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Abstract

If one solves an infinite dimensional optimization problem by introducing discretizations
and applying a solution method to the resulting finite dimensional problem, one often observes
a very stable behavior of this method with respect to varying discretizations. The most
striking observation is the constancy of the number of iterations needed to satisfy a certain
stopping criteria. In this paper we give give an analysis of this phenomena, the so called
mesh independence, for nonlinear least squares problems with norm constraints (NCNLLS).
A Gauss—Newton method for the solution of NCNLLS is discussed and a convergence theorem
is given. The mesh independence is proven in its sharpest formulation. Sufficient conditions
for the mesh independence to hold are related to conditions guaranteeing convergence of the
Gauss-Newton method. The results are demonstrated on a two point boundary value problem.
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1 Introduction

This paper is concerned with the behavior of discretized Gauss—-Newton methods for infinite di-
mensional nonlinear least squares problems of the following type:

mn  |IF@)|.
llellx < R (1)

F is a sufficiently smooth, weakly continuous function, which acts between the two Hilbert spaces
X, Y. Problems of this kind for example arise in parameter identification, see e.g. [5], [16], [20].
The constraint ||z||x < R reflects a priori information on the sought parameter and guarantees
the solvability of (1.1).

If residual and nonlinearity of F' are of moderate size, the Gauss—Newton method is an appro-
priate technique to solve (1.1). In the Gauss—Newton method the function F is linearized around
a given approximation z,, whereas the constraint is retained. The approximation is improved by
solving the resulting linear least squares problem. This yields the following Algorithm (here and
in the subsequent chapters B, (z) will be the closed ball around = with radius r):

Algorithm

(0) Given an initial point £o € Br(0), set £ = 0.

(1) Solve the linearized problem

min Flz) + F'(z)(z — z)||2

Let x¢+1 denote the solution of (1.2) and g4 the corresponding Lagrange multiplier

(2) Test for convergence. If test succeeded, take 2,41 as an approximation of the solution. Else

(3) Set £ = £+ 1 and goto (1)

Reviewing the convergence theorems for Gauss—Newton methods for unconstrained problems (see
e.g. [7], [10], [11)), one expects a linear convergence rate for this Algorithm if the starting point
is sufficiently close to the solution of (1.1). Moreover the speed of convergence should depend on
the nonlinearity and size of the residual of F'. A detailed convergence analysis confirming these
considerations is given in chapter 2. Hence, if a good initial point is available, the problem (1.1)
can theoretically be solved with the Gauss—Newton method as the outer iteration and an inner
iteration scheme , e.g. the Newton or Hebden-Reinsch iteration ([19], p.273), for the solution of
(1.2).

For a globalization of the convergence one can add a line search or trust region strategy. The
latter leads to minimization problems with two normconstraints instead of (1.2). Utilizing the

special structure of this subproblem, it can be solved using efficient methods designed for the
solution of minimization problems with quadratic objective and simple norm constraint as in (1.2).

But in this paper we are only concerned with the local analysis and assume that a good
estimation for the solution is available.



For the numerical solution, one has to introduce some sort of discretization for the parameter
space X and the output space Y.

It is important to study the behavior of the solution method under varying discretizations.
The continuous dependence of the method on changes in the discretization would guarantee the
successful application of adaptive mesh refinement strategies, which are proven to be a powerful
tool to solve infinite dimensional problems. Such strategies are presented in [1] for Newton’s
method, in [15] for Quasi-Newton methods and in [13] for the Gauss—Newton method.

The theoretical justification for mesh refinement strategies is the so called mesh independence of
the method, which can roughly be described as the continuous dependence of solutions, iterates and
convergence behavior of the discretized problem, respectively the method onto the discretizations.

Mesh independence in its sharpest form was developed in [2] for Newton’s method. The influ-
ence of discretizations on Broyden’s method was studied in [14]. There, a weaker mesh independent
property was proven, which does not guarantee uniform bounds on the error between infinite and
finite dimensional iterates.

In this paper we extend the mesh independence results in [2] to the normconstraint Gauss—
Newton method, but we will use a somewhat different discretization scheme. We will assume, that

Xy C X and Yy C Y are finite dimensional linear subspaces
and
Fyn : X — Yy is a suitable approximation for F.

Although Fp is defined on the whole space X, it is evaluated only for some zpr € Xy during the
numerical calculation. The discretized problem is then given as

min 1N (=*)I1
ll=M||x < R (1.3)
M ¢ Xpm

and in the £~th iteration of the Gauss—-Newton method we have to solve for given 2~

min 1Fn(a™) + Fpy(zg™) (@M - 215
lzM]lx <R (1.4)
M € Xpm

instead of (1.2), where ¥V € Bg(0) N Xy is the current iteration point. Throughout the pa-
per we will denote the iterates of the Gauss-Newton method applied to (1.3) by #M~ and the
corresponding Lagrange multipliers by u~ . For the solution of (1.4) we have to compute the ad-

joints of Fi(zMN). Since we are working in the finite dimensional spaces, we define the ’adjoint’
Fjy(2)* € L(Y, Xp) through

< FN@E)YY,eM >x=< oV, Fi(2)2M >y V2™ € Xy, vV € Y.

F}(2)* can be any extension of the (Xa, |-||x), (Yn, ||-|ly) adjoint of Fi(z) onto Y. We need the
extensions of Fy, Fj(z) and Fj(z)" to apply these operators to points which are not contained in
the finite dimensional subspaces. This allows us to compare infinite and finite dimensional terms
without prolongation or restriction operators. For finite element discretizations these extensions
are given in a natural way (see also chapter 4).

It is important to note, that Fj(z)* is an extension of the (Xu, || - ||x), (Yn,]|| - |ly) adjoint
onto Y, but not the adjoint for the pair (X, || - ||x), (Y;}] - |ly), since in general we do not have,



that
< Fy(E)'y,z >x=<y, Fy@)z >y VzeX,yeY.

A consequence of this fact is, that
IFx(2)" = F'(2)"|leev.x) # 1Fx(E) — F(@)lleex,yy -

Therefore we have to impose different approximation properties on the function and its derivative
on one hand and its adjoint on the other. Since Fy is defined on X, it is evident, that the
approximation properties of Fx and Fj are affected only by the discretization of Y, whereas the
quality of approximation of F§" is also influenced by the discretization of X. The assumptions we
impose on Xjr, Yy and on the function F and its discretizations are :

Assumptions

(A1) F e CY(Bgr(0))
(A2) [[FO(@) - FO@)| < Lille —yll  Va,y € Br(0),i =0, 1.
(A3) Fn € CY(Bgr(0))

(A4) There exists uniformly bounded Lipschitz constants LY ,i = 0,1 such that
IF(@) - FR@I < L¥lls—yll - Va,y € Br(0),i=0,1.
Without loss of generality we assume, that LY < L;,i=0,1 VN € IN.

(A5) There exists a bounded function py : [0,1] — IR* which is continuous in 0 with py (0) = 0
and which satisfies
IFO(z) — FP@) < py(1/N)  Vz € Br(0),i=0,1.

(A6) For every x and § > 0 there exists M, such that for all M > M; there exists zpr € X with
|z —zm|| < 6

(A7) There exists a bounded function px : [0,1] — R* which is continuous in 0 with px(0) = 0,
such that the adjoints of the original and discretized Fréchet derivatives can be estimated by
lF'(z)" = Fy(2)"Il < oy (1/N) + px(1/M) Yz € Br(0).

This setting is suitable for finite element discretizations and, as already pointed out, allow us to
compare the discretized and infinite dimensional terms without the incorporation of prolongation
and restriction operators. Another, more important gain is, that we obtain uniform bounds for
llze — zMN||, which we would not get in the setting of [2] (see chapter 3). These uniform bounds
enable us to deduce estimates for the error between the solution of (1.1) and the solutions of
the discretized problems, which improve estimates derived from perturbation theory for infinite
dimensional optimization problems. In this sense the Gauss—Newton method can be viewed as a
tool for the analysis of (1.1) and its discretizations.

The sufficient conditions for mesh independence are strongly related to the conditions which
are sufficient for the convergence of the Gauss—Newton method and throughout the paper we will
use these conditions to formulate our mesh independent results. We do not need second order
information of F'.

The outline of the paper is as follows: In chapter 2 we give a convergence theorem for the
algorithm stated above, which uses the special structure of (1.1) and extends results in [10]. Besides



the convergence theorem we will give a result concerning the perturbation of solutions of (1.1) in
presence of discretization. This result is based on perturbation theory for infinite dimensional
optimization problems. In chapter 3 we will develop the mesh independence principle for the
Gauss—Newton method and in chapter 4 we will discuss the application to a boundary value
problem and present some numerical results.

2 Local Convergence

The main purpose of this chapter is to establish a convergence theorem for the algorithm presented
in chapter 1. Gauss—Newton based algorithms for restricted nonlinear least squares problems are
discussed for example in [6] and [21], but these algorithms, designed for more general problems,
treat inequality constraints by active set strategies and are therefore not appropriate for our anal-
ysis. In [20], Vogel gives a convergence theorem for problem (1.2), but he uses second order
information and does not utilize the least squares structure of (1.2). The analysis presented here
incorporates the special structure of the problem and is a generalization of Theorem 10.2.1 in [10].
If the constraint is inactive, the assertions of both theorems are identical in the finite dimensional
case.

It is well known, that the solutions of (1.2) can be characterized as solutions of the system of
Kuhn-Tucker conditions:

(F'(ze)"F'(ze) + per Dzegr = —F'(ze)"(F(ze) — F'(z4)2e)
pesr(leen|ly — R*) =0 (2.1)
Hes1 20, ||zea|lk —R*<0.

