
 Open access  Journal Article  DOI:10.1021/JACS.7B12121

Measuring Interfacial Polymerization Kinetics Using Microfluidic Interferometry
— Source link 

Arash Nowbahar, Vincent Mansard, Jodi M. Mecca, Mou Paul ...+2 more authors

Institutions: University of California, Santa Barbara, Laboratory for Analysis and Architecture of Systems,
Dow Chemical Company

Published on: 12 Feb 2018 - Journal of the American Chemical Society (American Chemical Society)

Topics: Interfacial polymerization and Reaction rate constant

Related papers:

 Sub–10 nm polyamide nanofilms with ultrafast solvent transport for molecular separation

 Kinetics of film formation by interfacial polycondensation.

 Polyamide membranes with nanoscale Turing structures for water purification

 Nanoscale Heterogeneity of Polyamide Membranes Formed by Interfacial Polymerization

 Water Transport through Ultrathin Polyamide Nanofilms Used for Reverse Osmosis.

Share this paper:    

View more about this paper here: https://typeset.io/papers/measuring-interfacial-polymerization-kinetics-using-
58h7e97tgh

https://typeset.io/
https://www.doi.org/10.1021/JACS.7B12121
https://typeset.io/papers/measuring-interfacial-polymerization-kinetics-using-58h7e97tgh
https://typeset.io/authors/arash-nowbahar-pvgufn7cek
https://typeset.io/authors/vincent-mansard-3l7wf65wec
https://typeset.io/authors/jodi-m-mecca-3mv5co8l8l
https://typeset.io/authors/mou-paul-3t7ealywbk
https://typeset.io/institutions/university-of-california-santa-barbara-2nv92kbe
https://typeset.io/institutions/laboratory-for-analysis-and-architecture-of-systems-1zz4tlsb
https://typeset.io/institutions/dow-chemical-company-34zk4i5e
https://typeset.io/journals/journal-of-the-american-chemical-society-1r0moumz
https://typeset.io/topics/interfacial-polymerization-1cwnpnw4
https://typeset.io/topics/reaction-rate-constant-3ftagvko
https://typeset.io/papers/sub-10-nm-polyamide-nanofilms-with-ultrafast-solvent-4kdib6e9e4
https://typeset.io/papers/kinetics-of-film-formation-by-interfacial-polycondensation-4t90wmv1n5
https://typeset.io/papers/polyamide-membranes-with-nanoscale-turing-structures-for-27a9ohf3yf
https://typeset.io/papers/nanoscale-heterogeneity-of-polyamide-membranes-formed-by-3b2u91y6ck
https://typeset.io/papers/water-transport-through-ultrathin-polyamide-nanofilms-used-53od9vk86z
https://www.facebook.com/sharer/sharer.php?u=https://typeset.io/papers/measuring-interfacial-polymerization-kinetics-using-58h7e97tgh
https://twitter.com/intent/tweet?text=Measuring%20Interfacial%20Polymerization%20Kinetics%20Using%20Microfluidic%20Interferometry&url=https://typeset.io/papers/measuring-interfacial-polymerization-kinetics-using-58h7e97tgh
https://www.linkedin.com/sharing/share-offsite/?url=https://typeset.io/papers/measuring-interfacial-polymerization-kinetics-using-58h7e97tgh
mailto:?subject=I%20wanted%20you%20to%20see%20this%20site&body=Check%20out%20this%20site%20https://typeset.io/papers/measuring-interfacial-polymerization-kinetics-using-58h7e97tgh
https://typeset.io/papers/measuring-interfacial-polymerization-kinetics-using-58h7e97tgh


HAL Id: hal-01734561
https://hal.archives-ouvertes.fr/hal-01734561

Submitted on 14 Mar 2018

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Measuring Interfacial Polymerization Kinetics Using
Microfluidic Interferometry

Arash Nowbahar, Vincent Mansard, Jodi Mecca, Mou Paul, Tina Arrowood,
Todd Squires

To cite this version:
Arash Nowbahar, Vincent Mansard, Jodi Mecca, Mou Paul, Tina Arrowood, et al.. Measuring Interfa-
cial Polymerization Kinetics Using Microfluidic Interferometry. Journal of the American Chemical So-
ciety, American Chemical Society, 2018, 140 (9), pp.3173-3176. 10.1021/jacs.7b12121. hal-01734561

https://hal.archives-ouvertes.fr/hal-01734561
https://hal.archives-ouvertes.fr


▼❡❛s✉r✐♥❣ ■♥t❡r❢❛❝✐❛❧ P♦❧②♠❡r✐③❛t✐♦♥ ❑✐♥❡t✐❝s ❯s✐♥❣ ▼✐❝r♦✢✉✐❞✐❝
■♥t❡r❢❡r♦♠❡tr②

❆r❛s❤ ◆♦✇❜❛❤❛r✱† ❱✐♥❝❡♥t ▼❛♥s❛r❞✱‡ ❏♦❞✐ ▼✳ ▼❡❝❝❛✱¶ ▼♦✉ P❛✉❧✱§ ❚✐♥❛ ❆rr♦✇♦♦❞✱§ ❛♥❞ ❚♦❞❞
▼✳ ❙q✉✐r❡s∗✱†

†❉❡♣❛rt♠❡♥t ♦❢ ❈❤❡♠✐❝❛❧ ❊♥❣✐♥❡❡r✐♥❣✱ ❯♥✐✈❡rs✐t② ♦❢ ❈❛❧✐❢♦r♥✐❛ ❙❛♥t❛ ❇❛r❜❛r❛✱ ❈❆ ✾✸✶✵✻
‡▲❛❜♦r❛t♦r② ❢♦r ❆♥❛❧②s✐s ❛♥❞ ❆r❝❤✐t❡❝t✉r❡ ♦❢ ❙②st❡♠s ✭▲❆❆❙✲❈◆❘❙✮ ❚♦✉❧♦✉s❡✱ ✸✶✹✵✵ ❚♦✉❧♦✉s❡✱ ❋r❛♥❝❡
¶❋♦r♠✉❧❛t✐♦♥ ❙❝✐❡♥❝❡✱ ❈♦r❡ ❘❡s❡❛r❝❤ ❛♥❞ ❉❡✈❡❧♦♣♠❡♥t✱ ❉♦✇ ❈❤❡♠✐❝❛❧ ❈♦♠♣❛♥②✱ ▼✐❞❧❛♥❞✱ ▼■ ✹✽✻✼✹

§❉♦✇ ❲❛t❡r & Pr♦❝❡ss ❙♦❧✉t✐♦♥s✱ ❉♦✇ ❈❤❡♠✐❝❛❧ ❈♦♠♣❛♥②✱ ❊❞✐♥❛✱ ▼◆ ✺✺✹✸✾
❘❡❝❡✐✈❡❞ ❏❛♥✉❛r② ✷✾✱ ✷✵✶✽❀ ❊✲♠❛✐❧✿ sq✉✐r❡s❅❡♥❣✐♥❡❡r✐♥❣✳✉❝s❜✳❡❞✉

❆❜str❛❝t✿ ■♥t❡r❢❛❝✐❛❧ ♣♦❧②♠❡r✐③❛t✐♦♥ ✐s ✉s❡❞ ✐♥ ❛ r❛♥❣❡ ♦❢ ✜❡❧❞s✱

❜♦t❤ ❛❝❛❞❡♠✐❝ ❛♥❞ ✐♥❞✉str✐❛❧✱ ❢♦r t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ✜❜❡rs✱ ❝❛♣✲

s✉❧❡s✱ ❛♥❞ ✜❧♠s✳ ❉❡s♣✐t❡ ✐ts ✇✐❞❡s♣r❡❛❞ ✉s❡✱ ♠❡❛s✉r✐♥❣ t❤❡

r❡❛❝t✐♦♥ ❦✐♥❡t✐❝s ♦❢ ✐♥t❡r❢❛❝✐❛❧ ♣♦❧②♠❡r✐③❛t✐♦♥ ❤❛s r❡♠❛✐♥❡❞ ❛

❝❤❛❧❧❡♥❣❡✳ ❋♦r ❡①❛♠♣❧❡✱ r❡❛❝t✐♦♥ ❦✐♥❡t✐❝s ❢♦r ♣♦❧②❛♠✐❞❡ r❡✈❡rs❡

♦s♠♦s✐s ♠❡♠❜r❛♥❡s ❛r❡ ❞✐✣❝✉❧t t♦ ♦❜t❛✐♥ ❛♥❞ r❛r❡❧② r❡♣♦rt❡❞

❞✉❡ t♦ t❤❡ t❤✐♥♥❡ss ♦❢ ✜❧♠s✱ ❛♥❞ r❛♣✐❞✐t② ♦❢ t❤❡✐r ❢♦r♠❛t✐♦♥

❛t t❤❡ ❧✐q✉✐❞✲❧✐q✉✐❞ ✐♥t❡r❢❛❝❡✳ ❍❡r❡✱ ♣♦❧②❛♠✐❞❡ ✜❧♠ ❢♦r♠❛t✐♦♥

✐s st✉❞✐❡❞ ✉s✐♥❣ ❛ ♠✐❝r♦✢✉✐❞✐❝✱ ✐♥t❡r❢❡r♦♠❡tr②✲❜❛s❡❞ t❡❝❤♥✐q✉❡

t♦ ♠❡❛s✉r❡ ♠♦♥♦♠❡r ❝♦♥❝❡♥tr❛t✐♦♥ ♥❡❛r t❤❡ ✐♥t❡r❢❛❝❡ ❛s t❤❡

r❡❛❝t✐♦♥ ♦❝❝✉rs✳ ❖✉r r❡s✉❧ts ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ ❛ ♣♦❧②♠❡r✐③❛✲

t✐♦♥ r❡❛❝t✐♦♥ t❤❛t ✐s ✐♥✐t✐❛❧❧② ❝♦♥tr♦❧❧❡❞ ❜② ❛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥

