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Abstract

In this paper, we first introduce new definition of Mersenne Lucas numbers sequence as, for n > 2, mn = 3mn−1 − 2mn−2
with the initial conditions m0 = 2 and m1 = 3. Considering this sequence, we give Binet’s formula, generating function and
symmetric function of Mersenne Lucas numbers. By using the Binet’s formula we obtain some well-known identities such as
Catalan’s identity, Cassini’s identity and d’Ocagne’s identity. After that, we give some new generating functions for products of
(p,q)-numbers with Mersenne Lucas numbers at positive and negative indice.
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1. Introduction and some preliminary properties

In recent years, we have seen so many studies on the different (p,q)-numbers sequences such as
(p,q)-Fibonacci, (p,q)-Lucas, (p,q)-Pell, (p,q)-Pell Lucas, (p,q)-Jacobsthal and (p,q)-Jacobsthal Lucas
sequences, we refer the reader to [6, 13–15]. Now, let we define the generalized (p,q)-Fibonacci sequence
{fp,q,n (α,β,γ)}∞n=0, generalized (p,q)-Pell sequence {lp,q,n (α,β,γ)}∞n=0 and generalized (p,q)-Jacobsthal
sequence {Cp,q,n (α,β,γ)}∞n=0 as follows, for n > 2,

fp,q,0 = α, fp,q,1 = β+ γp and fp,q,n = pfp,q,n−1 + qfp,q,n−2, (1.1)
lp,q,0 = α, lp,q,1 = β+ 2γp and lp,q,n = 2plp,q,n−1 + qlp,q,n−2, (1.2)

and
Cp,q,0 = α, Cp,q,1 = β+ γp and Cp,q,n = pCp,q,n−1 + 2qCp,q,n−2, (1.3)

respectively. Particular cases of the sequences {fp,q,n (α,β,γ)}∞n=0 , {lp,q,n (α,β,γ)}∞n=0, and
{Cp,q,n (α,β,γ)}∞n=0 are as follows.

∗Corresponding author
Email addresses: sabarnhf1994@gmail.com (Nabiha Saba), aboussayoud@yahoo.fr (Ali Boussayoud), vis.kanuri@gmail.com
(Kasi Viswanadh V. Kanuri)

doi: 10.22436/jmcs.024.02.04

Received: 2020-09-20 Revised: 2020-12-13 Accepted: 2020-12-27

http://dx.doi.org/10.22436/jmcs.024.02.04
http://dx.doi.org/10.22436/jmcs.024.02.04
http://crossmark.crossref.org/dialog/?doi=10.22436/jmcs.024.02.04&domain=pdf


N. Saha, A. Boussayoud, K. V. V. Kanuri, J. Math. Computer Sci., 24 (2022), 127–139 128

Case 1.1. If we take α = γ = 0 and β = 1 in (1.1), (1.2), and (1.3), then we get:

- the (p,q)-Fibonacci sequence

Fp,q,0 = 0, Fp,q,1 = 1 and Fp,q,n = pFp,q,n−1 + qFp,q,n−2;

- the (p,q)-Pell sequence

Pp,q,0 = 0, Pp,q,1 = 1 and Pp,q,n = 2pPp,q,n−1 + qPp,q,n−2;

- and the (p,q)-Jacobsthal sequence

Jp,q,0 = 0, Jp,q,1 = 1 and Jp,q,n = pJp,q,n−1 + 2qJp,q,n−2;

respectively.

Case 1.2. If we take α = 2, γ = 1 and β = 0 in (1.1), (1.2), and (1.3), then we get:

- the (p,q)-Lucas sequence

Lp,q,0 = 2, Lp,q,1 = p and Lp,q,n = pLp,q,n−1 + qLp,q,n−2;

- the (p,q)-Pell Lucas sequence

Qp,q,0 = 2, Qp,q,1 = 2p and Qp,q,n = 2pQp,q,n−1 + qQp,q,n−2;

- and the (p,q)-Jacobsthal Lucas sequence

jp,q,0 = 2, jp,q,1 = p and jp,q,n = pjp,q,n−1 + 2qjp,q,n−2;

respectively.