For p > 0 let z¢(p) be defined as the unique solution of
(F'(z)" F'(ze) + p)x = —F'(z¢)"(F(22) — F'(ze)ze) (2.2)

and z¢(0) the minimum norm solution of (2.2) with x4 = 0. If ||z¢(0)||x > R, the problem of finding
a solution of the Kuhn—Tucker system is equivalent to the computation of a root of

ge(p) = llee(w)ll% — R?.

g¢ is a convex and monotonically decreasing function with g¢(y) — —R? as u — oco. Therefore
the root is uniquely determined. Furthermore g, is continuously differentiable on (0, c0). The first
derivative is given by

gh() = =2 < 2o(u), (F'(2e)" F'(22) + 1)~ ze(t) >x - 23)

Theorem 2.1 Let X,Y be Hilbert spaces. Let F : X — Y satisfy (Al), (A2) and z. be a
solution of

min _ ||F(z)|
2.4
lell < R @4
with pe > 0 the Lagrange multiplier at .. Assume further, that for ¢,v.,0 > 0
WF'(z )R > 7|R])? (2.5)
and
1 (F'(z)" = F'(y)") F(»)Il < ollz -yl (2.6)



for all z,y € Br(0) N Be(x.), and for all h€ {h € X|z. + h € Br(0)}.

If 0 < 74 + pa, then for all @ € (1, (e + p4)/0) there ezists €, = ex(a), €, > 0 such that the
solution 441 of
min _ ||F(z¢) + F'(ze)(z — zo)|?

lzll < R @7
obeys
ao alik 2
x —x.l < T — Tull + =—————|lxs — 2z 2.8
loea = 2l < =2l = mull + gl = 2| (28)
and e+ e + a0
ze4r — |l < *T(,—Y—:mllzz—:uﬂ < llze—z| (2.9)

provided z; € Br(0) N Be,(z.). Here,  is defined by & :=sup,epy o) ||F'(2)]]-

Moreover there exists 8, such that if x, € BR(0)NB,, (z«) the Lagrange multipliers can be estimated

as follows
fa L1 2
Kk—||z. — z +ollz. — 2 2.10
(ke =zl + e, — 22l (210)

la = pea] <

Proof: Let ¢ € (1, (74 + p«)/0) be an arbitrary constant. Since F’ is continuous, we obtain from
(2.5), that for each & € (1, «) there exists €; € (0, €), such that for all z € Br(0) N B, (z«) and for
all h € {h € X|z. + h € Br(0)} the following inequality holds

< (F'@) F'(a) + p) b b > > T2 a2 (2.11)

(1) In the first part of the proof we will derive the estimate for the Lagrange multipliers. If pey
and p, are greater than zero, they are characterized as the roots of g,(p) := ||z¢(p)||> — R? and
ge(1) = ||z (0)]]*> — R?, respectively. We will utilize the convexity of these functions to give lower
bounds for the Lagrange multipliers. For the development of the estimates it will be favorable to
distinguish two cases:

Case 1: fe > pie4a




From the definition of #,(1) we can conclude, that

lod)ll 2 e IP @) (P - Pz
1 ! * ! T
> (P @) (Fe) - Pl - Le—zd)  (212)

(h(jire, L is a Lipschitz constant depending on L, K,SUPgzepp(0) || F ()| and R)
an

ll2e — 2e(ua)l]
< N@E (@) F'(ze) + mD) 7|
(I(F'(2e)" F'(z0) + paD)(@e — 22) = (F'(20)" F(22) + prae = F'(2)" F(24) — puza)||
HI(F'(z) = F'(22))" F(22) + paza — puza|l)

& L
(s e = 2+ alle. — 2, (21

<

provided ||z, — z¢]| < €1.

(2.13) yields the existence of ¢ such that ||z.]| + ||z¢(.)]] < ¢ independent of 2.

Since

9e(n) = |lze(w)l® — R®
I(F'(2e)" F'(ze) + pI) ™ F' (ze)" (F(2e) — F'(2ze)ze) |1 — R? (2.19)
is convex, we obtain
ge ()
H 2 = S
T 7%
C s lee(p)I12 = B2

2 < 2e(in), (P (22) F'(w) + D) 2e(pe) >
| R B2~ ()|

> "
= K 3 Tleep)ll?
&2+ o ||za]| + llze(pa)l|
> e — 2w — zo(pa
2 el e =l
I€2+/.L,.. c
> Uk — o — zo(pa )| - 2.15
9 ”xl(ﬂ‘)ngll l(iu )” ( )

If we choose

2L
we obtain with (2.12), (2.13), (2.15), that for ||z. — z,]| < €2

€3 := min {e

1,IIF'(ﬂc*)*(F(ﬂv*)—F’(ﬂv-)ﬂh)ll} ,

2(s? 4 p.)3c a L,
ey (F(ea) — Feyz ) 7ot i g 12— el - ellan = 2ell). (2:16)

B — per1 <



Case 2: py < pleg1
In this case we consider

||z ()l — R
(F'(2.)* F'(2) + pI) ™ F'(2.)" (F(2) = F'(22)a)l|* - R,

i

g+ (1)

Applying the same considerations as in case 1 and using the inequalities

1
F'(z)* F'(z2) + pen D7 <
W(F'(ze)" F'(20) + perr )7 P,
and
1
. > ———||F(z)"(F(zs) — F'(z4)20
el 2 o lIF(@) (F(e) = Fz)a)l
yields
(K2 + pey1)3e o Ly 2
—~ e < — ||z« — . — (2.7
Bet1 — B S 2||F’(:c...)*(F(:c...)—F’(:c,..):c,..)||2—y,..+p,..(K' ) [lze — @e|* + o|ze — ze]])(2.17)

In the derivation of (2.17) we have used without loss of generality, that ||ze41|| + ||z«(pes1)|| < ¢
independent of £. The boundedness of ||z¢41]|| + |[z«(s£e+1)|| can be proven analogously to (2.13),
since T¢y1 = e(pe1).

From (2.14) it can be seen, that

1F"(ze)* (F(2e) = F'(ze)z)|
R

is an upper bound for pet1. Therefore the estimate (2.10) follows from (2.16) and (2.17), if we
choose

2(k? + s/R)3c
1 (@ )* (F(22) = F'(a)a)| 2
where s is defined by s :=supep, (o) ||F'(2)*(F(z) — F'(z)z)|.

g .=

(i) For the proof of the first part of the theorem we will again distinguish two cases:
Case 1: prer1 2> pa
From the equation

(F'(ze)* F'(ze) + (e + petr = pu)Dzes = —F' ()" (F'(ze) — F(2e)ze)
it can be seen, that z¢41 is a solution of

min  ||F(2g) + F'(5e)(z — 20)|I? + el |?
llell < R (2.18)

with Lagrange multiplier gs41 — pt«. Therefore the first order optimality condition

< F(]:g)-{-FI(Z‘g)(z'g.*.l—xg),FI(I:g)(x—-xg.*.l) >ty < Tpp1,T—Tpy1 > 2> 0 Vee BR(O) (2.19)



is satisfied. (2.19) together with the optimality condition for (2.4), F'(z.)* F(z«)+p«xs = 0, yields

“*(< To41, 8041 — T > — < Ty, Tp41 — T >)

< < F(ze) + Fl(ze)(zer — z2), F'(20)(2e — Teg1) > + < Flza), Fl(za)(2e41 — 24) >
< < Fl(ze)' F(ze) + F'(22)" F'(ze)(ze41 — 2) — F'(24)" F(24), Tu — 241 >

1
< < Fl(z) (F(:c,..) - /0 Fl(zg+t(ze — z2)) (24 — x2) dt)

+F'(20)" F'(z) (x4 — 22) + F'(20)" F'(ze) (241 — T4) — F'(22)* F(24), T4 — Te41 > (2.20)
Hence, we obtain with (2.6), (2.11), (2.20)

+ +
P Ble—all < FoFlzen -zl

1
< e < (F'(2e)" F'(22) + pud) (Te41 — To), T — T2 >
[|zesr — z.|
< HF (=) = F'(za)") Fz)ll
1
+|IF’(u)II/ [|F'(ze) = F'(ze + t(ze — z2))|| ||z — z:|| dt
0
Llfc 2
< a||:v¢—:c.||+T||:cg-—:c*|| ; (2.21)

provided, that [[z¢ — z.[[ < €.
Case 2: py > plet1

z, 18 the unique solution of
(F'(2:)" F'(@.) + pu D)z = —F'(.)* (F'(2.) = F(w.)z2)
and can therefore be characterized as the unique solution of

min  [|F(z.) + F'(z.)(z = 2.)|1? + pesa|lz]]?
ll=ll < R

with Lagrange multiplier p. — pte4+1. Similar to case 1 (replace py by peyr in (2.20)), it can be
shown, that this yields

T + e L1I€
THWH-%H < U||$£—x*||+"Q—H"L‘t—x*||2+(#¢—#£+1)”$£+1—1‘¢||' (2.22)

with (2.10) we can conclude, that for ||z. — z¢|| < €5 , where

- 20y + pa) (@ = @)y + ps)
= 1
o { > YanL; + 20ac ad ’

the following estimate holds

Yu t+ Hx _7¢+ﬂ¢
a a

Ba — pey1r < (2.23)
Inserting this into (2.22) yields

7¢+ﬂ-
a

IA

Lik
loess = 2all < ollee = 2l + 22" lloe — 2|7, (2.:24)



provided [|z; — z.|| < €3.

If we choose €, := min(ez, *2* ";;‘I;M ), we finally obtain from (2.21) and (2.24), that ||z, —z.|| < €,
implies

o=l + gl - 2.
( ao alik  (Ya+ pe) —
Yo+ e 207+ ps) cLik
(s + ps) + a0

2(7e + pa)

Hence, the assertion is proven. a

IN

lze41 — .||

s 74
Mze — 2.|]

llze — |l < [l2e — 2|l

Remarks

(1) If one reviews the proof of (2.8), it can be seen immediately, that for the convergence of the
iterates x4 it is merely needed, that (2.6) holds with y replaced by ., i.e.

