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Abstract:

Measurements have been made of the distributions of mean velocity, turbu-
lence intensities and turbulence shear-stress in a turbulent boundary-layer
downstream of a hemi-spherical cap attached onto the plane rigid wall. The
eddy-viscosity, when computed in the classical way according to Boussinesq's
concept from the lateral gradient of the mean velocity and the turbulence
shear-stress, showed a very strong non-uniform lateral distribution, also
across the outer region of the boundary-layer. Moreover, the non-dimensional
values of the eddy viscosity, using the wall-friction velocity and the boun-
dary-layer thickness as the velocity scale and length scale respectively,
were higher than those for the boundary-layer when not disturbed by the wake
of the spherical cap.

However, when account is taken of an axial memory effect of the stream-
wise variation of the lateral gradient of the mean-velocity, the values of
the non-dimensional eddy viscosity are close to those for the undisturbed

boundary-layer.

1. Introduction. In predominantly one-dimensional turbulent flows like free-

turbulent shear-flows and boundary-layer flows, with the
gradient of a mean property mainly in the transverse direction, the concept
of a gradient-type of turbulence diffusion appears to be a reasonable as-
sumption for describing the distribution of this mean property. An eddy-
diffusion coefficient is introduced, which may be obtained from a Lagrangian
description of the transport of a transferable property in this transverse
direction. Memory effects then are restricted to the relative short distances,
over which the gradient of the mean property is practically constant. In free-
turbulent flows and in the outer region of the boundary-layer flows the
eddy diffusion coefficient turns out to be almost constant, when at the same
time the effect of intermittency of the turbulence is taken into account.
When the eddy-diffusion coefficient is rendered dimensionless with a suit-
ably chosen velocity scale and length scale, the non-dimensional value is
the same throughout the whole self-preserving part of these flows.

Less satisfactory results may be obtained if the concept of a gradient-
type of diffusion is applied to cases where the transverse gradient of the
mean property may not be considered constant over the effective diffusion
distances, as determined by the Lagrangian integral time-scale and a trans-

port velocity. For the transport in transverse direction usually the inten-



sity of the turbulence velocity component in this direction is taken. Such
effects as transport up the gradient instead of down the gradient may then
be obtained, which in most cases can not be accepted on physical grounds.
Well known in the case of momentum transport is the situation where the
mean-velocity gradient and the shear-stress have an opposite sign, as ob-
served by a number of investigators in small regions of turbulent flows with
a non-symmetric distribution of the mean-velocity, e.g. wall jets. In such

a situation the concept of a gradient-type of diffusion would lead to a ne-
gative eddy-viscosity. 1,2,3.

Also, less satisfactory results may be obtained if the transverse gradient
of the mean property does not change slowly enough in streamwise direction
with respect to the Lagrangian integral time scale.

This may be expected to occur e.g. in the region downstream of a point of
reattachement of a turbulent boundary-layer, or just downstream of a sudden
change in wall roughness. In general, in flow regions where self-preserva-
tion has not yet been attained.

In the self-preserving part of the flow, because of the self-similarity of
the flow pattern in down-stream sections, the axial memory-effect only in-
fluences the value of the non-dimensional eddy-diffusion coefficient. For
instance, if the non-dimensional eddy-diffusion coefficient is constant in
a cross section, it has the same constant value in any section of the whole
self-preserving part of the flow.

In order to include axial memory effects in the calculation of e.g. de-
veloping boundary layers, present activities are focussed on methods where
the Reynolds' equations are complemented by additional transport equations
for the Reynolds' stresses. Which, however, require assumptions regarding
the unavoidable closure problem h’5’6’7’8.

It may be expected that a number of cases exists where, on the one hand
the local eddy-viscosity concept can no longer be applied with success,on
the other hand that it may not be necessary to consider the above additio-
nal transport equations. Provided that the eddy-viscosity is modified with
a suitably built-in memory effect.

