low- wavenum ber 

sp e ct r a l  d e n sit y  was very  low -  so low t h a t ,  in  the  

ex p erim en t , t h e  presumed co n t r ib u t io n  t o  the m easured  

r e su l t s were o n ly  ab out  5 dB above the e st im at ed  co n 

t r ib u t io n  from  th e co n v e ct iv e  p eak . The exp erim ent  was 

then redone to  red uce the co nt am inat in g  co n t r ib u t io n s 

from t h e  co n v e ct iv e  p eak , the modes o f  a damped p la t e  

being used to  m easure the TBL low-wavenum ber sp e ct r a l

The modes have been ap p ro x im at e ly  n o rm alized  by u sing  

/ 2~  as a co n st an t  m u l t i p l i e r .  Sin ce  a l l  the modes we 

used e x p e r im e n t a lly  a re  o f  high o r d e r , t h is i s  a 

reaso n ab le  e st im a t e .

The le n g t h s o f  th e sid e s o f  the p la t e  w ere chosen  

very  ca r e f u l l y  to se p a ra t e  the f r e q u e n cie s o f  modes o f  

i n t e r e st .  The wavenumbers k 3 and k 3 sa t i s f y  th e p la t e  

e q u a t io n ,
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k 2 + k 2 = - - - - - - - - - - --------  , (3 )

J Z T Z  h

\ p( l - a2) / l T

where E i s  Yo ung 's m odulus, p i s  d e n sit y  o f  p la t e  ma

t e r i a l ,  o i s  P o isso n ' s r a t i o ,  and h i s  the p la t e  t h ick 

n ess. For h ig h o rd er  modes, we t r e a t  the d et erm in an t al 

eq uat io n  as t h e  l i m i t  in  w hich tanh = 1, w hich p h y si 

c a l l y  co rresp o n d s to the e f f e c t  o f  the boundary being  

f e l t  o n ly  near t h e  edges o f  the p la t e .  In t h is l i m i t ,  

the clam p ing  in t ro d u ce s an e x t r a  e ig h t h  o f  a w ave

len g t h  a t  each ed g e, and t h e  d et erm in an t al eq u at io n  

t ak es th e sim p le  form

/  1  \  7T
2

/  1 \  7T

( "  2 / L ,

+

r  2 )  l 3

where n and m a r e  the mode numbers in  the downstream  

and cr o ss- st r e a m  d i r e c t io n s,  r e sp e ct iv e ly .

appended t o  a number o f  modes the v a lu e  o f  the number 

in  la rg e  b r a ck e t s in  Eq . 5 , th e number b eing  p ro p o r 

t io n a l  to f req u en cy. D uring p lan n in g  o f  t h e  e x p e r i 

m ent , we a n t icip a t e d  co n ce n t r a t in g  on the 7 ,3  mode 

having  a number 3 3 5 .2 5 , w hich le a v e s i t  ap p ro x im at e ly  

3% se p ara t ed  in  f req u en cy from i t s  n e a r e st  n e ig h b o r , 

th e 8,2 mode.

D uring the exp erim en t , th e m ot ion o f  the p la t e  was 

sensed  w it h  a sm all acce le ro m e t e r  t h a t  was p laced  on 

the p la t e  in  such a p o si t io n  as to be in se n si t i v e  to 

modes an t isym m et r ic in  x . A nt isym m et r ic modes cu r io u s

l y  have even numbers f o r  t h e i r  k t d e sig n a t io n . Th u s, 

the acce le ro m e t e r  i s  in se n si t i v e  to th e 8,2 mode in  

p a r t i c u l a r ,  along w it h  a l l  o t h e r  modes an t isym m et r ic 

in  x .

EXPERIM ENTAL ARRANGEMENT

We found , through t r i a l  and e r r o r ,  t h a t  i f  the  

len g t h s L x and L3 were in  t h e  r a t io  o f  3 to  2 t h e re  

were few modes t h a t  had the same f req uen cy as ano t her  

mode and most modes were reaso n ab ly  f a r  a p a r t  in  f r e 

quency. Fo r  t h e  leng t h  r a t i o  o f  3 to  2 , th e d e t e r 

m in antal eq u a t io n  becomes

Fo r n and m on t h e  o rd er  o f  3 to 1 0 , the number in  

b rack e t s shows very l i t t l e  redundancy. The lo ca t io n s 

o f  so lu t io n s to the ap p ro xim ate  d e t erm in an t a l eq uat io n  

are shown in  Fig u re  1 ; no te  t h a t  in  t h is f ig u r e  the 

r a d ia l  d ist a n ce  from t h e  o r ig in  i s  p ro p o rt io n a l to the 

sq u are  ro o t  o f  the f req u en cy o f  th e mode. We have

k 3

The p la t e ,  2 2 .8  i n .  in  d iam e t e r , was f lush- m ounted  

in  a f l a t  su r f a ce  ext end in g  from  an o p e n - je t  wind  

tu n n el in  the manner shown in  Fig u re  2 . The a c t iv e  

a re a  o f  t h e  p la t e  i s  a r e ct a n g le  o f  area 500 sq cm 

w it h  sid e  len g t h s in  th e r a t io  o f  3 to  2 , the lo n g er  

sid e  in  t h e  downstream  d i r e ct io n . The u n d ersid e  o f  the  

p la t e ,  show ing the a ct iv e  a r e a , i s  i l l u st r a t e d  in  

Fig u re  3 ; a sid e  view  i s  g iven  in  Fig u re  4 . The o ut 

sid e  p a r t  was g lued t o  wood to  p ro vid e  m echan ical sup 

p o r t  and dam ping; la r g e  st e e l b ars ( 1 .5  in .  *  .7 5  i n . )  