[ (F'(z)* = F'(z)") F(z.)|] < ollz - z.|| (2.25)
Requiring (2.25) instead of (2.6) yields qualitatively the same results . In this case one gets

TQ

L
lpe — peaa] < (5 llae = 2ol P+ Lo SuPO)IIF(w)H |lzs — 2ell) (2.26)

Ve + Ha z€BRr(

instead of (2.10). In the case p. > pe41 the constant o can be retained in (2.26)

(2) Although inequality (2.5) is assumed to hold only for certain h, easy calculations show,
that this requirement is equivalent to the condition ||F'(z,)h||? > v.||R}|> Vh € X. This
property is due to the special shape of the admissible set.

(3) Since the errors in the Lagrange multipliers are dominated by the errors in the iterates, the
theorem above also shows, that if x, lies on the boundary and if gz, > 0, then it is also true
for the iterates z,, for £ sufficiently large. In other words, the iterates approach the solution
on the boundary. On the other hand, it is clear, that if the solution is an interior point of
Bpr(0), then also the iterates z, lie in the interior up to finitely many.

Before we analyze the discretized problem, we will discuss the implications of assumption (2.6) in
Theorem 2.1.

If F is two times Fréchet differentiable at the solution z., the property (2.6) leads to an estimate
for the second order part of the second Fréchet derivative of ||F(z)||? at z..

Lemma 2.2 Let X, Y be Hilbert spaces and F : X — Y, F € CY(Bg(0)). If F"(z.) exists, the
condition

1(F'(2)" = F'(2.)") F(e.)Il < olle = z.l| Ve € Ba(0) N Bi(z.)
implies
H(F (), R)F )| < ollh]] Vhe X

10



Proof: From the differentiability we obtain, that
I(F"(z)(, R) F(zo)ll < (o +d(r)IIRI| VR € {h € X|z.+h € Br(0)},

where ¢ is continuous at the origin and fulfills ¢(0) = 0. For an arbitrary n € IV there exists
6n > 0 such that ¢(h) < 1/n Vh € Bs, (0). This yields

1
I(E" (@), ) F(z )l < (o + )IAll Vh € {h € X|z. +h € Br(0) }.
Taking the limit n — oo gives

WCE" () R F ()]l < ollh]| Vh e {h € X|z.+h € Br(0)}.

Finally, we can apply the same considerations as in part (i) to show, that the inequality is valid
forallh € X. ]

If we combine Theorem 2.1 and Lemma 2.2, we can conclude the following

Corollary 2.3 Let the assumptions of Theorem 2.1 hold. Furthermore assume, that F"'(z.) exists.
Then the second Fréchet derivative of the Lagrangian at the solution is strictly positive:

< F'(2) F'(z )b+ (F"(2)(, ) F(2a) + by h > > (7a + e —0)||R||2 YVREX

Hence the second order sufficient optimality criteria is satisfied at z.. Especially we obtain, that
z. is an isolated minimizer and that the objective in (2.4) possesses local quadratic growth (
[18] Theorem 5.6). This requirement seems to be inappropriate, since parameter identification
problems are often ’rank—deficient’ and ill-posed. But in presence of ill-posedness one has to
employ regularization techniques to stabilize the problem, i.e. to guarantee continuous dependence
of solutions of (2.4) upon input data. Such a technique may be the Tikhonov regularization, where
a regularization term of the form «f|z||? is added to the objective, or a regularization by restriction
of the admissible parameter set, i.e. an reduction of R. Hence, under suitable assumptions on F' and
on the regularization, the regularized parameter identification problem may fit the requirements
of Theorem 2.1. In [8], [9] it was shown, that the output least squares formulation of elliptic
parameter identification problems exhibit a quadratic growth for properly chosen regularization.

The quadratic growth of the objective function can also be used to derive an estimate for the
error between the solution of the infinite dimensional problem and the solutions of the discretized
ones. In the following theorem we will establish such a perturbation result without the requirement
of twice Fréchet differentiable objective functions.

Theorem 2.4 Let (A1)-(A6) and the assumptions of Theorem 2.1 are valid. Further assume, that
F and Fx are weakly continuous functions. If there exists a continuous function g with g(0) =0
and g(t) >t VYt €[0,1] such that d(hy, hs) := g(py (|h1 — h2l)) defines a metric on [0, 1], then for
all 6 > 0 there exists My and Ng such that for all M > Mg, N > N; the discretized problem

min HEn (=)
™| < R (2.27)
=M € Xnm

has a solution MN satisfying
llz. — 2| < 6.

11



Proof: By (A2) and (A5) there exists ¢ > 0 such that for all N sufficiently large and z,,z2 €
Br(0)

WFI? = v (@)l < e(py (1/N) + [lz1 — 22ll) < e(d(0, 1/N) + [lz1 — 22l1) -

This shows, that the discretization of F defines a Lipschitzian perturbation. From (2.5), (2.6), (A1)
and the complementary condition p.(||z4||> — R?) = 0 we can conclude that for some Lipschitz
constant L and arbitrary z € Bg(0)

IF@I? > IF@)IP +p(llz|P - B?)
> |IF(z.)+ / F'(za +1(z — z)dt|]? + pa(l2ll? - B?)

=2 < F'(zy)F(z4) + paTu, T — T4 >
WE(2)I? + pallz = 2l? = olle — 2a|* + pa(ll2a])? — B?)

v

1
+||/0 F'(za + 4z — 2.)dtl? ||z = 2.2 + %ulle — 2ul? = [|[F/(22)I [z — .|
> (1P @I+ (e + 70 = 0)lIz = z]2 = Llle — 2P

With a = (¢« + v+ — 0)/2 this yields the following growth condition for the infinite dimensional
problem:

1@ 2 IF@)I? + allz — 2.]1%, (2.28)

for all z with ||z — z.|| < (ta + 74 — o)/(2L). Hence, the the results of Alt ([3], Theorem 4, 6)
yield the existence of N, such that for each N > N there exists a solution =¥ of

min  ||Fn(2)|]?
llzll < R

/ 1
”1"' - zﬁV” <é d(O’ ﬁ)a (2'29)
where ¢ is independent of N.

For z with ||z — z.]| < (s + 7 — 0)/(2L) we deduce from (2.28), (2.29) and (A5)

with

oy (5507 + 200 (I EN(@) + 1 Fw(@)I?

> |IF@)?
2 |IF@)I? +ellz - .|
> |IF@DI? = 2Lolles — 2l I WF @I + allz ~ 2| — 2allz — 27|} Iz, — 2]
1 N . 1
> NIENEDIP +elle = 2811 = 20y (IFw (DIl = (2Lod||F (22)]] — 4Ra)y [d(0, 1)

define £ = min{6/2, (4« + v+ — 0)/(4L)}. If we choose N5 > N such that

1
)ﬁ)

ol

d(0, =) <
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and

py (5 )+2(||FN(9:)||+IIFN($ ey (5 )+(2L0HF($1V)H+4R0)C\/¢1(0 )<a€

for all N > Nj, we obtain the following growth condition for the finite dimensional objective
function

IFn (@)1 2 1PN DI + ellze — 2|1 - af (2.30)

provided |z — 2| < (e + 7. — 0)/(4E).
Let Lo = 2Lo sup,epg(o) |Fn(2)||. Then we obtain from (A4), (A5) that
HIFNEOW = 1 En(22)I] < Lojlzr — z2l.
By (A6) there exists M; such that for all M > M; there exits z¥ € Xy with |2l — 2M|| <
min{&, &?/(4Lo)}. Let N denote a solution of

min [|Fn(2)]]?.
llz|| < R
M BE(.’EiV) N X

In the next step we will show, that MV is a local solution of (2.27), which will be proven if we
show, that ||zl — zMV|| < £€. Assume, that ||z)Y — 2V || = £. Then (2.30) yields

52
2
On the other hand each z™ € Bg(0) with ||zY — zM|| < a?/(4L,) satisfies

IFw (222 2 || Fiv(2l)|? + o€? ~

P (22 < 1P ()P < 1P DI + E

Hence

2
[
1N @M < ENGPOIR < En MR - 25,

a contradiction.
This gives the assumption, since each local minimizer MV of (2.27) fulfills

22N — 2| < |22 = 2l|| 4+ []edf — 2.]| < 6/2+ &/d(0,1/N) < 6.

If we have py (h) = ¢ h? with p > 1, which is usually the case for finite element discretizations,
we can choose g(t) = t1/P.

Theorem 2.4 gives a qualitative result on the perturbations of solutions, but does not give
error estimates for the difference between z. and % although the derivation of the theorem
indicates, that ||z¥ — z.|| is dominated by 1/d(0,1/N) and ||zM¥ — z¥|| by dist(X,Xp) =
sup,ex infzmex,, [|z™ — z||. But note, that since M; in (A6) depends on § and z, the distance
dist(X, Xar) may be infinite for fixed M. A detailed analysis of the Gauss~Newton method, which
will be presented in the next section, will enable us to improve this theorem. We will derive error
estimates related to the approximation properties of the discretization as well as uniqueness results
for the minimizers of the discretized problems.

13



3 Mesh Independence

In this chapter we will investigate the behavior of the Gauss—Newton—Method for the discretized
problem. Our goal is to develop estimates for the difference between the Gauss—Newton iterates
of the infinite and finite dimensional problem.

In the sequel we will use some basic estimates, which are collected in the following lemma.