❜♦✉♥❞❛r② ❧❛②❡r ✇✐t❤✐♥ t❤❡ ♦r❣❛♥✐❝ ♣❤❛s❡✳ ❯s✐♥❣ s✐♠♣❧❡ s❝❛❧✐♥❣

❛r❣✉♠❡♥ts t♦ ❛♥❛❧②③❡ ♦✉r ❞❛t❛✱ ✇❡ r❡♣♦rt t❤❡ ✜rst ♠❡❛s✉r❡✲

♠❡♥ts ♦❢ t❤❡ r❡❛❝t✐♦♥ r❛t❡ ❝♦♥st❛♥t ❢♦r t❤✐s s②st❡♠✳

❘❡❛❝t✐♥❣ ♠♦♥♦♠❡rs ❛t ❛♥ ✐♥t❡r❢❛❝❡ ❜❡t✇❡❡♥ t✇♦ ✐♠♠✐s❝✐✲
❜❧❡ s♦❧✈❡♥ts ✐s ❛ r♦❜✉st ❛♥❞ ❝♦♠♠♦♥ ♠❡t❤♦❞ ❢♦r ♣r♦❞✉❝✐♥❣
✜❜❡rs✱✶✱✷ ❝❛♣s✉❧❡s✱✸✱✹ ❛♥❞ ✉❧tr❛t❤✐♥ ✜❧♠s✳✺ ❲❤✐❧❡ ✐♥t❡r❢❛❝✐❛❧
♣♦❧②♠❡r✐③❛t✐♦♥ ❤❛s ❜❡❡♥ ❦♥♦✇♥ ❢♦r ♦✈❡r ✺✵ ②❡❛rs✷ ❛♥❞ ✐s
✉s❡❞ ✐♥ ❧❛r❣❡✲s❝❛❧❡ ♠❛♥✉❢❛❝t✉r✐♥❣ ♣r♦❝❡ss❡s t♦❞❛②✱✻ ✐♥ s✐t✉

t❡❝❤♥✐q✉❡s t♦ ♠❡❛s✉r❡ ✐♥t❡r❢❛❝✐❛❧ r❡❛❝t✐♦♥ ❦✐♥❡t✐❝s ❛r❡ ❧✐♠✲
✐t❡❞✱ s②st❡♠✲s♣❡❝✐✜❝✱ ❛♥❞ ♦❢t❡♥ ❝❛♥♥♦t ❝❛♣t✉r❡ t❤❡ ❞②♥❛♠✐❝s
♦❢ ❢❛st r❡❛❝t✐♦♥s✳
■♥ ♣❛rt✐❝✉❧❛r✱ ♣♦❧②❛♠✐❞❡ r❡✈❡rs❡ ♦s♠♦s✐s ✭❘❖✮ ♠❡♠❜r❛♥❡s

❛r❡ ♠❛❞❡ t❤r♦✉❣❤ ✐♥t❡r❢❛❝✐❛❧ ♣♦❧②♠❡r✐③❛t✐♦♥✱ ✇❤♦s❡ r❡❛❝✲
t✐♦♥ ❦✐♥❡t✐❝s ❤❛✈❡ r❡♠❛✐♥❡❞ ♥♦t♦r✐♦✉s❧② ❞✐✣❝✉❧t t♦ ♠❡❛✲
s✉r❡✳ ❚❤❡ ❞✐✣❝✉❧t② ❛r✐s❡s ❢r♦♠ t❤❡ r❛♣✐❞ ✭∼s❡❝♦♥❞s✮✷ ❢♦r✲
♠❛t✐♦♥ ♦❢ ❛ t❤✐♥ ✭∼✶✵✵♥♠✮✻ ✜❧♠ ❛t t❤❡ ❧✐q✉✐❞✲❧✐q✉✐❞ ✐♥✲
t❡r❢❛❝❡✳ ■♥ ❛❞❞✐t✐♦♥✱ ♠✉❧t✐♣❧❡ ♣❤❡♥♦♠❡♥❛ ❛r❡ ❝♦✉♣❧❡❞ ✐♥
t❤✐s ♣r♦❝❡ss✿ ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥s✱ s♦❧✉t❡ tr❛♥s♣♦rt ❜❡t✇❡❡♥
♣❤❛s❡s✱ ❛♥❞ ♣♦❧②♠❡r ♣❤❛s❡ s❡♣❛r❛t✐♦♥✱ ❛❞❞✐♥❣ ❢✉rt❤❡r ❝♦♠✲
♣❧❡①✐t② t♦ t❤❡ ♣r♦❜❧❡♠✳✼✱✽ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ r❡❛❝t✐♦♥ ❜❡t✇❡❡♥
♠✲♣❤❡♥②❧❡♥❡❞✐❛♠✐♥❡ ✭▼P❉✮ ❛♥❞ tr✐♠❡s♦②❧ ❝❤❧♦r✐❞❡ ✭❚▼❈✮
♠♦♥♦♠❡rs✱ ❝♦♠♠♦♥❧② ✉s❡❞ ✐♥ ❘❖ ♠❡♠❜r❛♥❡ s②♥t❤❡s✐s ✭❋✐❣✳
✶❛✮✱✾ ✐s ❜❡❧✐❡✈❡❞ t♦ ♦❝❝✉r ✇✐t❤✐♥ t❤❡ ♦✐❧ ♣❤❛s❡✳ ▼P❉ ♠✉st
t❤❡r❡❢♦r❡ ♣❛rt✐t✐♦♥ ❢r♦♠ t❤❡ ✇❛t❡r t♦ t❤❡ ♦✐❧✱ ❞✐✛✉s❡ ✇✐t❤✐♥
t❤❡ ♦✐❧✱ ❛♥❞ r❡❛❝t ✇✐t❤ ❚▼❈ t♦ ❢♦r♠ ♦❧✐❣♦♠❡rs✳✷ ❆s t❤❡
♦❧✐❣♦♠❡rs ❧❡♥❣t❤❡♥✱ ♣❤❛s❡ s❡♣❛r❛t✐♦♥ ♦❝❝✉rs✱ ❣r♦✇✐♥❣ ❛ ♣♦❧②✲
♠❡r ✜❧♠ t❤❛t ✐♠♣❡❞❡s t❤❡ ❢✉rt❤❡r tr❛♥s♣♦rt ♦❢ ❛♠✐♥❡ ♦♥ ♦♥❡
s✐❞❡ ♦❢ t❤❡ ✜❧♠ t♦ t❤❡ ❛❝✐❞ ❝❤❧♦r✐❞❡ ♦♥ t❤❡ ♦t❤❡r✳✶✵✱✶✶ ❚❤❡ r❡✲
❛❝t✐♦♥ t❤✉s s❧♦✇s✱ ❛♥❞ ❜❡❝♦♠❡s ❵s❡❧❢✲❧✐♠✐t✐♥❣✬✳✶✶ ❲❤✐❧❡ t❤❡r❡
✐s ❜r♦❛❞ ❛❣r❡❡♠❡♥t r❡❣❛r❞✐♥❣ t❤✐s ♠❡❝❤❛♥✐s♠ ❢♦r ❘❖ ♠❡♠✲
❜r❛♥❡ ❢♦r♠❛t✐♦♥✱ ♠♦st ❞❡t❛✐❧s r❡♠❛✐♥ ✉♥❦♥♦✇♥ ♦r ♣♦♦r❧②
❝❤❛r❛❝t❡r✐③❡❞✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ✐♥tr✐♥s✐❝ r❡❛❝t✐♦♥ r❛t❡ ❝♦♥st❛♥ts✱
❛♥❞ t❤❡ ❡✛❡❝ts ♦❢ t❤❡ ♣❤②s✐❝❛❧ ❛♥❞ ❝❤❡♠✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡
s♦❧✉t✐♦♥s t❤❡♠s❡❧✈❡s ✭❡✳❣ ❞✐✛✉s✐✈✐t✐❡s✱ ♣❛rt✐t✐♦♥ ❝♦❡✣❝✐❡♥ts✱

❋✐❣✉r❡ ✶✳ ✭❛✮ ❙tr✉❝t✉r❡s ♦❢ ▼P❉ ❛♥❞ ❚▼❈ ✐♥ t❤❡ ❛q✉❡♦✉s ❛♥❞
♦✐❧ ♣❤❛s❡ r❡s♣❡❝t✐✈❡❧②✳ ▼P❉ ♣❛rt✐t✐♦♥s ✐♥t♦ t❤❡ ♦✐❧ ❛♥❞ r❡❛❝ts ✇✐t❤
❚▼❈✱ r❡❞✉❝✐♥❣ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ▼P❉ ✐♥ t❤❡ ❛q✉❡♦✉s ♣❤❛s❡
♥❡❛r t❤❡ ✐♥t❡r❢❛❝❡✳ ❋❧✉① ✐♥t♦ t❤❡ ♦✐❧ ♣❤❛s❡ ✐s ♠❡❛s✉r❡❞ ✇✐t❤ ✐♥t❡r✲
❢❡r♦♠❡tr②✳ ✭❜✮ ❙✐❞❡ ✈✐❡✇ ♦❢ ♠✐❝r♦✢✉✐❞✐❝ ❞❡✈✐❝❡ ❢♦r ✐♥t❡r❢❡r♦♠❡tr②✳
P❤♦t♦✲♣❛tt❡r♥❡❞ ❤②❞r♦♣❤✐❧✐❝ r❡❣✐♦♥ tr❛♣s ❛q✉❡♦✉s ♣❤❛s❡✳ ❉r♦♣
♣r♦✜❧❡ s❤♦✇♥ ✐s ❡①❛❣❣❡r❛t❡❞✱ ❛s t❤❡ ❝❤❛♥♥❡❧ ❤❡✐❣❤t ✐s ❛ t❡♥t❤
♦❢ t❤❡ ❞r♦♣ r❛❞✐✉s✳ ▲✐❣❤t ❡♥t❡r✐♥❣ ❢r♦♠ ❛❜♦✈❡ r❡✢❡❝ts ❜❡t✇❡❡♥
s✉r❢❛❝❡s✱ ✇✐t❤ ❞✐✛❡r❡♥t ✇❛✈❡❧❡♥❣t❤s ✐♥t❡r❢❡r✐♥❣ ❞✐✛❡r❡♥t❧②✳ ❙♣❡❝✲
tr♦♠❡t❡r s♣❧✐ts t❤❡ tr❛♥s♠✐tt❡❞ ❧✐❣❤t ❢r♦♠ ❡❛❝❤ ♣✐①❡❧ ✐♥t♦ ❛ s❡r✐❡s
♦❢ ♣❡❛❦s ❛t ✇❛✈❡❧❡♥❣t❤s t❤❛t ✐♥t❡r❢❡r❡ ❝♦♥str✉❝t✐✈❡❧②✳ ❈❤❛♥❣❡s ✐♥
t❤❡s❡ ♣❡❛❦ ✇❛✈❡❧❡♥❣t❤s ❝♦rr❡s♣♦♥❞ t♦ ❝❤❛♥❣❡s ✐♥ ❧♦❝❛❧ r❡❢r❛❝t✐✈❡
✐♥❞❡①✳ ✭❝✮ ❚♦♣ ✈✐❡✇ ♦❢ tr❛♣♣❡❞ ✇❛t❡r ❞r♦♣ ✇✐t❤ ❛rr♦✇ ✐♥❞✐❝❛t✐♥❣
t❤❡ ❞✐r❡❝t✐♦♥ ♦✐❧ ✢♦✇s t♦ ✐♥✐t✐❛t❡ t❤❡ r❡❛❝t✐♦♥✳ ▲✐❣❤t ✐s ❝♦❧❧❡❝t❡❞
❛❧♦♥❣ ❛ s❧✐t ✭r❡❞ ❞❛s❤✮✱ t♦ r❡s♦❧✈❡ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ♣r♦✜❧❡s ♦❢ ❛♥
▼P❉ s♦❧✉t✐♦♥ ❛s t❤❡② ❡✈♦❧✈❡ ✐♥ s♣❛❝❡ ❛♥❞ t✐♠❡✳