The Mersenne numbers play a key role in an investigations on the prime numbers. In the references
[7, 9], certain important studies listed. Note that the Mersenne numbers is defined by the recurrence
relation, for n > 2,

M0 = 0, M1 = 1 and Mn = 3Mn−1 − 2Mn−2. (1.4)

Many important identities such as Catalan’s identity, Cassini’s identity and d’Ocagne’s identity, etc, for
Mersenne numbers are shown in [5]. Few properties that the Mersenne numbers satisfy are summarized
below.

• Binet’s formula for Mersenne numbers:

Mn = 2n − 1.

• Negative extension of Mersenne numbers:

M−n =
−Mn

2n
.

• Generating function for Mersenne numbers:

g(z) =

∞∑
n=0

Mnz
n =

z

1 − 3z+ 2z2 .

• Complete homogeneous symmetric function of Mersenne numbers:

Mn = hn−1 (2, 1) . (1.5)
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• D’Ocagne’s identity for Mersenne numbers:

MrMn+1 −Mr+1Mn = 2nMr−n.

Next, we recall some properties of the symmetric functions that we will need in the sequel.

Definition 1.3 ([8]). Let k and n be two positive integers and {a1,a2, . . . ,an} are set of given variables the
k-th elementary symmetric function ek (a1,a2, . . . ,an) is defined by:

e
(n)
k = ek (a1,a2, . . . ,an) =

∑
i1+i2+···+in=k

ai1
1 a

i2
2 · · ·a

in
n (0 6 k 6 n) ,

with i1, i2, . . . , in = 0 or 1.

Remark 1.4. Set e0 (a1,a2, . . . ,an) = 1, by usual convention. For k < 0 or k > n, we set ek (a1,a2, . . . ,an) =
0.

Example 1.5. The following lists the n elementary symmetric function for the first three positive values
of n :

For n = 1 : e1 (a1) = a1.
For n = 2 : e1 (a1,a2) = a1 + a2, e2 (a1,a2) = a1a2.
For n = 3 : e1 (a1,a2,a3) = a1 + a2 + a3, e2 (a1,a2,a3) = a1a2 + a1a3 + a2a3, e3 (a1,a2,a3) = a1a2a3.

Proposition 1.6. Given an alphabet A = {a1,a2, . . . ,an}, the generating function for the elementary symmetric
function is given as: ∞∑

k=0

ek(a1,a2, . . . ,an)zk =
∏
a∈A

(1 + az).

Definition 1.7 ([8]). Let k and n be two positive integers and {a1,a2, . . . ,an} are set of given variables, the
k-th complete homogeneous symmetric function hk (a1,a2, . . . ,an) is defined by:

h
(n)
k = hk (a1,a2, . . . ,an) =

∑
i1+i2+···+in=k

ai1
1 a

i2
2 · · ·a

in
n , (k > 0) , (1.6)

with i1, i2, . . . , in > 0.

Remark 1.8. Set h0 (a1,a2, . . . ,an) = 1, by usual convention. For k < 0, we set hk (a1,a2, . . . ,an) = 0. If
n = 2, the k-th complete homogeneous symmetric function (1.6) gives us

h
(2)
k = hk(a1,a2) =

ak+1
1 − ak+1

2
a1 − a2

, for all k ∈N0,

with
h0(a1,a2) = 1, h1(a1,a2) = a1 + a2, h2(a1,a2) = a

2
1 + a1a2 + a

2
2, . . . .

Proposition 1.9. Given an alphabet A = {a1,a2, . . . ,an}, the generating function for the complete homogeneous
symmetric function is given as:

∞∑
k=0

hk(a1,a2, . . . ,an)zk =
1∏

a∈A
(1 − az)

.

There is a fundamental relation between the elementary symmetric functions and the complete homo-
geneous ones:

k∑
j=0

(−1)jej(a1,a2, . . . ,an)hk−j(a1,a2, . . . ,an) = 0,

which is valid for all k > 0.
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Definition 1.10 ([2]). Given an alphabet A = {a1,a2}, the symmetrizing operator δka1a2
is defined by:

δka1a2
f(a1) =

ak1 f (a1) − a
k
2 f (a2)

a1 − a2
, for all k ∈N0. (1.7)

If f (a1) = a1, the operator (1.7) gives us

δka1a2
f(a1) =

ak+1
1 − ak+1

2
a1 − a2

= hk (a1,a2) .

