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MEMBRANE CAPS UNDER HYDROSTATIC PRESSURE*

By
R. W. DICKEY

University of Wisconsin, Madison

Abstract. It is shown that the exact nonlinear theory for a rotationally symmetric
membrane cap deformed by hydrostatic pressure is statically determinant. A small
strain theory is obtained without any assumptions on the relative magnitudes of the
displacements. This small strain theory can be reduced to a single second-order ordi-
nary differential equation for the determination of the radial stress. A linear shallow
cap theory is obtained and solved explicitly for the case of the shallow spherical cap.

1. Introduction. The purpose of this paper is to discuss the stresses, strains, and
displacements which occur in a membrane cap when subjected to a hydrostatic pres-
sure.

The equations governing the rotationally symmetric deformation of a membrane
cap consist of three sets of relations: (1) the strain-displacement equations, (2) the
equilibrium equations, and (3) the constitutive laws. If the membrane cap consists
of a surface which is generated by rotating a curve z = Z(r) about the z-axis the
equations (1), (2), and (3) take the form

_ 2+ ()P + 22w + (w')?

5’ 2m? ’ (1.1a)
gf’:;“L%(%)z’ (1.1b)
d r+ l+ : 4 7 1 1
dr {[(1 '*'(u')zuj-((z'-ll-lig)zll/Z } —ogl(1 +u/)? + (2 + w')?]'/?
mP(z +w) _
— h[(l+u')2+(2/+wf)2]l/2 =0, (1.28)
d (r +u)(2' + w')o, rmP (1 +u') _
dr {[(1 +u')2 + (2 + w')2)i2 } [+ )+ (2 +w)R 0, (1.2b)

5, = 5,(0}, 0’9), fg = 59(0',-, 0'9). (13)

("=d/dr). u and w are the displacements in the radial and z directions, o, and gy are
the radial and circumferential stresses, &, and & are the radial and circumferential
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strains and #4 is the thickness of the membrane. P is the pressure per unit undeformed
area whose direction is norma! to the deformed surface and

m? =1+ (z')% (1.4)

The equations (1.1), (1.2), and (1.3) are the exact nonlinear membrane equations
(cf. Sec. 7). For the boundary conditions on (1.1), (1.2), and (1.3) we will prescribe
either radial displacement

u(a) =pn (1.5)
or radial stress
0',((1) =0 (16)

(a is the radius of the base of the cap). In either case we will require that all quantities
be finite at r = 0 and
w(a) = 0. (1.7)

Approximate theories for the deformation of membrane caps have been suggested
by Bromberg and Stoker [1] and Reissner [2]. The theory described in [2] has been
used by Goldberg [3] to obtain a numerical solution for the spherical cap.

In [4] it was shown that the exact “normal” pressure theory, i.e., pressure whose
direction is normal to the undeformed surface, can be reduced to a single, second-
order, nonlinear, ordinary differential equation for the determination of a quantity
related to the radial stress. This reduction is possible regardless of the constitutive
laws. The fact that the exact theory can be described by a single equation makes it
possible to obtain an approximate theory for small strains without the necessity of
making ad hoc assumptions on the relative magnitudes of the displacements.

A reduction to a single, second-order, differential equation is evidently not possible
for the relations (1.1), (1.2), and (1.3). However, it will be shown in Sec. 2 that the
theory is statically determinant, i.c., the system can be written as a pair of second-
order differential equations for the determination of g, and g4. Thus even in this case
it is possible to obtain a small strain theory without assuming any conditions on the
magnitude of the displacements (cf. Sec. 3). In Sec. 3 it is also shown that the small
strain theory does reduce to a single nonlinear second-order ordinary differential
equation for the determination of og,. In Sec. 4 a nonlinear shallow cap theory is
obtained and in Sec. 5 it is shown that if the applied pressure P is “sufficiently
small” the small strain, shallow cap theory can be reduced to a linear theory. In Sec.
6 this linear theory is solved explicitly for the shallow spherical cap.