Lemma 3.1 Assume, that (A1), (A2), (A3), (A5) and (A7) are valid. Define p = px(1/M) +
py(1/N). Then there exist constanis ¢y, cz and c3, independent of M and N, such that for all
z,zM y € Br(0) and for all N € IN the following inequalities hold.

|F(e™)* Fy(zM) — F'(2)* F'(2)|| < ea(p+ ||z — 2zM]|) (3.1)
|F'(2)*(F(2) = F'(2)x) — Fy ()" (Fn(zM) = Fa(e™)z")]] < calp+ ||z — 2™])) (3.2)
|F'(2)" F'(z) — F'(y)" F'(9)l] < esllz— | (3.3)

Proof: Define & := sup,epu(o) || F ()|l and & := sup,epp oy ||F'(z)|| . From (A5) we obtain
that

sup  ||Fn(EM)|| < &a+pr(1/N) = &V,
zMeBR(0)
sup ||FN(E™I < &+py(1/N) = MY and
zM¢cBR(0)
sup  ||Fn(™)"|| < & +px(1/M)+py(1/N) =: MV
zMeBR(0)

By (A5), (A7) MV, cMN and ¢MN" are uniformly bounded. We set ¢4 = max{és,supy cMN}
and c5 = max{&s,supy y(c¥V, ¢MN")}. This yields

FN (M) Fy (M) = F'(2)" F'(2)I| < 201+ Li)es(px (1/M) + py (1/N) + ||z — =M]))

which proves (3.1).
(3.2) can be derived in a similar way. We have the following inequalities

|F'(2)" (F(z) = F'(z)x) — Fy(z™)*(Fn (™) = Fy(=*)z)]]

< NF'@)IIF() = F'(z)z - (Fn (™) = F(z*)zM)]|
+IF'(2)" = Fr(e™) | |1 Fn(™M) — Fp(=*)eM]]

< es(Lollz — 2™+ py (1/N) + esllz — 2™|| + R(L1[lz — z™|| + py (1/N)))
+(L1||w—zMII+Px(1/M)+PY(1/N))zMsup IFn(z™) = Fy (e*)=M]].

€BRr(0

The last inequality together with the estimate

1 1
sup ||Fn(z™) = Fi(z™)e™|| < ca+ Lollz — 2™ ||+ py (%) + R(cs + Lille — =™ ||+ pv (57))
zMeBRg(0) N N

yields the desired result.
(3.3) results with the choice ¢z = 2¢sL;. ml

14



Now, we are able to derive our fundamental estimates for the iterates and the Lagrange multipliers.
In the proofs of these results we will utilize the special representation of the iterates zo4q, :cﬁ_l.
We set

zo(p) = —(F'(zo)*F'(x) + pI) " F'(z0)* (F(ze) ~ F'(z2)ze) (3.4)
= z¢— (F'(2)* F'(zg) + pI) " (F'(z2)" F(2e) + pze)

and

ofN(u) = (PN F (@) + uD) T F (2N (Fr (22) = Fr(ep™)zp'™Y) (3.5)
= oV — (Fy(et™ ) PR (™) + pD) 7 (Fr (a™N) P (™) + pat™)

With these abbreviations we especially obtain, that z¢(pes+1) = 2441 and z?’N(u%_f) =z 1.

Lemma 3.2 Assume, that (A1) - (A5) and (A7) are valid and that
|F'(ze)R|]* > vI[R|I* VR €X.
Define 1 := ||z'N — z4|| and p := px (35) + pv (5)- Let
(F'(ze)* = F'(@N))F(z)]| < 0|z — z¢]|.

If calpx(1/M)+py(1/N)+1n) < v+p , where cy is defined in Lemma 3.1, then there ezists
ce > 0, independent of M, N and £, such that

2 + — ||+

cen’ + c1(p + Mllze(p) — z¢|| + o + cop
) +cop 3.6
™ (1) — ze(w)l| < Y+e—cip+n) o0

Proof: From the definition of z,(u) and V() (see (3.4) and (3.5)), we obtain

™™ (1) = ze()]

< NEFENEEN) PN EEN) + oD (3.7
{I(FR(22™) Fp (™) + pI)(@'N — z0)
—(Fplad™)* Fn (™) + pag™ — Fo(a}™)* Fn(ze) — pae)l| (3.8)
HI (Fp (™ ) F (™) + pI) = (F'(ze)" F'(22) + pI))
(F'(ze)* F'(ze) + pI) ™ (F'(20)* F (z¢) + pe)|| (3.9)
HI(F'(ze)* F(2e) + pze) — (Fa (™) Fa(ze) + pzo)ll} (3.10)

Using the basic estimates of Lemma 3.1, the expressions (3.7) — (3.10) can be estimated as follows:

(N (22™) F (=) + u) 7|
< I(F"(ze)" F'(e) + D)~ M|
T 1= [(F'(ze)* F'(ze) + D)= (F'(20)" F'(2e) — F (™) F (¢ M)

ris (3.11)
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IFN (M N (V) ()N — 2) — (Fu(e™ ) Fa(e}™) — Fy (™) Fn(z0))l|
< NFREE 1F ™) @™ = o) — Fa(z{™N) = Fn(zo)|
< csLy/27n?

N(Fp (™) Fp(ad™ — F'(2e)* F'(ze))(F'(ze)* F'(2¢) + pI) ™ (F'(2e)* F(z2) + pzo)||
< alp+llze(p) — z¢|

WF'(ze)* Fze) — Fre(ze™)* Fn(zo)l
< NEF ()" = F'(@™N ) F(o)l| + (F'(=2"™)* = Fa (™)) F(zo)l|
+HNFp (@) || 1w (ze) — F(ao)l
< on+cap+espy(1/N)

Inserting these bounds into (3.7)-(3.10), we obtain the desired result by setting
¢6 ;= max{csL1/2,¢5+ ca}
0

For the derivation of the estimate for the Lagrange multipliers we will utilize the convexity of
[lze(p)||? — R? and its discretized analogue.

Lemma 3.3 Let the assumptions of Lemma (3.2) are valid. Define n := ||zMN — z,{| and p :=
px () + pv (F)- Ifllz¥N (per1) — ze(peri)ll < R and cr(p+ 1) < ¥+ pes1, then there ezist cq,

independent of M and N , such that
i — pesr|

cr(1+ |2} (eq1)l]) cen® + c1(p + )||ze(pes1) — ze|| + on + cop
= (A= 2N (pe41) = ze(pes1)ll/R)? Y+ per1 —cilp+1m)

(3.12)

Proof: If pey1 = uf_ﬁv the assertion follows immediately. Therefore let us assume, that pepq1 #
MN
Meyy - Set

ge(p) = ||lze(w)||? — R,

98" () = Nl (W1* — R?. (3.13)
From the definition of g,, gﬁ”N we obtain
lge() —g2™ ()l = (llze)l| + =¥ W) Hlze)ll = Nl 1|
< 2R|led(p) = =™ (W], (3.14)

provided g > max{pet1, pffY} and (see (2.3))
o™ ()] = 2 < 2N (), (F (22 N) Fio (™) + uD) ™ 22N () >
Since Fi(zMN)* Fi(zM™) is selfadjoint on (X, < -, >x) it holds, that

1
IFn (2 ™12 + 1

< (Fl@EMN* Fa(}™) + pI) ™ har, hyg >2> lhal|> Yhar € Xar -
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Hence

MN' 2
M >
Igl ( )| - cg

Now we will combine the estimates above, to develop the estimate for the error between the
Lagrange multipliers. First let us consider the case pg41 < ,uﬁ_]f :

22 (1. (3.15)

For p € [pe41, uffY] we obtain similar to (3.14) that
g™ () = R+ 2™ () D) llee(r) = 2™ (W] < ge(u) < 0. (3.16)
Since gM" is convex and _qf”N(,ufff) = 0( keep in mind, that ,ut]‘ff > 0), we conclude
'
g™ () 2 gV (ugh ) + o2 WD |1 — Y]
With (3.15) and ||1:?4N(p%_]¥)” = R this gives

2R?
gﬁwN(/‘) 2 5w = /‘%—?l : (3.17)
€5 + Mgy

Inserting (3.17) into (3.16) yields
0 > gV(per1) = R+ le2™(WIDllzelnesr) = 2™ (pesn)|

2R?
> g [ = pera] = (R+ o™ (uesrn) Dz e(pers) — 2™ (uern)|l,
C5 + Hyyy
respectively
cs +pgfy
gt — peral < Lﬁf;—l(R-F Het™ (per) Dlee(pesr) — N (pes)l] -

With the estimates of Lemma 3.2 we finally obtain

c2 4+ My cen® +ci1(p+ )|z —z¢|| +on+ec
SHHEGL (B MY (g ))& 1o+ Mllzepesr) — zell +on +cop

|y — peya] <
t+ 2R? ¥+ pet1 —clp+n)

(3.18)
In the case pgyq > uﬁq’ we can proceed as follows:

From the convexity of g¥N we obtain

MN
MN 97" (pet1)
Bey® 2 Heyl — rom——
9N (Bes1)
MN 3
> pey1 + 9e (ﬂ;;:,) ge(peq1) _
98" (ne+1)l

In the last equality it was used, that peqy > 0 is the root of g¢. Together with the estimates (3.14)
and (3.15) we get

|llﬁ1¥ — e+

R(c + pey1)

< ™ FEros zMN -

= ||$ﬁwN(ﬂt+1)||2 Hee' ™ (pe1) e(ttes1)||

< (3 + pes1)/R cen’ + e1(p + Mllee(pes1) — ze|| + on + cop (3.19)
= (= [N (peg1) — 2e(pesr)ll/ R)? Y+ per ~ ci(p + 1)
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From the definition of g~ (see (3.13) and (3.4) ) it can be seen, that

1Fy (™M) (Fn Y) — Fi (@ ™M) ™M)
R

and therefore (see (3.1))

|F"(z2)* (F(2) — F'(ze)ze)|| + e2(p + 1)
R

is an upper bound for p}¥. This gives the assertion, since (c + pe+1)/R and (cZ + ptY)/R in
(3.18), (3.19) are uniformly bounded. o

Theorem 3.4 Assume, that (A1) — (A5) and (A7) are valid and that the assumptions of Theorem
2.1 hold. Then there ezists €1, ¢ (both independent of M, N ), My, N1 and a function 7 : N? - R*,
such that for all 2o € Br(0)N B, (z.), M > My, N > Ni the condition ||z — zM V|| < (M, N)
implies

lee— 2™l < elox(30) +ov() V2 and (3.20)

ko= < clox() +or()) Ve (3.21)

Proof: Throughout the proof let 7., i, €, 0,8, 5, L; and « denote the constants defined in The-
orem 2.1 and its proof. For brevity we define p := px(37) + pv (%)

The proof of the theorem is somewhat technical and therefore will be split in two pieces. In
the first part of the proof we will examine the unconstrained case and provide the essential esti-
mates. In the second part we will treat the general case which requires to bound |p; — p¥¥| and
llze(pes1) — 2N (pe41)|| simultaneously. Although the second part is more extensive, 1t is based
merely on the same estimates which will be applied in the first part.