❝♦♥❝❡♥tr❛t✐♦♥s✮ ♦♥ t❤❡ ♦✈❡r❛❧❧ ❦✐♥❡t✐❝s✳✶✷

❆tt❡♠♣ts t♦ ♠❡❛s✉r❡ s✉❝❤ ✐♥t❡r❢❛❝✐❛❧ ♣♦❧②♠❡r✐③❛t✐♦♥ ❦✐✲
♥❡t✐❝s ♦❢t❡♥ ✐♥✈♦❧✈❡ ❛rr❡st✐♥❣ t❤❡ ♣♦❧②♠❡r✐③❛t✐♦♥ ❛t ✈❛r✐♦✉s
t✐♠❡s ❛♥❞ ♠❡❛s✉r✐♥❣ ♠❡♠❜r❛♥❡ ♠❛ss ♦r t❤✐❝❦♥❡ss✱ ♦r s❛♠✲
♣❧✐♥❣ s♦❧✉t✐♦♥ ❝♦♥❝❡♥tr❛t✐♦♥s ✇✐t❤ t✐♠❡✳✽✱✶✶✱✶✸✕✷✶ ❙✉❝❤ ♠❡t❤✲
♦❞s✱ ❤♦✇❡✈❡r✱ ❝❛♥♥♦t ❝❛♣t✉r❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❢❛st✲❢♦r♠✐♥❣
✜❧♠s✳ ❉②♥❛♠✐❝ ♠❡❛s✉r❡♠❡♥ts ♦❢ s♦❧✉t✐♦♥ ♣❍ ❤❛✈❡ ❝❛♣t✉r❡❞
♠♦♥♦♠❡r ❝♦♥s✉♠♣t✐♦♥ ✐♥ ♣♦❧②✉r❡❛ ❡♥❝❛♣s✉❧❛t✐♦♥✱✸✱✷✷✕✷✹ ❛♥❞
❤❛✈❡ r❡❝❡♥t❧② ❜❡❡♥ ❛♣♣❧✐❡❞ t♦ ♣♦❧②❛♠✐❞❡ ❢♦r♠❛t✐♦♥✳✷✺ ❚❤❡s❡
t❡❝❤♥✐q✉❡s ✐♥❤❡r❡♥t❧② ♣r♦❜❡ ♣r♦♣❡rt✐❡s ♦❢ ❜✉❧❦ s♦❧✉t✐♦♥s✱
r❛t❤❡r t❤❛♥ ❝♦♥❞✐t✐♦♥s ❛t t❤❡ ✐♥t❡r❢❛❝❡ ✇❤❡r❡ t❤❡ r❡❛❝t✐♦♥
♦❝❝✉rs✳ ❙♦❧✉t❡ tr❛♥s♣♦rt ❡✛❡❝ts ❛r❡ t❤❡r❡❢♦r❡ ❧✉♠♣❡❞ ✐♥ ✇✐t❤
❦✐♥❡t✐❝ ♣r♦❝❡ss❡s✱ ❛♥❞ ♠❡❛s✉r❡♠❡♥ts ♠❛② ❝♦♥✢❛t❡ t❤❡ t✇♦✳
❚❤❡ ❣r♦✇t❤ ❞②♥❛♠✐❝s ♦❢ ♣♦❧②❛♠✐❞❡ ♠❡♠❜r❛♥❡s ❤❛✈❡ ❛❞✲
❞✐t✐♦♥❛❧❧② ❜❡❡♥ st✉❞✐❡❞ t❤r♦✉❣❤ ♣❡♥❞❛♥t ❞r♦♣ t❡♥s✐♦♠❡tr②✱
❧✐❣❤t r❡✢❡❝t♦♠❡tr②✱✶✶ ❛♥❞ ❞✐✛✉s❡ r❡✢❡❝t❛♥❝❡ s♣❡❝tr♦s❝♦♣②✳✷✻

❚❤❡s❡ ♠❡t❤♦❞s ❝❛♣t✉r❡ q✉❛❧✐t❛t✐✈❡ ❢❡❛t✉r❡s ♦❢ t❤❡ r❡❛❝t✐♦♥✱

✶



❋✐❣✉r❡ ✷✳ ✭❛✮ ❈♦♥❝❡♥tr❛t✐♦♥ ♣r♦✜❧❡s ♠❡❛s✉r❡❞ ❛❧♦♥❣ t❤❡ ❞r♦♣
r❛❞✐✉s ✭❞r♦♣ ❝❡♥t❡r ✐s ❛t t❤❡ ♦r✐❣✐♥✮ ❢♦r t❤❡ r❡❛❝t✐♦♥ ❜❡t✇❡❡♥ ✺ ✇t✪
▼P❉ ❛♥❞ ✵✳✺ ✇t✪ ❚▼❈✳ ✭❜✮ ❋❧✉① ♦❢ ▼P❉ ❧❡❛✈✐♥❣ t❤❡ ❛q✉❡♦✉s
♣❤❛s❡ ✭t♦♣✮✱ ❛♥❞ t❤❡ t♦t❛❧ ♠❛ss ♦❢ ▼P❉ t❤❛t ❤❛s ❧❡❢t t❤❡ ❞r♦♣
✭❜♦tt♦♠✮ ❢♦r t❤❡ ❡①♣❡r✐♠❡♥t s❤♦✇♥ ✐♥ ✭❛✮✳ ❚❤❡ ✢✉① ✐s ✐♥t❡❣r❛t❡❞
✭t♦ ✜♥❞ t❤❡ ♠❛ss✮ ✉♥t✐❧ ✢✉❝t✉❛t✐♦♥s ❜❡❝♦♠❡ ❧❛r❣❡r t❤❛♥ t❤❡ ✢✉①
✐ts❡❧❢✱ ✇❤✐❝❤ ♦❝❝✉rs ❛t ❛♣♣r♦①✐♠❛t❡❧② ✶✵ s ✭❋✐❣✳ ❙✹✮

✳

r❡✈❡❛❧✐♥❣ t❤❛t ♠♦r❡ t❤❛♥ ❤❛❧❢ ♦❢ t❤❡ ✜❧♠ ❢♦r♠s ✇✐t❤✐♥ t❤❡
✜rst ❢❡✇ s❡❝♦♥❞s✱ ❛♥❞ ❛❧❧♦✇s t❤❡ ❣r♦✇t❤ r❛t❡ t♦ ❜❡ ❡st✐♠❛t❡❞✳
❍♦✇❡✈❡r✱ r❡❧❛t✐♥❣ ♠❡❛s✉r❡♠❡♥ts ♦❢ ✐♥t❡r❢❛❝✐❛❧ t❡♥s✐♦♥ ❛♥❞
❧✐❣❤t r❡✢❡❝t✐♦♥ t♦ ♠♦♥♦♠❡r ❝♦♥s✉♠♣t✐♦♥ ♦r ♣♦❧②♠❡r ♣r♦✲
❞✉❝t✐♦♥ ✐s ❞✐✣❝✉❧t✳ ❆s ♦t❤❡rs ❤❛✈❡ ♥♦t❡❞✱✷✸✱✷✹ t❤❡r❡ ✐s ❛
❝♦♥t✐♥✉✐♥❣ ♥❡❡❞ ❢♦r ❛ s②st❡♠❛t✐❝ ❡①♣❡r✐♠❡♥t❛❧ st✉❞② ♦❢ ✐♥✲
t❡r❢❛❝✐❛❧ ♣♦❧②♠❡r✐③❛t✐♦♥ ❦✐♥❡t✐❝s✳
■♥ t❤✐s ✇♦r❦✱ ✇❡ ♣r❡s❡♥t ❛ ♥❡✇ ♠❡t❤♦❞ t♦ ♣r♦❜❡ ✐♥t❡r❢❛✲