w ere ep oxied  to  the u n d ersid e  to make a fram ew ork de

f in in g  t h e  a ct iv e  a r e a . The st e e l  b ars clam ped the 

p la t e  ed g e, iso la t in g  the a c t iv e  a r e a . The unsupp orted  

p la t e  between the wood and th e beam, ab out  one q u a r t e r  

th e len g t h  o f  a bending wave a t  f r e q u e n cie s o f  in t e r e st ,  

in cr e a se d  iso la t io n  from v ib r a t io n s o f  the su rro u n d in g

FIGURE 1. MODES OF CLAMPED PLATE WITH SIDES OF 3 :2  FIGURE 2 . EXPERIM ENTAL ARRANGEMENT.

LENGTH RATIO.
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su r f a ce  by a ct in g  a s a q u ar t er - w av e  ch o k e . The a c c e l 

e ro m et er w as p laced  along  the m id l in e  o f  t h e  p la t e  a t  

an a n t i  node o f  a mode havin g  a mode number o f  3 a cr o ss 

th e sh o r t  sid e  o f  t h e  p l a t e .

We used the o p e n - je t  t u n n e l , b ecause p r e v io u s work 

showed t h a t  a co u st ic n o ise  a t  t h e  p l a t e ,  a m ajo r  e x 

p er im en t a l co n t am in an t , i s  g r e a t e r  in  d u ct ed  f lo w . A l 

though f lo w  from an open j e t  i s  not  u n if o rm , i t  i s  

re a so n a b ly  so  in  t h e  v i c i n i t y  o f  the p la t e .  The 

l a t e r a l  d i st r ib u t io n  o f  dynam ic p r e ssu r e  a t  th e down

st ream  ce n t e r  o f  t h e  p l a t e ,  f o r  t y p ica l  f lo w  sp eed , i s  

shown in  Fig u r e  5 .

C a l ib r a t io n  o f  t h e  P la t e

A n o n co n t act in g  sh a k e r  was used t o  d r iv e  th e  

p l a t e ,  and t h e  re so n a n t  f re q u e n cy  and the damping r a t e  

o f  t h e  p la t e  modes were m easured . The sh a k e r  was a 

sm all i r o n - co r e  m ag net ic c o i l  p laced  n e a r ,  b u t  not  

t o u ch in g , t h e  p la t e .  Eddy cu r r e n t  r e p u lsio n ,  the f o r ce  

co n n ect in g  t h e  p la t e  and th e c o i l ,  was t w ice  the f r e 

quency o f  t h e  cu r r e n t  in  th e c o i l ,  t h e  r e p u lsio n  b eing  

a n o n l in e a r  e f f e c t .

The a p p lie d  f re q u e n cy  o f  t h e  d r iv e r  w as sw ept  

u n t i l  a la r g e  reso n an t  sig n a l  was o b served  a t  the a c 

ce le r o m e t e r . We then  co r r e la t e d  t h e  f re q u e n cy  o f  the  

mode w it h  t h e  p re d ict e d  v a lu e  and d et erm in ed  the  

sp a t ia l  d i st r ib u t io n  by u sin g  a p e n ci l  to  map out  nodal 

l i n e s .  N odal l i n e s were mapped a t  lo ca t io n s w here 

p la cin g  t h e  p e n ci l on t h e  p la t e  d id  n o t  change t h e  

resp o n se  o f  t h e  a cce le ro m e t e r  — i . e . ,  w here modal 

m ot ion was zero  and the p la cin g  o f  an o b je ct  produced  

no f o r ce  a t  th e f re q u e n cy  o f  t h e  mode.

R e la t io n  Between M odal A m p lit u d es and P r e ssu r e  Sp e ct r a l  

D e n sit y

We m u l t ip ly  each sid e  o f  Eq. 6 by a norm al mode shape

. ( x )  and in t e g r a t e  o ver  the su r f a ce  o f  t h e  p la t e .
■ *3

I t  f o l lo w s t h a t

<Dk1, j  ‘  V 2 * i “ 6mP) n i . J ( “ )AP =

,+oo dk (•+» dk

- J  "Sr" J * f Si , j < k» ’ <k -“ > ’ <8>
J -OO J - 00 w

FIGURE 3 . UNDERSIDE OF PLATE.