(i) Assume, that ||z.|| < R (, which implies u, = 0). In the proof of Theorem 2.1 €, was chosen
such that ||F'(z)[|> > 2*||h||? for all z € Br(0) N B, (), moreover I* > 5. Set vy := 2> and
choose

T- Ilw-ll}

€1 := min{e,, 801 (3.22)
We define cg = max{1, 2¢;}. Further, we choose M7, Ny such that
: v v-—o _3(0—0)?° 3(r—0)R |zl
< min , , 3.23
’ { o1+ GAteddeics 4o "64cs(cs + c1)?’ 16(ce + c1)ce (3.23)

YM > M, N > N;, where ¢;, c¢ are defined by Lemma 3.1,3.2. From Theorem 2.1 we obtain, that
the sequence {z.}v, generated by the Gauss—Newton Method with starting value g € Br(0) N
B, (z0), converges q-linearly to .. Especially, we get ||zz41 — z¢]| € 2¢1. Define

-1
T(M,N) := r—a (v—0)?  2cie1+co 2c1€1 +cs
’ 4(01 + Cs) 16(01 + 66)2 1+ Cs c1 + Cs
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From p < 3(v — 0)?/(64cs(cs + ¢1)%) we obtain

8(cs + ¢1)

(M,N) < 3—(7:)—c8p.

(3.24)

Now the theorem can be proven by induction. We present the induction step. Assume, that
llze = 2N || < 7= (M, N).
From the definition of ¢; is follows, that

loersll < Nl + lers — 2]
< llzadl+llzo -2l < R

This shows, that 2,41 = 24(0). Therefore Lemma 3.2 yields

llzes1 — 227 (0)]|

collze — 2112+ cr(p + llze — 2N Dl|zesr — zell + allze — 2N + cop
7= c1p— cillze — V||

collze — 2™M|[2 + 2c1(p + l|lze — 2N |)er + ollze — 27N || + cop

7 —c1p — cr|lee — M|

<

The denominator is greater than 0, since p is chosen less then v/(c; + %%t—z‘%lcl ¢s). Therefore the

terms on the right hand side are well defined. From ¢; < (v — ¢)/(8¢1) and p < (v — )/(4c1) we
find, that o — v + 2¢1€1 + ¢1p < (0 —7)/2. Hence

2 g
ceT” + T+ 2c1p€1 + cep + (v — c1p)T
l|zerr — 2N (0)]] < 2 LPEL ( 17 _ . (3.25)
Yy—ap—cT

The last equality follows from that fact, that 7 is the smallest root of

(c1 4 co)T? + 7=

T+ 2c1pe1 +cep=0.

(3.22), (3.24), (3.25) and p < 3(y — o)(R — ||z«||)/(16(cs + c1)cs) yield

1
=2 (O)]] < llzall + llze41 = zall + llzers — 22NV ()] < ][ + s(R=llaul)+7<R.

This shows, that 2MY = 2}V (0). Now the assertion follows from (3.24) and (3.25).

(ii) To proof the general case we proceed as follows. In the first step we will use Lemma 3.3 to derive
the bound for the Lagrange multipliers. This requires an estimate for ||z¢(pet1) — MV (pes1)l] to
control the first term on the right hand side of (3.12). In the second step we will use Lemma 3.2 and
perturbation results for linear equations together with the estimate for the Lagrange multipliers
to verify the bound for the iterates.

Define

Yo + Ha
7 = max{——— ., 0},

It was shown in the proof of Theorem 2.1, that for z € B, (z.) N Br(0) the following inequality is

valid:

IF'(2)Rlf* > 7lIR|1*. VheX

19



Moreover « and €, were chosen such that o < v + p..
Let 6§ € (0,7 + p« — &) be arbitrary. In this part of the proof é will play the role which was played
by 4 — o in the first part. Set

fc
Y« + Hx

(KG.L1/2+0))_1 L

€2 := min{e., ( 8 8c;

and cy = max{1,2¢;}. Since the error in the Lagrange multipliers are dominated by the error in
the iterates, we obtain from (2.10) in Theorem 2.1, that for ||z, — zo|| < €2

fo
lte = pegs] < 7‘+“*('€€~L1/2+U)||$-—-’c£||
fa 6
< Ke, L1/24 0)es < ~.
B I l—h( ' 1/ ) 2 8
Define M5, N3 such that
— e — & 362
p < min 7 “8 7 /8 ,—6—, 5 (3.26)
e1+ e =5 %co 8¢y’ 64co(ce + c1)

VM > Mz, N > N3 and set

-1
1) 52 2ci1€2 + co 2c1€9 + cg

n(M,N) = n _
! ) (4(61 + cs) \/16(61 + cg)? c1+ce P c1+cs P

Then we obtain

8(61 =+ 66)

Cop. (8.27)
With these arrangements, we obtain similar to the calculations in (i), that ( 7 := 7 (M,N) )

[lze(pes1) — z72‘”’(#&1)”

csllee — 2p™1* + 21(p + llee — 277V|)ea + allee — 22| + cop

<

- 7+/J.—|l—t£+1—l-l~|—clp‘clll"“'x?{N”

< ot - 571+ 21962 + cop+ (7 + s — |pear — pa| — c1p)my (3.28)
= Y+ ta = |pe41 — pa|l —c1p—c1m .
. (3.29)

provided ||z, — zM V|| < 7 (M, N).
Since ||ze(pe+1)]| £ R we obtain from (3.29) that ||z " (us41)|| is bounded. Therefore there exists

&7 , independent of M, N, such that |[zM " (us41)|| < & and c7(1 + ||V (pes1)]]) < &, where ¢7
is defined as in lemma 3.3. If we choose M3 > M3, N3 > N, such that

8(ci +¢s) \
P S -———53———69 2R YM Z M3,N Z N3, (330)
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(3.27) and (3.29) yield

Cr .
< 4&,, 3.31
A= Tediss) = e G R (3.31)

provided M > M3, N > N3 and ||z, — || < n(M, N).

Since |pes1 — p5Y | is bounded by the same term as ||z¢(pe41) — 2™ (se41)|| (up to the con-

stant &7/(1 — ||ze(ptes1) — N (pes1)|l/R)?) ) we obtain from (3.12), (3.31) and (3.29), that
22 — 2N]| < 7, (M, N) implies

lerr — pgi| < 48 (M, N). (3.32)

Together with the 3.27 this gives the desired estimate for the Lagrange multipliers. To prove the
estimate for the iterates, we have to combine the previous results. Lemma (3.2) yields

lze4r — 224X

llze(perr) — 2V (i)

< lzelpers) = = (er)I + N2 (peg1) — 2™ (i)
< Cellze— N2+ erp + llze — 2 ™M D)|zegs — zell + ollze — 2 V]| + csp
= ¥+ e — lies1 — pal — c1p = crl|ze — V|
2™ (ear) — 2™ ()| (3.33)

If A, A € L(X, X) are continuously invertible with ||A=||||4 — A|| < 1, then

A~ A — All

L (|4,
— A=A = Al

A= — A~1b|| < -

Together with (3.11) this yields

22" (pesr) — 2™ (i)l
N(Fr ™) Fa@¥™) + pera D)7 I Hperr — w8 122N (pes)|
- 1= W(Fp ™) F(22™) + per 1) Hpewr — piY
lesr — ui¥ | &
Y+ pa = |pex1 — pu| = c1p — er]|ze — 2PV || = |pesr — p gAY

Define c1g = c1 + 4¢~ WCQ, then we conclude with (3.27) and (3.32)

4&p
e ™ (es1) — 2N (eI < ; 3.34
£ ( ) [4 ( l+1) 7+/1~—'l/lt+1—/1~|—010P—01||-’Bt—-’0£wN|| ( )

provided M > M3, N > N3 and ||z¢—z¥ V|| < 7 (M, N). If we insert (3.34) into (3.33), we observe
that ||ze+1 — 217 || is bounded by a term which has the same structure than the bound in (3.28)
(replace in ¢1 by c10 and cg by c11 := ¢ + 482). Therefore, with the choices My > M3, N1 > N3
such that 52

<— VYM>M,N>N
p_6469(610+611) = T =
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and

-1
) \/ 62 2c10€2 + €11 ) 2¢10€2 + c11

r(M,N) :=min{ (M, N), + -

( ) i ) (4(010 +cn) 16(c10 + c11)? c1o0 + €11 c10 + c11

we finally obtain that ||z — 2V || < (M, N) implies ||z¢41 — =17 || < 7(M, N), which gives the
assertion, since

8(c10 + €11)

r(M,N) < =252

Cop.

To guarantee that the error between z, and z" could be bounded by px(1/M) + py (1/N),
we have to ensure that the starting point z}/V satisfies a certain approximation property, which
is essentially ||zo — zd'V|| < O(px(1/M) + py(1/N)). However, if the starting point for the
infinite dimensional problem satisfies zo € X3 VM, we can choose z} = z4 for all M (and
N). In this case we always have ||zg — 23 ¥|| < 7(M, N). Such situations occur for example if
Xup = span{¢i,...,da}, where ¢; are splines and z¢ is a constant function.