2. The Mersenne Lucas numbers

In this section, we define the Mersenne Lucas sequence, and then we give Binet’s formula and gen-
erating function for this sequence. Moreover, we obtain some results related with the Mersenne Lucas
numbers. Let us now start at the following definition.

Definition 2.1. Let n > 2 be integer, the recurrence relation of Mersenne Lucas numbers {mn}
∞
n=0 is given

as:
mn = 3mn−1 − 2mn−2, (2.1)

with the initial conditions m0 = 2 and m1 = 3.

Now, we show that the first few terms of Mersenne Lucas numbers as: {2, 3, 5, 9, 17, 33, 65, 129, . . .} .
Recurrence relationship (2.1) involves the characteristic equation

x2 − 3x+ 2 = 0,

which has two characteristic real roots:
x1 = 2 and x2 = 1,

so that
x1 + x2 = 3, x1x2 = 2, and x1 − x2 = 1.

The next theorem gives the n-th term of the Mersenne Lucas numbers.

Theorem 2.2. The Binet’s formula for Mersenne Lucas numbers is given by:

mn = 2n + 1. (2.2)

Proof. From the theory of difference equation we know the general term for Mersenne Lucas numbers can
be expressed in the following form

mn = C12n +C2,

where C1 and C2 are the coefficients. For n = 0, 1, we have
{
C1 +C2 = 2,
2C1 +C2 = 3. By these equalities, C1 =

C2 = 1. Therefore MLn = 2n + 1. This completes the proof.

The negative extension of Mersenne Lucas numbers m−n, even Mersenne Lucas numbers m2n and
odd Mersenne Lucas numbers m2n+1 given in the next proposition.

Proposition 2.3. Let n be any positive integer. Then we have

1) m−n =
mn

2n
, (2.3)

2) m2n = m2
n − 2n+1,

3) m2n+1 = 2M2n + 3,

where Mn is the n-th Mersenne numbers.
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Proof. By the Binet’s formula (2.2), we can write

m−n =
1

2n
+ 1 =

2n + 1
2n

=
mn

2n
,

m2n = 22n + 1 = (2n + 1)2 − 2n+1 = m2
n − 2n+1,

and
m2n+1 = 22n+1 + 1 = 2

(
22n − 1

)
+ 3 = 2M2n + 3.

Thus, this completes the proof.

We now investigate some identities and properties of the Mersenne Lucas sequence.

Proposition 2.4. For n > r, we have

mn−rmn+r −m
2
n = 2n−rm2

r − 2n+2, (2.4)

which is Catalan’s identity for Mersenne Lucas sequence.

Proof. Using the Binet’s formula (2.2), we easily obtain

mn−rmn+r −m
2
n =

(
2n−r + 1

) (
2n+r + 1

)
− (2n + 1)2

= 22n + 2n−r + 2n+r + 1 −
(
22n + 2n+1 + 1

)
= 2n+r + 2n−r − 2n+1 = 2n−r

(
22r + 1

)
− 2n+1 = 2n−rm2

r − 2n+2.

Hence, we obtain the desired result.

By setting r = 1 in the relation (2.4), we obtain the following corollary which gives Cassini’s identity
of the Mersenne Lucas sequence.

Corollary 2.5. Let n be positive integer, for the sequence {mn} , we have

mn−1mn+1 −m
2
n = 2n−1.

The following proposition gives d’Ocagne’s identity involving the Mersenne Lucas sequence.

Proposition 2.6. For n, r ∈N, the following identity holds true:

mrmn+1 −mr+1mn = 2n − 2r.

Proof. Once more, using Binet’s formula (2.2), we get

mrmn+1 −mr+1mn = (2r + 1)
(
2n+1 + 1

)
−
(
2r+1 + 1

)
(2n + 1)

=
(
2r+n+1 + 2r + 2n+1 + 1

)
−
(
2r+n+1 + 2n + 2r+1 + 1

)
= 2n − 2r.

As required.

And we have the following corollary.

Corollary 2.7. The following identity holds true:

mrmn+1 −mr+1mn = −(MrMn+1 −Mr+1Mn) = −2nMr−n,

where Mn is the n-th Mersenne numbers.

We have the following theorem.



N. Saha, A. Boussayoud, K. V. V. Kanuri, J. Math. Computer Sci., 24 (2022), 127–139 132

Theorem 2.8. The sum of the Mersenne Lucas numbers is

n∑
k=0

mk = 2n+1 +n.