3 / 4 * ,  1V 2 *  S T E E L  

E P O X IE D  TO  S T E E L  

P L A T E

The eq u at io n  o f  m ot ion o f  th e p la t e  i s  g iven  by

( DV“ + mp ^ 7  + mpB J t )  n ( x , t )  = - p ( x , t )  , ( 6 )

w here we d e sig n a t e  D as t h e  p la t e  s t i f f n e s s ,  mp t h e  

m ass p er u n i t  a r e a , B a lo ss c o e f f i c i e n t ,  and n ( x , t )  

the d isp lacem en t  o f  the su r f a ce  o f  t h e  p la t e .  We next  

expand n ( x , t )  in  t h e  norm al modes o f  t h e  p la t e  and the 

p r e ssu r e  f i e l d  in  i t s  sp e ct r a l  com ponents. Th u s,

n ( ; , t )  " A  I  5 ? V m ( “ ) e ‘ ,l0 t  <7 a>n,m J-oo

P(x,t )  =
f+°° dk r+o» dk 3

TiT
J -OO

duj' » i ( ic*x-ut )
p(k,u>)e

(7 b)

FIGURE 4 . SID E VIEW OF PLATE.
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FIGURE 5 . LATERAL D ISTRIBUTION  OF DYNAMIC PRESSURE.
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y f  i k * X
where S. . ( k j  = dx e 4>. • ( x ) ,  and A„ i s th e area  

1»J J » P
o f  th e p la t e .  From t h is eq u a t io n , we can so lv e  f o r  

n- ^ (w ), the am p litu d e o f  t h e  i , j t h  mode.

We n ex t  ca lcu la t e  the t o t a l  t im e- averag ed  power 

n. . in t o  the i , j t h  mode o f  t h e  p la t e ,  t h is power being  

o b t ained  by m u lt ip ly in g  the n eg a t iv e  o f  the in st a n t a 

neous modal v e lo ci t y  a t  every  p o in t  on t h e  p la t e  by the  

p re ssu re  a t  t h a t  p o in t :

T h is averag e o f  S2 can be ob tained  by in t e g r a t in g  by 

p a r t s t o  perform  th e Fo u r ie r  t ransf orm  o f  the modal 

resp o n se f u n ct io n  ( Ch ase , 1 9 6 9 ). The in t e g r a l  o ver k 3 

i s  perform ed using  the dom inant modal accep t an ce  in  

t h a t  re g io n . For a co nvect ed  peak p re ssu re  sp e ct r a l  

d e n sit y ,  we assumed t h a t

$(•< ! »k3,Wr ) = «t(ur ) ,

c  * c

i . J
dx

•dn, - ( t )  ^  ^

- - - - - - ---- IP- Jx Jp C x . t )
dt

(9 )

where n . . i s t h e  averag e power in t o  the mode and the 
■ »J

b rack e t s re p re se n t  t im e av erag in g . By t ran sf o rm in g  

n ( t )  and p ( x , t )  and using  Eq . 8, we a r r iv e  a t  the  

in t e rm e d ia t e  r e su l t

< n i j

> <
dco1
2ir

i u '
dfi

2 u

d t  f d t 1

( 2 t t ) 2 ( 2 t t ) 2

p ( t ,a ) )p * ( t ,Q )S ( t )S * ( ic ' ) x e i ( t * - t '  ) - i  (a )- « )t > .

ApCD kJ^ - ^ m p- iw Bm p] 1

( 10 )

We now invoke the assum pt ion  t h a t  the p re ssu re  sp e ct r a l 

components a r e  elem ents o f  an erg o d ic p ro cess and t h a t  

th ey a re  independent  o f  each o t h e r . Then,

< p ( t ,( jo )p * ( t '  ,Q)> $ ( t , 0 ) ) 6( ^ )  . ( 11)

The in t e g r a l  o ver f req uen cy is r e a d i ly  p erf o rm ed , be

cause i t  i s  an in t e g r a l o ver  a p o le -  by assum pt ion  

very n e a r  the a x is.  The r e su l t  i s

<n. .>
i . j

r  dir-
4>(ic-,co. .)  + <t ( ic1 ,- u ) . , )  

1 1 »J

- °° ( 2tt) 2
4 Am  

P P

|s(iT’ )|2 .

( 12 )

T h is r e su l t  has a c le a r  p h y sica l in t e r p r e t a t io n . In

p a r t i c u l a r ,  t h e  power in t o  the mode reso n an t  near

±o). . a ccep t s energ y from the boundary la y e r  in  an 
■

amount p ro p o rt io n al to t h e  sq uare o f  t h e  o v e r la p  f u n c

t io n  between the mode and the p ressu re  sp e ct r a l  compo

n en t s t im es the in t e n si t y  o f  those components in  the  

boundary la y e r .

Est im a t e s o f  the Co n t r ib u t io n  to <1̂ . j > From the 

Co n vect ive  Peak and From th e Low-Wavenumber Region

We f i r s t  est im at e  th e co n t r ib u t io n  o f  t h e  convected  

peak t o  the in t e g r a l .  Fo r  the case o f  a p e r f e ct ly

clam ped boundary co n d it io n  the average va lu e  o f  | S( k ,) |

2
a t  v a lu e s o f  k-j n ear oj/Uc i s g iven  by < |S( k - | ) |  > =

8k A
Pi + term s o f  h ig h er  o rd er in  k^ / k^  where k̂  = w/ Uc .

w here $(u>r ) i s  the p o in t  p ressu re  sp ect ru m , assumed to  

be dom inated by h ig h wavenumbers. The in t e g r a l  o ver k 3 

i s  dom inated by th e m ajo r lo b e resp onse o f  th e modal 

o v e r la p  f u n ct io n . The convect ed  peak does have energy  

a t  low va lu es o f  k 3, even though i t  does not  a t  low  

v a lu e s o f  k j .  The t o t a l power in t o  a mode from the 

co nvect ed  peak i s  g iven  by

8k

nn,m (conv) ~ k 3 2 A m . 6
c ^ H *1

Pi
(1 3 * )

