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An air-coupled ultrasonic method, focusing on the problem that weak bonding inter-

face is difficult to accurately measure using conventional nondestructive testing

technique, is proposed to evaluate the bond integrity. Based on the spring model

and the potential function theory, a theoretical model is established to predict the

through-transmission spectrum in double-layer adhesive structure. The result of a

theoretical algorithm shows that all the resonant transmission peaks move towards

higher frequency with the increase of the interfacial stiffness. The reason for these

movements is related to either the normal stiffness (KN) or the transverse stiffness

(KT). A method to optimize the measurement parameters (i.e. the incident angle and

testing frequency) is put forward through analyzing the relationship between the reso-

nant transmission peaks and the interfacial spring stiffness at the frequency below

1MHz. The air-coupled ultrasonic testing experiments at the normal and oblique

incident angle respectively are carried out to verify the theoretical analysis and to

accurately measure the interfacial stiffness of double-layer adhesive composite plate.

The experimental results are good agreement with the results from the theoretical

algorithm, and the relationship between bonding time and interfacial stiffness is pre-

sented at the end of this paper. © 2017 Author(s). All article content, except where

otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license

(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/1.5001248

I. INTRODUCTION

Adhesively bonding is increasingly used in automotive and aerospace industries, as it has reliably

sealing performance and excellent shock absorption capacity compared with welding and bolting.1,2

However, manufacturing imperfections viz., weak bonding, micro-porosity and micro-cracks, etc.

cause some serious accidences frequently. These imperfections, especially for weak bonding interface,

are complicated to implement using conventional non-destructive testing (NDT) techniques, and

restrict the application of bonding technology to some extent.3–5 A large amount of NDT methods

have been proposed on inspection of bond interfacial integrity for decades.6–9

Unfortunately, there is not any perfect method to evaluate this integrity. Dielectric technique has

been used to measure carbon fiber reinforced plastic bonded structures by Boinard et al.,10 but it is

low resolution to local defects on large structures. Laser ultrasonic system is not only expensive, but

harmful for operational staffs who do not take safety precautions.11 Yang Zhengwei, et al. proposed

that the infrared thermography method can be employed to estimate the defect of adhesive structure,12

whereas this method is not suitable for weak bonding structures. Eddy currents methods only for

conducting materials are limited by the tested material.

The past several years have witnessed the thriving of ultrasonic evaluation techniques, especially,

which have been applied to detect adhesive bonding quality,13–18 but so far there are many demerits

for these techniques. Lamb waves, which are enable to assess a long length of adhesive for a single
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measurement, have lower accuracy than bulk waves in terms of the measurement adhesive interface

integrity on a certain point.19–21 Pulse-echo method is unfitted when the thickness of the adhesive layer

is small, since reflection echoes from the rear adhesive interface interference with one from the front

adhesive interface.22,23 Reflection spectra method proposed by Paralusz24 has limited application

because the acoustic impedance of the upper layer is approximately the same as that of the lower

layer. As a result, the reflected signal from the interface of the double layer is too weak. All of the

above reasons cause inconvenient to detect using ultrasonic technique.

Compared with traditional ultrasonic techniques (i.e. contact and immersion ultrasonic tech-

nique), an air-coupled ultrasonic technique does not pollute the material surface and is appropriate

for the materials which could be damaged by immersing the liquid. This technique has the potentiality

for detecting the bonded quality of the producing line due to convenient installation and high test-

ing efficiency. However the air-couple ultrasound has some drawbacks such as narrow bandwidth,

low signal-to-noise ratio and low resolution.25,26 Furthermore, it is only suitable for utilizing low

frequency since the ultrasonic attenuation in air sharply increases with the increasing of the basic

frequency.27

A considerable amount of efforts have been made to inspect adhesive bond integrity by using

the air-couple ultrasonic technique,27–29 but few attempts have been made in improving the inspec-

tion accuracy. In this paper testing parameters of interfacial stiffness have been optimized by the

theoretical analysis at frequency below 1MHz. During the experiment, some double-layer composite

specimens have been prepared using a two part epoxy adhesive. These specimens have obviously

different bonding strength depend on the different bonding time. Subsequently, normal and transverse

interfacial stiffness have been measured using the method of combining normal and oblique incidence.