Proof. By using Binet’s formula (2.2), we get

n∑
k=0

mk =

n∑
k=0

2k + 1 =

n∑
k=0

2k +

n∑
k=0

1 =
2n+1 − 1

2 − 1
+n+ 1 = 2n+1 +n.

As required.

Now, we aim to give the generating function for Mersenne Lucas numbers. For this purpose, we shall
prove the following theorem.

Theorem 2.9. For n ∈N, the new generating function of Mersenne Lucas numbers is given by

g(z) =

∞∑
n=0

mnz
n =

2 − 3z
1 − 3z+ 2z2 .

Proof. The Mersenne Lucas numbers can be considered as the coefficients of the formal power series

g(z) =

∞∑
n=0

mnz
n.

Using the initial conditions, we get

g(z) =

∞∑
n=0

mnz
n = m0 +m1z+

∞∑
n=2

mnz
n

= m0 +m1z+

∞∑
n=2

(3mn−1 − 2mn−2) z
n

= m0 +m1z+ 3z
∞∑

n=1

mnz
n − 2z2

∞∑
n=0

mnz
n

= m0 + (m1 − 3m0) z+ 3z
∞∑

n=0

mnz
n − 2z2

∞∑
n=0

mnz
n

= 2 − 3z+
(
3z− 2z2)g(z).

Hence, we obtain (
1 − 3z+ 2z2)g(z) = 2 − 3z.

Therefore

g(z) =

∞∑
n=0

mnz
n =

2 − 3z
1 − 3z+ 2z2 .

Thus, this completes the proof.

We now investigate some identities of the Mersenne Lucas numbers by using generating function in
the following both theorem and proposition.

Theorem 2.10. Let Mn and mn be n-th Mersenne and Mersenne Lucas numbers, respectively. Then, we get

mn = 3Mn − 4Mn−1.
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Proof. Using the generating function of Mersenne Lucas numbers, we get

∞∑
n=0

mnz
n =

2 − 3z
1 − 3z+ 2z2 =

2
1 − 3z+ 2z2 − 3

z

1 − 3z+ 2z2 = 2
∞∑

n=0

Mn+1z
n − 3

∞∑
n=0

Mnz
n.

Therefore ∞∑
n=0

mnz
n =

∞∑
n=0

(2Mn+1 − 3Mn) z
n. (2.5)

From the recurrence relation (1.4), we can write

∞∑
n=0

mnz
n =

∞∑
n=0

(3Mn − 4Mn−1) z
n.

Comparing of the coefficients of zn we obtain the desired result.

Proposition 2.11. For n ∈N, the complete homogeneous symmetric function of Mersenne Lucas numbers is given
by

mn = 2hn (2, 1) − 3hn−1 (2, 1) . (2.6)

Proof. By relationship (1.5), we have
Mn = hn−1 (2, 1) .

Then, from (2.5) we give ∞∑
n=0

mnz
n =

∞∑
n=0

(2hn (2, 1) − 3hn−1 (2, 1)) zn.

Hence, comparing of the coefficients of zn we obtain the desired result.

3. Complete homogeneous symmetric functions of binary products of (p,q)-numbers with Mersenne
Lucas numbers

The following propositions are key tools of the proof of our main result. They have been proved in
[1, 3, 4].

Proposition 3.1. Given two alphabets E = {e1, e2} and A = {a1,a2} , then

∞∑
n=0

hn(a1,a2)hn(e1, e2)z
n =

1 − a1a2e1e2z
2

2∏
i=1

(1 − aie1z)
2∏

i=1
(1 − aie2z)

. (3.1)

Note that, based on the relationship (3.1), we get

∞∑
n=0

hn−1(a1,a2)hn−1(e1, e2)z
n =

z− a1a2e1e2z
3

2∏
i=1

(1 − aie1z)
2∏

i=1
(1 − aie2z)

. (3.2)

Proposition 3.2. Given two alphabets E = {e1, e2} and A = {a1,a2} , then

∞∑
n=0

hn−1(a1,a2)hn(e1, e2)z
n =

(e1 + e2)z− e1e2(a1 + a2)z
2

2∏
i=1

(1 − aie1z)
2∏

i=1
(1 − aie2z)