The p a r t  o f  the in t e g r a l  due to  t h e  low-wavenumber 

components i s  e st im at ed  in  a sim p le  w ay. We t r e a t  the  

modal o ver lap  f u n ct io n  as i f  i t  w ere t h a t  o f  a la rg e  

sim p ly  supported p la t e  so t h a t  t h e  o v e r la p  f u n ct io n  i s  

sh a rp ly  peaked a t  the main lo b e. The clam ped boundary 

co n d it io n  i s  t r e a t e d  as an end e f f e c t  t h a t  in f lu e n ce s 

the o v er lap  f u n ct io n  o n ly  a t  high wavenumbers where end 

e f f e c t s a re  im p o rt an t . Perform ing t h ese  e st im a t e s, we 

a r r i v e  a t  the ap p ro xim at io n

(low  k)

+«> d k } |-+® d k3 <t>(1c»a>r ) |S(I< ) |

T T

S  r ~  aK3 

t T  " 2 7
J -oo

* ( k  j ,k  3 ,u>r )

2  A n m n
P P

2m_ (1 4 )

Fo r t h ese c a lc u la t io n s,  we have assumed t h a t  a l l  f u n c

t io n s are  d o u b le - sid ed  in  w and k . We have assumed 

t h a t  the sp e ct r a l  d e n sit y  in  the low-wavenumber reg io n  

i s  sym m etric in  k j t  k j t  and w.

The exp erim ent  was desig ned w it h  a clam ped boundary 

co n d it io n  a t  th e edges o f  the p la t e  so  t h a t  the co n vec

t i v e  peak would put  a minimum o f  energ y in t o  a p la t e  

mode leav in g  th e energ y in  t h a t  mode a good m easure o f  

the low wavenumber sp e ct r a l  d e n sit y  in  the TBL w a ll  

p r e ssu r e . I f  t h e  boundary co n d it io n  a t  the edge had 

been a sim p le  su p p o rt  in st ead  o f  a clam p, the co n t r ib u 

t io n  from the co n v e ct iv e  peak would have been g iven  by 

the e x p r e ssio n ,
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w hich f o r  our t y p ica l  exp erim ent al co n d it io n s would 

have been about  13 dB h ig h e r  than the r e su l t  g iven  by 

Eq u at io n  13.

Some e st im a t e s have been made f o r  the e f f e c t  o f  

t h e  l e ss than p e r f e ct  clam p at  t h e  edge o f  t h e  p la t e .  

The r o t a r y  in e r t i a  o f  the b ars i s  not  i n f i n i t e  so t h a t  

t h e  moment a p p lie d  by a mode a t  the boundary would 

cau se a sl i g h t  r o t a t io n  o f  the b a r . The r o t a r y  in e r t i a  

o f  the b ars i s  so  la r g e  t h a t  the n o n - zero  slo p e  a t  th e  

edge g iv e s a co n t r ib u t io n  from t h e  co n v e ct iv e  peak a t  

l e a st  17 dB sm a l le r  than t h a t  p re d ict e d  u sin g  eq uat io n  

13.

The e f f e c t  o f  com pliance in  the epoxy jo in in g  the 

p la t e  and the b ar  i s  a lso  a so u rce  o f  a no n- zero  slo p e  

a t  t h e  edge. Very p re l im in a r y  e st im a t e s sugg est ed  t h a t  

t h is co u ld  be a problem  i f  the epoxy ju n ct io n  were not  

very  s t i f f .  G rea t  ca r e  was taken in  bonding th e b ars 

t o  t h e  p la t e  t o  en su re  a s t i f f  co n t act  between the two. 

Sm all rows o f  t ee t h  w ere m il le d  in t o  t h e  co n t act  a rea  

o f  the b ars so  t h a t  when th e b ars were p ressed  and 

ep o xied  onto t h e  p la t e  t h e re  would be si g n i f i c a n t  m etal 

t o  m et al co n t a ct  between them , t h us g u aran t ee in g  a 

s t i f f  co n t a ct .

In u sin g  the acce le ro m e t e r  ou t p ut  as a m easure o f  

modal resp o n se , we co r r e ct e d  f o r  t h e  f a c t  t h a t  the a c 

celero m et er  was a t  an an t ino d e f o r  2m + 1 ,3  modes o n ly  

and ad ju st ed  the assumed v a lu e  o f  energ y in  o t h e r  

modes a cco rd in g ly . We a lso  made a co r r e ct io n  f o r  the 

mass o f  th e acce le ro m e t e r  lo ad in g  the p la t e . In  t h i s  

co r r e ct io n , we approxim ated the lo ad in g  by t r e a t in g  the 

p la t e  as v e r y  la rg e  so t h a t  we co u ld  use the p o in t

impedance Z o f  an i n f i n i t e  p la t e .  Th u s, we assumed 
P

t h a t  the v e lo c i t y  we would have m easured w it h  a m ass

l e ss acce lero m et e r  was g iven  by

Z -  iuM

V = -  ^------ \ n eas * w here M i s  t h e
P acce le ro m et e r  m ass.