II. THEORY

A. Physical models of air-coupled ultrasonic measurements

Figure 1 shows the physical model for the detection of weak bonding interface using oblique

incidence air-coupled ultrasound. Ultrasound is emitted through transducer at the surface of tested

materials with an angle of θi. Parts of them reflected from the air-solid interface with an angle of θr , and

the others transferred into longitudinal wave and shear wave transmit into the composite material 1.

The propagation of ultrasound in the tested materials is omitted for concise. Finally, the ultrasonic

signal transits from the tested materials into the air with an angle of θt .

As shown in Fig. 1, the tested material is consisted of the composite material 1 (density ρ1,

thickness d1, Lamé constants λ1 and µ1) and the composite material 2 (density ρ2, thickness d2,

Lamé constants λ2 and µ2), which are held together by adhesive layer. Due to the thickness of the

adhesive layer is less than 0.1mm, the properties of adhesive layer are negligible and are substituted

for the spring model proposed by Newmark N M, et al.30 KN and KT are the normal stiffness and

transverse stiffness, respectively. x and z denote coordinate axis, and the direction of the x-axis and

z-axis is right and down, respectively.

FIG. 1. Schematic diagram of oblique incidence air-coupled ultrasonic inspection.
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B. Mathematical models

Currently, the common method to analyze the principle of ultrasonic wave propagation in multi-

layer material structures is the transfer matrix model.31 This model is convenient when there are a great

amount of layers in the structures. But there are some issues of numerical instability when frequency-

thickness products are large. To investigate the transmission coefficient of the double adhesive layers

described by 1.1 section, a global matrix, which includes the quantitative relationship between the

stresses and displacements on every interface, is more suitable. This matrix is established as follows.

The potential function of longitudinal waves and shear waves in the composite materials are

expressed as shown below.31

φ(m) = (φi(m)e
− i kL(m) cos θL(m)z + φr(m)e

i kL(m) cos θL(m)z)E

ψ(m) = (ψi(m)e
− i kT (m) cos θT (m)z + ψr(m)e

i kT (m) cos θT (m)z)E
, (1)

WhereΦ andΨ are the longitudinal wave and shear wave potential functions respectively. Hereafter

the symbols with a subscript (m) represent the corresponding parameters of composite material m

(m=1 or 2), and the symbols with subscript L and T are the parameters of longitudinal wave and

shear wave respectively. Φi and Φr are the incidence and reflection amplitude of the longitudinal

wave potential function, andΨ i andΨ r are the incidence and reflected amplitude of the shear wave

potential function, respectively. k is the wave number, and θi is the angle of the acoustic wave in

the composite material. E=ei(ξx -ωt ) where ω is the circular frequency. ξ is the wave number in the

x-direction. The wave number can be expressed by Snell’ law as follow

ξ = kL sin θi = kL(m) sin θL(m) = kT (m) sin θT (m). (2)

Since there is only longitudinal wave in the air, the potential function of acoustic wave in the top

and bottom air are expressed, respectively

φ(t) = (e− ika cos θiz + Reika cos θrz)E

φ(b) =Te−ika cos θtzE
. (3)

Hereafter, symbols with a subscript (t) and (b) are the corresponding parameters of upper and

below air layer respectively. ka is the wave number in the air. R and T are the reflection and transmission

coefficient, respectively. The normal and tangential displacement and stress (ux, uz, σx and σz) can

be calculated as shown in Eq. (4)

ux =
∂φ

∂x
−

∂ψ

∂z

uz =
∂φ

∂z
+
∂ψ

∂x

σz = λ
∂ux

∂x
+ (λ + 2µ)

∂uz

∂z

σx = µ(
∂ux

∂z
+
∂uz

∂x
)

. (4)

These boundary conditions of the air-solid interface are mathematically described as

u−
z(t)
= u+

z(1)

σ−
z(t)

= σ+
z(1)

σ−
x(t)

= σ+
x(1)

= 0

,

u+
z(b)
= u−

z(2)

σ+
z(b)

= σ−
z(2)

σ+
x(b)

= σ−
x(2)

= 0

. (5)

The symbol with superscript – and + denotes the parameters at a certain layer of top and bottom

respectively. The boundary condition of the adhesive layer is given by the spring model

σ−x(2) =KT (u−x(1) − u+
x(2))

σ−z(2) =KN (u−z(1) − u+
z(2))

σ−x(1) =σ
+
x(2)

σ−z(1) =σ
+
z(2)

. (6)
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According to Eq. (5) and Eq. (6). Ten equations could be obtained and rewrite them into a matrix

form.
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, (7)

The elements of matrix A are given in the Appendix.

