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Mechanical blocking of the columnar front during the columnar to equiaxed transition (CET) is
studied by quantitatively comparing the CET positions obtained with one stochastic model and
two deterministic models for the unidirectional solidification of an Al-7 (wt pct) Si alloy. One of
the deterministic models is based on the solutal blocking of the columnar front, whereas the
other model is based on the mechanical blocking. The solutal-blocking model and the
mechanical-blocking model with the traditional blocking fraction of 0.49 give columnar zones
larger than those predicted with the stochastic model. When a blocking fraction of 0.2 is
adopted, however, the agreement is very good for a range of nucleation undercoolings and
number density of equiaxed grains. Therefore, changing the mechanical-blocking fraction in
deterministic models from 0.49 to 0.2 seems to model more accurately the mechanical-blocking
process that can lead to the CET.
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I. INTRODUCTION

IN the as-cast macrostructure of a casting, the
transition from columnar to equiaxed grains is called
the columnar to equiaxed transition (CET). The CET
position determines the amount of columnar and
equiaxed grains, which strongly affects the properties
of castings. Different mechanisms have been proposed
to explain the CET during solidification, but it is
generally accepted that it occurs when equiaxed grains
block the growth of columnar grains.[1–3] Therefore,
mathematical models to predict the position of the CET
have usually considered the growth of both columnar
and equiaxed grains.

One of the first mathematical models to predict the
CET was proposed by Hunt,[4] who assumed unidirec-
tional steady-state solidification. In this model, equiaxed
grains nucleate at a prescribed nucleation temperature
and grow in the constitutionally undercooled zone
ahead of the growing columnar front. To determine
the CET, Hunt[4] considered that the moving columnar
front would be blocked when the volume fraction of
equiaxed grains growing ahead was larger than 0.49.
This criterion, which was later called the mechanical-
blocking criterion,[5] hinges upon the concept that
columnar grains would be blocked if they were unable
to grow along a distance larger than the equiaxed-grain
diameter.[4] Although the 0.49 fraction has never been
questioned, it has been adopted in numerous determin-
istic models to predict the CET.[6–10]

In the extension of the model of Wang and
Beckermann,[8] proposed by Martorano et al.,[5] no
criterion was necessary to predict the columnar-front
blocking and the CET. In this model, the columnar
front was automatically blocked (causing the CET)
when the solute rejected by the equiaxed grains growing
ahead of the front decreased the undercooling available
for dendritic growth. Nguyen-Thi et al.[3] have presented
some in-situ X-ray radiographic images of dendritic
solidification in an Al-3.5 pct Ni alloy that confirm this
effect, referred to as solutal blocking. Nevertheless, these
images were obtained for solidification in a thin con-
tainer (150 to 200 lm in thickness), whose walls might
have affected the columnar-front blocking, as shown by
Mathiesen and Arnberg[11] and Mathiesen et al.[12]

Ludwig and Wu[13] and Ciobanas et al.[14] considered
both mechanical and solutal blockings in their models,
suggesting that the two blocking mechanisms should
play an important role in causing the CET. Browne[15]

proposed an equiaxed index based on the time evolution
of the liquid undercooling ahead of the columnar front.
When this index reached its maximum value, Browne[15]

assumed that the CET would occur. Banaszek et al.[16]

observed that, in the presence of natural convection in
the liquid, the index increased approximately twice,
enhancing conditions for the CET.
A third type of blocking, denoted as thermal block-

ing, was shown by Banaszek et al.[16] and Mc Fadden
and Browne[17] to occur. Banaszek et al.[16] used the
model proposed by Browne and Hunt[18] to simulate the
solidification of an Al-2 pct Cu alloy and showed that
the columnar-front velocity began to decrease and
eventually stopped, owing to the thermal interactions
with equiaxed grains growing ahead of the front.
The aforementioned models are defined as determin-

istic. Another type of CET model denoted as stochastic
was initially developed from the Monte Carlo con-
cept.[19] Stochastic models, which always have a random
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variable in their equations, calculate an image of the
grain macrostructure, in which the CET occurs naturally
without definition of any blocking criterion to stop the
columnar front. These pioneering stochastic models
evolved into the popular cellular-automaton finite-
element (CAFE) model proposed by Gandin and
Rappaz,[20] which is based on the cellular-automaton
technique to simulate the nucleation and growth of
grains. The CET identified visually in the CAFE
macrostructures were compared with that observed
experimentally, showing good agreement.[21] The cellu-
lar-automaton model was further developed, originating
the so-called modified cellular-automaton models, as
proposed by Dong and Lee.[22] In these models, the
cellular-automaton technique is applied at the length
scale of the dendrite arms, rather than the length scale of
the grain envelopes, as in CAFE. Therefore, in the
modified cellular-automaton models, the growth of den-
drite arms and the advance of dendrite tips are simulated.