Combining t h i s  co r r e ct io n  w it h  t h e  co r r e ct io n  used f o r  

d eterm in ing  modal v e l o c i t y ,  we have

V
modal

V , ( a cc)
meas

' f ( acc)

where xp(acc) d esig n at es t h e  v a lu e  o f  th e modal shape 

f u n ct io n  a t  th e p o sit io n  o f  t h e  a cce le ro m e t e r .

EXPERIM ENTAL RESULTS

T y p ica l exp erim ental r e su l t s are  shown in  Fig u re  

6 . D ep icted  are the rms modal am p lit u d es o f  v a r io u s 

modes as a f u n ct io n  o f  f lo w  speed over the speed range  

f o r  w hich t h e  modal resp o nse was not  cont am inat ed by 

a co u st ic n o ise , ex t ran eo u s v ib r a t io n ,  o r the convect ed

Exp erim ent al Techn iq ue f o r  M easuring <n . •> 
i  »J

We e x p e r im e n t a lly  determ ine <n̂  j>  by f i r s t  mea

su r in g  th e energ y in  a mode w ith the f lo w  on. Knowing 

the damping r a t e ,  we then know t h e  power d issip a t e d .  

Sin ce  t h e  p la t e  i s  p a ssiv e , the power d issip a t e d  m ust  

be eq ual to < n. •> .
1 »J

The power d issip a t e d  in  a mode i s  equal to  the  

t o t a l  st o re d  energ y in  a mode, t w ice  t h e  averag e  

k i n e t ic  en erg y , t im es the time r a t e  o f  decay o f  en erg y. 

Thus

n
2 x 1/ 2

d issip a t e d
V l L modal

(1 5 )

w here Tg i s  t h e  t im e co n st an t  o f  the energ y decay r a t e , 

equal t o  1/ B. Combining w it h  Eq . 14 , we deduce t h a t

^ ( k j .k j .u j )

2m 2 m * 1 2A V2 . . 
p p p modal

(1 6 )

We have reduced our data using  t h is ap p ro xim at io n  to  

r e la t e  the m easured modal v e l o c i t i e s and energ y decay 

r a t e  t o  the low-wavenumber sp e ct r a l d e n si t i e s.
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p eak . A co u st ic n o ise  t y p i c a l l y  became a problem  o n ly  

a t  lo w  f lo w  sp e e d , w h ile  the co n v e ct ed  peak i s  

exp ect ed  to be a problem  o n ly  a t  h ig h  speed. Est im a t e s 

o f  t h e  co n t r ib u t io n  o f  the co n vect ed  peak to t h e  modal 

resp o n se o f  th e 3 ,2  and 7 ,3  modes a r e  a lso  shown in  

Fig u re  6 .

The le v e l  o f  a co u st ic co n t am in at io n  was e st im a t e d  

by r e co rd in g  t h e  a co u st ic p r e ssu r e s in  the room w it h  a 

m icrophone p la ce d  o u t sid e  the f lo w . Then, an a co u st ic  

so u rce  was used t o  in so n i f y  t h e  room and m easure the 

co u p lin g  between sound and p la t e  resp o n se . From t h is 

r e su l t ,  t h e  a co u st ic  co n t r ib u t io n  t o  modal e x c i t a t io n  

was e st im a t e d . O n ly t hose d at a w ere kept  f o r  w h ich  the  

a co u st ic co n t r ib u t io n  was a t  l e a st  8 to 10 dB b elo w  the 

o t h e r  co n t r ib u t o r s.  (We found t h e  e f f e ct  on m odal 

e n e r g ie s o f  t h e  v ib r a t io n  o f  the la r g e  wooden p la t f o rm  

used t o  su p p o rt  t h e  p la t e  to  be n e g l ig i b l e . )

Est im a t e s o f  the low - wavenum ber sp e ct ra l d e n si t y ,  

based  on m easurem ents w it h  t h e  st e e l  p la t e ,  a r e  g iven  

in  T a b le  I .  The deduced sp e ct r a l  d e n si t ie s h ave  been 

n o rm alized  by d iv id in g  by th e sq u a re s o f  th e f r e e -  

st ream  dynam ic head and the f r e e - st r e a m  v e l o c i t y  and 

m u lt ip ly in g  by t h e  cube o f  t h e  modal resonant  f req u en cy  

in  r a d ia n s.

Ex p er im en t s were a lso  p erf o rm ed  using  a b r a ss 

p la t e  o f  ab out  t h e  same t h ick n e ss a s the s t e e l .  The 

r e so n a n t  f r e q u e n cie s f o r  b r a ss w ere  lo w er. We found 

m ore a co u st ic co n t am in at io n  an d , t y p i c a l l y ,  m ore e f 

f e c t s o f  t h e  co n v e ct iv e  peak in  o u r  r e su l t s.  Fo r  th ese  

d a t a , we p r e se n t  r e su l t s o n ly  fo r case s in  w h ich  the

a co u st ic  co n t am in at io n  caused l e ss than ab o u t  a 2 -dB 

co n t r ib u t io n  to t h e  m easured l e v e l ; i . e . ,  we co r r e ct e d  

o u r m easured modal am p lit u d es f o r  t h e  a co u st ic e f f e c t ,  

and i f  t h e  co r r e ct e d  le v e l  was c lo se r  than  2 dB t o  the  

m easured le v e l  we k ep t  the d a t a . In  T ab le  I I ,  we 

p r o v id e  t h e  o r ig in a l  d a t a  ( n o rm a lize d  as i f  t h e r e  were 

no co n t a m in a t io n ) , t h e  r e su l t s w it h  t h e  a co u st ic  con 

t a m in a t io n  su b t r a ct e d , the ca lcu la t e d  co n t r ib u t io n  

f rom  the co nvect ed  p e ak , and t h e  co r r e ct e d  r e su l t  w it h  

t h i s  l a t t e r  co n t r ib u t io n  rem oved.