The authors believe that such a case is presented by the flow considered
here, with a relatively fast changing mean-velocity profile in streamwise
direction. It has been observed to occur in the wake flow of a hemi-spheri-
cal cap attached onto a rigid plane wall, placed in a flow with uniform
free-stream velocity. The turbulent boundary-layer at the station of the
hemi-spherical cap was relatively thick with respect to the height of the

cap. Downstream of the cap the distortion of the mean-velocity profile



compared with that of the undisturbed boundary-layer, and due to the wake of
the cap, reduces at a much faster rate than the changes of the undisturbed
mean-velocity profile across the same axial distance. When according to the
Boussinesq's concept of an eddy viscosity, the shear-stress was expressed

in terms of the local gradient of the distorted mean-velocity profile, a
strongly non-uniform distribution of the eddy-viscosity across the boundary-
layer was obtained. This might be partly due to the direct wake-action,
producing a higher degree of turbulence than in the undisturbed boundary-
layer, but also partly due to some axial memory-effect. It has been assumed
that the shear-stress at a certain station should not only be related to the
local mean-velocity gradient, but also to the upstream mean-velocity gra-

dients, due to the relatively rapid stream-wise changes of this gradient.

2. Theory. Assume in the plane, predominantly one-dimensional, flow the

x1—coordinate in the main-flow direction, and the xg—coordinate
in the transverse direction. Let(® be a transferable property. Then the
turbulence transport of this property through a streamwise control plane

and in the xz-direction is given by the expression:

T
s 1l
NP = J dt u2(t°)CP(to) (1)
o
where u, is the turbulence velocity in the xe—direction and p the turbulent
fluctuation of P. Let yt(to’t) and ye(to,t} be the distances travelled

during a time t in the x_ -direction and x2-direction respectively, by a

1
fluid particle that crosses the control plane at time to.

A series expansion ofGXto} yields
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Eq.(1) becomes

t
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where M(t") is a memory function satisfying the condition

oo

f at" M(t") = 1 (L)

o

When t is sufficiently large we may introduce an effective eddy-diffusion

coefficient, defined by

= E;;==eg=f at' %gi (-t") M(t") (5)
(o]

[When p is the turbulence momentum component u,, Eq.(5) is similar to that

0.

Further assume for the memory function a simple, exponential behaviour

for the shear-stress of a visco-elastic fluid

M(t) = exp.[—t/Tm] (6)

1
T
m

where Tm is a relaxation time.

With
P 2 32
BP g il g0 B8 (7)
3x2 3x2 3t'3x2
Eq.(5) yields
e 3 22¢
ST A PR T (8)

When the relative turbulence intensity is sufficiently small to justify the
application of Taylor's hypothesis of a "frozen" turbulence, Eq.(8) may be

written
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since t' < 0, and 3/3t' = 01 3/dx, for a fluid particle.

In the case considered we deal with the turbulence shear-stress, for which
the corresponding expression reads

30 320

L 1 1 1
Uy = em[ax - U1 Tm ax1ax2 ] (10)

When applying this expression to the mean-velocity profile of the boundary-
layer, distorted by the wake flow of the hemi-spherical cap, two aspects
have still to be considered. Namely, first the intermittent nature of the
turbulence in the outer part of the boundary-layer, and second, the evalua-
tion of the relaxation time.

For the intermittent region Eq.(10) should apply to the periods that the
flow is turbulent. If we assume the non-turbulent regions to be irrotatio-
nal, then under the condition valid for the boundary-layer flow the shear-
stress in the irrotational part of the flow is zero, and the left-hand-side

of Eq.(10) should read (-

244
Also we have to consider (30U./3x,)
1 2'ro

)/, where Q is the intermittency factor.
L
Except near the crests of the turbulent-nonturbulent interface, according
to experimental evidence the value of this velocity gradient is close to
that of 351/3x2 [see e.g. ref. 10]. Consequently the right-hand-side of
Eq.(10) needs not to be corrected for the intermittency.

The evaluation of the relaxation time Tm presents more difficulties.
It may be a good guess to take for it the Lagrangian integral time-scale
UL
been estimated from the Eulerian longit$?i?gl integral length scale Af, by

>

. Since the Lagrangian auto-correlation has not been determined,:jL has

making use of the approximate relation

jL =~ 0.4 hffu{ (11)

In this expression the intensity u; has to be corrected for the intermitten-

cy.

Finally, ﬁf may be assumed to be roughly constant in the outer region of
the boundary-layer, and equal to ~ 0.k 599 for the case of a smooth wall13,
and decreasing linearly with the distance to the wall for the inner region.