The implementation of the mechanical blocking of the
columnar front in deterministic models of the CET
requires the definition of a blocking fraction. A blocking
fraction of 0.49 has been frequently used but has never
been experimentally verified because the nucleation
undercooling is also unknown in the model and has to
be estimated. Therefore, a comparison between experi-
ments and model results would only enable a combina-
tion of blocking fraction and nucleation undercooling to
be determined, rather than the blocking fraction alone.

Calculating grain macrostructures with a stochastic
model requires the definition of only the nucleation
undercooling, because the mechanical blocking of the
columnar front occurs automatically, without the need
for any blocking fraction. Consequently, if both sto-
chastic and deterministic models were used to calculate
the CET position for the same nucleation undercooling,
the mechanical-blocking fraction for the deterministic
model could be obtained independently to give the best
agreement between their results. Because the CET
observed in macrostructures calculated with the sto-
chastic models, especially those that employ the CA
technique, are in good agreement with the actual
CET,[23–26] the blocking fraction derived from the
comparison is likely to be a good estimate of the actual
fraction.

The aim of the present work is to investigate the
mechanical blocking of the columnar front leading to
the CET. The mechanical-blocking fraction is examined
by quantitatively comparing the CET obtained from the
macrostructures calculated with a stochastic model and
the CET obtained with two deterministic models for a
unidirectional-solidification system. The stochastic mod-
el is based on the CA technique; one of the deterministic
models is based on the mechanical blocking of the
columnar front, and the other, on the solutal blocking.
Although the present analysis is focused on the mechan-
ical-blocking mechanism, results from the solutal-block-
ing model are also given because experimental evidence
of its importance has been revealed recently.[3] Note that
the two blocking mechanisms, i.e., mechanical and
solutal, are implemented independently in the models
of the CET.[13,14] For example, in the model of Wu and

Ludwig,[27] the two blocking mechanisms were imple-
mented to work simultaneously because in certain
solidification conditions either one or the other causes
the columnar-front blocking. The mechanical-blocking
mechanism is strongly dependent on the geometry and
growth kinetics of the columnar and equiaxed grains
(which depends, for example, on the cooling rate, alloy
composition, and inoculation of the alloy) and can be
examined in a separate investigation, which is the
objective of the present work.

II. DESCRIPTION OF STOCHASTIC AND
DETERMINISTIC MATHEMATICAL MODELS

One stochastic model based on the CA technique and
two deterministic models were implemented in the
present work to simulate the unidirectional solidification
of an Al-7 (wt pct) Si alloy. These models will be only
briefly described here because their details are available
in the literature.

A. Stochastic Model

The stochastic model is virtually identical with the
CAFE model proposed by Gandin and Rappaz,[20]

consisting of a macroscopic and a microscopic submodel
and the coupling between them. The only difference is
the use of the explicit finite-volume method,[28] rather
than the finite-element method adopted in CAFE, to
solve the heat-conduction equation of the macroscopic
submodel. The equation is as follows:

@H

@t
¼ @

@y
j
@T

@y

� �
½1�

where H is the volumetric enthalpy; T is the tempera-
ture; t is time; y is the spatial coordinate in the direction
of the heat flow; and j is the thermal conductivity,
defined as an average of the liquid and solid conductiv-
ities weighted by their corresponding volume fractions.
This equation was discretized by a one-dimensional
(1-D) mesh consisting of one row of rectangular finite
volumes aligned in the y direction. Note that each
volume has one node at the center and exchanges heat
only through the two faces in contact with neighbor
volumes.
The microscopic submodel was developed to simulate

the nucleation and growth of dendritic grains in two
dimensions. A two-dimensional (2-D) numerical mesh
of CA square cells with a CA site at each cell center was
used. Some of the cells contained substrate particles for
heterogeneous nucleation of grains. The total number of
particles randomly distributed among the cells was
calculated from an average number density, nT. The
undercooling for nucleation on a particle was
DTN = TL-TN, where TL and TN denote the liquidus
and nucleation temperatures, respectively. In the present
work, an instantaneous nucleation model was consid-
ered, i.e., all substrate particles have the same nucleation
undercooling, DTN.
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To simulate the growth of dendritic grains, a square
was associated with each CA cell, and its diagonals grew
at a velocity, Vd, given as follows:[20]

Vd ¼ ADTm ½2�

where DT is the undercooling (DT = TL - T) at the cell
site position; and A and m are constants that depend on
the alloy. The temperature, T, at the cell site is
calculated by an interpolation of the T values calculated
at the finite-volume nodes of the macroscopic submodel.
Because the finite volumes only exchange heat in the y
direction, the interpolated temperature is equal at all CA
cells perpendicular to the y direction.