2. Reduction of the equations. It is convenient to write the strain displacement
equations in the form

my2& +1=[(1+u)?+ (' + w22 (2.1a)
rv2&+1l=r+u (2.1b)

Equation (2.1b) implies that

L+ =(rV/26 + 1) (2.2)
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It is a consequence of (2.1a) that

Z 4w __{1_ (1+u)? }‘/2
[(1 + u/)2 + (Z' + wl)2]1/2 - (1 + u/)2 + (Zl + WI)Z

2.3
A, _Jevary )" .
my2€, +1 '

2y 172
} o

Combining (2.2) and (2.3) with Eq. (1.2a) we find

/ li
i{r\/%’g +1(ry/2& + 1) U’}—aom TR 1+1n—£{1— [(r\/Zé'g +1)

dr mv2&, + 1 h my2& + 1
(2.4)
Using the fact that
réy+2& +1
V26 + 1) = b —c—-, 2.5
Eq. (2.4) may be simplified to
d (r(réy+2& + 1)o,
E{ ( riz\/ié'0+l) }—agm\/2€,+l
2 —(rF! 211/2
L IP{mA (1 +26)(1+28) - (r&g + 26+ D) 2.6)

hvT+28,\/1+2&

A similar procedure may be used to rewrite Eq. (1.2b) in terms of the stresses and
strains. Thus combining (2.1), (2.2), and (2.3) with Eq. (1.2b) we find

2y 172
_i _ (rv/2&g+ 1) rP(r\/2& + 1) _
= r\/2£9+l{1 [——————m e o p+ e =0 (27)

This equation can be rewritten

d rim2(1 4 2&)(1 + 2&) — (ré; + 29 + 1)1]'/20,
dr my/1+ 26,

_ rP(rég+26+1)
hTF2E V1428

In view of the constitutive laws (1.3), Egs. (2.6) and (2.8) are a pair of second-order,
ordinary differential equations for the determination of g, and agy.

(2.8)

3. Small strain theory. If the strains are small, i.e. || << 1 and |£y| << 1, the
appropriate choice for the constitutive equations (1.3) is Hooke’s law

E¢, =0, — vay, (3.1a)
E&y =09 — vo, (3.1b)

where E is Young’s modulus and v is the Poisson ratio.
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The equilibrium equations (2.6) and (2.8) are greatly simplified by the small strain
assumption. Equation (2.6) becomes
d (ro rP ,
AT} - mog+ TUm (1426 + &) - (1 +20r 85 +26))] 12 =0 (3.2)
and (2.8) is replaced by
d(r , rP
= {E[mz(l +2(E + &) — (1+2(r&5 +269))1'7} - =0 (3.3)
We note that neglecting either & or & in relation to m? — 1 in either (3.2) or (3.3)
would be incorrect since m? — 1 = (z’)2 which may itself be small and in fact z/ =0
at r = 0 if the undeformed surface is smooth.
Equation (3.3) implies that

;:l—[mz(l +26)(1 +2&) — (1 +2(r&f + 266))1?a, = % (3.4)
where ,
F(r) = / P(7)dr. (3.5)
0
Combining (3.4) and (3.2) we find
d (ro, mPF
It simplifies the notation if we introduce the dimensionless stresses
=7 =%
L= 5= (3.7)
The Hooke’s law (3.1) becomes
& =%, —vZy, (3.8a)
g =29 —VZ, (3.8b)
while (3.4) and (3.6) become
2 2 ! m2F2
m-—1+42m (€r+£g)—2r£9—4£9=m, (39)
rZ,\’ mPF
(m) —m29+m—0‘ (3.10)
The strains may be eliminated from Eq. (3.9) using (3.8), so that (3.9) becomes
m2F?
m2— 1 +(2m2(l —U)+4I/)Zr+(2m2(l —I/) —4)20 —2ng+2er: = m (31 1)

Xy may be eliminated between Eqgs. (3.10) and (3.11). The final result is

RSP —— T )

m h2E?Y,
[ (=YY (PR
m\ m h2E?%,
m2F2
+2ury; = FRIETSE

(3.12)
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Equation (3.12) is a single second-order differential equation for the determination
of X,. Once Z, is determined from (3.12), X4 is determined from (3.10), &, and &
are determined from (3.8), u is determined from (2.1b), and w from (2.1a).