The advantage of this approach is that we obtain uniform bounds between the infinite dimen-
sional iterates z, and the corresponding finite dimensional 2}V, whereas in the setting of [2] we
would obtain uniform bounds between the restriction of the infinite dimensional iterates onto the
finite dimensional space, AM z, and the iterates :cﬁ” N In the case of finite element discretizations,
with X = H*, AM the spline interpolant, this would lead to estimates of the form (see [4] p.217)

llze — AMzg||gs + [|AM 2y — 2} V|| 410

1
CW_‘;”HHHHI + e(px (1/M) + py (1/N)).

llze — 23"V |»

IA

IA

This bound involves the H**+'-norm of xz;, and therefore leads only to a pointwise estimate, since
l|zef|grx+1 may not be bounded.

An immediate consequence of this mesh independent behavior is the fact, that independent of
the meshsize an (almost) constant number of iterations is needed to satisfy an appropriate stopping
criteria. Appropriate stopping criteria for the restricted Gauss—Newton method are either

[|ze — P(ze — F'(ze)* F(ze))]] < TOL or
|F'(ze)" F(z¢) + pezell < TOL,

where TOL is a given bound and P denotes the projection onto the feasible set. In our case

R .
P(y) = { mwny iflgll>R
y else

If the iteration point x, is an interior point, both criteria reduces to |[F'(z,)*F(z.)|| < TOL. We
will use the abbreviation

te = |lze— P(ze— F'(z0) F(x))|] or (3.35)
te HF'(ze)* F(ze) + pezell (3.36)
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depending on which criteria is used. With tf’ N we will denote the corresponding discretized values.
We use the same notation for both terms, since we have the same type of estimates for |t, — M|
no matter if (3.35) or (3.36) is used. £(TOL) and ¢MN(TOL) will be defined to be the smallest
iteration counts for which the termination criteria is satisfied, 1.e.

{(ToL) := min{{|t, < TOL}
MN(ToL) = min{f|t¥N < ToOL}.

Now the uniform estimate, derived in Theorem 3.4 yields

Corollary 3.5 Let the assumptions of Theorem (3.4) hold. If zo and z} are given such that
2o € Be,(z.) and ||zo — zMV|| < 7(M, N), (€1 and (M, N) defined as in Theorem (3.4),) then
for every TOL > 0 and § > 0 there exist Mo, No such that
¢(TOL + 6) < £MN(TOL) < ((TOL) VM > M3, N > N,.
If tyroLy-~1 > TOL we obtain
MN(TOL) = ((TOL) VM > My, N > Ns.

Proof: In the proof of Theorem (3.4) it was shown, that under the assumptions listed above
llze — V|| < e(px(1/M) + py(1/N)) for all £ and M > My, N > Ni. This yields, that there
exists ¢, independent of M, N such that

lte = t}"N| < &(px (1/M) + py(1/N)) VM > My, N 2 N;.
If we choose My, N3 such that

|tecToL) —t?({"fvoL)l < TOL —tyToL)y VM > My, N> N».

and
[te—tMN| < 6§ V&, M > M, N> N,.
we obtain
to{fory < tyroLy + ltyToL) — tyfoLy|l < TOL VM > Ma, N > N;
and

temniTOL) < t%}}’v(TOL) + lthN(TOL) - t%,’}{,(TOLﬂ <TOL+é6 VM > My, N> N,

If tyToL)-1 > TOL we can choose § = 1/2(t,ToLy-1 — TOL). This yields £(TOL + 6) = £(TOL).
Hence the assumption is proven. a

We conclude this section with results on the convergence rate of the Gauss—Newton method for
the discretized problem and on perturbations of solutions and Lagrange multipliers. In addition
to the assumptions (A1)-(A7) we need an assumption on the curvature of F' and Fy:

(AB8) There exists a sequence {Emn}, Epmn — O(M, N — 00) , such that for all 2,y € Br(0)N X

I(Fn(2)" = Fy(®)") = (F'(2)" = F'(u)" D En )| < €mnllz - 9|

23



In the following theorem we will use the notation of Theorem 2.1 and its proof.

Theorem 3.6 Let (A1)-(A8) and the assumptions of Theorems 2.1, and 3.4 hold. Then for all
a € (1,(y«+p)/0) and all € € (0, e.(a)) there exist M, and N, such that for all M > M., N > N,
and all zN € Br(0) N B.(z.) the Gauss-Newton method for the discretized problem with staring
point 2N converges to a solution MV of (1.3). Moreover, MV is the unique minimizer of (1.3)
in B.(x.) and the convergence rate is given by

MN aLIIWNICMN

o
=Y — 2™ < llz2™ — 2V || +

MN 2
41 — T = — T ||
TN 3 i

MN MN [E75M
2(YMN 4 uMN)
< leg™ =MV,

MN

where £V 1= sup e g, (o) || Fn(2)|] and {YMNy v, {oMN} v are sequences with

W =72l = Olpx (1/M) + py (1/N)), |oMN — | = O(6aan + px (1/M) + py (1/N)).

The errors between x. and zM VN and between the Lagrange multipliers can be estimated by

e = MMl < elox(3) + pr(), (3.37)
Y — ] < elox(37) + pr (),

where ¢ > 0 denotes a generic constant.

Proof: We only give a sketch of the proof.
Theorem 2.4 yields, that there exists a sequence {zM"}p of minimizers of (1.3) such that
eMN  z, (M,N — 00). Theorem 3.4 yields the error estimate

1 1
,— MV < 2 =
”z 1"# ”—2c(px(M)+pY(N))5
since (3.20) holds for all £.

From (2.6), (A5) and (A8) we obtain, that for all z,y € Bg(0)
I(Fy(2)" = Fn(y)")Fn ()l
< EF @) = F'@))Fl + I(F (@) = F'(@)")(F(y) - En @)l

HI((Fn ()" = Fn()") — (F'(2)" = F'()"))En ()l
< ollz -yl + py (1/N)Lulle — yl| + Emn |2 — 9]

Hence there exist oMY > ¢ such that oMY — ¢| = O(émn + px (1/M) + py (1/N)) and
I(Fh ()" = Fy@)* ) Fn @)l < o™V llz =l
(A4) and (2.5) yield

|1 Fp (22 Yhar |2 (IF' (|| = 1| Fi (22 Yhas — F/ (@3N )R |])

(Vslihaell = py (1/N)I1Ral])?

ALY
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Hence there exist a sequence {YMV}pn, yYMN =4, + O(px(1/M) + py (1/N)) such that
Fx(z¥ ™ )hmll* > vV |kl Vhar € Xar -

If we denote the Lagrange multiplier corresponding to zM~ by uM¥  one can show similar to

Lemma 3.3,3.2 (note that z.(u.) = 2. and use (3.37)), that for sufficiently large M, N there exists
¢ independent of M, N such that

e — 1MV < e(px (1/M) + py (1/N)) .

These preliminaries show, that we can choose M, N such that

MN |, MN
Ve + 1 N
If we apply Theorem 2.1 to 2~ we obtain the existence of ¢V such that the Gauss—Newton
method for the discretized problem with arbitrary starting point 3’V € Br(0) N Beun (zM¥)
converges to zMV:

* .

H:ltMN M

N aocMN aL{"NfcMN
41 — Tk Il

MN MN MN
——r |z — 2 + || T
S g o oy

< leg™ = 22N

~ M|

Moreover, the proof of Theorem 2.1 shows, that eMY — ,.
The uniqueness of the solution 2" follows from the fact, that the Gauss—Newton method with
arbitrary starting point zo € B¢(z,) converges towards zM¥V. O

If F and Fn are twice Fréchet differentiable, a sufficient condition for (A8) to hold is
[1FN(y)" Fn(z) = F(y)" Fn(2)llex,x) < (px (/M) + py (1/N)) Vz,y € Br(0).

Since F{(y)* is applied to an element of Yw, it could be the ordinary Yn,Xp adjoint,
Fii(y)* € L(Yn,Xm ® Xu). In this case we obtain éyn = px(1/M) + py(1/N) and oMV =
O(px(1/M) + py (1/N)).

4 Examples

In this section we will demonstrate, how the analysis of the previous sections can be applied to
a certain parameter identification problems. Although we are considering the one dimensional
problem, it should be mentioned , that our analysis can be extended to the multidimensional case.
The parameter identification problem for the two point boundary value problem can be stated as
follows:

For a given observation z € L2(0,1) or H§(0,1) find ¢ € H'(0,1) with ||g||g1¢0,1) < R
and ¢(z) > ¥ > 0 a.e. on (0, 1), such that

u(q) = z.
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Here u(q) € H3(0,1) is defined to be the weak solution of the state equation

(@)Y =f in(0,1) ,
u(0) =u(1)=0

with f € L2(0,1), i.e. u(q) is defined through

<qu v >=<fv> VYve H}0,1). (4.1)

(For the rest of the chapter we will drop the notation of the space (0, 1) and we will always use the
notation < -, > for the L? - scalarproduct.) It is well known, that (4.1) always possess a solution
u(q) € H} and since ¢ € H! , f € L? one can even show, that u(q) € H} N H? with

(@2 < ellfllze, (4.2)

where c is a constant depending on v and R (see e.g. [5], p. 223). In the sequel, we will denote
by u(g) the solution of (4.1). For the solution of the parameter identification problem described
above, we have to specify ’a2’. Here we will investigate the Output Least Squares formulation, i.e.
we seek solutions of
min llu(g) - 2llz,
llglle: < R (4.3)
¢(z) > v a.e. on (0,1)

where Z = L€(1,00) or H}(0,1). It is well known, that (4.3) may be ill-posed in the sense, that
small perturbations in the observation z may lead to large errors in the solution ¢ of (4.3). In order
to get a stable problem, for which it is possible to estimate the error between the computed solution
of problem (4.3) with perturbed data z and the true, but unknown solution corresponding to the
unperturbed data, one has to modify the problem. A possible remedy to remove this difficulty is

the Tikhonov regularization. Here one adds a regularization term to the objective, so that (4.3)
changes to

min llu(e) — 2lIZ + e?[lall3 -
llgllm: <R (4.4)
g(z) > v a.e. on (0,1)
The Tikhonov regularization for nonlinear problems was studied by many authors (see e.g. [5],
[16], [8], [9], [12]). In the following we assume, that ¢. is a solution of (4.4) which satisfies q.(z) >
v a.e. on (0,1). Since ||-||g: dominates the infinity-norm and since we are doing a local analysis,
we may drop the constraint ’g(z) > ¥ a.e. on (0,1)’. In the sequel it will always implicitely be

assumed, that the considered parameter functions ¢ (, 1, ¢z, . ..) are satisfying this constraint. In
this case (4.4) fits our framework, if we set

X =H'Y =Z x H' (endowed with the product topology)

F(q) = ( ua) -2 ) -

aq
(In this chaper we follow the conventional notation in parameter identification and denote the

sought variable by ¢, whereas z € (0,1) denotes the space variable!) It can be shown, that F is
infinitely often Fréchet differentiable. The first Fréchet derivative is given by

Par={ 1),
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where 7 = u4(q)(h) is the solution of
<qn,v'>=~< hu',v'> VveH,}. (4.5)
The variational equation
< g€l v >=— < hngh,v' > — < hayl,v' > Vv € Hj, (4.6)

where 7; is the solution of (4.5) with h; instead of h, characterizes the second Fréchet derivative
of F, which is given as

P = ( § ).