The coupling between the macroscopic and micro-
scopic submodels was implemented exactly as in the
CAFE model. After a time-step of the numerical
method, the change in volumetric enthalpy calculated
at the nodes by the macroscopic submodel is interpo-
lated at the position of the cell sites in a method similar
to the temperature interpolation. The change in solid
fraction at the cell sites during one time-step is
obtained from this interpolated enthalpy change,
assuming the Scheil model within each cell. Therefore,
according to the Scheil model, no solute is transferred
into or out of the cells or envelopes. The changes in
solid fraction obtained for all cells within a finite
volume are averaged to give the solid fraction change
at the finite-volume nodes of the macroscopic submod-
el, allowing calculation of ¶es/¶t. The coupling cycle
ends, and the temperature of the node is finally
calculated by the discretized form of the following
equation:

qcP
@T

@t
¼ @H

@t
þ qLf

@es
@t

½3�

where cp is the specific heat, q is the density, Lf is the
latent heat of fusion, and es is volume fraction of solid.
Note that ¶H/¶t is known from Eq. [1].

Further details of this coupling are in the literature.[20]

As a validation step, some results of the implemented
model were compared with those presented by Rappaz
and Gandin,[29,30] showing very good agreement.

B. Deterministic Models

Two deterministic models, each with a different
mechanism for columnar-front blocking, were imple-
mented: the model proposed by Martorano et al.[5]

(MBG), which is an extension of the Wang and
Beckermann[8] model, to consider the solutal blocking,
and a model derived by modifying Hunt’s[4] model
(MHunt), considering the mechanical blocking. Both
these models are based on the concept of a representa-
tive elementary volume (REV) containing many grain
envelopes,[8,31] which are imaginary surfaces touching
the tips of primary- and secondary-dendrite arms. As
proposed by Wang and Beckermann,[8] three pseudo-
phases are identified in the REV: solid (s), interdendritic
liquid (d), and extradendritic liquid (l). The interden-
dritic- and extradendritic-liquid phases are the liquid
inside and outside the grain envelopes, respectively.

The governing equations of the deterministic models
were derived from the principles of mass, species, and
energy conservation considering the following assump-
tions:[5,8] (a) melt flow, movement of solid, solute
diffusion in the solid, and macroscopic diffusion in the
liquid are negligible; (b) all possible equiaxed grains,
determined by the number density, nT, nucleate in the
liquid when a local-nucleation undercooling, DTN, is
reached (instantaneous nucleation); (c) the temperature
is uniform inside a REV; (d) the specific heats, cp, and
the densities, q, of the pseudophases are equal and
constant; (e) the thermal conductivity, j, is calculated
from j ¼ esjs þ ed þ elð Þjl, where e represents the vol-
ume fraction and the subscripts indicate the pseudo-
phases; and (f) the solute concentration in the
interdendritic liquid, Cd, is uniform within the REV
and is related to the temperature, T, by the liquidus line
of the phase diagram, i.e., T = Tf+mlCd, where Tf is
the melting point of the pure metal and ml is the slope of
the liquidus line.
Based on these assumptions, the set of equations that

are common to the two deterministic models are given as
follows:

qcP
@T

@t
¼ @

@y
j
@T

@y

� �
þ qLf

@es
@t

½4�

@eg
@t
¼ � @el

@t
¼ SeV ½5�

es þ ed þ el ¼ 1 ½6�

where eg is the volume fraction of grain envelopes,
defined as eg = es+ ed = 1 – el; Se is the surface area of
grain envelopes per unit volume; and V is the radial-
growth velocity of the cylindrical columnar and spher-
ical equiaxed envelopes. This velocity is calculated by
the Lipton–Glicksmann–Kurz model[5,8,32] as follows:

V ¼ Dlml ðk� 1ÞCd

p2C
0.4567

X
1� X

� �1:195
" # 2

½7�

where C is the Gibbs–Thomson coefficient; Dl is the
diffusion coefficient of solute in the liquid; k is the
solute-partition coefficient; and X is a dimensionless
undercooling, defined as follows:

X ¼ Cd � Cl

Cd ð1 � kÞ ½8�

where Cl is the solute concentration in the extradendritic
liquid.
The envelope surface-area concentration, Se, is calcu-

lated as follows:[5,8]

Se ¼ w
3 ð1 � elÞ

2
3

Rf
½9�

where w is a correction factor for the effect of grain
impingement (defined in Sections 1 and 2); and Rf is a
characteristic half spacing between envelopes, defined as
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Rf ¼ 3
4pnT

� �1=3
for equiaxed grains and Rf ¼ k1=2 for

columnar grains. In these equations, nT is the number
density of equiaxed grains, and k1 is the dendrite-
primary arm spacing within columnar grains. The
position of the columnar front was tracked by numer-
ically solving the following equation:

dycol
dt
¼ V ½10�

where ycol is the columnar-front position, and V is the
columnar-front velocity, calculated by Eq. [7], using X
interpolated at the front position.

