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Measurements of the critical strain for rippling in carbon nanotubes
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�Received 25 March 2011; accepted 13 April 2011; published online 4 May 2011�

We report measurements of the bending stiffness in free standing carbon nanotubes, using atomic
force microscopy inside a scanning electron microscope. Two regimes with different bending
stiffness were observed, indicative of a rippling deformation at high curvatures. The observed
critical strains for rippling were in the order of a few percent and comparable to previous modeling
predictions. We have also found indications that the presence of defects can give a higher critical
strain value and a concomitant reduction in Young’s modulus. © 2011 American Institute of Physics.
�doi:10.1063/1.3587613�

Carbon nanotubes �CNTs� are promising building blocks
in future nanoelectromechanical systems �NEMS� due to
their low mass and high Young’s modulus, E, thereby en-
abling high switching frequencies.1,2 A detailed understand-
ing of the accommodation of strain in CNTs will be impor-
tant for such applications. As the nanotubes consist of
concentric cylinders and are hollow in the center, they be-
have differently from solid cylinders. During bending, the
nanotubes can deform in two different modes, one is a subtle
rippling of the walls3–8 and another is a local collapse �buck-
ling� of the walls.9 The rippling is the first deformation to
appear as a CNT is subjected to bending, while the buckling
appears at higher bending curvatures.10 The initial bending
stiffness will be directly related to Young’s modulus, while
the bending stiffness in the rippling mode has been predicted
to depend on the number of walls.7 The rippling mode will
emerge at a critical bending strain, �cr, which has been pre-
dicted to depend on the radius of the CNT.5,7 Both deforma-
tion modes will result in a lower bending stiffness and esti-
mations of E should therefore be done at low bending strains
to avoid the influence of the rippling and buckling modes. It
has been suggested that the rippling mode could be respon-
sible for the apparent diameter dependence in the reported
values of Young’s modulus.6,8 A reduction in the bending
stiffness will lower the switching frequency in NEMS appli-
cations and a detailed understanding of the deformation
modes is therefore valuable for NEMS design.

While the buckling mode is readily observable9 in trans-
mission electron microscopy �TEM�, the small atomic rear-
rangements near the onset of the rippling mode would be
hard to detect in direct imaging. Far into the rippling mode
there are observations though of wavelike deformations.8

One way to detect the onset of rippling is to study the force
response of the nanotubes under bending, as there should be
a distinct reduction in the bending stiffness when the tubes
enter the rippling mode.3–7 A nonlinear response in CNTs has
been observed for tubes deposited on substrates11 and it was
suggested to be the buckling regime �but might have been
due to rippling�. Thus far there are no direct experimental
observations of �cr in free standing tubes.

Here we present direct force measurements on indi-
vidual, free standing, CNTs inside a scanning electron micro-

scope �SEM�. Distinct changes in the spring constants, indi-
cating a rippling onset, were observed. For strains above �cr

we have found that the force response continued to be linear,
albeit with a lower spring constant. The observed magnitude
of �cr, and the reduction in the bending stiffness, are compa-
rable to previous theoretical modeling.

Measurements were performed using a custom made
atomic force microscopy �AFM� instrument with piezoresis-
tive force sensors,12 controlled by software and electronics
from Nanofactory Instruments.13 The motion of the tube-
scanner in the AFM was calibrated by using the SEM, and
the force sensor was calibrated by pushing precalibrated
AFM cantilevers against it.14 The AFM instrument was
mounted inside a LEO 1530 FEG-SEM, operated at an ac-
celeration voltage of 12 kV and a chamber pressure of about
5�10−7 mbar. Two types of commercial CNTs were inves-
tigated in this study, NC2100 and NC2101, both produced by
Nanocyl �Ref. 15� via catalytic chemical vapor deposition
�CCVD�. Both types are marketed as double-walled tubes,
and the NC2101 are functionalized �with-COOH� to reduce
bundling. As received samples were dispersed in ethanol and
then sonicated for 15 min, in order to separate the tubes
without causing too much damage in the process �this was
checked with TEM�. Droplets of the solution were placed on
a glass substrate and allowed to dry. Individual soot particles
were picked up �under an optical microscope� using me-
chanically cut silver tips coated with conducting epoxy glue.
The tip was attached to a tube-scanner that enables both
coarse and fine motion in three dimensions.16 Force-
displacement, F-�, curves were obtained by pushing indi-
vidual CNTs against the AFM cantilever in a cantilever-to-
cantilever fashion, see Fig. 1.