Fig u re  7 p r e se n t s a l l  t h e  r e t a in e d  d at a  norm al

i z e d  on in n e r  v a r i a b l e s v*  and w+ = (ujv/ v * ) ,  a norm al 

i z a t i o n  f i r s t  p ro p o sed  and used by Kronauer ( 1 9 7 4 ) .

The f r i c t i o n  v e l o c i t y  was e st im a t e d  u sin g  t h e  fo rm ula  

f ro m  Sch l ic t in g  ( 1 9 6 8 ) :

V. ! U) - ' h
(r ) = .0 2 9 6  ( - 5 - )
u o v

w here  l  i s  the d ist a n ce  o f  t h e  p la t e  ce n t e r  f rom  the 

n o z z le  — i . e . ,  4  f t  9  in .

The boundary l a y e r  v e lo c i t y  p r o f i l e  had been  

m easured  in  a p r e v io u s se r ie s o f  exp erim en t s w it h  v i r 

t u a l l y  t h e  same f lo w  co n f ig u r a t io n , (Jam eso n , 1 9 7 0 ) .

I t  was found in  t h a t  exp erim en t  t h a t  the d isp lacem en t  

t h ick n e ss a t  t h e  lo ca t io n  o f  t h e  p la t e  w as a lm o st  con 

st a n t  a t  0 .3 5  cm f o r  f low  sp eed s o ver  t h e  m easured  

sp eed  range f rom  9 .4  m / sec t o  1 6 .5  m / sec. The d at a  

in  T a b le s I  and I I  have been p lo t t e d  in  Fig u re  8 u sin g  

o u t e r  v a r ia b le  n o rm a liz a t io n  assum ing t h a t  t h e  d i s 

p lacem en t  t h ick n e ss d id  rem ain  co n st a n t  a t  0 .3 5  cm

T A BLE I . ST EEL P LA T E D ATA.

4>(k ,k  ,w  „)(* )!
1 7 «♦ » 7 9 *

u <*>' ( 3 , 2 ) x 10 8 <D* ( 5 , 2 ) * 1 0 8

CDOXr̂
. <*>' ( 7 , 2 ) *  10 8 <t>' ( 7 , 3 ) x 10 8 4. '  ( 7 , 4 ) x 1 0 8

m / se c 4 8 7  Hz 8 3 0  Hz 120 5  Hz 1 3 3 6  H z 1 6 1 2  H z 1 9 7 0  Hz

1 2 .3 h .6 0 .L5

18 . 0 8.5

18 . 1 0 . 56 1. 2 2.2 0.57

18.9 L . 6 M 1.0

19 . 1 11. 0 . 92 1-5 l .h l . L 1.9

23.5 ^ 6 . 3.7 0.03 U.l U.2 1.3

23.8 13. 3.7 6 . 6 2 . 0 0 . 16

26.9 6 2 . 5.3 2. 0 2. 8 7.0 0.95

31.T 25- 8.5 16 . 0 3.1 1. 8
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FIGURE 7 . NORMALIZED DATA USING INNER VARIABLE SCALIN G.
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DISCUSSION

W. K. B la k e , Departm ent o f  t h e N avy: Did you m easure 

the act u a l  mode shape o f  any o f  the p la t e  modes? Any 

d i sc o n t in u i t y  in  slo p e a t  t h e edge due to  n o n - id eal 

clam p ing  would p ro v id e more co nvected  wave number r e 

sponse than  you est im at ed .

•Jameson: We co u ld  no t  m easure t h i s  d i r e c t l y . However, 

q u a l i t a t i v e l y  t h e resp o nse t o  the p en ci l  was much le ss 

se n s i t i v e  to  t h e p en ci l  near the clamp than  n ear  a 

nodal l i n e . In  ad d i t io n  t h e lo cat io n  o f  nodal l i n e s 

o u t  on t h e p la t e  was co n sist e n t  w it h  where t h ey  would 

be w it h  a clam p .

J .  La u f e r , U n iv e r s i t y  o f  So uthern  C a l i f o r n i a : A 

co u p le o f  q u est io n s, co u ld  you d escr ib e  in  a l i t t l e  

more d e t a i l , e x a c t l y  how the p la t e  i s  lo cat ed  w it h  

resp e ct  to  the n o zzle  o f  t h e j e t ?  And, how f a r  was 

yo u r  p la t e  m easuring  st a t io n  lo cat ed  w it h  resp ect  to  

t h e a x i s  o f  t h e j e t ?