When the calculated local temperature, T, reaches the
eutectic temperature, TE, the eutectic reaction begins
locally, and the energy-conservation equation (Eq. [4]) is
now used to calculate the solid fraction, es, rather than
T. Equations [4] through [10] are used for both the MBG
and MHunt models. In the following sections, the
equations specific to each model are presented.

1. Modified Hunt model—mechanical blocking
As assumed in the model presented by Hunt,[4] the

solid fraction within grain envelopes (internal solid
fraction) is related to the interdendritic-liquid concen-
tration, Cd, by the Scheil equation. This assumption
leads to the following governing equation to calculate the
time rate of the total solid-fraction change in the REV:

@es
@t
¼ ed
ð1� kÞCd

@Cd

@t
þ SeV 1� Cd

C0

� � 1
k�1

 !
½11�

where C0 is the average solute concentration of the
alloy. The rate of solid-fraction change, @es=@ t, com-
prises a change in the solid fraction owing to columnar-
and equiaxed-grain solidification.

The internal solid fraction within grain envelopes,
given by es=eg, was assumed to follow the Scheil
equation, implying that no solute is exchanged between
the envelopes and the surrounding liquid (extradendritic
liquid). In other words, the average solute concentration
of each envelope (considering solid and interdendritic
liquid) and of the surrounding liquid (Cl) are kept
constant at C0 during solidification. Accordingly,
Cl = C0 in Eq. [8].

Grains are assumed to nucleate at random locations
in the extradendritic liquid, as in Hunt’s[4] model.
Therefore, the Avrami correction was used to consider
the effect of grain impingement during growth, implying
that w = el in Eq. [9].

Finally, to complete MHunt model, it was assumed
that the columnar front was blocked, causing the CET,
when the equiaxed grain fraction at the front was equal
to or larger than a predetermined blocking fraction
(mechanical blocking). Two blocking fractions were
examined: 0.49 (MHunt-0.49), as assumed in the
original Hunt[4] model, and 0.2 (MHunt-0.2).

2. MBG model—solutal blocking
The model of the CET proposed by Martorano

et al.,[5] which uses a solutal-blocking mechanism of the

columnar front, was implemented. In contrast with the
MHunt and stochastic models, the exchange of solute
between grain envelopes and the extradendritic liquid
was taken into account using the differential equations
proposed by Wang and Beckermann.[8] The following
equations were finally adopted to respectively calculate
the solid fraction, es, and the solute concentration of the
extradendritic liquid, Cl:

1 � kð Þ Cd
@es
@t
¼ ed

@Cd

@t
þ Se

Dl

de
ðCd � ClÞ ½12�

@ elClð Þ
@t

¼ Cd
@el
@t
þ Se

Dl

de
ðCd � ClÞ ½13�

where de is the effective diffusion length in the liquid
adjacent to the grain envelopes, calculated as in the
MBG model. Now, Cl is not constant, as opposed to the
MHunt model, in which Cl remained equal to C0 during
solidification. Its value changes with time, decreasing the
undercooling for the growth of equiaxed and columnar
grains and causing the CET without any external front-
blocking criterion. The Avrami correction was not
originally used in the MBG model; therefore, w = 1
in Eq. [9].
The system of coupled equations for the MHunt and

MBG models were solved numerically using the implicit
formulation of the finite-volume method.[5,28] To dis-
cretize the differential equations, the calculation domain
was subdivided into a 1-D mesh of finite volumes with
centered nodes.