III. NUMERICAL CALCULATION

In the case of knowing the physical parameters of the composite materials which are linear

elastic isotropic materials, the reflection coefficient and transmission coefficient could be calculated

by solving Eq. (7). Lamé constants λ and µ can be obtained using Eq. (8). The other parameters are

provided by the manufacturer and listed in Table I.

λ = ρ(cL
2
− 2cT

2)

µ= ρcT
2

. (8)

Figure 2 shows distribution of the transmission coefficient T, along the frequency f and the inci-

dent angle θi under different conditions of the interfacial stiffness. The situation KT=1×1020 N·m-3

and KN=1×1020 N·m-3 (perfect interface) have been given in Fig. 2(a), KT=1×1012 N·m-3 and

KN=1×1020 N·m-3 (transverse weak interface) in Fig. 2(b), KT=0 N·m-3 and KN=1×1020 N·m-3

(sliding interface) in Fig. 2(c), KT=1×1020 N·m-3 and KN=1×1014 N·m-3 (normal weak interface) in

Fig. 2(d), KT=1×1020 N·m-3 and KN=0 N·m-3 (normal weak interface) in Fig. 2(e).

The changing rules of transmission peaks are shown in Fig. 2(a), Fig. 2(b) and Fig. 2(c), as the

normal stiffness KN remains constant and the transverse stiffness KT varies from 1×1020 N·m-3 to 0.

The boundary condition, KT is 0 and KN is 1×1020 N·m-3, can be viewed as the situation that between

the two adhesive bodies, there is a layer of infinite thin and cohesionless liquid which transfer only

normal stress, but no tangential stress.32 In order to describe these rules conveniently, these curves as

shown in Fig. 2 have been labeled ‘An’ and ‘Bn’ (n=1, 2, 3, 4). It can be observed that the curve labeled

‘An’ remain the same in all figures, but the curve labeled ‘Bn’ change a lot. It is demonstrated that

some of transmission peaks do not change when the value of KT change from 0 to 1×1020 N·m-3and

the others do.

Based on the model of above researches, the change rule of transmission peaks can be analyzed

by comparing Fig. 2(a), Fig. 2(d) and Fig. 2(e), when the value of KT remains constant and the value

of KN varies from 1×1020 N·m-3 to 0. (note: the boundary conditions in Fig. 2(d) and Fig. 2(e) are

extremely rare in reality. Researching these situation are only for finding the change rules). The results

indicate the curve labeled ‘An’ can be influenced by the KN , and the curve labeled ‘Bn’ can be not.

Therefore, parts of the transmission peaks only depend on the normal stiffness (KN) and others only

TABLE I. Physical parameters of the materials.

Material P-wave velocity /(m/s) S-wave velocity /(m/s) Density /(kg/m3) Thickness /mm

Air 340 N/A 1 N/A

Composite material 2710 1220 1200 4.7

Composite material 2710 1220 1200 4.7
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FIG. 2. Distribution of the transmission coefficient along the frequency and incident angle ((a) KT=1×1020N·m-3,

KN=1×1020N·m-3; (b) KT=1×1012N·m-3, KN=1×1020N·m-3; (c) KT=0 N·m-3, KN=1×1020N·m-3; (d) KT=1×1020 N·m-3,

KN=1×1014 N·m-3; (e) KT=1×1020 N·m-3, KN=0 N·m-3).

depend on the transverse stiffness (KT). Researching these correlations can contribute to measuring

the stiffness KN and KT.