❝✐❛❧ r❡❛❝t✐♦♥ ❦✐♥❡t✐❝s✳ ❲❡ ❞❡s✐❣♥ ♠✐❝r♦✢✉✐❞✐❝ ✐♥t❡r❢❡r♦♠❡tr②
❞❡✈✐❝❡s t❤❛t tr❛❝❦ ♠♦♥♦♠❡r ❝♦♥❝❡♥tr❛t✐♦♥ ♣r♦✜❧❡s ❛s t❤❡②
❡✈♦❧✈❡ ✐♥ s♣❛❝❡ ❛♥❞ t✐♠❡✳ ❙♣❡❝✐✜❝❛❧❧②✱ t❤❡ ✢✉① ♦❢ ❛♠✐♥❡ ❧❡❛✈✲
✐♥❣ t❤❡ ❛q✉❡♦✉s ♣❤❛s❡ ✐s ❞❡t❡r♠✐♥❡❞ ❢r♦♠ s♣❛t✐❛❧ ❛♥❞ t❡♠♣♦✲
r❛❧ ♠❡❛s✉r❡♠❡♥ts ♦❢ ❛♠✐♥❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♥❡❛r t❤❡ ♦✐❧✴✇❛t❡r
✐♥t❡r❢❛❝❡✳ ❘❡❧❛t✐♥❣ t❤✐s ✢✉① t♦ t❤❡ r❡❛❝t✐♦♥ t❤❛t ❝♦♥s✉♠❡s ✐t
♣r♦✈✐❞❡s ✉♥♣r❡❝❡❞❡♥t❡❞ ♠❡❛s✉r❡♠❡♥ts ♦❢ r❡❛❝t✐♦♥ ❦✐♥❡t✐❝s✱
❛♥❞ t❤❡r❡❢♦r❡ ♥❡✇ ✐♥s✐❣❤ts ✐♥t♦ t❤❡ ♣♦❧②♠❡r✐③❛t✐♦♥ ♣r♦❝❡ss
♦❢ ▼P❉ ✇✐t❤ ❚▼❈✳ ❆t t❤❡ st❛rt ♦❢ t❤❡ ✐♥t❡r❢❛❝✐❛❧ ♣♦❧②♠❡r✲
✐③❛t✐♦♥ ♣r♦❝❡ss✱ ♠♦♥♦♠❡r✲♠♦♥♦♠❡r r❡❛❝t✐♦♥s ♦❝❝✉r ✇✐t❤✐♥
❛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❜♦✉♥❞❛r② ❧❛②❡r✱ ❛♥❞ t❤✉s ❢♦❧❧♦✇ s✐♠♣❧❡
s❝❛❧✐♥❣s✳ ❖✉r ♠❡❛s✉r❡♠❡♥ts ♣r♦✈✐❞❡✱ ❢♦r t❤❡ ✜rst t✐♠❡✱ t❤❡
r❡❛❝t✐♦♥ r❛t❡ ❝♦♥st❛♥t ♦❢ t❤❡ ▼P❉✲❚▼❈ ✐♥t❡r❢❛❝✐❛❧ ♣♦❧②✲
♠❡r✐③❛t✐♦♥ r❡❛❝t✐♦♥✳
❖✉r t❡❝❤♥✐q✉❡ ❡♠♣❧♦②s ♠✉❧t✐♣❧❡✲❜❡❛♠ ✐♥t❡r❢❡r♦♠❡tr②✷✼✱✷✽

✐♥ ❛ ♠✐❝r♦✢✉✐❞✐❝ ❞❡✈✐❝❡✷✾ t♦ ♠❡❛s✉r❡ ❝❤❛♥❣❡s ✐♥ r❡❢r❛❝t✐✈❡ ✐♥✲
❞❡① ❛s ♠♦♥♦♠❡r ✐s ❝♦♥s✉♠❡❞ ❜② t❤❡ r❡❛❝t✐♦♥✳ ❇r✐❡✢②✱ ✇❤✐t❡
❧✐❣❤t s❡♥t t❤r♦✉❣❤ t✇♦ s❡♠✐✲r❡✢❡❝t✐✈❡ s✉r❢❛❝❡s ❝♦♥str✉❝t✐✈❡❧②
✐♥t❡r❢❡r❡s ❛t ✇❛✈❡❧❡♥❣t❤s t❤❛t ❞❡♣❡♥❞ ✉♣♦♥ t❤❡ ♦♣t✐❝❛❧ ♣❛t❤
✭t❤❡ ❞✐st❛♥❝❡ s❡♣❛r❛t✐♥❣ t❤❡ t✇♦ ♠✐rr♦rs ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ r❡✲
❢r❛❝t✐✈❡ ✐♥❞❡① ♦❢ t❤❡ s♦❧✉t✐♦♥✮✳ ❚❤❡s❡ ✇❛✈❡❧❡♥❣t❤s ❛♣♣❡❛r ❛s
❞✐s❝r❡t❡ ♣❡❛❦s ✇❤❡♥ t❤❡ tr❛♥s♠✐tt❡❞ ❧✐❣❤t ✐s s♣❧✐t ❜② ❛ s♣❡❝✲
tr♦♠❡t❡r ✭❋✐❣✳ ✶❜✮✳ ❈❤❛♥❣❡s ✐♥ ❝♦♥❝❡♥tr❛t✐♦♥ ❝❛✉s❡ ❝❤❛♥❣❡s
✐♥ r❡❢r❛❝t✐✈❡ ✐♥❞❡①✱ ✇❤✐❝❤ ❝❛✉s❡s ♣❡❛❦ ✇❛✈❡❧❡♥❣t❤s t♦ s❤✐❢t✳
❙♣❛t✐❛❧ r❡s♦❧✉t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❜② ❝♦❧❧❡❝t✐♥❣ ❧✐❣❤t t❤r♦✉❣❤ ❛
s❧✐t✱ ❛♥❞ tr❛❝❦✐♥❣ t❤❡ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ❢♦r ❡❛❝❤ ♣✐①❡❧ ✇✐t❤✐♥
t❤❡ s❧✐t✱ t❤❡r❡❢♦r❡ ❜❡✐♥❣ s❡t ❜② t❤❡ ♦❜❥❡❝t✐✈❡ ✉s❡❞ ✭❤❡r❡ ✵✳✼✽
µ♠✴♣✐①❡❧✮✳ ❇② r❡❧❛t✐♥❣ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ❝❤❛♥❣❡s ✇✐t❤ ❝♦♥✲
❝❡♥tr❛t✐♦♥ ❝❤❛♥❣❡s ✭❋✐❣✳ ❙✶✮✱ ♠♦♥♦♠❡r ❝♦♥❝❡♥tr❛t✐♦♥ ❝❛♥
❜❡ ♠♦♥✐t♦r❡❞ s♣❛t✐❛❧❧② ❛♥❞ t❡♠♣♦r❛❧❧②✳
❊♠♣❧♦②✐♥❣ t❤✐s t❡❝❤♥✐q✉❡ t♦ st✉❞② ❛♥ ✐♥t❡r❢❛❝✐❛❧ r❡❛❝t✐♦♥

r❡q✉✐r❡s ❝r❡❛t✐♥❣ ❛ st❛❜❧❡ ♦✐❧✲✇❛t❡r ✐♥t❡r❢❛❝❡✳ ❚♦ t❤✐s ❛✐♠✱ ✇❡
❞❡✈❡❧♦♣❡❞ ♠✐rr♦r❡❞✱ ❤②❞r♦♣❤♦❜✐❝✱ ♠✐❝r♦✢✉✐❞✐❝ ❞❡✈✐❝❡s✱ ✇✐t❤
♣❤♦t♦✲♣❛tt❡r♥❡❞ ✺✵✵ µ♠✲❞✐❛♠❡t❡r ❝✐r❝✉❧❛r ❤②❞r♦♣❤✐❧✐❝ s♣♦ts✱
❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✶❜✲❝ ✭s❡❡ ❙■ ❢♦r ❞❡t❛✐❧s✮✳✸✵ ❋✐❧❧✐♥❣ t❤❡ ❞❡✈✐❝❡
✇✐t❤ ❛q✉❡♦✉s ▼P❉ s♦❧✉t✐♦♥✱ t❤❡♥ ❞✐s♣❧❛❝✐♥❣ t❤❡ s♦❧✉t✐♦♥

✇✐t❤ ❛✐r ❝r❡❛t❡s ❛ ♣❛♥❝❛❦❡✲s❤❛♣❡❞ ▼P❉ ❞r♦♣ t❤❛t ✇❡ts t❤❡
❤②❞r♦♣❤✐❧✐❝ s♣♦t✱ ♣✐♥s t❤❡ ✇❛t❡r✲❛✐r ❝♦♥t❛❝t ❧✐♥❡✱ ❛♥❞ ❤♦❧❞s
t❤❡ ❞r♦♣ ✐♥ ♣❧❛❝❡✳ ❚❤❡ ❡①♣❡r✐♠❡♥t ❜❡❣✐♥s ✇❤❡♥ ❛ s♦❧✉t✐♦♥ ♦❢
❚▼❈ ✐♥ ❞❡❝❛♥❡ ✐s ♣✉s❤❡❞ ✐♥t♦ t❤❡ ❝❤❛♥♥❡❧ ❛♥❞ t❤❡♥ st♦♣♣❡❞✱
✐♥✐t✐❛t✐♥❣ t❤❡ ✐♥t❡r❢❛❝✐❛❧ ♣♦❧②♠❡r✐③❛t✐♦♥ r❡❛❝t✐♦♥✳ ❆ s❧✐t ♦❢
❧✐❣❤t ✐s ❝♦❧❧❡❝t❡❞ ❛t t❤❡ ❧❡❛❞✐♥❣ ❡❞❣❡ ✭✧✉♣str❡❛♠✧✮ ♦❢ t❤❡
❞r♦♣✱ ❛♥❞ ▼P❉ ❝♦♥❝❡♥tr❛t✐♦♥ ♣r♦✜❧❡ ✐s tr❛❝❦❡❞ ✐♥ s♣❛❝❡ ❛♥❞
t✐♠❡ ❛s t❤❡ r❡❛❝t✐♦♥ ♣r♦❝❡❡❞s ✭❋✐❣✳ ✶❝✮✳
❆t t❤❡ ♠♦♠❡♥t ♦❢ ♦✐❧ ❝♦♥t❛❝t✱ t❤❡ ▼P❉ ❝♦♥❝❡♥tr❛t✐♦♥