The expression used for the evaluation of EE thus reads



- (12)

3.Description of the experimgggg. These have been carried out in a low-tur-

bulence windtunnel of the closed circuit
type. The working section is 4.om long,and has a cross sectioﬁ of
0.8 x 0.7 m%. The boundary-layer studied was on one side of a glass plate,
put vertically in streamwise direction in a plane of symmetry of the wor-
king section. Transition from laminar to turbulent flow of the boundary-
layer was fixed at 0.6 m from the leading edge by means of a trip-wire
placed spanwise at a short distance from the wall. A hemi-sphere of L0 mm
diameter was attached onto the glass plate in a centre position at 3.65 m
from the leading edge. The free-stream velocity during most of the experi-
ments was 10.5 m/s. The thickness of the turbulent boundary-layer at the
location of the hemi-sphere was about 50 mm.

Mean-velocity and turbulence measurements have been carried out with a
constant-temperature hotwire anemometer. A platinum-coated tungsten-wire
of 5 um diameter has been used. The length of the sensitive part was 2 mm.
The distance between the prongs 10 mm.

The measurements included: the three components of the mean-velocity
(the mean-flow in the wake of the cap is three-dimensional), the three com-
ponents of the turbulence intensity, the turbulence shear-stresses, spatial
velocity correlations and one-dimensional energy spectra of the axial
turbulence velocity. Wall shear-stresses have been measured with a Preston
tube. Measurements with this tube in the undisturbed boundary-layer have
been compared with the wall shear-stresses obtained from the change in in-
tegral momentum, and from the mean-velocity gradient at the wall. The
agreement was satisfactory. It was concluded that the measurements with the
Preston tube in the wake-flow region of the hemi-spherical cap would yield
acceptable values of the wall shear-stress, at least for downstream dis-
tances well beyond the point of reattachement of the flow behind the cap.

The coordinate system was taken with the origin in the centre of the
-coordinate in streamwise direction, the x -

2
—coordinate in spanwise

base of the cap, with the X,

coordinate perpendicular to the plate and the Xq

direction.



The above measurements have been made at a number of x.-—stations and in

1

planes with different values of X35 including such a large value of Xq that

the undisturbed boundary-layer at a given x1—distance could be investigated.

L. Experimental results. From the measurements of the mean velocities the

picture of the mean-flow pattern as shown in Fig. 1
has been obtained. The point S on the wall marks the region of reattach-
ment. The two streamwise trailing vortices originate from the corner eddies
present in the corner formed by the cap and the wall, and which extend from
the upstream stagnation point to the points of separation of the flow along
the cap. Though the velocities induced by these trailing vortices are
rather weak, the maximum values being 1 to 2 percent of the free-stream
velocity, they have a noticeable effect in e.g. the flow in the plane of
symmetry, xq = 0. The centres of the trailing vortices move slightly out-
ward in both spanwise and transverse directions. In the region between

X, = 0.25 m and 0.50 m the x3—coordinate of these centres varies roughly

from + 23 mm to + 27 mm, the x_-coordinate varies from 10 mm to 20 mm. In

2
order to minimize the effect of these trailling vortices the considerations
presented in the following are restricted to the measurements of the ﬁ1-

; and the turbulence shear-

= 0.25 m, x3 = 20 mm and X, = 0.50m,

3 53 also the ﬁi—distributions
in the plane x3 = 20 mm at x1 = 0.15 m and 0.35 m have been used. For the

corresponding measurements in the undisturbed boundary-layer, those made in

velocity component, the turbulence intensities u

stress (- uzul) in the cross-sections X,

X, = 20 mm. For the evaluation of 3251/Bx13x

the plane x, = - 0.15 m have been taken.

3

Since no intermittency measurements have been made, the distribution of
the intermittency factor @ across the boundary layer as measured by
Klebanoff 1% has been used in our calculations.

Figures 2 and 3 show the distributions of ﬁ1, Q(from Klebanoff),

u;/Qu“, - uu, /Qu*? and em/9u36 for the undisturbed boundary-layer, measured

in plane X3 = - 0.15 m, and for X,

Figures L4 and 5 show the distributions of ﬁ1, u

= 0.25 m and 0.50 m respectively.