. (3.3)
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Proposition 3.3. Given two alphabets E = {e1, e2} and A = {a1,a2} , then
∞∑

n=0

hn(a1,a2)hn−1(e1, e2)z
n =

(a1 + a2)z− a1a2(e1 + e2)z
2

2∏
i=1

(1 − aie1z)
2∏

i=1
(1 − aie2z)

. (3.4)

In this part, we are now in a position to provide theorems. Also we derive the new generating functions
for the products of (p,q)-Fibonacci numbers, (p,q)-Lucas numbers, (p,q)-Pell numbers, (p,q)-Pell Lucas
numbers, (p,q)-Jacobsthal numbers and (p,q)-Jacobsthal Lucas numbers with Mersenne Lucas numbers
at positive and negative indices.

This part consists of three cases.

Case 1. For A =

{
p+
√

p2+4q
2 , p−

√
p2+4q
2

}
and E = {2, 1} in the relationships (3.1)-(3.4), we have

∞∑
n=0

hn

(
p+

√
p2 + 4q
2

,
p−

√
p2 + 4q
2

)
hn (2, 1) zn =

1 + 2qz2

D1
,

∞∑
n=0

hn−1

(
p+

√
p2 + 4q
2

,
p−

√
p2 + 4q
2

)
hn−1 (2, 1) zn =

z+ 2qz3

D1
, (3.5)

∞∑
n=0

hn−1

(
p+

√
p2 + 4q
2

,
p−

√
p2 + 4q
2

)
hn (2, 1) zn =

3z− 2pz2

D1
, (3.6)

∞∑
n=0

hn

(
p+

√
p2 + 4q
2

,
p−

√
p2 + 4q
2

)
hn−1 (2, 1) zn =

pz+ 3qz2

D1
,

with
D1 = 1 − 3pz−

(
5q− 2p2) z2 + 6pqz3 + 4q2z4,

and we deduce the following theorems.

Theorem 3.4. For n ∈N, the new generating function of the product of (p,q)-Fibonacci numbers with Mersenne
Lucas numbers is given by

∞∑
n=0

Fp,q,nmnz
n =

3z− 4pz2 − 6qz3

1 − 3pz− (5q− 2p2) z2 + 6pqz3 + 4q2z4 . (3.7)

Proof. In [12], we have Fp,q,n = hn−1

(
p+
√

p2+4q
2 , p−

√
p2+4q
2

)
, and according to the relationship (2.6) we

get
∞∑

n=0

Fp,q,nmnz
n =

∞∑
n=0

hn−1

(
p+

√
p2 + 4q
2

,
p−

√
p2 + 4q
2

)
(2hn (2, 1) − 3hn−1 (2, 1)) zn

= 2
∞∑

n=0

hn−1

(
p+

√
p2 + 4q
2

,
p−

√
p2 + 4q
2

)
hn (2, 1) zn

− 3
∞∑

n=0

hn−1

(
p+

√
p2 + 4q
2

,
p−

√
p2 + 4q
2

)
hn−1 (2, 1) zn,

by using the relationships (3.5) and (3.6), we obtain
∞∑

n=0

Fp,q,nmnz
n =

2
(
3z− 2pz2

)
− 3

(
z+ 2qz3

)
D1

=
3z− 4pz2 − 6qz3

1 − 3pz− (5q− 2p2) z2 + 6pqz3 + 4q2z4 ,

which completes the proof.
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Theorem 3.5. For n ∈N, the new generating function of the product of (p,q)-Fibonacci numbers with Mersenne
Lucas numbers at negative indice is given by

∞∑
n=0

Fp,q,nm−nz
n =

6z− 4pz2 − 3qz3

4 − 6pz− (5q− 2p2) z2 + 3pqz3 + q2z4 . (3.8)

Proof. We use the change of variable z = z
2 in (3.7) and according to relationship (2.3), we get

∞∑
n=0

Fp,q,nm−nz
n =

∞∑
n=0

Fp,q,nmn

(z
2

)n
=

3
(
z
2

)
− 4p

(
z
2

)2
− 6q

(
z
2

)3

1 − 3p
(
z
2

)
− (5q− 2p2)

(
z
2

)2
+ 6pq

(
z
2

)3
+ 4q2

(
z
2

)4

=
6z− 4pz2 − 3qz3

4 − 6pz− (5q− 2p2) z2 + 3pqz3 + q2z4 .

Thus, this completes the proof.