Jam eso n: The n o zzle  was a 16- in ch  sq uare n o zz le , and 

t h e p la t e  was le v e l  w it h  the bottom edge o f  t h e n o zzle . 

I t  was 26 in ch es w id e , and t h e cen t e r  o f  the p la t e  was 

4 f e e t , 9 in ch es downst ream  from t h e e x i t  o f  t h e n o zzle  

I would say q u a l i t a t i v e l y  t h a t  we pushed the p la t e  as 

f a r  downstream as we co u ld  w h i le  st ay in g  in  t h e reg io n  

o f  f lo w  t h at  was f a i r l y  u n ifo rm . We wanted to  have as 

t h ic k  a boundary la y e r  as we co u ld . So we pushed i t  

down f a i r l y  f a r . We p o sit io n ed  i t  so t h a t  the f lo w  was 

more o r  l e ss n o n - u n ifo rm , j u s t  beyond t h e  edge o f  t he 

p la t e .

La u f e r : I ' d  l i k e  to  i n j e c t  a p o in t  o f  cau t io n . Sin ce  

one i s  in t e r e st e d  in  the lo w wave number e x c i t a t io n  

produced by t he la r g e  sca le  st r u c t u r e s, t h ese are  co n 

s id e r a b ly  d i f f e r e n t  in  a j e t  from tho se in  a boundary 

l a y e r . Would you no t  exp ect  the low wave number r e 

sponse would sc a le  no t  w it h  the su b laye r  p aram eters 

but  r a t h e r  t h e so - ca l le d  o u t er  p aram eters o f  t he 

boundary l a y e r .
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Jam eso n: I  d o n ' t  r e a l l y  have any st ro n g  o p in io n s on 

w hat  t h e  sca l in g  sh o u ld  b e . Sca lin g  on I n n e r  v a r ia b le s 

was D ick  Kro n au e r ' s su g g e st io n  and he h a s thought  

ab o u t  t h e  sca l in g  q u e st io n  much more t h a n  I  h ave . I  

w i l l  sa y  p a r e n t h e t ica l ly  t h a t  t h e r e  a re  some o t h e r  

d at a  a v a i l a b l e  taken in  w a t e r  w hich Jim  Ba rg e r  has 

lo oked  a t  and com pared w it h  t h ese  d ata and t h e y  d id  

sc a l e  t h i s  w ay. Th ese  d a t a  were taken a t  h ig h  v a lu e s 

o f  n+ and f i t  f a i r l y  w e l l .  But  i n t u i t i v e l y ,  w hat  

y o u ' r e  sa y in g  sounds r i g h t ,  I  would e x p e ct  i t  m ight  

sc a l e  on a la r g e r  d im e n sio n . (A p lo t  o f  low  wavenumber 

d at a  u sin g  o u t e r  v a r i a b l e  sca l in g  has b een  added to  

t h e  r e v ise d  p a p e r .)

W it h  r e sp e ct  t o  t h e  u n if o r m it y  o f  t h e  f lo w , I  

ag ree  w it h  you i t ' s  to o  bad we co u ld n ' t  do t h e  t e st  

in  an e n t i r e l y  u n if o rm  f lo w . But  when we d id  p rev io u s 

t e st s in  a d u ct  we found  t h a t  i t  was j u s t  a f a c t  t h a t  

t h e  d u ct  seemed to  be j u s t  n o ise r  in  an a co u st ic  

se n se . So , in  o rd er  t o  g e t  an yt h in g  we had t o  g et  r id  

o f  t h e  a co u st ic  n o ise .  We m ight  t r y  t h i s  in  a much 

l a r g e r  f lo w . We now have a wind t u n n el w it h  a co n sid 

e r a b ly  la r g e r  n o z z le ,  and i t  m ight  make sen se  to  go 

t h e r e  a s i t  i s  a lso  in  a v e ry  q u ie t  room .

W. W il lm a r t h , U n iv e r si t y  o f  M ich ig an: Could you t e l l  

us a l i t t l e  b i t  more ab o u t  how you d et erm in ed  t h a t  t h e  

a c o u st i c  in p u t s and p erh ap s v ib r a t io n  in p u t s w ere n o t  

im p o r t a n t  in  t h e  e x p e r im e n t .

Jam eso n: We m easured t h e  am bient  a co u st ic  n o ise  in  the 

room and  found t h a t  m ost  o f  the n o ise  seemed to  come 

f rom  t h e  edges o f  t h e  n o z z le .  We p la ce d  a m icrop hone  

o u t  in  t h e  room , o u t sid e  o f  the f lo w  so  1t  w a sn ' t  

a f f e c t e d  by t h e  w ind b u t  o r ie n t e d  w it h  r e sp e ct  to  t h e  

n o z z le ,  about  the same way t h a t  t h e  p l a t e  w as. We 

m easured  th e a co u st ic  n o ise  w h ile  we w ere  d o in g  t h e  

f lo w  e x p e r im e n t . Then we turned  on a v e r y  la r g e  a co u s

t i c  n o ise  so u rce  1n t h e  room t h a t  was o r ie n t e d  si m i l a r 