Under the condition of the angle of incidence less than 8◦, namely the first critical angle, there

are a large amount of resonant peaks. The amplitude of these peaks is slight, so they probably mislead

us. However, as the incident angle is more than 15◦, there are hardly any resonant peaks. In summary,

the incident angles, from 8◦ to 15◦, are not considered to measure the stiffness.

A. Optimization of the parameters for measuring the normal stiffness

It is crucial to confirm the optimal measurement parameters viz., the angle of incidence and the

basic frequency, for inspection of weak bond interface according to these correlations. The normal

incidence ultrasonic inspection has been extensively used to detect the normal stiffness KN.33 In the

case of normal incidence, the transmission spectra do not change even if the transverse stiffness KT

varies all the time. That is because there is only the normal stresses in the tested materials at the

incident angle zero degree.

Figure 3 shows the shift of the transmission peaks with respect to the normal stiffness at different

frequency, when the incident angle is zero degree. From the figure, that parts of these peaks shift
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FIG. 3. The relationship between transmission coefficient and certain combinations KN and frequency (θ i=0◦).

towards higher frequency as the value of KN increase. This result indicates it is in accordance with

the theory of ‘peak drift’. If the KN are more than 1×1015 N·m-3, all of these peaks would stabilize

nearly. By calculations and analysis, it is found that these peaks are available when the thicknesses

of the tested materials are an integral multiple of a half wavelength. This result from the simulation

is completely in accordance with the half-wave resonance theory.34

The symbol ‘d’ marked in Fig. 3 denotes the shift distance of the transmission peak. The mag-

nitude of d can be employed to indicate the sensitivity of the transmission peak with respect to KN.

The more shift distance means the more sensitivity. In order to find the maximum of shift distance at

different incident angles, the lines labeled A2 in Fig. 2(a) and Fig. 2(c) have been abstracted (note:

if the lines labeled A3 or A4 was abstracted to analyze, the same rules can be emerged). According

to the previous illustration, only the incident angles from 8◦ to 15◦ are chosen as the optimization

parameter.

The shift distance against the incident angle is shown in Fig. 4. From the figure, the shift distance

decrease to a minimum value and then increase with the increase of the incident angle. Increasing the

incident angle, in the range greater than 10◦ and less than the second critical angle, can contribute to

promoting the sensitivity for measuring the normal stiffness (KN). However, if the incident angle is

more than 15◦, the resonant peaks are seldom and even hard to observe in Fig. 2. Therefore, incident

angle 15◦ is considered to be the optimal angle to measure the normal stiffness KN. Meanwhile,

when the angle of incidence is at 13.27◦, the shift distance is equal to the distance from the normal

incidence.

FIG. 4. The shift distance versus the incident angle.
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FIG. 5. The relationship between transmission coefficient and certain combinations KN and frequency (θ i=15◦ and

KT=1020 N·m-3).

According to the previous analysis, Fig. 5 shows the shift of the transmission peaks with respect

to the normal stiffness in different frequency, as the incident angle is 15◦. In order to describe in the

following text conveniently, these curves in Fig. 5 have been labeled ‘Cn’ (n=1, 2, 3). The shift pattern

of transmission peaks is similar to that shown in Fig. 3, but its amplitude is larger. The sensitivity of

resonant peaks in different frequency has varied with the variation of the normal stiffness KN. It is

significant to present this shift regularity for choosing an air-coupled transducer with an appropriate

basic frequency and its frequency band.

The variable WN is introduced to denote the slope of the curve labeled ‘Cn’ in Fig. 5. Since

these slopes could describe the changing speed of transmission peaks with the change of the normal

stiffness KN, the WN can be considered to characterize the relative sensitivity of resonant peaks to the

normal stiffness. The WN against normal stiffness KN is shown in Fig. 6. It can be seen the amplitude

of C1 is maximum when the normal stiffness is less than 1×1011N·m-3. Nevertheless the amplitude

of C3 is maximum when the normal stiffness is more than 6×1012 N·m-3. It is so concluded that

the higher frequency peaks are ‘later shift’ than lower frequency peaks. The test frequency can be

determined as needed in terms of changing regulation in Fig. 6.