Theorem 3.6. For n ∈ N, the new generating function of the product of (p,q)-Lucas numbers with Mersenne
Lucas numbers is given by

∞∑
n=0

Lp,q,nmnz
n =

4 − 9pz+ 2
(
2p2 − 5q

)
z2 + 6pqz3

1 − 3pz− (5q− 2p2) z2 + 6pqz3 + 4q2z4 . (3.9)

Proof. Recall that, we have Lp,q,n = 2hn

(
p+
√

p2+4q
2 , p−

√
p2+4q
2

)
− phn−1

(
p+
√

p2+4q
2 , p−

√
p2+4q
2

)
, (see

[12]).
By the same method given in Theorem 3.4, the proof can be easily made.

Theorem 3.7. For n ∈ N, the new generating function of the product of (p,q)-Lucas numbers with Mersenne
Lucas numbers at negative indice is given by

∞∑
n=0

Lp,q,nm−nz
n =

16 − 18pz+ 2
(
2p2 − 5q

)
z2 + 3pqz3

4 − 6pz− (5q− 2p2) z2 + 3pqz3 + q2z4 . (3.10)

Proof. By the same method given in Theorem 3.5, the proof can be easily made. So we omit the proof.

By putting p = q = 1 in the relationships (3.7), (3.8), (3.9), and (3.10), we obtain Table 1.

Table 1: New generating functions of the products of Fibonacci and Lucas numbers with Mersenne Lucas numbers.
Coefficient of zn Generating function

Fnmn
3z−4z2−6z3

1−3z−3z2+6z3+4z4

Fnm−n
6z−4z2−3z3

4−6z−3z2+3z3+z4

Lnmn
4−9z−6z2+6z3

1−3z−3z2+6z3+4z4

Lnm−n
16−18z−6z2+3z3

4−6z−3z2+3z3+z4

Case 2. For A =
{
p+

√
p2 + q,p−

√
p2 + q

}
and E = {2, 1} in the relationships (3.1)-(3.4), we have

∞∑
n=0

hn

(
p+

√
p2 + q,p−

√
p2 + q

)
hn (2, 1) zn =

1 + 2qz2

D2
,

∞∑
n=0

hn−1

(
p+

√
p2 + q,p−

√
p2 + q

)
hn−1 (2, 1) zn =

z+ 2qz3

D2
, (3.11)
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∞∑
n=0

hn−1

(
p+

√
p2 + q,p−

√
p2 + q

)
hn (2, 1) zn =

3z− 4pz2

D2
, (3.12)

∞∑
n=0

hn

(
p+

√
p2 + q,p−

√
p2 + q

)
hn−1 (2, 1) zn =

2pz+ 3qz2

D2
,

with
D2 = 1 − 6pz−

(
5q− 8p2) z2 + 12pqz3 + 4q2z4,

and we deduce the following theorems.

Theorem 3.8. For n ∈N, the new generating function of the product of (p,q)-Pell numbers with Mersenne Lucas
numbers is given by

∞∑
n=0

Pp,q,nmnz
n =

3z− 8pz2 − 6qz3

1 − 6pz− (5q− 8p2) z2 + 12pqz3 + 4q2z4 . (3.13)

Proof. By referred to [12], we have Pp,q,n = hn−1

(
p+

√
p2 + q,p−

√
p2 + q

)
, and according to the rela-

tionship (2.6) we can easily see that

∞∑
n=0

Pp,q,nmnz
n =

∞∑
n=0

hn−1

(
p+

√
p2 + q,p−

√
p2 + q

)
(2hn (2, 1) − 3hn−1 (2, 1)) zn

= 2
∞∑

n=0

hn−1

(
p+

√
p2 + q,p−

√
p2 + q

)
hn (2, 1) zn

− 3
∞∑

n=0

hn−1

(
p+

√
p2 + q,p−

√
p2 + q

)
hn−1 (2, 1) zn,

by using the relationships (3.11) and (3.12), we obtain

∞∑
n=0

Pp,q,nmnz
n =

2
(
3z− 4pz2

)
− 3

(
z+ 2qz3

)
D2

=
3z− 8pz2 − 6qz3

1 − 6pz− (5q− 8p2) z2 + 12pqz3 + 4q2z4 .

Hence, we obtain the desired result.