III. ASPECT RATIO CRITERION
TO DETERMINE THE CET

The CET positions predicted with the stochastic and
the two deterministic models were compared. The CET
position was obtained directly from the equations of the
deterministic models, whereas a criterion based on the
aspect ratio of grains was used to determine the CET
position from the 2-D macrostructures calculated with
the stochastic model.
The aspect ratio of a grain was determined by first

obtaining the length, L1, of the longest straight-line
segment possible to be inscribed within the grain,
considering all line orientations. Next, the length, L2, of
the longest line inscribed within the grain and orthogo-
nal to the first line was obtained. The aspect ratio was
finally defined as / ¼ L2

L1
, as presented by Allen[33] to

characterize the shape of particles in image-analysis
systems.
To investigate the effect of the CA mesh on the

aforementioned procedure, values of / were determined
for an ellipse of actual / = 0.6, represented in CA
meshes of different sizes and relative orientations. The
results given in Figure 1(a) indicate that the error is
1.3 pct for a mesh with 30 cells along the minor axis of
the ellipse. For this mesh size, a maximum error of
2.5 pct was observed when the ellipse image was rotated
in relation to the CA mesh (Figure 1(b)).
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The aspect ratio, /, is evaluated for each grain in the
calculated macrostructure. In the direction perpendicu-
lar to heat flow, grains have similar / owing to the
unidirectional solidification conditions of the model.
Therefore, to facilitate the definition of a unique CET
position, an averaged aspect ratio, /av, was calculated in
the perpendicular direction at a fixed y coordinate. To
calculate /av, each CA cell located at the same y
coordinate is given the / value of the grain to which it
belongs. Then, /av yð Þ is simply an average of all these
individual cell / values. Finally, a curve of /av vs y was

obtained along several calculated macrostructures, sug-
gesting that when 0 < /av < 0.3, grains are columnar,
when 0.4 < /av < 1, grains are equiaxed, and when
0.3 < /av < 0.4, there is a CET region where grains are
neither completely columnar, nor completely equiaxed.
Some examples of macrostructures used to define

these aspect-ratio ranges are presented in Figure 2.
Figure 2(a) shows a macrostructure where the CET
position is visually identified very easily. The CET
region is relatively narrow, and equiaxed grains clearly
have /av > 0.4. In the macrostructure of Figure 2(b),
however, a CET region is not easily visually defined
because the CET occurs in a wider region, i.e., the
change in grain aspect ratio is more gradual. It is also
clear that for /av > 0.4, grains are equiaxed, and for
/av < 0.3, grains are columnar. In the macrostructure
of Figure 2(c), visual identification of the CET is even
more difficult. Some elongated grains in the equiaxed
region decrease /av to almost 0.4. Finally, Figure 2(d)
shows a very refined macrostructure, in which the CET
is again very difficult to be visually identified. Note that
the important feature to obtain the CET position in a
macrostructure using the grain aspect ratio is the grain
shape, rather than the grain size. Therefore, it is
unnecessary to carry out numerous tests of CET
identification in macrostructures of different average
grain sizes (defined mainly by the number density of
grains). The macrostructures in Figure 2 are shown only
to illustrate how the method to identify the CET
behaves for a set of different grain shapes. The simu-
lation conditions under which they were obtained are
completely irrelevant to the present work.
As opposed to the strategy adopted here, in the

literature[34–38] the identification of the CET position has
always been uniquely based on the visual examination of
the grain macrostructures, which, to a large extent, is a
subjective process. In the present work, the previous
ranges of aspect ratios were defined for the best
agreement between the visually identified CET and
those obtained from the proposed method. Although
this visual identification is still subjective, the proposed
method, based on the aspect ratio, is reproducible and
always gives the same CET region for the same
macrostructure.
The definition of universal ranges of aspect ratio that

correctly identify the columnar, equiaxed, and CET
regions in all types of macrostructures is not the scope of
the present work because these ranges may not even
exist. Here, the objective is to show that the aspect ratio
can be consistently used to quantitatively define the
CET regions in several different types of unidirectionally
solidified macrostructures.

IV. SIMULATION CONDITIONS

The unidirectional solidification of an Al-7 (wt pct)
Si alloy was simulated with the three models imple-
mented in the present work. For the solution of the
1-D heat-conduction equation of each model (Eqs. [1]
and [4]), the upper boundary (y = 0.15 m) was
assumed adiabatic, while at the lower boundary

Fig. 1—Calculated aspect ratio (/) for an ellipse of actual / = 0.6
as a function of (a) number of CA cells along the minor axis and (b)
orientation of the major axis in relation to the face of the CA cells
(considering approximately 30 cells along the minor axis).
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(y = 0), a heat flux out of the domain was assumed to
be q ¼ h T� T1ð Þ, where h is the heat-transfer coeffi-
cient (250 W m-2 K-1), and T¥ is a reference temper-
ature (298 K). A uniform temperature (991 K) was
adopted throughout the domain as the initial condi-

tion. Despite a few differences relating to ingot size,
initial temperature, and heat-transfer coefficient,
these simulation conditions are similar to those in
the experimental solidification system studied by
Gandin.[39]