For the numerical solution of (4.4) we choose piecewise linear splines. Let ¢}, Y be the
functions defined by

M- i) zeligt &) Ne~3) zelifh 4
M@ =4 MO -2) sG] . W@ ={ NI -2 ze( i
0 otherwise 0 otherwise

We set Xpr := span{o¥,...,oM} , Vn = span{yY,...,yN_,} and Yy := Vi x Xpr. The
discretized solution of the state equation is given as the uniquely determined element u”¥ = u¥(q)

which satisfies

N

< quN’,v 's=< o> vV evy. (4.7

Now we choose the discretization of F' as follows:
uMN(q) - 2V
FN(q) - ( aq ’

N

where 2" 1s a discretization of z, for example the spline interpolant.

The Fréchet derivative of u™ (q), n"V := uév (q)(h), is given as the unique solution of

<qgnV' oV s=< b V' > vV e vy, (4.8)

The second Fréchet derivative is given analogously to (4.6). This especially proves the validity of
(A1) and (A3).

In the following we will denote by u(g) the solution of (4.1) and by u® () its discretization, i.e.
the solution of (4.7), for a given parameter function ¢. And we will use a similar notation for the
Fréchet derivatives.

We will now verify, that F' and its discretization satisfies the assumptions (A2) and (A4).
Since u(q1) — u(q2) satisfies the variational equation

< q1(u(q1) — u(g2)), v >=< (g1 — g2)u(q2)’,v' > Vv € H}

we immediately obtain from (4.2) and

o]z < exlfollm (4.9)
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that

llu(qr) — u(g2)llrs < cll(qr — q2)u(q2)'llL2
< ellfllzallar — goll - (4.10)

From the error analysis of finite element methods we get (see [4], p.152,217)

(o)~ w¥ @l < \/?%HU(Q)”HZ%

R1 1
—_—— 2—. 4.
7 rell e (4.11)

Using the Aubin-Nitsche trick (see e.g. [4], p-229), this estimate can be improved for the L2-norm
to

A

IA

1
Hu(q) — “N(Q)”D < sz

The Fréchet derivatives u,(g) and u}qV (q) are defined through the same kind of elliptic differential

equation. Therefore we can apply a similar analysis to derive continuity results for these functions.
If we use the corresponding estimates to (4.2), (4.10) and inequality (4.9), we obtain

Hug(q1) — ug(g2)llms < crc(llgr — gallm |lug(g2)(R) e + A]|m1]|u(q1) — u(g2)l &)
< 232 fl|allar = 2|l l|blan

Let ¢ € H} denote the solution of
/
<q¢', v >=<hu¥' W' > VveH}.

Then the error between the discretized and infinite dimensional Fréchet derivative can be estimated
through

n=0Nlm < o= Clm +11¢ =2V [l

s bl llu(a) = v (@) + [ T rerellbln e (@)lan 7

1
< o radlflolbiln 5

In the case of L? norms we can apply the Aubin-Nitsche trick twice and improve the L2-bound to

IA

I~ 77N||L2 < Ca"j\ﬁ
The above techniques can obviously be applied to the second and even higher Fréchet derivatives.
The calculations above show, that F satisfies the assumptions (A2) and (A4) for Z = H} with
py(1/N) = cy 1/N, provided ||z — 2V ||g2 < ¢1/N and for 2 = L? with py(1/N) = cy 1/N?,
provided ||z — zV|jz2 < c1/N2?.

Now we will investigate the computation of the adjoint of F’. From the structure of F’ it is
obvious, that it is sufficient to study the calculation of (u,4(g))*. The adjoint of u,(g) applied to
g € L? can be computed in two steps
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(1) Solve the adjoint equation for given ¢ and g
<qu', v >=<g,v> WveH} (4.12)

(2) Transition from the L? to the H! topology
<pe>+<p, ¢ >=<u(gfv,p> VpeH' (4.13)

(In our example the adjoint equation is just the state equation, since the differential operator
D.q(D;) is formally selfadjoint.) If we solve the two equations, we obtain p = (u4(¢))*(g), which
can be seen, if we set v = u4(q)(p) in (4.12):

< qu', ug(g)(p) >
< v, qug(g)(p) >
= <pu(g)v' > = <pe>m

<49, Uq((])(‘ﬁ) >

(for the third equality we used the definition of the Fréchet derivative, see (4.5) with v replaced
by w). The variational equation (4.13) is the weak formulation of the elliptic problem

P +p=u(g)'w’ in(0,1)

with Neumann boundary conditions

p Op

—_ =——(1)=0.

on ©) Bn( )=0
(4.13) yields

—<p,¢>=<pe>—<u(@)uv,p> VYpeC,
which shows, that p” exists and equals p — u(g)’w’. Especially we obtain p” € L? and
[1p”[lza < Ipllea + exllu(@)las [lwila: -

The Lax-Milgram Theorem and (4.9) yield

llpller < llu(@)w'llzs < (@) llze llwlla < eillu(@)llgz [lwllg: .
Hence we obtain, that the weak solution of the Neumann problem obeys the regularity property
p € H? and
llpllas < 2ellu(@)lla [|w]len
< 2| flleallgllLa - (4.14)

This bound together with the techniques already applied to prove (A2) and (A4) can now be used
to derive an estimate of type (A5). If we discretize the Neumnann Problem (4.13) and solve

<M, oM> 4+ < ﬁMl,goM' >=<u(q)w, oM > VoM € Xy (4.15)

the error between the solutions of (4.13) and (4.15) can be estimated by
N 1 1
o= M |lm: < 2e16®~||flleallgllza7 (4.16)
((4.14) and [4] p.152,217 ). The adjoint of the discretized Fréchet derivative uflv(q) is given through
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(1) Solve the adjoint equation

<qu WV >=< g0V > N eVy (4.17)

(2) Transition from the L? to the H! topology
<pM oM > 4 < M oM s=< uN(q)IwN',goM > VoM e Xy (4.18)

At the end we obtain pM = (uY (¢))*(g). The error between the infinite dimensional and discretized
adjoints can be estimated by (see (4.2), (4.9), (4.11), (4.16) )
lip— Ml
< o= 8"l + 118Y = pMllan

1 1 1Nt
< 20201;||f||L2||g]]L2M—+ sup < ul¥(q) w™ —u(g)w,p >

ellg=1

IN

1 1 ’
2 e —(Ifllcallgllag; + sup <w — v u(g)p > + <u(@) ~ule), vV >

ellg1=1

1 1 ’ ’ '
< 2 |Iflallgllzs o + erllw™ = 'l llu(@)llm +exlla® (@) = ule)lln l1w™ Il

1 1 R1 1
< 2P lIflleallglloa 37 + 24/ $;601||fllmllgllm—ﬁ ‘

The last inequality proves, that (AS5) is also valid with px(1/M) = c¢x 1/M, but we have
py(1/N) = cy 1/N no matter if Z = L? or H}.

We ran several test examples from the set of test problems in [17]. The test functions for the
results we present below are given by:

Example 1 u(q.) = sin(nrz)
5 .
0 = 1/24cos@), llgllfn = 5 +sin()

-922 + 6z =z €[0,1/3]

Example 2 u(ge) = 1 z€(1/3,2/3]
-9z + 122 -3 =z €(2/3,1)
3 2 x?
— i 2 _ Y427
to = 1/2+sin(rs), llgallfn = 54247
Example 3 u(g«) = sin(wrz)
10

=1tz llalf = 5

The Gauss—Newton method was implemented using the Hebden-Reinsch method for the com-

putation of pﬁjlv as the inner iteration. In all test runs we chose zV to be the spline interpolant

of z. The iterations were terminated if t¥N < TOL or £ > 15. For all test runs we took go = 0.2

and incorporated either the Tikhonov regularization or the regularization by norm constraint. All
computation were done on a SUN Sparcstationl in double precision Fortran.
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Tables 1 and 2 show the results for unperturbed observations. For small regularization param-
eter o the discretized problems have almost zero residual at the solution and the Gauss—Newton
method convergences quadratically. Therefore there is no difference in the number of iterations for
small «, except for Example 2, where regularization is needed to observe mesh independence.