l y  and was lo ca t e d  c lo se  where t h e  n o z z le  w as and en -  

so n l f l e d  th e room t o  a v e r y  high a co u st ic  l e v e l .  We 

m easured  th e resp o n se  o f  t h e  p la t e  to  t h a t  a co u st ic  

n o ise  and t h ereb y d et erm in ed  t h e  co u p lin g  betw een v i 

b r a t io n  o f  t h e  p la t e  and t h e  a co u st ic n o ise  o f  the  

room. We su b t ra ct e d  t h a t  out  f rom  o u r d a t a . We looked  

a t  how th e a co u st ic resp o n se  compared w it h  t h e  t o t a l  

p la t e  resp o n se  and e i t h e r  su b t ract ed  i t  o r  o n ly  ch o se  

t h o se  d at a  w here t h a t  e f f e c t  was very  sm a l l .  Now, 

t y p i c a l l y  f o r  the st e e l  p la t e  t h e  e f f e c t  was q u it e  

sm all a s soon as we g o t  t o  a f lo w  sp eed g r e a t e r  than  

20 m e t e rs p er seco nd .

W il lm a r t h : So when you w ere run n in g  w it h  th e high  

sp eed you d i d n ' t  have t o  su b t r a ct  much o f  the re sp o n se .

Jam eson: N o, we d id n ' t  have to  su b t r a c t .  I f  we had 

t o  su b t r a ct  t oo  much then we th rew  o u t  t h e  d a t a . And 

we d id  have t o  do t h a t  w it h  our b r a ss p la t e s sin ce  t h e  

b r a ss p la t e s o sc i l l a t e d  a t  lo w er f r e q u e n cie s and t h e re  

t end ed  to be more a co u st ic  n o ise  a t  low  f r e q u e n cie s.

W il lm a r t h : How ab o ut  v ib r a t io n  o f  t h e  se t  up , t h a t  

w a sn ' t  caused by a co u st ics t h a t  ap p eared  in  t h e  t u n n e l?

Jam eson: Th ere  was q u it e  a b i t  o f  v ib r a t io n  a t  the  

edge o f  the p la t e  r e su l t in g  from  v o r t i c e s com ing o u t . 

W hat we d id  t h e r e  i s  more o r  l e ss t h e  sam e. We went  

t h ro ug h a v e r y  ca r e f u l  v ib r a t io n  i so l a t i o n  jo b . B a si c 

a l l y  m ost o f  t h e  v ib r a t io n  was com ing f rom  w here the  

wooden p la t e  was co nn ect ed  to  t h e  n o z z le .  We p ut  a 

v ib r a t io n  b reak  in  t h e r e ,  a p ie ce  o f  v e r y  co m p lian t  

ru b b er  and we dropped t h e  v ib r a t io n  l e v e l s on th e wood

en p la t e  ab out  20 db a s a r e su l t  o f  t h a t .  And we not ed  

t h a t  t h e  v ib r a t io n  l e v e l s on our st e e l  p la t e  d id n ' t  

change a t  a l l .  So we co nclud ed  t h a t  t h e  v ib r a t io n  was 

n o t  si g n i f i c a n t .

M cConachie: Your m easurem ent  se n so r , t h e  p l a t e ,  p e r 

f o rm s sp a t ia l  f i l t e r i n g  o f  t h e  f lo w  wave numbers but  

t h e  a cce le ro m e t e r  o u t p u t  co n t a in s co n t r ib u t io n s from  

a l l  f r e q u e n cie s. An a l t e r n a t i v e  w ould have been to  

p erf o rm  sp a t ia l  co r r e la t i o n s o f  t h e  f i l t e r e d  sig n a ls 

f rom  two p r e ssu r e  t r a n sd u ce r s and Fo u r ie r  t ran sf o rm  t h e  

r e su l t s .  W hat i s  t h e  r e l a t i v e  sig n a l  t o  n o ise  ad van 

t ag e  o f  the method p re se n t e d ?

Jam eson: I  t h in k  t h e  sp a t ia l  resp o n se  o f  two p r e ssu r e  

t r a n sd u ce r s has too  much resp o n se  t o  h ig h  w avenum bers. 

Fo u r ie r  t ran sf o rm s w o n ' t  g e t  r id  o f  h ig h  wavenumber r e 

sp onse o f  t h e  in d iv id u a l  t r a n su ce r s.

R. L .  A sh , NASA La n g le y  Research  Ce n t e r : How d id  t h e  

v isco u s dam ping s h i f t  yo u r " 7 ,3 "  n a t u r a l  f re q u e n cy? 

Damping can have a v e r y  si g n i f i c a n t  e f f e c t  on membrane

l i k e  n a t u r a l f r e q u e n cie s. I  w ondered how si g n i f i c a n t  

w ere th e f re q u e n cy  sh i f t s  on clam ped p l a t e s.

Jam eson: We d id  n o t  o b serve  any change in  t h e  Q o f  t h e  

reso n an ce w it h  th e f lo w  on o r  o f f .  We d id  f in d  a co n 

s i st e n t  t end ency f o r  t h e  reso n an t  f re q u e n cy  t o  in cr e a se  

sl i g h t l y  w it h  th e f lo w  on o ver w hat  i t  was w it h  th e f lo w

U = 0 ,

U = 2000 cm / sec, and

o f f .  T y p i c a l l y ,
f  -  1600 Hz 

f  ~ 1605 Hz 

Q '  200 0 .
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