Fig. 2—Average aspect ratio of grains, /av, along four types of calculated macrostructures, indicating the columnar, equiaxed, and CET regions:
(a) narrow CET region, (b) wide CET region, (c) equiaxed region with some elongated grains, and (d) very refined macrostructure.
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In the stochastic model, DTN = 0 for the substrate
particles located in the CA cells adjacent to the mold
base (y = 0), while different DTN values were used for
the remaining cells, as discussed in Section V. Two types
of number density of grains were defined in each
simulation: one for the bulk liquid (number of grains
per unit volume), nT,B (discussed in Section V), and
another for the liquid layer adjacent to the mold base
(number of grains per unit area), nT,M. These number
densities had to be converted to the 2-D CA domain
by the following stereological relations:[30]

n2DT;B ¼ nT;B
ffiffiffiffiffiffiffiffi
6=p

p� �2=3
, and n2DT;M ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nT;M=p

p
.

The constants, A and m, in the velocity equation
(Eq. [2]) were determined by a nonlinear regression fit to
the curve of V vs DT calculated with Eq. [7], considering
Cl = C0 and Cd ¼ C0 � DT=ml. Therefore, for the same
conditions, Eqs. [2] and [7] give the same growth
velocity, allowing a meaningful comparison between
the stochastic and deterministic models.

For the numerical solution of the equations of the
deterministic model, a 1-D mesh of 200 finite volumes
was adopted, as used by Martorano et al.[5] For the
stochastic model, a 1-D mesh of 30 finite volumes and a
2-D mesh of 300 (heat-flow direction) 9 100 (perpen-
dicular to heat flow) CA cells were adopted after
numerous refining tests for both the temperature field
and the grain macrostructure.

All properties and parameters that were not discussed
in the preceding section, but are common to the simula-
tions, are summarized in Table I. The specific parameters
for each simulation are discussed in Section V.

V. COLUMNAR TO EQUIAXED TRANSITION
IN DETERMINISTIC AND STOCHASTICMODELS

The results obtained with the stochastic and the two
deterministic models are compared in this section. The
microscopic part of the deterministic models is three
dimensional because calculations of the growth and
volume fraction of the envelopes and of the solute
exchange between the envelopes and the extradendritic
liquid are all based on 3-D simple shapes, namely,
spheres (equiaxed-grain envelopes) and cylinders
(columnar-grain envelopes). On the other hand, the
microscopic submodel of the stochastic model is two

dimensional because it is based on a 2-D mesh of
cellular-automaton cells. Nevertheless, stereological
relations were used in this model to relate the number
density of grains given in three dimensions to that in the
2-D calculation domain. Therefore, the macrostructures
obtained with the stochastic model are expected to
represent planar sections across 3-D macrostructures,
enabling a meaningful comparison between the CET
calculated with the stochastic and deterministic models.

A. Effects of Nucleation Undercooling and Number
Density of Grains

The CET position was obtained with the three
implemented models as a function of DTN and nT. All
models predict an increase in the size of the columnar
region for an increase in DTN (Figure 3(a)), resulting in
a completely columnar structure for DTN ~>4K. This
behavior, shown by Martorano et al.[5] for the MBG
model, is also observed in the macrostructures calcu-
lated with the stochastic model. This comparison
between the CET calculated with stochastic and deter-
ministic models has never been shown before.
The columnar region for the MBG model is shorter

than that predicted with the MHunt model for a
blocking fraction of 0.49. This is in agreement with the
CET maps calculated by Martorano et al.,[5] which
show that the CET of the their model occurs at a higher
temperature gradient, corresponding to shorter blocking
times and shorter columnar regions in transient unidi-
rectional solidification.
The size of the columnar region predicted by both the

MBG and the MHunt models with the traditional
columnar-front blocking fraction of 0.49 (MHunt-0.49)
is longer than that calculated by the stochastic model.
On the other hand, for a blocking fraction of 0.2
(MHunt-0.2), the agreement with the stochastic model
improves significantly.
The size of the columnar regions predicted by the

three models decreases with increasing nT (Figure 3(b)),
as originally predicted by Hunt’s[4] model. The columnar
region for the MBG model is again always shorter than
the value for the MHunt model (0.49). This difference
increases for larger nT, which can also be predicted from
the CET map of Martorano et al.,[5] because the
distance between the transition curves of the two types
of models is larger for nT ¼ 109 m�3 than for
nT ¼ 105 m�3. The size of the columnar region with
the MHunt-0.49 is longer than that with the stochastic
model, but the agreement is again very good with the
Hunt-0.2. This good agreement for several nT and DTN

values indicates that the blocking that occurs in the
stochastic model corresponds closely to the mechanical
blocking of the deterministic model by an equiaxed
grain fraction of 0.2, rather than 0.49, as proposed by
Hunt.[4]