Theorem 3.9. For n ∈N, the new generating function of the product of (p,q)-Pell numbers with Mersenne Lucas
numbers at negative indice is given by

∞∑
n=0

Pp,q,nm−nz
n =

6z− 8pz2 − 3qz3

4 − 12pz− (5q− 8p2) z2 + 6pqz3 + q2z4 . (3.14)

Proof. We use the change of variable z = z
2 in (3.13) and according to relationship (2.3), we get

∞∑
n=0

Pp,q,nm−nz
n =

∞∑
n=0

Pp,q,nmn

(z
2

)n
=

3
(
z
2

)
− 8p

(
z
2

)2
− 6q

(
z
2

)3

1 − 6p
(
z
2

)
− (5q− 8p2)

(
z
2

)2
+ 12pq

(
z
2

)3
+ 4q2

(
z
2

)4

=
6z− 8pz2 − 3qz3

4 − 12pz− (5q− 8p2) z2 + 6pqz3 + q2z4 .

As required.
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Theorem 3.10. For n ∈N, the new generating function of the product of (p,q)-Pell Lucas numbers with Mersenne
Lucas numbers is given by

∞∑
n=0

Qp,q,nmnz
n =

4 − 18pz+ 2
(
8p2 − 5q

)
z2 + 12pqz3

1 − 6pz− (5q− 8p2) z2 + 12pqz3 + 4q2z4 . (3.15)

Proof. We know that

Qp,q,n = 2hn
(
p+

√
p2 + q,p−

√
p2 + q

)
− 2phn−1

(
p+

√
p2 + q,p−

√
p2 + q

)
, (see [12]).

By the same method given in Theorem 3.8, the proof can be easily made.

Theorem 3.11. For n ∈N, the new generating function of the product of (p,q)-Pell Lucas numbers with Mersenne
Lucas numbers at negative indice is given by

∞∑
n=0

Qp,q,nm−nz
n =

16 − 36pz+ 2
(
8p2 − 5q

)
z2 + 6pqz3

4 − 12pz− (5q− 8p2) z2 + 6pqz3 + q2z4 . (3.16)

Proof. By the same method given in Theorem 3.9, the proof can be easily made. So we omit the proof.

By setting p = q = 1 in the relationships (3.13), (3.14), (3.15), and (3.16), we obtain Table 2.

Table 2: New generating functions of the products of Pell and Pell Lucas numbers with Mersenne Lucas numbers.
Coefficientof zn Generating function

Pnmn
3z−8z2−6z3

1−6z+3z2+12z3+4z4

Pnm−n
6z−8z2−3z3

4−12z+3z2+6z3+z4

Qnmn
4−18z+6z2+12z3

1−6z+3z2+12z3+4z4

Qnm−n
16−36z+6z2+6z3

4−12z+3z2+6z3+z4

Case 3. For A =

{
p+
√

p2+8q
2 , p−

√
p2+8q
2

}
and E = {2, 1} in the relationships (3.1)-(3.4), we have

∞∑
n=0

hn

(
p+

√
p2 + 8q
2

,
p−

√
p2 + 8q
2

)
hn (2, 1) zn =

1 + 4qz2

D3
, (3.17)

∞∑
n=0

hn−1

(
p+

√
p2 + 8q
2

,
p−

√
p2 + 8q
2

)
hn−1 (2, 1) zn =

z+ 4qz3

D3
, (3.18)

∞∑
n=0

hn−1

(
p+

√
p2 + 8q
2

,
p−

√
p2 + 8q
2

)
hn (2, 1) zn =

3z− 2pz2

D3
, (3.19)

∞∑
n=0

hn

(
p+

√
p2 + 8q
2

,
p−

√
p2 + 8q
2

)
hn−1 (2, 1) zn =

pz+ 6qz2

D3
,

with
D3 = 1 − 3pz− 2

(
5q− p2) z2 + 12pqz3 + 16q2z4,

and we deduce the following theorems.