[MPD] ♥❡❛r t❤❡ ✐♥t❡r❢❛❝❡ ❞r♦♣s✱ ❛s ▼P❉ ❞✐✛✉s❡s ✐♥t♦ t❤❡
♦✐❧ ♣❤❛s❡ ❛♥❞ ❜❡❣✐♥s t♦ r❡❛❝t ✭❋✐❣✳ ✷❛✮✳ ❲✐t❤✐♥ t❤❡ ✜rst ❢❡✇
s❡❝♦♥❞s✱ t❤❡ ✐♥t❡r❢❛❝✐❛❧ ▼P❉ ❝♦♥❝❡♥tr❛t✐♦♥ ❜❡❣✐♥s t♦ r✐s❡✱
✐♥❞✐❝❛t✐♥❣ ❛ s❧♦✇✐♥❣ r❡❛❝t✐♦♥ ❛s ▼P❉ ✐s r❡♣❧❡♥✐s❤❡❞ ❢r♦♠
t❤❡ ❜✉❧❦ ♦❢ t❤❡ ❞r♦♣✳ ❲✐t❤ t✐♠❡✱ ❞✐✛✉s✐♦♥ s♠♦♦t❤s ♦✉t ❣r❛✲
❞✐❡♥ts ✐♥ ❝♦♥❝❡♥tr❛t✐♦♥✱ ❛♥❞ t❤❡ ♣r♦✜❧❡s ✢❛tt❡♥✳ ▼❡❛s✉r❡❞
❝♦♥❝❡♥tr❛t✐♦♥ ♣r♦✜❧❡s ❛r❡ ✐♥❞❡❡❞ ❝♦♥s✐st❡♥t ✇✐t❤ s♦❧✉t✐♦♥s t♦
t❤❡ ❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥✱ ✇✐t❤ t❤❡ ✐♥t❡r❢❛❝✐❛❧ ❜♦✉♥❞❛r② ❝♦♥❞✐✲
t✐♦♥ s❡t ❜② t❤❡ ♠❡❛s✉r❡❞ ❝♦♥❝❡♥tr❛t✐♦♥ ✭❋✐❣✳ ❙✷✮✳
▼❡❛s✉r✐♥❣ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♣r♦✜❧❡s ❛t t❤❡

✐♥t❡r❢❛❝❡ ❣✐✈❡s t❤❡ ❞✐✛✉s✐✈❡ ✢✉①✱ J ✱ ♦❢ ▼P❉ ✐♥t♦ t❤❡ ♦✐❧✱

J = −D
∂[MPD]

∂r

∣

∣

∣

∣

r=R

, ✭✶✮

✇❤❡r❡ D = 840 µ♠2✴s ✐s t❤❡ ♠❡❛s✉r❡❞ ❞✐✛✉s✐✈✐t② ♦❢ ▼P❉
✐♥ ✇❛t❡r ✭s❡❡ ❙■✮✱ r ✐s t❤❡ r❛❞✐❛❧ ❝♦♦r❞✐♥❛t❡✱ ❛♥❞ ❘ ✐s t❤❡
❞r♦♣ r❛❞✐✉s ✭❋✐❣✳ ✷❜✮✳ ❚❤❡ ✢✉① st❛rts ❛t ❛ ♠❛①✐♠✉♠✱ ❛♥❞
❞❡❝❛②s ✇✐t❤✐♥ t❤❡ ✜rst s❡❝♦♥❞ ❛s ❛ ♣♦✇❡r✲❧❛✇ ✐♥ t✐♠❡ ✇✐t❤
❡①♣♦♥❡♥t ❜❡t✇❡❡♥ − 1

2
❛♥❞ − 3

2
✱ ❞❡♣❡♥❞✐♥❣ ♦♥ st❛rt✐♥❣ ❝♦♥✲

❝❡♥tr❛t✐♦♥s ✭❋✐❣✳ ❙✺✮✳ ❚❤✐s ✢✉① ✐♥❞✐❝❛t❡s t❤❡ ❛♠♦✉♥t ♦❢
❛♠✐♥❡ ❧❡❛✈✐♥❣ t❤❡ ❛q✉❡♦✉s ♣❤❛s❡ ✇✐t❤ t✐♠❡✳ ■♥t❡❣r❛t✐♥❣ t❤✐s
✢✉① ♦✈❡r t✐♠❡ r❡✈❡❛❧s t❤❡ t♦t❛❧ ❛♠♦✉♥t ♦❢ ❛♠✐♥❡ t❤❛t ❤❛s
r❡❛❝t❡❞ ✭❋✐❣✳ ✷❜✮✳ ▼♦st ♦❢ t❤❡ ♠❛ss ♦❢ t❤❡ ♠❡♠❜r❛♥❡ ✐s
❢♦r♠❡❞ ✇✐t❤✐♥ t❤❡ ✜rst ❢❡✇ s❡❝♦♥❞s✱ ❝♦♥s✐st❡♥t ✇✐t❤ ♦t❤❡r
r❡♣♦rts✳✷✻ ❙✐♠♣❧❡ ❡st✐♠❛t❡s ❢✉rt❤❡r ❝♦♥✜r♠ t❤❡s❡ ♠❡❛s✉r❡✲
♠❡♥ts t♦ ❜❡ r❡❛s♦♥❛❜❧❡✿ ❛ ♠❡❛s✉r❡❞ ▼P❉ ♠❛ss ♦❢ ✵✳✶ ❣✴♠2

❝♦rr❡s♣♦♥❞s t♦ ❛ ♠❡♠❜r❛♥❡ t❤✐❝❦♥❡ss ♦❢ ∼✷✺✵ ♥♠ ✭❞❡♥s✐t② ♦❢
✶✳✷✹ ❣✴❝♠3, ✸✶ ✇✐t❤ ❛ r❛t✐♦ ♦❢ ✶ ▼P❉ t♦ ✶ ❚▼❈✮✱ ❝♦♥s✐st❡♥t
✇✐t❤ t②♣✐❝❛❧ ♠❡♠❜r❛♥❡ t❤✐❝❦♥❡ss❡s✳✻✱✶✶✱✸✷

❚❤❡s❡ ♠❡❛s✉r❡♠❡♥ts ♣r♦✈✐❞❡ ❞✐r❡❝t ❛❝❝❡ss t♦ t❤❡ r❛t❡ ♦❢
♠♦♥♦♠❡r ❝♦♥s✉♠♣t✐♦♥ ❛s t❤❡ ♣♦❧②♠❡r✐③❛t✐♦♥ ♦❝❝✉rs✳ ❆
♠♦❞❡❧ ✐s r❡q✉✐r❡❞ t♦ r❡❧❛t❡ J t♦ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ r❡❛❝t✐♦♥✳
❋♦❧❧♦✇✐♥❣ ❘❡❢✳ ✸✸✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ r❡❛❝t✐♦♥ t♦ ♦❝❝✉r ✐♥ t✇♦
st❛❣❡s✿ ♠♦♥♦♠❡r✲♠♦♥♦♠❡r ❝♦✉♣❧✐♥❣ ✐♥ ❛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥
❜♦✉♥❞❛r② ❧❛②❡r ✭♦❢ ❉❛♥❝❦✇❡rts t②♣❡✸✹✮✱ ❢♦❧❧♦✇❡❞ ❜② ♣r❡❝✐♣✐✲
t❛t✐♦♥ ❛♥❞ ✜❧♠ ❢♦r♠❛t✐♦♥✳ ❲❡ ❜❡❣✐♥ ✇✐t❤ t❤❡ ❢♦r♠❡r✱ ✇❤✐❝❤
❤♦❧❞s ♦♥❧② ❛t t❤❡ ✈❡r② ❡❛r❧② st❛❣❡ ♦❢ t❤❡ r❡❛❝t✐♦♥✳
❆t t❤❡ ✐♥st❛♥t t❤❡ t✇♦ ♣❤❛s❡s ❝♦♠❡ ✐♥t♦ ❝♦♥t❛❝t✱ ▼P❉ ❞✐❢✲

❢✉s❡s ✐♥t♦ t❤❡ ♦✐❧✱ ✇❤❡r❡ ✐t r❡❛❝ts ❤♦♠♦❣❡♥❡♦✉s❧② ✇✐t❤ ❚▼❈
✭❛ss✉♠❡❞ ✐♥ ❡①❝❡ss✮ ❛t ❛ r❛t❡ 6k[MPD]oil[TMC]0✱ ✇❤❡r❡
k ✐s t❤❡ r❡❛❝t✐♦♥ r❛t❡ ❝♦♥st❛♥t✱ [MPD]oil ✐s t❤❡ ❝♦♥❝❡♥tr❛✲
t✐♦♥ ♦❢ ▼P❉ ✐♥ t❤❡ ♦✐❧✱ ❛♥❞ [TMC]0 ✐s t❤❡ st❛rt✐♥❣ ❚▼❈
❝♦♥❝❡♥tr❛t✐♦♥✳ ❚❤❡ ❢❛❝t♦r ✻ r❡✢❡❝ts ❜✐✲❢✉♥❝t✐♦♥❛❧ ▼P❉ ❛♥❞
tr✐✲❢✉♥❝t✐♦♥❛❧ ❚▼❈✳ ❙t❛t✐st✐❝❛❧❧②✱ ❡❛❝❤ ❛♠✐♥❡ ♠♦♥♦♠❡r r❡✲
❛❝ts ✇✐t❤✐♥ ❛ t✐♠❡ τ ∼ 1

6k[TMC]0
✱ ❛❢t❡r ✇❤✐❝❤ ✐t ✐s ❝♦♥s✉♠❡❞✳

❉✉r✐♥❣ t❤✐s t✐♠❡✱ t❤❡ ❛♠✐♥❡ ❞✐✛✉s❡s ❛ ❞✐st❛♥❝❡ δ ∼
√
Doτ

❢r♦♠ t❤❡ ✐♥t❡r❢❛❝❡✱ ✇❤❡r❡ Do ✐s t❤❡ ▼P❉ ❞✐✛✉s✐✈✐t② ✐♥ ♦✐❧✳
❆ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❜♦✉♥❞❛r② ❧❛②❡r ♦❢ t❤✐❝❦♥❡ss

δ ∼
√

Do

6k[TMC]0
✭✷✮

t❤✉s ❢♦r♠s ✭❋✐❣✳ ❙✼✮✳ ❲❡ ❛ss✉♠❡ t❤❡ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥
❜♦✉♥❞❛r② ❧❛②❡r t♦ ❡✈♦❧✈❡ q✉❛s✐✲st❡❛❞✐❧②✱ s✐♥❝❡ ✐t ❞❡✈❡❧♦♣s
❢❛st❡r t❤❛♥ ❝♦♥❝❡♥tr❛t✐♦♥s ❝❤❛♥❣❡ ❛♣♣r❡❝✐❛❜❧② ✇✐t❤✐♥ t❤❡
❛q✉❡♦✉s ❞r♦♣✳ ❚❤❡ ✢✉① ✐♥ t❤❡ ✇❛t❡r ✭❡q✳ ✶✮ ❜❛❧❛♥❝❡s t❤❡