B. Columnar Front Undercooling

The position of the CET is strongly affected by the
columnar-front undercooling, which determines the
extension of the undercooled liquid ahead of the front,

Table I. Properties of the Al-7 (Wt Pct) Si Alloy Used

in the Simulations

Property Value Property Value

q (kg m-3) 2452 C0 (wt pct Si) 7
cp (J kg-1 K-1) 1126 k (—) 0.13
jl (W m-1 K-1) 60.5 ml (K pct Si-1) -6
js (W m-1 K-1) 137.5 TL (K) 891
Lf (J kg-1) 387.4 9 103 TE (K) 850
C (m K) 1.96 9 10-7 Tf (K) 933
Dl (m

2 s-1) 5.5 9 10-9 nT,M (m-2) 3 9 106

A (m s-1 K-m) 3 9 10-6 k1 (mm) 1.5
m (—) 2.7 — —
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where equiaxed grains nucleate and grow.[4] The front
undercooling can be obtained for each model using their
corresponding temperature field. Several cooling curves
extracted from these fields at different distances from the
mold base are compared in Figure 4 for the three
models, showing good agreement and confirming their
correct implementation and identical thermal condi-
tions.

The front undercooling is obtained by interpolating
the temperature at the columnar- front position (ycol)
from the temperatures at neighbor finite-volume nodes.
In the deterministic model, ycol is readily calculated with
Eq. [10], whereas in the stochastic model, this position is
not clearly identified. Therefore, two possible front
positions were defined by examining the simulation

domain from the bulk liquid to the solid: (a) the position
of the first active CA cell; and (b) the position at which
all CA cells in the direction perpendicular to heat flow
become active. After defining these two values of
ycol, two columnar-front undercoolings, DTcol ¼
TL Cl ycolð Þð Þ � T ycolð Þ, were obtained as a function of
time (Figure 5). In the three models, the local liquidus
temperature, TL, used to calculate DTcol, was based on
the local Cl concentration, which differs from C0 only in
the MBG model.
The curves of DTcol for the MBG and the MHunt-

0.49 (which was identical to that of the MHunt-0.2
model) models closely agree, indicating a type of steady
state in which the undercooling remains approximately
constant in the range between 4 and 5 K. This range

Fig. 3—Macrostructures calculated with the stochastic model (CA) as a function of (a) nucleation undercooling, DTN (for nT ¼ 5� 106 m�3) and
(b) number density of equiaxed grains, nT (for DTN = 3 K). Also shown is the CET region (obtained from the aspect ratio), outlined by white
error bars, and the CET position calculated with the MBG and MHunt models for two different columnar front blocking fractions: 0.49 and
0.2.
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was expected from the calculated macrostructures of
Figure 3(a), because for DTN > 5 K, no equiaxed
grains nucleate ahead of the columnar front. In the
MBG model, the undercooling decreases abruptly at
the moment of the CET, owing to the solutal-blocking

mechanism that results from an increase in Cl.
[5] The

two front-undercooling curves for the stochastic
model oscillate around the undercooling curves of the
deterministic models. This oscillatory behavior stems
from both the discretization of the front position
(the front is always located at a cell-site position) and
from the fact that the front is determined by the
position of several grains of different shapes growing
near the front. The undercooling at the front position
defined in the stochastic model by the first active CA
cell agrees more closely with those from the determin-
istic models.
Because reasonable agreement is observed between

the front-undercooling curves of all three models, the
difference in the CET positions is likely to be caused by
the different columnar front-blocking mechanisms of
each model.

C. Geometrical Model for Mechanical Blocking
of the Columnar Front

Solutal blocking of the columnar front occurs when
the extradendritic-liquid concentration, Cl, increases at
the front as a result of the solute transferred from the
grain envelopes, removing the undercooling necessary
for columnar growth.[5] In contrast, mechanical block-
ing occurs when there is insufficient space between
equiaxed grains for an elongated-grain growth. Hunt[4]

suggested that it would occur when the equiaxed-grain
volume fraction eg � 0:49 at the columnar front.
For a relatively small number density of grains, nT,

the values of Cl and eg increase almost simultaneously
at the columnar front, indicating very similar CET
positions for both types of blockings, as shown in
Figure 3(b). The CET for the MBG (solutal blocking)
and MHunt-0.49 (mechanical blocking) models occurs
approximately at similar positions for lower nT. Never-
theless, for a relatively large nT, corresponding to a large
envelope interfacial area (Se), the CET occurs earlier for
solutal blocking because Cl increases before eg as a result
of the intense solute rejection from the envelopes into
the extradendritic liquid. Therefore, the columnar
region predicted with the MBG model is shorter than
that for the MHunt model.
Solutal blocking cannot occur in the stochastic model