Table 1
Number of Iterations
0=02 z=u(q)
Example 1
TOL=10"" TOL =10"°
M| 6 12 {24 [ 48 | 96 | 192 6 12 |24 | 48 | 96 | 192
o N |12 24 | 48 | 96 | 192 | 384 || 12 24 | 48 | 96 | 192 | 384
0 7 7 71 7 7 7 7 71 7| 7 7 7
10-8 7 7 71 7 7 7 7 71 7 7 7 7
106 7 7 71 7 7 7 7 71 7 7 7 7
10~4 8 8 8| 8 8 8 7 71 7 7 7 7
102 | 10 10110 | 10 10 10 8 8 8 8 8 8
Example 2
TOL = 10~° TOL =10"°
M 6 12 124|148 | 96 | 192 6 12 |24 | 48 ¢ 96 | 192
aN |12 24 | 48 | 96 | 192 | 384 || 12 24 148 |1 96 | 192 | 384
0 11| >15] 8] 6 7 71101 >15} 8 7 7 7
108 8 7 71 7 7 7 7 71 7| 7 7 7
10— 7 7 71 7 7 7 6 61 6| 6 6 6
10~ 9 9 9 9 9 9 7 71 71 7 7 7
1072 9 91 9] 9 9 9l 7 T 7|7 7 7
Example 3
TOL =10"° TOL =10"°
M 6 12 124 | 48 | 96 | 192 6 12 124 { 48| 96 | 192
aN |12 24 | 48 | 96 | 192 | 384 || 12 24 148 | 96 | 192 | 384
0 8 8 8| 8 8 8 7 71 7 7 7 7
10-% 8 8 8| 8 8 8 7 71 71 7 7 7
10-¢ 8 8 8 8 8 8 7 71 7 7 7 7
10—4 8 8 8 8 8 8 7 71 747 7 7
10-2 {10 10 [ 10 | 10 10 10 8 8| 8 8 8 8
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In the norm constraint case, we obtain similar results, except for Example 2. Here we recognize
an unstable behavior for R = 1.5,1.2 and TOL = 10~8. This might be due to the fact, that the
Lagrange multipliers are computed approximately. If the constraint is active, we stop the inner
iteration for the computation of uM¥ if

| Na2Z¥ (u"™)lm: — B

-4
R < 107°%.

Therefore the projection is computed in the following way:

Ny BTl P i LU ™Ml =Rl _ 104
PN = F(@d™) Fn(@f'™)) = { TRy Gl R
MMV FL (PN Fn(@ . o0

Table 2

Number of Iterations

N = 11g™N — P(g™ = Fp(@"™) Fn (@I (= I1FR(a2™)" Fn(g2"™) + 1™ a2™11)

0 =02 2z=u(q)

Example 1
TOL =10"° TOL = 10~°
M 6 12 24 48 96 192 6 12 24 48 96 192
RN 12 24 48 96 192 384 12 24 48 96 192 | 384

13 | 8(®8) | 8(®) | 8(8) | 8(8) | 8®) | 8(®) | 7(0) | 7(7) | 7(7) | 7(7) | 7(7) | 7(7)
1.0 | 10(10) | 10(10) | 10(10) | 10(10) | 10(10) | 10(10) || 8(8) | 8(8) | 8(8) | 8(8) | 8(8) | 8(8)
08 | 89) | 89 | 89) | 89) | 89 | 89 | 6(7)|6(7)|6(7)|6()|6(7)|6(7)

Example 2
TOL =102 TOL =10""°
M 6 12 24 48 96 192 6 12 24 48 96 | 192
RN 12 24 48 96 192 384 12 24 48 96 | 192 | 384

25 | (D) | 1) | 0 | D) | ) | 7y [ 66) | 77 | 77 | 70 | 7(7) | 70
20 | 70 | 1(0) | wm) | 17 | () | (7)) | 6(6) | 6(6) | 6(6) | 6(6) | 6(6) | 6(6)
15 | 88) | 8(8) | 8®8) | 8@8) | 8@8) | 7(7) | 6(6) | 6(6) | 6(6) | 6(6) | 6(6) | 6(6)
1.2 | 88) | 8®) | 8®8) | 88) | 7(7) | (1) || 7(7) | 6(6) | 6(6) | 6(6) | 6(6) | 6(6)

Example 3
TOL = 10~° TOL =10""°
M 6 12 24 48 96 192 6 12 24 48 96 192
RN 12 24 48 96 192 384 12 24 48 96 192 | 384

18 | 8(8) | 8®) | 8(8) | 8(8) | 8®) | 8(8) | 7(7) | 7(7) | 7(0) | 7(0) | 7(7) | (D)
1.3 | 10(10) | 10(10) | 10(10) | 10(10) | 10(10) | 10(10) || 8(8) | 8(8) | 8(8) | 8(8) | 8(8) | 8(8)
1.0 | 10(10) | 10(10) | 10(10) | 10(10) | 10(10) | 10(10) || 8(8) | 8(8) | 8(8) | 8(8) | 8(8) | 8(8)
08 | 99) | 99) | 99) | 99) | 99) | 99) || 7(0) | 7(0) | 7(0) | 7(0) | 7(70) | 7(7)
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Tables 3 and 4 show the results for perturbed observations. In the case of Tikhonov regulariza-
tion mesh independence can be observed only for sufficiently large «. This behavior is theoretically
justified through Theorems 2.1 and 3.4. The increase of « causes an increase of ¥ on one hand
(for this problem we have ¥ = «) and on the other hand an increase of the residual and therefore
of 0. Our results indicate, that & = v + p. > o for small, but sufficiently large «. If « is further
increased, the difference of between « and ¢ gets smaller and for regularization parameters a > 1
the method did not converge (a result which is not reported in our tables). For Examples 1 and
3, a = 0.1, the criteria £ > 15 is satisfied before the gradient reaches TOL, although the method
converges.

Table 3

Number of Iterations

90 =02 z=1wu(q.)+0.05sin(10mz — 0.57)

Example 1
TOL =10"° TOL = 10~°
M 6 12 24 48 96 | 192 ([ 6 12 24 48 96 | 192
aN 12 24 48 96 | 192 | 384 2 24 48 96 | 192 | 384
0 > 15 8 101 >151>15 | >15 | 11 9 81 >15|>15| >15
106 10 10 11 11 11 11 7 7 8 8 8 8
10— 8 8 8 8 8 81 7 7 7 7 7 7
10~2 10 10 10 10 10 10 8 8 8 8 8 8
10- | >15 | >15 | >15 | >15 | >15 | > 15 | 12 12 12 12 12 12
Example 2
TOL = 10~° TOL=10"°
M 6 12 24 48 96 | 192 [ 6 12 24 48 96 | 192
aN 12 24 48 96 | 192 | 384 | 12 24 48 96 | 192 | 384
0 121 >15 1 >15 | >16(>15>15 |10 | > 15 13| >15 | >15]|>15
10-¢ 8 10| >15| > 15 10 10 7 71>15[>15 7 7
104 8 8 8 8 7 9 7 7 7 7 7 7
10-2 9 9 9 9 9 9 7 7 7 7 7 7
101 11 11 11 11 11 11 9 9 9 9 9 9
Example 3
TOL =10"° TOL =10""°

M 6 12 24 48 96 | 192 6 12 24 48 96 192
a N 12 24 48 96 | 192 | 384 | 12 24 48 96 | 192 | 384

0 > 15 9 10 >15]>15 | >15 | 11 8 9| >15|>15|>15
10-¢ 11 11 11 13 13 14 7 8 8 9 9 9
10—% 8 8 8 8 8 8 7 7 7 7 7 7
10-2 10 10 10 10 10 10 8 8 8 8 8 8

1071 [ >15 [ >15|>15|>15|>15| > 15 || 13 13 13 13 13 13
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In the case of regularization by restriction, we choose a stronger perturbation, since the given
constraints force a strong regularization. The numerical results for the weaker perturbation did
not differ (much) from those given in the Table 2.

Table 4

Number of Iterations

™ = g™ — PN — F(@™ Y F (@™ (= I1FN (0™ ) Fw (@) + ™ N 1)

90 =0.2 z=u(gs)+0.5sin(10mz — 0.57)

Example 1
TOL =10""° TOL = 10"°
M 6 12 24 48 96 192 6 12 24 48 96 192
RN 12 24 48 96 192 384 12 24 48 96 192 | 384

13 | 99 | 86 | S0 [ 90 [ 909 | 99 700 [ 700 | 700 | 70 [ 70 | 7(7)
1.0 | 9(9) | 910) | 9(10) | 9(10) | 920) | 9(10) || 7(7) | 7(7) | 7(7) | 7(7) | 7(7) | 7(7)
0.8 | 8(8) | 88) | 838 | 88) | 8(8) | 88) | 6(6)|6(6)|6(6) |66 |6(6)|6(6)

Example 2
TOL =10"° TOL = 10~°
M 6 12 24 48 96 192 6 12 24 48 96 | 192
RN 12 24 48 96 192 384 12 24 48 96 | 192 | 384

2.5 | 11(11) | 9(9) | 10(10) | 10(10) | 11(11) | 11(11) || 8(8) | 7(7) | 8(8) | 8(8) | 8(8) | 8(8)
2.0 | 11(11) | 10(10) | 10(10) | 9(9) | 9(9) | 9(9) || 8(8) | 7(7) | 7(7) | 7(7) | 7(7) | 7(7)
1.5 | 11(11) | 10(10) | 10(10) | 10(10) | 9(9) | 9(9) | 8(8) | 8(8) | 7(7) | 7(7) | 7(7) | 7(7)
1.2 | 11(11) | 10(10) | 10(10) | 9(9) | 9(9) | 99) || 8(®) | 7(7) | 7(7) | 7(0) | 7(7) | 7(7)

Example 3
TOL=10"° TOL =10~°
M 6 12 24 48 96 192 6 12 24 48 96 192
RN 12 24 48 96 192 384 12 24 48 96 192 | 384

18 | 99 | 99 | 99 | 9(9) | 99 | 9(9) [ 3(8) | 8(8) | 8(3) | 8(8) | 8(8) | 8(8)
1.3 | 10(10) | 10(10) | 10(10) | 10(10) | 10(10) | 10(10) || 8(8) | 8(8) | 8(8) | 8(8) | 8(8) | 8(8)
1.0 | 10(10) | 10(10) | 10(10) | 10(10) | 10(10) | 10(10) || 8(8) | 8(8) | 8(8) | 8(8) | 8(8) | 8(8)
1.2 | 99 | 99 | 99) | 99) | 909) | 909) || 7)) |7 | 1) | 70 | 17y | 7(7)
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