✷



❋✐❣✉r❡ ✸✳ ✭❛✮ ❋❧✉① ❛t t❤❡ st❛rt ♦❢ t❤❡ r❡❛❝t✐♦♥ ❢♦r ✜①❡❞ ✐♥✐t✐❛❧ ❚▼❈ ❝♦♥❝❡♥tr❛t✐♦♥s✱ ❜✉t ✈❛r②✐♥❣ ✐♥✐t✐❛❧ ▼P❉ ❝♦♥❝❡♥tr❛t✐♦♥s✳ J0 s❝❛❧❡s
❧✐♥❡❛r❧② ✇✐t❤ [MPD]0 ❛s ♣r❡❞✐❝t❡❞✳ ✭❜✮ ❋❧✉① ❛t t❤❡ st❛rt ♦❢ t❤❡ r❡❛❝t✐♦♥ ❢♦r ✜①❡❞ [MPD]0✱ ❜✉t ✈❛r②✐♥❣ [TMC]0✳ J0 s❝❛❧❡s ❧✐♥❡❛r❧② ✇✐t❤
√

[TMC]0 ❢♦r ❛ r❛♥❣❡ ♦❢ st❛rt✐♥❣ ❝♦♥❝❡♥tr❛t✐♦♥s✳ ✭❝✮ P❧♦tt✐♥❣ J0 ❛❣❛✐♥st [MPD]0
√

[TMC]0 ✭✉♥✐ts ♦❢ ♠♦❧3/2♠−9/2✮✱ ✐♥ [TMC]0 r❛♥❣❡

♦❢ ✻✳✽✲✶✾✳✸ ♠♦❧✴♠3✱ r❡✈❡❛❧s ❛ ❧✐♥❡ ✇✐t❤ ❛ s❧♦♣❡ ♦❢ ✼✳✾ ± ✵✳✻ × ✶✵−8♠5/2♠♦❧−1/2s−1✳ ❊rr♦r ❜❛rs s❤♦✇ st❛♥❞❛r❞ ❡rr♦r ❢r♦♠ ❛t ❧❡❛st t❤r❡❡
❡①♣❡r✐♠❡♥ts ❢♦r ❡❛❝❤ ♣♦✐♥t✳ ❊①♣❡r✐♠❡♥ts ❛r❡ ♣❡r❢♦r♠❡❞ ❛t r♦♦♠ t❡♠♣❡r❛t✉r❡ ✭t❡♠♣❡r❛t✉r❡ ❞❡✈✐❛t✐♦♥s ✉♣ t♦ ±✸❑✱ ❛ ♣♦ss✐❜❧❡ s♦✉r❝❡ ♦❢
t❤❡ ❡rr♦r✮✳

✢✉① ✐♥ t❤❡ ♦✐❧ ❛❝r♦ss t❤❡ ❜♦✉♥❞❛r② ❧❛②❡r✱ ❛♥❞ ✐s ❣✐✈❡♥ ❛♣✲
♣r♦①✐♠❛t❡❧② ❜②

J0 ∼ KDo[MPD]0
δ

, ✭✸✮

✇❤❡r❡ K ✐s t❤❡ ♦✐❧✴✇❛t❡r ♣❛rt✐t✐♦♥ ❝♦❡✣❝✐❡♥t ❛♥❞ [MPD]0
t❤❡ ✐♥✐t✐❛❧ ▼P❉ ❝♦♥❝❡♥tr❛t✐♦♥ ✐♥ t❤❡ ❛q✉❡♦✉s ♣❤❛s❡✳ ❈♦♠✲
❜✐♥✐♥❣ ✭✷✮ ✇✐t❤ ✭✸✮ ❣✐✈❡s

J0 ∼ K[MPD]0
√

6k[TMC]0Do. ✭✹✮

❚❤✉s ❛t t❤❡ ✈❡r② st❛rt✱ ✇❤❡♥ t❤❡ ♣♦❧②♠❡r✐③❛t✐♦♥ ✐s ❞♦♠✐✲
♥❛t❡❞ ❜② ❜✐♠♦❧❡❝✉❧❛r r❡❛❝t✐♦♥s ❜❡t✇❡❡♥ ♠♦♥♦♠❡rs✱ ✇❡ ♣r❡✲
❞✐❝t t❤❡ ❛♠✐♥❡ ✢✉① ♦✉t ♦❢ t❤❡ ❞r♦♣ t♦ s❝❛❧❡ ❧✐♥❡❛r❧② ✇✐t❤
[MPD]0 ❛♥❞

√

[TMC]0✳
❚♦ t❡st t❤✐s ❛ss❡rt✐♦♥✱ ✇❡ r✉♥ t❤✐s r❡❛❝t✐♦♥ ✇✐t❤ ✈❛r✐♦✉s

❝♦♠❜✐♥❛t✐♦♥s ♦❢ st❛rt✐♥❣ ▼P❉ ❛♥❞ ❚▼❈ ❝♦♥❝❡♥tr❛t✐♦♥s✱
❛♥❞ ♠❡❛s✉r❡ t❤❡ ✢✉① ❢♦r ❡❛❝❤ r❡❛❝t✐♦♥✱ ❛s ✐♥ ❋✐❣✳ ✷❜✳ ❋✐❣✉r❡
✸❛✲❜ r❡♣♦rts t❤❡ ✢✉① ❛t t❤❡ st❛rt ♦❢ t❤❡ r❡❛❝t✐♦♥ ✭t❤❡ ✜rst
❞❛t❛ ♣♦✐♥t ✐♥ ❋✐❣✳ ✷❜✮ ♣❧♦tt❡❞ ❛❣❛✐♥st st❛rt✐♥❣ ▼P❉ ❛♥❞
❚▼❈ ❝♦♥❝❡♥tr❛t✐♦♥s✳ ❆t ✜①❡❞ ❚▼❈ ❝♦♥❝❡♥tr❛t✐♦♥s✱ t❤❡ ✐♥✐✲
t✐❛❧ r❡❛❝t✐✈❡ ✢✉① ✐♥❞❡❡❞ s❝❛❧❡s ❧✐♥❡❛r❧② ✇✐t❤ st❛rt✐♥❣ ▼P❉
❝♦♥❝❡♥tr❛t✐♦♥ ✭❋✐❣✳ ✸❛✱ ❋✐❣✳ ❙✻✮✳ ❱❛r②✐♥❣ [TMC]0 r❡✈❡❛❧s
❛ r❛♥❣❡ ♦❢ ❝♦♥❝❡♥tr❛t✐♦♥s ✭✻✳✽✲✶✾✳✸ ♠♦❧✴♠3✮ ✇❤♦s❡ ✢✉① ❛r❡
❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ s❝❛❧✐♥❣ ♣r♦♣♦s❡❞ ✐♥ ❡q✳ ✹✱ ∼

√

[TMC]0✱
❢♦r ❛ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❜♦✉♥❞❛r② ❧❛②❡r ✭❋✐❣✳ ✸❜✮✳
❲❡ ❡①♣❡❝t t❤✐s s❝❛❧✐♥❣ t♦ ❤♦❧❞ ❛s ❧♦♥❣ ❛s t❤❡ st❛rt✐♥❣

❛ss✉♠♣t✐♦♥s ❤♦❧❞✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ s❝❛❧✐♥❣ s❤♦✉❧❞ ❜r❡❛❦
❞♦✇♥ ✐❢ [TMC]0 ✐s t♦♦ ❧♦✇ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❡①❝❡ss✳
❆ ❝r✉❞❡ ❡st✐♠❛t❡ r❡q✉✐r❡s [TMC]0 ♠✉st ❛t ❧❡❛st ❡①❝❡❡❞
[MPD]oil,0✱ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ▼P❉ ✐♥ t❤❡ ♦✐❧✳ ❘❡q✉✐r✲
✐♥❣ K[MPD]0 = [MPD]oil,0 < [TMC]0✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦
[TMC]0❃ ✷ ♠▼ ✭K❂✵✳✵✵✷✹✱ ❋✐❣✳ ❙✶✵✮ ❢♦r t❤❡s❡ ❡①♣❡r✐✲
♠❡♥ts✱ s✉❣❣❡sts t❤❡ s❝❛❧✐♥❣ s❤♦✉❧❞ ❜r❡❛❦ ❞♦✇♥ ❢♦r [TMC]0
❁ ✺♠▼✳ ❉❡✈✐❛t✐♦♥s ❢r♦♠ t❤✐s s❝❛❧✐♥❣ ❛t ✈❡r② ❤✐❣❤ ❚▼❈ ❝♦♥✲
❝❡♥tr❛t✐♦♥s ✭❃✷✼✳✻ ♠▼✮✱ ♠❛② r❡✢❡❝t ❍❈❧ ♣r♦❞✉❝t✐♦♥ ❢r♦♠
♣♦❧②❛♠✐❞❡ ❢♦r♠❛t✐♦♥ ♦r ❚▼❈ ❤②❞r♦❧②s✐s✳
❖✈❡r ❛ r❛♥❣❡ ♦❢ ❝♦♥❝❡♥tr❛t✐♦♥s✱ t❤❡ st❛rt✐♥❣ ✢✉① ✐s ✐♥❞❡❡❞

❝♦♥s✐st❡♥t ✇✐t❤ s❝❛❧✐♥❣ ✭✹✮✳ ❲❡ ❝❛♥ t❤✉s ❞❡t❡r♠✐♥❡ t❤❡ ❢✉♥✲
❞❛♠❡♥t❛❧✱ ♠♦♥♦♠❡r✲♠♦♥♦♠❡r r❡❛❝t✐♦♥ r❛t❡ ❝♦♥st❛♥t k✱ ❢r♦♠
t❤❡ ❜♦✉♥❞❛r② ❧❛②❡r s❝❛❧✐♥❣✱ ✉♣ t♦ ❛ ♥✉♠❡r✐❝❛❧ ♣r❡❢❛❝t♦r✳ ❆
♠♦r❡ ❛❝❝✉r❛t❡ ❡①♣r❡ss✐♦♥ ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ✉s✐♥❣ ✜♥✐t❡ ❡❧✲
❡♠❡♥t ❝♦♠♣✉t❛t✐♦♥s t♦ ♠♦❞❡❧ t❤❡ r❡❛❝t✐♦♥ ✐♥ t❤✐s s♣❡❝✐✜❝
❣❡♦♠❡tr② ✭❋✐❣✳ ❙✽✮✱ r❡✈❡❛❧✐♥❣ t❤❡ ♣r❡❢❛❝t♦r t♦ ❜❡ ❛♣♣r♦①✲
✐♠❛t❡❧② ✶ ± ✵✳✷✳ ❋✐❣✉r❡ ✸❝ ♣❧♦ts t❤❡ st❛rt✐♥❣ ✢✉① ❛❣❛✐♥st