because solute rejection from grain envelopes into the
extradendritic liquid is not taken into account. There-
fore, the columnar front should be blocked mechani-
cally, as in the MHunt model; consequently, similar
CET positions are expected for the stochastic and
MHunt models. Nevertheless, Figure 3(a) and (b)
showed that the traditional mechanical-blocking frac-
tion of 0.49 (MHunt-0.49) results in columnar regions
that are longer than those predicted by the stochastic
model. To derive this blocking fraction, Hunt[4] assumed
that the columnar grains would be blocked when the
average distance that could be traveled by them (con-
sidering the probability of several distances) was shorter
than the diameter of the equiaxed grains growing ahead.
In the stochastic model, the columnar front-blocking

mechanism was examined in detail in the calculated
macrostructures of Figure 6, near the moment of the

Fig. 4—Cooling curves calculated with the stochastic (CA), MHunt,
and MBG models (for nT ¼ 5 � 106 m�3 and DTN = 3 K) at
different distances from the mold base.

Fig. 5—Columnar-front position (ycol) and undercooling (DTcol) for
the MBG, MHunt-0.49, and stochastic (CA) models as a function of
time (for nT ¼ 5 � 106 m�3 and DTN = 3K). For the stochastic
model, DTcol is given for two definitions of ycol: one at the position
of the first active CA cell (first cell) and the other, where all cells
become activated in the direction perpendicular to heat flow (all
cells).
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CET. At t = 650 s, the columnar front is growing
upward, and two equiaxed grains indicated by arrows
have nucleated at the front. These grains grow laterally
at t = 690 s, and they virtually impinge on each other at
700 seconds, blocking the growth of a columnar grain
below them. Another grain that helps the blocking
process is also indicated by an arrow in the macrostruc-
tures at t = 690 and 700 s. At 750 seconds, a similar
type of blocking occurred along the whole columnar
front, causing the CET.

A simple geometrical blocking model consistent with
the columnar-front blocking observed in Figure 6 is
proposed in Figure 7. Because the columnar and equi-
axed grains near the front position are approximately at
the same temperature, their growth velocities are
assumed equal (V). The columnar front is blocked when
it cannot travel a distance, Rg, before two adjacent
equiaxed grains impinge on each other, i.e., when the
following conditions are met:

Rg

V
>

Rf � Rg

V
½14�

where Rg is the instantaneous radius of the equiaxed
grains when they contact the columnar front, and Rf is
the average half distance between the center of equiaxed
grains, which can be calculated approximately by the
usual relation,

Rg

Rf
¼ e1=3g , for a 3-D domain. Substituting

this relation into Eq. [14] yields that the columnar front
would be blocked when eg>0:125. This fraction is in
better agreement (than the traditional 0.49) with that
derived from the mechanical blocking of the stochastic
model (eg = 0.2). One reason that can be attributed to
the remaining discrepancy is that equiaxed grains were
assumed to grow with the same velocity in all directions
in Figure 7, while in the stochastic model, there are four
preferential directions of growth, and these are not
generally parallel to the columnar-front line.

VI. SUMMARY AND CONCLUSIONS

Two deterministic models and one stochastic model
have been implemented to investigate the mechanical
blocking of the columnar front that leads to the CET in
the unidirectional solidification of an Al-7 pct Si alloy.

Each deterministic model is based on a different type of
mechanism that blocks the front: the Martorano et al.[5]

model (MBG) is based on the solutal blocking, and the
modified Hunt[4] model (MHunt) is based on the
mechanical blocking. To quantitatively compare, for
the first time, the CET positions obtained with the three
models, a special procedure considering the aspect ratio
of grains has been developed to determine the location of
the CET in the macrostructures of the stochastic model.
The size of the columnar zones obtained with both the

MBG and the MHunt model for the traditional block-
ing-grain fraction of eg = 0.49 (MHunt-0.49) is always
larger than that predicted with the stochastic model.
Nevertheless, for a fraction of eg = 0.2 (MHunt-0.2),
the agreement improves significantly in a wide range of
number density of grains and nucleation undercoolings.
This indicates that the mechanical blocking that occurs
in the stochastic model can be simulated in the deter-
ministic model by adopting a blocking fraction of
eg = 0.2, rather than the 0.49 suggested by Hunt.[4]

Finally, a simple geometrical model has been proposed
for the mechanical blocking, yielding a blocking fraction
of 0.125.
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Fig. 6—Detail of macrostructures calculated with the stochastic
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Fig. 7—Geometrical model for the mechanical blocking of the sto-
chastic model.
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