4. The shallow cap theory. Equation (3.12) is greatly simplified if the cap is shal-
low. In order to make this assumption explicit we write

Z(r) = 6(r) (4.1)
where 0 < § << 1. It is convenient to redefine the pressure and radial stress by
P =8%p, (4.2)
3, =628, (4.3)
Equation (4.2) implies .
F=8f= 53/0 p(1) dt. (4.4)

Of course, implicit in Eq. (4.2) is the assumption that the applied pressure is small.
The shallow cap theory is obtained by placing Eqgs. (4.1)-(4.4) into Eq. (3.2) and
keeping the lowest-order terms in d. In any case, it is found that
2 1\2
2 S _ (&)
r*S; +3rS; + STESI - 2 (4.5)
The dimensionless circumferential stress Zg can be obtained from Eq. (3.10). In
particular, if we define

Ty = 628y, (4.6)
Egs. (4.1)-(4.4) and (3.10) yield
S = (rS,), (4.7)
as the lowest-order term in . If we define
& =0%, & =d,, (4.8)
Eqs. (3.8) imply
e =S, —uSy, eg = Sy — US;. (4.9)
The displacements » and w are determined from (1.1). Define U and W by
u=0U w=0ow (4.10)
Combining (4.10) and (1.1) we find
U =rep, (4.11)
W' =0 —[({')?-2U" + 2¢,]'/? (4.12)

up to higher-order terms in 4.
The edge conditions on (4.5) are determined by either (1.5) (the displacement
condition) or (1.6) (the stress condition). In particular, if we define

% =828, (4.14)
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the boundary condition (1.5) can be written

(rS;+ (1 =v)S))r=a = %, (4.15)
and (1.6) becomes

Sr(a) =S (4.16)
We also require that S;(0) = 0.

5. The linear shallow cap theory. We are interested in solutions of Eq. (4.5) which
have the property that S, — 0 as p — 0. If this is to be the case, Eq. (4.5) requires
that

12

‘1}2}) m = (C')Z- (5.1)
Equivalently,
f / ’ v
m=—(+v=—{ (1—Z;> (5.2)
where |v/{’| << 1 when p is sufficiently small. Thus we find
Sy = / (5.3)

rhEC' (1 - (v/{'))

or, keeping only terms up to first order in v/{’,

S,=;h—§?(1+§). (5.4)

Combining (5.2) and (5.4) with Eq. (4.5) and keeping first-order terms, we obtain a
linear equation for the determination of S,,

r? (ﬁ (1+§))“+3r (ﬁ <1+§))I+c'v=o. (5.5)

6. The shallow spherical cap. The shallow cap theory is easily specialized to the
spherical cap. For simplicity we will treat the constant pressure case so that (cf. (4.4))

f= %rzp. (6.1)
The equation of the spherical cap is
z=Vb2-r2—\/b2—a2, 0<r<a (6.2)
so that
2= o) (6.3)

" [1=8(/ap] 7
where § = a/b << 1. In any case

{'=-r/a (6.4)

In (6.4) higher-order terms in J have been neglected.
Equations (6.1) and (6.4) can be combined with Eq. (5.5) to yield the linear

equation ,
d v d (v 2hE
2_ pu— N o —_— - .
e <p> +3pdﬂ (p> pa ”’ 0 (6.5)
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where we have introduced the new independent variable

p=rla (6.6)
Equation (6.5) can be rewritten in the form
PP+ py—(14+42p*)v=0 (6.7)
(-=d/dp) with
2= E (6.8)
pa
The solution of (6.7) which is finite at p = 0 is
v = Al (Ap) (6.9)

where I; is the modified Bessel function of order one and A4 is a constant to be
determined by the boundary condition (4.15) or (4.16). The dimensionless radial
stress is given by (cf. (5.4))