[MPD]0[TMC]
1/2
0 ✱ ❣✐✈✐♥❣ ❛ str❛✐❣❤t ❧✐♥❡ ✇✐t❤ s❧♦♣❡ ✼✳✾ ±

✵✳✻ × ✶✵−8♠5/2♠♦❧−1/2s−1✳ ❯s✐♥❣ t❤✐s ✇✐t❤ K❂ ✵✳✵✵✷✹
± ✷×10−4 ✭❋✐❣✳ ❙✶✵✮✱ ❛♥❞ ❛♥ ♦✐❧✲♣❤❛s❡ ▼P❉ ❞✐✛✉s✐✈✐t②
Do❂✶✻✸✵ ± ✾✵ µ♠2✴s ✭❋✐❣✳ ❙✶✶✮✱ ✐♥ ❡q✳ ✭✹✮ r❡✈❡❛❧s ❛ r❡✲
❛❝t✐♦♥ r❛t❡ ❝♦♥st❛♥t k❂ ✶✶✵ ± ✸✺ ▲✴♠♦❧ s✳ ❚❤✐s ❝♦♠♣❛r❡s
✇❡❧❧ ✇✐t❤ t❤❡ r❛t❡ ❝♦♥st❛♥t ♠❡❛s✉r❡❞ ❢♦r t❤❡ ❛♥❛❧♦❣♦✉s r❡❛❝✲
t✐♦♥ ❜❡t✇❡❡♥ ❛♥✐❧✐♥❡ ❛♥❞ ❜❡♥③♦②❧ ❝❤❧♦r✐❞❡ ✭♠♦♥♦✲❢✉♥❝t✐♦♥❛❧
✈❡rs✐♦♥s ♦❢ ♠♦♥♦♠❡rs ✉s❡❞ ❤❡r❡✮ ✐♥ ◆✲♠❡t❤②❧✲✷✲♣②rr♦❧✐❞♦♥❡✱
❢♦r ✇❤✐❝❤ k❂✶✷✽✲✶✻✹ ▲✴♠♦❧ s✳✸✺✱✸✻ ●✐✈❡♥ t❤❛t ◆✲♠❡t❤②❧✲
✷✲♣②rr♦❧✐❞♦♥❡ ✐s ❛ ♠♦r❡ ♣♦❧❛r s♦❧✈❡♥t ✇❤✐❝❤ st❛❜✐❧✐③❡s t❤❡
❝❤❛r❣❡❞ tr❛♥s✐t✐♦♥ st❛t❡✱ t❤❡ s❧✐❣❤t❧② s♠❛❧❧❡r ✈❛❧✉❡ r❡♣♦rt❡❞
❤❡r❡ ❢♦r k s❡❡♠s r❡❛s♦♥❛❜❧❡✳✸✼

❚❤❡ ♣r❡✈✐♦✉s ❞✐s❝✉ss✐♦♥ ❤♦❧❞s ❢♦r t❤❡ ❡❛r❧② st❛❣❡ ✐♥ t❤❡
r❡❛❝t✐♦♥✱ ✇❤❡r❡ tr❛♥s♣♦rt r❡s✐st❛♥❝❡ ❞✉❡ t♦ ❛ ❞❡♥s❡ ✜❧♠ ✐s
❛❜s❡♥t✳ ❋✐❣✉r❡ ✷❜✱ ❛♥❞ ✐ts ❛♥❛❧♦❣ ❢♦r ♦t❤❡r ❝♦♥❞✐t✐♦♥s✱ s❤♦✇s
t❤❡ ❛♠✐♥❡ ✢✉① t♦ ❞❡❝❛② ❛s ❛ ♣♦✇❡r✲❧❛✇ ✐♥ t✐♠❡✱ ✇✐t❤ ❡①♣♦✲
♥❡♥t ❜❡t✇❡❡♥ ✲ 1

2
❛♥❞ ✲ 3

2
✱ ❛❢t❡r t❤❡ ✜rst s❡❝♦♥❞✳ ❖♥❡ ✇♦✉❧❞

❡①♣❡❝t J ∼ t−
1

2 ✐❢ ▼P❉ ❞✐✛✉s❡❞ t❤r♦✉❣❤ ❛ ❣r♦✇✐♥❣ ♠❡♠✲
❜r❛♥❡ ✇✐t❤ ❝♦♥st❛♥t ❞✐✛✉s✐✈✐t② Dm✳

✶✺ ❆♠✐♥❡ ✢✉①❡s t❤❛t ❞❡✲

❝❛② ♠♦r❡ r❛♣✐❞❧② t❤❛♥ t−
1

2 ✇♦✉❧❞ t❤❡r❡❢♦r❡ s✉❣❣❡st ▼P❉ ❞✐❢✲
❢✉s✐✈✐t✐❡s t❤❛t ❞❡❝r❡❛s❡ ❛s t❤❡ ♣♦❧②♠❡r ♥❡t✇♦r❦ ❢♦r♠s✳ ❚❤✐s
❤②♣♦t❤❡s✐s ❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞ ❡❧s❡✇❤❡r❡✱✸✸✱✸✽ ❛♥❞ ✐s ❝♦♥s✐s✲
t❡♥t ✇✐t❤ t❤❡ ❡①♣❡r✐♠❡♥t❛❧❧② ♦❜s❡r✈❡❞ ❵s❡❧❢✲❧✐♠✐t✐♥❣✬ ❜❡❤❛✈✲
✐♦r✳✽✱✶✶ ❲❡ ❧❡❛✈❡ ❛ ♠♦r❡ ❞❡t❛✐❧❡❞ ❛♥❛❧②s✐s ♦❢ t❤✐s ♣❤❡♥♦♠❡♥♦♥
❢♦r ❢✉rt❤❡r st✉❞✐❡s✳
❚♦ s✉♠♠❛r✐③❡✱ ✇❡ ❤❛✈❡ ❞❡♠♦♥str❛t❡❞ ❛ ♠✐❝r♦✢✉✐❞✐❝ ✐♥✲

t❡r❢❡r♦♠❡tr② t❡❝❤♥✐q✉❡ t❤❛t ♣r♦✈✐❞❡s ❛ ✇✐♥❞♦✇ ✐♥t♦ t❤❡
r❛♣✐❞ ❞②♥❛♠✐❝s ♦❢ ❛♥ ✐♥t❡r❢❛❝✐❛❧ ♣♦❧②♠❡r✐③❛t✐♦♥ r❡❛❝t✐♦♥ ♦❢
✇✐❞❡s♣r❡❛❞ ✐♥t❡r❡st✳ ▼❡❛s✉r❡❞ ❝♦♥❝❡♥tr❛t✐♦♥ ❝❤❛♥❣❡s ♥❡❛r
t❤❡ ✐♥t❡r❢❛❝❡ ❝❛♣t✉r❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤✐s ✐♥t❡r❢❛❝✐❛❧ ♣♦❧②✲
♠❡r✐③❛t✐♦♥✱ ❛♥❞ s✐♠♣❧❡ s❝❛❧✐♥❣ ❛r❣✉♠❡♥ts ❞❡s❝r✐❜❡ ♠♦♥♦♠❡r
❝♦♥s✉♠♣t✐♦♥ ❛t t❤❡ st❛rt ♦❢ t❤❡ r❡❛❝t✐♦♥✳ ❙✉❝❤ ✐♥s✐❣❤ts ✇✐❧❧
✉❧t✐♠❛t❡❧② ❛✐❞ ✐♥ ❝♦♥♥❡❝t✐♥❣ ✐♥♣✉t ❝❤❡♠✐str② ✇✐t❤ ♦❜s❡r✈❡❞
str✉❝t✉r❡✱ ♠♦r♣❤♦❧♦❣②✱ ❛♥❞ ❘❖ ♣❡r❢♦r♠❛♥❝❡✱ ❛♥❞ ✐♥ t❤❡ ❞❡✲
s✐❣♥ ♦❢ ❞❡s✐r❡❞ ✉❧tr❛t❤✐♥ ✜❧♠s✳ ❲❤✐❧❡ ✇❡ ❤❛✈❡ s♣❡❝✐✜❝❛❧❧②
❢♦❝✉s❡❞ ♦♥ ♣♦❧②❛♠✐❞❡ ❘❖ ♠❡♠❜r❛♥❡ ❢♦r♠❛t✐♦♥✱ t❤❡ ❣❡♥❡r❛❧
♠❡t❤♦❞♦❧♦❣② s❤♦✉❧❞ ❜❡ ❛♣♣❧✐❝❛❜❧❡ t♦ ♦t❤❡r ✐♥t❡r❢❛❝✐❛❧ r❡❛❝✲
t✐♦♥s✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥t ❚❤✐s ✇♦r❦ ✇❛s s✉♣♣♦rt❡❞ ❜② t❤❡
❉♦✇ ❈❤❡♠✐❝❛❧ ❈♦♠♣❛♥② t❤r♦✉❣❤ t❤❡ ❉♦✇ ▼❛t❡r✐❛❧s ■♥st✐✲
t✉t❡ ❛t t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❈❛❧✐❢♦r♥✐❛✱ ❙❛♥t❛ ❇❛r❜❛r❛ ✭❯❈❙❇✮
✇✐t❤ ❛❞❞✐t✐♦♥❛❧ s✉♣♣♦rt ❢r♦♠ t❤❡ ◆❛t✐♦♥❛❧ ❙❝✐❡♥❝❡ ❋♦✉♥❞❛✲
t✐♦♥ ●r❛❞✉❛t❡ ❘❡s❡❛r❝❤ ❋❡❧❧♦✇s❤✐♣ Pr♦❣r❛♠ ✉♥❞❡r ●r❛♥t