B. Optimization of the parameters for measuring the transverse stiffness

For choosing the optimal parameters to measure the transverse stiffness KT, the research proce-

dure, which is the same to that of previous involving the normal stiffness, is carried out. Firstly, the

FIG. 6. The WN versus the normal stiffness KN.
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FIG. 7. The shift distance versus the incident angle.

curve labeled ‘B1’ in Fig. 2 has been abstracted, and then the shift distance ‘d’ of the transmission

peak due to the influence of transverse stiffness at the different incident angle is illustrated in Fig. 7.

It can be observed the shift distance also decreases to a minimum value before increases with the

FIG. 8. The relationship between transmission coefficient and certain combinations KT and frequency (θ i=15◦ and

KN =1020 N·m-3).

FIG. 9. The WN versus transverse stiffness KT.
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increasing of the incident angle. Subsequently, the shift process curves that the resonant peaks change

with the change of transverse stiffness at the incident angle 15◦ are shown in Fig. 8.

Similarly, these curves in Fig. 8 have been labeled ‘Dn’ (n=1, 2) for describing convenient in the

following text, and the variable WT has been also introduced to denote the slope of the curve labeled

‘Dn’ in Fig. 8. The slope of the peaks shift curve (WT ) in Fig. 8 against the transverse stiffness (KT)

is shown in Fig. 9. The shift of the resonant peak in the high frequency lags behind that in the low

frequency from this figure. According to this analysis, the better test frequency can be chosen to

measure the transverse stiffness.

IV. EXPERIMENTAL

A. Experimental setup

The ultrasonic system is employed to measure the weak bond interfacial stiffness illustrated

in Fig. 10. A pair of air-coupled transducers are fixed on opposite sides of the adhesive composite

material, the above transducer for transmitting and the below one for receiving. The transmitters are

provided by Transducer Ltd in Japan. The adhesive specimens install on rotating table which can be

adjusted the angle freely for experiment.

Ultrasonic pulses generated by the ultrasonic pulser/receiver propagate through pulser transducer,

the air, the adhesive specimen, and finally are received by the receiver transducer. The receive signals

are amplified by the receiver power amplifier which flat gain is 60 dB transmitted in turn to ultrasonic

pulser/receiver, A/D acquisition card and personal computer.

B. Specimen preparation

Ten composite material plates (100mm×100mm×4.7mm) are fabricated by Minyi Co., LTD.

The properties of the composite material plates, which include p-wave velocity, s-wave velocity

and density have measured by an experimental method. The experiment results shown that these

properties are uniform in different place and different directions, so these materials are regarded as

isotropic materials. These materials have been ensured by ultrasonic c-scan method that there are no

gross imperfections. The composite materials properties are listed in Table I.

Every two plates are bonded by a two part epoxy adhesive. The proportion of these two parts is

1:1, which is recommended by the manufacturer. Because the stressed force and temperature have an

influence on the bond property of the epoxy adhesive, the conditions have almost been maintained

consistency during the all experiment. The purpose that a group consisting of five experiment results

under the same condition are chosen is to reduce the measurement error. The tested materials are

pressured by heavy stuffs all the time, except the measuring process. The thickness of the adhesive

FIG. 10. Schematic diagram of the experimental setup used to measure the weak bonding interfacial stiffness.
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layer measured by vernier calipers is approximately 0.02mm, so the thickness and attenuation are

negligible.

Along with the increase of the bonding time which achieves the maximum after 12 hours, there

has come an increase in the bonding strength of two part epoxy adhesive. Therefore, the specimens are

taken a measurement per hour before 12 hours and the experimental data are recorded by computer.

The time domain signals are transformed into the frequency domain using Fast Fourier Transform

(FFT). By contrasting the two peaks from the experiment and numerical simulation, the interfacial

stiffness can be obtained.