Theorem 3.12. For n ∈N, the new generating function of the product of (p,q)-Jacobsthal numbers with Mersenne
Lucas numbers is given by

∞∑
n=0

Jp,q,nmnz
n =

3z− 4pz2 − 12qz3

1 − 3pz− 2 (5q− p2) z2 + 12pqz3 + 16q2z4 . (3.20)
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Proof. Recall that, we have Jp,q,n = hn−1

(
p+
√

p2+8q
2 , p−

√
p2+8q
2

)
(see [12]), and according to the rela-

tionship (2.6) we see that

∞∑
n=0

Jp,q,nmnz
n =

∞∑
n=0

hn−1

(
p+

√
p2 + 8q
2

,
p−

√
p2 + 8q
2

)
(2hn (2, 1) − 3hn−1 (2, 1)) zn

= 2
∞∑

n=0

hn−1

(
p+

√
p2 + 8q
2

,
p−

√
p2 + 8q
2

)
hn (2, 1) zn

− 3
∞∑

n=0

hn−1

(
p+

√
p2 + 8q
2

,
p−

√
p2 + 8q
2

)
hn−1 (2, 1) zn,

by using the relationships (3.18) and (3.19), we obtain
∞∑

n=0

Jp,q,nmnz
n =

2
(
3z− 2pz2

)
− 3

(
z+ 4qz3

)
D3

=
3z− 4pz2 − 12qz3

1 − 3pz− 2 (5q− p2) z2 + 12pqz3 + 16q2z4 ,

which completes the proof.

Theorem 3.13. For n ∈N, the new generating function of the product of (p,q)-Jacobsthal numbers with Mersenne
Lucas numbers at negative indice is given by

∞∑
n=0

Jp,q,nm−nz
n =

6z− 4pz2 − 6qz3

4 − 6pz− 2 (5q− p2) z2 + 6pqz3 + 4q2z4 .

Proof. We use the change of variable z = z
2 in (3.20) and according to relationship (2.3), we get

∞∑
n=0

Jp,q,nm−nz
n =

∞∑
n=0

Jp,q,nmn

(z
2

)n
=

3
(
z
2

)
− 4p

(
z
2

)2
− 12q

(
z
2

)3

1 − 3p
(
z
2

)
− 2 (5q− p2)

(
z
2

)2
+ 12pq

(
z
2

)3
+ 16q2

(
z
2

)4

=
6z− 4pz2 − 6qz3

4 − 6pz− 2 (5q− p2) z2 + 6pqz3 + 4q2z4 .

Hence, we obtain the desired result.

Theorem 3.14. For n ∈ N, the new generating function of the product of (p,q)-Jacobsthal Lucas numbers with
Mersenne Lucas numbers is given by

∞∑
n=0

jp,q,nmnz
n =

4 − 9pz+ 4
(
p2 − 5q

)
z2 + 12pqz3

1 − 3pz− 2 (5q− p2) z2 + 12pqz3 + 16q2z4 . (3.21)

Proof. Recall that, we have jp,q,n = 2hn

(
p+
√

p2+8q
2 , p−

√
p2+8q
2

)
− phn−1

(
p+
√

p2+8q
2 , p−

√
p2+8q
2

)
, (see

[12]).
By the same method given in Theorem 3.12, the proof can be easily made.

Theorem 3.15. For n ∈ N, the new generating function of the product of (p,q)-Jacobsthal Lucas numbers with
Mersenne Lucas numbers at negative indice is given by

∞∑
n=0

jp,q,nm−nz
n =

16 − 18pz+ 4
(
p2 − 5q

)
z2 + 6pqz3

4 − 6pz− 2 (5q− p2) z2 + 6pqz3 + 4q2z4 . (3.22)

Proof. By the same method given in Theorem 3.13, the proof can be easily made. So we omit the proof.

By taking p = q = 1 in the relationships (3.20)-(3.22), we obtain Table 3.
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Table 3: New generating functions of the products of Jacobsthal and Jacobsthal Lucas numbers with Mersenne Lucas numbers.
Coefficient of zn Generating function

Jnmn
3z−4z2−12z3

1−3z−8z2+12z3+16z4

Jnm−n
6z−4z2−6z3

4−6z−8z2+6z3+4z4

jnmn
4−9z−16z2+12z3

1−3z−8z2+12z3+16z4

jnm−n
16−18z−16z2+6z3

4−6z−8z2+6z3+4z4

4. Conclusion

In this study, we have introduced the concept of the Mersenne Lucas numbers. We also gave some
results, such as generating function and Binet’s formula of these numbers. Moreover, by making use of the
complete homogeneous symmetric function we have obtained the generating functions for the products
of (p,q)-numbers and Mersenne Lucas numbers.
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