✸



❉●❊✲✶✶✹✹✵✽✺✳ ❆ ♣♦rt✐♦♥ ♦❢ t❤✐s ✇♦r❦ ✇❛s ♣❡r❢♦r♠❡❞ ✐♥
t❤❡ ❯❈❙❇ ◆❛♥♦❢❛❜r✐❝❛t✐♦♥ ❋❛❝✐❧✐t②✱ ♣❛rt ♦❢ t❤❡ ◆❙❋✲❢✉♥❞❡❞
◆◆■◆ ♥❡t✇♦r❦✱ ✐♥ t❤❡ ▼✐❝r♦✢✉✐❞✐❝s ▲❛❜♦r❛t♦r② ✇✐t❤✐♥ t❤❡
❈❛❧✐❢♦r♥✐❛ ◆❛♥♦❙②st❡♠s ■♥st✐t✉t❡✱ s✉♣♣♦rt❡❞ ❜② ❯❈❙❇ ❛♥❞
t❤❡ ❯❈✱ ❖✣❝❡ ♦❢ t❤❡ Pr❡s✐❞❡♥t✱ ❛♥❞ t❤❡ ❙❤❛r❡❞ ❊①♣❡r✐♠❡♥✲
t❛❧ ❋❛❝✐❧✐t✐❡s ♦❢ t❤❡ ▼❛t❡r✐❛❧s ❘❡s❡❛r❝❤ ❙❝✐❡♥❝❡ ❛♥❞ ❊♥❣✐✲
♥❡❡r✐♥❣ ❈❡♥t❡r ❛t ❯❈❙❇ ✭▼❘❙❊❈ ◆❙❋ ❉▼❘ ✶✼✷✵✷✺✻✮✳ ❲❡
t❤❛♥❦ ❉♦✉❣❧❛s ❱♦❣✉s✱ ❆♥✐r✉❞❤❛ ❇❛♥❡r❥❡❡✱ ❛♥❞ ❙❛r❛❤ ●r❛③✉❧
❢♦r ❛✐❞ ✐♥ ♠❡❛s✉r✐♥❣ K✱ ❛♥❞ ❨❛♥①✐❛♥ ▲✐♥ ❢♦r ❛ss✐st❛♥❝❡ ✇✐t❤
P❋● ◆▼❘✳

❙✉♣♣♦rt✐♥❣ ■♥❢♦r♠❛t✐♦♥ ❆✈❛✐❧✲

❛❜❧❡

• ❙■✿ ❊①♣❡r✐♠❡♥t❛❧ ❞❡t❛✐❧s✳ ◆✉♠❡r✐❝❛❧ ❈♦♠♣✉t❛t✐♦♥ ♦❢
s②st❡♠✳

• ❉r♦♣ ❋♦r♠❛t✐♦♥✿ ❱✐❞❡♦ ♦❢ ❢♦r♠❛t✐♦♥ ♦❢ ❛q✉❡♦✉s ❛✐r
✐♥t❡r❢❛❝❡✳

• ❙❡♥❞✐♥❣ ✐♥ ❖✐❧✿ ❱✐❞❡♦ ♦❢ ♦✐❧ ❝♦♥t❛❝t✐♥❣ ❛q✉❡♦✉s ❞r♦♣✳

• ❈♦♥❝❡♥tr❛t✐♦♥ Pr♦✜❧❡s✿ ❱✐❞❡♦ s❤♦✇✐♥❣ ❝♦♥❝❡♥tr❛t✐♦♥
♣r♦✜❧❡s ❞❡✈❡❧♦♣✐♥❣ ✇✐t❤ t✐♠❡✳

❘❡❢❡r❡♥❝❡s

✭✶✮ ❍✉❛♥❣✱ ❏✳❀ ❑❛♥❡r✱ ❘✳ ❇✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ❈❤❡♠✐❝❛❧
❙♦❝✐❡t② ✷✵✵✹✱ ✶✷✻✱ ✽✺✶✕✽✺✺✳

✭✷✮ ▼♦r❣❛♥✱ P✳ ❲✳❀ ❑✇♦❧❡❦✱ ❙✳ ▲✳ ✶✾✺✾✱ ❳▲✱ ✺✸✶✕✺✺✾✳
✭✸✮ ❨❛❞❛✈✱ ❙✳ ❑✳❀ ❑❤✐❧❛r✱ ❑✳ ❈✳❀ ❙✉r❡s❤✱ ❆✳ ❑✳ ❆■❈❤❊ ❏♦✉r♥❛❧

✶✾✾✻✱ ✹✷✱ ✷✻✶✻✕✷✻✷✻✳
✭✹✮ P♦❧❡♥③✱ ■✳❀ ❇r♦ss❡❛✉✱ ◗✳❀ ❇❛r❡t✱ ❏✳✲❈✳ ❙♦❢t ▼❛tt❡r ✷✵✶✺✱ ✶✶✱

✷✾✶✻✕✷✾✷✸✳
✭✺✮ ❘❛❛✐❥♠❛❦❡rs✱ ▼✳ ❏✳ ❚✳❀ ❇❡♥❡s✱ ◆✳ ❊✳ Pr♦❣r❡ss ✐♥ P♦❧②♠❡r ❙❝✐✲

❡♥❝❡ ✷✵✶✻✱ ✻✸✱ ✽✻✕✶✹✷✳
✭✻✮ P❡t❡rs❡♥✱ ❘✳ ❏✳ ❏♦✉r♥❛❧ ♦❢ ▼❡♠❜r❛♥❡ ❙❝✐❡♥❝❡ ✶✾✾✸✱ ✽✸✱ ✽✶✕

✶✺✵✳
✭✼✮ ❇❡r❡③❦✐♥✱ ❆✳ ❱✳❀ ❑❤♦❦❤❧♦✈✱ ❆✳ ❘✳ ❏♦✉r♥❛❧ ♦❢ P♦❧②♠❡r ❙❝✐❡♥❝❡

P❛rt ❇✿ P♦❧②♠❡r ♣❤②s✐❝s ✷✵✵✻✱ ✹✹✱ ✷✻✾✽✕✷✼✷✹✳
✭✽✮ ❏✐✱ ❏✳❀ ▼❡❤t❛✱ ▼✳ ❏♦✉r♥❛❧ ♦❢ ▼❡♠❜r❛♥❡ ❙❝✐❡♥❝❡ ✷✵✵✶✱ ✶✾✷✱

✹✶✕✺✹✳
✭✾✮ ▲❡❡✱ ❑✳ P✳❀ ❆r♥♦t✱ ❚✳ ❈✳❀ ▼❛tt✐❛✱ ❉✳ ❏♦✉r♥❛❧ ♦❢ ▼❡♠❜r❛♥❡ ❙❝✐✲

❡♥❝❡ ✷✵✶✶✱ ✸✼✵✱ ✶✕✷✷✳
✭✶✵✮ ❙✉♥❞❡t✱ ❙✳ ❆✳ ❏♦✉r♥❛❧ ♦❢ ▼❡♠❜r❛♥❡ ❙❝✐❡♥❝❡ ✶✾✾✸✱ ✼✻✱ ✶✼✺✕✶✽✸✳
✭✶✶✮ ❈❤❛✐✱ ●✳✲❨✳❀ ❑r❛♥t③✱ ❲✳ ❇✳ ❏♦✉r♥❛❧ ♦❢ ▼❡♠❜r❛♥❡ ❙❝✐❡♥❝❡

✶✾✾✹✱ ✾✸✱ ✶✼✺✕✶✾✷✳
✭✶✷✮ ❑❛r♦❞❡✱ ❙✳❀ ❑✉❧❦❛r♥✐✱ ❙✳❀ ❙✉r❡s❤✱ ❆✳❀ ▼❛s❤❡❧❦❛r✱ ❘✳ ❈❤❡♠✐❝❛❧

❊♥❣✐♥❡❡r✐♥❣ ❙❝✐❡♥❝❡ ✶✾✾✽✱ ✺✸✱ ✷✻✹✾✕✷✻✻✸✳
✭✶✸✮ ❙♦♥❣✱ ❨✳❀ ❙✉♥✱ P✳❀ ❍❡♥r②✱ ▲✳ ▲✳❀ ❙✉♥✱ ❇✳ ❏♦✉r♥❛❧ ♦❢ ▼❡♠❜r❛♥❡

❙❝✐❡♥❝❡ ✷✵✵✺✱ ✷✺✶✱ ✻✼✕✼✾✳
✭✶✹✮ ❏❛♥ss❡♥✱ ▲✳ ❏✳ ❏✳ ▼✳❀ ❚❡ ◆✐❥❡♥❤✉✐s✱ ❑✳ ❏♦✉r♥❛❧ ♦❢ ▼❡♠❜r❛♥❡

❙❝✐❡♥❝❡ ✶✾✾✷✱ ✻✺✱ ✺✾✕✻✽✳
✭✶✺✮ ❊♥❦❡❧♠❛♥♥✱ ❱✳❀ ❲❡❣♥❡r✱ ●✳ ❆♠❡r✐❝❛♥ ❈❤❡♠✐❝❛❧ ❙♦❝✐❡t②✱ P♦❧②✲

♠❡r Pr❡♣r✐♥ts✱ ❉✐✈✐s✐♦♥ ♦❢ P♦❧②♠❡r ❈❤❡♠✐str② ✶✾✼✺✱ ✶✻✱ ✹✵✾✕
✹✶✸✳

✭✶✻✮ ❲❛♥❣✱ ❈✳✲②✳❀ ❲❛♥❣✱ ❉✳✲❝✳❀ ❈❤✐✉✱ ❲✳✲②✳❀ ❈❤❡♥✱ ▲✳✲✇✳ ❆♥❣❡✇❛♥❞t❡
▼❛❦r♦♠♦❧❡❦✉❧❛r❡ ❈❤❡♠✐❡ ✶✾✾✼✱ ✷✹✽✱ ✶✷✸✕✶✸✼✳

✭✶✼✮ ❚s❛✐✱ ❍✳✲❜✳❀ ▲❡❡✱ ❨✳✲❞✳❀ ❍✉❛✱ ◆✳ ❚✳ ❏♦✉r♥❛❧ ♦❢ P♦❧②♠❡r ❙❝✐❡♥❝❡✱
P❛rt ❆✿ P♦❧②♠❡r ❈❤❡♠✐str② ✶✾✽✼✱ ✷✺✱ ✷✶✾✺✕✷✷✵✻✳
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