V. EXPERIMENTAL RESULTS AND DISCUSS

In the light of the previous analysis, choosing a proper transducer with the basic frequency and

incident angle is a key part of achieving more accurate result. The range of stiffness which is about

1×1014N·m-3 has been published in the previous paper.35 The transducer with the basic frequency

800 kHz is chosen and the incident angle of 15◦ is applied for experiments, because normal stiffness

KN and the transverse stiffness KT change simultaneously actually, all the peaks will shift. It is

difficult to distinguish which peaks have been affected by the KN and which by KT. As a result,

the experiments of normal incidence are implemented to measure the normal stiffness, and then the

resonant peaks influenced by transverse stiffness can be confirmed. Since the standard deviation of the

transducer frequency is about 64 kHz, the frequency range of 0.5 MHz to 1MHz has been considered

valid. The sampling frequency is 10 MHz and the voltage amplitude is 480 V. The time signals can

be obtained from these experiments. It is necessary to transform these signals into frequency domain

using Fourier Transform. The resolution of the frequency domain signal in the experiment is 1 kHz.

To evaluate frequency sensitiveness to stiffness, it is necessary to measure specimens at different

bonding time. The frequency domain from normal incidence is shown in Fig. 11, in which the bonding

time is 1 hour and 10 hours, respectively. Due to the transmission signal was amplified by the receiver

power amplifier, the voltage amplitude from the receiver transducer which only represent the relative

size was normalized. From the figure, the peaks in the frequency of 0.57 MHz and 0.86 MHz are

almost stable on condition of the bonding time from 1 hour to 10 hours. However, the frequency

in the midst of these two peaks moves towards higher frequency area sharply with the increase of

the bonding time in comparison. Firstly, the results from the experiment match exactly with the

previous numerical calculation results. Furthermore, by comparing the position of the midst peak in

the experiment with theoretical positions in Fig. 3, the normal stiffness can be estimated.

The frequency spectrums at the incident angle15◦ and the different bonding times (1 hour and

10 hours) are shown in Fig. 12. It can be seen that both peaks move towards higher frequency area

as the bonding time goes from 1 hour to 10 hours. In terms of the normal interface stiffness from

measurement results of the normal incidence, the second peak as shown in Fig. 12 is relevant to the

FIG. 11. The frequency spectrum from normal incidence.
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FIG. 12. The frequency domain signal from 15◦ incident angle.

normal stiffness, and the first peak is relevant to the transverse stiffness. The shift distance of this

peak is greater than that from the normal incidence.

There are five experiment results under the same bonding time. By statisticing and analyzing

these data, the mean and the standard deviation which are showed by the error bars in Fig. 13 can be

FIG. 13. The frequency of peaks versus the bonding time (a) the first peak; (b) the second peak.
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FIG. 14. The interfacial stiffness versus the bonding time: (a) transverse stiffness; (b) normal stiffness.

obtained in ervey bonding time. Figure 13(a) and (b) illustrate the relationship between the frequency

of peaks and the bonding time. Fig. 13(a) depicts the frequency of the first peak and Fig. 13(b)

depicts the frequency of the second peak. The frequency moves towards higher frequency area with

the increasing of the bonding time. The movement velocity is too quickly at the first, and then slows

later. Finally, frequency of the peak almost does not move after 8 hours. The standard errors of

frequency decrease with the increasing of the bonding time.

Figure 5 and Figure 8 show the simulation results which are obtained by calculated by Eq. (7),

when the incident angle is 15◦, while Fig. 13 shows the experiment results which is also from

15◦incident angle. The normal stiffness can be obtained by comparing the mean of the peak positions

in Fig. 13 (b) with the line C3 in fig. 5. Similarly, the transverse stiffness be obtained by comparing

the mean of the peak positions in Fig. 13 (a) with the line D2 in Fig. 8. The interfacial stiffness

including the transverse and the normal stiffness against the bonding time are shown in Fig. 14 (a)

and Fig. 14 (b), respectively. According to these results, the bonding strength at any time can be

obtained. Using this method can evaluate the curing velocity of adhesive and ultimate bonding

strength.