2 A
Sy is determined from (4.7),
d 2
Sp = d—p(PSr) = (1 = 4411 (4p)). (6.11)
The displacements are determined from (4.11) and (4.12),
U 2p v
o =% a-v)-a0ron - L0, (6.12)
W =p—[p*+24pI(Ap)]"2. (6.13)

As a special case we have considered the case U(a) = 0, i.e., zero displacement at
the boundary. For the boundary conditions, Eq. (6.12) implies
_ 1-v
T A[(A) - vL(A)

In Figs. 6.1 and 6.2, A2S,, 12Sy, 42U/a, and —AW are plotted for various values of A
and v = 0.3.

If the displacement boundary condition is inhomogeneous, i.e., U(a) = M, Eq.
(6.12) implies

A (6.14)

_1-v-Mi%/a
RCCEEAE] (619
while the boundary condition (4.18)
1-S4%/2
A= ——1, 6.16
L@ (©-10)

The relations (6.15) or (6.16) enable us to state simple criteria for the membrane to
be in tension. In particular, (6.16) implies that both S, and Sy are nonnegative if
ﬁi S AL (A) — vI(A)

2 ATT(A) (6.17)
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QZZ" a2}20
2.0 2.0
A=4
\A= ,
1.0 4 1.0 ¢
> > p
1.0 1.0
FiG. 6.1.
U —-aW
1.0 i=38 1.01
V%
107 107
FiG. 6.2.

(note that AI{(4) — vI;(4) > 0). The relation (6.15) implies that both S, and Sy are
nonnegative if
MA? S _AI{(A) — v (4)

=)~ ), ) (6.18)




MEMBRANE CAPS UNDER HYDROSTATIC PRESSURE 103

We note that when A is large (p small)
min(/;(4), I{ (1)) = I{(4). (6.19)

If the condition (6.17) or (6.18) is violated, the solution will contain either radial
or circumferential compressions. Since membranes have no resistance to bending,
it is not to be expected that they would support compressions. Thus, if condition
(6.17) or (6.18) is violated, it is likely that there are other solutions which are not
rotationally symmetric.

7. Appendix, equilibrium equations. The strain-displacement equations (1.1) and
the constitutive laws (1.3) were obtained in [4]. The equilibrium equations are (cf.

(4])
il

d (r+u)(1+u)o, i ) a2 ~
dr {[(1+u’)2+(z’+w')2]‘/2 apl(1+u)? + (2 + W)+ 20 =0, (7.12)
d (r +u)(z' + w')o, P
dr {[(l +u)2 + (z' + w')2]1/2 o =0. (7.1b)
The quantities P, and P, are determined from the relation
Pie, + Pk = rmPi (7.2)

where P is the force per unit undeformed area and i is the unit vector in the direction
normal to the deformed surface. e, and k are the unit vectors in the radial and z
directions (cylindrical coordinates).

A point on the undeformed surface whose position is given by

R=re +zk (7.3)
has the position
R =(r+u)e, +(z+wk (7.4)
after deformation. Thus the unit normal i is given by
OR* 9 OR*
. _ _or ~ 90
= IR - IR’ (7.5)
or 00
It is a consequence of (7.4) that
881:- =(1+u')e + (2 +w)k, (7.6a)
OR*
W = (r + u)eo. (7'6b)

where ey is the unit vector in the circumferential direction. Equation (7.5) implies

(1+u)k—(z' +w)e,
[(1 + u/)2 + (Z’ + W/)2]I/2‘

= (1.7)
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Combining (7.7) and (7.2) we find

- rmp(z' + w')
b= [(1+u)2+ (2 + w2/ (7.8a)
P e e (7.8b)

[(1 + u/)Z + (Zl + wl)Z]l/Z'
The equilibrium equations (1.2) follow from (7.1) and (7.8).
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