. —
1 and u2u1 for

X, = 0.25 m and 0.50 m respectively. It has been assumed that the same dis-

1
tribution of the intermittency factor as for an undisturbed boundary-layer
of the same thickness could be used. Note that the boundary-layer thickness
at the same x. -station is slightly greater for the disturbed than for the

1
undisturbed case. The data points shown are those determined from the

smoothed, directly measured distributions of 51, u; and - u,u, .



Note that the wall shear-stresses as measured with the Preston tube are
higher than the values of the turbulence shear-stresses measured at the
points closest to the wall. As may be concluded from the mean-velocity dis-
tributions, the flow close to the wall accelerates in downstream direction,
which corresponds with a negative lateral gradient of the shear stress at

the wall.

5. Eddy-viscosity calculations. From the smoothed Uj—distributions and

(- u2u.|) distributions first the eddy-visco-

sity & has been computed according to the classical way, namely from

(- E;G:)/(Bﬁ1/3x2). As Figs. 6 and T show the € —distributions vary strong-
ly across the boundary-layer, even when corrected for the intermittency. This
in contrast with the distribution in the undisturbed boundary-layer. The
distributions have a pronounced maximum at x2/6 = 0.3, roughly in the same
region where the turbulence shear-stress has its maximum.

However, when the eddy-viscosity ég is calculated according to Eq.(12), its
distribution in the outer region becomes much more uniform, and resembles
more that for the undisturbed boundary-layer. The agreement with the undis-
turbed boundary-layer also holds true quantitatively, when the eddy-visco-
sities Gh/Q and e; for the undisturbed and the disturbed boundary-layer
respectively, are rendered dimensionless with the wall-friction velocity

u¥ and the boundary-layer thickness 8. This is shown in Fig. 8. For compa-
rison the distribution of em/Qu“G as computed from Klebanoff's 1 shear—

stress measurements is included in this Fig. 8.

6. Discussion. The results presented in Fig. 8 seem to support the conclu-
sion that for the case considered in the above, memory effects
are mainly responsible for the non-uniform distribution in the outer region
of the disturbed boundary-layer. Consequently, corrections for these effects
are necessary. Yet it must be admitted that in the application of the theory
to the experimental results there are a number of uncertain points. One of
the major points is the estimation of the relaxation time T _ and the
Lagrangian integral time scale JL as presented. Another difficulty of prac-
ticel nature is the determination of 3231/3x13x2 from the measured mean-
velocity distributions, since it may be appreciated that carrying out twice
a graphical differentiation is not an accurate procedure. Moreover it turned

out that this second derivative was not constant along the distances compa-



rable with ﬂl UL' In the outer region ﬁ.l JL had values from 0.2 to 0.3 m,
i.e. from 4 to 5 times &8, which is of the magnetude of the large eddies.

Some weighted average value of 32{71/3:{13:: to be used in Eq.(12) had to

be taken. Eq.(7) may be too approximate, ind it might be that higher or-
der terms in the series expansion in this equation are required. Also the
admissibility of the neglect of a number of terms in the series expansion
of Eq.(2) has to be looked at closer.

As mentioned earlier the flow in the plane x3 = 20 mm has been chosen
to minimize the effect of the secondary current caused by the trailing
vortices. At this plane the 52—component was very small indeed. However,

very close to the wall there was still a U -component up to 2% of the

3

2—distance5 considered the ﬁB—t:omponent was

again small, though. Similar calculations of e; have been carried out for

free-stream velocity. At the x

the measurements made in the plane of symmetry Xy = 0. The distribution

of e;‘l was still peaked in the region x2/5 = 0.2 to 0.3, probably because
in this region the direct local wake-effect was still not negligibly small.
Though for higher values of x2/6 the distribution was again more uniform
than that of ém/n.
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Fig.5. Disturbed boundary-layer. x=050m ; x,=20rmm
Distributions of : U;, Q (Klebanoff), u; and -TU,.
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Fig.6. Disturbed boundary-layer. x=0.25m ; x,=20mm .
Distributions of the eddy-viscosity, computed from the
measured mean-velocity and shear-stress distributions.
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Fig.7 Disturbed boundary-layer. x,=050m ; x,=20mm

Distributions of the eddy-viscosity, computed from the
measured mean-velocity and shear-stress distributions.
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Fig.8. Distributions of the non -dimensional eddy -viscosities.

o—eo Calculated from shear-stress data measured by

Klebanoff’