VI. CONCLUSION

Through theoretically analyzing ultrasonic propagating characteristics in double-layer plate

bonding structure, it has demonstrated that some of the transmission peaks are only related to the
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normal interfacial stiffness (KN) and others to the transverse interfacial stiffness (KT). All these peaks

shift towards higher frequency with the increasing interfacial stiffness, but the sensitivity is different

due to the variation in the incidence angle and testing frequency. The higher frequency peaks are ‘later

shift’ than lower frequency peaks. These rules provide relevant the theoretical basis for optimizing

inspection parameters. According to the actual situation, it can improve the sensitivity through choos-

ing the ultrasonic testing parameters. In this paper, the interfacial stiffness of double-layer adhesive

composite plate, which changes with the bonding time, is accurately measured by using air-coupled

ultrasound.
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APPENDIX

The element of matrix A are as follows

A11 = kacosθi; A12 = kL(1)cosθL(1); A13 =−A12; A14 = kT (1) sin θT (1); A15 =A14;

A21 = ρaω
2; A22 = 2µ1kL(1) sin θL(1) − ρ1ω

2; A23 =A22; A24 =−µ1k2
T (1) sin(2θT (1)); A25 =−A24;

A32 =−k2
L(1) sin(2θL(1)); A33 =−A32; A34 = k2

T (1) cos(2θT (1)); A35 =A34;

A42 =−kL(1) sin θL(1)KT eL1 ; A43 =−kL(1) sin θL(1)KT e−L1 ; A44 = kT (1) cos θT (1)KT eT1 ;

A45 =−kT (1) cos θT (1)KT e−T1 ; A46 = kL(2) sin θL(2)KT + k2
L(2) sin(2θL(2));

A47 = kL(2) sin θL(2)KT − k2
L(2) sin(2θL(2));

A48 = − kT (2) cos θT (2)KT − (kT (2) cos θT (2))
2 + (kT (2) cos θT (2))

2;

A49 = kT (2) cos θT (2)KT − (kT (2) cos θT (2))
2 + (kT (2) cos θT (2))

2;

A52 = kL(2) cos θL(2)KN eL1 ; A53 =−kL(2) cos θL(2)KN e−L1 ; A54 = kT (1) sin θT (1)KN eT1 ;

A55 = kT (1) sin θT (1)KN e−T1 ; A56 =−kL(2) cos θL(2)KN − 2µ2(kL(2) sin θL(2))
2 + ρ2ω

2;

A57 = kL(2) cos θL(2)KN − 2µ2(kL(2) sin θL(2))
2 + ρ2ω

2; A58 =−kT (2) sin θT (2)KN + µ2k2
T (2) sin(2θT (2));

A59 =−kT (2) sin θT (2)KN − µ2k2
T (2) sin(2θT (2));

A62 =−k2
L(1) sin(2θL(1))e

L1 ; A63 = k2
L(1) sin(2θL(1))e

−L1 ; A64 = k2
T (1) cos(2θT (1))e

T1 ;

A65 = k2
T (1) cos(2θT (1))e

−T1 ; A66 = k2
L(2) sin(2θL(2)); A67 =−k2

L(2) sin(2θL(2)); A68 =−k2
T (2) cos(2θT (2));

A69 =A68;

A72 = (2µ1kL(1) sin θL(1) − ρ1ω
2)eL1 ; A73 = (2µ1kL(1) sin θL(1) − ρ1ω

2)e−L1 ;

A74 =−µ1k2
T (1) sin(2θT (1))e

T1 ; A75 = µ1k2
T (1) sin(2θT (1))e

−T1 ; A76 = 2µ2kL(2) sin θL(2) − ρ2ω
2;

A77 =A76; A78 = µ2k2
T (2) sin(2θT (2)); A79 =−A78;

A86 =−kL(2)cosθL(2)e
L2 ; A87 = kL(2)cosθL(2)e

−L2 ; A88 = kT (2) sin θT (2)e
T2 ; A89 = kT (2) sin θT (2)e

−T2 ;

A8(10) = kacosθr ;

A96 = 2µ2kL(2) sin θL(2)e
L2 ; A97 = 2µ2kL(2) sin θL(2)e

−L2 ; A98 =−µ2k2
T (2) sin(2θT (2))e

T2 ;

A99 = µ2k2
T (2) sin(2θT (2))e

−T2 ; A9(10) = ρaω
2;

A(10)6 =−k2
L(2) sin(2θL(2))e

L2 ; A(10)7 = k2
L(2) sin(2θL(2))e

−L2 ; A(10)8 = k2
T (2) cos(2θT (2))e

T2 ;

A(10)9 = k2
T (2) cos(2θT (2))e

−T2 ;

The rest elements are zero.
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