The resulting F-� curves show an initial linear relation
with spring constant ki for small displacements �see Fig. 2�.
At a critical displacement, �cr, the spring constant abruptly
decreases, due to the emergence of the rippling mode. The
F-� relation still appears to be linear though with a spring
constant, kr. Upon retraction the behavior was reversible
without hysteresis, apart from the snap-out. In Fig. 2 two
typical F-� curves are shown together with linear fits indi-
cated by dashed lines. Zero displacement of the CNT was
taken to be when the force returns to zero after the snap-in,
and the displacement for rippling onset was taken to be
where the two linear fits intersect. The critical displacement,a�Electronic mail: henrik.jackman@kau.se.
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�cr, was defined as the difference between these two points,
as shown in Fig. 2. We have not been able to detect any
nonlinearity in the rippling mode, while modeling have
found a nonlinear response with a power in the range of
0.42–0.66.5

Assuming the response to be linear and comparing the
two spring constants, the ratio kr /ki showed no dependence
on r and the mean value was found to be 0.56 with a stan-
dard deviation of 0.11. Theoretical modeling have found a
variation in values for the ratio, kr /ki. In the work of Arroyo
and Arias5 and Liu et al.,6 a ratio of about 0.2 can be seen in
their figures. On the other hand, Nikiforov et al.7 have found
a dependence on the number of walls, where kr /ki increases
from 0.15 for a double-walled CNT and converges to 0.65

for thicker tubes. In measurements on supported tubes, Wong
et al.11 have seen a similar ratio, about 0.4 as measured in
their Fig. 4, indicating that they may well have seen rippling
rather than the suggested buckling. In resonant
measurements8 a mix of kr and ki might be involved for large
diameter tubes, thus yielding a lower bending stiffness and a
misinterpretation of E. The ratio kr /ki that we have observed
here is however too low to fully explain the large spread in E
that has been reported.8

The critical displacements obtained from the F-� curves
were used to calculate �cr, which for a cantilevered beam of
circular cross section with radius r, and length l, is given by:

�cr =
3�crr

l2 , �1�

where both r and l were obtained from SEM images.14 Early
theoretical work6 has suggested that �cr=0.006, i.e., that the
critical strain is a material constant. Later simulations3,7

found that �cr should depend on r as �cr= lcr /r, where the
constant lcr �coined the critical length3� was different in the
two articles. Arias and Arroyo3 found lcr=0.1 and Nikiforov
et al.7 found lcr=0.05. Our obtained values for �cr are plotted
in Fig. 3�a� versus the radius. For comparison the three the-
oretical predictions are plotted as solid,6 dashed,3 and
dotted-dashed7 lines, respectively.

From the F-� curves the initial spring constant, ki, can be
used to evaluate the inherent Young’s modulus. By using
beam theory for a cantilevered hollow cylinder we have:

E =
4kil

3

3�ro
4 �

ro
4

ro
4 − ri

4 , �2�

where ri and ro are the inner and outer radii, respectively. By
using TEM we have found that most tubes had ratios ri /ro
below 0.5. The second term in Eq. �2� is thereby less than
1.07 and can be neglected. Resulting values of E are plotted
in Fig. 3�b� versus r. The obtained values are well below the
highest observed values of E=1 TPa for arc discharge
grown tubes.17 Lower E values are commonly observed
though for CCVD grown CNTs �Ref. 17� where the growth
process can leave defects in the nanotubes, thus lowering E.

As can be seen in Fig. 3�a� the values for �cr have a large
spread for similar radii. With an uncertainty of 20% in �cr,
10% in r, and 10% in l, the resulting spread in �cr would be
about a factor of 3. The measured values are scattered at least

(a) (b)

(c) (d)
FIG. 1. �a� Experimental set-up with the CNTs glued to
a silver tip to the right and the AFM cantilever to the
left. �b� Schematic sketch of the setup and �c� an SEM
image of a CNT before and �d� during bending.
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FIG. 2. Force vs displacement curves for two individual nanotubes in the
forward direction ��� and backward direction ���. The slopes before, ki,
and during rippling, kr, are indicated as well as the critical displacement �cr.
The dimensions of the measured nanotubes were r=3.75 nm, l=99.6 nm
�top curve�, and r=3.55 nm, l=65.6 nm �bottom curve�.
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by a factor of 6, which cannot be explained solely with the
uncertainties of our measurements, but rather due to varying
properties of the CNTs.

The theoretical predictions of �cr plotted in Fig. 3�a� all
assume perfect defect-free CNTs with weak van der Waals
forces between layers. The influence of interwall covalent
bridges on the critical strain has been modeled18 and the
results showed that �cr increases with higher density of in-

terwall covalent bridges. Such covalent bridges stem from
defects in the nanotubes and as mentioned CCVD grown
CNTs have an inherent large defect density. A spread in E by
an order of magnitude for approximately the same r has been
reported,17 indicating varying defect densities for CCVD
grown nanotubes. We have found a similar spread, as seen in
Fig. 3�b�, and by plotting E versus �cr in Fig. 3�c� we have
found indications that the CNTs which are more resistant to
rippling �large �cr� are also the ones that have smaller E
values.

In conclusion, we have been able to experimentally de-
tect the onset of the rippling mode in free standing CNTs.
The change in spring constant associated with rippling was
found to be independent of the tubes radius and we have
found a mean value of 0.56 for the ratio, kr /ki. We have also
found indications that �cr increases with higher defect densi-
ties, and it is accompanied by a drop in Young’s modulus. So
while intentional introduction of defects might be a route to
avoid rippling in devices, there would also be a drop in
Young’s modulus, which is larger than the reduction caused
by rippling alone.
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FIG. 3. �a� Measured critical strain for rippling, �cr, vs the radius of the
unfunctionalized ��� and the functionalized CNTs ���. �b� Young’s modu-
lus vs the radius of the CNTs �obtained from ki�. �c� Young’s modulus vs the
critical strain.
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